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2,.2
B. flap oeoillJtlona in tranaonlo flow (FIB. 2)!

¢. Wlng rook of aalendar Oelta wing in eubson_o flow (Fi6. 3).
'i

2. MATHEHATXCAUFORMULATION
kJ

' " Let the aLter•it or flap _a Ln level, trimmed tlLEh_ unt_l tLma t - 0 when Lt La perturbed tram _e
• i trim position. Durln8 _he subsequent •o_ton the oentar of iravlty oon_lnu•a to follow • reotillnear path at

' oonetant velooLty V=. FOr a stnile-dei_'ee-of-treedom osolllatory motion, the equatAon of motion 18

• ° : i z_-.._oct,_) c,)
. i

...._ _,: _I where _(t) _a the Instantaneous _nile-ot-at_aok perturbation In example _. flap-•nile perturbation _n
I example B, and roll •nile in example ¢; I Is the appropriate moment of lnertla; _n_ G(_) Is the =orre-

r _ _ spending Snetantaneoua perturbation moment of the eerodynamto foroea. 'i

!. ii
I In Eq. (1). _ repro•ante a set of p_rametarz deflnln_ steady flight &t _he trim oond_t_on. Flight :!

_ ,.:'_.... _ Maoh number Me, ratio or speo_rto heat• 7. and _rim an_le of at_aok o• ape lnaZuded In these param-
..... _. i etere. We shall oonel_er _ to be the _rtm an$1e of aft•ok om tn exmples A and C. and the mean flap

_ .... _ , I. defleotAon angle _m In example B. _n other words, all o_her deflntn_ parameters wtll be held r_xeO when
" ! ooneAderAn$ the oonaequenoa of v|u,y_ng _ on aAroraf_ motion oharaoter_atlos. We assume that the moment

_!_ ! required to tr_m the alroraft or flap at _ has _een aooounte4 foP, so tha_ G(t;_) laa measure of the

,.., an° at.• re,, oftheinteraction of aircraft or flap mo_ton and _he unsteady aeroOynamlo foroea from time zero _o t_me t.

'_ " I Consequently, t_a _natamtaneoua moment O(_) depends not only on the tnst_ntaneoue motion e_ate. {(t) and", _(t). _ut also on the past mot/on h/story from _/ma zero _o _. T_s te =o say that O(t) _z a fumotlonal

_ _" i Or _(_I), (0 S t I S _) •Z deaertbed Zn Ref. I_. Thus

=-

/I' 0
i

;- Fop motlone top whleh ¢(_I ) Ca ansly¢Io, the fumot[ona.1 _s equlvalent to • funotlon of an Inflnlte ee_ of
_" i varlable=,

.... ....i oct). abeh
.... I 0

i "*' dtn *'*

! ,'
_or moat pro_lame enoountered In the study of _ynamto staOtllty. _h• motion _" slow •lthouih its amplitude

; ••y _a finite or llu'Ee. Under _haae oon_lt_ona [(t). _(_).... _n [q. (3) may _e neileoted and. u a
'_ . f_rst approximation

We further a_zuae t_a_ G _s v, _n•Zytlo funo_on of _ _n_ _. [xpan_Ins [q. (_) as a Taylor serle_.
we ne&leat terms of 0(( ) _nO _'.e.er for elow •otlon_, an_ •tier re_ntroduoln| _he pat.•meter _,

0(_;_) - 00(I(_)_) * i(_)_O_(l(_);_)v, (_)

m

i

whore _ _z a oh•r&oter_t_o lon|th _n_

• 00(0_) - 0 (_)

II _lquired II lfle _r_m cond_llon. The forl of the [nlllntlnlOUl moment O(tl_) In Eq. ($) is _onl_ltlnt
with the axaot analyt_o solution fop Che pltohln| mo_ent ¢n example A (Rat. 10). the nu_er_aaL solution top
the hln|e moment In example 8 (Rot. 12). an_ the experimentally derived emplr_oal formul& rap the rollln8
moment In example C (Ref. 13).

i
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i %naumnlary, the =tnEle-deeraa-or-rraedom motlonm oonaldmrad In this paper will be buad on the rollow-
_I :::i tng mathemattaal problem ') ,I

i .((0) - 0 (?b)

i

The functions °0(_;_) and °1(_;_) are 6enerally nonlinear _n g and have to be determined rrca the study
':,"i or unsteady aerodynmtos, either theoretically or experimentally, gvidently 00 As related _o the restor-

ing momen_ and GI Is related to the dmptns =c_ent.

1 Zn many aituatAons, It is known that when _he parameter _ reaches so0_e critical value _or' _he
_; aerodynamic damping °1 vanishes and steady flight at the trim condition _or loses its stab_lity. We use
-! biruroatio'l theory to determine the aotAon characteristics or an aircraft or flap whose trim oondA_lon Is

' :_ near or beyond _or"

":ii

i 3. B%FURCATZON'_'[£ORX

° i _e _ntroduoe the dimensionless time _ - V.t/_, _hore _ tsa ohlraoter1=C_o length, equal _o the =I chord length or the airfoil An example A, the chord length or the rorebody plus flap In example B, and the
l_ ShOPd leneth Or _he wing in example C. XereaJ'ter _e use (') to denote dldx. We further let
1 i"

! . _o(_;x). _(_;_1 (8)
._ Then gq. (?a) may be wrt_:en

• i

-i d_ °

[ "':t

[ :I' y_eldAn_oreXpansl°n£qs.(9)°r F(_,_;X) in a Taylor ser_es tn _ and _ and a onan,e or notation Ul - _, u2-

"i ui • AiJ(l)uJ + BLjk(X)UjUk + C1_k_(X)ujuku_ * °(I_I") (i. 1,a) (_o)
_ where

[o ',]! $(X) -0(_

" .I

_ ;} s(x) • -_(o_x) , O(_)• -_1(0;_) (11b)[

_2_ (11o)

_/ BIj_ .0 , B,_ • _, -_=_kl_. 0

'' and

1 (,ld) i'"¢lj_t • 0 , C2j_t • 31 _ujau_utl_. 0!

, !:i' I

(A1thou|h £qs. (9) have been derived on _he assumption or slo_ osollla_iot|s, subsequent blrureetlon anaLys_s

_ Oror._')(9)_. w111 hold rot |ensril F((,_;_), _.e., as lr no rea_rlot_on had _een placed on the magnitude i

%n Eqs. (11), the tensors B and C reprssen_ _ha effects or "_ni_e |k_pit=ude _o _he =eaCh_ _nd _hlr_ !
order. The rollo_In| syme_ry properties hold:
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• B2j x ° S2kJ (12a)

_;. C2jk_ • C2jLk " C2k_j " C2_jk - C21kj (_2b)

On the basle of Eq. (10], we dLsoues the Iinatr and nonlinear B_abtlLtyor the mo_ton.

_ _, 3.1 Linear $tabillty Theory

_. _,' The stability of steady mot£on at the tram oondlt£on _ to ln_initeal_al disturbanoes _s datelined by
ii ; the nature or the etgenvalues or the matrix A. They are

..... i i

C88e._.._I: S(_) < 0. In this ease, _ > O, n2 < O. The steady _otlon at this oondltAon _ ia always
_ :! unstable. '

J

_ _-i Cass,l____.!:s(;) > o.

;._ I£a: O(_) < O. In this also, Re(nI) > 0 and the Steady motLon at _ is unatable.

_ ...._ IIb= D(A) > O. Zn _hls ease. Re(nI) < 0 and the steady motlon at A is stable.

Only in Case IIb, when both s:tfrness derivatlve S(_) and damping derivative D(_) are positive, is
I the steady motion at the trim oond£tlon _ stable to infinitesimal disturbances. In fast, stability theory

'>; (Ref. 3) dan be used to show that stability of the steady motion Ln this =ass Ls assured If and only if the
_ ".i disturbance Is s;_fiotently small

• )men l_near theory predlo_s growth of the dtsturbanoe amplitude, growth Ls exponential and the linear

o_i, theory is no longer valid when the mnplltude baoomes large after a finite time, Wlnat happens to a motion
r _ wl_h growth of dAaturbanoes predAoted fron IAnea_ theory oannot be predicted by using only the linear
_ : theory, To dete_ntne the ultimate state of motion, the full nonlinear inertial equation (or a suitable

approximation of it, gush as Eq. 10) must be used. O_ partAoul8_ interest As the dynamio stability bound-

arY x " _or, where $(_or) > 0 and O(Xor) - 0, The stability oharaoteristida near this boundiu-y will be
'_i studied presently.

c i'

3.2 Hops _furoat_on Theory

_ the dynamic staD£1ity _o_ndlry _ " _r' we have $(_or) > 0l _enoe,

i

The extstenoe of purely tmaglnary elsenvalueo of the matrix A at _ " _or is _he oharao_eristlo s_n o_ a
_ i _o_r _tfuroat_on (Rsfa. 3 and 15), signaling a ohangeover from sta_le steady mottos, to perio_lo motion. On

_ _ dressing _ ° _or' _he steady motion tha_ had _een stable for k < _or becomes uru_ta_le to disturbances,
_ resulting (after t transient motion _as died away) in _he existenae o_ a new motion, whioh (if it is stable)

"'i_ Ls 9ertodt_. Zn the vicinity of _ " _or' the _lr_ular frequsnoy of _he pertodio mo_i_n is nearly equal
i: to _). We _all the new solution o_ the equation of motion a btfur=atton _olu_ton. £n this section we

.... !: s_alZ de_armlne tie oharactar and a ortterton roe its stability.
i

;:' Per ; sllghtl_ la_|ar than _or, the eigenvalueo of the utrix A are

_

: whirl

We shall Msume that

D'(A_p) ( 0 (17)

whiofl is the usual else in l_plLoltiOfll. (The o_se D_(_or) ) 0 sin be treated tn exactly the same way.)
The nor_altsed etlenveo_or ;(_) ssaootated with the eigenyalus n(_) LS





_.I PitchLnl _otion OP Supersonio/Hyper|onlo Airfoil

, _e retain the syubol _ in all three eaeam to designate the perturbation variable. The other symbols
+, +ill be replaced as necessary by the psJ'mel;m'8 relevant to the particular lotion.

In the ease oP pitch/el oscillation (_I|. 1) or a supersonic/hypersonic airfoil in rectilinear rlLIht.

the parameter _ is _he _,lm anlle or attica, designated 0m in FiB. I, measured relative to _he horizon-
tal ve_oblty vector. The _n_tantaneoue arlle of attack is o(t), also measured relative to the horizontal

_ vs_ooL_y vector, so that the perturbation ver_able _(t) is the _ncllnatLon 0(t) - om Prom _he rLxed trim
.... angle or attack. The perturbatio, iciest O in this ease is _he perturbation pitching moment about _he

center or gravity. Thus.





it._. Wing Hock Of Slende_ Delta _ing In Subsonic _low

The phenomenonknown as "_lng rook n of a slender delta wing in subsonic flow has been the subjec_ cr
:.:_,_ intensive investigation by many rear|rebate (Refa. 13, 18-21). _t te now well-documented (Here. 13 and _B)

_ : that as the trim angle of attack om is raised incrementally., a critical value Co. is reached where roll-
i _' dmping moment changes from etaOilllin$ to dest•bilizln|. Ericsson (Her. 21 ) has ehown how t,_e leeside

_' vor%ice8, which appear and grow stronger •8 om is raised, may lag behind a rolling motion of _he.wing.
The pressures they induce may contribute a rolllng-momen_ component propor_lonal to rolling velocity that is

i_+_ , destabilizing and eventually becomes large enough to surpass _he stabilizing component that had exieted

_ ,

_ _ ' -_, " 2- " . .

_, ,_ u.,.__...=..--._.._ _. '_ _._,_ _'_J._:.'._" _
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"Li alone eL nmaller Om. Coneequontly, at o_m_ %-' small dInturbansen In the flow field excite a growingroll onniltatlon. BlfurontIon theory sgaln can Me applied to help determine the ultimate ntntc of the
oscillation.

Pop this seas, we take the parameter X to be the fixed trim anglo of attack om, wh]l_ the perturba-
tion variable _(t) in the roll deflection angle $(t) (Pig, 3), mesoured from the po_ltion of _ero roll i;
angle. The perturbation moment 0 le the Polling moment about the wing longitudinal axl_, Thun

O(t;_) - qS&C&(tlOm,A) (40)

where, for Incompressible flow, the lnstsntaneous rolling-moment coefficient C& depends on the trim angle
of attack om and the sweepback angle h of the delta wing, Results of experiments (Ref_, 13 and 18) and
numerical computations (Ref, 19) have shown that, for s given---A, it is a good approximation to the lnstan-
I;ansous rolling-moment coefficient to take

C& • C&O(¢(_);o m) + _C&l(_(_);o m) (41)

which is consistent with Bq. (5).

As an example, for the 80 ° sweep-back flat delta wing studied In Rat. 18, CL ls approximated by a
power series (Eel. 19) which lead_ to the following equation top the rolling motion

- F(¢,_som)

= [bl(Om) _ + b3(Om)_ 3] �_[b0 + b2(o m) + b4(Om)_2_

• Fo(_;o m) + _Fl(_;o m) (42)

Taking account of the scaling rectors'adopted In Rat. 19,

bl(Om) = K2Clat(Om) , t_ - 1, 3) (43a)

bj(o m) = KClaj(o m) , (J • 2, q) (q3b)

In Eqs. (43), K Is a factor accounting for the difference between soallngs adopted for the time variable in

Ref. 19 and this study. From Ref. 19, K = 20/6 = 2 x 0,429/0,107 - 8, C1 - 0,088. The al(o m) are tabulated

aliMik r In Table 5 of Ref. 19, whtoh yields the following table for the bi(Om):

0m 10e 15e 20 ° 25 °

!i i b1 -0.0265 "0.0721 "0.1977 "0.3320 '
i b_ -0.01GI 0.0090 0.0596 0.0959
!._ b3 -0.1222 "0.271_ "0.0501 0.2894

b_ 0.1159 -0.1799 -0.997_

i

From _1. (11b), the linear contribution to the dMpin$ in roll is

D(om) - -_1(0;o m) = -bo_ :- b2(o m) (_)

, where "b 0 > 0 is proportional to the wind-off roll-damping moment due to bearing friction in the experl- ;
i_ mental setup used in Eel. I_. In order to compare our theoretical prediction with the experimental results

i: of Ref. 18, we choose a value or -b 0 such that _q. (_4) yields zero damping in roll st the same angle of ,
attack, Oar - 18.6% as that reported In Ref. 18. The function D(om) Is then plotted in Fig. ? by means of "i

apline fitting, j

From Eq. (260), the index for arability of the bifurcation periodic rolling oscillation Is

/

¢2_0 bg(°Or) (_5)

_, At %. • 18.6', we rind from the table above that bl(Oer) _ -0.1591 < O. From the mpllne-rlt curve for |i: b_(0or_ (Fig, 8), we find that b_(oor) • -0.05q73. Hence < 0 and the bifurcation is eupererttloal,
Implying that the bifurcation periodic roll oscillation Is stable. This is In agreeeeent with the experlmen-

: tel finding In Eel. 18.
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;- , He now further oompare the _.parortttaal bifurcation dlair_ pradtated by the pruent theory with
• axperlmsntml ram.Its Prom _er. 16. ConlbJNJn| [q. (_1o) with _q. (22) to alLmLnata X2 and _hen uaLns'
• gq. (_5), we Set

_' . • .¢2 b4
0m .oor

+ OMmOorF
r, • P _

: + : | I
¢2 b_

i :. - L_ j (_6)om'0or
• +: ;_

The las_ equation was obtained _y using _qa. (25) and (42). _rom Fig. ? (no_lnl _hat lO , _/180)_ we ge_
._+j ,? D'(oor) - -0.6131. 'Heros Eq. (q6) reduoea to

+_,

+ , o_ - oar = 0.1120 ¢2 (4?)

where c ts the amplitude or the b/ruroatlon perLodio ablution (Ear, 11). _quatton (_7) Ls plobted _n
,, rig. 9 PoP _he 80 o sweep-bask delta wing and oompared with the experLmen_al results or _evtn and Katz

" _ ;l (Rer. 18). The agreement is exoellent near otr, where the biruroation theory is partioularly applioable. '

_t should be no_edth_ although ; < 0 an_ _he bifuroation is super_r_oal, _he magnitude or J.J
_+' +, Ls small in the example, ThLs LmplLesthat the b_r_u'oatlon Ls blase to the boi_ldary betweensuboritioal arid
i -_ superorttioal. Consequently, on Lnoreastn_ the angle or attack om _y a small amount. _he amplitude or the
i ' resulting perlodlo motion w/ll be quite large, l_is La oontlrmed by the experimental results shown in+ •,

" PLg. 9. PoPexample, Znoreasln8 om by 1o past Oar (=18.6 °) results in & stable perLodio roll osoillatlon
+> with an amplLtude or 22,6 °.

++_

+

= jl_.. I. 5. CONCLUDINGREHARK$

_e have shown how btruroatton theory oan be u_ed to study the nonlinear dynamio stability oharso_er_s-

_i_e or an &_rorart or flap suh_eot _o eingZe-de_'ea-ot-treedom mo_ionabout its trim position, _hen t_e
biruroation parameter I (e.g.. the _ngle or a_aok) is LnoPeued past the stability boundary lop, where
the aerodynamiodampingvanishes, the steady motion loses its s_ablltty. This _e_ults In a Pin/re-amplitude

i periodlo mot/on after the transien_ motion hM died away. _e have also established a s_mple ortterton rot

"rlL _h e stability Or the bituroatlon perLodlo motion Ln terms of the aerodynamLo ooerriolents. The theory

"+:_ predlota that bLruroatlon solutions eu.e unstable (suboritloal) rap the pLtohln8 airfoil Ln

i • supersonio/hypereonio flow and rap flap o8olll&tiona in traneonL_ rlo_. B_turoation solutlorm are qtable
. (superorlttoal) rot roll oaolllatiorm of the slander delta wing in subeonio Plow. The latter predto_ion ia

in good agreement with avallaOle experimental results.

i _hen the theony predlots suboritLoal _i_uroation, the abrupt ohange An the motion that results when

,_L _ ta increased put A+r may oause an abrupt structural change or the Plow field. This in turn may renderinvalid the form or the perturbation moment or the aerodynamlo roroee that was used. Under these condl-

l:" PLans. aarodynamto information Ln a different form may he required. However, the theory 118 developed tn

this paper ts valid up to _or and oar be used to pred*ot the onset or su_oritioal Otturoation.

_hen the _heory _redlola euperor_tioal _irurcation, the bifurcation period,s solution is stable _o

• small dlaturbenoee rot l range ot _ beyond _or' _Lth rurther Lnoreue in _, however, the periodlo

motion may lose Lie a_aOil/ty. This in turn may result tn another bi_uroa¢ion It _ " X2 > _or' whloh oOUld

, _,, be either suborLttoal or superoritloal. The resulting btruroation aoluc-_n may be quast-pertodto, end the
sequenoe or biruroations may oontinue.

+ + Ptnally, the theory may _e generalized to apply to ai_orart motions involving more than a single degree
of freedom. FoPmotions involving _wodegrees of freedom or mope, one should be aware of th,_ _oseibLIAty or
oheotlo behavior ooourrLn8 attar & finite nuelber Or auooelliVl blfuroations.
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_i TABLZ 1. 7A6UI_SOF _TABr6_T¥ _RZTERZON _(M4, h) FOR PLAT-PLATE AZnFOZ6! ' 't
• _. c - I_. Y .. 1.q! u _ 0 SUI_RITZCA6 BZFURCATZON._ < 0 8UPERCRITZC.AI.

_IFURCATIOH
I

' I1 0 ' h..... O.1 0.2 0.3 0.4 0 0.1 0.2 0.3 O.q

I 1.5 36.5 19.0 ......... 2 39.5 25.8 17.2 13.0 1_.?
1.6 39.6 23.4 13.6 8.8 10.7 3 57.2 38.6 26.8 20.9 23.3

o
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