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APPLICATIONS OF SPECTRAL METHODS TO TURBULENT MAGNETOFLUIDS
IN SPACE AND FUSION RESEARCH

DAVID MONTGOMERY*

Abstract. Recent and potential applications of spectral method
computation to iIncompressible, dissipative magnetohydrodynamics are
surveyed. Linear stability problems for one~dimensional, quasi=-
equilibria are approachable through a close analogue of the Orr-
Sommerfeld equation. It is 1likely that for Reynolds-like numbers
above certain as-yet-undetermined thresholds, all magnetofluids are
turbulent. Four recent effects in MHD turbulence are remarked upon,
as they have displayed themselves in spectral method computations:
(1) inverse cascades; (2) small-scale intermittent dissipative struc-
tures; (3) selective decays of 1deal global {invariants relative to

“each other; and (4) anisotropy induced by a mean dc magnetic field.

Two more conjectured applications are suggested. All the turbulent
processes discussed are sometimes involved in current-carrying con-

fined fusion magnetoplasmas and in space plasmas.

1. Introduction. Spectral method computation has had less impact
on plasma physics and magnetohydrodynamics (hereafter: MHD) than it
has on fluid mechanics. This is so despite the fact that there are
an ‘abundance of plasma problems which are technically more urgent, in

~ an engineering sense, than the fluid mechanics problems to which the

spectral method has typically been applied. For many of the plasma
problens, there 1is little agreement on even the qualitative features
of the solutions. It 1s not as much a matter of getting more accu-
rate answers more efficiently as it is of uncovering new zeroth-order
effects. This, too, is a stringent test of a numerical technique.

‘There has been an unfortunate gap in communication between inves—
tigators in plasma physics who must face these unsolved problems and
the applied mathematicians who are in possession of the numerical ex~
pertise to deal with them. The following material is presented from
the point of view of the plasma theory community and has a two-fold
purpose; (1) to formalize, for spectral method numerical analysts,
examples of central, unsolved problems which can be approached

*College of William and Mary, Williamsburg, VA 23185. Supported in
part by NASA Grant NSG-7416 and U. S. Department of Energy Contract
DE-AS05-~76-ET53045
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166 ) DAVID MONTGOMERY

without the need to dig around in the untidy laboratory background

of those problems; and (2) to remark upon some progress which has
already been made by spectral techniques in the area of MHD turbu-
lence.

Section 2 gtates the equations of incompressible MHD and their
possible boundary conditions. They appear as a natural generaliza-
tion of the Navier-Stokes equation of a viscous fluid, and define
very similar classes of problems. Like the equations of a Navier-
Stokes fluid, their properties will be seen to differ greatly between
two— and three-dimensional flows. There 18 also a set of reduced MHD
equations, the Strauss equations, which are intermediate between two
and three dimensions and which .are appropriate to the practically
important case of a magnetofluid subjected to a very strong dc magne-
tic field.

Section 3 delineates a class of idealized MHD stébility problens

" which parallel those related to the Orr-Sommerfeld equation for

planar shear flows. No MHD problem has been studied as much as
linear stability theory, but the scope and precision of the results
achieved are no match for the corresponding ones for hydrodynamics.

" Section 4 remarks upon some recent MHD turbulence results which
have been obtained, and suggests some additional problems that seem
ripe for investigation.

The need for such computations cannot be overemphasized. The
plasmas of interest are often hot enough to burn up any probes which
are inserted into them, and remote diagnostics are inadequate to pin
down the internal MHD field variables. In many cases, all the reli-
able "experiments" we are going to have in the foreseeable future are
likely to be those done on computers, solving what are believed to be
the relevant dynamical equations. In this respect, the role computa-
tions have to play 1in deciding fundamental questions 1is potentially
greater than in fluid mechanics, where the function of computers has
often been in extending the accuracy of knowledge which is, in an ex-
perimental sense, nearly complete already.

2. Magnetofluid Description.

A. The MHD Equations. In this section, we write in dimension-
less variables the simplest set of incompressible magnetofluid equa-
tions that could be called in some sense realistic. There are two
basic solenoidal vector fields, the velocity field v = v(x,t) and
the magnetic field B = B(x,t). They obey the following four partial
differential equations:
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TURBULENT MAGNETOFLUIDS

(2) Vey=0
9B
~ 1 ZB

(3) et YVB =5~ VB + BVy
ot RM

(4) ‘ Ve = 0.

(1) and (2) with the last term of Eq. (1) deleted just
leaves us with the dynamics of a Navier-Stokes fluid, which appears
in this light as a special case of magnetofliuid dynamics. p 1is the
total (dimensionless) pressure which results from taking the diver-~
gence of Eq. (1), using Eq. (2) to eliminate the time derivative, and

solving the resulting Poisson equation.

Taking Eﬁs-

R and RM are two dimensionless numbers whose interpretation is

not unique. Two cases are of particular importance. (1) If there
is as much or more fluid kinetic energy than magnetic energy, veloci-
ties may be measured in units of a mean flow speed U, lengths in
L, a macroscopic length scale over which the fields vary,

units of
and times in units of L/U, the "eddy turnover time.” 1In this inter-
pretation, R'= UL/v, where Vv 1is the kinematic viscosity, and is of

course the Reynolds number. RM UL/n 1s the magnetic Reynolds num-

bers, where mn 18 the magnetic diffusivity, ¢ /Ano in cgs units,
with c¢= the speed of light, and o 1is the electrical conductivity.
Magnetic fields, in this interpretation, are measured in units of
U/4np, cgs units, where p 1is the (uniform) mass density. They may
be < U, in magnitude. (2) Sometimes the magnetic field contains
an externally-imposed de part EO which 18 -expected to remain

larger than v and the self-consistently—supported part of  B.
Then velocities may be measured in units of C = BO//4up, the Alfvén
In this

speed, and B may be measured in units of Bo.

interpretation, RM becomes S = CAL/n, the Lundquist number (often,

in the fusion literature, misleadingly called the magnetic Reynolds
number), and R becomes M = CAL/V, which we might call the "viscous

Lundquist number.” This scheme has some advantages for nearly
quiescent 1initi{al conditions, since the dimensionless numbers remain
constant as the mean flow speed increases. The disadvantages are
that v and the variable part of B may then remain << 1, and
though the time scale L/U, the eddy turnover time, is still impor-
tant, it may be masked by the existence of the faster L/CA, the

"Alfvén transit time," which has no direct significance for the non~

linear behavior at all.
In summary, there are four possible Reynolds~like numbers which

can be of importance: R = UL/v, R, = UL/n, S = CAL/n, and
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168 - DAVID MONTGOMERY

M= CAL/v; when the magnetic field is a sum of an externally-imposed

part plus a part which is supported by internal currents, either part
may be used to define C,. Sorting out their roles in various pro-
blems has not been fully accomplished. They always occur in front of
the only dissipative terms in the equations, and in the denominators,
and which pair 1is appropriate depends upon the problem. The situa-
tion 1s more involved than the Navier-Stokes case, but not hopelessly
80. .

B. Two-Dimensional MHD. A simplified but still rich limit of
Eqs. (1) - (4) 1s the two-dimensional one, with all variables inde-
pendent of one spatial coordinate (z, say). 1In the most frequently
considered geometry, B = (Bx’By’o)’ v = (vx,vy,O) and 3/dz = 0.

~

For this case we can write, B = VXAZEZ, v = VX¢$z, in terms of a vec-
tor potential 'Azﬁz and a stream function ¢. A and ¢ determine
all othér variables in the problem. The vorticity w = w%z= —V2¢32
and the current density VB = | = jgz = -VZAZQz have only single

components and are also solenoidal, so that j = j(x,y,t) and
w= w(x,y,t) only. Egqs. (1) = (4) get replaced by the much simpler
pair : :

- oA, 1 2

(.5). , Bt LA, = VA

‘ - A B, o onuos 4 L o2
(6) _ - g F yoVw = BV + o V.

The two possible sets of meanings attached to the four various possi-
ble Reynolds~like numbers R, Ry, S, and M, still apply. A uniforum
constant dc magnetic field EO = Bogz can be included in B without
altering Eqs. (5) and (6), or affecting the dynamics in any way.

C. The Strauss Equations. A case intermediate between two and

- three dimensions is the Strauss limit, appropriate to the situation

with a uniform mean dc magnetic field B, = Boéz, but with some spa-

tial variation with .z, and a perpendicular variable magnetic field

21 = VxAzgz. This limit can be derived systematically in the case

"B, <<.Bo. The result of a lengthy derivation [14) 1s that Eqs. (5)

and (6) are modified to read

0A
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Sw . 12 . k|
(8) e T YT g Vet BT By e
vhere Y, = VX¢€Z also has only x “and y components alsc, and,

- 2 = N _6_ A _6_
we - Vi¢, j= —VlAz, with Vl = e + ey By " The last two te;ms
(7) and (8) represent the three-~dimensionality. All varia-

(7) and (8) are functions of x, y, z, and t. The par-
are essentially transported as passive

of Eqs .
bvles in Eqs.
allel fields, v, and B,,
scalars and their dynamics need not be discussed when discussing Egs.
(7) and (8). They evolve according to a pair of linear equations
vhich have coefficlents involving ¥y and B» but they do not re-

act back on El and Y-

D. Boundary Conditions. There are three sets of severely
idealized simple boundary conditions for MHD fluids. The convention-
al analogues of "free-slip" ideal fluid boundary conditions are
ved = 0, Bon = 0 at a rigid, perfectly conducting wall along which
the magnetofluid flows freely. Here n  1s the unit normal to the
vall. These are "ideal MHD" boundary conditions and are expected to

avoid boundary~layer effects.

The analogue of "no-slip," non-ideal, fluid boundary conditions at
= 0, fi*B = 0, and

a rigid, perfect conductor are that v =
nx{ = ox(VxB) = O. All three components of the velocity vanish at a
rigid, perfectly-conducting wall for a non-ideal magnetofluid, as do
the normal component of the magnetic field and the tangential compo-
nents of the current. For a rigid, perfectly-conducting wall coated
with a thin insulating layer, a situation encountered in experimental
practice, B*n = 0 survives but nxj 1s unconstrained. Problems in
vhich magnetic field lines are permitted to penetrate the wall mate-
rial become very intractable, although 1in many interesting experi-

ments such wall penetration does occur.

Por two dimensions, 1ideal boundary conditions make A and ¢ con-
stant around a closed conducting boundary, and non-ideal boundary

condit{ons at a rigid perfect conductor '‘add the conditions ViA = 0,
a’vl¢.= 0. (For the Strauss equations the same conditions apply,

but A and ¢ may be functions of z.) For a non-ideal magneto-

fluld inside a rigid perfect conductor coated with a thin insulating

layer, Vl¢ = 0 on the boundary as doeés ﬁleA, but ViA 1s uncon-

strained. (Again, in the Strauss case, A and ¢ may be functions

of 2.)

The foregoing three sets of MHD equations, then, accompanied by
their three sets each of appropriate boundary conditions, define a
far wider class of interesting problems than do the equations of a
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170 " DAVID MONTGOMERY

Navier-Stokes fluid. They include Navier-Stokes flow as a special
case. But they are not hopelessly more complicated than the Navier-
Stokes equation. For many of these problems, even zeroth-order solu-
tions have not been given, and it is fair to say that none of them
have been studied with an intensity that approaches what has been
brought to bear in fluid mechanics. We now turn to a consideration
. of two of these.

3. Stability of Quiescent Equilibria. A central concern in con-
trolled fusion confinement research has been with the production of
quiescent (v =~ 0) plasma states which will remain stably in place
under the presence of (inevitable) small fluctuations. More theoret-
1cal plasma papers have been published about this topic than about
anything else. However, much of the concern has been with device-
specific situations with numerous complications, such as: toroidal
geometry; compressibility; highly non-uniform dissipation coeffi-~
cients (such as v and n, which, strictly speaking, are tensors);
chemical and radiative interactions with walls; inhomogeneous bound-
aries; impurities; etc. Drastic and uncontrolled approximations have
been necessary to get any answers at all. There has been relatively
little enthusiasm 1in the fusion community for the kind of accurate
golutions of clean, simple situations analogous to those which the
Orr-Sommerfeld equation requires. Yet rather spectacular success has
been achieved for the Orr-Sommerfeld problem [l1}] by spectral methods,
and a natural generalization of them to MHD stability seems a logical
direction in which to proceed. In this section, we wish to define
such a problem, though no results are as yet available.

The equilibrium we consider is a static one (v = 0) with a mag-
netic field B = Bo(y)ex which points 1in a direction perpendicular

to 1its direction of variation. This 1s the magnetic analogue of
plane shear flow, and has an electric current density j = jo(y)é‘z,

where 'jo(y) = —DBO, and D = d/dy. For a constant resistivity,
this 1is not strictly a static configuration, and Bo(y) will re-
sistively decay according to Bo(y,t) = exp(R;;ItVZ)Bo(y,O). ' We will

confine attention to dynamical processes which are fast on the time
scale of this resistive decay, and will freeze Bo(y) at its initial

value. (If there are instability thresholds as n decreases, the
solution will be 1inaccurate in the immediate vicinity of the thres-
hold. It should be kept in mind that the very existence of such
thresholds is still conjectural, however.)

If the MHD equations are linearized about this equilibrium, it 1is
possible to generalize Squire’s theorem, which says [2] that if a
three-dimensional unstable mode exists, it 1is possible to find
equivalent two-dimensional unstable modes with dissipation coeffi-
cients v, n which are at least as high. Thresholds for instability
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TURBULENT MAGNETOFLUIDS 17
cay be sought by restricting attention to the two~dimensional case,
vith b/bz z 0.

We put rigid parallel walls at the two planes y = %l. The per-
turbed fields can be written as

x(l) = (u,v,w)

(9
1 .
E( ) o (bx’by’bz)’
and without loss of generality, we may assme the =X and t depen~-
dence of all perturbed field variables 1s ~ exp{(iax-iwt), where «
{s an arbitrary wave number and w 41s a complex eigenvalue to be de-

termined. Discarding all products of perturbation quantities, we may
manipulate the components of Eqs. (1) and (4) to yield:

10) 0% = c1R@3-d)v - iaRBOCDZ-az)by + 1Ra:(DzBo)by

and
' 2 2 -
(11) : (M " ~a" + imRM)by = 1aBoRMv,

vhich are the analogues of Orr-Sommerfeld. The boundary conditions
are that v =0 at y =41, Dv =0 at y = %1, and by =0 at

y = %1, 1f the infinite parallel planes are regarded as perfectly
For the sake of comparison, Orr-Sommerfeld is, in [2]

the same notation, (Dz-az)zv = 1aR[(U0—w/a)(D2-a2)v - (DZUO)VJ,

vhere Uo = Uo(y) is a shear flow velocity field in the x direc-~
tion. ’ ' ,

conducting.

(R = ®) 1imit of Eqs. (10) and (11) has been
As far as 1 am aware, they have never
Ry (which since zero

The non-~viscous
studied to some extent ([3].
even been written down for finite R and

- streaming has been assumed for the equilibrium, are properly inter-
preted as M and S). Since most plasmas of current Iinterest are
more viscous than they are resistive, it would have made more sense
to have studied the RM = ® limit., We suspect that all

elgenfunctions of the system (10), (11) are stable 1 < 0) for
R, Ry, and that they become unstable above certain

(Im w
small enough
R, RM are increased. Just what combination of R,
Ry 1s important, we simply do not know. Russell Dahlburg [private

communication] has shown that the ideal (M + «, § + ) 1{mit of
Eqs. (10) and (11) 1s always stable. It 1is tempting to speculate
that, because of the extent to which the equations of motion tie

thresholds as
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172 DAVID MONTGOMERY

!(1) and §(1) together, the stability threshold will be deter-
mined by the smaller of M and S. For plasmas which are more vig-
cous than resistive, this will be M. But this is pure conjecture,
as are the values the critical M or S will have (will they be of
the order of the Reynolds numbers for shear flow instability, a few
thousand?). It is a problem for which the spectral method seems made
to order. ’

Once questions of linear stability are settled there 1s again the
possibility that the true stability boundary will be determined by
nonlinear and three-dimensional effects, as in the case of plane
shear flows (cf. Orszag & Kells [4] and Orszag & Patera [5]) and
those problems, too, are of a kind for which spectral method dynami-
cal computation has been shown to be useful.

The magnetic field profiles By (y) that might be investigated ) R
first are: (1) By constant (this 1is analytically soluble and thé ‘
results are simply damped Alfvén waves); (2) By 1linear in 1y, or . f
Jo = const., the uniform current profile, which would be ruled out by :
imposing the boundary condition 3§Xn =0 at y = xl; (3) By para-
bolic, jJ3 1linear in y, which ;ould be again ruled out by putting _ 1
perfect conductors at y = %1; and (4) By cuble, j; parabolic and .

vanishing at y = %l. This fourth case may be thought of as roughly
analogous to plane Poiseuflle flow, and mocks up most closely pinch
effect magnetofluids used in a generation of confinement experiments.

Still a wider class of problems results if a uniform constant, ex-
ternal, magnetic field is {mposed parallel to the planes but at an
angle to Bo(y)e#- For these, it would seem that C, ought to be

computed 1in terms of the internally supported part of the magnetic
field. We will not take up here the class of problems which results
from the agsumption that there is a non-zero flow in the equilibrium.

4. Magnetohydrodynamic Turbulence. Just as Eqs. (1) = (4) may be
thought of as defining a stability problem (Eqs. (10), (11) plus
boundary conditions), so they also define problems of transition and
fully-developed turbulence, once those. thresholds are significantly ‘
exceeded. The phenomena will be more various than Navier-Stokes ;
phenomena because of the interplay of the magnetic field with the
velocity field. They are also largely undiagnosed experimentally,
partially for reasons already given: internmal probes of the MHD vari- 1
ables cannot withstand the temperatures in many plasmas of current : .
interest. A second, and unfortunate, reason 1s simple bureaucratic
" incomprehension of the fact that many of the effects which are
troublesome at high temperatures could be explored on devices which
are not hot enough to burn up probes. But in the thirty-year-plus

.
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TURBULENT MAGNETOFLUIDS 173

"erash program” to produce controlled fusion, there has been deemed
to be insufficient time to explore these central, basic phenomenal!
Computers, are, and are likely to be for some time to come, the "ex-
perimental" arbiters of any theories of MHD turbulence we may con-

gtructe. . .

In the following pages, we will remark upon four classes of turbu-
lent MHD processes upon which some progress using spectral method
computation has already been reported. These are:

(1) Inverse Cascade Processes

(2) Small Scale Dissipative Structures AN
(3) Selective Decay Processes

(4) Mean Magnetic Field Anisotropy. -

Lengthy computational papers have been published on all of the above
topics, and the reader is referred to them for details and graphs.
In the following summary remarks, there will be no attempt to repro-
duce representative graphical documentation for the assertions, but
the relevant references will be cited.

- In addition to the above summaries, two probems will be remarked
upon which appear at this moment to be ripe for numerical exploration
by spectral methods. These are: .

{(5) Turbulence in Current-Carrying Magnetofluids and
(6) Current Boundary layers.

It is to be stressed that the computations which have been
reported have seldom, if ever, 1involved state-of-the-art numerical
methods. The affordable spatial resolution has often been patheti-
cally small. The spectral codes have been used as an off-the-shelf
physics research tool, rather than with any deep concern for the
place they occupy in applied mathematics. There 1is not one problem
on the 1list that could not, or should not, be done better by
knowledgeable applied mathematicians.

(1) Inverse Cascades [6] - [l4]. It 1is well known that under
some circumstances, small scale two-dimensional Navier-Stokes turbu-
lence may feed the large. scales, somewhat reversing the usual three-
dimens{onal pfcture. Precise theory for this effect is in short sup-
ply, but extensive numerical computations have given repeated verifi-
cation of 1its existence. Generally what are required are a small
scale source of excitations and at least two global ideal invariants
vhich emphasize differently the differing parts of wave number
space. The latter requirement ensures that in the part of wave
number space which 1s approximately conservative, spectral transfer
in either direction in wave number space must be accompanied by a
comparable amount in the opposite direction. What 1is basically a
statistical-mechanical constraint on the allowed phase space guar-
antees that any band-limited stirring mechanism must send out
8omething to both longer and shorter scales.
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174 . DAVID MONTGOMERY
Por three-dimensional MHD turbulence, the ideal invariants are
e=1h f(zz+§2)d3x :
1 3
(12) Ry =1 JA-Bdx
H, =1 Jve a3
C =Y E Xy

N

in the presence of either periodic or perfectly-conducting boundary
conditions, where .B = VxA, in terms of the vector potential A.
For the same boundary conditions, the two-dimensional ideal invari-
ants are

e=1p j(z2+' §2)d2x =1y ”_(VAZ)Z + (V)2 Ja2x
(13) B, =Yy JyeBd"x =V [VgevA a"x

A=l ]Aidzx,

where the notations are the same as in Section 2B. For the Strauss

equations of Section 2C, the energy ianvariant € and the cross-

helicity H, are still ideal invariants, and the magnetic helicity
Hy degenerates into HM = BofAzd3x.
For reasons that have been gone into in considerable detail else-

where, In all three sets of equations, there appears to be a tendency
for the magnetic quantities to accumulate, in forced situatiomns, at

“the longest wavelengths. The effect has been clearly demonstrated in

two- and three~-dimensions, but at the time of this writing is still
conjectural for the Strauss equations. It is a way of accounting for
large~scale magnetic fields” spontaneous generation, as in the clas-
sic "dynamo problem." This is not the only situation where there 1is
a need to account for the occurence of large-scale magnetic activity
in a system in which small-scale turbulence 1s present; it may be,
for example, that large-scale disruptions in tokamaks can be repre-
sented as similar to inverse cascades within the framework of the
Strauss equations.

(2) Small-scale Digsipative Structures (15} - ([17]. Navier-
Stokes turbulence has been geometrically very elusive as far as form
ing a concrete, intuitive picture of it 1s concerned. Some success
at statistical characterization of turbulent Navier-Stokes flows has
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TURBULENT MAGNETOFLUIDS 175

been achieved, but visualizing anything explicit about what is going
on has proved frustrating. Despite its primitive state, MHD turbu-
lence has pulled ahead in one department, at least, in providing a
readily visualizable description for structures associated with dis-
sipation. The picture 18 clearest in two dimensions, and may not be
significantly different 1in three. A current filament concentrates
itself near a magnetic X-point, and an associated flow pattern devel-
ops which sweeps magnetic flux symmetrically toward the X point where
it 1s dissipated. There 1is outflow from the weak-field corners of
the X point, sometimes at a significant fraction of the Alfvén speed,
and the vorticity distribution is essentially that of a quadrupole.
There 1is a strong asymmetry between the small-scale benhavior of the
magnetic and mechanical quantities. The general dissipative pattern
when highly disordered initial conditions are present seems to be a
random collection of such current filaments and associated X-points,
which for decay situations gradually become fewer over time. One im-
portant unexplored question 1is that of the ratio of ohmic to viscous
dissipation at high Reynolds numbers, and how this ratio varies. with

magnetic Prandtl number, v/m.

(3) Selective Decay Processes (18}, [19]. Not entirely unrelated

to 1nverse cascades are the decay processes which are characterized
by a more rapld decay of one global quantity than another. Geometri-
cal counstraints sometimes impose lower bounds to the ratio of the
more rapidly to less rapidly decaying quantity, so that as time goes
on, this ratio may approach its mimfmum value. The complicated evol-
ving turbulence heads, apparently, for a simple state which can be
described by a variational principle. For instance, the minimum €/A

is achieved by Eqs. (5) and (6) whenever v =0 and
V2A + k2A = 0, where
z z

k2 is a positive constant. The minimum
Ie/HMI is achieved by Eqs. (1) - (4) when VxB = AB,

and v =0,
the "force-free" state. There 1s evidence both experimental and
theoretical that such "selective decays" may indeed occur. The typi-
cal attempt to test the hypothesis has involved following the evolu-~
tion of a set of disordered initial conditfoms. The global ideal in-
variants are all observed to decay, but at unequal rates. 1In a typi-
cal two-dimensional MHD run {18], &/A was observed to decay by more
than a factor of three. In a three~dimensional situation, [s/HM[

~ approached to within about ten percent of its theoretical lower bound
{19], though not by spectral method computation. 1In no case known to
us has there been a turbulent computation in which €/A or le/HMI

did anything but decay.

The situation is complicated somewhat by the fact that there
appears further to be an unexplained monotonic decay of

two- and three~dimensions [20).
states for selectively decaying situations are compatible with what
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is known from high~Reynolds number computations so far, and they are
not consistent with each other:

a. A state with no kinetic energy (v = 0), and. €/A(2D) or
|€/HM| (3D) ninimized; and

b. A perfectly aligned state (y = 4#B) with perfect equiparti-
tion in which €/A (2D), Is/HCI (3D) are minimized, subject to the

constraints that v = 4B, pointwise. Further, vather demanding,
computation will be required to sort out these possibilities.

4) Mean Field Aunisotropy "[21]. Most 1laboratory magneto-
fluids of interest contain an externally-imposed dc¢ magnetic field
which selects a particular direction 1in space at each point. This
destroys any possible isotropy of the turbulence, which is one of the
most useful gsymmetries by which a turbulent tensor description can be
simplified. The few laboratory measurements of MHD turbulence that
have been made to indicate one ubiquitous feature: a large ratio '
(> 10) of parallel to perpendicular correlation lengths, indicating
a strong peaking of the k vectors in the spectrum in a direction
perpendicular to the mean field, [22], [23]. This inequality is also
a key assumption 1In the derivation of the Strauss equations

' previously described. An important question is whether an initally

" isotropic turbulent MHD spectrum has some tendency, irn the presence
of a strong mean dc field, to develop an anisotropic k spectrum
which 1is sharply peaked perpendicularly to the direction of the mean
field. .

E N

e &

. In an extensive set of 2D MHD computations (with a strong mean
field in the plane of variation) Shebalin [21] has answered the ques-
tion in the affirmative. What seems to be 1involved is an inhibited
spectral transfer between Fourler modes with differing values of

;J E.§O° In particular, in a resonant three-wave intéraction, [g'go!

Q cannot 1increase, but |EX§0| can. An initially {isotropic distribu-

tion of k's seems to elongate itself perpendicularly to the mean
1 §0 until something like the Kolmogoroff dissipation wave number is

G o WARLE L 4 et be e

i1 .

i' reached, so that the higher the Reynolds numbers, the more pronounced
,f the anisotropy. Not paradoxically, if the dissipation 1s artificial-
ﬁ 1y (and unphysically) set equal to zero, the spectrum eventually re-
i isotropizes itself uniformly over the allowed Fourier modes due to
; higher order processes.

| . -

LIS

' : Now two processes are briefly remarked upon which seem ripe for
investigation by spectral method computation. They are:

e N R L

. : (5) Turbulence in Current-carrying Magnetofluidg. Periodic
i boundary conditions preclude the existence of net fluxes of (say)
electric current through any cross section of the region of computa-
tion. Since many of the most interesting laboratory plasmas carry
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net currents, and as a consequence have non-vanishing circulations
¢B-d£ around the perimeter, rectangular periodic bourndary conditions
stand in the way of numerical investigation of those turbulence
effects (such as those for the Strauss equations 1involving inverse
cascades) which require a net current. The expansion of the field
variables in real Fourier sine series, as constrasted with complex
Fourier series with terms ~ exp(ik°x), seems to pose no fundamental
obstacles to spectral investigation of current-driven turbulence, but
no results along these lines have as yet been reported.

(6) Current Boundary Layers. The boundary condition

i = 0 at a conducting boundary demands that current densities
which have no reason to be small in the interior of the magnetofluid
must drop to zero at the boundary, reminiscent of the effect of a
rough wall on a fluid velocity. The existence of a boundary layer of
current gradients 1s to be expected near the boundary, just as a
layer of vorticity 1s to be expected for a fluid flowing past a sur-
face. Current gradients are widely (and probably correctly) believed
to be a source of MHD activity ("tearing modes"), and it is not

" {mpossible that any confinement device with conducting interior

boundaries will contain significant amounts of current-driven magne-
tic fluctuation associated with current-gradient boundary layers.

5. Summary. Fluid mechanlics made a transition, in the wake of
engineering achievements, 1into a sophisticated branch of applied
mathematics. Magnetofluid mechanics may follow a somewhat different
trajectory, in that the engineering achievements may well depend upon
the prior development of a more sophisticated approach to the rele-
vant questions of stability, transition, and turbulence than has
characterized the first few decades of investigation. Spectral meth-
od computstion could prove the most useful tool of all in ‘this under-

taking.

Acknowledgment

Helpful discussions of the material 1in this article with W. H.
Matthaeus, G. Vahala, J. V. Shebalin, and R. Dahlburg are gratefully
acknowledged. Equations (10) and (11) were derived jointly with R.
Dahlburg. . :

REFERENCES

[1) S. A. ORSZAG, Accurate solution of the Orr-Sommerfeld stability

T YL AR pSSuee Nt MR T 3% Y i
L . ’

equation, J. Fluid Mech. 50, (1971), pp. 689-703.
{2)  c¢. C. LIN, The Theory of Hydrodynamic Stability, Cambridge Uni-

versity Press, Cambridge (U.K), 1955.

BENNM R S g

i

-

¥




178

(3]

(4]
[5]

161
(7]
18]
193
[10]

[11]

o {12]

[13]

L BRSNS e A A OO Pdeind s TR N W BT

[14)

[15]

(16]

17]

(18]

DAVID MONTGOMERY

See, e.g., J. WESSON, Finite resistivity instabilities of 3
sheet pinch, Nucl. Fusion 6, (1966), pp. 130-134.

S. A. ORSZAG and L. C. KELLS, Transition to turbulence in plane
Poiseuille and plane Couette flow, J. Fluid Mech. 96, (1980),

pp. 159-205.
S. A. ORSZAG and A. T. PATERA, Subcritical transition to turbu-

lence in plane channel flows, Phys. Rev. Lett. 45, (1980), pp.

989-993,

R. H. KRAICHNAN, Inertial raunges in two-dimensional turbulence,
Phys. Fluids 10, (1967), pp. 1417-1423.

R. H. KRAICHNAN and D. MONTGOMERY, Two-dimensional turbulence,
Rept. Prog. Phys. 43, (1980), pp. 547-619.

U. FRISCH, A. POUQUET, J. LEORAT, and A. MAZURE, Possibility of

an _inverse cascade of magnetic helicity in magnetohydrodynamic

turbulence, J. Fluid Mech. 68, (1975), pp. 769-778.
D. FYFE and D. MONTGOMERY, High beta turbulence in two-

dimengional magnetohydrodynamics, J. Plasma Phys. 16, (1976),
pp. 181-191. .

D. FYE, G. JOYCE, and D. MONTGOMERY, Magnetic dynamo action in

two-dimensional turbulent magnetohvdrodynamics, J. Plasma Phys.
17, (1977), pp. 317-335.

D. FYFE, D. MONTGOMERY, and G. JOYCE, Dissipative forced turbu-

lence in two-dimensional magnetohydrodynamics, J. Plasma Phys.

17, (1977), pp. 369-398.

A. POUQUET, On two-dimensional magnetohydrodynamic turbulence,
J. Fluid Mech. 88, (1978), pp. l-l6.

M. MENEGUZZI, U. FRISCH, and A. POUQUET, Helical and nonhelical

turbulent dynamos, Phys. Rev. Lett. 47, (1981), pp. 1060-1064.
D. MONTGOMERY, '"Major disruptions, inverse cascades, and the

Strauss_equations," to be published in Physica Scripta,1982.
W. M. MATTHAEUS and D. MONTGOMERY, Nonlinear evolution of the

~sheet pinch, J. Plasma Phys. 25, (1981), pp. 1l1-41.

S. A. ORSZAG and C.-M. TANG, Small sgcale structure of two-

dimensional magnetohydrodynamic turbulence, J. Fluid Mech. 90,
(1979), pp. 129-143. .

W. H. MATTHAEUS, Reconnection in two-dimensions = localization

of vorticity and current near magnetic X points, Geophys. Res.
Lett. 9, (1982), pp. 660-663.

W. H. MATTHAEUS and D. MONTGOMERY, Selective decay hypothesis
at high mechanical and magnetic Reynolds number, Ann. N. Y.

Acad. Sci. 357, (1980), pp.-203-219.

it Ay

v e taeae

B



fos cf &
T e vovp wils.

in P!‘ﬁi
v (1925),

20 turbue
180), po.

tbulenca,
-bulence,

2lity of

codynanig

in  twoe

(1976),

iction In
ima Phys.

d_turbu-
ma Phys.

‘bulence,

mhelical
)-1064.

and the
1982.

1_of the

of tvo-

ech. 90,

lization
ys. Reso.

potheafs
. N Y

[i9]

[20])

[21]

{22]

(23]

TURBULENT MAGNETOFLUIDS 179

S. RIYOPOULOS, A. BONDESON, and D. MONTGOMERY, Relaxation
toward sgstates of minimum energy in_ a compact torus, Phys.

Fluids 25, (1982), pp. 107-115.

R. GRAPPIN, U. FRISCH, A. POUQUET, .and J. LEORAT, Alfvénic
fluctuations as asymptotic states of MHD turbulence, Astronomy

and Astrophysics 105, (1982), pp. 6-14.

J. V. SHEBALIN, W. H. MATTHAEUS, and D. MONTGOMERY, "Anisotrogz
in MHD turbulence due to a mean magnetic field," submitted to

J. Plasma Phys. 1982.

D. C. ROBINSON and M. G. RUSBRIDGE, Structure of turbulence in
the zeta plasma, Phys. Fluids 14, (197{), pp. 2499-2511.

S. J. ZWEBEN, C. P. MENYUK, and ‘R. J. TAYLOR, Small-scale

-magnetic fluctuations inside the macrotor tokamak, Phys. Rev.

Lett. 42, (1979), pp. 1270-1274.






