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A MATHEMATICAL MODEL FOR THE DOUBLY-FED WOULD ROTOR GENERATOR — PART II

Frank J. Brady

National Aeronautics and Space Administration
Lewis Research Center
Cleveland, Ohio 44135

Abstract - This paper is a mathematical analysis
of a doubTy-fed wound rotor generator. It is a con-
tinuation of a previous paper, which applied the con-
straints of constant stator voltage and frequency to
the circuit equations and obtained expressions for the
currents and voltages in the machine. In this paper
the previously derived variables are redefined as
direct and quadrature components. In addition, the
apparent (complex) power for both the rotor and the
stator are derived in terms of these redefined
components.

INTRODUCTION

In the previous paper [1], the doubly-fed wound
rotor generator was analyzed. The machine included a
three-phase winding on both the rotor and the stator.
The general circuit equations were reduced to two sim-
plified equations, one for the rotor voltage, another
for the stator voltage.

Applying the constraints of constant stator volt-
age and frequency to these two circuit equations, it
was possible to obtain the necessary rotor excitation.
The current and voltage expressions, which resulted,
were used to derive expressions for rotor and stator
real powers; and also, to show the relationships be-
tween shaft, rotor, and stator powers. Those results
will be used in this paper. However, the variables
are redefined into direct and quadrature components.
The expressions for apparent power on both the rotor
and the stator are derived using these redefined
components.

SYMBOLS

a ratio of stator number of turns to rotor num-
ber of turns

€pses induced voltage, rotor, and stator, respec—
tively

eSD’eSQ induced stator voltage, direct, and quadra-
ture components, respectively

iR’iS instantaneous rotor and stator current, re-
spectively

iRO rotor current required to generate open-
circuit stator voltage

iRe rotor current required to compensate for sta-
tor impedance drop

iRD’iRQ rotor current, direct and quadrature compo-

nents, respectively

K coupling coefficient
LR,LS self inductance, rotor, and stator, respec-
tively
NRoNs number of turns, rotor, and stator, respec-
tively
RR’RS resistance of winding, rotor, and stator, re-
spectively
slip
time
VsV terminal voltage, rotor, and stator, respec-
tively
VRO* YRe rotor voltage required to establish iRO and
iRe’ respectively
X the bar above a variable indicates it is a
phasor
eR,eS,eL phase angle shift, rotor, stator, and load,
respectively
wsug angular frequency, mechanical and synchronous

electrical, respectively

PREVIOUSLY DERIVED VARIABLES

Before proceding with any new derivations, some of
the results of the previous paper [1] will be restated.
To make the development of the model easier to follow,
some terms will be made more compact.

From the previous paper, the voltage and current
at the stator terminals is,

VS ) vsej(mst—eR+w/2) (1-1)
and
Tg . ej(mst-eR—eL*nIZ) (1-2)
The induced stator voltage was given as,
7 kL, 3—t|}j(°“’t/2)TR] (1-3)
This variable was not derived explicitly. But if the

expression for 1ip s substituted into (1-3), the in-
duced stator voltage becomes,

_ Jlogt-ept/2) Jlogt-ep-o o gt /2)
ec = Vee

s= Vs * |Zg]1ge

(1-4)

It should be noted that the derivative of the product
in (1-3) produces the sum of two terms. The induced
stator voltage is, more precisely,



eg = (1 - S)eS + SeS (1-5)
Later in this paper, when the active and reactive pow-
ers are derived, this separation of terms will have
more meaning.

The rotor variables that were previously derived
are as follows:

Rotor current,
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Rotor voltage,
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The voltage induced on the rotor is given by,
3K g [-3lbwt/2)_
Zals a?l; s (1-8)

If the expression for 5 is substituted into (1-8),
the result is the induced rotor voltage, ep.

J{Su t-e,-0,)
=3 asxe KL (1-9)

=l

In order to make the expressions for Vg and 3
more compact, the following definitions will be made:

2

1
Teo = 3 30% ¥s (1-10)
2 1
e =3 37s . 1Zs] I (1-11)
3 K
ER =53 SXSIS (1-12)

When these definitions are substituted into equations
(1-6) and (1-7), the results are,

_ j(S.,St-eR) j(SmStﬂ)s-eR—eL)
Tr = Tpe® + IREe (1-13)
J(Sct) J{Suctto-8,)
- S STUSTL
Vp = 'ZRI[‘ROe * Tpe
J(Swct-o,-0,)
tEe > RUL (1-14)

ROTOR PHASOR DIAGRAM

Equations (1-13) and (1-14) describe the voltage
and current as seen at the rotor terminals of the ma-
chine. Since these expressions are in phasor form, a
phasor diagram can be constructed from them directly.
This diagram is a visual aid to what happens on the
rotor as slip and stator current varies. it will also
be used to explain the basis for the direct and quad-
rature currents that will be derived later.

The phasor diagram (Fig. 1) shows the relative
phase angles between the rotor variables. The refer-
ence phasor is vpg, since it was assumed to have zero
phase angle. In order to draw the other variables,
three assumptions must be made. First, the value of
|Zp| is arbitrary, but the relationship VRo = IZr| lro
must be maintained. Second, by manipulation of equa-
tions (1-10) and (1-11) it can be shown that the rela-
tionship Ip. = (]ZS|/|ZL()IR0 must hold. Finally, the
variable, Ep can be scaled using equation (1-12), and
assuming that Xg = |Zg]|.

meL-Rmrmawmmmm(%wnmwmmwﬂm)

DIRECT AND QUADRATURE ROTOR CURRENTS

The induced stator voltage consists of two compo-
nents, one that is in phase with the stator current,
another leading the current by 90°. This can be shown
by modifying equation (1-4). 1In order to make a com-
parison between voltage and current, the voltage must
be placed in the same reference frame as the current.
This is done by factoring equation (1-4) into the fol-
lowing form,

Jo Jog] Jluct-6,-8,+/2)
es=[vse Ly IZSIISe S]e STURTL (2-1)



Comparing this_equation to (1-2), it can be seen that
both phasors es and 75 have the same rotational
reference; namely,

ej(mst—GR—eL“"n/Z)

The terms within the brackets of equation (2-1) are the
phasor components within the reference frame.

As they are written, the two components in equa-
tion (2.1) are not orthogonal. They can be made so by
using the identity,

Jo m/2)

e =cos e + (sin e)ej( (2-2)

and combining like components.
Equation (2-1) becomes .

e = [(vS cos e, *+RIg) * (Vg sing + XSIS)ej("lz)]

Jlwet-0,-0,*/2)
xe S RTL (2-3)
The first component is in phase with the stator cur-
rent. It will be called the direct component, that is,

— j(wst—eR—eLﬁrlZ)
egp = (Vgcos o + RgIgle

Jlw t-6,-0,*/2)
STTURTL

= ESDe (2-4)
The second component leads the current by 90°. It will
be called the quadrature component, that is,
_ . Jlw t-eR—eLﬁr/Z)
egq = (Vg sine) + XSIS)eJ("/Z)e S

Jwet-e -8, )

= Ege > RUL (2-5)

ESQ

The components esp and esg will be shown to have a
relationship to the rotor current.

The expression for rotor current, equation (1-6)
can be rewritten in the following form

- _2.1 | ¥ Jog| I(Sogt-ops)
g = g—lglse + IZSIISe e (2-6)

aKXR

Using equality (2-2), T
onal components.

can be separated into orthog-
7,-2.1 (Ve cose, + |Z.]Ic cosec)
R =3 aRi |(Vs cos o * ]I cos og

. J(Swct-o,-6,)
* (Vg sing, + |Z[Ig sin es)eJ(”’z):,e STURTL
(2-7)

If the appropriate substitutions are made, using equa-
tions (1-10) and (1-11), the rotor current becomes,

-

ip = [(IRO cos o) *+ IRe cos es)

; J(Suct-0,-0,)
* (Ipg sin o * Ip sin es)e‘]("lz)]e STURTL

(2-8)

The rotor current can now be expressed in orthogonal

components. Equation (2-8) becomes
Tg = [IRD . IRQeJ'("/Z)]ej(SwSt-eR_eL) (2-9)
where
Top = Igg cos o * Ip coseg (2-10)
and
IRQ = IRO sin o+ IR: sin og (2.11)

When equations (1-10) and (1-11) are substaituted into
equations (2-10) and (2-11), the rotor components and
stator componments are related as follows.

The relationship between direct components is,

3

Esp =7 AKXl

(2-12)

The relationship between quadrature components is,

3
E 7 akX, 1

rIrq (2-13)

sQ =

ROTOR VOLT-AMPERES {APPARENT POWER)

In order to properly size the power supply feeding
the rotor, the volt-ampere requirements of that circuit
must be known. This can now be done by making use of
the expressions for Tp and VR.

The rms value squared of rotor current, Is, can be
obtained by inspection of egquation (2-9).

2 1f2 . .2
Ip = ?(IRD * IRQ)

To obtain a corresponding expression for rotor voltage,
equation (1-14) can be expressed in terms of direct and
quadrature rotor currents. The result is,

. -8 J(Swct-o, )
VR ={IZR'[IRD * IRQ‘EJ("/Z)] * Ege R}e St

(3-2)

(3-1)

In order to obtain the rms value by inspection, the
terms within the braces of equation (3-2) must be or-
thogonal. This can be done by using the identity,

-¥g -itx/2)

e =cosep *+ (sin eR)e (3-3)

Equation (3-2) becomes




Vg = [(IZR,IRD * Ep cos ”R)
. J(Swct-s,)
+ (l Zg|Tq * Ep Sin eR)eJ("/Z)]e SL (3-4)

Since the phasors of equation (3-4) are now separated
by 90°, the rms value squared of rotor voltage, Vﬁ, can
be written as,

oLz, e 2+121 +E sine2
R =72\ %R0 * Er cos o) * 3{[Z|lrg * Er R

(3-5)

The rotor volt-amperes can be found by taking the prod-
uct of equations (3-1) and (3-5), Vgls; the result is

2
L
22 1|, (2 . .2 5
IR = 7[R (IRD * IRQ) t SESDIS]
a LR

1 2 2
tT (1+ K)SXR GRD + IRQ) + 2L SESQIS (3-6)
R

Inspection of equation (3-6) gives the rotor real
power, Pp; and reactive power, QR.

The second term within each bracket of equation
(3-6) is the real and reactive powers transferred be-
tween rotor and stator. To show that these same terms
appear in stator power expressions, equation (2-3) can
be written as follows,

- J(W/Z) J'(wst—eR—eLﬁrIZ)
eg = [ESD + ESQE ]e (3-7)

The rms value squared of eg, from equation (3-7), is
2 1{.2 2
Es = ?(Eso * Eso)

However, referring back to equation (1-5), it can be
seen that the stator induced voltage expands into two
components; one related to mechanical speed, another,

(3-8)

to slip speed. It can be shown that an equivalent form
of equation (3-8) is the following,

2 .10 s vse |+ Lo vt |
s = 7|1 - S)Egp * SEgp| *+ 7|(1 - S)Egy * SEgy

(3-9)

When this equation is multiplied by Ié, the result is

the apparent {(complex) power for the stator circuit;
namely

2
Es

2.1 S)EI*SEIZ
s = g[(1 - S)Egplg + SEgple

2
+ %[(1 - S)Egyls * SESQIS] (3-10)

When equation (3-10) is compared with equation (3-6),
the terms SEspls and SEsgls are the real and reac-
tive powers, respctively, that are transferred between
rotor and stator. Equation (3-10) gives the stator
real power, Pg; and the reactive power, Qs.

Pg = ESDIS (3-11)
Qg = ESQIS (3-12)
SUMMARY

The rotor currents and induced stator voltages are
redefined into direct and quadrature components. The
quantative relationship between direct rotor current
and direct stator voltage is shown; also, a similar re-
tationship is given for quadrature rotor current and
quadrature stator voltage. These components are used
to derive expressions for the apparent (complex) power
on both the rotor and stator.

This paper, along with the first paper, provide a
complete description of rotor and stator variables, as
well as the real and reactive power flowing in the
doubly-fed generator.

REFERENCE
1. F. J. Brady, "A Mathematical Model for the Doubly

Fed Wound Rotor Generator,” NASA-TM-83454, 1983.
[EEE Power Engineering Society, 1983 SM479-3.







1. Report No. 2. Government Accession No.

NASA TM-83581

3. Recipient's Catalog No.

4. Titie and Subtitie

A Mathematical Model for the Doubly-Fed Wound Rotor
Generator - Part II

5. Report Date

6. Pertorming Organization Coce

776-33-41

7. Author(s)

Frank J. Brady

8. Performing Organization Report No.

E-1972

9. Performing Organization Name and Address

National Aeronautics and Space Administration
Lewis Research Center
Cleveland, Ohio 44135

10. Work Unit No.

11. Contract or Grant No.

12. Sponsoring Agency Name and Address

U.S. Department of Energy
Wind Energy Technology Division
Washington, D.C. 20545

13. Type of Report and Period Covered
Technical Memorandum

14. Sponsoring Agency Code Report No.
DOE/NASA/20320-57

15. Supplermnentary Notes

Prepared under Interagency Agreemeht DE-AIOI-76ET20320. Prepared for Summer Meet-
ing of the Power Engineering Society sponsored by the Institute of Electrical and
Elactronics Engineers, Seattle, Vashington, July 15-20, 1984.

16. Abstract

for the currents and voltages in the machine.

terms of these redefined components.

rived variables are redefined as direct and quadrature components.
the apparent (complex) power for both the rotor and the stator are derived in

This paper is a mathematical analysis of a doubly-fed wound rotor generator. It
is a continuation of a previous paper, which applied the constraints of constant
stator voltage and frequency to the circuit equations and obtained expressions

In this paper the previously de-

In addition,

17. Koy Words (Suggested by Author(s))

Doubly-fed generator

18. Distribution Statement

Unclassified - unlimited
STAR Category 33
DOE Category UC-60

18. Security Classif. (of this report)
Unclassified

20. Security Classit. (of this page)
Unclassified

22. Price*

A02

21. No. of pages

*For sale by the National Technical information Service, Springfield, Virginia 22161







o




