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Introduction

It has been demonstrated in [6], [7] that the Legendre-tau approximation
is a quite powerful approximation method for hereditary differential systems
in many instances. However, there remained an important quesﬁion which had
not been resolved. This is the question concerned with the presentation of
exponential stability under approximation. We establish it in Section 5.

As observed in [7], the Legendre-tau approximation scheme provides a good
approximation technique for computation of eigenvalues for hereditary
differential system as well as its optimal closed-loop system. We give a
justification of this observation deriving a characteristic equation ‘for
eigenvalues of the approximating system and relating it to the Pade
approximations of the exponential function. Moreover, it 1leads to a
characterization of detectability and stabilizabili;y conditions for the
approximating system and the preservation of those properties under
approximation,

The results discussed in this paper are similar to those for the
“averaging” approximation scheme [1] that have been obtained in- [1], [5] and
[9], and a great deal of our discussions are motivated and inspired by those
investigations. We refer to [1], [8], [2], and [5] for the the summary of the
earlier contributions on optimal control and numerical approximation problems
for hereditary differential systems.

The following is a brief summary of the contents of this paper. In
Section: 2 we state the type of problems to be considered and review the
equivalence results between hereditary differential equations and abstract
Cauchy problems on the product space R x L2, and then describe the Legendre-

tau approximation scheme within the abstract framework. The convérgence of



the adjoints semigroups SN(t)* is proved in Theorem 2.2, VIn Section 3 we
derive a characteristic equation for the approximating system and discuss its
stability and convergence properties. In Section 4 we review results on the
linear quadratic optimal control problem and proﬁe the convergence of the
solutions of the apprbximating evolutional Riccati equation in trace norm. 1In
Section 5 we prove the Gibson conjecture; i.e., that exponential stability is
preserved under approximation. An important consequence of this is that by
following the approach given in [5] one can establish the convergence of
solutions of the approximating algebraic Riccati equation in trace norm (which
implies strong and uniform convergence).

The notation used in this paper is standard and exactly the same as used
in [6], [7]. We denote by 2 fhe product space T x Lz([-r,O]; K'Y). Given
an element z € Z, n e B and § € L, denote the two coordinates of

z:z = (n,$). For any function ¢ of the independent variable 60, we shall

use $ or %§-¢ to denote the derivative of ¢ with respect to 6,

2. Legendre~Tau Approximation
In this paper we will restrict our analysis to the system:
0

on(t) + Alx(t-r) + [ A(8)x(t+8)d® + Bu(t)
-r

%? x(t)
(2.1)

x(0)

n, x(8) = ¢(6), - -r <8<0,

where 0 < r < + and Ay, A} and A(*) are nxn matrices, the elements of the

latter being square integrable on [-r,0]. It is well known [1] that for
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N-1 9o N 3 N
P -a—t- VA (t,e) —-é—t- z (t,e)
d N N N 0 N N
Iz (t,0) = Ayz (£,0) + Az (t,-r) + [ AY(8)z (t,8)d8 + Bu(t),
-r
N N-1 .
where A (8) = (P "A)(9), - r<e <o. As shown in [7], using (2.3),

zN(t), t > 0 satisfies

& 2N = A% + Bun)
(2.4)
2(0) = o(n,8)
where
AV =AY, N>
ANt:

If we denote SN(t) =e » £t >0, then it is proved in [7] by using the
Trotter-Kato semigroup approximation theorem [10], that SN(t)z converges
strongly to S(t)z for t 20 and =z € Z, and the convergence is uniform

in t on bounded intervals.
Lemma 2.1. For  (y,¢¥) € Z,
N * T N *N N T
(A (y,9) = (Agy + 97€0), =9 +A(+)y) ¢ z,

where

w =B (aly - D) )pge



Proof: Note that for (n,$) € Z,

0 L]
ANn,e) = (Aon + A1¢N(-r) + [ AV(0)¢(0)d8, ¢N) (2.5)
A e

where

" = P+ (n - Y0))

Then we have

-
]

<AN™L8), (7,925,

N 0 N
= AN + Ajp (1) + ] A'(8)4(8)d8,y>
. -r

0 N
+ [ <6 (8),¥(6)>de

-T

0
<n,agy> + [ <a(0), AN(e)Ty>ae
-r

+ <Ny, Ay + <, (0)> = <4N(=r), ¥ (>

0
- | <), $Ne)>ae,
-Tr

where ¢N(0) =n and &N is a vector in ' whose elements are polynomials

N-lsN._ oN

of degree less than N-1. Note that \(-r) = Afy and PNV RN = N, Thus,

0
I= <n,Agy + N> + [ <4(8),aN(0) Ty - $N(e)>as,
-r

for all (n,¢), (y,¥) € Z, which completes the proof. (Q.E.D)



Although we will not pursue the details here, the error estimates in [e],

[7] can be used to prove that

N_* * * 2
(A7) (v,9) — A (y,¥), for all (y,9) ¢ D((A)7).
Hence the Trotter-Kato theorem again applies to obtain

Theorem 2.2:

N, * *
S (t) z — S (t)z, t>0

uniformly on bounded t-intervals.

3. Characteristic Equations

In this section we will derive a characteristic equation for AN. If

zN € Z 1is an eigenfunction of ANg

(A1 --AN)zN = 0 for some complex number X, (3.1)

N

T
=2
1]
=]
N
]
2
|

N-1
= (", § agp ). Let 1Nz = (n",¢") e DA) where
k=0 <K |

N-1
N N N
¢ = 1 ap +ap
2o kP T ANPN
A Nil N
N Lo %k

Then from (3.1) and the definition (2.5) of AN, we have




0
anY - AaY - A1¢N(—r) - A¥(8)eN(8)do = 0

0

X(PN-1¢N) -

From (3.3)

where S is the matrix representation of the derivative

by

OO e OO O
OO ee¢e OO+~

for N even. For N odd, only the last column of

Ny N
define {bk}k=0 by

N N
b = Prsa
N

bN—l a

Then from (3.4) if u = (%)A,

o
ZZ e O
]

wm O -
o Wwo

OO eee O WO

OO eee OWO
OO e LN O

is different.

(3.2)

(3.3)

(3.4)

and is given

Let us




1 bT
0
N N .
ub : = E(w)}
N
_9—- __bN__

where EN is a tridiagonal matrix:

1 u B
- 3 uo,
EN(u) = -u 5 ) .
L] N . L[] R . u
L -u 2N-1 _

Applying Cramer”s rule, one obtains

N k _N N, N

b = M Y4y Bo/My

where

2k~-1 u

N gee | . I 0<k<N and Y¥ . =1
Yy = de . . " » 0Lk SN and v, = 1.

| -u 2N-1

Since YE = (Zk--l)yi_'_1 + u2 Yi, it follows from (3.5) that

N k N N, N

a, = (2k+1)p Y1 bO/Yl, 0 <k < N-1
N_ N N,N

aN =M bO/Yl'
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Note that n = bN + bN. It now follows from (3.2) that

0
(AL - 50)(#: +uvy) = A (v - uyy) - I aV(e)eN(e)ae = o,

where
N .
N _ v k _N 20+ry\, N
£7(8) = L (2t vy, pi (=)D
k=0
and
r
w= (3
Thus, we obtain
Y- 0
AL - A - A, ——-0>2 = [ aANe)eN(eras)pN = 0
0 1 N, W 0
Y ey,
where
N N kK N N N 20+r
¢ (8) = k£0 2kt Yy 1 (¥) +uyy) p (=), -r <8 <o,

For N > 1, let us define

N _ N N _ N
6 = Yl and B = Y2n

Then we have the recurrence formula:

(3.6)
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2 N-2
u

(-1t 4 42 s ' (3.7)

O
-
]

(ZN-l)BN-l + u2 BN-Z

o
I

with 60 = 61 =1, 80 = 0 and Bl = 1, so that 1if p: = GN * uBN, then the

p“s satisfy the recurrence formula:

N

N- N-2
p = (2N-1)p by u2 p

with pg =1 and pi =1=% u. The recurrence formula (3.7) is exactly the

same as that for the diagonal Pade approximation of exp(-rA) [4]. Note that
pN. - ' :
¢N(0) =1 and ¢N(-r) = —ﬁ-= Pade (e—rA). (3.8)
P+

Hence from (3.6), we obtain:

Theorem 3.1 )\ 1is an eigenvalue of AN if and only if A satisfies

det AN(X) = 0 where

. 0
aNQ\) = A1 - Ay - A Pade (e7™*) - [ AN(e)$N(o)d0.
-r

Lemma 3.2: If the elements of A(*) are absolutely continuous on [-r,0],

then there exists a positive constant C such that

0
1J aNcereN(eran| < c
-r
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for every A € ¢ with Re A > 0.

Proof: Since ¢N, satisfies

= Y = xa"(py

where aN(k) = uN/pE, we have

0
o) = *° + [ XaN(X)e)‘(e-F’)pN(ﬁ)dE.
ry r
Thus,
0 N N 0 N 0 N
[ AT(8)e7(8)de = [ A(8)$ (8)de - [ A(B)a (A)pyde
-Tr =T -r
0 A . 0N, A(8-E) N 20+r
= A(S)(e +[ A (e pydE = a (M)py - }) de. (3.9)
-r 8
Here,

0 0
J ao ae (078, (BT
-r

0 € "
= | a@mer® e

-r -r

M5

0
=] (A(E) - A(-r)e

-r

E L] .
TA(rE) _ 7 88 A(O)de) pydE-

-r

Hence from (3.9)
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0NN 0 N 0 E'
|[ A7(8)p (8)d8| <[ |A(B)[d® + [a (A)] (lA(-r)l + [ IA(e)Ide)d;

-r -r -r -r

-r

0 0
<[ la@®@)|de + r(|A(—r)| + [ IA(e)lde)
-r
on ¢+ ={xe¢, ReA > 0} where we used IaN(A)|_S 1 on ¢t (Q.E.D.)

Corollary 3.3: If the elements of A(*) are absolutely continuous on [-r,0],

then the complex function det AN(A) cannot have a zero in the closed right

halfplane outside the disc of radius |A0| + |A1| + C.

Proof: Note that |Pade (e-rx)].s 1 on ¢+. The éorollary' follows from

Lemma 3.2. " : ' (Q.E.D.)

. Lemma 3.4: AN(A) converges to A(A) uniformly on every bounded subset of

the complex plane.

Proof: We only need to show that '

O N gy, N 0 26
[ A'(8)$(8)d6 —— [ A(6)e d, uniformly.
- !l

.From (3.9)

0 0
1 ANoreNerae - f acere*Pas|
n -

0 0
= | aN(A)A(G)(é Aex(e-g)deE - pN(ze:r))del

-r
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0 g '
= | aN<x>[—A<s> + xe“e'g)A<9>d9]pN(§-:—r-)dE|'

—r —r .

0 0
1 1 1
< |aN(x>|(1 rrf et de) /2 (1. |ace)|? de) 2 (572,
-r -Tr
which converges uniformly to zero on every bounded subset of the complex

plane. _ - (Q.E.D)

4, Riccati Equations
Let G be a non-negative, self-adjoint operator on Z and C be
a pxn matrix. Consider the optimal control problem on a finite interval: for

given initial data z = (n,9$) € Z

T
minimize J(u; [0,T]) = [ (ICz(t)|2 + Iu(t)lz)dt + <6z(T),z(T)> (4.1)
0
over u € L2([O;T]; T) subject to (2.2), where C(n,$) = Cn for
(n,$) e Z. It is well known [3], [5] that the optimal solution W to
(4.1) 1is given by

«ce) = - 87 1))

where TM(t), t < T 1is the unique non-negative, self-adjoint solution to the

Riccati equation:
%E A(t)z,z> = =2<Az,M(t)z> + <B*N(t)z,B*1(t)z> - <Cz,Cz> (4.2).

for all =z € D(A)
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H(T) = G,

and z0(t) satisfies the evolution equation

0
z {(t)

[

‘ j—t (A-BB*H(t))zo(t)

20 (0)

]
N
.

Consider the Nth approximate problem to (4.1): minimize
N T N, 2 2y, . N N._. N
I (u;[0,T1) = [ (Jcz (£)|© + |u(e)|%)dt + <6~ z (T),z (T)> (4.3)
e .

subject to (2.4) where cN = NGQN. The optimal control uN to (4.3) is

given by

WMoy = -8" NN,

where HN(t), t T is the unique non-negative, self-adjoint operator to the

Nth approximate Riccati equation:

* *
gf aN(e)z,z> = ~2<AVz, 1N ()z> + B NV(e)z,B 1 (E)z> - <Cz,Cz>

for all z € Z (4.4)

Ty = &

and zN(t) satisfies
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— z (t)

N * N N
m (A" -BB I (t))z (), £t >0

N

zN(O) Q z.

From Theorem 2.2 and Theorem 6.1 - 6.3 in [5], we have the desired convergence

results:
Theorem 4.1. nN(t) converges strongly to MN(t) for t < T and the
convergence is uniform for t in bounded intervals. If GN = —B*HN(C);N(t),

t { T where ;N(t) is the mild solution to

d

X (A -BB*HN(t));N(t)

2N(e)

24(0)

Z,

i.e., the Nth feedback -~ontrol law applied to the original hereditary system

(2.1), then for any € > 0 there exists a nondecreasing function

Ne(.): [0,) = R" such that for y > N AT)

2

o, [0,T]) + etzn®,

J(;N; [0,71) < J(u

Moreover, if G 1is given by G(n,¢) = (Gon,O), then HN(t) converges in
trace norm to MN(t) for t {T and the convergence is uniform for ¢t in

bounded intervals.
Let us now consider the optimal control problem on the infinite interval.

For given initial data z = (n,¢) € Z, minimize the cost functional:
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J(u,z) = f (|Cz(t)|2 + lu(t)lz)dt (4.5)
0
subject to (2;2).
Definition: The pair (A,B) 1is stabilizable if there exists an operator
Ke L(z, ) such that A - BK generates a uniformly exponentially stable
semigroup. (C,A) 1is detectable if (A*,C*) is stabilizable.

The following theorem is now standard [11], [5].

Theorem 4.2. 1If (A,B) 1is_stabilizable and (C,A) is detectable, then the

algebraic Riccati equation (ARE):

(AT +TA - BB + c*C)z = 0 for all z &€ D(A)

has a unique self-adjoint, non-negative solution. Moreover, if N denotes

the said solution, then A'—BB*H generates a uniformly exponentially stable

semigroup and the optimal control to (4.5) is given by

uo(t) = -B*Hzo(t)

where zo(t) is the mild solution to

& 220 = (A - BB m20(e)

20(0)

]
N
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Remark: For the hereditary differential systems, we have
(1) (A,B) is. stabilizable if and only if

rank[A(A),B] = n for all X ¢ ¢+,

(11) (C,A) 1is detectable if and only if

A(Y) , N
rank =na for all A s ¢

(iii) a complex number X € o(A - BB*H) if and only if Re A < 0 and X

satisfies det Z(X) = 0 where
D(A) e
A(A) =21 -
-CTC -D(—X)r
-ri 0 A0
D(A) = &) + A e e [ A®)e" dB[S].
-r

The next lemma gives the chararterization of stabilizing and detectability
for the approximating system (2.4) which is precisely the analogon to those

given in Remark.
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Lemma 4.3.

(1)  (AN,B) is stabilizable if and only if
rank [AN(A),B] = n for all X e ¢+

(ii) (C,AN) is detectable if and only if

aN(r)
rank =n for all X € ¢+.
C
Proof: We will only prove the statement (ii) since (i) follows from Lemma 2.1

and (ii) by duality. It follows from the finite dimensional linear system

theory that (C,AN) is detectable if and only if

ANz =2z and cz=0 for Ae ¢h
imply QNz = 0. Hence from (3.6), (3.8) and Theorem 3.1, it is equivalent to
N = +
ker A"(A)M ker C = {0} for A e ¢*, (Q.E.D.)
The next corollary follows from Corollary 3.3, Lemma 3.4 and Lemma 4.3.
Corollary 4.4. Suppose that the elements of A(+) are absolutely. continuous
on [-r,0]. If (A,B) 1is stabilizable ((C,A) is detectable, respectively),

then (AN,B) is stabilizable (c,ANy is detectable, respectively) for N

sufficiently large.
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For the rest of this section we assume that the conditions stated in
Corollary 4.4 hold. Let us consider the Nth approximate problem to (4.5):

minimize

MNeu,z)y = [ (e [? + Ju(e)|?)ae (4.6)
0
subject to (2.4). The optimal control ud to (4.6) is given by

uN(t) = - B*HNZN(t)

and

N * N
Nty = oA = BB IE N,

9
where NN is the unique nonnegative, self-adjoint solution to (ARE)N:
* * *
A 1Y + oA - Y B* 1Y + *c = ¢.

In the following lemma we give a characteristic equation for eigenvalues of

AN _ gg* 1V,

Lemma 4.5: A complex number A 1s an eigeanvalue of AN - BB* N if and only

if Re A <0 and X satisfies det ZN(A) = 0 where

DY) -BBL
A¥oy =1 -
-CTC _DN(_A)T
N N 0 N N
D'(A) = Ay + A ¢ (-1) + ] AT(8)¢ (8)dS.

-
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Proof. It follows from [5] that A ¢ o(AN - BB* 1N) if and only if

Re A <0 and 2 ¢ c(HN) where

and zN = QNZ.
From (2.5) and Lemma 2.1, if X ¢ c(HN), then there exists an element

((,8), (v, 1) € zV x zN such that

0

Agn + Ag(-T) ¥ { AN(8)6(8)de - B8T y = an
b = 2%

¢’ ¢y - Ay y - ¥(0) =2y

AN(°)Ty - @'= Y

where

$ =9+ (n=-90)py, n =40

+ (Af y - $(-r))pN and P(-r) = Af y.

<

1p=

Thus the similar arguments as given in Section 3 allow us to conclude that
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A e o(HY) if and only if det aN(A) = 0. (Q.E.D.)

5. Gibson“s Conjecture

In this section; we prove the Conjecture 7.1 in [5] for the Legendre-tau .
approximation: 1if the semigroup {S(t), t > 0} is uniformly, exponentially
étable, then there exist positive constants M and w such that, for N
sufficiently large

15N (e < Me TV,

To this end we need the following two results.

Lemma S5.1: Let us denote by A;, a generator on Z defined by D(Ag) = D(A)

and
A)(9€0),8) = (-8(0),9) € z
and define Ag = QNAOLN, N> 1. Then there exist positive constants wg
and M such that AN
Ot -wot
le " 1 {M e
-0
and N
© At
0 2 2
| |Ee z| llins Mollz!l

where [ 1s an operator on Z defined by



E(n,$) = ¢(-r) for (n,d) € Z.

Proof: We define the weighted inner product <°,'>g on Z by

0
<M,8),(y,0)> = <n,y> _ + [ <6(8),0(8)> g(8)ds (5.1)
g R®™  -n rR"

where g 1is positive on [~r,0] defined by

Since %-g.g(e).s 1 on [-r,0], if Zg denotes the completion of Z with

respect to the inner product (5.1) and I-ﬂg denotes the induced norm, then
1212 < 1212 < 21202, (5.2)
g — - g

For 2z = (n,6) ¢ zV = ¥z

0
I = <Ag zN,zN>g = | <PN-l ¢N,¢N>8(9) - |“|2

-Tr

where ¢N = ¢ + (n - ¢(O))PN and $N(0) = n.

Note that

20 + r

~ 1), 4> g(e)do

jo <(n-6(0))Ry(

-r

0
=] <n-¢@)ry, ¢

-r




-2

0 ) .
| In - 60| Py P
-r

1(26"‘]’.‘

NG T )ae

l.jl 0|2 P d
7/ In = 0|7 xR (x)x dx

1
%-{r (28-1) |n - $(0)|? Py ()P, (x)dx

1
1 2
7 {1 In = $€0)]7 Ry (x)(NRy(x) = (N=1)By_,(x))dx

1 2 2
7 Geap) In - 8(0]?,

where we used that PN-1 &N = $N and

NPN(x) = (2N-1)xPN(x) - (N—l)PN_Z(x), -1 <x<1. Thus, we have

0

1= @"i%g0)8 - |n|? - 1 (52) In - 6(0)]?
-r

1

0
=z @2 -z 0= 1 s
~r

N\2 4o

42 1, 2N 2
= Inl® -7 (5 In - 6]

1 1

0
-z P -z 1802 -1 & I 612 a0 = % [n - 6(0)]?

I

- wgl 0,012 - & [8(-0)] %,

1 1
where w, = min(f" Z?J’ It now follows that

G 2 (e, zN(t)>g <- monchf)n; -5 leNo)?
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or
N 2 N 2 t N 2 1t N 2
hz (t)ng <1z (O)ng - 2w, é i1z (s)ng -7 é 4|Ez (s)|” ds (5.3)
N, .2 tON, 2
<tz (O)ng = 2, é iz (s)ng ds.

Hence by Gronwall”s lemma

-w

t
N
Tz (£)!I < e
g_

0 ﬂzN(O)Ig, t > 0.

From (5.3), for all t > 0

2 2

t
/ |EzN(s)|2 ds 5_4nzN(0)u; < 412M% ¢ szt (Q.E.D.)
5 = 2

Corollary 5.2. Let I denote an operator on Z defined by I(n,$) =ne R

for (n,¢) € Z. Then, if

“ Ne 2
| [Te “z|° dt < KRizt
0

2

for some positive constant K, there exists positive constants ®; and M,

such that

Proof:‘ The same argument as in the proof of Lemma 5.1 yields that for

(n,$) € ZN
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0
<ANzN,zN>g = <agn + AN + [ AN e)an, >
-r

0
1 2 1 N 2 1,2 2
ty T -z e -5 D {r 68| de

0
_ N, 2
(73:+ Ayl + |A1Af| + 2r | |A(B)|2d9) |n|2 -?l-wo 1z

-r

i

a |n|2 —-% Yo uanz,

where we used the relation: 2 <x,y> S_|x|2 + |y|2 for x,y € F', 1t then

follows that

d N N N, 2 1 N, |2
Gz (), z (t)>g_<_a|n ()" = 5wy 1z7(e)N

or
v t t
ﬂzN(t)!l2 + w f ﬂzN(s)ﬂ2 ds < llzN(O)II2 + 2a f |nN(s)|2 ds
g 05 - 8 0

for all t > O.

Hence we obtain

[Nt as < L1+ 2001202,
0 ~ %%

The corollary now follows from Datko”s theorem (see Lemma 7.4 in [5]).

(Q.E.D.)

We are now ready to state the main theorem.
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Theorem 5.3: If the elements of A(*) are absolutely continuous on [-r,0]°

and the semigroup {S(t), t > 0} is uniformly, exponentially stable, then

there exist positive constants ® and M such that, for N sufficiently

large

Proof: It follows from Corollary 3.3 and Lemma 3.4 that there exists an

integer N such that, for N > N, det aN(A) # 0 for all A e ¢*. But for

0
lo] > Ayl + [A] +C =8 and we R, it follows from Corollary 3.3 that

2wy <

wl - B

This inequality, when combined with Lemma 3.4 shows that there exists a

constant « sﬁch that for N‘Z N0
|AV(w) ] <o, v e R

Note that for =z e 2

N Agt t

N
A (E78) ¥ £gyds (5.4)

where f(t) = Fe z, t >0 and F 1is an operator on Z defined by

0
F(n,9) = (I + A0 + A ¢(-1) + ] A(8)¢(08)dd for (n,¢) € Z.
“r :
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It then follows from Lemma 5.1 that there exists a positive constant Y such

that
L] ANt 2

| |1e 0 z|2 dt and | ]f(t)|2 dt < ytzl”,
-0 0

£ AN-s) * -
If y(t) = f Te 1 f(s)ds, then the Fourier transformation y(iw) of
0

y 1is given by

y(iw) = AN(:LL»)-'1 f(iw).
Hency, by the Parseval”s equality.

[y )% de = |y(w)|®de

0 -

<0 a
<o [ |fuw)|? aw = o® [ |£(0)]|? .
— 0

It now follows from (5.4) that

o N

J |IeA t z|2 de < 2y(1 + o?) 1202

0 .
which completes the proof along with Corollary 5.2. (Q.E.ﬁ.)

The following theorem is an important consequence of Theorem 5.3.

Theorem 5.4. If the elements of A(e¢) are absolutely continuous on [-r,0],

rank C = n and (A,B) 1is stabilizable, then for N sufficiently large
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Remark: 1In the above proof the condition: ramk C = n 1is only used for the
derivation of (5.5). But it seems to be enough to assume the detectability of

(C,A) for such a derivation.
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