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SUMMARY 

A s t u d y  h a s  been conducted of t h e  f e a s i b i l i t y  of employing decoupl ing  procedures  
t o  c o n t r o l  a l a r g e  f l e x i b l e  space  antenna. Cont ro l  i nvo lves  commanding changes i n  
t h e  rigid-body modes o r  n u l l i n g  i n i t i a l  d i s tu rbances  i n  t h e  f l e x i b l e  modes. The 
s tudy  is  in t ended  t o  p rov ide  p re l imina ry  engineer ing- type  d a t a ,  i n  pa rame t r i c  form, 
which would be u s e f u l  i n  t h e  f i n a l  d e s i g n  of a large space antenna  c o n t r o l  system. 
The d a t a  i l l u s t r a t e  t h e  e f f e c t  on c o n t r o l  requirements of t h e  number of modes con- 
t r o l l e d ;  of t h e  number, type ,  and l o c a t i o n  of c o n t r o l  a c t u a t o r s ;  and of v a r i a t i o n s  i n  
the c losed- loop  dynamics of t h e  c o n t r o l  system. A b r i e f  a n a l y s i s  i s  inc luded  which 
compares decoupled-cont ro l  r e s u l t s  w i t h  t h o s e  ob ta ined  by u s i n g  a l i n e a r  q u a d r a t i c  
r e g u l a t o r  approach. T i m e  h i s t o r y  responses  a r e  p re sen ted  t o  i l l u s t r a t e  t h e  e f f e c t s  
of t h e  c o n t r o l  procedures .  

I NTRODUCT I ON 

The o p e r a t i o n a l  s t a t u s  of t h e  NASA space t r a n s p o r t a t i o n  system (STS) h a s  opened 
a wide area f o r  a p p l i c a t i o n  of l a r g e  an tenna  systems which can be deployed i n  space. 
Examples of r e l a t i v e l y  near-term miss ions  u t i l i z i n g  t h e s e  an tennae  i n c l u d e  p e r s o n a l  
commnica t ion  sys tems,  Ea r th  o b s e r v a t i o n  systems, r a d i o  astronomy systems, and elec- 
t r o n i c  m a i l  systems. (See r e f .  1 . )  I n  o r d e r  t o  meet t h e  s t r i n g e n t  p o i n t i n g  and 
su r face -con tour  requi rements ,  e x t e n s i v e  a n a l y s i s  i s  needed t o  deve lop  e f f i c i e n t  and 
r e l i a b l e  cont ro l - sys tem d e s i g n s  f o r  t h e s e  systems. I n  t h e  l a s t  s e v e r a l  y e a r s ,  v a r i -  
ous  methods of c o n t r o l l i n g  t h e  a t t i t u d e  and modal d i sp lacements  of l a r g e  space s t ruc -  
t u r e s  have been developed and analyzed. Examples of t h e s e  s t u d i e s  are g iven  i n  
r e f e r e n c e s  2 t o  5. References 2 and 3 apply  decoupled and modern c o n t r o l  t heo ry  
approaches ,  r e s p e c t i v e l y ,  t o  c o n t r o l  of a long f l e x i b l e  one-dimensional beam i n  
o r b i t .  Reference 4 uses  similar approaches f o r  c o n t r o l  of a two-dimensional f l e x i b l e  
space p l a t f o r m ,  and r e f e r e n c e  5 a p p l i e s  modern c o n t r o l  t h e o r y  t echn iques  t o  c o n t r o l  
of  a three-d imens iona l  space antenna. 

This paper p r e s e n t s  r e s u l t s  of an  antenna-control-system d e s i g n  procedure which 
u t i l i z e s  l i n e a r  decoupl ing  theory .  The 122-m-diameter hoop-column antenna ( r e f .  61, 
which c a n  be deployed i n  a s i n g l e  STS f l i g h t ,  i s  used as t h e  b a s i s  f o r  t h e  s tudy .  
The hoop-column concep t ,  shown i n  t h e  ske tch  on page 2, c o n s i s t s  of a deployable  
c e n t r a l  column a t t a c h e d  t o  a deployable  hoop by c a b l e s  i n  t ens ion .  The r e s u l t i n g  
s t r u c t u r e  h a s  a l a r g e  number of f l e x i b l e  modes i n  a d d i t i o n  t o  t h e  rigid-body r o t a t i o n  
and t r a n s l a t i o n  modes. Decoupling theo ry  i s  a convenient  t o o l  f o r  d e v i s i n g  c o n t r o l  
l a w s  f o r  such  s t r u c t u r e s  because t h e  t h e o r y  a l l o w s  f o r  independent  c o n t r o l  of each 
mode. For example, t h e  rigid-body modes can be c o n t r o l l e d  w i t h o u t  a f f e c t i n g  t h e  
f l e x i b l e  modes. The t h e o r y  a l s o  a l l o w s  t h e  feedback g a i n s  t o  be computed i n  c l o s e d  
form such  t h a t  d e s i r e d  c losed- loop  dynamics are achieved  wh i l e  ma in ta in ing  t h e  inde- 
pendent  c o n t r o l  c a p a b i l i t y .  

The o b j e c t i v e s  of t h i s  pape r  are ( 1  1 t o  apply t h e  decoupled a n a l y s e s  of r e f e r -  
ences 2 and 4 t o  c o n t r o l  of a three-d imens iona l  l a r g e  space antenna ,  ( 2 )  t o  provide  
p r e l i m i n a r y  eng inee r ing - type  d a t a  which could be used i n  t h e  f i n a l  des ign  of a 
decoup led -con t ro l  system f o r  a l a r g e  space  an tenna  system, and ( 3 )  t o  compare t h e  
decoupled  r e s u l t s  w i t h  t h o s e  o b t a i n e d  wi th  a l i n e a r  q u a d r a t i c  r e g u l a t o r  approach. 
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Resul t s  a r e  p r e s e n t e d  f o r  v a r i o u s  arrangements  o f  con t ro lmoment  gyros on t h e  
an tenna  column and for  arrangements of r e a c t i o n - c o n t r o l  je ts  on t h e  column or hoop. 
Control  requirements  i n  terms of  maximum t o r q u e / f o r c e  and t o t a l  momentum/impulse a re  
p r e s e n t e d  i n  r e l a t i o n  t o  closed-loop dynamics, which c o v e r  a wide ranqe of  f requen-  
cies and damping r a t i o s .  Although t h e  r e s u l t s  p r e s e n t e d  are  p r i m a r i l y  fo r  t h e  t h r e e  
rigid-body r o t a t i o n  modes'and u p  t o  s i x  of t h e  l o w e s t  f requency f l e x i b l e  modes, l i m -  
i t e d  r e s u l t s  a r e  inc luded  on t h e  e f f e c t  o f  c o n t r o l l i n g  t h e  t h r e e  r igid-body t r a n s l a -  
t i o n  modes. 
ob ta ined  wi th  t h e  l i n e a r  q u a d r a t i c  r e g u l a t o r  approach f o r  a number of cases u s i n g  
control-moment gyros on t h e  antenna column. 
a l o n g  wi th  t h e  ensuing  modal responses ,  are  p r e s e n t e d  t o  i l l u s t r a t e  t h e  e f f e c t s  o f  
t h e  c o n t r o l  procedures.  

Comparisons a r e  g iven  between t h e  decoupled-cont ro l  r e s u l t s  and t h o s e  

T i m e  h i s t o r i e s  of c o n t r o l  requi rements ,  

I t  should be noted t h a t  t h e  r e s u l t s  of t h i s  s t u d y  r e p r e s e n t  t h e  i d e a l  p e r f o r -  
mance of t h e  decoupled-control  approach, i n  t h a t  p e r f e c t  estimates a re  assumed for  
t h e  modal measurements r e q u i r e d  f o r  feedback. In  a d d i t i o n ,  t h e  number of c o n t r o l l e r s  
e q u a l s  t h e  number of modes t o  be c o n t r o l l e d  i n  t h e  system, and p e r f e c t  c o n t r o l l e r s  
(no  a c t u a t o r  dynamics inc luded)  are  assumed. The i m p o r t a n t  problem of  s t a b i l i t y  i n  
t h e  presence of c o n t r o l  and o b s e r v a t i o n  s p i l l o v e r  due t o  t h e  e f f e c t s  of  u n c o n t r o l l e d  
modes ( r e s i d u a l  modes n o t  inc luded  i n  t h e  math model) i s  n o t  i n c l u d e d  i n  t h i s  ana ly-  
sis. These e f f e c t s  a re  d i s c u s s e d  i n  r e f e r e n c e  7. 
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SYMBOLS AND ABBREVIATIONS 

system ma t r ix  (eq. ( B l ) )  

maximum modal ampli tude 

modal ampli tude (eq. (311 ,  where n i s  t h e  mode number ( 1 ,  2, ..., 6) 
s t e a d y - s t a t e  modal amplitude 

c o n t r o l  i n f l u e n c e  ma t r ix  (eq. (B1 ) ) 

lower h a l f  of  B ma t r ix  (eq. ( B l ) )  

ma t r ix  r e l a t i n g  o u t p u t  (decoupled)  vec to r  t o  s t a t e  vec to r  (eq. ( 6 ) )  

control-moment gyro 

c e n t e r  of g r a v i t y  

d isp lacement  vec to r  (eq. ( 4 )  ) 

feedback g a i n  ma t r ix  (eq. ( 7 ) )  

f o r c e  

f o r c e  v e c t o r  

component of fo rce ,  where i i s  t h e  c o n t r o l  d i r e c t i o n ,  and j i s  t h e  
a c t u a t o r  l o c a t i o n  

feedforward g a i n  matrix (eq. ( 7 )  1 

a c c e l e r a t i o n  of g r a v i t y  

moment of i n e r t i a  ma t r ix  

impulse,  where i i s  t h e  c o n t r o l  d i r e c t i o n ,  and j i s  t h e  a c t u a t o r  
l o c a t i o n  

I X J  1 'I, 

J o b j e c t i v e  f u n c t i o n  (eq. ( 1  1 )  1 

K g a i n  m a t r i x  (eq. (1 0) ) 

L l e v e r  a r m  ma t r ix  (eqs. ( A 2 )  and ( A 3 )  ) 

L QR l i n e a r  q u a d r a t i c  r e g u l a t o r  

R d i s t a n c e  ( f i g .  1 )  

Mi, j 

center -of  -gravi t y  moments and product  of i n e r t i a  Y' 

a n g u l a r  momentum, where i i s  the c o n t r o l  d i r e c t i o n ,  and j i s  t h e  
a c t u a t o r  l o c a t i o n  

3 



modal mass "'n 

P control-vector-weight ing mat r ix  (eq.  ( 1  1 )  ) 

Q s ta te -vec tor -weight ing  mat r ix  (eq. ( 1  1 ) ) 

RCS r eac t ion -con t ro l  s y s  t e m  

r r ad ius  of hoop 

S Laplace ope ra to r  

T torque 

- 
T torque vec to r  

components of torque,  where i is  t h e  c o n t r o l  d i r e c t i o n ,  and j is  t h e  Ti, j 
a c t u a t o r  l o c a t i o n  

n a t u r a l  pe r iod  Tn 

t time 

time t o  damp t o  1 pe rcen t  of i n i t i a l  d i s t u r b a n c e  

- 
U c o n t r o l  vec to r  (eq. ( 7 ) )  

V i npu t  command vec to r  (eq.  ( 7 ) )  

W weight 

X,Y, Z coord ina tes  of antenna c e n t e r  of g r a v i t y  

- 

X s t a t e  v a r i a b l e  

X s t a t e  vec to r  

x , y , z  coord ina tes  of modal d a t a  ( f i g .  1 )  

- 

- 
Y output  vec to r  (eq. (6) ) 

6 angle  between a c t u a t o r s  on antenna hoop ( f i g .  1 )  

c damping r a t i o  

'd 

'n 

e,@,$ r o t a t i o n  angle  about  X-, Y-, and Z-axis, r e s p e c t i v e l y  

7 time cons tan t  

@ mode shape mat r ix  

des i r ed  damping r a t i o  

n a t u r a l  damping r a t i o  

4 



0' mode s l o p e  m a t r i x  

w frequency 

d e s i r e d  frequency 

w n a t u r a l  frequency 

S u b s c r i p t s :  

d d e s i r e d  

f l e x  f l e x i b l e  mode 

d 

n 

w 

i ,j 

max 

n 

r b  

i i s  t h e  c o n t r o l  d i r e c t i o n ,  and j is  t h e  a c t u a t o r  l o c a t i o n  

maximum 

mode number 

rigid-body mode 

A b a r  over  a symbol denotes  a v e c t o r  o r  a matrix.  

MATHEMATICAL MODEL OF ANTENNA 

A l a r g e  space s t r u c t u r e  such as t h e  hoop-column antenna  has ,  i n  t h e o r y ,  an  i n f i -  
n i t e  number of f l e x i b l e  ( v i b r a t i o n )  modes. To f a c i l i t a t e  a n a l y t i c a l  t r e a t m e n t  of t h e  
c o n t r o l  problem, a f i n i t e  o r d e r ,  l i n e a r i z e d  model w a s  formulated.  For t h e  a n a l y s i s  
of t h i s  r e p o r t ,  t h e  s t r u c t u r a l  model w a s  s e l e c t e d  t o  c o n t a i n  from t h r e e  t o  s i x  of t h e  
lowest f l e x i b l e  modes of t h e  122-m-diameter hoop-column antenna, as d e s c r i b e d  i n  
r e f e r e n c e  6 .  The t h r e e  rigid-body r o t a t i o n  modes a re  inc luded  i n  t h e  a n a l y s i s ,  and 
l i m i t e d  r e s u l t s  which i n c l u d e  t h e  t h r e e  rigid-body t r a n s l a t i o n  modes are presented .  

The e q u a t i o n s  of  motion used t o  r e p r e s e n t  t h e  rigid-body and v i b r a t i o n  modes o f  
t h e  an tenna  are g iven  below. 
ments of c o n t r o l  a c t u a t o r s  are g iven  i n  appendix A. 

Details of t h e i r  implementation f o r  s p e c i f i c  a r range-  

Rigid-body r o t a t i o n s  ( f o r  small  a n g l e s )  abou t  t h e  antenna c e n t e r  of g r a v i t y  are 
r e p r e s e n t e d  by 

:) Y 

T 
Z 
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T r a n s l a t i o n s  of t h e  an tenna  c e n t e r  of g r a v i t y  can be expressed  as 

V a r i a t i o n s  i n  modal ampli tudes of t h e  f l e x i b l e  modes are r e p r e s e n t e d  by 

( n  = 1 ,  2, ..., 6) ( 3 )  
2 .. 

A + 2 1 ; w i i  + u A  
n n n n  n n  m n 

where 5 and are v e c t o r s  of c o n t r o l  f o r c e s  and torques, r e s p e c t i v e l y ,  % i s  
t h e  modal mass, 
v i b r a t i o n  mode, and $n i s  t h e  cor responding  column of t h e  mode s l o p e  matr ix .  (See 
appendix A f o r  d e t a i l s . )  It should  be noted t h a t  An va lues  i n  e q u a t i o n  ( 3 )  are  
modal ampli tude displacement  variables and d o  n o t  r e p r e s e n t  a c t u a l  p h y s i c a l  d i s p l a c e -  
ments. 
combinations of t h e  modal ampl i tudes  and mode shapes  and i s  g iven  by t h e  
t ransformat ion  

@n i s  t h e  column of t h e  mode shape m a t r i x  r e l a t i n g  t o  t h e  n t h  

The p h y s i c a l  displacement  a t  some p o i n t  on t h e  an tenna  would i n c l u d e  l i n e a r  

2 = l$i 
n ( 4 )  

The mode shape and mods slope d a t a  used i n  t h e  a n a l y s i s  were t a k e n  from unpub- 
l i s h e d  r e s u l t s  of a NASTRAN model of t h e  122-m-diameter hoop-column antenna  system 
and are provided i n  table  I. The data of t a b l e  I c o n s i s t  of or thogonal  mode shapes  
and slopes a t  f o u r  p o s i t i o n s  on t h e  mast as  w e l l  as mode shapes  a t  increments  of  1 5 O  
around t h e  hoop of t h e  antenna. Table I1 s h w s  t h e  weight  and i n e r t i a  p r o p e r t i e s  of 
t h e  antenna.  The modal masses, f r e q u e n c i e s ,  and n a t u r a l  damping ra t ios  of t h e  s i x  
f l e x i b l e  modes cons idered  i n  t h e  a n a l y s i s  are a l s o  g iven  i n  t ab le  11. 

DECOUPLED CONTROL 

S i n c e  decoupl ing theory  h a s  been ana lyzed  e x t e n s i v e l y  i n  t h e  l i t e r a t u r e  (for 
example, see r e f s .  8 and 91, t h e  d i s c u s s i o n  of t h i s  p a p e r  i s  l i m i t e d  t o  some g e n e r a l  
remarks concerning i t s  a p p l i c a t i o n .  
t h e  manner i n  which t h e  t h e o r y  w a s  a p p l i e d  t o  t h e  system e q u a t i o n s  of  t h e  c u r r e n t  
a n a l y s i s .  Typical  B ,  F, and G matrices f o r  t w o  s i x - c o n t r o l  cases are  shown i n  
t a b l e  I11 and a r e  d i s c u s s e d  subsequent ly .  

Examples are g iven  i n  appendix B t o  i l l u s t r a t e  



The second-order e q u a t i o n s  i n  t h e  a n a l y s i s  (eqs. ( 1 )  t o  ( 3 ) )  can  be reduced t o  
f i r s t - o r d e r  equa t ions  ( s t a t e - v e c t o r  form) and w r i t t e n  as 

- 
The o u t p u t  v e c t o r  y of s ta tes  t o  be  decoupled i s  d e f i n e d  as 

where C is  a m a t r i x  which selects t h e  s ta tes  t o  be decoupled. For t h e  p r e s e n t  
a n a l y s i s ,  t h e  o u t p u t  v e c t o r  i s  t aken  t o  be t h e  e n t i r e  s t a t e  amplitude v e c t o r ,  so t h a t  
complete decoupl ing  i s  ob ta ined  f o r  a l l  modes i n  t h e  model. Complete decoupl ing  
r e q u i r e s  as many a c t u a t o r s  as t h e r e  are s t a t e  ampl i tudes  t o  be decoupled. 

The decoupl ing  c o n t r o l  l a w  i s  t aken  a s  

- 
where v i s  t h e  i n p u t  command vec to r ,  and F and G are feedback and feedforward  
g a i n  matrices, r e s p e c t i v e l y .  The o u t p u t  i s  r e l a t e d  t o  t h e  i n p u t  through t h e  t r a n s f e r  
f u n c t i o n  H (  s)  by 

- - 
where y and v are of t h e  same o rde r .  The c i r cumf lex  i n  equa t ion  (8)  i n d i c a t e s  
t h e  Laplace t r ans fo rm and 

-1 
H ( s )  = C(SI - A - BF) BG 

where I i s  t h e  i d e n t i t y  matrix.  Decoupling theo ry  p rov ides  a method f o r  determin- 
i n g  t h e  F and G matrices such t h a t  t h e  t r a n s f e r  f u n c t i o n  H ( s )  i s  d i a g o n a l  and 
nons ingular .  
( o u t p u t )  v a r i a b l e s .  The dynamics of t h e  t r a n s f e r  f u n c t i o n  can  a l s o  be s p e c i f i e d .  
T h i s  i s  impor t an t  because t h e  d e s i r e d  closed-loop dynamics of t h e  decoupled v a r i a b l e s  
hav ing  been s p e c i f i e d ,  t h e  t r a n s i e n t  and s t e a d y s t a t e  responses  of t h e  system a re  
knwn .  
second-order  e q u a t i o n s  (e.g., x + 2!c w x + wdx = wdv), where wd and cd are  t h e  
d e s i r e d  c losed- loop  frequency and damping r a t i o ,  and v i s  t h e  command. Although 
closed-form s o l u t i o n s  t o  t h e s e  equa t ions  e x i s t  f o r  s p e c i f i e d  i n i t i a l  c o n d i t i o n s  and 
s tep commands, i n  t h e  p r e s e n t  a n a l y s i s  t h e  system e q u a t i o n s  (eq. (5)) w e r e  i n t e g r a t e d  
numer i ca l ly  by u s i n g  t h e  feedback l a w  of equat ion  (7). This w a s  done t o  f a c i l i t a t e  
c o n t r o l  requi rement  computations. Various methods e x i s t  f o r  de te rmining  t h e  feedback 
and feedforward  g a i n s  r e q u i r e d  t o  ach ieve  decoupling. 
program of r e f e r e n c e  8, based on a l g e b r a i c  theo ry  of l i n e a r  systems, p rov ides  a 

Therefore ,  independent c o n t r o l  i s  p o s s i b l e  f o r  each  of t h e  decoupled 

For t h e  p r e s e n t  a p p l i c a t i o n ,  t h e s e  responses  are simply s o l u t i o n s  t o  t h e  
' a  2 2 

d . d  

For example, t h e  computer 
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g e n e r a l  purpose approach t o  t h e  problem. In t h e  examples of appendix B,  t h e  method 
of r e f e r e n c e  9 w a s  used because it g i v e s  i n s i g h t  i n t o  t h e  n a t u r e  of the decoupl ing  
process. 

Linear  m a d r a t i c  Regulator  Cont ro l  

I n  o r d e r  t o  e s t a b l i s h  a s t a n d a r d  f o r  conparison of  t h e  decoupled-cont ro l  
r e s u l t s ,  a l imited a n a l y s i s  w a s  made i n  which s ta te  feedback control  g a i n s  w e r e  cal- 
c u l a t e d  by u s i n g  t h e  asymptot ic  l i n e a r  q u a d r a t i c  r e g u l a t o r  (LQR) approach of  refer- 
ence  10. (Ref. 1 1  p rovides  
The c o n t r o l  l a w  f o r  t h e  LQR 

The c o n t r o l  g a i n  m a t r i x  w a s  
t h a t  t h e  fol lowing f u n c t i o n  

a computer program f o r  performing t h e s e  computat ions.)  
r e s u l t s  w a s  given by 

computed s u b j e c t  t o  t h e  c o n s t r a i n t  of e q u a t i o n  ( 5 )  such 
was minimized: 

uTP<) d t  

Q and P a r e  weight ings on t h e  s t a t e s  and c o n t r o l s :  t h e s e  weight ings are v a r i e d  i n  
o r d e r  t o  achieve  t h e  d e s i r e d  closed-loop dynamics. Decoupled and LQR comparisons i n  
t h e  p r e s e n t  a n a l y s i s  are l i m i t e d  t o  c o n t r o l  of t h e  rigid-body r o t a t i o n  and f i r s t  
t h r e e  f l e x i b l e  modes wi th  s i x  t o r q u e r s  on t h e  antenna mast. 

Antenna Open-Loop Response 

V i b r a t o r y  response c h a r a c t e r i s t i c s  of  t h e  an tenna  caused  by i n i t i a l  d i s t u r b a n c e s  
i n  t h e  modal v a r i a b l e s  an'd by s tep c o n t r o l  i n p u t s  w i l l  now be summarized. 
unforced t r a n s i e n t  behavior  of t h e  s i x  v i b r a t i o n  modes c o n s i d e r e d  i n  t h e  a n a l y s i s  
(eq. ( 3 )  1 i s  presented  i n  f i g u r e  2. Shown are  t h e  modal ampl i tude  v a r i a t i o n s  w i t h  
t i m e  r e s u l t i n g  from a n  i n i t i a l  d i sp lacement  of 1 i n .  i n  each  modal v a r i a b l e .  These 
response  c h a r a c t e r i s  t i c s  and t h o s e  f o r  o t h e r  assumed damping ra t ios  are summarized i n  
f i g u r e  3. Shown i s  t h e  p e r c e n t  of i n i t i a l  d i sp lacement  as a f u n c t i o n  of  t h e  number 
of c y c l e s  f o r  var ious  damping ra t ios .  The t i m e  t o  damp t o  a c e r t a i n  p e r c e n t  can  be 
determined from f i g u r e  3 by u s i n g  t h e  modal p e r i o d s  of  t ab le  11. For example, mode 1 
( c  = 0.01) requires 74 c y c l e s  o r  a b o u t  623 sec t o  damp t o  1 p e r c e n t  of a n  i n i t i a l  
d isplacement ,  whereas mode 6 r e q u i r e s  37 c y c l e s ,  or  a b o u t  41 sec, t o  achieve  t h e  same 
r e d u c t i o n  i n  amplitude.  Note t h a t  fo r  c > 0.59, v i b r a t i o n s  w i l l  damp t o  1 p e r c e n t  
i n  less t h a n  1 cycle .  

The 

Vibra tory  response c h a r a c t e r i s t i c s  of t h e  system t o  s tep  i n p u t s  i n  t o r q u e  or 
f o r c e  are  given i n  tab le  IV.  Columns t w o ,  t h r e e ,  and f o u r  o f  t h e  t ab le  show t h e  
s t e a d y - s t a t e  and peak va lues  a t t a i n e d  i n  t h e  modal v a r i a b l e s  f o r  a u n i t y  c o n t r o l  
i n p u t ,  mode shape ( @ ) ,  and mode slope ( 4 ' ) .  Since  t h e  system is l i n e a r ,  t h e  r e s u l t s  
g iven  i n  columns two, t h r e e ,  and f o u r  of t a b l e  IV can  be s c a l e d  t o  r e p r e s e n t  o t h e r  
va lues  f o r  torque,  force, mode shape ,  or mode s l o p e .  For example, t h e  l a s t  t w o  
columns of t a b l e  I V  show t h e  maximum s t e a d y - s t a t e  ampl i tudes  a t t a i n e d  f o r  a u n i t y  
force i n p u t  on t h e  hoop or a u n i t y  to rque  i n p u t  on t h e  column. These v a l u e s  a r e  
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ob ta ined  by mul t ip ly ing  t h e  second column of t a b l e  IV by t h e  l a r g e s t  va lues  of Q 
or  Q' ( t a b l e  I)  on t h e  hoop o r  column, r e spec t ive ly .  

A s  p rev ious ly  mentioned, t h e  r e s u l t s  of t a b l e  IV a r e  f o r  modal ampli tudes and 
should n o t  be confused wi th  p h y s i c a l  displacements of t h e  system. The a c t u a l  d i s -  
placement a t  some p o s i t i o n  on t h e  antenna i s  given by equat ion  ( 4 )  (where t h e  va lues  
o f  Q are given i n  t a b l e  I). For example, i f  we assume t h a t  a l l  s i x  modes have a n  
ampli tude of 1 i n . ,  then  t h e  d e f l e c t i o n  i n  t h e  y -d i r ec t ion  a t  p o s i t i o n  1 ( f i g .  1 )  
would be given i n  inches  by 

RESULTS AND DISCUSSION 

Resul t s  of t h e  s tudy  a r e  p re sen ted  t o  i l l u s t r a t e  t h e  e f f e c t  on c o n t r o l  r e q u i r e -  
ments of ( 1 )  t h e  number o f  modes c o n t r o l l e d ,  ( 2 )  t h e  number, type,  and l o c a t i o n  of 
c o n t r o l  a c t u a t o r s ,  and ( 3)  v a r i a t i o n s  i n  t h e  closed-loop dynamics (od, C d )  of t h e  
c o n t r o l  system. Although most of t h e  r e s u l t s  a r e  l i m i t e d  t o  c o n t r o l  of t h e  t h r e e  
r igid-body r o t a t i o n  modes p l u s  t h e  f i r s t  t h r e e  v i b r a t i o n  modes, t h e  e f f e c t  of adding 
up t o  t h r e e  a d d i t i o n a l  v i b r a t i o n  modes and of i nc lud ing  t h e  t h r e e  rigid-body t r a n s l a -  
t i o n  modes i s  a lso considered.  A s  descr ibed  i n  appendix A ,  t h e  c o n t r o l s  u t i l i z e d  a r e  
e i t h e r  control-moment gyros (CMG's) o r  react ion-control-system (RCS) j e t s .  The con- 
t r o l l e r s  a r e  th ree -ax i s  dev ices  a l i g n e d  along t h e  x-, y-, and z - d i r e c t i o n s  ( f i g .  1 ) .  
Although most of t h e  r e s u l t s  involve  t h e  use of decoupled c o n t r o l s ,  comparisons a r e  
a l s o  p re sen ted  between decoupled r e s u l t s  and those  ob ta ined  with a l i n e a r  q u a d r a t i c  
r e g u l a t o r  (LQR) approach. 

Typica l  Decoupled Responses 

Typica l  p o s i t i o n  and r a t e  responses  a r e  shown i n  f i g u r e  4 € o r  a s i x - c o n t r o l  c a s e  
w i t h  i n i t i a l  d i sp lacements  of 0.01 r ad  i n  the  rigid-body modes and 1 in .  i n  each of 
t h e  f i r s t  t h r e e  f l e x i b l e  modes. The closed-loop c h a r a c t e r i s t i c s  of t h e s e  responses  
a r e  g iven  i n  t a b l e  111, a long  wi th  t h e  B, F, and G matr ices .  As expla ined  i n  
t h e  prev ious  s e c t i o n  on decoupled c o n t r o l ,  t h e  d a t a  of f i g u r e  4 a r e  s imply l i n e a r ,  
second-order responses  a t  t h e  s p e c i f i e d  damping r a t i o  and frequency and would be t h e  
same f o r  any s i x - a c t u a t o r  arrangement f o r  which t h e  c o n t r o l  i n f luence  mat r ix  i s  
i n v e r t i b l e  (eq. ( B 4 ) ) .  Also, i f  i n i t i a l  modal ampli tudes w e r e  set  a t  z e r o  f o r  any of 
t h e  v a r i a b l e s  of f i g u r e  4, t hose  v a r i a b l e s  and t h e i r  r a t e s  would remain a t  ze ro ,  and 
t h e  o t h e r  responses  would be a s  shown. 

Time h i s t o r i e s  of t h e  c o n t r o l  r e q u i r e d  t o  produce t h e  responses  of f i g u r e  4 are 
given i n  f i g u r e  5 f o r  cases where e i t h e r  CMG ( f i g .  5 ( a ) )  o r  RCS ( f i g .  5 ( b ) )  a c t u a t o r s  
w e r e  used. Shwn  a l s o  are time h i s t o r i e s  f o r  ca ses  where i n i t i a l  d i s tu rbances  w e r e  
e i t h e r  i n  t h e  r igid-body modes a lone  o r  i n  t h e  f l e x i b l e  modes alone.  me c o n t r o l  
t i m e  h i s t o r i e s  of f i g u r e  5 are f o r  t h e  a c t u a t o r  arrangement of t a b l e  111. 

The momentum and impulse t i m e  h i s t o r i e s  of f i g u r e  5 r e p r e s e n t  t h e  t o t a l  a r e a s  
under  t h e  to rque  and f o r c e  responses .  Momentum and impulse, a long wi th  t h e  maximum 
value f o r  c o n t r o l  i n p u t s ,  are used i n  t h e  r e p o r t  a s  a measure of c o n t r o l  requirements  
when making v a r i o u s  comparisons. 
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Consider t h e  torque  and f o r c e  t i m e  h i s t o r i e s  of f i g u r e  5. The i n p u t s  a t  z e r o  
t i m e  are t h e  r e s u l t  of rigid-body p o s i t i o n  g a i n s ,  inasmuch as t h e  f l e x i b l e  g a i n s  are 
z e r o  because of t h e  closed-loop requirement  t h a t  t h e  an tenna  v i b r a t e  a t  i t s  n a t u r a l  
frequency. The i n i t i a l  c o n t r o l  peaks a re  caused by t h e  f l e x i b l e i n o d e  r a t e  feedback 
terms. 'Ihe momentum and impulse h i s t o r i e s  of f i g u r e  5 i n d i c a t e  t h e  predominant con- 
trollers for t h e  v a r i o u s  modes. For example, f i g u r e  5 ( a )  shows t h a t  t h e  CMG u n i t  a t  
p o s i t i o n  2 i s  mainly used f o r  rigid-body cont ro l .  

I n i  t i a l - C o n d i t i o n  E f f e c t s  

The c o n t r o l  requirement  r e s u l t s  of f i g u r e  5 are  summarized i n  t h e  f i r s t  t h r e e  
cases of  t a b l e  V. Shown are  t h e  maximum c o n t r o l  i n p u t s  and  t h e  t o t a l  impulse and 
momentum f o r  t h e  i n i t i a l  c o n d i t i o n s  of f i g u r e  5. 'Ihe impulse and momentum v a l u e s  are 
t h e  sums of  those a t t a i n e d  f o r  each  of  t h e  s i x  c o n t r o l l e r s .  Cases 4 through 9 of 
t a b l e  V g i v e  r e s u l t s  f o r  i n i t i a l  d i sp lacements  i n  t h e  i n d i v i d u a l  modes. 

Since t h e  system e q u a t i o n s  a re  l i n e a r ,  t h e  r e s u l t s  of  t a b l e  V can be s c a l e d  t o  
any c o n s t a n t  p o s i t i v e  m u l t i p l e  of t h e  i n i t i a l  c o n d i t i o n s  shown. For example, a d i s -  
tu rbance  of 0.1 r a d  i n  t h e  rigid-body modes would r e s u l t  i n  a peak force of 53 l b  and 
a n  impulse of 1250 lb-sec. Note t h a t  adding t h e  c o n t r i b u t i o n s  due t o  rigid-body 
d i s t u r b a n c e s  a lone  ( c a s e  1 )  t o  t h o s e  due t o  f lex ib le -mode  d i s t u r b a n c e s  (case 2 )  does  
n o t  g i v e  t h e  r e s u l t  of s imultaneous d i s t u r b a n c e s  i n  a l l  modes (case 3).  Although 
c o n t r o l  requirements  vary l i n e a r l y  w i t h  i n i t i a l - o n d i t i o n  v a r i a t i o n s ,  t h e y  may be 
dependent on t h e  d i r e c t i o n  of t h e  i n i t i a l - c o n d i t i o n  d i s t u r b a n c e ,  as i s  shown i n  
cases 10 through 13  of t a b l e  V. 

Consider t h e  cases of t a b l e  V which have i n i t i a l  c o n d i t i o n s  on only t h e  r i g i d -  
body modes. The maximum c o n t r o l  i n p u t s  f o r  t h e s e  cases occur  a t  z e r o  t i m e  (see 
f i g .  5 )  and can be c a l c u l a t e d  from t h e  i n i t i a l  c o n d i t i o n s  and t h e  rigid-body p o s i t i o n  
g a i n s  ( f i r s t  t h r e e  columns) of t h e  feedback matrices of  t ab le  111. For example, 
c o n s i d e r  c a s e  1 of t a b l e  V. Examination of t h e  F mat r ix  of table I I I ( b )  shows t h a t  
t h e  peak f o r c e  o c c u r s  i n  t h e  f i r s t  c o n t r o l l e r  and can be c a l c u l a t e d  by u s i n g  t h e  
f i r s t  t h r e e  ga ins  i n  t h e  f i r s t  row as fol lows:  

= (213 + 301 + 1 5 ) ( 0 . 0 1 )  = 5.3 l b  f x ,  1 

Peak f o r c e s  or torques  f o r  o t h e r  combinat ions of  i n i t i a l  r igid-body d i s t u r b a n c e s  can 
be c a l c u l a t e d  i n  a s imilar  manner. 

The rigid-body r e s u l t s  g iven  i n  t a b l e  V are f o r  i n i t i a l  d i s t u r b a n c e s  i n  t h e  
rigid-body modes, and c o n t r o l  i s  e f f e c t e d  through u s e  of t h e  feedback matr ix .  S i m i -  
l a r  r e s u l t s  could be obta ined  i f  t h e  i n i t i a l  r igid-body p o s i t i o n s  were Set a t  z e r o  
and commanded to  go  t o  a nonzero c o n d i t i o n .  I n  t h i s  case, peak c o n t r o l  i n p u t s  would 
r e s u l t  from t h e  feedforward g a i n s  ( G )  of t a b l e  111, and t h e  c o n t r o l  l a w  would u s e  
both  t h e  F and G g a i n  matrices. (For example, see r e f .  2.) 

The r e s u l t s  of t a b l e  V should  be cons idered  o n l y  as examples of t h e  i n d i v i d u a l  
and c o l l e c t i v e  e f f e c t s  of  i n i t i a l - c o n d i t i o n  v a r i a t i o n s .  'Ihe c o n t r o l  requi rements  f o r  
a P a r t i c u l a r  s e t  of i n i t i a l  d i s t u r b a n c e s  can  only  be de termined  by s o l v i n g  t h e  system 
equat ions .  
e i t h e r  be 0.01 r ad  i n  t h e  rigid-body modes or 1 i n .  i n  t h e  f l e x i b l e  modes. 

I n  t h e  remaining d i s c u s s i o n s  of t h e  report, i n i t i a l  c o n d i t i o n s  w i l l  
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Actuator  Location E f f e c t s  

The e f f e c t  on c o n t r o l  requirements  of  a c t u a t o r  placement on t h e  antenna w i l l  now 
be  cons idered  f o r  s i x - c o n t r o l  cases. The u s e  of CMG-type c o n t r o l l e r s  w a s  l i m i t e d  t o  
t h e  f o u r  p o s i t i o n s  on t h e  column shown i n  f i g u r e  1 ,  inasmuch as t h e s e  w e r e  t h e  on ly  
l o c a t i o n s  f o r  which mode s l o p e  d a t a  w e r e  a v a i l a b l e  ( t a b l e  I) .  RCS c o n t r o l l e r s  could  
be l o c a t e d  on e i t h e r  t h e  column o r  t h e  hoop. Comparisons are l i m i t e d  t o  systems 
u s i n g  t w o  t h ree -ax i s  c o n t r o l l e r s  of e i t h e r  t h e  CbG o r  t h e  RCS type  wi th  t h e i r  axes  
a l i g n e d  a l o n g  t h e  x-, y-, and z - d i r e c t i o n s  of  f i g u r e  1. "hat i s ,  one- o r  two-axis 
c o n t r o l l e r s ,  combinations of CMG o r  RCS u n i t s ,  and gimbaled c o n t r o l l e r s  w e r e  n o t  
considered.  

P o s i t i o n s  1 and 2 ( t o p  and bottom, r e s p e c t i v e l y )  on t h e  column ( f i g .  1 )  were 
found t o  y i e l d  t h e  lowes t  CMG c o n t r o l  requirements .  The r e s u l t s  f o r  t h i s  a r r ange -  
ment, as w e l l  as those  f o r  t h e  two next  b e s t  l o c a t i o n s ,  are g iven  i n  t a b l e  V I .  All 
o t h e r  CMG l o c a t i o n s  on t h e  m a s t  r equ i r ed  much h ighe r  va lues  of t o rque  and momentum. 

Consider  t h e  r e s u l t s  shown i n  table V I  f o r  which t h e  f l e x i b l e  d i s tu rbances  are 
zero. For t h e s e  cases, t h e  f l e x i b l e  modes add n o t h i n g  t o  t h e  feedback l a w  because 
t h e  modal d i sp lacements  and rates remain a t  zero. Why then  are t h e  c o n t r o l  require- 
ments d i f f e r e n t  f o r  each  CMG arrangement? This occur s  because each  arrangement 
requires d i f f e r e n t  r igid-body feedback ga ins  s o  as n o t  t o  d i s t u r b  t h e  f l e x i b l e  modes. 
Had only  t h e  r igid-body modes been c o n t r o l l e d  wi th  one t h r e e - a x i s  CMG, a l l  p o s i t i o n s  
on t h e  column would have g iven  i d e n t i c a l  r e s u l t s .  

"he use  of RCS-type c o n t r o l l e r s  w i l l  now be  cons idered .  RCS c o n t r o l l e r s  con- 
f i n e d  t o  t h e  mast are excluded, s i n c e  rigid-body r o t a t i o n s  abou t  t h e  z -ax is  ( f i g .  1 )  
of t h e  an tenna  canno t  be achieved  wi th  t h i s  arrangement. N o  combinations of  RCS 
u n i t s  on t h e  column and hoop w e r e  found t o  be s u p e r i o r  t o  t h e  case where t h e  RCS 
c o n t r o l s  w e r e  p l aced  only  on t h e  hoop. Figure 6 shows c o n t r o l  requirements  f o r  cases 
where one t h r e e - a x i s  RCS w a s  l o c a t e d  a t  p o s i t i o n  5 ( f i g .  1 )  on t h e  hoop and a n o t h e r  
t h r e e - a x i s  RCS a t  va r ious  l o c a t i o n s  around the  hoop. (me symbol 6 r e p r e s e n t s  t h e  
s e p a r a t i o n  a n g l e  between t h e  a c t u a t o r s  as measured from p o s i t i o n  5. ) As t h e  a n g l e  
between t h e  RCS's i s  reduced, a s i n g u l a r  cond i t ion  i s  approached, and t h e  c o n t r o l  
requi rements  i n c r e a s e  r a p i d l y .  'Ihe same is  true as t h e  s e p a r a t i o n  ang le  approaches 
180'. For t h e  r igid-body and f l ex ib l e -mode  d i s tu rbances  chosen,  f i g u r e  6 shows t h a t  
t h e  optimum separation a n g l e  between t h e  RCS's i s  abou t  1 20° t o  1 50°. "he r e s u l t s  of 
f i g u r e  6 are, o f  course ,  dependent on t h e  magnitude and d i r e c t i o n  of t h e  i n i t i a l  
d i s t u r b a n c e ,  as w a s  shown i n  case IO of  t a b l e  V f o r  t h e  RCS c o n t r o l l e r s  a t  pos i -  
t i o n s  5 and 6. In  t h e  remainder of t h e  r e p o r t ,  RCS c o n t r o l s  w i l l  be l o c a t e d  a t  
p o s i t i o n s  5 and 6 when t h e  e f f e c t s  on c o n t r o l  requirements  of changes i n  t h e  c losed-  
l o o p  system dynamics are compared. 

Closed-Loop Damping-Ratio E f f e c t s  

Previous  r e s u l t s  of t h e  r e p o r t  have used a c losed- loop  damping r a t i o  (5,) o f  0.9 
f o r  a l l  modes. The e f f e c t  on c o n t r o l  requirements  of v a r i a t i o n s  i n  Cd w i l l  now be 
c o n s i d e r e d  f o r  t h e  CMG and RCS l o c a t i o n s  and c losed- loop  f r equenc ie s  of t a b l e  111. 
The e f f e c t  of v a r i a t i o n s  i n  t h e  c losed- loop  frequency va lues  of t a b l e  I11 i s  p re -  
s e n t e d  i n  a later s e c t i o n  of t h e  r epor t .  

F i g u r e  7 shows t h a t  f o r  r igid-body d i s tu rbances ,  t o t a l  momentum and impulse 
decrease as damping r a t i o  i s  inc reased .  Values of t o t a l  momentum and impulse a r e  
approximate ly  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  damping r a t i o .  The magnitudes of peak 
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t o r q u e s  and forces are c o n s t a n t ,  s i n c e  they  are caused by p o s i t i o n  feedback o p e r a t i n g  
on t h e  i n i t i a l  c o n d i t i o n s ,  as  p r e v i o u s l y  descr ibed .  

F igure  8 shows t h a t  f o r  flexible-mode d i s t u r b a n c e s ,  t h e  c o n t r o l  requi rements  are 
reduced as t h e  damping r a t i o  i s  reduced. The reduced damping r a t io ,  of c o u r s e ,  l e a d s  
t o  a n  i n c r e a s e  i n  t i m e  t o  damp t h e  d i s t u r b a n c e s ,  as shown i n  f i g u r e  8 (a ) .  The t i m e  
shown i s  t h a t  r e q u i r e d  t o  damp t h e  f i r s t  f l e x i b l e  mode t o  1 p e r c e n t  and i s  indepen-  
d e n t  of t h e  c o n t r o l l e r  type. The h i g h e r  frequency modes would damp more r a p i d l y  for  
f i x e d  darnping ra t ios .  

The maximum t o r q u e s  and f o r c e s  shown i n  f i g u r e  8 are  b a s i c a l l y  caused by t h e  
damping terms i n  feedback and cannot  be determined from i n i t i a l  c o n d i t i o n s  and t h e  
F matr ix ,  a s  is t h e  c a s e  f o r  rigid-body d is turbances .  It should  be  noted  t h a t  t h e  
F matrices of t a b l e  111 can be conver ted  t o  approximate (by n e g l e c t i n g  t h e  n a t u r a l  
damping t e r m  i n  eq. (B6)) t h e  feedback m a t r i x  o b t a i n e d  f o r  o t h e r  va lues  of cd by 
p r o p e r  s c a l i n g  of columns 7 through 12. For example, f o r  0.7 damping i n  t h e  p i t c h  
mode, column 7 would be m u l t i p l i e d  by 0.7/0.9. 

Closed-loop damping-ratio e f f e c t s  can be summarized as  fo l lows:  To minimize 
Cd ,  l a r g e  va lues  (0.9 or  g r e a t e r )  s h o u l d  be c o n t r o l  requirements w i t h  respect t o  

u s e d  €or  t h e  rigid-body r o t a t i o n  modes, b u t  t h e  f l e x i b l e  modes should  be damped as  
l i g h t l y  a s  i s  p r a c t i c a l .  'Ihe lower l i m i t  on f lex ib le -mode  damping would be d e t e r -  
mined by mission requirements ,  s i n c e  a r e d u c t i o n  i n  damping l e a d s  t o  a n  i n c r e a s e  i n  
t i m e  t o  damp an i n i t i a l  d i s t u r b a n c e .  An a d d i t i o n a l  method f o r  reducing  c o n t r o l  
requirements ,  which i n v o l v e s  t h e  i n t r o d u c t i o n  of lag i n t o  t h e  feedback g a i n s ,  is  
d i s c u s s e d  i n  a l a t e r  s e c t i o n  of t h e  report. 

Closed-Loop Frequency E f f e c t s  

The e f f e c t  on c o n t r o l  requirements  of v a r i a t i o n s  i n  c losed- loop  f requency  w i l l  
now be considered f o r  s i x - c o n t r o l  cases .  As i n  t h e  p r e v i o u s  s e c t i o n ,  t h e  r e s u l t s  are 
for  t h e  CMG and RCS l o c a t i o n s  of  t a b l e  111. 

Figure 9 shows t h e  e f f e c t  on c o n t r o l  requi rements  of changes i n  t h e  riqid-body 
frequency f o r  v a r i o u s  combinations of  i n i t i a l  d i s t u r b a n c e s  i n  t h e  r igid-body modes. 
The r e s u l t s  of f i g u r e  9 are f o r  a rigid-body damping r a t i o  of 0.9, s i n c e  t h i s  v a l u e  
r e s u l t s  i n  n e a r l y  minimum t o t a l  momentum and impulse ( f i g .  7) .  

Figure 9 shows t h a t  t h e  t o t a l  momentum and impulse a re  l i n e a r  f u n c t i o n s  of t h e  
rigid-body frequency f o r  t h e  combinat ions of i n i t i a l  d i s t u r b a n c e s  shown. The peak 
v a l u e s  of  torque and f o r c e  are f u n c t i o n s  of  t h e  i n i t i a l  d i s t u r b a n c e s  and t h e  t e r m  
wd, which i s  included i n  t h e  p o s i t i o n  feedback g a i n  (eq. 
closed-loop damping r a t i o ,  t h e  maximum c o n t r o l  i n p u t s  of  f i g u r e  9 can  be de te rmined  
from t h e  feedback g a i n  matrices of  t ab le  111. For example, t h e  peak f o r c e  due t o  a 
rigid-body command i n  p i t c h  ( 8  = 0.01 r a d )  f o r  
F 4 , 1  

2 (B6)). As w a s  t h e  case w i t h  

ad = 0.1 rad /sec  comes from e l e m e n t  
of t h e  feedback m a t r i x  of tab le  I11 and i s  g iven  by 

fmax = (-223)(0.01) = -2.23 l b  

The corresponding peak f o r c e  f o r  w = 0.2 r a d / s e c  would be 
d 

(-2.23) ( 0 . 2 ) 2 / ( 0 . 1 ) 2  = -8.92 l b  
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as i s  shown i n  f i g u r e  9 ( b ) .  Peak c o n t r o l  i n p u t s  f o r  o t h e r  combinations of rigid-body 
d i s t u r b a n c e s  and f r e q u e n c i e s  can be c a l c u l a t e d  i n  a s imi la r  manner. 

The rigid-body c o n t r o l  requirements  can be reduced by lowering t h e  closed-loop 
frequency,  b u t  t h e  t i m e  t o  damp a n  i n i t i a l  d i s t u r b a n c e  i n c r e a s e s  s u b s t a n t i a l l y ,  as  
shown i n  f i g u r e  10. Given i s  t h e  t i m e  t o  damp an i n i t i a l  d i s t u r b a n c e  t o  1 percent 
f o r  cd = 0.9. 
approximated f o r  any closed-loop dynamics by the  e q u a t i o n  g iven  i n  f i g u r e  10. 

The r e s u l t s  shown are from t ime h i s t o r y  computations b u t  can  be 

All p r e v i o u s l y  p r e s e n t e d  r e s u l t s  have been f o r  t h e  c a s e  where t h e  f l e x i b l e  modes 
have been allowed t o  v i b r a t e  a t  t h e i r  n a t u r a l  f r e q u e n c i e s  ( w  The e f f e c t  on 
c o n t r o l  requi rements  of changes i n  t h e  flexible-mode closed-loop frequency w i l l  now 
be presented .  Figure 11 g i v e s  r e s u l t s  ob ta ined  when t h e  t h r e e  f lex ib le -ode  frequen-  
cies were e i t h e r  i n c r e a s e d  or  decreased  by a c e r t a i n  percentage  of t h e i r  n a t u r a l  
frequency. (The wd = wn d a t a  correspond t o  p r e v i o u s l y  given r e s u l t s  f o r  t h e  con- 
t ro l le r  arrangement of table  111. ) 

= w,). d 

F igure  l l ( a )  shows t o t a l  momentum and peak t o r q u e  as a f u n c t i o n  of wd f o r  

I n  
v a r i o u s  damping ra t ios  f o r  t h e  s i x - t o r q u e  case. As shown, t h e  s e n s i t i v i t y  t o  changes 
i n  v i b r a t i o n  frequency (from 
g e n e r a l ,  t h e  l o w e s t  c o n t r o l  requirements  occur  a t  wd = wn. However, f o r  damping 
r a t io s  of 0.6 or  g r e a t e r ,  i n c r e a s e s  i n  t h e  closed-loop frequency above wn l e a d  t o  
some r e d u c t i o n  i n  t o t a l  momentum w i t h  l i t t l e  i n c r e a s e  i n  peak torque. 

wn) i n c r e a s e s  as t h e  damping r a t i o  i s  reduced. 

Figure 1 1  ( b )  shows r e s u l t s  of  changes i n  t h e  closed-loop v i b r a t i o n  f r e q u e n c i e s  
f o r  t h e  s i x - f o r c e  case. The t o t a l  impulse and peak f o r c e  d a t a  of f i g u r e  l l ( b )  f o l l o w  
similar t r e n d s  t o  t h e  p r e v i o u s l y  d i s c u s s e d  case u s i n g  CMG c o n t r o l l e r s .  

F igure  12  shows t h e  e f f e c t  on c o n t r o l  requirements  of s e t t i n g  a l l  t h r e e  
f l e x i b l e - m o d e  f r e q u e n c i e s  a t  t h e  same value.  It i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  
minimum RCS c o n t r o l  requirements  occur  approximately a t  t h e  v a l u e  f o r  t h e  lowes t  
f lexible-mode n a t u r a l  frequency. This i s  a l s o  t r u e  f o r  t h e  peak t o r q u e  requi rement  
of t h e  CMG a c t u a t o r s .  The t r e n d  of d e c r e a s i n g  t o t a l  momentum and impulse w i t h  
d e c r e a s i n g  darnping r a t i o  ( f i g s .  8 and 1 1 )  i s  r e v e r s e d  i n  f i g u r e  12. That is, g r e a t e r  
damping i n  t h e  f l e x i b l e  modes g e n e r a l l y  g i v e s  l o w e r  momentum and impulse r e q u i r e -  
ments. A l s o ,  f o r  ce r t a in  cases, t h e  momentum and impulse requirements  a re  competi- 
t i v e  w i t h  t h o s e  f o r  which t h e  v i b r a t i o n  modes w e r e  l e f t  a t  t h e i r  n a t u r a l  f requencies .  
For example, table  V I 1  compares CMG and RCS c a s e s  f o r  which t h e  v i b r a t i o n  f r e q u e n c i e s  
were a l l  s e t  a t  1 r a d / s e c  w i t h  a similar case f o r  which t h e  n a t u r a l  v i b r a t i o n  mode 
f r e q u e n c i e s  w e r e  unchanged. 
impulse i s  a c t u a l l y  lower f o r  = 1 rad /sec  t h a n  f o r  idd = wn. 

For t h e  RCS case of  t a b l e  V I 1  wi th  cd = 0.6, t h e  t o t a l  

The p r e v i o u s  d i s c u s s i o n s  have cons idered  rigid-body and f l e x i b l e  modes i n d i v i d u -  
a l l y  by v a r y i n g  t h e i r  c losed-loop dynamics ( C d ,  Ud) and p e r t u r b i n g  only t h e  modes 
under  c o n s i d e r a t i o n .  What e f f ec t  do t h e  closed-loop dynamics of t h e  unper turbed  
modes have on c o n t r o l  requirements? 
dynamics, n o  r e s i d u a l  modes, perfect feedback measurements, etc. r e s u l t s  shown i n  
t h e  a n a l y s i s ,  t h e  unperturbed mode dynamics have no e f f e c t  on c o n t r o l  requi rements ,  
s i n c e  t h e  d e c o u p l i n g  procedure does n o t  d i s t u r b  t h e s e  modes. 

For t h e  i d e a l i z e d  ( p e r f e c t  knowledge of  an tenna  

E f f e c t  of  Addi t iona l  Modes on Control  Wquirements  

P r e v i o u s l y  p r e s e n t e d  r e s u l t s  have r e l a t e d  t o  c o n t r o l  of  t h e  rigid-body r o t a t i o n  
modes and t h e  f i r s t  t h r e e  f l e x i b l e  modes. The e f f e c t  on c o n t r o l  requirements  of  
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i n c l u d i n g  up t o  t h r e e  a d d i t i o n a l  f l e x i b l e  modes i n  t h e  c o n t r o l  l a w  w i l l  ncw be con- 
s i d e r e d .  Resul t s  are l i m i t e d  t o  t h e  case of CMG-type a c t u a t o r s  located on t h e  
antenna column. 

R e s u l t s  are summarized i n  t a b l e  V I 1 1  f o r  c o n t r o l  of from s i x  t o  n i n e  modes. The 
d e s i r e d  closed-loop dynamics are given i n  t h e  table ,  and r e s u l t s  are  shown fo r  var i -  
ous  combinations o f  i n i t i a l  d i s t u r b a n c e s  i n  the rigid-body and f l e x i b l e  modes. The 
r e s u l t s  of t a b l e  V I 1 1  can be s c a l e d  t o  o t h e r  i n i t i a l  c o n d i t i o n s ,  as p r e v i o u s l y  
de s c r i bed. 

C a s e  1 of t a b l e  V I 1 1  i s  t h e  p r e v i o u s l y  d i s c u s s e d  s i x - c o n t r o l  case and i s  g iven  
f o r  comparison. A l l  o t h e r  cases c o n t a i n  t h e  CMG a c t u a t o r s  f o r  t h i s  case, p l u s  a d d i -  
t i o n a l  a c t u a t o r s .  Cases 2, 3, and 4 of  table  V I 1 1  g ive  t h e  minimum c o n t r o l  r e q u i r e -  
ments w i t h  r e s p e c t  t o  peak t o r q u e  and t o t a l  momentum f o r  seven,  e i g h t ,  and n i n e  
c o n t r o l l e d  modes, r e s p e c t i v e l y .  (The F matrices and t h e  nonzero p o r t i o n  of t h e  
B matrices a r e  given i n  table  I X  f o r  t h e s e  cases.) Cases 5 t o  7 w e r e  the n e x t  best  
c o n t r o l l e r  arrangements found. (Replacing T w i t h  Tx gave v i r t u a l l y  t h e  same 
c o n t r o l  requirements  fo r  t h e  n i n e - c o n t r o l  case as  t h o s e  o f ' c a s e  4 i n  t a b l e  V I I I . )  
Other  a c t u a t o r  arrangements  e i t h e r  gave a n  u n c o n t r o l l a b l e  condi t ion ,  or e lse  t h e  
torque  and momentum w e r e  o r d e r s  of magnitude g r e a t e r  t h a n  t h o s e  shown. 

X I  3 

Consider  case 2, t h e  seven-cont ro l  case, of t a b l e  V I 1 1  as compared w i t h  t h e  s i x -  
c o n t r o l  case. Although t h e  r igid-body control  requi rements  i n c r e a s e  o n l y  s l i g h t l y  , 
t h e r e  i s  a l a r g e  increase f o r  i n i t i a l  d i s t u r b a n c e s  i n  a l l  f l e x i b l e  modes. ( N o t e  t h a t  
f o r  cases 2 and 3, i n c l u d i n g  i n i t i a l  d i s t u r b a n c e s  i n  t h e  f i r s t  t h r e e  f l e x i b l e  modes 
only does n o t  i n c r e a s e  t h e  c o n t r o l  requi rements  s u b s t a n t i a l l y . )  Case 3 of table V I 1 1  
shows t h a t  i n c l u s i o n  of t h e  e i g h t h  mode r e s u l t s  i n  o n l y  s l i g h t  increase i n  c o n t r o l  
requirements .  However, t h e  nine-mode case shcws l a r g e  i n c r e a s e s  i n  both  rigid-body 
and f lexible-mode c o n t r o l  requirements .  

Various approaches can be used t o  reduce t h e  c o n t r o l  requirements  g iven  i n  
t a b l e  V I I I .  me most obvious way i s  t o  reduce  t h e  damping i n  t h e  f l e x i b l e  modes. 
Another method, which int,roduces t i m e  d e l a y s  ( l a g )  i n t o  t h e  feedback g a i n  matr ix ,  
w i l l  now be discussed.  

E f f e c t s  of Feedback Lag 

An important  c h a r a c t e r i s t i c  of decoupled c o n t r o l  i s  t h a t  columns of t h e  feedback 
(or  feedforward)  g a i n  m a t r i x  can be a l t e r e d  w i t h o u t  a f f e c t i n g  t h e  decoupl ing  process. 
?he desired dynamics w i l l  be changed, b u t  the sys tem w i l l  s t i l l  be decoupled. For 
example, mul t ip ly ing  a column cor responding  t o  a par t icu lar  ra te  feedback by a con- 
s t a n t  changes t h e  d e s i r e d  damping r a t i o  by t h a t  c o n s t a n t .  (See eq. (B61.1 Columns 
o f  t h e  g a i n  mat r ix  can  a l s o  be m u l t i p l i e d  by t ime-varying q u a n t i t i e s  w i t h o u t  a f f e c t -  
i n g  t h e  decoupling. 
requirements  of i n t r o d u c i n g  time lag i n t o  t h e  feedback matrix.  

This approach w a s  used  t o  i n v e s t i g a t e  t h e  e f f e c t  on c o n t r o l  

Time h i s t o r i e s  of  the s t a n d a r d  s i x - t o r q u e  case o f  t a b l e  I11 w i t h  and w i t h o u t  l a9  
are s h m n  i n  figure 13. Figure 1 3 ( a )  i s  f o r  rigid-body d i s t u r b a n c e s  w i t h  
7 = 20 sec, and f i g u r e  1 3 ( b )  is f o r  f l e x i b l e - m o d e  d i s t u r b a n c e s  w i t h  7; = 10 sec. Lag 
w a s  in t roduced  by m u l t i p l y i n g  t h e  F m a t r i x  of  t a b l e  I11 by t h e  q u a n t i t y  
( 1  - e+/'). The o v e r a l l  e f f e c t  i s  t h a t  t h e  closed-loop damping ra t ios  i n c r e a s e  from 
t h e i r  n a t u r a l  values  t o  0.9, and t h e  rigid-body f r e q u e n c i e s  r ise from z e r o  t o  
0.1 rad /sec  as t i m e  i n c r e a s e s .  N o t e  t h a t ,  f o r  b o t h  r igid-body and f l e x i b l e  d i s t u r -  
bances,  t h e  peak t o r q u e  and t o t a l  momentum are reduced f o r  t h e  lagged cases of  f i g -  
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ure 13. The reduced c o n t r o l  requirements  do, hcwever, r e s u l t  i n  an  i n c r e a s e d  t i m e  t o  
damp, as i l l u s t r a t e d  i n  t h e  t i m e  h i s t o r i e s  i n  f i g u r e  1 3 ( b )  and as shown i n  t h e  f o l -  
lowing d iscuss ion .  

F igu re  14  shaws t h e  e f f e c t  on c o n t r o l  requirements  of va r ious  l a g  t i m e s  f o r  t h e  
s ix - to rque  case of t a b l e  111. Figure 1 4 ( a )  gives  r e s u l t s  f o r  rigid-body d i s t u r -  
bances. Note t h a t  r educ t ions  i n  momentum and peak to rque  can be achieved w i t h  l i t t l e  
i n c r e a s e  i n  t h e  t i m e  r e q u i r e d  t o  damp t h e  i n i t i a l  d i s tu rbance .  

F igure  1 4 ( b )  g ives  r e s u l t s  f o r  d i s tu rbances  i n  t h e  f l e x i b l e  modes w i t h  t h e  t i m e -  
to-damp curve cor responding  t o  t h e  f i r s t  f l e x i b l e  mode. As prev ious ly  shown i n  f i g -  
u r e  8 ( b ) ,  momentum and peak to rque  can a l s o  be lowered by reducing  t h e  closed-loop 
damping r a t io  i n  t h e  f l e x i b l e  modes. 
r a t i o  and l ag ,  suppose t h a t  it i s  d e s i r e d  t o  damp t h e  f i r s t  f l e x i b l e  mode t o  1 per- 
c e n t  i n  20 sec. 
a momentum and peak to rque  of 2640 f t - l b - s e c  and 154 f t - l b ,  r e s p e c t i v e l y .  Fig- 
u r e  1 4 ( b )  shows t h a t  ‘G = 22.5 sec would damp t h e  mode i n  20 sec and would r e s u l t  i n  
momentum of 2480 f t - l b - s e c  and peak torque  of 96 f t - l b .  Thus, f o r  t h i s  example, l a g  
i s  more e f f e c t i v e  than  reduced damping r a t i o .  

For comparison purposes  between reduced damping 

From f i g u r e  8 ( a ) ,  t h i s  would require cd = 0.3 and would r e s u l t  i n  

Table  X g i v e s  r e s u l t s  f o r  t h e  e igh t - con t ro l  case (case 3, t a b l e  VIII) u s i n g  l ag ,  
reduced f l ex ib l e -mode  damping, and combined l a g  and reduced damping. As shown i n  
t a b l e  XI s i g n i f i c a n t  r educ t ions  i n  c o n t r o l  requirements  are achieved, w i th  t h e  best 
r e s u l t  o c c u r r i n g  i n  t h e  case of reduced damping combined wi th  lag .  For t h i s  case, 
t h e  10-sec t i m e  c o n s t a n t  i nc reased  t h e  t i m e  t o  damp ( t o  1 p e r c e n t )  from 10 t o  
abou t  1 8  sec. 

A1 

Comparisons of Decoupled and Linear  m a d r a t i c  Regulator  R e s u l t s  

Cont ro l  requi rement  comparisons are  given i n  table XI f o r  cases u s i n g  t h e  l i n e a r  
q u a d r a t i c  r e g u l a t o r  (LQR)  and decoupled approaches. The r e s u l t s  shown are f o r  t h ree -  
a x i s  CMG c o n t r o l l e r s  a t  p o s i t i o n s  1 and 2 on t h e  an tenna  column. The procedure  used 
f o r  t h e  LQR cases w a s  t o  a d j u s t  t h e  s t a t e  v a r i a b l e  weight ings i n  t h e  minimizat ion 
f u n c t i o n  (d i agona l  of Q i n  eq. (1  1 )  ) such t h a t  s e v e r a l  sets of d e s i r e d  c losed- loop  
dynamics w e r e  ob ta ined .  (The i d e n t i t y  m a t r i x  w a s  used f o r  P.) The r e s u l t a n t  damp- 
i n g  r a t i o s  and undamped f r equenc ie s  (5, and wd)  w e r e  t hen  used a s  i n p u t s  t o  t h e  
deccmpling program t o  calculate t h e  decoupled gains .  Thus, t h e  closed-loop dynamics 
shown i n  t a b l e  XI w e r e  i d e n t i c a l  f o r  t h e  LQR and decoupled comparison cases. 

For a l l  cases shown i n  t a b l e  XI, t h e  rigid-body modes have f r equenc ie s  of abou t  
0.1 r ad / sec  and damping r a t i o s  of  about  0.9. The f lex ib le -mode  f r equenc ie s  a re  nea r  
t h e i r  n a t u r a l  va lues  w i t h  damping r a t i o s  of about  0.9, 0.5, and 0.1 f o r  cases 1 ,  2, 
and 3, r e s p e c t i v e l y .  The weight ings ( Q )  r equ i r ed  t o  o b t a i n  t h e  dynamics shown i n  
table  XI, t h e  a s s o c i a t e d  LQR ga ins  ( K ) ,  and t h e  decoupled feedback ga ins  ( F )  are 
g iven  i n  table XII. ?he B matr ix  i s  t h e  same as t h a t  f o r  t h e  CMG case of 
t a b l e  111. 

Consider  t h e  cases shown i n  t a b l e  XI with rigid-body d is turbances .  The t o t a l  
momentum r e s u l t s  are  comparable f o r  t h e  LQR and decoupled approaches,  b u t  t h e  peak 
t o r q u e s  are lower f o r  t h e  LQR cases. For f l e x i b l e  d i s t u r b a n c e s ,  t h e  peak to rques  are 
a b o u t  t h e  same, wi th  t h e  momentum be ing  somewhat smaller f o r  t h e  LQR cases. Compari- 
s o n s  are a l s o  g iven  i n  t a b l e  XI f o r  combined rigid-body and f l e x i b l e  d i s tu rbances .  
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Although the r e s u l t s  of table X I  t e n d  t o  f a v o r  t h e  LQR approach w i t h  respect t o  
c o n t r o l  requirements ,  t h e  decoupled approach h a s  advantages i n  o t h e r  areas. For 
example, the decoupled feedback g a i n s  are computed i n  c l o s e d  form and y i e l d  t h e  e x a c t  
d e s i r e d  closed-loop dynamics , b u t  t h e  LQR approach r e q u i r e s  a n  i t e r a t i v e  s o l u t i o n  t o  
o b t a i n  approximate d e s i r e d  closed-loop dynamics. Also, t h e  decoupled g a i n s  g i v e  a 
known t r a n s i e n t  and s t e a d y - s t a t e  response ,  whereas o n l y  t h e  s t e a d y - s t a t e  response  i s  
knawn by u s e  of t h e  LQR method. This  i s  i l l u s t r a t e d  i n  f i g u r e  1 5  f o r  case 2 of 
t a b l e  X I .  Shown a r e  p o s i t i o n ,  t o r q u e ,  and momentum responses  f o r  bo th  r igid-body 
( f i g .  1 5 ( a )  ) and f lexible-mode ( f ig .  1 5 ( b )  1 dis turbances .  Note t h e  t r a n s i e n t  excur-  
s i o n s  i n  t h e  f lex ib le -mode  ampli tudes i n  f i g u r e  1 5 ( a )  and i n  t h e  r igid-body a t t i t u d e  
a n g l e s  i n  f i g u r e  15 (b )  f o r  t h e  LQR cases. 

The preceding comparisons are n o t  i n t e n d e d  t o  f a v o r  t h e  LQR or t h e  decoupled 
approach, s i n c e  e i t h e r  method could  be made s u p e r i o r  f o r  a g iven  se t  of c losed- loop  
dynamics. For example, l a g  could  be i n t r o d u c e d  i n t o  t h e  decoupled feedback g a i n  
mat r ix  t o  produce reduced c o n t r o l  requirements .  
improved w i t h  t ime-varying g a i n s  or  by a j u d i c i o u s  choice  of weight ings (PI on t h e  
c o n t r o l  v a r i a b l e s  of equat ion  (11) .  The r e s u l t s  a r e  o n l y  i n t e n d e d  t o  show t h a t  f o r  
t h e  c o n d i t i o n s  of  table X I ,  t h e  decoupled r e s u l t s  are  compet i t ive  w i t h  t h e  LQR 
r e s u l t s .  Fur ther  s t u d y  of t h e  t w o  methods is warran ted  f o r  t h e  e f f e c t s  of s p i l l o v e r  
when r e s i d u a l  modes are i n c l u d e d  i n  t h e  a n a l y s i s .  Also, t h e  t w o  methods should  be 
compared f o r  t h e  more prac t ica l  s i t u a t i o n  where o b s e r v e r s  are i n c o r p o r a t e d  i n t o  t h e  
c o n t r o l  l a w  design t o  estimate t h e  r e q u i r e d  s t a t e  v a r i a b l e s .  

The LQR r e s u l t s  c o u l d  a l so  be 

Cont ro l  of Rigid-Body T r a n s l a t i o n  

Previously p r e s e n t e d  r e s u l t s  have n e g l e c t e d  t h e  t r a n s l a t i o n  of t h e  an tenna  cen- 
ter of  g r a v i t y .  This is adequate  f o r  angularmomentum-type (CMG) c o n t r o l l e r s  b u t  n o t  
f o r  t h r u s t e r  (RCS)  c o n t r o l l e r s .  R e s u l t s  which i n c l u d e  c e n t e r - o f - g r a v i t y  t r a n s l a t i o n  
e f f e c t s  w i l l  now be presented .  The r e s u l t s  are n o t  i n t e n d e d  as r e p r e s e n t a t i v e  o f  
c o n t r o l  requirements  f o r  o rb i t  changes,  s i n c e  more e f f i c i e n t  methods ex is t  f o r  t h e s e  
maneuvers . 

T r a n s l a t i o n  modes (eq. ( 2 ) )  w e r e  i n c l u d e d  by assuming t h a t  a t h r e e - a x i s  RCS 
c o n t r o l l e r  w a s  l o c a t e d  on t h e  an tenna  column a t  t h e  c e n t e r  of  g r a v i t y  such t h a t  i t  
i n t r o d u c e d  no r o t a t i o n s .  S ince  no modal d a t a  were available a t  t h i s  l o c a t i o n ,  t h e  
d a t a  of t ab le  I a t  p o s i t i o n  4 ( n e a r  t h e  c.g.1 were used  t o  approximate t h e  e f f e c t  of  
t h e  f l e x i b l e  modes on t h e  c o n t r o l  requirements .  Two c o n t r o l l e r  arrangements  were 
considered.  I n  one case, t h r e e - a x i s  RCS a c t u a t o r s  were l o c a t e d  a t  t h e  c.q. and a t  
p o s i t i o n s  5 and 6. This w a s  done f o r  comparison w i t h  t h e  s t a n d a r d  six-mode RCS 
r e s u l t s  p r e v i o u s l y  presented .  Ihe second case u s e d  t h e  c.g. t h r u s t e r s  a l o n g  w i t h  
t h r e e - a x i s  CMG's a t  p o s i t i o n s  1 and 2 for  conpar i son  w i t h  t h e  p r e v i o u s l y  g iven  s i x -  
mode CMG r e s u l t s .  In both  cases, t h e  modes c o n t r o l l e d  are t h e  t h r e e  t r a n s l a t i o n ,  
t h r e e  r o t a t i o n ,  and f i r s t  t h r e e  v i b r a t i o n  modes. The nonzero rows ( l a s t  9) of t h e  
B matr ix ,  t h e  F matr ix ,  and t h e  a s s o c i a t e d  s ta te  v e c t o r  are  g iven  i n  t a b l e  X I 1 1  
for  each  of t h e  cases considered. 

R e s u l t s  f o r  t h e  prev ious ly  d e s c r i b e d  c o n t r o l l e r  arrangements  are g iven  i n  
t a b l e  X I V  f o r  var ious  combinations of  r o t a t i o n ,  t r a n s l a t i o n ,  and f l e x i b l e  -mode 
i n i t i a l  condi t ions .  C a s e s  1 and 2 of  t ab le  X I V  should  be compared w i t h  cases 1 and 2 
of table  V t o  see t h e  e f f e c t s  of adding  c.g. c o n t r o l .  N o t e  t h a t  CMG c o n t r o l  r equ i r e -  
ments are t h e  same f o r  cases 1 and 2 of tables X I V  and V, s i n c e  momentum d e v i c e s  do  
n o t  cause  t r a n s l a t i o n s  of t h e  an tenna  c.9. Cases 3 th rough 6 of  t a b l e  X I V  show t h e  
e f f ec t s  of rigid-body t r a n s l a t i o n  commands. me arrangement  which i n c l u d e s  t h e  S i x  
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CMG c o n t r o l l e r s  provides  t h e  lowest RCS c o n t r o l  requi rements ;  however, some CMG con- 
t r o l  i s  r equ i r ed  t o  main ta in  undis turbed  v i b r a t i o n s .  

The r e s u l t s  of table XIV can be sca l ed  t o  o t h e r  i n i t i a l  c o n d i t i o n s ,  as p rev i -  
ous ly  desc r ibed .  Also,  t h e  r e s u l t s  ( c a s e s  3 t o  6 )  can be s c a l e d  t o  o t h e r  
translation-mode c losed- loop  f r equenc ie s ,  as w a s  the case wi th  r o t a t i o n  modes. That 
is, t h e  i m p i l l s e  and momentum are n e a r l y  l i n e a r  f u n c t i o n s  of 
and torques  are f u n c t i o n s  of 

urb and t h e  peak f o r c e s  
2 

urb. 

CONCLUDING REMARKS 

A s tudy  has  been conducted of t h e  f e a s i b i l i t y  of employing decoupling procedures  
to  c o n t r o l  a large f l e x i b l e  space antenna. Cont ro l  involved  commanding changes i n  
t h e  riqid-body modes or n u l l i n g  i n i t i a l  d i s tu rbances  i n  t h e  f l e x i b l e  modes. The 
s t u d y  w a s  in tended  t o  provide  p re l imina ry  engineering-type d a t a ,  i n  parametric form, 
which would be u s e f u l  i n  t h e  f i n a l  design of l a r g e  space antenna c o n t r o l  systems. 
The d a t a  i l l u s t r a t e  the e f f e c t  on c o n t r o l  requirements of t h e  number of modes con- 
t r o l l e d ;  of t h e  number, type ,  and l o c a t i o n  of c o n t r o l  a c t u a t o r s ;  and of v a r i a t i o n s  i n  
t h e  c losed- loop  dynamics ( f requency  and damping r a t i o )  of t h e  c o n t r o l  system. A 
b r i e f  a n a l y s i s  w a s  a lso inc luded  which compared decoupled-cont ro l  r e s u l t s  w i th  those  
ob ta ined  by us ing  a l i n e a r  q u a d r a t i c  r e g u l a t o r  (LQR) approach. Observation based on 
t h e  s tudy  i n d i c a t e s  t h e  fo l lowing:  

1 .  The l o c a t i o n  of c o n t r o l l e r s  has a l a rge  e f f e c t  on c o n t r o l  requirements.  For 
t h e  l i m i t e d  amount of modal slope d a t a ,  t h e  b e s t  l o c a t i o n s  f o r  two t h r e e - a x i s  
control-moment gyros ( C M G ' S )  were a t  the  top  and bottom of t h e  column. When 
reac t ion-cont ro l - sys tem (RCS) c o n t r o l l e r s  w e r e  used, t he  l o w e s t  c o n t r o l  requi rements  
w e r e  ob ta ined  wi th  the RCS u n i t s  on the hoop. The optimum s e p a r a t i o n  ang le  f o r  two 
t h r e e - a x i s  RCS u n i t s  on t h e  hoop w a s  about  120° t o  150'. 

2. To minimize c o n t r o l  requirements with r e s p e c t  to  t h e  s e l e c t i o n  of closed-loop 
damping r a t i o ,  l a r g e  va lues  (0.9 o r  g r e a t e r )  should be used f o r  t he  rigid-body r o t a -  
t i o n  modes, whereas the f l e x i b l e  modes should be damped a s  l i g h t l y  a s  is p r a c t i c a l .  
The lower l i m i t  on f lexible-mode dampinq would be determined by mission requi rements  
r e g a r d i n g  the t i m e  t o  damp i n i t i a l  d i s tu rbances .  

3. With r ega rd  to  s e l e c t i n q  t h e  closed-loop frequency, rigid-body c o n t r o l  
r equ i r emen t s  can be reduced by lowering t h e  frequency; however, the t i n e  to  damp an 
i n i t i a l  d i s t u r b a n c e  increases s u b s t a n t i a l l y .  For v i b r a t i o n  c o n t r o l ,  ma in ta in ing  t h e  
c losed- loop  flexible-mode f r equenc ie s  a t  t h e i r  n a t u r a l  f r equenc ie s  g e n e r a l l y  r e s u l t s  
i n  t h e  lowes t  c o n t r o l  requirements.  

4. I n c r e a s i n q  the number of f l e x i b l e  modes t o  be c o n t r o l l e d  (and t h e  number of 
a c t u a t o r s )  led t o  an i n c r e a s e  i n  t h e  c o n t r o l  requi rements .  The increase w a s  d ramat ic  
when the s i x t h  f l e x i b l e  mode (n ine  c o n t r o l l e r s  r e q u i r e d )  w a s  added t o  t h e  c o n t r o l  
l a w .  

5. When a th ree -ax i s  RCS c o n t r o l l e r  was added a t  t h e  c e n t e r  of g r a v i t y  t o  con- 
t ro l  r ig id-body t r a n s l a t i o n s ,  t h e  arrangement which inc luded  s i x  CMG c o n t r o l l e r s  pro- 
v ided  the l o w e s t  RCS c o n t r o l  requirements.  However, some CMG c o n t r o l  w a s  r equ i r ed  t o  
ma in ta in  und i s tu rbed  v i b r a t i o n s .  

6. I n c o r p o r a t i n g  l a g  i n t o  the feedback ga ins  w a s  an  e f f e c t i v e  method of reducing 
c o n t r o l  requi rements  w i thou t  adve r se ly  a f f e c t i n q  t h e  decoupled performance. The 
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a d d i t i o n  of laq g ives  an e f f e c t  s i m i l a r  t o  t h a t  of lowering t h e  closed-loop damping 
r a t i o s .  

7. For the presen t  i d e a l i z e d  c a s e s ,  the  decoupled-control  r e s u l t s  were compara- 
b l e  with LQR r e s u l t s  with r e s p e c t  t o  c o n t r o l  requirements.  Fur ther  s tudy  of t h e  t w o  
methods i s  warranted f o r  the  e f f e c t s  of s p i l l o v e r  when r e s i d u a l  modes a r e  included i n  
t he  a n a l y s i s .  A l s o ,  t he  two methods should be compared f o r  t he  more p r a c t i c a l  s i t u a -  
t i o n  where observers  a r e  incorpora ted  i n t o  t h e  c o n t r o l  law des ign  t o  e s t ima te  the  
requi red  s t a t e  v a r i a b l e s .  

Langley Research Center 
Nat iona l  Aeronautics and Space Adminis t ra t ion 
Hampton, VA 23665 
March 14, 1984 
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APPENDIX A 

CONTROLLER ARRANGEMENT EXAMPLES 

C o n t r o l l e r s  used i n  t h e  a n a l y s i s  were e i t h e r  control-moment gyros ( C M G ' s )  o r  
r eac t ion -con t ro l - sys t em ( R C S )  t h r u s t e r s .  The c o n t r o l l e r s  were assumed t o  be  p e r f e c t ,  
i n  t h a t  no a c t u a t o r  dynamics w e r e  i nc luded  i n  t h e  a n a l y s i s .  They w e r e  used i n  a 
t h r e e - a x i s  arrangement a t  p o i n t s  on t h e  antenna such  t h a t  c o n t r o l  t o rques  o r  f o r c e s  
w e r e  abou t  t h e  x-, Y - ~  and z - d i r e c t i o n s  as de f ined  i n  f i g u r e  1. The manner i n  which 
t h e  c o n t r o l l e r s  w e r e  i n c o r p o r a t e d  i n t o  t h e  equa t ions  of motion i s  desc r ibed  below. 

Consider t h e  case of a t h r e e - a x i s  RCS device  l o c a t e d  on t h e  antenna column o r  
hoop. The rigid-body r o t a t i o n  e q u a t i o n s  a r e  given by 

where (r = [ e ,  +IT and 

0 

I 
Y 

0 

-I 
XZ 

0 

I 
z .  

For f o r c e s  on t h e  column a t  a d i s t a n c e  R above t h e  c e n t e r  of g r a v i t y  ( f i g .  1 )  I 
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APPENDIX A 

For f o r c e s  a t  a n  a n g l e  6 on t h e  hoop ( f i g .  1 )  , 

0 r s i n  6 

L = [ -AZ 0 -r ; 61 

-r s i n  6 r cos  6 

For t h e  case of a t h r e e - a x i s  CMG c o n t r o l l e r  on t h e  column, t h e  r o t a t i o n  e q u a t i o n s  are 
given by 

a = ~  
.. 

( A 4  1 

If more than  t h r e e  c o n t r o l l e r s  are used, t h e  c o n t r o l  v e c t o r  dimension i n c r e a s e s ,  
and t h e  L and mat r ices  must be a d j u s t e d  t o  be  compatible  w i t h  t h e  c o n t r o l l e r  
arrangements ,  as  shown i n  t h e  f o l l o w i n g  examples: 

Consider t h e  c a s e  of t w o  t h r e e - a x i s  RCS c o n t r o l l e r s  l o c a t e d  a t  p o s i t i o n s  5 
(6 = 0 ' )  and 6 (6 = 90°) on t h e  an tenna  hoop. 
given by 

?he r igid-body r o t a t i o n  e q u a t i o n s  are 

- 1  .. - 
a = I  

- 

0 -r -1 0 

0 r 0 -r 0 

z -% 

m 

f i f ] I. The f i r s t  t h r e e  v i b r a t i o n  modes where ' = [ f ~ , 5 '  y,5' fZ,!3' f ~ , 6 '  y,6' z , 6  a r e  given by 

.. 6 
20 

'z,6 ( '))/m 2 



APPENDIX A 

The s u p e r s c r i p t s  on t h e  mode shapes  r e f e r  t o  the  mode number, and t h e  va lues  a r e  

each  element of t h e  mode shape ma t r ix  i s  divided by t h e  a p p r o p r i a t e  modal mass.) 
given i n  t a b l e  I. For example I$ ( 2 )  x ,5  = 0.2294 and $(:!6 = -0.4889. (Note t h a t  

Now cons ide r  t h ree -ax i s  CMG c o n t r o l l e r s  a t  p o s i t i o n s  1 and 2 on t h e  column. 'Ihe 
r o t a t i o n  equa t ions  a r e  g iven  by 

where 'i'=p , T  , T  , T  T T '. The v i b r a t i o n  equat ions  would be x , l  y , l  z , l  x ,2 '  y ,2 '  z,2] 

t h e  same a s  equat ions  (A6) wi th  f' r ep laced  by and t h e  mode shape mat r ix  I$ 
rep laced  by t h e  mode s l o p e  ma t r ix  6'. The elements of I$' come from t a b l e  I a t  
l o c a t i o n s  1 and 2. For example, $ x , l  I ( ' )  = 0.2253 x 
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EXAMPLES O F  DECOUPLING PROCEDURE 

Decoupled g a i n  m a t r i x  c a l c u l a t i o n s  are  g iven  below f o r  t h e  t w o  m o s t  e x t e n s i v e l y  
s t u d i e d  a c t u a t o r  arrangements of t h e  a n a l y s i s .  !&e f i r s t  example u s e s  t w o  t h r e e - a x i s  
RCS c o n t r o l l e r s  ( s i x  c o n t r o l s )  l o c a t e d  a t  p o s i t i o n s  5 and 6 on t h e  an tenna  hoop 
( f i g .  l ) ,  and t h e  second u s e s  t h r e e - a x i s  CMG c o n t r o l l e r s  a t  p o s i t i o n s  1 and 2 on t h e  
column. In each case, t h e  c o n t r o l l e d  modes a r e  t h e  t h r e e  rigid-body r o t a t i o n s  and 
t h e  f i r s t  t h r e e  f l e x i b l e  modes. Extensions t o  o t h e r  a c t u a t o r  arrangements and t o  
o t h e r  c o n t r o l l e d  modes are s t r a i g h t f o r w a r d .  

Consider t h e  RCS c o n t r o l l e r  case of  appendix A. q u a t i o n s  ( A S )  and (A61 can  be 
w r i t t e n  i n  s t a t e - v e c t o r  n o t a t i o n  as 

- 
- 

x12x1 - 
- + 12x1 X 

12x1  2 

= G + B f  
3 X  6 

- R - - - 1  
fgXl 

where t h e  s u b s c r i p t s  i n d i c a t e  t h e  dimensions of  t h e  v a r i o u s  e lements ,  and 

n u l l  mat r ix  

i d e n t i t y  m a t r i x  

2 2 

= diag(0,  0, 0, 21; w 
n , l  n,11 2 ~ n , 2 w n , 2 ~  21;,,3wn, 3) 

-1 - 
matrix obta ined  from e q u a t i o n  (A51 by m u l t i p l y i n g  I by t h e  3 6 lever 

arm m a t r i x  

mode shape m a t r i x  of  e q u a t i o n s  (A6) 

def ined i n  e q u a t i o n  (A5) 
- 

The output  q u a n t i t i e s  t o  be decoupled are t h e  f i r s t  s i x  e lements  of x. !&e 
decoupl ing  procedure of r e f e r e n c e  9 i n v o l v e s  t h e  t i m e  d i f f e r e n t i a t i o n  of t h e  o u t p u t  
v a r i a b l e s  u n t i l  c o n t r o l  q u a n t i t i e s  appear  e x p l i c i t l y  i n  t h e  e x p r e s s i o n  for  !&e 
a s s o c i a t e d  command v 
v and y and t o  permi t  s o l v i n g  €or t h e  c o n t r o l  l a w  i n  t h e  form of  e q u a t i o n  ( 7 )  of 
t h e  s e c t i o n  on decoupled c o n t r o l .  

Y. - 
i s  t h e n  d e f i n e d  t o  g i v e  t h e  d e s i r e d  t r a n s f e r  f u n c t i o n  between - - 
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Consider 0, t h e  f i r s t  v a r i a b l e  t o  be decoupled: 

- .. .. 
( B 2 )  Y1 = 8 = (ROW 7 of B)f 

We nclw add t h e  d e s i r e d  second-order dynamics (wd, 8, Cd, 
t i o n  ( B 2 )  and d e f i n e  t h i s  t o  be t h e  command i n  p i t c h  ang le  as fol lows:  

t o  both  s i d e s  of equa- 

Note t h a t  we a r e  commanding a second-order response i n  p i t c h  ang le  and t h a t  t h e  
command must be s c a l e d  t o  t h e  d e s i r e d  frequency. Performing t h e  above ope ra t ions  on 
t h e  e n t i r e  o u t p u t  vec to r  

+ 
6x6 

['6x6 I I 

I 

g ive s 

N - - 
6X 1 = Ad v 

'6.4 6x1 2 x12x1 6x6 

-. 
D = d i a g  2c ( d,€Iwd,0' * * * '  2cd,A Wd,A 3 3  

I f  t h e  i n v e r s e  of t h e  c o n t r o l  i n f  h e n c e  matr ix  r- -1 of equat ion  ( B 4 )  e x i s t s ,  
L @ J  

then  t h e  equa t ion  can be so lved  f o r  t h e  c o n t r o l s  i n  t h e  fo l lowing  form: 

f = F  x + G  v 
6x1 6x12 1 2 x 1  6x6 '6x1 

where 

6x1 2 
F = -  

6x1 2 
6x6 
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and 

The elements of R and a are  as d e f i n e d  i n  e q u a t i o n s  (A51 and ( A 6 ) ,  respec- 
t i v e l y ,  of appendix A. For example, from tables  I and I1 and f i g u r e  1 ,  

1- -3 matr ix  of e q u a t i o n  (B6 )  i s  composed of only t h e  nonzero rows of t h e  B 

m a t r i x  of equat ion  ( B 1 ) .  For t h e  CMG c o n t r o l l e r  case, t h e  R m a t r i x  i s  r e p l a c e d  by 
t h e  i n e r t i a  matr ix  of  e q u a t i o n  ( A 7 ) ,  and t h e  mode shape mat r ix  i s  r e p l a c e d  by t h e  
mode s l o p e  matr ix ,  as e x p l a i n e d  i n  appendix A. 

R(1,2) = R = 6 7 7  i n . ,  and Q ( 2 , l )  = $x,5 ( 2 )  /ml = 0.2294/153.157. Note t h a t  t h e  
Z 

The B, F, and G matrices are given i n  table I11 f o r  t h e  p r e v i o u s l y  d i s c u s s e d  
RCS and CMG cases .  For these  cases, t h e  d e s i r e d  riqid-body f r e q u e n c i e s  (e.g., wd e )  
w e r e  se t  a t  0.1 rad /sec ,  and t h e  d e s i r e d  flexible-mode f requencies  w e r e  taken to  6e 
t h e  n a t u r a l  v i b r a t i o n  f r e q u e n c i e s  of table I1 (e.g., w = w 1. The d e s i r e d  

damping r a t io  f o r  a l l  modes w a s  0.9. The q a i n  matrices of table I11 and of s imilar  
t a b l e s  i n  t h e  r e p o r t  a r e  f o r  t h e  inch,  pound, second system of u n i t s .  

d,A, n , l  
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TABLE 11.- ANTENNA CHARACTERISTICS 

Mode 

1 
2 
3 
4 
5 
6 

= 1.9566 x 1 010 l b - i n 2 -  3 = 1.9577 x l o l o  lb- in2;  Iy 
= 1.499 X l o l o  lb- in2;  I,, = 0.8357 x lo8 lb- in2;  

w = 10 020.3 l b  

wn, r a d / s e c  

0.7466 
1.346 
1.7025 
3.1813 
4.5294 
5.5905 

Tn, sec 

8.42 
4.67 
3.69 
1 .98 
1.39 
1.12 

28 

Cn 

0.01 
.01 
.01 
.Ol 
.02 
.02 

2 m n ,  lb-sec / i n  

153.1 57 
5.233 
3.073 

1.993 
723.522 

.3046 
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6 

~~ 

For $ = $' = 1 . 
As, i n .  sax, i n .  Amax, i n / s e c  

0.0117 0.023 0.0086 
. lo54 .208 ,140 

.188 
.3244 .639 1.016 
-0245 .048 . lo9  

.1123 .221 

.0044 X .087 X .243 X 

TABLE 1V.- ANTENNA RESPONSE To STEP INPUTS 

[ 1 - in- lb  torque or 1 -1b f o r c e ]  

As, i n .  

For Iomaxl For lo;axl 
on hoop on column 

0.21 x 
.0573 .20 
,0549 .21 
.0236 .IS x 
.0030 .II 

0.0117 

.0044 X .43 X 

1 
2 0  
3 

4 
5 0  
6 0  
7 0  
8 0  
9 0  

10  
11 
12 
13  

TABLE V.- INITIAL-CONDITION EFFECTS ON CONTROL REQUIREMENTS 

[ <  = 0.9; w = 0.1 rad/sec;  w = w l  
d r b  f l e x  n 

- 
e 

0.01 

.01 

.01 

-.01 
0 
-.01 
0 

Contro l  requi rements  I I I n i t i a l  c o n d i t i o n s  

A3 

0 
1 
1 

0 
0 
0 
0 
0 
1 

0 
1 '  
0 

-1 

zase r---- Rigid-body, rad 

Ib Impulse,  ITmax 1 1 f t - l b  1 fmax I 1 lb-sec 

5.3 125 390 
74 65 3 278 
76 766 621 

2.2 84 389 
3 .O 34 390 

.8 22 324 
82 697 278 
17 42 265 
16 91 251 

3 .O 92 390 
93 745 280 

5.3 125 390 
93 829 278 

- 
4 
- 
0.01 
0 

.01 

0 

0 
0 
0 
0 

. O l  

.01 
0 
- .01 
0 
- 

4J 

0.01 
0 

.01 

0 
0 

0 
0 
0 

-.01 
0 
-.01 
0 

.01 

~~ ~ _ _ _ _ ~ ~  _________ 

Three-axis RCS a t  p o s i t i o n s  Three-axis  CUG a t  p o s i t i o n s  
5 and 6 on hoop ( f i g .  1 )  1 and 2 on column ( f i g .  1 )  1 I ? l e x i b l e  , i n .  

A1 
- 

0 
1 
1 

0 
0 
0 
1 
0 
0 

0 
-1 

0 
-1 
- 

- 

A2 
- 

0 
1 
1 

0 
0 
0 
0 
1 
0 

0 
1 
0 

-1 
- 

Momentum, 
f t - lb -sec  

9 217 
3 878 

10 339 

3 250 
3 340 
2 578 
2 140 
1 003 

761 

9 217 
3 555 
9 217 
3 878 

31 



TABLE VI . -  CONTROL REQUIREMENTS FOR CMG LOCATIONS ON COLUMN 

[ <  = 0.9; w = 0.1 r a d / s e c ;  w - - on]  
d rb  f l e x  

I n i t i a l  c o n d i t i o n s  C o n t r o l  requirements Actuator  
locations 
( f i g .  1)  Rigid-body , rad  F l e x i b l e ,  i n .  1 Tmax 1 I 

M ,  
f t-lb-sec f t - l b  

1, 2 0.01 0 390 9 217 
1, 3 .01 0 58 1 13 281 

17 128 1, 4 .01 0 8 25 

1 ,  2 0 1 278 3 878 

1 ,  4 0 1 702 6 507 
1, 3 0 1 495 5 102 

TABLE VI1 a-  FLEXIBLE-MODE CONTROL REQUIREMENTS FOR 
w = 1 r a d / s e c  AND w = w 

d d n  

I11 c o n t r o l l e r  arrangements;  r: = 0.6; 3 d 
I n i t i a l  d i s t u r b a n c e s  = 1 i n .  

Parameter  wd = 1 r a d / s e c  wd = wn 

ITma,(, f t - l b  ......... 31 8 23 3 

Momentum, f t-lb-sec ... 3780 3000 

I f m a x \ ,  l b  ............ 108 65 

Impulse, lb-sec ....... 521 535 



TABLE V I I 1 . -  EFFECT OF ADDITIONAL MODES ON CONTROL REQUIREMENTS 

1 through 6 are three-axis  CMG‘s  a t  p o s i t i o n s  1 and 2 (fig. 

0.01 

l o  

1 
8 

rad /sec ;  w = ; r; = 0.9 
f l e x  n d w = 0.1 

r b  
L 

1 
2ase 

I n i t i a l  c o n d i t i o n s  C o n t r o l l e r  Cont ro l  requirements  
1 

Rigid-body, 
rad 

F l e x i b l e ,  in .  Modes 
; .ontrolled 

Momentum, 
f t - lb  f t - lb -sec  

ITmaxl - 
‘4 - 

- 
3 
0 
1 

0 
0 
1 
1 

0 
0 
1 
1 
1 

0 
1 

0 
1 

0 
1 

- 

- 

- 

- 

- 

- 

‘l-A3 

0.01 
0 

0 
1 

9 217 
3 878 

6 

0.01 
0 
0 

0 
1 
1 

10 341 
4 311 
8 379 

7 

2 917 

2 917 
2 917 

T X #  3 z,3 T 0.01 
0 
0 
0 

10 342 
4 199 
8 267 
8 539 

8 

_ _ _ ~  

28 313 467 869 
23 268 165 298 
50 551 181 456 
50 513 181 689 

1.515 X lo8 

390 1 1  218 
3 791 10 068 

390 1 1  218 
3 791 10 068 

390 10 342 
2 918 8 546 

1.503 X lo8 

9 Tx, 3 

- 

TZ#4 

Tz,  3 TZ,4 0.01 
0 
0 
0 
0 

0.01 
0 

7 

6 8 Tx, 3 z,4 T 0.01 
0 

7 8 T 
z,3 Tz,4 
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TABLE X.- EFFECT OF LAG AND REDUCED DAMPING ON CONTROL REQUIREMENTS 
FOR EIGHT-CONTROL CASE 

I n i t i a l  condi t ions  

R i g i d - b o d  y , Flexib le ,  
i n .  rad 

0.01 0 

0 1 

[wrb = 0.1 rad/sec; wflex = wn; Crb  = 0.91 

C o n t r o l  requi rements  

ITrnax I Momentum, 
f t-lb f t-lb-sec 

7, sec 

0.9 0 390 10 342 
8 151 

0.9 0 291 7 8 539 
10 722 5 221 

30 80 

~~~ ~~ 

Cd 

1 0.62 
2 .34 
3 .27 
4 .I4 
5 .10 

a Mode 

tl = 10 sec for a l l  modes for T = 0. 
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Figure 5.- C o n t r o l  responses for typical six-mode cases of table 111. 
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