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Development and evaluat ion of the Rockwell NASTWH four-node quadr i la tera l  
(4UMJ) elenent i s  presented. The element der i va t ion  u t i l i z e s  b i l i n e a r  
isrlparametric techniques both f o r  membrane and bendjng character is t tcs .  The 
QUAI24 element coordinate system, membrane propert ies, lumped mass matrix, and 
treatment of warping are based upon the SOSMIC/NASTRAN QDHEnl element whi le  the 
bending character is t ics  are based upon a paper by T. 3. R. Hughes. The effects 
of warping on the bending st i f fness,  cocsistent mass, and ~ e m t r i c  s t i f f ness  
are b a d  upon a paper by R. H. MacNeal . Numerical i n ieg ra t ion  i s  accmpl ished 
by Gaussian quadrature on a 2 x 2 g r id .  Pract ica l  user suppor'; features iacludm 
vai i ~ 5 l e  element thickness, thermal ana l y j i s  and layer26 composi t~ mater ia l  
def in i t 'ons.  

Rockwell NASTRAN i s  the NASAICOSMIC re1 eased !iASTRAN w i th  Rockwell 
developed technical and ef f  i r i ency  enhancements incorporated. k t o t a l  of n ine 
Rockwell d iv is ions fund the NASTRAN Group Service a c t i v i t i e s  which include user 
consul ta t ion,  deve loyent  , riiintenance, and val i da t i on  of the production 
program. Rockwell NASTRAN i s  i n s t a l l e d  on I e M  and CDC computing systems a t  
three aeograph ,cal 1 ocations. The prograr i s  being used by the pa r t i c i pa t i ng  
divSsions which are located i n  Cal i fornia,  Oklahoma, Ohio, Michigap and 
Pennsyl van i a. 



The Rockwell QUAC4 has beeri develaped i n  order t o  provide our users wi th  a 
state-of-the-art general quadri 1 a te ra l  e l  emeat. The improved e f f i c i ency  and 
greater accuracy provided by t h i s  element el iminate the need of avy o f  the other 
COSMICINASTRAN quadr i la tera l  elements. Pract ica l  user support features 
incorporated i n  the developmot include varying elecnent thickness, thermal 
strains,  and laminated compcsi t e  mater ia l  inputs. The e:ement der i va t ion  
u t i l i z e s  b i l i n e a r  isoparametric techniques both for membrane and bending 
character is t ics  wi th  numerical in tegra t ion  be i r  3 acconpl ished by Gaussian 
quadrature on a 2 x 2 gr id.  

The QUAD4 element coordinate system, membrane properties, luinped mass 
matr ix and treatment of warping are based upon the COWIC/NASTRAN QDMEMl element 
whi le the bending propert ies are based upon a recent paper by T. J. R. Hughes 
( f  1 The e f fec ts  o f  warping on the bending st i f fness, consistent mass, and 
geocnetric s t i f f ness  are based upon a paper by R. H. kcNea l  ( re f .  2). The 
theory adopted from reference 1 appears t o  minimize o r  preclude sone o f  the 
ctnnplications a1;uded t o  i n  reference 2. I n  par t i cu la r ,  no special loca l  
Cartesian system o r  se lect ive in tegra t ion  procedure i s  required t o  achieve a 
reasonably good element bzhavior. 

General theoret ica l  background of the element s t i f fness matr ix  i s  presented 
i n  equaticns 1 through 35 of the theoret ica l  background section. Derivat ion of 
the equivalent thermal applied load vector i s  presented i n  equations 38 through 
41. 

The evaluation of element t e s t  resu l t s  as propcsed by reference 3 are 
presented ir, tab le  1. The t e s t  resu l t s  f o r  s t a t i c  analysis o f  various 
structures, mechanical ioadings, and thermal analysis are presented i n  tables 2 
through 8. The resu l ts  fo r  the rea l  eigenvalue t e s t  case are presented i n  tab le  
9. The transverse central  def lect ion computed fo r  the three composite mater ia l  
t es t  cases using the lYSC/QUAD4 and the Rockwe~l/QUAD4 element i s  presented i n  
tab le  10. 

THEORETICAL BACKGROUND 

The re la t ionship between forces and s t ra ins  ( inc lud ing thermal terms) i s  
t aesc-ibed by the fo l lowing matr ix where the vectcrs E and i x  1 are t h e m 1  

generated s t ra ins and curvatures, respectively. 



O O C  

where 

( £ 1  = 1 :: 1, mmbtane~orcapr mi t  iergth 
f x y  

1 rn 1 = I :: I , M i n g  n r n t s  p r  mit ~eng* 
=xy 

, d r a m  strains in means planeh ( 5 )  

f xv 

{ 7 1 = 1 I , transverse i k r  strains 

The t e r n  A, B and D are  defined Cy the fol lowing integra ls:  



and C = H, Gj 

The l i m i t s  on the in tegra t ion  are from the bottom surface t o  the top 
surface o f  the plate. The matr ix  o f  mater ia l  moduli, [Gel , has the fo l low ing  
form fo r  or thot rop ic  mater ia ls:  

Here, vl E2 = u2 El , i s  required t h a t  the matr ix  of e l a s t i c  modul i be 

sycmetric. The [G3] i s  a 2 x 2 matr ix  of e l a s t i c  coe f f i c ien ts  fo r  transverse 

shear. HS, the ef fect ive thickness for  transverse shear, has a de fau l t  value o f  

tis / H = 516 ,  which i s  the cor rect  value f o r  a homogeneous p l a te  w i th  an 

actual membrane thickness o f  H. 

Figure 1 depicts a p la te  composed o f  the e i gh t  laminas. For t h i s  case, A, B and 
D are definea as follows: 

Le t  A~ and Na denote the area and shape functions, respect ively,  o f  an element, 

where n i s  the number of element nodes. For the case of a homogeneous, 

isot rop ic ,  l i n e a r l y  e l a s t i c  p l a te  c ~ f  thickness H ,  the element s t i f f n e s s  matr ix,  

K ~ ,  may be defined as fol lows. 



where 

(16) 

bending stiffness (17 

shear st if fness (18) 

The formulat ion o f  the element s t i f f ness  matr ix  fol lows the procedure 
b defined i n  reference 4 and 5. Then R ' s  can be w r i t t en  i n  the fo l lowing form: 

The shear s t i f f ness  i s  obtained by the technique mentioned i~ reference 1. 
The deta i led procedures are discussed next. 

Geometric and k i n e m t i c  data are defined i n  f i gu re  2, and the d i r ec t i on  

vectors have u n i t  length (e.g. IlellJ( = 1, etc.). Let  Ua qnd oa denote the 

transverse displacement and ro ta t i on  vector, respect ively,  associated w i t n  node 

a. Throughout, a subscript b w i l l  equal a+ l  modulo 4. 

The d e f i n i t i o n  o f  the element shear s t ra ins  may be described i n  the 
f o l l o w i r .  5teps. 

(1) Fcr each element side, def ine a shear s t r a i n  compol,ent a t  the 
midpoint, i n  a d i r ec t i on  pa ra l l e l  t o  tne side. 



( 2 )  For  each node, def ine a shear s t r a i n  vector .  (See f i g u r e  3 g e o m t r i c  
i n t e r p r e t a t i c n  of t h i s  process.) 

I n t e r p o l a t e  the  nodal values by way of the  b i l i n e a r  shape functions 
(Na1s)  

For t h e  transverse shear s t r a i n  i n t e r p o l a t i c r s  der ived  i n  the  previous sect ion,  

R' takes on the io:lowing form: 



The element stress resu l tants  may be obtained from the fol lowing re la t ions:  

bending moments (36)  

shear resu l tants  (37 

where 

de = element displacement vector 

F ina l l y ,  thermal expansion i s  represented by a vector of thermal s t ra ins  

where at = thermal expansion coef f ic ients  

T = Temperature a t  any po in t  i n  the element 

To = reference temperature of the mater ia l  

An equivalent e l a s t i c  s ta te  o f  stress t ha t  w i l l  produce the same thermal 
stress i s  



An equ iva lent  se t  of general ized loads P app l ied  t o  g r i d  p o i n t s  o f  t he  
element i s  obtained by 

The equ iva lent  thermal moment vec tor  i s  def ined as 

where T '  i s  the  thermal grad ient  a t  a cross-section o f  the  p la te .  

NUMERICAL EXAMPLES 

The t e s t  problems have been selected f r o n  reference 3.  The elements tes ted  
inc luded the COSMIC/QUADZ, the MSClQUAD4 and the Rockwell/QU4D4. The t e s t  runs 
f o r  QUAD2 and QUAC4 were performed on an IBM 3081 computer a t  t he  Rockwell 
Western Computing Center wh i l e  the  MSCICI'P.94 r e s u l t  were obtained by u t i l  i z i n g  
vers ion 62 o f  MSCINASTRAN on the Rockwell S c i e n t i f i c  Computing Center CDCICYBER 
equipment. 

The grading system f o r  f i n i t e  elements proposed by reference 3 i s :  

Grade Range 

A 2% z E r r o r  
B 10% r E r r o r  > 2% 
C 20% r Er ro r  > 10% 
D 50% r E r r o r  > 20% 
F E r ro r  > 50% 

- 
I he s t ruc tu res  analyzed t o  evaluate the  t e s t  elements inc luded a patch t e s t  

p l a t e  ( f i g u r e  4),  a s t r a i g h t  c a n t i l e v e r  beam ( f i g u r e  5), a curved c a n t i l e v e r  
beam ( f i gu re  6), a rec tangu lar  p l a t e  w i t h  d i f f e r e n t  aspect r a t i o s  ( f i g u r e  7) ,  a 
Scordel is-Lo r o o f  ( f i g u r e  81, and a simply supported p l a t e  ( f i g u r e  9) f o r  normal 
modes and layered composite analys is.  



Table 1 o r ~ s e r t ;  ine sumnary of gradina resu l t s  fo r  the tested elements. 
The r ~ i u i t  f o r  each of the ind iv iduz l  t e s t  cases are reported i n  tables 2 
through 10. The patch t es t  resu l t s  presented i n  Table 2 are reported i n  the 
form of percentage e r ro r  o f  the cmputed stresses. The resu l t s  reported i n  
tables 3 through 7 are show? i n  normalized form where the computed displacement 
data has been d iv ided by the theoret ica l  value. The most d is tu rb ing  f a i l u r e  o f  
the QUAD2 element i s  i t s  i n a b i l i t y  t o  get a passing grade f o r  the s t r a i gh t  beam 
in-plane shear and t w i s t  cases. QUAD2 also f a i l e d  i n  the curved beam and 
Scordelis-Lo roof problems. Nei ther of the QUM4's o r  the QUAD2 could achieve a 
passing grade f o r  the s t r a i gh t  beam in-plane shear w i th  trapezoidal shaped 
elements. I n  general, our published resu l t s  agree, but there are some 
differences from those reported i n  reference 3. I n  par t i cu la r ,  the resu l t5  o f  
the t w i s t  case fo r  a l l  element conf igurat ions o f  the s t r a i gh t  cant i levered beam 
problem do no t  agree w i th  the resu l t s  presented i n  reference 3. We be l ieve tha t  
t h i s  was due t o  a problem wi th  version 63 o f  MSCIYASTRAN as i n s t a l  l ed  or  our CDC 
equipment a t  the t ime we were making our t e s t  case rcns. 

CONCLUSION 

I n  t h i s  paper, we have examined the behavior o f  the new four-node 
quadri 1 a te ra l  e! ement i n p l  emented i n  Rockwell NASTRAN. The e l  emeni; has been 
shown t o  behave we1 1 f o r  a va r ie ty  o f  p l z  ,e problems and has retained simp1 i c i t y  
i n  the fornulat ion.  The formulat ion enabled straightforward generation o f  a 
l i nea r  t r i angu la r  bending element, which has a lso been successful ly implemented 
i n  Rockwell INASTRAN . 
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Table 1 Surmary of Test Results 

Element KT/ -7- 
Test Table Shape QUAD4 QUAD2 QUAW 

1 Patch Test, Membrane 
2 Patch Test, Bending 
3 Straight Beam, Extension 
4 Straight Beam, In-Plane Shear 
5 Straight Bmn, In-Plane Shear 
6 Straight Beam, at-of-Plane Shear 
7 Straight Beam, Out-of-Plane Shear 
8 Straight Beam, Twist 
9 Curved Beam, In-Plane Shear 

10 Curved Beam, Out-of-Plane Shear 
11 Rectangular Plate (N=4) 
12 Scordelis-Lo Roof ( ~ d )  

2(a) Irregular 
7 (b) Irregular 
3(a,b,c) All 
3(a) Regular 
3(c) Irregular 
3(b,c) Regular 
3(b,c) Irregular 
3(a,b,c) All 
4 Regular 
4 Regular 
5,6(a) Regular 
7 Regular 

Failed Test Grade (Ills and F1s) 

Table 2 Patch Test Results [Figure 4 )  
Max. Errors ( O )  of Stress 

(a) Membrane Plate 

(b) Bending Plate - 
mx = my 4.2 

m x ~  0.9 

y'uy 4.2 



Table 3. Results for Straight Cantilever Beam (Fig. 5) 
Normalized Tip Displacement in Direction of Load 

Tip Loading 
Direction 

Rectangular Elen~ents - 
Extension 
In- Plane Shear 
Out-of-Plane Shear 
Twist 

Trapezoidal Flements - 
Ex tensim 
In- Plane Shear 
(Xlt - of -Plane Shear 
Twist 

(c) Para1 lelogram Elements 

Extension 0.996 
In- Plane Seal- 0.808 
Out-of-Plane Shear 0.978 
'hist 0.849 

Table 4 Results for Curved Beam (Fig. 6) 
Nomlized Tip Displacement in Direction of Load 

Tin Loading Direction - RI/QuAD4 !J!!& !EWE!?! 
In- Plane Vertical 
Out-of -Plane 

Table 5 Results for Rectangular Plate Simple Sqports (Fig. 7) 
with Ccxentrated Load 

Normalized Transverse Deflection at Center 

(a) Aspect Ratio = 1.0 

Mesh Size(N)* 

(b) Aspect Ratio = 5.0 

* only one quadrant is discretized 



Table 6 Results for Iiectangular Plate Clamped Supports 
(Figure 7) With a Uniform Load 

Normalized Lateral Defl.ection at Center 

(a) Aspect Ratio = 1.0 

Mesh Size (N) 

Mesh Size (N) 

(b) Aspect Ratio = 5.0 

Table 7 Results For Scordelis-Lo Roof (Figure 8) 

Normalized Vertical Deflection at Midpoi-+ of Free Edge 

Table 5 Comparison of Analytical, QUAD4, and QUAD1 
NASWM DEMO 1-11-1 (Reference 6) 

M a x .  
Category Analytical Q!!% !?l!E!? 

- 
Displacement 6.2898~10 

2 



Table 9 Natltral Freq-zy Coaparison, cps m 
N~.smAN/oerO 3-1-2 (4x4) 

Mode No. -- 'Iheoretical R I / o 4  !z!E 

Table 10 Transverse Central Deflection of Simply Sqported 
Casposite Square Plate Under a Uliform Pressre (~igure 9) 

No. of P:ies 'Qpc of h n a t e  R1/w!-M( IM) - IcwquAw (CDC) 



Ref e r ~ n ~ e -  . - -  
Surface 

i z 

Figure 1. Laminat& Plate 

Figure 2. Geometric and Kine..ratic Data for the Four- 
Node Qu2-lril iateral Elere.. , 

1- 'b 1 --I 
Figure 3. Definition of Ndal Transverse Shear Strair? Vector 



Location of Inner %odes: 

(a) 3kmbrane 

(b) Bendinu; 
-7 7 7 

w = 10 (x-+xy+y-)/2 
- 3 

t9 = 10 (y+x/?j 
X -3  e = l o  ( - X - Y - / ~ )  
Y 

Figure 4 .  Patch Test for Plates 
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4 

(a) Regular Shape Eleiaents 

(b) Trapezoidal Shape Elements 

(c )  Parallelogrm Shape Elements 

Length = 6.0; Heig.lt = 0.2; 'Ihickness = 0.1 
E = 1.0 x lo7; w = 0.3; Mesh = 6 x 1 
Loading: U n i t  forces a t  free end 

Ex ters ion 

4 I 

In-plane shear 

a t -o f -p lane  shear 

Figure 5. Straight Cantilever Beam 



Inner radius = 1.12; k t e r  radius = 4 . 3 2  
ted 

Loading: hit forces a t  t i p  

In-plane shear &it -of -plane _.hear 

Figure 6. Curved Beam 

64 



a = 2.0; b = 2.0 o r  10.0; v = 0.3 
Thickness = 0.001; E = 1.7372 x 10' 
Boundaries = simply supported or  clamped 
Mesf, = S :; h (on 114 af plate)  - 4  
Loading: Uniform pressure q = 10 o r  

-4 Central load p = 4.0 x 10 

Figure 7. Rectangular Plate 

Radius = 25.0; Length = 50.6; l'hickness = O.iS 
v = 0.0; Loading = 90.0 per uni t  area in  - 2  direct ion 
E = " - 3 2  x 10'; Ux = Ul = 0 on a n r e d  edges 
Mesh = N x N on shaded arTa 

Figure 8.  Scordelis-Lo 2wf 



6 6 
E = 20. x 10 ; E, = - 5  x 10 ; G = .25 x 10 

6 
1 - 

Loading Condition: 0.5 p s i  uniforn pressure 

Case 1 : 2 p i l e s ,  material angle of f iber  90"/Or 

Case 2 : 3 p i l e s ,  11 I t  0°/900/00 

Case 3 : 1 p i l e s ,  I t  I f  90°/00/900/00 

Figure 9. Simply Supported Square Plate for  a layered S t ruc t l~re  


