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SUMMARY

A one-de~ree.,...of-freedom simulation of the Tethered Satellite System (TSS) was
programed using a distributed system model of the tether based on the one-dimensional
wave equation. This model represents the time varying tension profile along the
tether as the sum of two traveling waves of tension moving in opposite directions. A
control loop was devised which combines a deployment rate command with the measured
tension at the deployer to produce a smooth, stable rate of deployment of the subsat­
ellite. Simulation results show a buildup of periodic bursts of high frequency
oscillation in tension. This report covers the mathematical modelling and simula­
tion results and explains the reason for the observed oscillations. The design of a
possible vibration damping device is discussed.

INTRODUCTION

The concept of the Tethered Satellite System (TSS) is to deploy a small (500 kg)
subsatellite from a deployer located in the cargo bay of the Space Shuttle Orbiter to
distances up to 100 km. The subsatellite remains attached to the shuttle by means of
a fine (1-3 mm/diameter) tether. The system utilizes gravity ~radient to hold the
tether taut and provides static stability about the local verticaL Control of the
system is provided by means of gas jets on the subsatellite and by regulation of the
deployed tether length. Additional details may .be found in references 1 and 2.

Simulations of tethered satellite systems have been conducted by several invest­
igators. These simulations have been approached by either the technique of general­
ized coordinate analysis (See Ref.· 3, for example) or by finite elements analysis
(See Ref. 4, for example). Another approach is to apply transmission line theory to
model the dynamics of the tether (Ref. 5). This paper describes a one-degree-of­
freedom simulation of the TSS utilizing the latter approach.

SYMBOLS

A cross sectional area, m2
a,b defined by equations (24) and (25), respectively
c speed of propagation of tension waves, m/s
n damping coefficient, Ns/m
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modulus of elasticity, Pa
spring constant, N/m
length of tether, m
mass, kg
Laplace transform variable, sec- I

tension, N
time, sec
displacement of point on tether, m
location of point on unstressed tether, m
mass density, kg/m3

frequency of oscillation, rad/sec
natural frequency of vibration damper, equals ikv/mv ' rad/sec

frequencies for which vibration damper has 50 percent attenuation,
rad/ sec

Subscripts

t tension sensor
v vibration damper
I variable value at deployer end of the tether
2 variable value at subsatellite end of the tether
+ denotes wave motion in the direction of increasing z

denotes wave motion in the direction of decreasing z

Miscellaneous

A prime (') denotes the derivative with respect to the argument shown.
A dot (.) over a variable denotes the derivative with respect to time.
One decibel (db) is 20 times the logarithm to the base ten.

TETHER DYNAMIC }l)DEL

The tether is considered to be a uniform length of elastic, massive material as
is depicted in figure I. The location of each point along the length of the unde­
formed tether is denoted by the value of the independent variable z. Given a dyna­
mic deformation, each point is displaced a distance x( z, t). The tension created by
the deformation is a function of the strain of the material.

T( z, t)
a

EA az x( z, t) (I)

where E
A

is the elastic modulus, Pa
is the cross-sectional aren, m2

The acceleration of an infinitesimal section of the tether is a function of the
tension acting on either side of the section. This can be expressed as

a2 I a
2 x(z,t) = pA a; T(z,t)

at
2

(2)



where p is the mass density, kg/m3

Combining equations (1) and (2) yields the one-dimensional wave equation of the
tether

a2 2 a2
---2 x(z,t) - c -- x(z,t)
at az2

c = ~

o (3)

( 4)

Following d' Alembert' s solution of the wave equation (Ref. 6), the displacement of
each point along the tether may be written as

x( z, t) x+ (z-ct) + x (z+ct) (5)

where x+ is a spatial function which travels (to the right on Fig. 1) at the
phase velocity of c, and

x is a similar function which travels in the opposite direction.

The tension at each point along the tether is found by suhstituting equation (1)
into equation (5).

T(z,t) = EA [x~ (z-ct) + x' (z+ct)] (6 )

where the primes denote derivatives with respect to the entire arguments z-ct
and z+ct, respectively.

The velocity of each point along the tether is found by differentiating equation (5)
with respect to time.

_IE [-x' (z-ct) + x' (z+ct)]lP" +
(7)

Since the functions X+ anc'l x- are independent of each other, the tether dynamics
may he descrihed by wave~ of tension and velocity.

T(z,t) = T+ (z-ct) + T

•x+ (z-ct) + x

3

( z+ct)

( z+ct)

(R)

(9 )



The tenRion and velocity waveR are proportionally related.

•T_(z+ct) = +A/PE x (z+ct)

(10)

(11)

The effect of the traveling waves at different locations along the tether (different
values of z) are related by a time delay equal to the distance between the locations
divided hy the phase velocity, c. Using the subscript 1 to denote the values of the
traveling waves at z=O (the left end of the tether in Fig. 1) and the subscript 2
to denote the values of the waves at z=L (the right end), the following equations
may be written

(12) .

(13 )

(14)

~2(t) = ~2+(t) + i 2_(t) (15)

where

T2+(t) T (t _ L) (16)
1+ c

T1_(t) T (t _ L) (17)
2- c

i 2+(t)
. (t _ L)x 1+ OR)c

i1_(t)
. (t _ L) (19)= x

2
_

c

and where L is the length of the tether, m.
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Therefore, the influences of the traveling waves at the ends of the tether are
related through transport delays. A disturbance originating at one end propagates
along the length of the tether and appears at the other end delayed by the time
interval of duration Lie. Given that the ends of the tether are attached to bodies
whose motions are known, equations (13) and (15) describe the boundary conditions.
Transforming these into terms of tension waves by equations (10) and (11) yields

(20)

(21)

These relationships indicate that the traveling tension waves emanating from the ends
of the tether are composed of reflections of the waves impinging on the ends plus
components which are proportional to the velocities of the attached bodies.

In summary, the dynamic behavior of the elastic, massive tether is described by
waves traveling in either direction along the tether. The values of these waves at
the ends of the tether are related through transport delays in equations (16)
and (17). The boundary conditions of equations (20) and (21) give the relationships
between the forced motions of the ends of the tether and the traveling waves. The
forces that the tether apply to the attached bodies are given by equations (12)
and (14). These relationships define the dynamic model of the tether depicted in
figure 2.

SIMULATION TEST

A feedback control system was devised and simulated in conjunction with the
tether dynamic model developed above for the purpose of exploring for any possible
stability problems which might be caused by the transport delays inherent in the
tether. The requirement of the control system is to deploy the tether, which has an
inert mass suspended from the end, at a commanded rate in a smooth and stable manner.
This was accomplished by combining the commanded rate with a sensed value of the ten­
sion in the tether near the deployer to form a drive signal for the deployer mecha­
nism. The general arrangement of the system is given in figure 3. The parameter
values used in the simulation are given in table 1. The arrangement of the control
system and the values used were selected by the author and represent only a rough
approximation of the actual TSS system.

The deployer mechanism consists of a spool upon which the undeployed portion of
the tether is stored, a motor which causes the tether to be reeled in and out, a
spring-mounted pulley whose position is a measure of the tension in the tether, and
an electronic control network. The motor and spool mechanism is modeled as a second
order system with natural frequency of 10 rls and damping ratio of 0.7. The tension
sensing device is modeled as a mass-spring-damper system for which the values of
table I give a natural frequency of 31.6 rls and a damping ratio of 0.16. The exten­
sion of the spring is used as a measure of the tension in the tether. This might be
accomplished in practice by using a load cell attached to the fixed end of the
spring. The translation of the pulley also affects the deployed length of the
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tether. The sensed tension is passed through a washout filter to block slow varia­
tions in the tension caused by gravity gradient force changes and libration motions.
The feedback gain chosen gives a closed loop frequency of .046 rl s and damping ratio
of 0.51 based upon a lumped-parameter model of the tether as an ideal spring. A
command prefilter is used to provide smooth operation of the system in response to
commanded rate changes.

The simulation model was programed on a hybrid computer in LaRC's Aerospace
Controls Research Lab. The motions of the load mass and the dynamics of the
dep10yer mechanism and the control system were simulated on an analog computer. The
transmission line model of the tether was implemented on a digital computer operating
at 100 samples per second. Since the tether simulation model of figure 2 includes a
loop which has unity gain, tension waves started in this model will circulate contin­
uously until they are cancelled by motions of the deployer or the subsatellite.
During the simulations, this model accumulated a background signal consisting of very
high frequency noise up to 50 Hz (one half the sample frequency or 314 rls) which is
well outside the bandwidth of the controller and the subsatellite. Since this did
not affect the present study, no corrective action was taken. For applications where
longer simulation times are required (IO minutes or more), some means to attenuate
this high frequency noise within the loop will be necessary.

The simulated time histories of the system to a step command rate of 18.3 ml s
are given in figure 4. The subsatellite initially is considered to be deployed in a
stable vertical condition with a tether length of 100 km. Given a subsatellite mass
of 500 kg, the steady state tension in the tether caused by tbe gravity gradient is
400 N. Because of the finite propagation rate of disturbances along the tether,
there is a 10 second delay between the time of deployer activation and reaction of
the subsatellite. There is an additional 10 second delay before the reaction of the
subsatellite is felt at the deployer. During the first 20 seconds, the deployer
reaches a steady rate of 12.2 mls and the tension in the tether has dropped by
133 N. At 10 seconds the tension wave reaches the subsate1lite and is reflected,
thus doubling its effect upon the subsatellite. As the subsatellite moves, the ten­
sion acting upon it decreases in proportion to the subsate1lite velocity. At 20
seconds the tension wave which was reflected from the subsatellite returns to the
deployer and further decreases the sensed tension. The control loop responds by
decreasing the deployment rate. As time progresses, the staircasing type of behavior
of the tension diminishes and the system response approaches that of the idealized
lumped-parameter approximation. The subsatellite smoothly reaches the commanded rate
after about 1 minute with a small overshoot. However, there now appears a periodic
disturbance in the tension of the tether. An expanded view of this disturbance after
2 1/2 minutes of operation is given in figure 5. The disturbance appears as a short
hurst of high frequency sinusoidal oscillations. The oscillation frequency is about
13.3 rls which is higher than the natural frequency of the actuator. The repetition
rate of the disturbance is ahout 20 seconds which is twice the length of the tether
divided by the speed of propogation of tension waves. The magnitude of the distur­
bance increases by 38 percent (2.8 db) for successive occurrences.

Several modifications of the control system were made in an attempt to elimi­
nate the disturbance:

1. The dynamic model of the tension sensor was removed and the actual
tension was used.

2. The actuator was changed to have a first order characteristic; then it
was changed to be ideal.
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3. A low-pass filter was inserted in the feedback loop.

In each trial, the frequency of oscillation of the disturbance changed and/or the
rate of growth was changed, but it was not eliminated. However, the combination of
ideal sensing of the tension with a first order actuator model did eliminate the
disturbance completely. But this is a severe over-simplification which is not valid
for examining the real system behavior •

ANALYSIS

This section outlines the analysis which was performed to determine the reasons
for occurrence of the vibration phenomenon observed in the simulation test. Using
equations (12) and (20), the transfer function of the tension wave emanating from the
deployer, T1+' as a result of the incoming wave, Tl-' conditioned by the action
of the feedback loop was derived.

•

1 - A/PE
xl

T [r (s)]

~ (s) 1 (22 )=T
1
_ •

xl
1 + AIPE [T" (s)]

1

•
xl

where -- (s) is the transfer function of the deployer including the tension sensor,
T

1
the actuator, and the feedback network. Replacing s by iw and then writing" the
deployer transfer function as the sum of its real and imaginary parts yields the
ratio of the magnitude of reflected waves to the magnitude of incident waves.

where

4a(w) ] 1/2

[l+a(w)]2 + [b(w)]2
(23)

1

[:: (w]a(w) =-- Re
A/pE

1 [:: (w)]b(w) =-- I
AfPE m

7

(24)

(25)



The ratio given by equation (23) is greater than Imity if the real part of the tranR­
fer function of the control system is less than zero (a(w) < 0). The tangent of the
phase angle of the control system is the imaginary part of its transfer function
divided by the real part or b(w)/a(w). If the real part is negative, then the phase
angle lies in the second· or third quadrant. At those frequencies where the phase
angle of the control system is outside the range of -90 0 to +90 0

, equation (23) is
greater than unity. Reflected waves at these frequencies will be larger than the
incident waves.

The value of equation (23) for the simulated system is plotted in figure 6 (the
solid curve). The reflection of tension waves at the deployer results in amplifica­
tion in the frequency range of 9.35 rls to 27.9 rls with the peak gain of 2.84 db (39
percent increase) occurring for a frequency of 16.2 rl s. These values agree closely
with the observed phenomenon.

Since the tension sensor has second order dynamics and the actuator has at
least first order dynamics and in any real system there are many sources for
unmode1ed lags, the analysis of this section indicates that there will be amplifica­
tion of tension waves at the deployer. The addition of filters in the control loop
to suppress the control activity at the frequencies of interest is possible, but the
type of oscillation observed will recur at a different frequency. This being the
case, attenuation of the phenomenon must be accomplished by means other than control
law modifications.

Dispersio~

The deficiency of the tether dynamic model used in the present study is that
there is no accounting for dispersion. The effects of dispersion are (l) waves of
different frequencies may propagate at different velocities, and (2) waves at some
frequencies may be attenuated as they propagate along the tether. If the latter
effect is present, the amplitude of a traveling wave at a given frequency will
decrease as an exponential function of the distance travelled. If there is suffi­
cient attenuation of the waves as they make the two-way journey along the deployed
lenJ!th of the tether to offset the amplification of the reflection at the deployer,
then the vibration phenomenon will tend to die out. If there is sufficient attenua­
tion in the tether during the initial deployment and final retrieval phases (length
on the order of 2 km), then there will be ample attenuation at longer deployed
,lengths. Since the di spersion characteristics of the candidate tethers were not
known at the time of this study, only the worst case (dispersion equals zero) was
considered. See reference 5 for further information about the effects of dispersion.

Tension Sensor Damping

The value of the damping coefficient used in the simulation (40 Ns/m) was
changed to determine the effect of this parameter upon the vibration phenomenon.
Using equation (23), it was observed that deletion of the damping coefficient alto­
gether results in peaking near the natural frequency of the tension sensor mechanism
(See Fig. 6). Increasing the coefficient to 200 Nslm results in peaking near the
natural frequency of the actuator. Nei ther change made any improvement over the
original system. In addition, significant increase in this damping may impair the
ability of the tension sensor to follow the tether and allow the tether to become
slack and possibly foul the deployer mechanism. Moreover, the stresses experienced
hy the tether when it is pulled taut agai.n may be quite high and unpredictable.
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VIBRATION DAMPER

A number of modifications to the end of the tether where it attaches to the sub­
satellite were made in an attempt to discover a means of dealing with the vibrations
there. In one attempt, a portion of the tether near the end was changed to a larger
diameter. In another attempt, an idealized spring was inserted at the attachment
point. Neither modification caused any at tenuation, only frequency-dependent phase
shifts. The insertion of a mass-spring-damper combination shown in figure 7a at the
end of the tether was found to provide the desired attenuation. An analysis of thi~

arrangement follows.

Using equations (14) and (21), the transfer function of the tension wave emanat­
ing from the subsatellite end of the tether, T2-' resulting from the reflection of
the impinging wave, T2+' conditioned by the dynamics of the load and the inserted
vibration damper was derived.

1 + AfPE
x2 ( s)T

2
_ T2- (s) = (26)

T2+ •

1 - AIPE
x

2 ( s)
T2

•x2where (s) is the transfer function of the load on the tether including the sub-
T

2
satellite and the vibration damper. Note that the reflections are zero if

( s) 1=--
AIPE

(27)

which is the equation of a viscous damper anchored in space.

Since this is physically unrealizable, the suggested vibration damper of
figure 7a was chosen as a reasonable alternative. The subsatellite is considered to
be immobile in the frequency range of interest for the following development.
Maximum attenuation occurs at the natural frequency of the vibration damper and the
ratio of the reflected wave to the incident wave at this frequency is

(w =~)
v

=

9

D - AIPEv

D + AIPEv

(28 )



where mv ' kv ' and Dv are the mass, spring constant, and viscous damping
coefficient of the vibration damper, respectively. For other frequencies, tension
waves are attenuated to lesser amounts depending on the proximity of their frequency
to the natural frequency of the vibration damper as shown in figure 7b. In order to
obtain a measure of the effective bandwidth of the vibration damper, the frequencies
at which the amplitudes of reflected waves are one half the amplitudes of the inci­
dent waves were calculated. These frequencies (wI and w2 on Fig. 7b) are given
by the following formula.

W2

k 1mv v

2 ~ 2 2(l + l APE) + (l + l APE) - 1
3km - 3km

v v v v
( 29)

where the damping coefficient, Dv ' has been matched to the characteristic "imped­
ance" of the tether, Dv = AfPE, which gives complete attenuation at the natural
frequency of the vibration damper. The solutions of equation (29) are plotted in
figure 7c.

The bandwidth of the vibration damper is a function of the product of its
spring. constant and mass, kvmv ' The effective frequency range is centered (in
the logarithmic sense) on its natural frequency, 1k"/mv ' The effective frequency
range is broad for low values of k"mv and narrow for high values. Small values
of mass, ffiv, are desirable to minimize the weight penalty involved in adding the
vibration damper to the system. Large values of spring constant, k", are desirable
to limit its physical size if the vibration damper is to function over a wide range
of steady state tension. If a high spring constant is selected, then a large mass is
required to tune the vibration damper to the frequency of the vibrations to be
damped. This in turn results in a narrow bandwidth. In practice, there is a trade­
off to be made between the length and the weight of the vibration damper and its
effective bandwidth.

The effectiveness of a candidate vibration damper was investigated. The value
of the damping coefficient was matched to the impedance of the tether, 10 .95 Nslm,
the mass was chosen to be .79 kg, and the spring constant was chosen to be 316 N/m.
These values result in 100 percent attentuation at 20 rls and 50 percent attenuation
(-6 db) at 13.5 rls and 29.5 rls. Combining the transfer function of the wave
reflections at the deployer with the transfer function at the vibration damper yields
the overall gain of the traveling waves as they make the round trip along the tether.
This gain, plotted as the solid curve in figure 8, indicates that the vibration
damper will attenuate the vibrations sufficiently to overcome their amplification at
the deployer. However, the vibration damper does not have sufficient bandwidth to be
effective if the damping coefficient of the tension sensor is reduced to zero or
increased to 200 Nslm (see the broken curves in Fig. 8).

The simulation test described in a previous section was repeated with the
vibration damper included. The time histories are given in figure 9. The response
of the system to step commanded rate is identical to the previous simulation (see
Fig. 4) but with no evidence of high frequency vibrations. Such vibrations were
artificially introduced, and they were seen to damp out in the presence of the
vibration damper.
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Since the nominal tension in the tether is 400 N, the selected spring is
stretched by 1.3 meters by the steady-state tension. This implies that the overall
length of the vibration damper might approach 3 meters during transients. This may
be excessive for the intended application. It is conceivable that the vibration
damper might be mechanized by a spring-loaded rotating drum which is connected to a
rotary damper. Such an arrangement could be made in a small package, but this idea
needs further study.

Another topic of further study would be to increase the damping coefficient,
Dv ' above the value used in the above analysis. This would broaden the effective
bandwidth of the vibration damper while sacrificing the peak level of attenuation
achieved. This change would result in a larger mass and higher spring constant and
would allow for a smaller physical overall length. Such a design might be better
able to accommodate tethers of different sizes and material properties.

CONCLUDING REMARKS

A study of the dynamic behavior tension waves in the cable of a tethered
satellite system has been conducted. The tether dynamics were modeled by a one­
dimensional wave equation whose solution is described by traveling waves of tension
moving in either direction along the tether. The subsatellite was modeled as an
inert mass suspended by the tether from the main satellite. Aboard the main satel­
lite there is a deployer mechanism which includes a motorized reel mechanism, a ten­
sion sensing device, and control electronics. The control electronics combine the
commanded rate with a sensed value of the tension in the tether near the deployer to
form a drive signal for the deployee mechanism.

The system was simulated using a model of the tether dynamics which includes
transport delays to represent the finite time it takes for actions occurring at one
end of the tether to effect reactions at the other end. The simulation showed a
buildup of bursts of high frQuency oscillation of the tension in the tether. The
cause of this phenomenon was determined to be amplification of certain frequencies of
tension waves as they are reflected at the deployer. This occurs whenever the phase
angle of the control loop between the sensed tension and the deployment rate exceeds
90°. No reasonable alterations to the control law or to the tension sensing device
were found which could eliminate this behavior.

Since the dissipation characteristics of traveling waves in the tether were not
available for this study, it could not be determined whether dispersion would suffi­
ciently attenuate the vibrations to overcome this problem. If the dissipative nature
of the tether were known, it should be noted that the associated attenuation is an
exponential function of tether length and may be effective only at long tether
lengths.

It was found that a mass-spring-damper system added to the end of the tether
where the. subsatellite is attached could be effective in eliminating the vibrations.
In the design of this device, the values of the mass and spring would be selected so
that their natural frequency would match the center frequency of the Vibrations, the
value of the damper coefficient would equal the "characteristic impedance" of the
tether, and the product of the mass and spring constant would be selected to provide
sufficient bandwidth to attenuate the range of frequencies involved in the vibra­
tions. A tradeoff must be made between the size of the mass and the spring constant
to minimize the weight penalty and the length of the vibration damper while maintain­
ing sufficient attenuation of the vibrations.
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TABLE 1 - PARAMETER VALUES USED IN SIMULATION -

Tether
Diameter Imm
Mass Density 1440 kg/m3

• Elastic Modulus 135 GPa
Length 100 km

Deployer Actuator
Natural Frequency 10 r/ s
Damping Ratio .7

Tension Sensor
Spring Constant 4000 N/m
Mass 4 kg
Damping Coefficient 40 Ns/m

Command Prefilter
Break Frequency 1 r/s

Washout Filter
Time Constant 200 sec

Suspended Body
Mass 500 kg

Feedback
Gain .0457 m/Ns

•
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