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Low cyc]é fatigue has been a subject of extensive study [1,2]. Fatigue
damage consists of crack nucleation and crack propagation. A small crack can be
nucleated under a cyclic load by repeated cyclic slip, creep void nucleation and
void coalescence at elevated temperatures, oxidation or other environmental at-
tacks on grain boundary, fracture of oxides, intermetallic compounds or other
inclusions, and debonding at the particle-matrix interface. Once a micro-crack
is nucleated, and the crack is large enough, it will propagate to failure under
a continued cyclic Toad. Therefore, the total fatigue life, Nes consists of two
parts: No and Np for crack nucleation and propagation albeit the dividing line
between nucleation and propagation is not definitive.

It is generally agreed, at the higher applied load range, that the relative
portion of the nucleation life to the total life, No/Ne, is lower. Therefore, in
the low cycle fatigue range, fatigue 1ife is consumed mainly for crack propagation,

especially where environmental attack is severe.
| It is necessary to extend fatigue crack growth analysis into the region of
general yiélding in order to study low cycle fatigue life. This paper analyzes
the crack tip field in general yielding, relates the crack tip field to far field
parameters, analyzes Solomon's fatigue crack growth rate measurement [3] in terms
~of characteristic crack tip field, i.e. in terms of J, develops a general expression
for fatigue crack growth, derives a correlation for low cycle fatigue life and com-
pares the derivéd correlation with experimental data.



I. CRACK TIP FIELD IN GENERAL YIELDING AND FAR FIELD PARAMETERS _

Hutchinson [4] and Rice and Rosengren [5] studied the characteristic crack
tip field in an elastic-plastic solid. According to their analyses, the crack
tip field can be characterized by a single parameter, KO. or KE. or'J, as defingd-
by Hutchinson, and Rice and Rosengren. The crack tip paramters, J, Ko and KE are
related to the far field parameters, and the detailed relation depends on specimen
geometry as well as on the stress-strain relation. J is defined as a contour in-
tegral, and it can be determined experimentd]]y for elastic-plastic solids by the
deformation work difference AND as shown in Fig. 1.1. | '

Under a cyclic loading, thestress-strainrelation in the p]aétic,region often
exhibits a'power relation. Three different power  hardening relations have :
been used to simulate the real behaviors of materials:
1. Pure power hardening, pure PH

e = g S

% %

~ where, s €g ° are reference stress and strain, and a and N are constants.’

2. Ramberg-0sgood power hardening - Ramberg-0Osgood PH

Q

£ =9 4 ()N o (.2)
€0 % % : o

with oy = Eeo.

3. Piecewise'power hardening - piecewise PH

(1.3a)

)n o > oy (1.\3b)

. . . . ol
The stress-strain relations of piecewise power hardening materials can also °
be simulated by "
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The second term of the right hand side of Eqn. (1.3c) is the plastic strain.
It is applicable only when o > Oy- :

In this section, the earlier development of the characteristic crack tip
field in large scale yielding and general yiering will be reviewed. The de-
tailed characteristic crack tip field was derived by Hutchinson and Rice and
Rosengren for pure PH materials. The relations between J and far field para-
meters for pure PH materials have been studied by Goldman and Hutchinson [6]
and Shih and Hutchinson[7] for plane strain and plane stress cracked panels in
tension. Amazigo [8] analyzed the pure PH solid in anti-plane shear. Rice [9]
related J to the applied deformation work density wD for a piecewise PH semi-
infinite-cracked infinite-strip under antiplane shear. Shih [10] obtained the
antiplane shear results for both piecewise PH and Ramberg-0Osgood PH materials
for a finite specimen. Shih and Hutchinson [7] have also studied the plane étres§
center-cracked panel in tension for Ramberg-0sgood PH solid. ’

In this section, the relation between J and ihe far field parameters, the
applied stress, o, the applied strain, e_, and the defbrmation work density, WD
are studied for piecewise PH materials by FEM. The pure PH relation neglects the
elastic part of the stress-strain re]atioh entirely. For Ramberg-0Osgood PH re-
lation, J is related to two temms of far field parameters [7,10]. For piecewise
PH fe]ation, J is related to only one term of far field parameter, which is
simpler in analyzing low cycle fatigue behavior. 4



I.1 Characteristic Crack Tip Field .- Elastic-Plastic Solids

Go]dman and Hutchinson [6] fonmu]ated the fully plastic crack prob]ems to
deduce the crack tip field characteristics. With the assumptlons of (1) small
strain deformation theory, (2) incompressible solids, (3) proport10na1 10ad1ng
and (4) pure power hardening stress strain relation, Ilyushin concluded that if
the boundary traction P. 1ncreases linearly in proport1on to a single load para-
meter t, the stresses at each point in the solid also vary linearly w1th t
[11,6,12]. With the pure power hardening relation,

€ o N '
= = a(— (1.4)
eo oo . .
or
€. . o_ N-18S.. '
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where
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the stresses, strains, and displacements of the characteristic crack tip field have
the form [13]: '
1 ~
[05:96] = 06k, T TN [6;5(6.N).5(0,M)]

ij>e 0o
_ - N
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where r and o are the polar coordinates with the origin at the crack tip and the
crack line lies along the line 8 = . K and K are stress and strain intensity

‘ factors, and they are related by (K )N K- (e N), o (e N), € (e N), and

u (s, N) are the dimensionless funct1ons of o and N. They define the g-distributions

o o

of their corresponding stress, strair or displacement components. o, and ¢ _ are
"reference stress and strain. o and N are the dimensionless constants.



The strain energy of a non-linear elastic Ilyushin solid is defined as
ij |

o _ N y,%e 14N
W= 9 de:k.l = a0, € T_m)(a;) (1.7)

Rice [9] defined J-integral as

J=| (Uny - o.5n.u, ) ds ‘ (1.8)

and J is related to Ko and KE

1+N

N
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where In is a numerical constant‘dependent on N, and the values are given in
_Ref. [13]. , , '

Equatfons (1.6) define the crack tip field, and they are asymptotic solutions
valid only when r approaches the crack tip. These equations give the characteristic
crack tip field for non-linear elastic Ilyushin solids. It has been accepted that
these equations also approximate the crack tip field in power hardening elastic-
plastic solids; and Equations (1.6) have been widely used in elastic-plastic frac-
ture mechanics. Indeed, if there exists a unique crack tip field invariant to in-
plane geometric variations and the types of loading, these equations together with
the relations for J, Ko and KE will be able to form a basis for a generalized |
elastic-plastic fracture mechanics theory. However, McMeeking and Parks [14] and
Shih and German [15] have shown that the plane strain crack tip field is dependent
on sample geometry and the types of loading. Therefore, the characteristics of the
crack tip field in general yielding have to be examined carefully before the use of
a mechanical parameter such as J, KU, KE, and rp to characterize a specific crack
tip field. ' 4

To begin with, a reference characteristic crack tip field has to'bé chosen.
The e]astié-plastic‘crack tip field in the condition of small scale yielding seems
to be the best choice as the reference field. Hu [16] and Hu and Liu [17] have
suggested the use of direct correspondence between the crack tip field in a large
sample in small scale yielding and the crack tip field in a small sample in general
yielding as the basis of elastic-plastic fracture mechanics.



1.2 J and Far Field Parameters

For Ilyushin solids, the crack tip stresses and strains afe linearly propor-
tional to the boundary traction, o_ . Therefore, the crack tip field can be ex-
pressed in the form (6] '

Oy o

A3 . X 8
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(1.10)
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where a and w are crack length and panel width, and the dimensionless functions
topped by "+" are independent of the boundary stress o_- a ‘

Plane stress and plane strain crack tip fields in pure PH materials have been
ca]cu]ated by Goldman and Hutchinson [6] and Shih and Hutchinson [7] for center
cracked panels in tension. J is related to the applied stresses, and the relations
are given in the following form:

J - o2 W 1+N
TG 9( N (2 ) ( ) , for plane stress - (12)
S i
—-————‘f(a N)( L ) ( (lﬁ )]+N, for plane strain (1.13)
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The values of g and f for pure PH materials are tabulated over the ranges

%f_%i% and 1 <N < 20 [6,7].

For both Ramberg-0Osgood PH and piecewise PH materials, the stress-strain re-
lations do not fulfill the requirements of an Ilyushin solid. Therefore Eqn. (1.11)
has to be modified.

Rice [9] has shown that the J-integral of a semi-infinite crack in an infinite
slab with clamped boundar1es at a constant shearing d1sp1acement is

J = 2ZhW_
where 2h is the height of the slab. ° 1In an elastic solid, W is the constant:'

strain energy at x = + = as shown in Fig. 1.2 . For piecewise PH materials,
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Shih and Hutchinson [7] have obtained the numerical results for plane-stress .
center—cfacked panel in tension for Ramberg-Osgood PH materials. This section
deals with the numerical calculations of plane stress and plane strain single-
edge cracked panels in tension using piecewise PH relation following the procedure

of Shih and Hutchinson [7].
For piecewise PH materials in tension

QIQ

= E_ o <
€y OY
(1.16)
)n o > Oy

QIQ
'

= (E_
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where Oy and gy are yield stress and strain respectively. ,
- Based on Eqns. (1.12), (1.13) and (1.15), the expression for J-integral can

be generalized to the following form:

J o “T],
1 = g(w’ n )(0-)
o g (W )ﬁ’ Y
6 A twapy
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J = g(2 n=]~‘)+[o°°€°° - lﬂg(e-’h)' - for o > ¢ N (1 1?b)
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where B8 = 1 for plane stress case, and B = (%3§]+" for plane strain case.
g is a function of (%) and n. The values of 9 for plane stress and plane strain -
cases are different, and they are tabu]ated in Referencés [6,7]. As indicated

by Goldman and Hutchinson [6], for plane strs;p case, when X9 approaches oo,

From Eqn. (1.5), we also have the fo]]ow1ng for the pure PH materials in the plane .
strain case:

1 -
€ V3 /3 %o\n :
T (E—'E;) | (1.18)
and
. .
o€ o 1+ — o
2=,y - (1.19)
OyEy oy

In Eqn. (1.17b), the first term is the elastic contribution, and the second
terms are the plastic part. . o .

The'expressions for the stress intensfty faétors in the linear elastic
fracture'mechanics are modified by using aoff in order to take account of the
plastic effects [18]. To account for this effect, following the practice by
Shih and Hutchinson for the Ramberg-0sgood PH materials[7], Eqns. (1.17a and b)
are modified to the following forms for piecewise PH materials.

! = yg(—— eff 0, < Oy (1.20a)
w
oyey2f (ra)
J = yg(-= eff 2,n); o, > oy (1.20b)
oYsYaB(———O



where _ for ¢ <G
o — Y
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(1.23)

For the study of fatigue Tives of smooth specimens, the relevant fatigue

crack is often very small relative to the other dimensions of a .specimen.

fore, the case %-+ 0 is of particular importance. In this case:

a a o 2
=efflw-a ~Eff= l]——n- —2 .
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w
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Equations (1.20a and 1.20b) become
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There-.

(1.24a)
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where g(0,n) is given by
g(0,n) = [3.85/ 1 (1-n) + mn]
for a center cracked pahel in the plane stress case [7]. A similar formula

can be written for the plane strain case.
Equation (1.24) can also be written as
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J © ©
— = g(0,1)( ) = 2g9(0,1) (W /oyey) 3 o <o (1.25a)
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is far field deformation work density as illustrated in Fig. 1.3, and it is

em

¥p
givgn b_y.wD = g de_ . The size of a critical fatigue crack at failure is
0

usually rather small. Therefore, for a very small crack, o_ and €, approach o
and ¢ of a smooth specimen. ‘ '

‘The deformation work done to a non-linear elastic solid is stored as poten-
tial energy , i.e. strain energy. But for an elastic-plastic solid, a large
part of the deformation work is dissipated in the form of heat; only a small part
is stored as potential energy.

Equat1ons (1.24) and (1.25) can be written in the simpler form:

J = 9(0,1)(o e )agee o, < Oy
' ' | (1.27a)
= [n] O, * Mo oYeY]a » 0, > 0y
and
J = 2g(0, 1)ND of f g, < Oy
(1.27b)

[n: ND + n; oYeY]a . g, > Oy

Vlwhére n;,Ané, n;-and n; are functions of n. Fof plane strain case, the re-
lation between J and the far field parameters can be expressed in the same form.

Equations (1.27a and 1.27b) will be used as the basic forms ofﬁthe'éxpfessions

of J for a small crack in a wide plate of a piecewise PH material. These two

relations w111 be checked with the finite element calculations and the values

of n], No» n], and n2 will be determined.

1.3 The Finite Element Method Analysis
In order to assess the validity of the above analysis, an elastic- p]ast1c

finite element study was undertaken. The ABAQUS FEM program was used. The
finite element idealization of a single edge cracked panel in tension is shown

in Fig. 1.4.V The crack length to width ration, a/w = 0.1. The material obeyed
the Von Mises criterion and the piecewise power hardening-re]ation,

11



g = Ee'; o < oy

o e AN . ' '
== (=) g>o0 ' (1.28)

The exponent of the'stress}strain relation, n, was taken 0.2 and 0.3.
E=7.0x 104 MPa .and oy = 350 MPa were assumed. '

The‘plane eight noded quadratic isoparametic.element was used. The crack
tip triangular quadratic isoparametric elements were formed by collapsing one
side of the quadratic element and placing the mid-side node closer to the crack
tip at the quarter point [19]. Crack-tip blunting is modelled by separating the
condensed crack tip nodes as shown in Fig. 1.5. Displacement control was used.
Both plane stress and plane strain analysis were made.

J-integral are evaluated from the field values obtained by the finite ele-

"ment analysis. Both rectangular path and circular path are chosen. The paths

are shown as dashed lines in Fig. 1.4. The detail procedures of the calculation
were reported by Zhuang [20]. ' '
Path dependency are less than 3% for all the plane stress cases and less than
7% for all the plane strain cases. '
. p ,
Figures 1.6 to 1.13 show the plots of °yy/°Y' eyy/ey, ee/ey, and °e/°Y along

‘the crack line versus r/(d/oY). J/oY is a measure of crack opening displacement.

In Figs. 1.6 to 1.9, the different symbols represent the data at different boundary
displacement levels. The solid symbols indicate that the applied nominal strain
is beyond the yield strain, €y- The open symbols indicate that the nominal strains
are below Ey- The nominal strain is the quotient of loading displacement divided
by height of the specimen. In each dimensionless plot, all the data near crack
tip for small scale yielding, large scale yielding and general yielding fall on
the same curve. The fact that, at various load levels, the data of oy » Eyy? Ogo
and eg, in the crack tip region fall on the same curves suggest that there exists
a characteristic crack tip field and that a single parameter J, Koior Ke can
characterize the crack tip field.

Close to the crack tip, the strain, ¢

, stress, oyy,effeétive stress, o

yy e
and effective plastic strain eg, can be expressed as
J - (1;29a)
= b of X oS . =
o}
Y

12
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(1.29b)

"~ (1.30a)

(1.30b)

The values of the slopes of the line segments close to the crack tip in Figs.

1.6 to 1.9, m], My, My, and m4, are tabulated in Table 1.1. These values are
very close to those given by Hutchinson [4], and Rice and Rosengren [5], except
the p]ané,strain,,m] and m, which are slightly different. The sums of the cal-

culated values of (m] + mz) and(m3 + m4) vary from 0.94 to 1.04. These are close
to unity as predicted by the HRR theory.

Figures 1.6 - 1.9 are for n = 0.3.

Figs. 1.10 - 1.13. In these figures the individual points have been deleted, and

the far field data are shown.

TABLE 1.1

Similar plots for n

= 0.2 are shown in

COMPARISON OF THE FEM AND HRR THEORY FOR THE VALUES OF Mys Mys May and my

Stress-Strain

- State

Plane Stress

Plane Stress

Plane Strain:

Plane Strain

0.2
0.3
0.2
0.3

™

FEM

0.77
0.71
0.78
0.75

HRR

0.83
0.77
0.83
0.77

m,)

‘FEM
0.167
0.23
0.225
0.29:

13

HRR
0.167
0.23
0.167
0.23

m3
" HRR

FEM

0.83
0.81
0.83
0.79

0.83
0.77

0.83

0.77

My

FEM
0.167
0.23
0.167
0.23

HRR
0.167
0.23
0.167
0.23



Figures 1.14 to 1.16 plot the product of ( oy _ZX) at various
distances from the crack tip,r, as a function of therrodutt of the far
field parameters, (—m-- Ew) In Figs. 1.17 to .1.19 , the normalized
J- 1ntegra1 values are p]ot‘ed against (omem/oYeY) and deformation work
density ND respect1ve]y for all the cases analyzed. It is demonstrated in
_these figures that both in the small scale yielding region (omsm/o € 0.5)
and in the general yielding region (cmem/ovev > 1.4) the re]at1ons between
(oyyeyy/oy Y) and (CmEm/OY =), (J/o € a) and (0wEun/o - ey), and (J/oyeya) and
(wD/oYeY) appear linear. There 1s a nonlinear region in between (e.g.

' 0.5§(omc@/ovey)<l.4). Several correlations between J and far field parameters
in this region have been suggested in the recent years [21-24]

Guided by Eqns. (1.20a) and (1}20b),_an obvious modification to approxi-
mate the relation between J and (0wt=x) for the single edge cracked specimen
in tension, both plane stress and plane strain is (7]

J eff

. = wF( =, 1) (Z=t=); 55 ¢ @ (1.31a)
oyeysg) " Y ! |
J - wF( Eff (1.31b)

e ¥ DK o:ew) G s 0o > oy

where F(—,n) is the factor similar to g(w,n) and f( »n) in Eqns. (1.12) and
(1.13) for pure power hardening materials. We assume that F is related to g
and f in Egns. (1.12) and (1.13)

F(%yn) = k(——-)]+n f(w, n) for plane strain (1.32a),
Fa
(1)
The values of f and g are tabulated as fg and g; in the References [6] and [7]
for pure hardening materials with center cracked strip. These values are used

for the correlation for this study. The value of k = 1.12 was used to fit

the data.
According to the results of Kumar et al. [25] for Ramberg-Osgood power
hardening materials, the value of k varies with a/w and n. The value of F,

kg(Wan) | for plane stress _ (1.32b).

at a given applied stress, must be the asymptotic value as a/w approaches
zero, and J will be linearly proportional to a.

14



Figure 1.17 shows the comparison of the results from FEM calculation
and the results based on the simple estimates of Eqn. (1.31) for n = 0.2,
a/w = 0.1. The results of the FEM calculations and the estimates by Eqn. (1.31)
are listed in Tables 1.2 and 1.3 for comparison. The maximum error is
- less than 9% for both the plane stress and plane strain cases at the point of
IsEu/Oyey = 1. '

Figures 1.17, 1.18, and 1.19 show the correlation between J and o,e,
and“wD These results substantiate that J can be l]nearly related to these
two far field parameters in the general yield region, i.e. o >0y

' + : 1.33
Jd [n_lome«, 2 Yey]a (1.33)

[n']'“o + noneY]a - (1.34)

&
]

Ny and n, are the intercepts of the lines when o€, and wD are zero. n,
is nearly equal to zero, if the strain hardening exponent n is not too small.
Both o_€_ and ND are re]ated to deformation work done to a solid, DW. There-

fore Eqns. (1.33 and 1.34) can be written in the form

J = [n.l DW + n, oy sY]a ] ‘ (1.35)
where
DW = 0.E,
or
= wD’

and it is the primary driving force for crack extension.

15
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II. J-INTEGRAL AND FATIGUE CRACK GROWTH

In strain controlled fatigue or low cycle fatigue, cracks are initiated and
the cracks propagate in cyclic ceneral-yielding loadina. Therefore, the LEFM
can no longer be used to analyze fatioue crack growth rate.

Dowling and Begley [26] and Dowling [22] suggested to use AJ to correlate
withAfatigue crack growth rate, Figure 2.1. The value of J was evaluated as
the "deformation work difference" for through cracks in plates. Dowling [22]
has developed an equation for surface crack by combining the FEM calculations
of center-cracked and edge-cracked panels by Shih and Hutchinson [7]. Haddad
and Mukerjee [27] and Tanaka, Hoshide, and Nakata [28] followed the same pro-
cedure to evaluate J and correlated J with da/dN. Kaisand and Mowbray [21]
correlated fatigue crack growth in general yielding with AJ. AJ was divided
into two parts: elastic and plastic.

M= M+ A - | (2.1)

Using Shih and Hutchinson's calculation and following a procedure similar to
Dowling's, AJp for a surface crack is approximated by '

A = 1.96/T/n" AN:a (2.2)

where n' = cyclic strain hardening exponent. Aw; = plastic deformation work

density at infinity,
Tomkins [29] and Tomkins, Summer and Wareing [30] correlated crack growth
rate with crack tip opening displacement, CTOD, and J. J consists of two parts

2 amoe,_a
- To a p
J R Fe (2.3)

where n is monotonic strain hardening exponent.

Solomon [3] measured fatigue crack growth in speciméns in general yielding.
In this section, the crack tip field of Solomon's specimens will be calculated
with FEM. The J values will be evaluated, and the measured crack growth rate
will be correlated with the calculated J values. The crack growth data of a
number: of steels and aluminum alloys were examined and used to develop a genéra]
expression for the characteristic fatigue crack growth behavior in terms of aJ.
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2.1 The Analysis of Solomon's Experiment . B

The test section of -the Solomon's specimen is shgwn in Fig. 2.2. The test _
section of the cylindrical specimen was reduced by two semi-circular notches. The:
gross'cfosé-section of the specimen was 1.24 x 12.6_mm2. R sharp notch was used to
initiate the faticue crack. A specimen was riaidlv attached to the loadinc frame of the
test machine. Fatigue crack growth rates at six cyclic p]astit strain ranges were
measured. .The applied strain range was controlled by an extensometer located
at 7.62 mm from the edge of the specimen as shown in Fig. 2.2. ‘The specimens
were made of 1018 steel. The chemical composition is given in Table 2,1{ The

cyc]ic_stress-strain relation of this steel is

Ae '
Ao _ p,0.26 _
Ao Ae )
where 5 and —72 are cyclic stress amplitude and cyclic plastis strain am-

plitude. %g-is in MPa. This cyclic stress-strain relation was used in the FEM

calculations.

The total strain consists of two parts

Ae = Ae, *+ Aep ' , (2.5a)
and
= 8o o :

The cyclic yield stress (170 MPa) is obtained as the intersection of two straight
line segments in the log Ac/2 versus log Ae/2 plot, one in the elastic region and
one in the plastic region (see Fig. 2.3).

Solomon [3] plotted his erack growth data in terms of a pseudo stress in- o
tensity factor defined as ' '

A(PK) = E(ae )Va . (2.6)

where Ae = Ae, '+ Aep_

Subsequently, the data was analyzed by Haigh and Skelton [31] in terms of
strain intensity factor defined as '

aK_ = (]7 Ae, + Aep)/ﬁ O (2.7)
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In order to compare with Eqn. (2.7), Eqn. (2.6) can be written in the
form ‘

fi_%igﬁl = (Aee + Aep)/FE " (2.8)

‘Solomon correlated his data with the total strain range Ae . - In Haigh and
. Skelton's éna]ysis, the elastic strain amplitude was used instead of the elastic
strain range because of the consideration of crack closure. The data and the.cor- '
relations proposed by Solomon [3] and Haigh and Skelton [31] are shown in Fig. 2.4.
The scatter band of Solomon's correlation is & factor of slightly more than 3, and
the scatter band is reduced to a factor of 2.5 by Haigh and Skelton correlation.

Brown et al. [32] calculated the plane stress crack tip field of Solomon's
specimen with the FEM. In their calculation, a constant stress boundary condition
was used. The crack growth rate was correlated with the size of severe strain
zone, r,. .
A plane stress finite element method calculation was made. for the Solomon's
specimen in the present work. The mesh is shown in Fig. 2.5a with an enlarged
view of the detailed mesh near the crack tip in Fig. 2.5c. The lateral curva-
ture of the specimen was simulated by layers of varying thicknesses as illustrated
in Fig. 2.5b.

‘The so]id lines in Fig. 2.5c delineate the meshes, and the dashed curves
are the paths for J-integral evaluation. The details of the calculation procedure
have been discussed earlier in Section I. A1l the elements in the layer closest
to the crack line are of the same thickness, and the values of J-integral are
evaluated along the paths within this layer. '

Solomon's specimens were tested in the strain controlled fatigue test fixture.
Both ends of the specimen were fimmly attached to a rigid test frame. Therefore,
a constant displacement boundary condition simulates the test condition closely,
and a constant displacement boundary condition was used in the FEM calculation.

Crack tip stresses and strains for three crack lengths, a = 1.27, 2.54, and
5.08 mm, were calculated. The data on effective stress, effective plastic-strain,
stress Ty strain €y are plotted in Figs. 2.6 and 2.7. Figure 2.8 shows the
normalized strain distribution near the crack tip for three different crack
lengths. It is interesting to note that the normalized strain data near the
crack tip are on the same straight 1ine for all three crack lengths. The
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results in Figs. 2.6, 2.7tand 2.8 suggest that J Integral characcerizes the
crack tip field for Solohon'c—specimens, and J can be‘used t0'an61yze his crack |
growth data. |

The J-values were calculated following the dashed contours in Fig. 2.5c.
The J-values of three specimens with three different crack lengths are plotted in
Fig. 2.9 as a function of the plastic strain at the location of the extensometer, .
i.e. at x = 7.62 mm from the left hand side edge of the spécimen; J is also

plotted as a function of the total strain, e, at the location of the eXtehsometer.

Yy
For a strain controlled fatigue test, the stabilized hystefesis loop is

symmetrical as shown in Fig. 2.10. During the lower half of the cycle when the

applied stress is negative, a crack will close and will lose its effectiveness,

and the whole specimen will deform uniformly [31]. This deformation does not con- -
tribute to the characteristic crack tip field. Therefore, the applied AJ, which
"causes a crack to cpen, induces the characteristic crack tip field, and propagates
the crack, corresponds to the positive part of the loading cycle, ABC in Fig. 2.10.
During the positive part of the loading cycle, the stress-strain’fol]owc-tﬁe'
curve ABC. This segment of the stress-strain curve consists of the elastic and

plastic parts. The plastic_part is Ae,. and the elastic part is (Ac-Aep)/Z. The

P
AJ-value for Solomon's specimen was evaluated at the plastic strain range Acp.
and it corresponds to the AJ along the loading curve ABC in Fig. 2;]0.

The stress-strain relation along ABC differs from the cyclic stress-strain
curve. However, the cyclic stress-strain curve was used to ca]cuiate the crack
tip'field_for So]ohon's tesf. From the ficure, the AJ-values of the 18 combina-
tiohs of three crack lengths and sik c}c]ic plastic strain ranges can be obtéiﬁed.

The crack growth rates at these 18 combinations of crack lengths and Acp
are obtained from Solomon's data with A(PK) = EAenyE . ‘The correlation of AJ. |
‘with da/dN for Solomon's test is shown in Fig. 2.11. The scatter band in Fig. 2.11
is much narrower than the plot in terms of either A(PK) or AK . in Fig. 2.4. »The
data in Fig. 2.11 gives the empirical relation
da

W=025 X ]O

6 (2.9)

AJ]°6 (mm/cycle)
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for Solomon's 1018 steel. Equation (2.9) is also plotted in Fig. 2.1 as the
dashed line. The data of 1018 steel is very close to the data band of A533B
steel. '

2.2 Fatigue Crack Growth-in the Near Threshold Region

An ahundance of information on fatigue crack growth is available in the
literature. The overwhelming majority of the data in the near threshold region
is correlated with the stress intensity factor range, AK. Since K and J are
related, the same data can be converted to correlation with aJ.

Crack growth rate decreases with AK and AJ. da/dN starts to decrease

rapidly at the transition point at da/dN = Et and AK = AKt or AJ = AJt.l Liu and

Liu [33] have shown that, in the near threshold region, fatigue crack growth

rate can be expressed as

da - o Rk ]- 81" = 2 [AKth 81" ~ (2.10)

Yoder et al. [34] suggested that for steels, the transition point 1s re]ated to
the mean free path for dislocation movement, l Young's modulus E, and cycllc

yield strength Oyc? and we have

da _ 5 e
aN - @ L.~

N (?.10b)

- g
AKth

where D, F, C, B, m, lt and AKth

Since K and J are related, therefore these equations can be written as -

are empirical constants.

da. o'[zﬁ-%; 5" = [—;h-- o1 (@200
and
da _ g S!Q.[QQ__ - 3']m' : © o (2.11b)
dN E AJth '

! . ‘ 4 '
Equation (2.11b) is used to make the regression analysis of the fatigue crack
growth data of a number of steels, which were analyzed earlier by both Yoder et al.
(34] and Liu and Liu [33]. In the regression analysis, the values of C', B8', and
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m' are allowed to vary. The values of C], B], and m] of each data set are de-
termined. at the point of minimum error. These values are tabulated in Table 2. 2.
Both of the average values of B' and m' are close to one. Once the value of 8'
is accepted as equal to one, a second regression analysis was made to determine-
the values of C' and m', Cé and mé. These values of C2 and mz, and B = 1 are
used to plot the curves in Fig. 2.12 . With the average values of B] and m],

the data of all the steels in Figq. 2.12, give the empirical ecuation, which is
shown as the dashed line in the same. figure.

da _ o112

YC (A ‘

-2, 2 2 -
With 2 = AK{/8noy. = AJ, E/8no vc and (AKt/_AKth)zz 83y /0y = 2, Ean. (2.12a) can

 be written in the form

A
o palth A

%

da

N - )" (2712b)

AJh

Thg data in Fig. 12 give an average va]ue of A equal to 1/40m.

The data of nine additional steels are plotted in Fig. 2.13 according to
Eqn. (2.11a). Table 2.3 shows the regression results of these nine steels.
Figures 2.15 to 2.24 show individual regression curve for each fatigue crack

~growth curve. The original data and the references of the data sources are
shown in Fig. 2.13. .

The data of several aluminum alloys are shown in Fig. 2.14. The data starts
to deviate from Eqn. (2.11a) when da/dN exceeds 2 x 10'2 mm/cycle. Even for low
cycle fatigue tests, da/dN does not often exceed this growth rate. Therefore,_
one may conclude that fatigue crack growth data in the near threshold region
correlates well with Eqns. (2.11a and 2.11b).

If the second term of Eqn. (2.12) is neglected for the FCG rate in the higher

2

| . s 2 _ 2 2
: AJ region, and if the relation & = AKt /81roYC = AJt E/BHOYC R (AKt/AKth)

= AJt/Adfh = 2, and C' = 0.1 are used, Eqn. (2.12) becomes

da AJ
= 0.0 — (2.13)
dN cYc . co

Eqn. (2.13) agrees reasonably well with the unzipping FCG calculation obtained by
Kuo and Liu [35,36]

da A :
- 0.02 & (2.14)
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In cénclusion. a general expression of the following form will fit well
‘with each individual fatigue crack growth curve

da _ - -
A - a, T , (2.15)

In the higher AJ region, the second term can be neglected and

da - A" C(2.16)
TABLE 2.1
COMPOSITION OF THE 1018 STEEL AND A533B PRESSURE VESSEL STEEL
¢ Mo P S N 0  H Ni Mo - Si
1018 Steel  0.18 0.89  0.013 0.022 0.0047 0.0019 <0.002 0 0 0
A533B Steel 0.25 1.1501.50 0.035 0.40 0 0 0 0.40.7 0.450.60 0.15v0.30
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III. FATIGUE CRACK GRONTH'IN GENERAL YIELDING AND LOW CYCLE FATIGUE LIFE
Fatigue damage includes the processes of crack initiation and prépagafion.
Owing'to the defects and damage during material processing and fabrication,and’
owing to environmental attacks such as'oxidation and hydrogen embrittlement, the .
crack initiation period might be shortened, and fatigue lives of such engineering
' tomponents or structures are mainly fatigue crack propagation periods.
Elastic-plastic fracture mechanics can be used to study the life of a Tow
cycle fatigue specimen baéed on crack propagation. Kaisand and Mowbray [é]] de-
rived the expression relating the life of strain controlled fatigue sbecihén to
the farlfie1d deformation work density, AW~ . The J-integral relation developed
- by Shih and Hutchinson [7] for the Ramberg-Osgood hardening hatérié]s was used.
According to Kaisand and Mowbray [21] the relation between AwwAand,fatiéue

life, Nf, can be expressed as follows:

AW = ANe + ANp

-1/ “1/y ' |
eV e (3.1)

where aAW’is the applied deformation work density which consists of e]astfc and
plastic parts. C], C2, B and y are constants. Awe“ and Awém are re]atedlio
the appligd stress and strain ranges.

J is related to deformation work density, J = nJode_= nwD (6,7,9,18,37].

Dowling and Begley [26] and Dowling [22] correlated fatigue crack growth with AJ;

and Chen, Zheng, and Tsai [38] have correlated low cycle fatigue lives with the
~ deformation work density.

In this section, the cyclic 1ife will be related to the applied stress and
strain ranges, Ac_ and Ae_. The relation will be derived from the relation between
J and the far field parameters together with the cyclic crack growth relation in

Sections I and II.
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A fatigue crack is often nucleated on a free surface in the shape of a semi-
e]]ipsé,:and fhe'nucigafed'crack-is often a shear crack. For a part through shear
crack, the shear mode of the crack tip field varies froﬁ mode 11 to mode III along
the periphery of thé crack. For a part through teﬁsile crack, Fig.,3.1, a plane
stress crack tip field exists at A, énd a plane stfain field exists at B. The
variation of the character of the crack tip field is determined by the,crack orien-
tation and the applied stresses.

"Along the periphery of a semi-elliptical shearvcrack, the value of J varies.

" Equations (1.33) and (1.34) have to be modified by a function of 0,9(0). ¢(0) pre-
scribes the e;varigtion'of J along thé crack pefiphery. In the étéady state growth of a
sma]]fcrack, the geometry of the-growing crack can be assumed to remain similar.

For geometric similar cracks, @(e) remains unchanged, and only a single crack

length parameter is néedéd to characterize the-crack tip fie]d._ Therefore, equa-

tions in the fqrms of (1.33) énd (1;34) are applicable to the geometrically simi-

lar semi-elliptical shear cracks, as well as to the geometrically similar semi-
el]ibitica] tensile cracks.

The relations between J and the far field parameters were developed for
monotonic loading. For completely reversed cyclic loading, R = -1 and Smean - 0,
a crack will close under compression, losing its effectiveﬁess. Therefore, the
processes of developing the characteristic crack tip field, crack tip opening,
and craék growth occur during the tensile half cycle, i.e. during the part of
“the loading curve ABC in Fig, 2.10. The effective aJ for crack growth corresponds
to this parf of the loading curve. Hence, the effective sfress range, Ao_, and

Ao

. Ae ,
effective strain range, Ae_, are 7 and (Aep + -59). Therefore, o_ and €_ in Egns.

(1.24) and (1.25) should be replaced by these two quantities, correspondingly. The
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quantity oy and ey are used to normalize the expression for J in Figs. 1.17
and 1.18. Hence, oyey Can be changed into SycEYC without major change in the
form of the derived relation. A small change in the form of a constant factor
can be absorbed into the constant nye

Ih Section II, the J of a mode I through crack has been investigated. For
geometrically similar part-through semi-elliptical cracks in infinite solids,
with the 6-variation omitted, the J integral can be written in the similar form.

For a piecewise power hardening material,
Ad = (n] DW + nZOYCEYC)a - (3.2)

where N and n, are functions of n and they are constants for a given material.
DW is the deformation work parameter. It can be either 8o _be_ or AwD.

In Section II, the data indicate that a general crack growth re]atfon can
be put in the form

an -

th , aJd m o
(—-1) . (3.3)
oyc  A¢h

If the growth of semi-ellipitical cracks follows the same relation, and substi-
tuting Eqn. (3.2) into Egn. (3.3) and integrating, we obtain the following ex-

pressionl_ During the propagation of a small crack,DW is assumed to be constant.

°yc 1 ) ]

(Np - N) = — { - — } (3.4)
f (o} A(m ])[n] DW+n2°YCEYCj (ao ) ])m ] (_a_f__ ] ])m 17
3th a%th
where a, and ac are initial and final crack lengths. No and Nf are crack

initiation life and total fatigue life. 3, can be considered as the maxi-

mum size of a non-propagating crack at the applied cyclic load.
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3gh = Bdgp/(ny D *mjoyceyed 0 (3.5)

At a given value of DW, a,, is constant.
If a; is much larger than 2, the second term within the bracket of (3.4)
is much smaller and can be neglected. After rearrangement, Eqn. (3.4) becomes

[h, DW + n,o,.ey~]a m-1 : c
1 2%yceyca, _ %y
a &7, 3 [ny D+ njoyceycdNg - No) = gryy (3.6)

h
Fatigue lifé is a function of the deformation work, DW. Thus we have

(Ng - Ny) = F(DW) = fi(ac_ae ) = f,(aM)) ‘ (3.7) -

0

a, is related to the microstructural feature of the crack nucleation process.

For a given material, a, is a constant. Ny is negligible if the value of n is not

too large. No is negligible if there exist material and fabrication defects or if

environmental attact is severe. If éo is much larger than qps and if no and N0

are negligible, then we have

‘ p Ad,, m-1
(o)™ N = —YE_ ()" - ¢ (3.8)
The right hand side of Eqn. (3.8) is a constant. Or
(8o ne )" Ne = C, ' (3.9)
and '
m _ .

The total life consists of fatigue crack initiation and propagation,_N° and
(Nf - No)' The crack initiation period is strongly affected by the size of the

material and fabrication defects, a_. A large a_ will reduce the total fatigue

0 o
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life. The quantity, a;, can be considered as the size of a ﬁon-pfopagating
crack, at the applied stress and strain ranges. If a, is less than qps the
crack will not grow and no fatigue failure will occur. Fatigue life is also
affected strongly by the crack growth characteristics A, m and AJth‘

| Because of the‘uncertain nature of the cyclic crack tip field due to the
lack of the precise cyclic constitutive relation, the lack of the calculated
cyﬁ]ic crack tip field, the lack of the information on sﬁear cracks and the
uncertain nature of the frictional shear stress between mating crack surfaces,
tﬁe_relations given by Eqns. (3.4, 3.6, 3.7, 3.8, 3.9 and 3.10) may not be accu-
rate quantitatively. However, these equations give the basic forms of the ex-
pressions for fatigué life, and how fétigue life is related to all of these
factors. And these equations also help us to develop meanfngfu] correlations
of the experimental data and to assess the contributions from various physical
Snd mechanical factors. |

Chen, Zheng, and Tsai [38] conducted strain controlled fatigue tests on

copper-aluminum wrought alloys. The chemical compositions of the aluminum
~alloys are shown in Table 3.1. Their mechanical properties are tabulated in

Table 3.2. The specimen geometry is shown in Fig. 3.2.

A€

- The plots of (aAc_ae ) vs Ne and 5—(ae  + —Eg) vs N are shown in Figs.

2 P
3.3 and 3.4. Figure 3.4a shows the fatigue 1ives of both smooth speci-
| mens and precfacked specimens. The specimens were precracked by electrostatic
discharge machiﬁing. Both lines in Fig. 3.4; afe parallel. Thé difference
in cyclic life can be interpfeted as the number of cycles to grow'a crack from
its fnatura1" crack nucleus size to the size of the preérack. If we denote a1

and Nf] as the precrack size and the fatigue life of a precracked specimen,

Eqns. (3.8 and 3.10) give the ratio Nf/Nf] = constant. Therefore, the plot of

31



the fat1gue ‘lives of smooth and precracked specimens should be para]lel as shown

in Fig.  3.4a. : But the 1inesof the precracked spec1mens are shlfted

to the left.

The plots of AW vs N are shown in Figs. 3.5 and 3.6. AW can be defined

D
as

Aep + Aee/Z
(3.11a)

M ode

Aw is for the part of the loadirg curve that causes a crack to open and to
grow, i.e. ABC in Fig. 2.10. For these specimens, the values of deformation
wdrk density ware directly measured from stabilized cyclic stress-strain
hysteresis loops at appfoximate]y half of the fatigue life. The plofs of the
area undér the hysteresis curvé VS Nf are shown in Fig. 3.5.

AwD can also be defined as

Aee/Z Ae
AWp = Jode + fode (3.71b)
0 0

Take the approximation of the cyclic stress and strain ranges in the form

(Ao - °YC) = Ae: for %9-> oyc and integrating Eqn. (3.11b), we obtain

Ac2 1 n'
MMy = gg * Lo 0 * oyclae,
2
= [1+n'(A°-°YC) + oYC]Aep ' (3.12)
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The first term for the plastic strain is much smaller and can be neglected.

Ae (3.13)

Substituting Eqn. (3.13) into Eqn. (3.8), we obtain

2 m o A, \™ 1
. [A_O + OYCAE: ] Nf = ve m( :h) (3.]4)
8 P A(m-1)(n})"\ % -

where , is the initial crack length. The plots of AWD = [%%3. + cYcAep]vvs’Nf
are shown in Fig. 3.6. »

Straight lines correlate the data very well in all of these figures, Figs.'
3.3 to 3.6,.over the fatigue life range from 10 to 105 cycles. Therefpre Egns.
'(3.9) and (3.10) are valid over three to four orders bf magnitude of fatfgue
life. Additionals data are necessary to distinguish these four correlations.

Equations (3.9) and (3.10) can be written in the forms

1 1 _
Ae - -~
e\2 , m ., Ao m_
E(—E“) Nf + 7 Acp Nf = C (3.15a)
and
‘AE ]_ l. ’
E," ey , m m_ ~n '
i(T) Nf + OYCACP Nf =C | (3.]5!))

The left hand sides of these two equations consist of the elastic and the plastic
parts. Each of these parts is similar to the basic form of the elastic and

plastic contributions of strain controlled fatigue, i.e.

AeeNf = C]

and (3.16)
. Y, :

Aepr = C2

When the elastic part is negligible, the plastic part becomes the original

Coffin-Manson low cycle fatigue Taw.



' Chemical Composition for _‘

Table 3.3
the Alloys Tested
Cu Mn Si Fe Mg In Ni Al
LD-10 | 4.56 0.86 1.01 0.24 0.70 0 0 92.631%
LY-12 | 3.83.9| 0.3»0.9] 0.5 0.50 1.2+1.81 0.3 0.1 91093.31%
Table 3.2 The Material Properties for
LD-10 and LY-12 Aluminum Alloys
oY(MPa) o,(MPa) | E(MPa) oy (rPa)
Al. Allo Heat treatment Yield Ultimate {Young's Cyclic Yield
: Y Condition Strength | Strength | Modulus Strength
LD-10 | Cold rolling | 281 439 7.100° | 323
LY-12 Natural age 416 578 7.35x104 465
LY-12 Artificial age| 313 mn 7.45x10% ' 274
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CONCLUSIONS

- 1.

A characteristic crack tip field exists for a small through crack in a
large plate in both plane strain and plane stress conditions. The crack
tip field can be characterized by J. ' : N

For small cracks, J is linearly proportional to crack length and propor-

- tional to the far field parameters: the product o_e¢_ and the applied

deformation work density.

Fatigue crack growth rate in general yielding correlates well with AJ.
An expression for the general fatigué crack growth behavior is developed
in terms of aJ. ' '

" An equation for fatigue life is derived from the general crack growth bej

havior. This equation relates fatigue 1ife to various physical and mech-~
anical aspects of fatigue damage, such as crack nuclei size, fracture

~ toughness and fatigue crack growth behavior. _
Low cycle fatigue lives of two aluminum alloys correlate well with de-

formation work density.
The derived equation for fatigue life is reduced to Coffin-Manson low
cycle fatigue law in the high strain region.
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(a) Initicl mesh

(b) Mesh after crack blunting

Fig. (1.5) Crack tip blunting.
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Fig. (1.17) Comparison of simple estimates of Eqn. (1.31) and full FEM calculations for
single edge cracked panel in tension with n = 0.2 and a/w = 0.1.
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Fig. (2.13) Fatigue crack growth data for steels.
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Fig. (2.17) Fatigue crack growth data.
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Fig. (2.18) Fatigue crack growth data.
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Fig. (2.19) Fatigue crack growth data.
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Fig. (2.20) Fatigue crack growth data.
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Fig. (2.21) Fatigue crack growth data.
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Fig. (2.24) Fatigue crack_growth data.
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Fig. (3.Y) Semi-elliptical surface crack.
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