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I 
The present paper deals with the investigation of the helical flow in an 
annulus between two coaial cylinders a regards its stability against the 
formation of helical vortices of the type knm as Taylor's annufAr 
vortices. Assuming the anndus to be small and the velocities t o  vary 
linearly with radius, it is sli0i.n that the proble? ca9 he -+Jcefi to the 
cla5sical case of flow between two rotating cylinders. .b appropriate 
stability criterion for helical flows is derived from Rayleigh's stability 
criterion applicable to such flows. 
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STABILITY O F  FLUID FLOW IN A CYLINDRICAT, ANNULUS 

Hubert Ludwieg 

1. INTRODUCTION 

Consider a fully developed rotationally symmetric flex in a /135* 
cylindrical annulus. In such a flow, there is no radial component 
of the velocity, and the longitudinal and tangential velocity 
components do not vary longitudinally or tangentially but depend 
only on the radius. Thus, only two types of instabilities are 
important. 

The first type of instability arises due to separation of the 
flow on the inner boundary of the cylindrical annulus and gives 
rise to the so-called dead water. This instability has been 
discussed by several authors [1,23 and will not be considered 
here. 

The second type of instability is fairly well known for the 
special case of a fully developed rotationally symmetric flow 
in an annulus in which the longitudinal velocity component 
vanishes. This type of flow occurs in the annulus between 
rotating coaxial cylinders. The case of inviscid flow has 
already been discussed by Lord Rayleigh [31. It was shown that 
the circulation is unstable when the tangential velocity decreases 

*Numbers in right margin indicate foreign pagination. 
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f a s t e r  t han  l/r.  The i n s t a b i l i t y  of  s imi la r  flow when 
f r i c t i o n  is  cons idered  h a s  been t r e a t e d  by G. I .  Tay lo r  [ 4 1  where 
it h a s  been shown t h a t  f r i c t i o n  s t a b i l i z e s  t h e  f l o w ,  i .e . ,  t h e  
s t a b i l i t y  l i m i t  is  extended  i n t o  t h e  p r e v i o u s l y  u n s t a b l e  f l u i d  
flow reg ion .  For  large Reynolds numbers (where t h e  e f f e c t  of 
f r i c t i o n  goes t o  z e r o ) ,  Rayleigh s t a b i l i t y  l i m i t  i s  reached  again,  

I n  t h i s  paper, t h e  s t a b i l i t y  of a f u l l y  developed r o t a t i o n a l l y  
symmetric a n n u l a r  f l u i d  f l o w  is s t u d i e d  for  t h e  g e n e r a l  case of 
non-zero l o n g i t u d i n a l  v e l o c i t y  component. S ince  w e  s h a l l  apply  i t  
t o  a f l u i d  flow wi th  l a r g e  Reynolds numbers, w e  s h a l l  c o n s i d e r  on ly  
t h e  s imple  case o f  i n v i s c i d  flow. 

2. STABILITY CRITERION 

L e t  us  c o n s i d e r  an i n v i s c i d  f l u i d  flow i n  a c y l i n d r i c a l  
annulus  between two coaxial c y l i n d e r s  which is f u l l y  developed and 
r o t a t i o . l a l l y  symmetric. The c i r c u l a t i o n  is assumed t o  be r e s u l t -  
i n g  from t h e  f a c t  t h a t  a f l u i d  whose  a x i a l  and t a n g e n t i a l  com-  
ponents  depend on ly  on r f l o w s  from a f i x t u r e  V i n t o  t h e  
annulus  R (F igu re  1). A r a d i a l  e q u i l i b r i u n  is  cons ide red  t o  
e x i s t  i n  this flow a t  

c 'JF ;si 
r ig t i r e  1. C y l i n d r i c a l  Annulus 

e g r e s s  ( c e n t r i f u g a l  f o r c e  = force due t o  r a d i a l  p r e s s d r e  g r a d i e n t ) .  
The f l u i d  medium thus f lows  i n t o  t h e  annulus  w i t h o u t  a change i n  
v e l o c i t y .  W e  s h a l l  i n v e s t i g a t e  t h i s  f low f o r  i t s  s t a b i l i t y .  
( I f  t h e  f low a t  t h e  t i m e  of d i s c h a r g e  from V is  n o t  i n  r a d i a l  
e q u i l i b r i u m ,  i t  is  reached i n  a s h o r t  d i s t a n c e  from VI. 
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KJZ s h a l l  u s e  c y l i n d r i c a l  c o o r d i n a t e s  r , $ , z  and  denote. 
t h e  co r re spond ing  v e l o c i t y  components by Vr ,  Vo,  Vz. Thus, 

Because t h e  f low is cons ide red  to  be f r i c t i o n l e s s  ( i n v i s c i d ) ,  
V 

For b r e v i t y ,  w e  se t  
ra and Vz need n o t  be z e r o  on t h e  wal1s  r=ri and  r = 

q 

ri + ra = r  
3 2 

and deno te  t h e  velocities V 

V and V 

and Vz a t  the p o i n t  r = r as 0 0 
For s i m p l i c i t y ,  w e  f u r t h e r  assume that 20 $0 

r o - r i = . f r e r e .  a d  t h a t  V and Vz are l i n e a r  i n  r. W e  can ,  t hen ,  
4 

w r i t e  t h a t  

V, = V,, + c, (r - rc), I V, = V, + C. (I - rc) . 

I n  sp i te  of t h e s e  c o n s t r a i n t s ,  t h e  f l u i d  f low described by  
Equat ion (2 )  i s  q u i t e  g e n e r a l .  The f low i s  n o t  i r r o t a t i o n a l  and  
is n o t  governed by c o n s t a n t  p r e s s u r e .  

L e t  u s  n e x t  c o n s i d e r  t h e  s i m p l e  case of Vz = 0 ,  I n  t h i s  
case, t h e  flow is o n l y  i n  t h e  t a n g e n t i a l  d i r e c t i o n  and so t h e  
Rapleigh s t a b i l i t y  cri terion i s  v a l i d ,  This c r i t e r i o n  states 
t h a t  t h e  f l u i d  flow is  stable when V decreases slower than  l /r  
or pe rhaps  i n c r e a s e s ,  f o r  i n c r e a s i n g  r a d i u s .  

@ 

Thus, i n  o u r  n o t a t i o n ,  t h e  flow is stable f o r  

For, 
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p e r t u r b a t i o n s  known as Tay lo r  r i n g  vortices appea r  and lead 
to  a q u i c k  change i n  v e l o c i t y  p r o f i l e .  

The occur rence  o f  the Rayleigh s t a b i l i t y  l i m i t  V pro- Q 
p o r t i o n a l  to  l /r  can be e a s i l y  unders tood  when a r i n g  shaped  
f l u i d  e l emen t  coaxial  w i t h  t h e  annu lus  is cons ide red .  Due to  
r o t a t i o n a l  symmetry, p a r t s  o f  this f l u i d  e l emen t  are d i s p e r s e d  
r a d i a l l y ,  so t h a t  a r i n g  shaped  e l emen t  having  a larger  r a d i u s  
i s  formed. From t h e  l a w  o f  c o n s e r v a t i o n  o f  a n g u l a r  momentum, 
t h i s  d i sp l acemen t  r e s u l t s  i n  a change i n  t a n g e n t i a l  v e l o c i t y  V 

which is  p r o p o r t i o n a l  t o  l/r, I f  t h e  v e l o c i t y  V of t h e  o u t e r  
f l u i d  i n  t h e  ne ighbor ing  r e g i o n  decreases faster t h a n  l/r, t h e  
c e n t r i f u g a l  f o r c e  o c c u r r i n g  i n  t h e  r i n g  dominates  t h e  r e s t o r i n g  
force due to  p r e s s u r e  g r a d i e n t s  o f  t h e  s u r r o u n d i n g  f l u i d  flow 
and  t h u s  c a u s e s  i n s t a b i l i t y .  I f  V i n  the outward d i r e c t i o n  
decreases slower than  l / r  or even i n c r e a s e s ,  t h e  f o r c e  r e s u l t i n g  

@ 

$ 

$ 

from 
f l o w  

new 

p r e s s u r e  g r a d i e n t s  exceeds the c e n t r i f u g a l  f o r c e ,  and t h e  
is  stable. 

i.e., c = 0 ,  does n o t  lead t o  a n y t h i n g  
Z O  z The case Vz=V 

compared t o  t h e  r e s u l t s  o f  Vz = 0. W e  need o n l y  to cons! ?er 
t h e  flow phenomenon i n  a r e f e r e n c e  frame moving w i t h  a v e l o c i t y  

. I t  i s  clear immediately,  t h a t  w e  have t h e  same f low as i n  
20 

t h e  case o f  V =0 ,  and  t h e r e f o r e ,  have t h e  same s t a b i l i t y  c r i t e r i o n .  20 

W e  now c o n s i d e r  t h e  case c 0 .  W e  cou ld  use ,  h e r e ,  t h e  
u s u a l  t echn ique  to  d e r i v e  a s t a b i l i t y  c r i t e r i o n ,  i - e . ,  a p p l y  a 
s u i t a b l e  p e r t u r b a t i o n  t o  t h e  flow and  w i t h  t h e  h e l p  of t h e  
t h e o r y  o f  small o s c i l l a t i o n s  s t u d y  t h e  c o n d i t i o n s  under  which t h e  
p e r t u r b a t i o n  i n c r e a s e s  w i t h  t i m e .  Relat ive t o  Rayleigh case, a 
compl i ca t ion  arises t h a t ,  i n  a d d i t i o n  to the g e n e r a l i z a t i o n  o f  
t h e  f low,  i t .  i s  no l o n g e r  j u s t i f i e d  to  app ly  p u r e l y  r i n g  v o r t i c e s  

as p e r t u r b a t i o n  (Tay lo r  v o r t i c e s ) .  W e  need t o  also c o n s i d e r  
p e r t u r b a t i o n  due t o  h e l i c a l  vortices. These c a l c u l a t i o n s  can ,  

2 
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however, be performed economica l ly  i f  w e  could,by making a good 
approximation,  p o s s i b l y  reduce  the problem to  the Rayle igh  case. 

W e  c o n s i d e r  the f l o w  i n  a r e f e r e n c e  frame moving w i t h  a 
c o n s t a n t  v e l o c i t y  u a long  the z-axis .  I n  this r e f e r e n c e  system, 
w e  have once a g a i n  a f u l l y  deve loped  r o t a t i o n a l l y  symmetr ic  f l o w  
i n  a r i n g  annulus ,  having velocities and v e l o c i t y - g r a d i e n t s  

- v* v, = v, - u, c,. c, 

r e s p e c t i v e l y .  The v e l o c i t y  U is  &osen such  that t h e  slope of 
a l l  h e l i c a l l y  shaped  s t r e a m l i n e s  of t h i s  f l o w  i s  independent  of 
t h e  r a d i u s  r. The p l a n e s  c o n t a i n i n g  t h e  s t r e a m l i n e s  w h i c h  are 
normal t o  the c y l i n d r i c a l  s u r f a c e  are then  p u r e l y  h e l i c a l .  The 

c o n d i t i o n  f o r  U is  t h u s  q i v e n  by 

By approximat ing  the s o l u t i o n  to  be l i n e a r ,  w e  o b t a i n  f o r  UIV,, 

and i ? j V 7 ,  

w h e r e  6 is  the a n g u l a r  slope of t h e  s t r e a m l i n e s  relative t o  
the r a d i u s  ro i n  t h e  moving frame. 

Consider  now a tube of s t r e a m l i n e s  which is  formed from two 
ne ighbor ing  he l i ca l  p l a n e s  w i t h  slope 6 and t h e  walls of the c y l i n d e r .  
It  can be seen  t h a t  by changing the r e f e r e n c e  system, an almost 
p l a n a r  f low is o b t a i n e d .  T h i s  tube of s t r e a m l i n e s  i s  d i f f e r e n t  
frcm t h o s e  from the Rayleigh case o n l y  by  the f a c t  this tube is 
a l so  curved  i n  a d i r e c t i o n  p e r p e n d i c u l a r  t o  t h e  s t r e a m l i n e s .  And, 
as w e  advance a l o n g  the d i r e c t i o n  of f l o w ,  t h i s  tube of c o n s t a n t  

c r o s s - s e c t i o n  s lowly  rotates  around i t s  a x i s .  I t  s h o u l d  be r e a l i z e d  
t h a t  t h e  s t a b - l i t y  or i n s t a 5 i l i t y  of  the Rayleigh f l o w  arises due 
t o  the i n t e r p l a y  between c e n t r i f u g a l  force and t h e  p r e s s u r e  g r a d i e n t .  

5 
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I t  f o l l o w s  immediately t h a t ,  under  t h e  assumption of narrow annu lus  
( A r / r o < < l ) ,  o n l y  t h e  c u r v a t u r e  a l o n g  t h e  s t r e a m l i n e s  i s  i m p o r t a n t  f o r  
s t a b i l i t y  and t h a t  b o t h  d e v i a t i o n s  from t h e  Rayleigh case d i s c u s s e d  
above have no  i n f l u e n c e  on t h e  s t a b i l i t y .  W e  c an ,  t h e r e f o r e ,  a p p l y  
t h e  Rayleigh s t a b i l i t y  c r i t e r i o n ,  and i n t r o d u c e  the f o l l o w i n g  

r, 
e f f e c t i v e  q u a n t i t i e s  

cost s ' re c # =  

By s e t t i n g  t h e s e  q u a n t i t i e s  i n  Equat ion  ( 3 1 ,  t h e  f o l l o w i n g  condi- 
t i o n  is  o b t a i n e d  

Using the va lue  of t a n g e n t  6 from Equat ion  ( 4 b ) ,  w e  o b t a i n  as 
s t a b i l i t y  c r i t e r i o n  of o u r  f l o w * :  

3.  DISCUSSION ( O F  THE RESULT) 

For  r e d u c t i o n  of t h e  variables,  w e  s u b s t i t u t e  f o r  V@,/ ro in  
o u r  s t a b i l i t y  c a l c u l a t i o n ,  the d imens ion le s s  v e l o c i t y  g r a d i e n t s  

- c, ' 0  - ct f, 
c, = I c.= 

The s t a b i l i t y  c o n d i t i o n ,  t h e n ,  becomes 
v; 0 v,, 

* 
Subsequent ly ,  it can also be v e r i f i e d  numer i ca l ly  from t h e  
d i f f e r e n t i a l  e q u a t i o n s  f o r  a f r i c t i o n  f r e e  f l o w  t h a t  h e l i c a l  
v o r t i c e s  which cor respond t o  T a y l o r  r i n g  v o r t i c e s ,  having  v e l o c i t y  
g iven  by Equat ion (4a) and s l o p e  g iven  by Equat ion  (4b)  can 
occur i n  t h e  f l u i d  f low when c o n d i t i o n  (5) i s  n o t  s a t i s f i e d .  T h i s  
w i l l  b e  shown i n  t h e  appendix.  

6 



The r e s u l t i n g  stable and u n s t a b l e  r e g i o n s  are drawn i n  a E , ,  2 , -  

p l a n e  i n  F igu re  2. W e  see immediately t h a t  f o r  c:=O , 

Figure  2. S t a b l e  and  u n s t a b l e  r e g i o n s  i n  
p l ane .  - -  

'.I. cz 

the Rayl2igh c o n d i t i o n  :,,>--I i s  obtained aga in .  For Cz 

v a l u e s  d i f f e r e n t  from ze ro ,  t h e  c o n d i t i o n  & > - I  (weaker 
than  p o t e n t i a l  vortex) i s  i n s u f f i c i e n t  fo r  s t a b i l i t y .  Thus, an 
a d d i t i o n a l  z-componen t o f  t h e  v e l o c i t y  g r a d i e n t  C, 

always as a d e s t a b i l i z e r ,  i rrespective of i t s  s i g n .  The s t a b i l i t y  
l i m i t  for Cz v a l u e s  f o r  which C,> -1, i s  g iven  by t h e  s t r a i g h t  
l i n e  ? , = I  , i s  shown i n  F i g u r e  2. I n  t h i s  case, t h e  n e u t r a l  
e q u i l i b r i u m  is  reached  by a d i s t r i b u t i o n  of t h e  t a n g e n t i a l  
v e l o c i t y  component V which co r re sponds  to  a r i g i d  body 
r o t a t i o n .  i s  p r o p o r t i o n a l  t o  r.) 

f u n c t i o n s  

$, 

L e t  us  consider t h e  form of t h e  u n s t a b l e  p e r t u r b a t i o n .  I t  is 
c l e a r  immediately by d i f f e r e n t i a t i o n  t h a t  i t  f o l l o w s  t h e  
d i r e c t i o n  of v e l o c i t y . f l o w  i n  t h e  r e f e r e n c e  sys tem moving w i t h  
v e l o c i t y  U. W e  t h u s  have a s t a t i o n a r y  h e l i c a l l y  shaped  v o r t e x  
whose s l o p e  is  givEn by Equat ion ( 4 5 ) .  I n  a ZT,Zz- diagram ( F i g u r e  
3 1 ,  t h e  d i r e c t i o n  bf a h e l i c a l  v o r t e x  co r re spond ing  t o  t h e  p o i n t  P 

having  va lue  2,2.- and c o n s i s t e n t  w i t h  Equat ion  (4b) i s  g iven  by 
a s t r a i r J h t  l i n e  through t h e  p o i n t s  P and R ( c o o r d i n a t e s  l , O ) ,  i f  t h e  
$ d i r e c t i o n  is  c o n s i d e r e d  a s  c4 -axis and t h e  z-axis as -cSg . I n  
a s t a t i o n a r y  r e f e r e n c e  system, t h e s e  h e l i c a l  v o r t i c e s  move w i t h  
a v e l o c i t y  U a long  t h e  z -ax is .  

% 
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Figure  3 .  Change i n  ;v.5- v a l u e s  f o r  an u n s t a b l e  f l o w  
shown a t  p o i n t  P. 

L e t  us  now c o n s i d e r  an u n s t a b l e  flow which f l o w s  from a 

f i x t u r e  V i n t o  an a p p a r a t u s ,  as shown i n  F igu re  1. Then, t h e  
p e r t u r b a t i o n s  w i l l  grow very  r a p i d l y  and produce a momentum 
exchange which w i l l  g i v e  r ise  t o  an e f f e c t i v e  v e l o c i t y  q r a d i e n t  

cVl.n . The components o f  t h e  g r a d i e n t  v e c t o r  ( to , : , )  a long  t h e  

d i r e c t i o n  of  t h e  v o r t e x  dec rease  whereas those  p e r p e n d i c u l a r  t o  
it remain unchanged. The l a t t e r  do n o t  cor respond t o  s h e a r  
b u t  on ly  t o  a r o t a t i o n  of t h e  f l u i d .  I n  co, ?,-diagram (F igure  3 1 ,  

the motion i s  t h e r e f o r e  a long  t h e  s t r a i g h t  l i n e  through p o i n t s  
P and R. 

A t  t h e  s t a b i l i t y  circle ( p o i n t  Q), the momentum exchange 
becomes s t a t i o n a r y ,  and t h e  v e l o c i t y  p r o f i l e  is now s table .  

However, by some combination of normal t u r b u l e n c e ,  p a r t i c u l a r l y  
f o r  l a r g e  Reynold numbers, t h e  v e l o c i t y  p r o f i l e  may p o s s i b l y  
change. I n  a d d i t i o n ,  because  of the f r i c t i o n a l  e f f e c t  of  t h e  
w a l l s  which canno t  b e  swi t ched  o f f ,  the  v e l o c i t y  p r o f i l e  w i l l  

change s lowly  due t o  presence  o f  t h e  w a l l s ,  even a f t e r  r each ing  
a s table  p o i n t .  

4 .  FLCW STABILITY I N  WIDE ANNULUS 

The c a l c u l a t i o n s  p r e s e n t e d  h e r e  are v a l i d  under t h e  a s s u v p t i o n  
t h a t  t h e  annulus  i s  smal l  (nr/r,*1), and t h a t  t h e  v e l o c i t y  m m -  
ponents  can be w r i t t e n  as l i n e a r  f u n c t i o n s  of  r. When t h e s e  
c o n d i t i o n s  do n o t  h o l d ,  o u r  s t a b i l i t y  c r i t e r i o n  i s  no l o n g e r  
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d i r e c t l y  a p p l i c a b l e .  I n  t h i s  case, w e  can,  however, d i v i d e  t h e  
c y l i n d r i c a l  annulus  i n t o  a number of  small  ones  o f  d i f f e r e n t i a l  
width d r  and apply o u r  s t a b i l i t y  c r i t e r i o n  t o  each o f  them. 
The q u e s t i o n ,  then ,  arises i f  it is  p o s s i b l e  to  make a s t a t e m e n t  
concerning t h e  to ta l  flow. I t  can be s a f e l y  s ta ted  t h a t  o u r  
s t a b i l i t y  c o n d i t i o n  i s  d e f i n i t e l y  a necessa ry  c o n d i t i o n  for each  
r a d i u s  of t h e  annulus .  If t h i s  i s  n o t  t h e  case for an annulus  of 
g iven  r a d i u s ,  then t h e  f low i n  t h a t  r eg ion ,  as observed from a 

s u i t a b l e  r e f e r e n c e  syscem moving a long  the a x i a l  d i r e c t i o n ,  i s  
approximately p l a n a r ,  and u n s t a b l e  as shown for  the Rayleigh case. 
I t  may, also, be  assumed t h a t  this c o n d i t i o n  is  s u f f i c i e n t ,  s i n c e  
for  a l l  p e r t u r b a t i o n s  i n v o l v i n g  a v o r t e x  of s m a l l  r ad ia l  e x t e n s i o n ,  
t h e  f l o w  is stable when it i s  s a t i s f i e d .  

For  p e r t u r b a t i o n  due t o  v o r t i c e s  of large rad ia l  w i d t h ,  there 
is  a d isp lacement  i n  each of t h e  small c y l i n d e r s .  Th i s ,  i n  t u r n ,  
releases r e s t o r i n g  forces as seen  for  t h e  Rayleigh case, so t h a t  i t  
may be assumed t h a t  t h e  complete f l o w  is stable w i t h  r e s p e c t  t o  
t h e s e  v o r t i c e s .  Formally s ta ted,  it i m p l i e s  t h a t  the f l o w  is  
stable, i f  and on ly  i f  , the c o n d i t i o n  

I_ /138 

( 7 )  
- - -  > - 1 .  dV, r 

dr V, 
r 

1- dr V, 

is v a l i d  f o r  eve ry  r a d i u s  r. - oRlsir:l~a,, '" , u 1 ;%- 

OF PCOR 4Ai.f-IX 5. POSSIBLE EXPERIMENTAL VERIFICATION 

I n  o r d e r  t o  v e r i f y  t h e  s t a b i l i t y  cr i ter ion e x p e r i m e n t a l l y ,  
i t  can be so a r ranged  t h a t  stable and u n s t a b l e  flows are 
gene ra t ed  i n  an appa ra tus  of F igu re  1 and then  t h e  developinent of 
flow p r o f i l e  a long  z - d i r e c t i o n  is  measured. For  a s t a b l e  f low,  
t h e  v e l o c i t y  p r o f i l e  must remain s t a t i o n a r y  u n t i l  d i s t u r b e d  by a 
growthof t h e  boundary l a y e r  on  the walls. On t h e  o t h e r  hand, 
a quick  immediate change i n  v e l o c i t y  p r o f i l e  o c c u r s  o v e r  t h e  
entire annulus  for  an u n s t a b l e  flow. Even tua l ly ,  a stable f i n a l  
p o s i t i o n ,  as shown i n  F igu re  3, i s  a l s o  determined from t h e  fac t  
t h a t  a f t e r  r each ing  t h i s  d i s t r i b u t i o n ,  t h e r e  i s  no change or o n l y  
a slow change i n  flow p r o f i l e .  
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We could  now t h i n k  of d i r e c t l y  obse rv ing  t h e  appearance of 
h e l i c a l  v o r t i c e s ,  and the reby ,  v e r i f y  the s t a b i l i t y  c r i t e r i o n .  T h i s  
would, however, f a i l  f o r  t h e  appa ra tus  shown i n  F i g u r e  1, because 
a f te r  the desired flow i s  gene ra t ed  through t h e  f i x t u r e  v, a number 
o f  u n s t a b l e  d i s t u r b a n c e s  occur  immediately.  These p e r t u r b a t i o n s  
grow concur ren t ly  and, therefore, do n o t  lead to  t h e  development of 
a d i s t i n c t  helical  vor tex .  

The s t a b i l i t y  c r i t e r i o n  can y e t  be tested i n  a completely 
d i f f e r e n t  way. W e  can use  two s u f f i c i e n t l y  long  coaxial c y l i n d e r s  
which rotate independent ly  o f  each  other, and can,  i n  a d d i t i o n ,  
m o v e  relative t o  each o t h e r  a l o n s  t he  axial  d i r e c t i o n .  I n  t h e  
middle p a r t  of the a p e r t u r e ,  a f l u i d  o f  s u i t a b l e  v i s c o s i t y  i s  i n t r o -  
duced such that  no tu rbu lence  occurs .  The desired f l o w  p a t t e r n  
having several v a l u e s  o f  c v l r : -  is  o b t a i n e d  by a s u i t a b l e  choice of  

. -  

Figure  4 .  Proposed appa ra tus  f o r  g e n e r a t i n g  h e l i c a l l y  
shaped r i n g  v o r t i c e s  

t a n g e n t i a l  and d isp lacement  veloci t ies .  The Reynolds number is  
chosen higF enough tha t  it has  ve ry  l i t t l e  i n f l u e n c e  on the flow 
properties. The remaining e f f e c t  o f  t h e  v i s c o s i t y  on the f l o w  
prof i le  between r o t a t i n g  c y l i n d e r s  can be e a s i l y  e s t i m a t e d  by 
Taylor  computation [ 4 ]  because t h e s e  r e s u l t s  can b e  carried over  
i n  o u r  case i n  the same manner as for  t h e  Rayleigh case. For  the 
f l o w  shown i n  F igure  4 ,  the v o r t i c e s  shou ld  be o b s e r v a b l e  j u s t  
l i k e  t h e  Taylor  v o r t i c e s  between t w o  r o t a t i n g  c y l i n d e r s .  
c a l c u l a t i n g  the s l o p e  of the helical  vortices and their  d i sp lace -  
ment v e l o c i t y  u ,  w e  can conf i rm the v a l i d i t y  o f  o u r  c o n s i d e r a t i o n s .  
F u r t h e m o r e ,  t h e  appearance of  u n s t a b l e  f l u i d  flow s h o u l d  a lso 
be reccgn izab le  by a quick  change i n  v e l o c i t y  p r o f i l e .  

By 

1 0  
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6 .  APPENDIX OF POOR QUALITY 

The E u l e r  d i f f e r e n t i a l  e q u a t i o n s  for  t h e  f l o w  i n  c y l i n d r i c a l  
c o o r d i n a t e s  are given by 

Supe rpos i t i on  o f  t h e  basic flow g iven  by Equat ion (1) wi th  a 
p e r t u r b a t i o n  having v e l o c i t y  componen tso,, u,, or. y i e l d s  

By i n s e r t i n g  t h e s e  components i n  t h e  abdve d i f f e r e n t i a l  e q u a t i o n s  
and t a k i n g  i n t o  account  that  t h e  b a s i c  f l u i d  flow s a t i s f i e s  these 
d i f f e r e n t i a l  eqliations, and i g n o r i n g  a l l  q u a d r a t i c  terms i n  

u,, v , ,  u ~ ,  we ob t a i  t i  

"or do, do, 1 d p  
e a,' I + vpr a9 -- ': D q + v z  aZ = -- 

W e  now make a t r i a l  s o l u t i o n  for  t h e  p e r t u b a t i o n  v e l o c i t i e s ,  
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Here a and y aye real whereas 8 can be  complex. Thus, w e  app ly  
a v o r t e x  of the type g iven  by Tay lo r  vortices as p e r t u r b a t i o n ;  
however, it moves w i t h  a c o n s t a n t  v e l o c i t y  and i p  h e l i c a l l y  shaped. 

Subs ti t u t i n g  Equat ion (9 1 i n  Equat ion ( 8 1 y i e l d s ,  /139 

ZV,. 1 d j  - VI= - 
r g dr ' 

( - p i  + v, Y i + V, ai i, + ) 

- pi + V, Y i + V, a i) i, + 
dV, u r =  - * a i b ,  

+- dr 0 
do^, 6 ,  y 
dr 

+ + i i , + a i i , = o .  

L e t  us f i r s t  cons ide r  t h e  Rayleigh case, i.e., a f l u i d  f l o w  wi thou t  
t h e  2-component and a s t a t i o n a r y  r ing-shaped vortex as per tu rba -  
t i o n .  we can then  set 

v, = o ,  AV, Ar = = o ,  y - 0 ,  M ( d ) = $ . u = O  

F u r t h e r  w e  can, under t h e  assumption t h a t  the r i n g  a p e r t u r e  is  
small ( .Jr /r , ,41) ,  i gnore  ih  r e l a t i v e  t o  other terms i n  the c o n t i n u i t y  
equa t ion  and approximate 
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Thus, we o b t a i n  

i ai i, 5 0 .  
d i ,  -. 

dr 

By e l i m i n a t i n g  other q u a n t i t i e s ,  the fo l lowing  d i f f e r e n t i a l  
equa t ion  is  o b t a i n e d  f o r  6, 

This  d i f f e r e n t i a l  e q u a t i o n  y i e l d s  the well-known s i n u s o i d a l  
s o l u t i o n s  which van i sh  a t  t h e  i n n e r  and o u t e r  c y l i n d e r ,  on ly  
when the second term i n  the a n g u l a r  bracket is nega t ive .  I t  

fo l lows ,  then ,  that the s t a b i l i t y  c o n d i t i o n  is given  by 

which is i d e n t i c a l  w i t h  the Rayleigh s t a b i l i t y  c r i t e r i o n .  

W e  now c o n s i d e r  the g e n e r a l  case w i t h  non-zero Vz. By 
us ing  

t h e  e x p r e s s i o n  - / J i + V , ( ; , / r ) i + v c m ;  appea r ing  i n  (10)  can be r e w r i t t e n  
as 

S e t t i n g  

( 1 2 )  
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OF POOR QUMm 

corresponds t o  d e f i n i n g  t h e  d isp lacement  v e l o c i t y  &/a and the 
slope of the h e l i c a l  v o r t e x  and leads to t h e  same r e s u l t s  as i n  
Equat ions  (4a) and ( 4 b ) .  Thus, w e  o b t a i n  

By e l i m i n a t i n g  f r o m  (10) the q u a n t i t i e s  j + , G 9 , G z  and a g a i n ,  o m i t t i n g  
s m a l l  h i g h e r  order terms, and us ing  ( 1 2 )  and (131, w e  o b t a i n  the 

d i f f e r e n t i a l  e q u a t i o n  for Cr 

The s t a b i l i t y  c r i t e r i o n  follows from ( 1 4 )  
to the Rayleigh case 

i n  a manner analogous 

which is  i d e n t i c a l  t o  the  s t a b i l i t y  c o n d i t i o n  ( 6 ) .  

7. SUMMARY 

S t a b i l i t y  of an i n v i s c i d ,  h e l i c a l l y  shaped f l u i d  f l o w  i n  a 
c y l i n d r i c a l  annulus  is  s t u d i e d  w i t h  r e s p e c t  to the format ion  o f  
h e l i c a l l y  shaped vortices u s i n g  the well-known method of Tay lo r  
r i n g  v o r t i c e s .  Under t h e  assumption of a small a n n u l a r  space ,  and 
t a n g e n t i d  and a x i a l  components V and V, vary ing  1 inea r )y  w i t h  

from the corresponding  Rayleigh case f o r  t h e  f l o w  a long  the 

t a n g e n t i a l  d i r e c t i o n  only.  Denoting the average v e l o c i t y  a l o n g  
the t a n g e n t i a l  d i r e c t i o n  by v , t h e  average  r a d i u s  of c u r v a t u r e  
of the a n n u l a r  space  by ro, and the d imens ionless  v e l o c i t y  g r a d i e n t s  
by c , = d V . , ' d r  and C I = ~ ~ ~ ( ~ ~  w i t h  z q  and i -  , the s t a b i l i t y  condi- 
t i o n  may b e  expres sed  as 

r, s t a b i l i t y  c o n d i t i o n  for t h e  he  ! i c a l l y  shaped flow is derived 

90 
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The stable and u n s t a b l e  r eg ions  g iven  by t h i s  r e l a t i o n  are 
drawn i n  a ;?( plane i n  F igu re  2. The Rayleigh s t a b i l i t y  
l i m i t  Z,=  - 1  ho lds  f o r  t z - 0  and cor responds  to a t a n g e n t i a l  v e l o c i t y  
component V 

value for Z t  always degrades t h e  s t a b i l i t y .  For  , the 
s t a b i l i t y  l i m i t  is g iven  by - . = I  which cor responds  to  t h e  tan- 
gent ia l  v e l o c i t y  component V be ing  F r o p o r t i o n a l  to  r ( r i g i d  
r o t a t i o n ) .  

$' 2 

4 p r o p o r t i o n a l  t o  l/r ( p o t e n t i a l  vortex). A f i n i t e  

$ 

The s t a b i l i t y  c r i t e r i o n  is also g iven  for a wide annulus .  
The v a l i d i t y  o f  this c r i t e r i o n  is, however, on ly  made p l a u s i b l e ,  
and has  n o t  been s t r i c t l y  der ived .  

8, BIBLIOGRAPHY 

111 K. Barmner t  and H. K 1  uken : Dead w a t  r behind  islers of 
axia l  f l u i d  f low engines .  1ng.-Arch., 17,  (19491, pp. 
36 7-390 . 

[23 M. S t r s c h e l e t z h y :  A c o n t r i b u t i o n  to t h e  theo ry  of hydrodynamic 
e q u i l i b r i u m  of a f l u i d  flow. Voith-Forschung and Kons t rukt ion ,  
No. 2, (1957).  

[3)  Lord Rayleigh: On t h e  dynamics of r e v o l v i n g  f l u i d s .  Proc. 
Roy. SOC. London (A)  9 3  (19161, pp. 148-154. Repr in ted  i n  
S c i e n t i f i c  Papers, V o l .  V I ,  pp. 447-453. 

[ 4 ]  G . I .  Taylor :  S t a b i l ' i t y  of a v i scous  l i q u i d  con ta ined  between 
t w o  r o t a t i n g  c y l i n d e r s .  P h i l .  Trans. Roy. SOC. London 
(A)  223 (19231, pp. 289-343. 

Received on 12/1/60. 

15 


