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1. Introduction

The Chandrasekhar equations [12] are an alternative form to the Riccati
equations from which the optimal feedback gain operator may be calculated
directly. If the system has a small number of inputs and outputs, the
Chandrasekhar algorithm offers significant reduction in the computational
complexity for determining the optimal feedback gain. As observed in (18],
this is much more evident in the infinite dimensional case if the optimal
feedback gain operator is calculated numerically using some approximation
method. 1In this case, the number of states grows linearly to the order of
approximation.

The purpose of this paper is to derive Chandrasekhar equations for
systems defined by evolution equations on Hilbert spaces in which the input
and output operators are assumed to be bounded. The form of the Chandrasekhar
equations derived immediately implies that the solution of the associated
Riccati equation is strongly differentiable in time, and it allows us to
define a “strong” solution of the Riccati equation. Another important
consequence of this is that the optimal control for the linear quadratic
regulator (LQR) problem is continuously differentiable if the initial datum is
sufficiently smooth,

The Chandrasekhar equations for infinite dimensional systems have been
discussed in [4] and [6] using a Lions-type framework [15]. However, the
equations derived in [4] and [6] are satisfied in the distributional sense.
In [19], Sorine derived a set of Chandrasekhar equations satisfied in a strong
sense for parabolic systems. Sorine”s derivation relied on the analyticity of
the semigroup and thus does not apply to general systems. Our approach

differs from those above in that it uses an approximation technique. A




sequence of approximating optimal control problems is chosen for which the
Chandrasekhar equations may be derived as in the finite dimensional case (see
[5], [12], and [14]). Convergence is then established and the appropriate
equations are shown to be satisfied. 1In this paper, our considerations are
restricted to the LQR problem, but the results are also applicable to the
Kalman filtering problem [7].

The contents of the paper are as follows. Section 2 briefly recalls the
linear quadratic problem and characterizes the optimal control (see [2], [8],
and [15] for a survey of the literature). In Section 3 a characterization of
the Riccati operator is derived and used to obtain the Chandrasekhar
equations. Regularity results for the Riccati operator and optimal control
are discussed in Section 4. As a specific example we discuss in Section 5 the
linear quadratic optimal control problem for hereditary differential systems
in which the input and output spaces are finite dimensional. Because of the
smoothing property of the solution semigroup, results stronger than those of
the general problem are obtained.

The notation used in this paper is standard. The symbol <+,*> stands
for the inner product in a Hilbert space where the underlying space will be
understood from the context. Also, I+l denotes the norm for elements of a
Banach space and for operators between Banach spaces, while ]°| denotes the
Euclidean norm. The adjoint of a densely defined operator A from one

Hilbert space to another is denoted by A,




2. Riccati Equations
Let Z, U, and Y be Hilbert spaces. We consider the evolution equation

on 2

%—t— z(t) =Az(t) + Bu(t), t>0

(2.1)

z(0) z€7Z
where u(e¢) 1is a U-valued, square integrable (control) function and A is
the infinitesimal generator of a strongly continuous semigroup S(t) on Z.

The Y-valued (observation) function y is given by
(2.2) y(t) = Cz(t), t > 0.

We assume that BeL(U,Z) and Ce€L(Z,Y).

For any T >0, if u is differentiable almost everywhere on
[o,T], 1.1€L1(0,T;U) and z€D(A), then the initial value problem (2.l) has a
unique “strong” solution [17, Corollary 2.10] in the sense that z is
differentiable almost everywhere (a.e.) on [0,T] with éelq(O,T;Z) and
(2.1) holds a.e. on [0,T}]. It follows from Corollary 2.2 in [17] that (2.1)

has at most one solution and if it has a solution, this solution is given by

t
(2.3) z(t) = s(t)z + f S(t - s)Bu(s)ds
0

which we shall call the mild solution of (2.1). Moreover, the mild solution

satisfies the “weak” differential equation:




T <a(t) %> = <z(t), A x> + <Bu(t),x> for all xeD(A).

Consider the linear quadratic optimal control problem on a finite time
interval: for given initial data z€ Z, choose the control ue€ L2(O,T;]K“)
that minimizes the cost functional

T 2 2
(2.4) JCu,[0,T]) = [ (ty(e)1” + nuCe)n®)de + <6z(T),2z(T)>,

0
where G 1is a nonnegative (definite), self-adjoint operator on Z and 2z 1is
the mild solution to (2.1). The next theorem, which characterizes the optimal

control, follows from [2], [8] and [20].

Theorem 2.1: The optimal control w0 of (2.4) is given by

(2.5) W) = 8" M)y, e3> o0

where M(t), t < T, is strongly continuous on Z. Moreover, N(t) 1is the

unique solution within the class of nonnegative self-adjoint operators for

which <H(t)z,z> 1s absolutely continuous for 2z €D(A), and satisfies the

“weak differential” Riccati equation

(2.6) 37 A(t)z,z> + 2<Az,I(E)z> - <B” N(t)z,B" M(t)z> + <Cz,Cz> = 0

for all z €D(A)
I{T) = G.




If U(e,*) denotes the perturbed evolution operator of the semigroup

*
S(t) by -BB I, then for z€2Z

S
(2.7) U(s,t)z = S(s - t)z - | S(s - 0)BB" M(o)U(o,t)zdo,
! t

M(t) satisfies

T
(2.8) T(t)z = § (T - £)GU(T,t)z + | S (o - £)C CU(o,t)zdo,
t

and

Zo(t) = lU(t,0)z.

3. Chandrasekhar Equations

%
From here on, we assume that Gz€ D(A') for all =z€Z. By the closed

graph theorem A* G is then a bounded operator on z. Let us define a

bounded self-adjoint operator Q on Z by
* * * *
Qx,y> = <A Gx,y> + <x,A Gy> - <B Gx,B Gy>
(3.1)

+ <Cx,Cy> for all x,y€ Z.

The main result of this paper is given in the following theorem.

equation

Theorem 3.1: If T(t), t < T is the solution to the Riccati

(2.6), then for z€Z




T
(3.2) N(t)z = Gz + | U (T,s)QU(T,s)zds.
t

Proof: If A 1is a bounded linear operator on Z, then

ot n
SCt) = eAt -y (At)

and t -+ S(t) 1is differentiable in norm.

Hence the same arguments as given
in [12] for the finite dimensional system

allow us to show that the theorem
holds for such a case.

Consider the Yosida approximation of A given by

Ay = AL - A7 for A e B Mp(A).

Then AA is a bounded linear operator on Z and from Theorem 5.5 in [17]

At

e A z =+ S(t)z as

A > o (strongly), z€Z

uniformly on bounded t-intervals. Note that

A; = AM*(ar - AH7TL,

Indeed, for x€D(A) and ye€z

Ay %y = A0 - A7 Ak, = xadtor - AT g,

* * * -
But since D(A) is dense in Z, this shows that AX = A (AL - A) 1. Thus
Theorem 5.5 in [17] again implies that




*
Axt x
e z -+ S (t)z, z€Z

uniformly on bounded t-intervals.
Consider the approximate problem (AA,B,C) for which "~ the theorem
holds. If Hk(t) and Ui(-,') denote the solution of the Riccati equation

and the perturbated evolution operator corresponding to the perturbation of

A)\t *
e by -BB Hx(t), respectively, then

T
*
HA(t)z = Gz + { UA(T’S)QA UX(T,s)zds for z€2Z

where

—A* * *
Q)\— }‘G+GA)\—GBB G+C C.

It follows from Theorem 6.1 in Gibson [11] that Hx(t) converges strongly to
m(t) for t < T, and the convergence is uniform on bounded t-intervals.

Moreover, statement (6.14) in [11] implies that

U)\(t,s)z -+ U(t,s)z, z€Z, 0<s<tT

where the convergence is uniform in t and s. Hence, for all x€2Z

T
IM(t)x,x> = lim <Hk(t)x,x> = <{Gx,x> + lim f <QA UA(T,s)x,UA(T,s)x>ds
Ao Ao t
T *
(3.3) = {Gx,x> + lim J {2<A GUA(T,s)x,JA UX(T,s)x>
Ao t

+<(C" ¢ - BB G)U(T,s)x, U, (T,s)x>}ds




where JA = A(AI - A)—l, Aep(A). Note that
JA UA(T,S)X = (JA - Du(T,s)x + JA(UA(T’S) - u(r,s))x + U(T,s)x

converges strongly to U(T,s)x for s < T since JA converges strongly to
the identity operator I on Z (see, [17]). Since the integrand appearing
in equation (3.3) is uniformly bounded in A and . s, the dominated
convergence theorem allows us to obtain that for x€Z

T
<Gx,x> + [ {2<A* GU(T,s)x,U(T,s)x>
t

<I(t)x,x>

+ <(C* - 6BB® G)U(T,s)x,U(T,s)x>}ds

T
&G + [ U°(T,s)QU(T,s)ds)x,x>
t

which completes the proof since the operators appearing in both sides of this

equation are self-adjoint.

(Q.E.D.)

Remark 3.2: Important in applications is the case G = 0., If this

occurs, then Q = C* C and

T &
n(t)z = f L (s)L(s)zds, zZ€7Z
t

*
where L(s) = CU(T,s). Define the gain operator by K(t) =B 1I(t). Then

(see, Gibson [10])




T
Uu(T,t)r = S(T - t)z - f U(T,s)BK(s)S(s - t)zds, Z€7Z
t

and the operators K(t) and L(t) jointly satisfy

T

*
K(t)z = | BL (s)L(s)zds
t
T
L(t)z = CS(T - t)z - [ L(s)BK(s)S(s - t)zds,
t

for all z€Z, which are the infinite dimensional Chandrasekhar equations in
integral form. Since K(t)z and L(t)x are differentiable for ze€Z and

x € D(A), R(t) and L(t) also satisfy

‘;—t K(t)z = -B° L' (t)L(t)z, z€2,
K(T) = 0,

% L(t)x = -L(t)[A - BK(t)]x, x€D(A),
L(t) = C.

Note that these Chandrasekhar differential equations correspond to those

derived for finite dimensional systems [12].
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4, Strong Differential Riccati Equation
An important consequence of (3.2) is the following theorem.

Theorem 4.1: If GZCD(A*) and I(t), t < T, is the solution to the

Riccati equation (2.6), then for z€Z IN(t)z is continuously differentiable

on [0,T] and

d *
Fry mt)z = L (£)L(t)z.

The following two lemmas are essential to the derivation of the “strong

differential” Riccati equation.

Lemma 4.2: Suppose that B(t) 1is an operator on Z such that for

z€Z, B(t)z is continuously differentiable on fo,T]. Then A + B(t)

generates a perturbed evolution operator V(t,s), of the semigroup S(t) on

zZ and for z€D(A) V(t,s)z€DA), 0 < s <t<T, V(t,x)z 1is strongly

differentiable in t, and

(4.1) g—t V(t,s)z = (A + B(£))V(t,s)z

is satisfied for 0 < s { t < T. Moreover, the derivative %E v(t,s)z for

z € D(A) 1is jointly continuous in t and s.

Proof: Consider a class §Q of evolution operators on Z as follows:
Q consists of bounded linear operators V(t,s), 0 { s <t<T on Z such

that

(1) vVv(s,s) = I, V(t,r)V(r,s) = V(t,s) for 0<s<r<t<T
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(i1) (t,s) -+ V(t,s) 1s strongly continuous for 0 < s < t<T

(ii1) for z€D(A), V(t,s)z€ D(A) 1is strongly differentiable in t and
the derivative %E-V(t,s)z is strongly continuous in t and s for
0<{s<t<T.

Note that V(O)(t,s)z = S(t - s)z, z€Z belongs to Q. Define a sequence of

evolution operators V(k)(t,s) by

t
4.2) VD o) = st - s)z + [ st - )B()V ) (0,8)z2do
S

for z€Z and 0{s<t<T.

It then follows from [8], [17] that

V(k)(t,s)z -> V(t,s)z for z€Z and 0<s<t<T

where the convergence is uniform in t and s. If V(k)(t,s) belongs to the

class Q, then for z €D(A), B(t)V(k)(t,s)z is continuously differentiable

in t and

3 ]

E V(k)(t,S)Z.

B ® (e, 8)z) = Be)v®(e,s)z + B(e)

[+%]

t

It now follows from (4.2) and [13, p. 487] that for =z € D(A), V(k+1)(t,s)z is

continuously differentiable in t and satisfies

3

§E-V(k+1)(t,s)z = AV(k+1)(t,s)z + B(t)V(k)(t,s)z

or
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t
2 v (e 0)z = s(e - s)(A+ BENZ + | 8(t - DBV (0,8)zdo
S
t
(4.3) + [ st - 0Bo) o v (0,8)zdo,

S

for O s t<T.

Hence by induction, V(k)(t,x)z belongs to @ for k > 0. From (4.3)

%E V(k+1)(t,s)z - %f V(k)(t,s)z
t
(4.4) = | ste - 08o) (v (0,8 - v D (q,6))ado
s
t
+ [ s(t - o)B(c)C%E v (o,8)z - %3 V(k_l)(o,s)z)dc.
s

By induction on k one easily verifies the estimate:

k
(i) (k-1) (c = 5)
v (e,8) - v (e, en < o o SR

where

C, = max 1S(s)! and M, = max 1s(t - s)B(s)l.
0<{s<T 0<s<t<T
Since B(t)z is continuous for each z€Z, 1B(E)N s uniformly bounded on

[0,T]. Thus, from (4.4)

k+1
e Ve 0n - v mn Copwy o EE Ry
+ M ft 1 v (0,802 - & v D (g,6)214
1sg 3 9,8)%2 = 33 o,8)21¢0
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where

M, = max ISt - s)B(s)1.
0<s<t<T

By induction on k one obtains

k
9 (k) _ 9 (k-1) (t - s) k-1
“3? \' (t,s)z T \' (t,s)zl S_zﬁf:—ijT-Mz M1 C1 Nz
k
(t - s) .k
+TM1 Cl 1Azll.
3 (k) .
Hence, EE'V (t,s)z converges to a function of C(s,T;2) for 0<s<t<T

and z€ A) where the convergence is uniform in t and s. Note that the
differential operator [%f) on C(s,T;Z) 1is closed. These facts, when
combined with the convergence of V(k)(t,s)z to V(t,s)z in C(s,T;Z), show
that for z€D(A) V(t,s)z 1is continuously differentiable in t, and the

derivative is jointly continuous in t and s.- Since
t
v(t,s)z = S(t - s)z + [ S(t - 0)B(0)V(0,s)zdo
s
for z€Z and 0<s<t<T,

it now follows from [13, p. 487] that for =z €D(A), V(t,s)z€D(A) and
= V(e,8)z = (A + B(E))V(t,8)z

for O_Ss_<_t:<T.

(Q.E.D)
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Lemma 4.3: If GZCD(A*), then for ze€D(A) and t < T, II(t)zED(A*)

and t -» II(t)z is strongly continuous in the Hilbert space D(A*) equipped

with the graph norm.

Proof: As a result of Theorem 2.1 it is only necessary to show that

*
A N(t)z 1is continuous for z€D(A). Recall that for ze€Z

T
(4.5) M(t)z = S (T - £)QU(T,e)z + | S (o - £)C CU(o,t)zdo.
t

From Theorem 4,1 and Lemma 4.2, for z€D(A) U(o,t)z 1is continuously

differentiable in o, Thus it again follows from [13, p. 487] that

Mt)zeD(A), t<T

and

* * * *
A TM(t)z =S (T - t)(A G+ C CHU(T,t)z

T
-c*cz-f s'-o)0c ¢ 2 u(o,t)zdo.
t

From Lemma 4.2, o —»> -?ro-U(o,t)z is strongly continuous for ¢ <t<oXT

*
and z€D(A). Hence t > A I(t)z is strongly continuous for z€D(A).

(Q.E.D)

We are now ready to state the main result of this section.
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Theorem 4.4: For z€D(A), IN(t)z 1is a unique strong solution to the

Riccati equation in the sense that II(t)z is continuously differentiable on

*
[0,T], M(t)zeD(A') for 0 t<T and the strong differential Riccati

equation:

(4.6) (- n(e) + A" M) + N(E)A - M(e)BE M(x) + ¢ c)z=0
for all =z € D(A)

n(t) = 6

is satisfied on [0,T].

Proof: We only need to prove that (4.6) holds for 0 <t { T. From

(2.6), we have for all x,y€ D(A)

d % %

TS A(t)x,y> + <Ax,I(t)y> + <IM(t)x,Ay> - <B m(t)x,B M(t)y> + < x, y> = 0.
It then follows from Theorem 4.1 and Lemma 4.3 that

1) <(Gomee) + £ M) + I0A - T(e)BE” N(e) + ¢ C)x,y> = 0

for all x,y€DA).

Since D(A) 1is dense in 2, (4.7) holds for all yé€Z, which completes the

proof.

(Q.E.D)
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Corollary &4.5: If GZCD(A*) and the initial data z € D(A), then the

optimal control W to (2.4) is continuously differentiable on [0,T].

Proof: From Theorem 4.1 and Lemma 4.2, zo(t) = (t,0)z 1is continuously
differentiable for z€D(A). Therefore, the continuous differentiability of

w0 follows from (2.5) and Theorem 4.1.

Remark: From Lemma 4.2 and Theorem 4.1, if =z €D(A), then z(t)e D(A),
t >0 and

(4.8) = ult) = =B (& 1(v)z(e) + We)2(e)) = F(A n(e) + C* O)a(e).

5. Hereditary Differential System
In this section we discuss the hereditary differential system:
0

[ du(®)x(t + 6) + Bu(t), ¢t >t
-r

d
3 X 0
(5.1)

x(to) =1 and x(t0 +06) = ¢(6), -r<86<0,

where p(¢) 1s an nxn matrix valued function of bounded variation which
vanishes at 06 =0 and is left continuous on (-r,0). Without loss of
generality we can assume that for 6 > 0, u(8) = 0 and for 6 £ -r,

u(8) = u(-r). B 1is an nxm matrix. The observation y 1is given by

(5.2) y(t) = Cx(t)
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where C 1is a pxn matrix. We will denote by Z, the product space
R’ x LZ(—r,O;]If‘) in this section. Given an element z€Z, n€ R and

¢ €L, denote the two coordinates of z : z = (n,¢). It is well known [3],

2
[9] that for (n,¢)€Z and u locally square integrable, (5.1) admits a
unique solution x€Ly(tg - r,T;]K’)mHl(tO,T;IK’) for any T > tg. If

tg = 0, then (5.1) can be formulated as an evolution equation on Z.

(5.3) %:- z(t) = Az(t) + Bu(t), t >0

where z(t) = (x(t),x(t + *))€Z, t >0 and Bu = (Bu,0) € 2 for u€M,

The infinitesimal generator A 1is then defined by
DA = {(n,)€z| n=¢(0) and $eL,}
and for (4(0),¢) € D(A)

0
A($€0),4) = (J du(8)¢(8),4),

-r

and generates the strong continuous semigroup S(t):

S(t)(n,9) = (x(t),x(t + +)), t > 0 where x is the solution of (5.1) with

tp= 0 and u = 0. Within this framework, the observation equation (5.2) is

written as

(5.4) y(t) = Cz(t), t>0

where C(n,$) = Cn € 4 for (n,$)€Z. Thus the system (5.1)-(5.2) is
formulated as the model system (2.1)-(2.2) in which Z = B' x Ly, U = ®

and Y = 1{’.
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The following lemma gives two important properties of the hereditary
differential system which shall be wused extensively in the subsequent

development.

Lemma 5.1:

(1) If X denotes the Hilbert space D(A) equipped with the graph norm,

t
then f S(t - s)Bu(s)ds 1is an X-valued function continuous in t
0

for each u€L2(0;T;]I%“) and continuous in u for each ¢t € [0,T].

(ii) If Yy 1is a pxn matrix-valued function of bounded variation on

0
[-r,0] and # denotes an operator defined by H(n,¢) = [ dy(8)¢(6)
-r

for (n,¢) € Z, then there exists a nondecreasing function

M(*) : [0,»] ——> B such that for ze€Z

T 2 2
[ Hs()z|“ dt < M(T)nzn”,
0

Remark: The proof of (i) makes explicit use of the hereditary structure
and is straightforward (though tedious). In (5.5) the expression HS(t)z
only makes sense when zé€D(A). However, because of (ii), we will use the
expression HS(t)z, 0 { t < T to denote the function in LZ(O,T;B?) which

is obtained by a continuous extension of the operator:
z€D(A) —> HS(£)z € L,(0,T; ®).
Let us consider the linear quadratic optimal control problem: for given

(n,$)€Z choose the control u€Ly(ty,T; KY) that minimizes the cost

functional
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T
(5.6) 3yl = [ ([ex(e)|? + Ju(e)[F)ae + <G, x(T),x(T)>
t ®

0
where GO is a nonnegative, symmetric matrix on K and x(+) 1is the

solution to (5.1). Note that (5.6) can be equivalently written as

T
3(u, Tty = [ (lez(e)]? + Jue)|?)de + <ca(m),2(1)>,
t

0
where G 1is a nonnegative, self-adjoint operator on Z defined by G(n,¢)
= (G0 n,0)ezZ for (n,0)€zZ and z(+) 1is given by

t
z(t) = 8(t - £)(n,¢) + [ s(t - s)Bu(s)ds, t > ty -
: 2

0
Hence Theorem 2.1 applies to the minimization problem (5.6).

It follows from [11], [21] that if (y,¢)€ED(A*) then

$(8) - (u(8) - u(-rNT yenl(-r,0

and

¥(-r) = W) = ue-rNTy.

Obviously Gz & D(A*) in general. So, Theorem 3.1 does not apply for (5.6)
unless Gg = 0. However, as a result of Lemma 5.1 one can extend the results
in Sections 3 and 4 to this case. We will discuss such an extension later and
for the present consider the case Gg = 0.
If GO = 0, then the solution 1(t) to the Riccati equation (2.6) is
given by
T

* *
(5.7) m(t)z = [ S (o - t)C CU(o,t)zda.
t
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Let be the infinitesimal generator on Z defined by D(A.) = D(A) and
T

for ¢€H1,

0
A6€0),9) = (J an’(8)6(0),$)
-r

and let S(t) denote the Cpy-semigroup generated by A[. Define the

structural operator F on Z by
60—
F(n,$) = (n,/ du(E)¢(E - 8)) for (n,d)€Z.
-r
Then, the following result has been proven by Manitius [16].

Theorem 5.2:

(1) FS(t) = Sp(OF, F s.(8) = ()P, &£ > 0.
(1i) If =z €D(A), then Fze D(A;) and A; Fz = FAz.
(1i1) If z€D(Ap), then F zeXA") and A" F z = F 4 z.
Since C° =F* C*, it follows from (5.7) and Theorem 5.2 that
x T *
I(t)z = F | Sp(o - t)C ClU(o,t)zdo.
t
Note that C* y = (T y,0) €Z for yeRp. Thus from (i) of Lemma 5.1 and
(iii) of Theorem (5.2), N(t)z GD(A*) for z €Z, Moreover, since the

*
evolution operator U(o,t) 1is jointly continuous for O t<o<T, A I(t)z

is strongly continuous in Z for z € Z, and hence I(t)A has a bounded
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extension to all of Z. The next result now follows from Theorem 4.4 and

Corollary 4.5.

Theorem 5.3: If Gy = 0, then for =z € 2, M(t)z 1is a unique strong

solution to the Riccati equation in the sense that 1II(t)z 1is continuously

differentiable on [0,T), N(t)z eD(A*) for 0<t<T, and the strong

differential Riccati equation:

(§c mee) + A" m(e) + M(eA - M(e)BB™ m(e) + € C) z = 0

for all ze€Z

is satisfied on [0,T). Moreover, the optimal control uo(-) to (5.6) is

continuously differentiable on (0,T] for (n,¢) €2Z.

Proof: From (4.8), if 2z = (n,¢)€ D(A), then ud is continuously

differentiable and

%) = B (A" me) + ¢ ¢)z%¢)

0
z (t) = u(t,0)(n,d).
*
It has been proven that A T(t)z is strongly continuous in Z for ze€ Z.
So, the theorem follows since D(A) is dense in yA and U(t,0) is

continuous on Z for ¢t 2_0.

(Q.E.D.)
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Let us turn to the case GO # 0, Consider the Ath approximate problem

to (5.6) in which the cost functional is given by

T

(5.8) JA(u,[tO,T]) = | (lc.z(c)[2 + |u(t)|2)dt + <G, z(T),z(T)>,
o

where GA = J; GJA and JX = A(AL - A)_1 for X €p(A). Note that

*
GAZCZD(A ) and GA -+ G 1in trace norm since G has a finite rank. If
Hl(t), t < T denotes the solution of the Riccati equation associated with the

problem (5.8), then it follows from Theorem 3.1 that
t % .
H)\(t)z = GA z + { U)\(T,S)Q)\ UX(T,s)zds, z€7Z
where QA is a self-adjoint operator on Z defined by
K * *
Q =A G +G A -G, BB G +C C

Such a representation for QA exists since GX A can be extended to all 2Z

via (3.1). 1If we denote the optimal control for the original problem (5.6)

by u0 and the optimal control for the Ath approximate problem (5.8) by

0

Uy, it follows from [1l, pp. 114-115] that converges strongly to u

oY
in LZ(tO,T;I?), and the convergence is uniform in to for 0 S.to LT.
The following three results are essential to discuss the extension of

Theorem 3.1 and Corollary 4.5 to the case when G0 # 0.

Lemma S.4: GA has a bounded extension to all elements 2z€Z of the

form z = (¢(0),4) with ¢€C(-r,0;R) and there exists a nondecreasing

function M(*) : [0,®) —+ K such that for z€Z
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T
(5.9) | |GAs(t)z
0

|2 dt S_M(T)Hznz.

Proof: For z = (¢$(0),¢) €D(A)

0
|cAz| = |6(J du(8)$(8),d)]

-r

. 0
|6y /| du(8)4(0)|
-r

I

0
1N {r |du| “¢HC(-r,o;nP)'

Since Hl(—r,O;]IP) is dense in ¢(-r,0; B'), GA has the prescribed
extension. Upon identifying GA with H of Lemma 5.1, (5.9) follows.

(Q.E.D)

Lemma 5.5: For x,y€Z
<G}\ AUA(T,t)x,U (T,t)y> -+ <GAU(T,t)x, U(T,t)y> in Lz(to,'r).

Remark: To be precise, Lemma 5.4 only extends GJ\A and GA to
x = (¢(0),$) such that ¢€C(-r,0;F). However, as functions in LZ(tO’T)’

the inner products may be extended to all 2Z.

Proof: First note that UA(T,t)z converges strongly to U(T,t)z for
z €Z and the convergence is uniform in t, and that
T

U(T,t)z = S(T - t)z + | s(T - s)Bu, (s)ds
t
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where ux(o) is the optimal control for the Ath approximate (5.8) on the
time interval [t,T] with given initial condition zZ€7Z, Since JA
converges strongly to I as X -+ on X =0D(A), it follows from (i) of

Lemma 5.1 and the fact that - uO in Lz(t,T:E@) that for t < T

YA
T

£,(8) =3, { S(T - s)Bu,(s)ds

converges strongly to

£0¢e) = jT S(T - 5)Buy(s)ds
t
in X. Since Ilf)‘(t)llx is uniformly bounded in A and t:e[tO,T], by the
dominated convergence theorem, fk(t) converges strongly to fo(t) in
Lz(tO,T;X). Hence <GAfA(t),JA UA(T,t)y> converges strongly to
<GAf0(t),U(T,t)y> in Ly(ty,T) for ye€Z. The remainder of the proof is to

show that for z,ye€Z
(5.10) <GAJA S(T - t)z,JA UA(T,t)y> ~+ <GAS(T - t)z,U(T,t)y> in LZ(tO’T)'

As in Lemma 5.4, it can be shown that

T
/' leA3, S(T - £)z

o

|2 dt SM“Z“Z z€7Z,
since HJAH is bounded uniformly in A. The desired result follows from

direct applications of the triangle inequality and the dominated convergence

theorem.
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Lemma 5.6: There exist a finite rank (5) operator H on Z and a

~

nonsingular. diagonal matrix A on .3 such that

2<GAz,z> + <(C* C - GBB® G)z,z> = <Miz,Hz> 5 for zeD(A)
R

and H can be continuously extended to all elements z€Z of the form

z = (4(0),9) with ¢ €C(~-r,0; ),

Proof: Let X denote the strong dual space of X. We identify 2

with its dual, so that XCZCX", If j 1is the canonical injection from X
into Z: j¢ = ($(0),9)€Z, ¢€X, then j is an embedding from X into 2Z;
i.ee, 3 1s injective and j(X) is dense in Z; thus it follows from
Proposition 4 in [1, p. 65] that j° from Z to V- and j°j from X to

X~ are embeddings:

3 i’
X ===+ Z ———% X~

and the bilinear form (x,y)x, x ©°n X xX is the unique extension by
b

continuity of the scalar product (x,y) of Z restricted to Z x X. Here
(“) stands for dual operators. Let us define an operator Q€ L(X,X”) by

Q= AG+ j°GA - j’GBB* Gj + j’C* Cj.

If 1 1is the norm-preserving canonical map from X~ into X, then iQ 1is a

self-adjoint operator on X. 1Indeed,

<iQx,y>X = <QX’Y>X’,X = <x,Qy>x’x, = <x,iQy>x.
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Since G and C have finite rank, Q has a finite rank, and so iQ does

Then there exist an operator H on X and a

~

]Rp such that

also. Suppose rank (iQ) = p.

nonsingular diagonal matrix A on

iQz = H*AHz for all zeX =DA).

It now follows that for z€X

*
£Qz,2z>,. , = <iQz,z>, = <H AHz,z>, = <AHz,Hz> .
X" ,X X X 5

The proof is completed if we note that

* *
<QZ’Z>X’X = 2<GAz,z>Z + <(C C - GBB G)z,z>z

and that from Lemma 5.4 the right-hand-side of this equality is continuous on

¢ €C(-r,0; ).
(Q.E.D.)

The next theorem gives the extension of Remark 3.2 and Theorem 3.1 to the

case G0 + 0.

Theorem 5.7: If T(t), t < T is the solution of the Riccati equation

(2.6) with G(n,$) = (G0 n,0) for (n,¢) €Z, then for z€Z

T
n(t)z = Gz + f (HU(T,s))* AHIKT,s)zds
t

where H{ and A are defined in Lemma 5.6.
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Proof: Recall that for ¢t _S_ T and z€2Z
T &
I[X(t)z =G, z + { U)\(T,S)QA UA(T,s)zds.

Since II}\(t), t < T converges strongly to M(t), uniformly on bounded

t-intervals, for t < T and Xx,y€2

<H(t)X)Y>

1lim <Hk(t)x,y>
Atoo

T *
lim (<6, x,y> + [ <A G, U,(T,8)x,U,(T,s)y>
Moo t

+ <UCT,8)x,AY Gy U (T,s)y> + <(C° C- ¢, BB G,
A A Uy A \
U)\(T,s)x,u (T,s)y>}ds).

Hence from Lemma 5.5 and the fact that UA(T,s)z converges strongly
to U(T,s)z for z€Z and the convergence is uniform in s, the dominated
convergence theorem allows us to show that for t { T and x,y€Z

T

KI(t)x,y> = <6x,y> + | [<GAU(T,s)x,U(T,s)y> + <U(T,x)x,GAU(T,s)y>
t

+<(C" ¢ - GBB® QU(T,s)x, U(T,s)y>}ds.

Since U(T,t)z € D(A) for z€P(A), it follows from Lemma 5.6 that for

x,y € D(A)
T

M(t)x,y> = <Gx,y> + f <AHU(T,s)x,HU(T,s)y>ds.
t
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But since H can be continuously extended to all elements z of the form
z = (4(0),4) with ¢ €C(-r,0;R), it follows from (ii) of Lemma 5.1 and the

arguments in the proof of Lemma 5.5 that (5.11) holds for all X,y € Z,

(Q.E.D)

The following results are concerned with the differentiability of the

optimal control uo(o) of (5.8).

Theorem 5.8: For zZ€Z the optimal control uo(') of (5.8) 1is

differentiable a.e. on [t(,T] with ﬁoe:Lz[tO,T;E@).

Proof: It follows from Corollary 4.5 and (4.8) that if z = (n,¢)e€D(A),
then uk(°) is continuously differentiable on [tO,T] and is given by
d % % x
IF B (®) = B (A m(e) + C CHU,(t,ty)z.
From (2.8)
% T & *
L(t)z = S (T - £)G, U,(T,t)z + [ s'(o-t)e CU,(o,t)zdo for ze€Z.
t
*
Note that GA ZCD(A ). Hence using the same arguments as those in the proof
*
of Lemma 4.3, one can show that H)\(t)ze'D(A) for z€Z and t < T, and

*
moreover, A Hk(t) is strongly continuous on [tO,T]. Since Ux(t,') is

strongly continuous on Z, this fact along with the closedness of the
differential operator [%E) on C(ty,T;R"), shows that for z€Z uy(t) is

continuously differentiable on [tO,T]. We now note that for t<T
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]

*
B A" s - £)6, B° A" s¥(T - )7} 63,

B* Af S*(T - t)J: F* GJA (using F* G = G)

B A" sN(T - )F I, 6J,

*
g F* AT S(T = £)I, GJ,

B A, S(T - ©)I, 63, (using B F' = BY

-1

where IA = A(AI - A , A€p(A) and we have used Theorem 5.2

*
successively. Since B (n,¢) = BT n, the arguments, as in the proof of Lemma

)
5.4, yield that B* AT has a bounded extension to all elements z€Z of the
form z = ($(0),4) with ¢€C(-r,0;RB) and

T

(5.12) [ 18 A, s (T - ©)z[? de < wezr?
0

for M(e) : [0,o) =—> o nondecreasing, Hence one obtains

d
o H(e

g A*{S*(T - )6, U(T,t)

T
+] 8% - 0 Cl(o,e)dal Ut e )z + B € ClU(e,e )z
t

B A 5,(T = ©)I, I, U(T,t))z

% T
+ 8 A so-0)C ClUlo,ty)zdo
t
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* *
+B C CUA(t,tO)z.

" Note that U}\(t,to)z converges strongly to L((t,to)z for z€Z, and the
convergence is uniform on [tO,T]. Since I)\ and J)\ converge strongly to
the identity operator on z, I)\ GJ)\ U)‘(T,to)z converges strongly to
GU(T,ty)z for z€Z. It now follows from (i) of Lemma 5.1 and (5.12) that
{%t- u)\(°)} is a convergence sequence in LZ(tO,T;R“), which completes the
proof when combined with the closedness of the differential operator (%f)
on Lo(tgy,T; EY).

(Q.E.D.)

This 1last corollary establishes the Chandrasekhar equations for

hereditary differential systems.

Corollary 5.9 Define the operator L(*) on Z by L(t)z = HU(T,t)z,

*
0<t<T for all z € Z, and the gain operator K(t) =B I(t), t < T.

Then K(t)z and L(t)x are differentiable on *[0,T] for z€Z and

x € D(A), and they also satisfy

d *
T K(t)z = -B L (t)AL(t)z, z€Z
*
RK(t) = B G
and
% L% = L()A - BR(E))x,  x€D(A)

L(T)x

|
=
b
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Proof: From (2.7),
T
L(t)Bv = HS(T - t)Bv - H f S(T - s)BK(s)U(s,t)Bvds for veIm,
t

Here note that HS(t)Bv = H(x(r),x(r + <)), >0 where X is the

homogeneous solution of (5.1) with initial condition Bv and x € BV(-r,T; B*)

Pxm
for any T > 0. This means that L(t)B € ]EP exists for each t, and it is

not difficult to show that L(t)B is of bounded variation on [0,T]. So

* % * ~
B" L (*) = (L(*)B) € EXP, 1t then follows from Theorem 5.7 that for ze€Z

* T « «
K(t)z = B Gz + [ B L (s)AL(s)zds;
t
and hence K(t)z 1is differentiable on [0,T].

Note that for =x€DA), U(T,t)x 1s continuously differentiable with

respect to t and

T
UT,t)x -~ x = U(T,s)(A -BK(s))xds.
t

Since HU(T,t)B = L(t)B 1is integrable,

T
| HU(T,s)(A - BK(s))xds
t

L(t)x -Hx =HU(T,t)x -~ Hx

T
f L(s)(A - BK(s))x for xe€eD@).
t

(Q.E.D)
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