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Introduction

A Spacecraft Control Laboratory Experiment (SCOLE) has been proposed by
Taylor and Balakrishnan? to evaluate control laws for flexible spacecraft.
The SCOLE configuration consists of a large antenna attached to the space
shuttle orbiter by a flexible beam. Taylor, et. al., discusses the details of
the experiment and offers a mathematical model of the system dynamics. The
dynamics are described by three distributed parameter beam equations with rigid
body a;tachments at both ends. The boundary conditions at the beam ends
contain the force§ and moments, both inertial and applied, of the rigid shuttle
and reflector bodies. Non-linear kinematics couples the otherwise uncoupled
beam equations.

This paper presents the linearized dynamics of the SCOLE configuration.
The equations are devé]oped by the method of Lagrange and are assembled into
Matrix Second Order Form. When-appropriate, the nomenclature, sign conventions

and coordinates used by Taylor, et. al., are adopted for convenience.

t Taylor, L. W., Jr. and Balakrishnan, A. V., “A Mathematical Problem and a
Spacecraft Control Laboratory Experiment (SCOLE) Used to Evaluate Control
Laws for Flexible Spacecraft... NASA/IEEE Design Challenge" (Unpublished).
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Nomenclature

Coordinate Systems

[%, 3, ﬁ]T' Inertial Frame

[% R 3 s k ]T' Shuttle body-fixed Frame
b*> “b* "b

[ie, Jes ke]T Elastic body (beam) Frame

[% R 3 , k }T Reflector body-fixed Frame
r* e’ Np

Transformations

Inertial to 5hutt1e body, i.e., I, = TbI1 (T;'in [1])
Reflector to shuttle-body, i.e., [ =T, I, (T4TT1 in [1])

Symbols

total displacement of a point on beam

total displacement of reflector c.g.

vector from shuttle body frame to reflector frame
vector from inertial frame to shuttle body frame
distance along beam in z, direction w.r.t. Ig
vector from shuttle body frame to beam frame
vector from reflector body frame to beam attach point
proof mass force vector

force vector at reflector c.qg.

vector from beam frame to any point on the beam
control moment applied to shuttle body

control moment applied to reflector body

disturbance torque applied to shuttle body

- product of inertia of shuttle body (w.r.t. c.g.) in
the xz-plane
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a,A,u

moment of inertia of shuttle body (w.r.t. c.g.) about x,y,z axes resp.

moment of inertia of reflector body (w.r.t. c.g.) about x,y,z axes resp.

- shuttle mass

reflector mass

beam mass

beam mass density . cross-sectional area
pitch angle, rotation about y axis

roll angle, rotation about x axis

yaw angle, rotation about z axis

-deflection of beam in y-z plane

deflection of beam in x-z plane

angular deflection of beam about z-axis
length of reflector mast, beam

bending rigidity of beam in y-z plane
bending rigidity of beam in x-z plane
torsional rigidity of beam about z-axis
Mass Matrix

Stiffness Matrix

Disturbance Input Matrix

Control Input Matrix

w.r.t. I3 -

acceleration, attitude and angular velocity sensor noise

respectively.
plant noise
ith generalized coordinate

measurement vector

- beam mass density - beam polar moment of inertia

- beam polar moment of inertia -

beam cross-sectional area



Figure 1 - SCOLE Configuration



Kinematics* .

The total displacement of the shuttle body at the c.g. is defined
by, | '
: _ T

and the total displacement for an arbitrary point on the beam and at the

reflector c.g. are defined respectively by

(1b) (s, t) =¥ + % = Qrb + I;ab + I;g(s, t)

T _
Iylry + Tg(a_b +u(s, t)*

where u(s, t)! = [-ug(s, t), u¢(s, t), -s]ax*.

—

T T T,
r-"p r 1" ¥ Toa, + I3!-“" t) - I42r

(1c) W=7 +7% = T

1ilry + Th(a, + ulL, t) - T a,)]=

——

For small angles ¢, 6 and ¢ the transformation matrix Tg is

defined by,

1 -y o
T _
Tb = \b 1 '¢
-8 ¢ 1

and the transformation matrix Tgr by,

*see figure 2.
**12 and 13 are coincident

***The mast is treated as an Euler-Bernoulli rod and u,, u. and

uw are a;sumed small. ¢ 9




o Figure 2 - SCOLE Kinematics’



T .
Tbr -

L, t
where ui_)(L, t) =.3EL%%S————Z.

p-

uw(L, t)

1
-upLs ©) uy(Ls t)

1 u (L, t) as(L, t7)
-ué(L, t)

1

For both Tb and Tbr’ the NASA-Standard Euler Angles for rigid body

rotation are assumed.

The velocity equations: follow directly froh equations la,. 1b and

1c,

(2a) - %b = ITEE

(2b) ﬁe(s, t) = Il[i + %T_
(2¢) ﬁr = II[E‘R

.T' T.
ap + Tou(s, t) + Tby_(s, t)]

+ Tplap + oL, £) - Tha) + T, ¢) - Tl a))]

Making the proper substitution equations 2a, 2b and 2c become,

(3b) Wy(s, t) = 1]

[«
X

Y

kN
 x-du, ~s6-0 vt
Ve ey
y-bugHso-pug i,

.+ - + L] + 3
K eue+¢u¢ 8u +ou

—

¢

whére U(,) 2 h(.)(s, t)



[~ . hd ‘ . " . -- . o- -| -
(qjuw+qge+ww+eue)arx+(uw Bu,+V eu¢)ar

—

(3C) ﬁ =W (L, t) + 1 - NPT ° . PRI -
r e (w+¢ue+uw+¢ue)arx+(wuw+¢u¢+wuw+¢u¢)ary

e TS
Lﬁe ¢uw+ue ¢uw)arx (euw+¢+euw+u¢)ary _

e

where Uiy u(.)(L, t).

By assuming that products of small terms are neglible, equations

3a, 3b and 3¢ simplify to,

M)
X
3.1
(4a) ry = I1]y
L%
x-sb-u, |
. . ..
(4b) W (s, t)°] yHsetu,
2
e o
r>'<-Lé-{:e+([1 +y)a ]
. v Fy
S I R =
(4c) Wr"Il y+Lotu - (y+u )a > U u(.)(L, t)
¢ ¥y
. . .l . .o .|)a
L?+(e+ue)ar -(¢+u¢ ry_

X

Kinetic Energy, Potential Energy and Generalized Forces

. In the method of lLagrange, the equat{ons of motion are formulated
from the sca]af quantities of kinetic energy, potential energy and
work. Using the kinematics of the previous section these three

quantities are easily written;



(5a)

(5b)

(5¢)

Kinetic Enérgy

T = l/Z{Ms(x +y +z )+J ¢2+J 62+J w2-+2J é¥
Sx y Sz Sxz

| mr<£«§xf§¢y+ie§,z)+a,x<é+&;u. £))2

9, (orug(Ls )5, (L, )

~ <

‘2 o2 2 b ) (5112
+ [ ols)(Wg +C 447 )ds + f K(s)(w+uw(s,t)) ds}

Potential Energy

L
= 1/2 [ {EIu "2(5, t)+EL (s, t)46duy 2(s, t)}ds
' o

Work
W = JQ.8q. = (F,. +f +, Yo, +(F . +F, +f, )oy
] i°% 1x x X Ty 1y gy
+(0)s_+(T_ +T_ 4T, -f, s,-f, s,~F_ L)ss
z s, Ty De lx 1 Zx 2 Ty

+(T +T +Tp +F, L4F, s 4f, 5,80
e Do Ty Nyl

(T T, +Tp -F_a. +F_ a )&y
Ty v ™x Ty Ty X

+Tr65ué(L’t)'f1x5ue(51ft)'f2x6ue(52’t)'Frxéue(L't)

+T su'(L, t)+f su (s wt)+f, du,(s,,t)+F_ 6u (L,t)
e ¢ 1y ety et ry e

+T _ su (L,t)—F a_ 6u (L,t)+F_a_ 6u, (L,t)
re ¥ N fy ¥ ry Tx ¥

Defining the following Ritz approximations for u¢, Uy and uw,

10
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u (Sn t) Z\) (S)n (t) R .~,3
(s, t) = Jv, ()
u¢ 3 ) §v1¢(s)n1¢( )
L4
u (So t) = Qv (S) . (t)
v, %?iw i,

and making the appropriate substitutions the expressions for the kinetic

and potential energy and work.can be written,

= 1/2M (x2sy +22)+1/2(J 6 +J ¢2+J WY+ $
Sy Sx 3 Sxz

+1/2Mr(§-Lé-Zvi (;);. (t)+va, S (L);i (B .
)

+1/2M Aoy, (L)n - 2, T, L (t)a,~)2

(6a) +1/2M (2462 ~4a_ +zv' (L)n, (t)ar I3 (L)n; (t)a )2
Tx y1e T ¢ .Y

" 2 2
+1/za,y(e+§»ia(L)nie(t)) /2, w+§viw(L)niw(t))

. . L .
+1/20, (]} (Lns (£))%41/2 [ o(s)2%s
X 1'% é o
+1/2 [ ols)(x-se-Jv; (s)n; (£))2ds
E 1 06 7]
. . . 2 L - . : .
+1/2 I°°(S)(y+s¢+§"i¢(s)"i¢(t)) ds% gx(s)(w;viw(s)niw(t))zds

L
- " 2 L]
(6b) U= 12 ]o{EIe(gvie(s)nie(t)) +EI¢(§vi¢(S)ni¢(t))2--

+60(Jv} (s)n; (£)22as
L ¥



-(GC):

SW

-
=

19;89;

1

12

= (F.+f, +f5 )6x+(F +f1 +f )8y
T Iy % ry 1y gy
+(0)62*(T56+Tre+TD ~f1 Sl'fz 52 -F,. L)se
#(T_ +T_ +T, +F_ L+f, s, +f, s )5¢
s¢ r¢ D¢ ry- 1.°1°2,°2
a_ )y

+(T +T +T -F. a,+F
S Yo D% Tx Ty Ty "x .

$3(T, v (L)-F, ’, (51)-F, . F vy (1)en, (t)
1

6 6 X X X '8 6

+H(Tp vi (L) v, (s )+f vi (s5)4F, vo (L))sn, (t)
1T e e %y Ty vl o
+§(T*¢v*¢(L)'Frxaryv‘¢(L)+F'ya”xviw(L))6"‘;(t) |
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Lagranges Equation

Lagranges Equation is given by,

2.

d 5Ty _ a1 , 30 _ 4
gt " aqg Yagy

3 .

where q; are generalized coordinates.
Defining the generalized coordinatesas,

[qi, i'—'l "P]T=[x :yszs¢ »6 i‘psn-"‘¢ (i=1,n¢)’. ni:e(i:'l-.'ne)’ niw(i::l?nw)]

where p = 6 + Ry tngt ny

and performing the required operations on-equations 6a and 6b and using

5¢ results in the equations of motion shown in Appendix 1. Assembled in

Matrix Second-Order Form, the equations can.be written,

Mo+ Kq=Bu+Dv .

MR Me Y Oy
where M= , k= . D =
T
Me M 0 Kge 0
T
u =([F ,F ,f ,f, ,f ,f ,T7_ ,T ,T7T. ,T7T ,T7 ,T 1]
¥ ry 1x 2x ly 2y r¢ ro rw s¢ Sq sw
T
W =[Tqa s Tn » Tn ]
D¢ De D¢

*
A numerical example is presented in Appendix 3.
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Measurement Equations
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Per Taylor et. al., both the shuttie body and reflector are -instru-

mented to obtain inertial attitude, angular velocity, and acceleration

measurements for all axes. Additionally, two axis accelerometers are

located at. intervals of 10 feet along the mast.

The corresponding measurement vector is defined by

2 =,[zl, zI. zl]

where
25 = [og» © PR IRy
A bgr Bgs Vg dps Ops Yd w A

2, = [Xgs Ygr Zgs Xpr ¥p» 2y xbi, ybi;>i = 1=+12]

ot o s
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and (-)S, (')r’ and (')b. denote shuttle body, reflector body and
i

th beam sensor~respectivé1y.

location of the i
Manipulating .the kinematical. equations previously defined yields

the following measurement equation,

Zp] [ Py ] 0 0 1.0 0]
z= [z |= 0 q+ Rw q+ 0 01 0} v
7 -qu~ Ik 0 ™o o1
where,
7, = Qq |
a. 0
R, = Pps z =2z - 0 u; M, K and D as previously defined
qu-ls
Ewvav vy
0. 0. 0. 1. 0. 0. 0 0 . 0 0. . - 0. 0
0. 0. 0. 0. 1. 0. 0. O. 0 0. 0.  oO.
- 0. 0. 0.-0. 0. 1. 0. O. 0 0. 0 0.
A lo. 0. 0. 1. 0. o. v (L) wp(t) --- 0. 0. .-~ 0. 0.
¢ ¢ -
0. 0. 0. 0. 1. 0. 0. o0, e ovf (L) vy (L) 0 0.
0 (:]
0. 0. 0. 0. 0. 1. 0. 0. -ee 0. 0. vy (L) v, (L)
_ : ¥ v
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Line of Sight Calculation

Figure 3 - Line-of-Sight Definitions
The line-of-sight (LOS) is defined by a unit vector (ﬁLOS) from the feed
which is reflected at the center of the reflector.  The expression for

isLOS
coordinates by,

js easily derived (see Appendix 2) and is given in inertial

-+

Ik,
IR

- (R.-Re)-2[(R -R.) R,
LS R Ro)-20 (R Rp) R

-

alRal

0 0 - .
where ﬁ; = I4T (?) = IlTTbTTbE (?) and Rr,.ﬁf are defined in

the above figure.
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The LOS error is affected by-both the pointing error of the
Shuttle body and the misalignment of the reflector due to bending of

the mast. The LOS error is given by,
LOS = sin”} [D; x Ry nel
T LOS

error

where DT is the target direction. For small LOS error angles,

LOS = |p

error T



APPENDIX 1

(7a)

(7b)

(7¢)

(7d)

Translational Equations

(Ms+Mr+mb)§£-(MrL+mbL/z)6-Mr§vje(L)h 5,8

L . .
-f{o v . (t)d M M ve (L t
Io (S)nge(S)nJe( )ds+M a yw+ ary§ 3, I w( )

= F. +f, +f

X lx ZX

(Mg+M #m, Jy+(M L+m; L/2)4-M 8 {p-Mrarx‘%\fjw(L)njtp(t)

+Io(s)2v (s)n; (t)dsM Jv, (L);;J. (t)
0 o ¢ 39 ¢

= F_ +f, +f
ry ly 2y

(M_+M_+m_)z+M_a_ 6-M a o+M a Zv' (L)n (t)
s'r'b r rx r fy r xg e

M. rygv'¢(L)n ¢(t)

Rotational Equations

2, a2 2 a7 "
(JSX+er+MrL M2 ry+mbL /3)¢+(mbL/2+MrL)y

-Ma. z- -Ma_ e, 6~ -Ma. a Zv (L)n

y y X y xJ

(t)

g

M2+ )Jvy (L)ng S0 o(S)SZv- (s)n: (t)ds
Ty x5 % o J¢

+M LZ\. (L)nj (ths, -Mla )o- MLa, zv (L)n (t)
J ¢ ¢ Xz X % w w

23



= T 4T 4Tn +F L4f, s, 4f. s
I 4T, +Tp +F  L4f) 5o B
Se Yo Dp Ty 1yl 22

(7e) - (3 43 ML 244 a2 +m L2/3)5-(M Lim,L/2)x
v Ty "x

MLv; (Lns (£)-MLla g La T, (L)n (t)

r g Jg Je ry ry Z 3y

Ma_ z-Ma ¢+(M aZ +J )Zv‘ (L)n (t)
rr 5 rx ry Pre Ty'5 3

L .
_M a xarygv ¢(L)nj¢(t)+ Io O(S)szvje(S)njeds

-f, s 3 F L

BRI Tt Tt W

"0 6

(7f)(J . +Jb+M a +M a )¢+M a, X- M a. Le
S, y x Y y

2 ..

+(J, +M as +M a )zv (L)n (t)-M a zv (L)n; (t)

Pz Tly T3y 3y ° 7 ryJ g

Ma yHd. -Mla. )wMa Iv; (L)n; (t)+f «(s)] v, (s)n (t)ds
P Sy ° "xide Y4 J Jy

=T 4T +T, -F_a_ +F_ a
Se T D Tx Ty Ty x

Beam Bending and Torsion Equations

L - .
(79) (Mrvi¢(L)+ Io°(S)”i¢(s)ds)y”Mrvi¢(L)arx¢

[}
H a v! (L)z Mrar a

r 5 v v (L)e

¢ x4

+(M v (L)L+ M. a v (L)+J v (L)+ f (s)sv (s)ds)¢
¢ y ¢ x ¢

24



+ Ay, (L)gv. (L)Ej (t)-Mrv.¢(L)§vj

(L)n. (t)a
¢ g ¢ ! J r

v v X

s 2 . .
-Ma_ a_ v! (L)Jvi (L)n, (t)+M a’ v} (L))v: (L)n, (t)
Pry e 5% o "Tyle 3¢ Y

L .
(t)+ foo(S)vi¢(S)§Vj¢(S)nj (t)ds

+ vl (L)§v5¢(L)Hj ,

i

¢ ¢

L
+ [ ET. (Yv! (s)n; )v¥ (s)ds
It §v3¢ e

= T vl (L)+F, v, (s,)4f, v. (s,)4F v (L)
r¢ 1¢ ly 1¢ 1 2y 1¢ 2 ry 1¢

: L . .
(7h) '(Mrvie(L)+ ] O(S)“ie(s)ds)X+Mrv% (L)ar z

0 6 X

-M.v. (L)a J—M v! (L)a_a_ ¢ .
riig ry’ g s Ty

L
2 e
+(M v, (L)L+M v! (L)al +3_ v} (L)+ [ o(s)v, (s)sds)e
riig rig rx Ty ig o iy

+Mrvie(L)§vje(L);je(t)—Mrvie(L)gvjw(L)njw(t)ary

r

. . 2
+M v! (L)Zvi (L)n. (t)as -M v!
AR PR A6 PRl r. 7V % Ty

o

. L _ .
+J v (L)Zv; (L)n: (t)+ f o(s)vi (S)Zvi (S)ni (t)ds
Y‘y 'le J ve Je 0 9 J Jg . Jg

L |
+ foEIe(gvge(S)nje(t))v¥e(s)ds

=T vl (L)-f, v, (s7)-f, v, (s,)-F v, (L)
Ty 1g 1,714 1772 71,7727 Ty i

X
X
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(74)

26
M a r Vi (L)x M a Lv (L)G M rV3 (L)a y
.Ytb .V w \b x

Mv; (L)a L~ Ma v (L))jv (L)n (t)
\b x y w J g Je

+(M, a vy (L)+M ar Vs (L)+J v (L»j k(s)v; (S)dS)w
Ty dy Ty

al v, O (L)n +_ v (L)zv (L)n +f <(2)vy ()], (s)n; (t)ds
y v ll’ Tz Iy v

- 2 T3
Mrarxviw(l.)§vj¢(L)nj¢(t)+Pzirviw(L)arxgvjw(L)njw(t)
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From the above figure,

+ &
= D2 = P9

It is easily seen that,
> > >

and from (1),

. > -+
Then p-q = (Rr-Rf) - 2q

(R -Re) - 2[(R -Re)-RIR,
and 5
R
R

-

. (R -Re)-2[ (R -Re) R
LOS (R -R)-2[ (R -R.)R

aal

where ﬁa has unit length.



APPENDIX 3~

28

In the following example, the beam was modeled with four finite

elements using cubic polynomial shape functions for bending and 1inear

shape functions for torsion.
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