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ABSTRACT
This report documents the technlcal progress of researches under Naticnal
Aeronautics and Space Administration Grant NSG-2048, entitled “Alternatives
for Jet Engine Control”, during the twelve-month pericd from November 1, 1983
to October 31, 1984, NASA Technical Officer for the work was Dr. Bruce
Lehtinen, at Lewis Research Center. Dr. Michael K. Sain was dirzctor of the

iavestigation at the Unilversity of NWotre Dame.

In the period since the 1as£ report, Mr. Josepﬁ-A. 0'Sullivan has com=
plefed a numerical study employing feedback tensors for optimal control of
norlinear systems. It is believed that these studies are the first of thelr
kind. Regults demonstrate improvement in state regulation, with a decrease
in control power. A detalled treatment follows; it is based upon an extended

version of ¥r. 0'Sullivan's M.S. Thesis.
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CHAPTER T
INTRODUCTION
This paper drals with the nonlinear optimal cowutrol problem. TFor a sys-—
tem given by
x(t) = £(x,u,t), t € [to,t1), x € R, u € RW
a control, u(t) = U(x(t),t), which is a function of the state vector, is
sought to miniinize the perfurmance index

31
J(xo,u,to) = M{x(t1)) + f L(x,u,t)dt,
to ’

where‘M(x(tl)) and L{x,u,t) are positive convex functionals [1]. All partial
derivatives of £(x,u,t) in some neighborhood of the origin of RV x RM with
respect to x and u are assumed to exist so that
2 2
f(x,u,t) = A(t) @ x + B(t) @ u + Ap [2)(t) © x(2] 4 Arz],0(t) @ ul?]
+ Al,l(t) ; ne X+ ...
pt

q
= I App],[qi(t) © ulple xial
pta>»l )

where A[ﬁ],[q](t) is a tensor which is continuous and bounded, Q;q is the con-
traction operator described by Buric [1], and ulr] @ x[q} gtaids for the ten-
sor product of u with itself p times and x ﬁith itself q times. The sum 1is
assumed to have either a finite number of terms or to be a convergent power

sefies in some open neighborhood of (x,u) = (0,0). The pair (A,B) = (Ao,l.

A]1,0) is completely controllable. Similarly,
k
M(x) = ] Mik] @ xék], where x{t)) = x¢,
k

1+k
Lixyu,t) = §  Qpq],el(e) @ uldl e xlkl,
k2

where Q[j];[k](t) are tensors which are plecewise continucus bounded functions

of t € [ty,t1]s The set of acceptable controls is sssumed to be f = {u(t) :
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F




LUEC S

Eec o Fzmat [ e

|

.1 3 1
ult) =} K[j](t) © x[31}, where the K{j](t) are assumed ta be bounded piece-—
wigse continuous functiens of t € [t,,t1]. Burlc shows that under these as-
sumptions the control tensor coefficients K {(t) are unique and are calculated

]

1
recursively using Kl(t),..., (t) and the optimal performance function

K
[5-1]

V(x,t) which is the solution to the Hamilton-Jacobi-Bellman egquation for this
problem. Buric's work is am extensicn of Lukes' {2) who demonstrated the ex-—
istence and uniqueness of polynonial feedback in the case where

1) the A[p]‘[q] and the Q[i};[j] are not time-varying

2) M(x(r1)) =0

3) tl = uo_

Lukes showed that the optimal value function, V(x), is a power series

V(x) = ) Vi(x), where Vi(x) is a polynomial homogeneous of degree k, P
k=2

and that Vi (x) can be computed as a function of Vi(x),... ,Vi—1{x), and

1 1 1
Kl(x),...,K 2(x)- Then K (x) is calculated as a function of Vi(x),...,

1

1
Vic(x) and Kl(x),...,Kk 2(x). Thus, he obtains the algorithm of calculating the

H 1 1 1
Vi (x) and Kk(X) in the order: Va(x), Kl(x), Vi(x), Kz(x), Vi(x), KB(X),---

His results, however, are not in a closed form. It is difficuelr to see in his

presentation the exact method for calculating these terms. 3Buric introduces
the time-varying cocefficlents and the tensor algebra to the problem. By using
tensors he arrives at a precise method of calculation for each of the perfor- |

mance function tensors V[ ](t) and the feedback tensors K_ (t).

(k]
H 1
Hill calculated Kl(t) and Kz(t) for a two state, two control example sys-
tem [3]. That was the first time that these terms were calculated using

Buric's algorithm to the best of our knowledge.

o



The countributions of this work are in the development of a software pack-
age to calculate the feedback tensors and to perform the required algebralc
operations on tensors for an arbitrary problem. There is a library of tensor
subroutines which form the basis for the calculations, a program which calcu-
lates the feedback tensors, and a program which uses these tensors as a con*
trol law to calculate the propagation of states in the system. All programs

are written in FORTRAN IV Plus.

There are six chapters in the thesis. The second chapter of this thesis
contains some tengor background material and describes how symmetric tensors
provide a natural method for representing polynomials. The third chapter de-
scribes a few of the subroutines and how they accomplisnh the desired algebraic
operations, A derivation of the equaiions for the feedback tenscrs is in the
fourth chapter. An example and some results are in the fifth chapter, aad the

conclusions are in Chapter VI, The software is in the Appendix.
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CHAPTER II1
TENSOR ALGEERA

This chapter deals with two subjects. The first is some tensor back-
ground material. The notation and conventions are derived almost exclusively
from Buric [1]. The presentation is very condensed and is meant to clarify
the equations in the remainder of the thesis and not to be a thorough treat-
ment of the subject. The second part of this chapter deals with the represan-
tation of polynomials using symmetric tensors. Such a representation is shown
to be natural in the sense that there is a one to one cérrespondence between

polynomials and symmetric tensors.

TENSOR BACKGROUND
Let V be a vector gpace of dimension n with basis {ej,e2,...,ep}. A map-—
ping is said to be g-linear if it is linear with respect to each of its g
arguments when all of the other arguments are held constant. Define a gq-
linear maﬁPing
| 2: VxVx...xV>+xVeve , ..oV
L S

——
q times

by

o=} (811,812,-.- ,eiq) == Eil 12" 812 ® e [+:) eiq.

Note that @ is gq-linear because

® (eil,...,aea + beg,...,eiq) =ei) @ ... ® (aeg + beg) @ ... @ eiq
S—~— e

jth position jth position

=a(ei @u.gec;.@.a-@ei)‘*‘b(Ei9---‘9eg®-n.®ei)
1 q 1 q

for any 1<j<q. Then, for any q-linear mapping u =\Y XV Xaees X E + U, where
v
q times
U is any other vector space, there exists a unlque linear map A such that the

P 3
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diagram below commutes.

®
VXVXseo XV —m = VOVE 0oV
“ A .
Y hd
q times q times
A
M

U
X is defined by its action on the basis for V @ V ® .., ® V, namely {eil ® oy
® ... ® gy }, where 1<ij<n for all j. There are n9 such basis elements. Let

AMey ® o3 © ,..%¢ = pleq ,e cen 8 JYa
1) 1, 1q) 1,081, i,

Then, A - @ = u. As an example, let dim V = 2 and U = R. Then the basis for
Vovis {ej ®ey, e] ® e2, @2 ® o], €2 ® e2}. Let two elements of V be x and

Y

]

X = xje] + xge2 , y = ylel + yze2.

then the bilinear mapping ¥ must be of the form
H(x,y) = cixjyl + c2x1y2 + €3x2y] + c4x2y2.

The linear map A is defined by

[}

Me; @ e]) = c1 AMey ® e2) = ¢

fl

Alez @ e1) = c3 Aep ® en) = ¢4.
Then

(A « @ (x,y) = XMx @ y) = A{x}1e] + x2e2) © (yre1 + y2e2))

]

A(xiel @ (yiel + y2e2) + x2e2 ® (yley + y2e2))

It

A(x1ylel ® el + x1y2e]l @ e2 + X2yle2 ® e] + x2y2e2 ® 22)

x]ylAilel ® e1) + x1y2i{e] ® e2) + x2y1i(e2 ® e])

+ xovoi(ez @ e3)

x1yicl + xi1y2c2 + x2y1c3 + x2y2c4

It

U(X,Y)-

PEUE—




T Rl e T e

ey > ]

et IR vevos BN oot B - SN oo B~ -

~
1 d

-

— 2

 pvont

ool |

TERTET Tl e S HR AT S T TR e T e e—m e -

Lines 2 and 3 are a result of the bilinearity of ®. Line 4 comes from the

linearity of .

Let the dual space of V be V*, the space of linear functionals on V.
Find a basis of V*, {el,ez,--.,en}} such that the function el evaluated at e

ig one if i = j and zero if 1 # j. That is,

i 1 i=
elley) = 6. = { !
3 0 1 # ]

Now, define the bilinear map <*,*>: V¥ x V + R to be
<ei,Ej> = ei(ej)ﬂ
{+*,*> is called a scalar product and is blilinear because

1 iz i1 iz
(e +e Mej)=e (e3) +te (ej),

(aei)(ej) = a(ai(Ej)),
and

ei(aej1 + bejz) = a(ei(ejl)) + b(ei(ejz))'

Notice that V is reflexive sc that V¥* =V [4].

Definition: Given an n—-dimensional vector space V and its dual space v*, a

tensor of degree (p,q) is a {p+q)-linear mapping

tp VX vee x V¥ x V... x V+R,
p times q times
This tensor is said to be contravariant of degree p and covariant of degree
q [1]. This tensor is a member of the vector space of (p,q) tensors, called
Tp (V). The dimension of this tensor space is nP*4, Corresponding to each

q
tensor is a unique linear map A which makes the following diagram commute.
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o}
VRx Vv x VExVx oo xV ———;.Qz*ev“"‘@...v*@ve...av
A - ~
Y Yy g "
p times q times p times q times
A
p
t
q
y
R .

To get a clearer view of A, assume p = 0, q = 2; then the diagram is

@
VxV —= Voy

|
SO
2 R .
Siuce A is a linear map it 1is an element of the dual space of Ve V. This
space 1s jt;st v* e VX, This can be seen by defining a scalar product

Gele e, e @ agr> =< ei,ek><ej,e1>.
This scalar product is again bilinear and all linear maps from V V to R are
elements of V¥ ® v*, To see this, let

A:Ve V+R,

then find out the action of X on each member of the basis of Vo V,

Aey® ejg) = o545 € R.

n n
Then, if L = | } acy ek @ ef, we have <L,e; @ e3> equal to
k=] £=1
o n
<X z g ek ®a£, e; ® ej> =
k=l 2=1
‘'n n .
Lo L ogp ek ee?, ej0 ey =
k=1 £&=1
2 0
E z L) (rek,ei>(e£,ej> =
k=1 &=1
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So V¥ @ V* can be seen as the dual of V @ V. By reversing the roles of V and
V*, V @ V is the dual of V* o V*, Extending this idea, the dual space of

Vi avFe...eVVFoevVvevVve..,.oVisVeve.., o Ve v  av¥ o ... o V*,
A N v
S v _/ . v J ~ ~

p times q times p times q times

The scalar product associated with these spaces 1s

i1 i2 jg ki ko Kp
ey @ef ©®...2y ®e Qe @,,,e ,e Pe ©...e @egy ©g @
1 . 2 p 1 2

k1 k2 i1 j2 iq
sse @ eg > =<e ,eqi 2<e ,ef P...%e ,ep 2<e ,eg l.-.<e ,eg J.
q 1 7 1 2 q

P
This product is still bilinear. Since for every element of T (V) there cer-—
G

responds a unique element of this dual space, the two spaces are essentially
the gsame. Thus,
P . * * * b L
t eT (V)=veve,, . eyey” ey o.., 2V = (&) @ (V7).
.

@, ¢ Y Y
p times q times

p
Written in terms of the basgis for T (V),
q

t = Z a ei @Ei D aesw ei e ® e ® cee @E
T ip,.eidp,lseeedq J1i20e0dq 1 2 P

P T
Now define the tensor product of two tensors, t and T , where
q

8
r k1k2.eoky 1 22 Lg
T =, b Bk. @8k B eee 8k @& @& ... B e ,
s R1830008g 1 z T
to be
p r iliZnoaipkikZQ--kr jl jq
L ® 7T = c Ei © wae eq 931{ @ e ey @ e B cee €
q 8 jljz..,jqf.lﬂz...zs ! P 1 r
2 fg

& e sse D & ]

L]

Sk oo ks _ g T M AT P e+ =




where
1112...ipk1k2...kr 11i2...4p kik2.eeoky
c = a b .
J132ees3ql1%2:0 g J132.-.3q %122...%
D r ptr P T ptr
Sot @t eT (V) and T (V) @ T (V) =T (V). As an example, let
q 5 qt+s q s q+s
p=q=r=s=l, then
1 noon 4 1 non K
b= ) l a e®el , 1T =] I b oeeel
i=1 §=1 i I y=1 2=1 %
and
1 1 nonon oun  qik .
t et = ) } I 3 c ey ®ep@elo ek
L1 4] k=1 j=1 2=1 3%
where
1k ik
c =ab.
% 0§ R

This multiplication is associative and 1s distributive over addition. It
should e n9ticed that the result of this tensor product has a basis which
consists ué a tensor product of basis elements from the primary space followed
by a tensor product of basis elements from the dual space {that is, in the
basig, the alements with the subscripts are written before those with super—
scripts, as in e; ® g @ o1 © e*). This will be the convention nsed through~-
out this paper and 1t implies the commutativity of the followirg diagram

P q r s ® ptr ats
(ev) & (ev*) x (ev) @ (&v*) » (e V) @ ( ® y¥)

™~

[4)
Here, b 18 a bilinear function and X iz the corresponding unique linesr func-

tion.

JET—

SETRL T
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One can have tensor products of more than one space, such as Ue V, If

there are copies of the dual and primary space of each, one can write

P,T r P T q s
" et (U,v) = (9U) € (8Y) @ (eU*) © (SV¥)
q,s 4,5

for

p’r il-‘.ip’kl...kr jl jq
t = a Wi @ ... QWI GEk @ ... e} ew @.ll w @
q,s jl...jq,ilo..ﬁs l 1 T

21 2g

e @ ... £

where {wy} 1s a basis for U and {wi} is a basis for U*.

P q
So far, the space (@V) @ (@V*) has only been referred to as the dual of '

P q
(ev¥) ® (@V). This space can also be seen as the space of linear functions

P !
£, ;
4 p 4q P
£ B+ &
where
i3112...4 i1 j2 h|
p p q
f =) a ef. ... ef ®e Ce 9.,, ®¢
. g 3132400dq ! P
and !
klkz‘.lkq l
bd = Z c 2. @ex © ... ® e :
1 2 q .
and -
p iliz---ip klkz..okq jl j2 jq g
£(bd) =} a c eil @ ... ey <e ,ek1><e ,ek2>...<e sk 2 :
q J132..43q P q i
iliz---ip jljz--;jq i
= a C ey @ e12 res D ef . !
J1i2++4dq 1 P |
q P x

This is a linear mapping, and any linear map from & to & can be written in
p q
this form. Similarly, the space (aV) © (eV¥*) can be seen as the space of

P
linear maps £ ,
q p-r

r q
£ (eV*) & (eV) + @ V.
q




In order to incorporate all of the interpretations of this type into omne

theory, define the contraction operator

* *

*

r
o: (UyeVievVaoe ... o Vg V]

where

where

1k
e ig

e; 1is
Ik

wi is

Vj 1s

D e @ &

-
[¥3

a

Thie operator maps two tensors to

two tensors must have the basis elements in the order above for the scalar

ix

products <e ,ejk> to be well defined. That is, e

» ejl

basis
basis

basgis

basis

% third tensor.

® in the following mauner:

@eV2e ... @ Vp @ Uz) + Uy © Uy

ejl ® Ejz B aae @ Ejr ® Vj) =

@ Ejz B e @ @52 WyB Vy
T

element in V¥
k
element in Vi

element in Uj
element in Uj.

This map is bilinear.

ik

11

The

must be z basis element in

the dual space to the gpace containing ejk. The spaces Uy and Uy are optional

and can refer to any spaces.

For example, if U] and U2 are mot present, then

Uj ® U2 = R and the contraction operator maps vEx v o+ R, where V = V] ® V5

® av. ® V.

In this case, the operation is just taking the scalar product.
P

I1f Uy is not present, V4 = V, and U; = @V, then the contraction operation ac-

complishes the map seen earlier,

4]
: q
® (fp,b ) =
q
q 1112"'ip jq klkz.oakq
e (E a Ei @ se. @ @ ’ C el D 0. @ ek ) =
J132.+-3q 1

Yoty 1
'

-y
. H
—

j.

s i

=
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1112...1p kik2...kq j1 j2 iq
L a c 8{ @ +.. @ &5 <e ,er »<e ,ek2> ves <& e P =
3132¢++3q 1 P L q

13i2...4p j1i2..-1q

a [ ey @ eq ces @ 8
i132--+1q 1 2 P

Usually, this countraction is written as

q
fp © bd.
q

The contractions throughout the remainder of this paper will be written

in this manner. As an example, let p =1, g =2, n = 2.

1 I 1
fp =f =a e @eloel +a e @el @2 +a e @l @el +a e ®e2 @
2 11 12 21 22

2 2 2 2
el + a ey @ el @el +2a ey @ el @62 + 2 ey © a2 ® ol + 4 ep @ el @ g2
1 12 21 22

b4 =_p2 = cllel @ e + clzel @ ez + czlez ©ey + c?2 ez @ es.

Then -
q 12 2 i
fp ®bd =f ®b2s= Z 24k cim eq <ej,eg><ek,em>
q 2 i,i,k,2,m=1
1 1 1 1
=(a el +a el2+a 2l +a c22) o
11 12 21 22
-2 2 2 2
+(a cll +a 12 +a 21 +a ¢?2) ey .
11 12 21 22

1
For another example, let A eV @U* @ V% and let u @ x € U ® V, where dim U
]

=m=2and dim V = n = 2, and {w),wp} is a basis for U, then

1 2 i .
A = ) a ey @wl @ ek
1,1 4,3,k=t 3,k

and

[

e e e 4 Ykl R A T
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and
12 2 i . 2 2
A e ue x=( ) a ey e wloe ek)g ( I uwhxmg o oep)
1,1 i,3,k=1 I,k L,m=1
2 1

a uf xm eq <wj,w1><ek,em>
L,m,i,3,k=l1 3k

1 1 1 1
(apjulx! + ajpulx? + agjux! + agsu?x?) e

2 2 pA 2
+ (apiulal + ajoulx? + azjux! + azau?x?) ej.
SYMMETRIC TENSORS
It is natural to talk about symmetric tensors when one is working inm a
polynomial space. Polynomials, by their very nature, do not need the full

1"

"ungymmetric” tensor basis for thelr representation. The symmetric temsor
basis, which has considerably lower dimension than the unsymmetric tenseor
basis, is ﬁérfect for describing them. The symmetric tensor views a tensor
product of;basis elements which comes from a permutacion of anothuer tensor
product of basis elements as redundant and thus does uot include them. The
method of implementing the symmetric tensor computations and transformations

on the computer is nontrivial and ié thus included. First, however, we must

look at polynomials and see whare the need for a symmetric tensor arlses.

Let's assume wWe have a polynomial in m + n variables denoted {uj,up,...,

Um,Xji,X2,s++Xp}, The polynomial is then of the form

k iy 12 im im+l 12 imn
p(x,u) = ] aju; uz ...ty %1 X2 veeXp .
i=1

There are k terms in this polynomial and the power to which each uj OT Xj is

raised in each term is denoted 1j or ip+j respectivery., The ay are the co-

efficionts of the terms of the polynomlal.

ey

ol
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S
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Definition: The degree of p(x,u) is the greatest sum of the powers of uy and
' m+1i
xy, that is, the degree of p(x,u) = d(p) = max ( ) 1), where 1ij is the
I<i<k j=1

power of uj or Xj—p as above.

The degree of a term in p{x,u) is just the sum of the powers to which uj and

x4 are raised:

1 iptn min
d{ajuj ...x )= 3 15 «
n =1
J

i1y 12 im+1 imtn m
The degree of u in a term is dy(agul u2 +eeXp eeeXp ) = 15.
i=1

ip 12 im+l im+n
Similarly, the degree of x in a term is dy(aju)] u2 ...x] vseXp

m1
E ij .
F=m+l
. i imtn 1] imtn i1 imtn
(Note: dy(ajuy ...xq ) +dyajul .oexp ) = d@ajul oeaxy o)

The terms of the polynomial are then separated by the degree of the
terms. Thus, we now have sets of terms, each set having terms all of the same
degree. Each set ig now separated by the degree of u in each term. Thus, the
set has subsets, each subset having terms with the same degree of u. Since
each subset is contained in a larger set of terms of the same degree, the sub-

sets will not only have the same degree of u, but also the same degree of x.

An example is in order.

Example 1: Suppose m = 2, n = 3 and our polynomial is
p(x,u) = aju] + azugx3 + azujuy + agu1? + asx2? + aguixi
+ ajujugx) + a8u12x2 .

First we divide this polynomial into sets by the degree of the terms:
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{ajuy}, {apuzx3, agujup, azu1?, asx2?, aguixy}, {ajujugxj, aguy?xa}.
Then we divide each set into subsets by the degree of u in each term,

{aju1}, {{asx2?}, {apusx3, aguix1}, {ajujuz, azu;2}}, {ajujugx}, agup’xsl}.

Note that the first and the third sets are unchanged by this subdivision
since their elements are the same degree of u. The second set, however, has
three subsets corresponding to terms with degree of u equal to zero, one, and

Lwo.

Now that we have a method of separating polynomials into distinet sets we
can start looking at a means of describing the polynomfals using only the co-
efficients. A method of doing this will require a convention for knowing
which coefficient multiplies which powers of uj and Xj. This convention de-
pends on the sets and subsets above and an ordering of the possible products
uy and Xj in those subsets. Also, we will not want to distinguish, for ex—
ample, between an xjx2 term and an x2x] term. The space we will work in will
be commutative under multiplication go these two terms will be the same. In
the case of a degree two term it will be easy to see which Xixj are redundant.
In higher order terms 1t may not be 25 easy to spot the redundant terms.

Also, for each éet of redundant terms we will want to pick one and only one

representative for a basis.

Redundant terms arise from a permutation of the x%{ in the terms. Thus

Xi X4 arises from XiX{ by the permutation
1 2
2 1

Here the first term becomes the second and the second term is moved over to

the first. In general, we will want to choose a basis such that any other

A
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tecm in the space which i1s net in the basis is just a term arising from a per-

mutation on the elements of oane of the basis terms.

For now we will look only at terms of the form

U= =

xij where 1<ij<n, j = 1,...,p.
i

h|
Permutations on Ehese terms are describad by
1 Z..0p
L1 22 «+s Lp
where 1<%4<p and %4 # %3 for 1 # j, &4 Integers. If o € §; is the permuta-
tion, o(1) = %£y. When this permutation is applied to a term, the result is

P
T

PRSIy

p A
Definition: G = [illg...ip], iy = l,...,n, the sequences of p integers each
: n

o

integer rahging from 1 to n. All possible terms of degree p are of the form

P
Xi., [ilizi3lonip] E G -
1 ] n

[ [ e &

b
As was mentioned before, we want terms which arise from permutations of other

terms to be regarded as the same, thus we group the terms inte "orbits”.

p
Definition: An orbit is a subset of G whose elements are obtained from an
n

“orbit representative” by a permutation on the representative. The orbit

representative is a sequence of integers [1112,...ip] such that 11<12<...<ip.

Each orbit contains one representative. To prove this, suppose 1jij...i,

and j1j2e+.jp are distinct orbit representatives in the same orbit. Then
there exists a maximum k such that 1y # jg. Say jx » ix. Since }1j2...jp 1s

obtained from 11i3...1i, by a permutation, there 1s an £ < k such that 1g = jk.

a
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This contradicts 13<12<,..<4g%, .. €ik<...<ip, because 1y > 1. Therefore iy =

Jix for all 1<k<p. Therefore each orbit contains one orbit representative.

The orbits can be viewed as equivalence classes where the equivalence
relation i{s the permutation of the integers. The orbit representatives then

stand for the equivalence classes, and Sp the set of permutations. In the

p
following, the term 1 xij and the sequence of integers 1112...ip will be
3=l
used interchangeably.
ptn—-1 -
The set of orbit representatives, Gp p, has ( ) elements. Each orbit
P
!
has ( P ) elements, where m{ is the number of times ji. = i in the
mytmgl..emy!
p
term ( L) xj ), i = 1,-0-,'[!:
k=1

When talking aboui terms in the polynomial space of degree p, an orbit

representative will be
] j1 32 in _
K] X2 eseXp s J1 + 32+ ... ig = p.
i
Note that, in this term, x) comes first then %2 then X3.... So this term cor-

responds to the sequence of integers

P
g=[11...122...23...0n...0) € G < G .

——a — n
j1 times j2 times jn times

Any term
P
m xi N
=1 3
such that
[iliz--oip]

is in the same orbit as g will be considered the same as g.

We can now consider any polynomial in {%1,%X2,...,%5} to be the sum of or-—

bit representatives times coefficients. Let us order the orbit representa-

——s
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tives in a unique manner. The ordering will be lexicographic. Thus if
i112...1ip precedes j]1j2...1p, then for the minimum k for whiech iy # jk, then
i1y < jx. Assuming that the polynomial has terms of different degrees, we w.ll
put the orbit representatives from the lower degree terms first. For example,

if n = 3 the ordering of orbit representatives will be (in vector form)

X1
x2
X3
X]1x]
Xix2
X1x3
X2KD
X3X3
X3x3
X]1X]x1
X1x1x2
XIx]1x3
X]X9X2
X)x9%3
X1x3x3
XIXIKD
X2X2X3
X3x3x3

X]xix]1x1

BINERE W & Mo e i

i
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1f the coefficilents for the terms are ordered in the same manner (l.e., deter-—
mined by the term they multiply), and loaded into a vector, then the poly-
nomial would be the inner product of the two vectors. (Inner product of [yi]

and [z1] is } yiz4.)
i

Getting back to our original problem, where the polynomial was a function
of {u},up,...upl as well as {x),%2,.+.,%xq}, we must come up with a similar or-

dering scheme so the loading of the coefficlents into a vector will be unique.

Take all possible polynomial terms (ignoring coefficients) and divide
them into the sets and subsets determined by thelr degrees as described above.
For each set of terms of degree p, order the subsets by the degree of u In the
terms (the subset of terms whose degree of u is zero come first, the subset
with degree of u equal to p come last). In the ordering of a subset whose de-
gree of u is k, take the first element of the otdered set of orbit representa-
tives, Gk,;’ and multiply it by each element of the ordered set of orbit rep—
resentatives of xj, l.e., G(p-k),n+ Take in order the rest of the elements of
Gy ,mp and multiply each by the elements of G(p-k),p» in order. This orders the
subsets. The sets having been ordered by the degree of the terms, all ele-
ments are ordered. Another example is in order. Taking m = 2 and n = 3 and
loading a vector of representatives in the order above we have Figure 2.l.

Now loading a vector of coefficients in the same manner as before, the poly-

nomial 1s again the inner product of the vectors.

The methods used so far have not used tensors at all, only the character-
istics of polynomials. The vectors of ordered orbit representatives, however,
are very similar to symmetric tensors. The set of symmetric tensor basis ele-
ments (over the same sets of variables {uj} and {x3}) is bijectively related

to the elements of the vector above.

>



Fx) uluj u3x2x3
X2 ujup u3x3xj
X3 uzuz ujuix}
u) x]X]1x1 ujuix?
uz X1x]1x%2 ujulx3

Xix] x]1X1%3 ujuzx]

Xix2 X1x2x2 ujuzx?

X1%3 : upuzx3

X2X2 x3;:333 u2ugx]

x2x3 ujxix] uzu2x?

X3X3 u]Xix2 uzu2x3

u]x] upx]x3 ujupul

uyx?2 : ujuiu?

u)x3 u1;3x3 ujuzul
uzx} u2x1x] u2uze

u9x2 u2x1x2 XIX]X]X]

ugx3 : :

continued continued

20

Figure 2.1 Example Vector Loaded with All Pegsible Polynomial
Combinations of the set {x),x7,x3,uj,uz}
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To show this, first we must look at the generation of symmetric tensors.
If {uj,u2,...,uy} and {x},x2,...,%X,} are viewed as elements of vector spaces
of dimension m and n respectively, then they can be seen as {ujwj,usw2,...,
ugwpt and {xje1,x2e2,...,%xyep} where {wy} 1s a basis for the space U of dimen-
sion m nd {ey} is a basis for the space X of dimension n. Furthermore,

the bases {ws} and {ej} are ordered so that {uj} and {x;} can be seen as vec-

tors
[0y ] [ x1 ]
uz x2
. and -
l.um _ L Xn |

where an element in the kth position is understood to multiply the kth pasis

element.

Having defined bases, a multilinear mapping u

ll:UXUK--.XUXXXXZ{...xK*V,
. A ~

Y v
k times p~k times
where the dimension of V is £, will be clearly defined if we say what it does
to the basis elements. Let us further suppose U is p-linear. Then we can
form the tensor product
@ UxUx oo XU XX XZXX oo xX+*V@UB ... @U@ KXK0X@.,..0XK
L. - . —’ L. o A v

Y Y Y Y
k times p~k times k times p~k times

where @ (Wi Wi ,eee,W{ €5 ,€% ,uea Y=2wy @wi @ ,.. Q@w ©e
ils 12: ’ ikn iy jzy ’ejp-k il 12 ik jl

@ s @ ej -
P

==

o T e
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Basis elements will be ordered lexicographically. Again, we will refer to sge-
guences of integers interchangeably with the basis elements. That is, we will

assume for [1112,...,ik] the basis element [Wil @ Wi © «v. ® wy ]. For i =

2
13i2+041k and j = §132.4.3k, 1€iy,jy<m order the elements of G such that if i
m
precedes j, then for the smallest @ with i4 # jo we have iy < jgo Similarly
p~k
order G . Then the ordered basis for e Ue ... @ U@ X® X® ... @ X is
n ~ ~ J ~ »
k times p~k times

obtained by taking the temsor product of each element of the ordered group

k P
G and every element of G in order. Thus, if k =m =1 = 2 and p = 4,
m : n

2 4
6 =6 = {11, 12, 21, 22]r=Gpl .
2 m n

The ordered basis is (using {wj} and {ei})
[w] ®w ©e] @ ep] )
wl @wp ®@e] ®e2
W] ®w] @e) @e]
W] @w) ® ey ® el

W] @wyz @e) Bej

w1 ®w2 @el 332

wl @wy @ez @ e]

W] ®wy ey @e2

e W s

wg wyp ®ep @ ey

SR

wy @wy ®el ®e)

w2 ®w @ez ®e)

w2 ®w) @ep ®ez

w2 Suy ®ep ®ey
w2 @y ®e] ©e2

w2 ®wy ®@el 6ol

W} @w) ®@e2 @ e2;
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Define the mapping
p P p
T =@ X > © X/AS
by
J132¢c<dp
Tgle @e @ ...2e )=a e ®e © ,,,0e , (1)
i3 12 ip i1 32 ip
where j = [§1j2...]p] is the representative of the orbit to which 1 =
[1112...ip] belongs, and
J132«++dp  miptma!...my!
o = R
p!
where mg is the number of occurrences of the integer £ in the sequence of
A
integers 1, and 0!=l. Equation (1) can be rewritten as
Ts(ey) = qjej,
and ej is referred to as the orbit representative for es. Defining
i
T™™Xx) =Ra2XeX2ex3e .., xl=0¢%,
then T; can-be extended in a unique way to
T = T¥(X) + T*(X)/As¥,
where 7, is still defined by equation (1), Note
Tgleg) = ¢, 1 <1 < n. (2)

The space g X./ASp ig the space generated by the orbit representatives ej, 1 €
Gp,n' Extending.this idea,

T*(X)/a8* = R @ X/Asl @ X2/A52 © X3/a83 @ ... .
By equation {2) above, X/ASl = X. Each ASp is the kernel of Tg applied to EX.
So if A isg in ASP, then "o(A) = 0. If

A= z p aiei,
ieG
n

then

Ts(A) = ¥ o () ai)Ej, (3)
jeGp,n €A

,...

oo

/1
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where Ay is tie orbit to which j belongs. Now, mg{A} = 0 implies
z al = 0, for all j e Gp,n' (4)
iEAj

On the other hand, if the components of A satisfy (4), then by (3) wn (A) = 0,
Tensors whose components satisfy Equation (4) are called auntisymmetric and are
elements of ASP. AS* ig an ideal in T*(X), where
As* = asl @ As2 @ As3 o ... |

|
i
|
|
g |

To see this, let B be in ©X; if ]
i

B = 2 b3 e4
h|
then ‘
Tg(A @ B) = 14(] albley © e3) |
klkz...kp kp+1---kp+q
= 1 o (] a b deg,
££Gp+q’n kehp |
ptq 5
where 4g 1s the orbit in G to which £ belongs. But
n
i
klt-uk k +ltvok -+ k +10--k +
p_*p ptq p ptq .
1: a b =] 1 ) am) b ’ "
kEJ.ﬁz L' k"ehgr melp: ’

where %' ig the orbit representative of any subset of q integers from

~

{2'1 1225000 s£p+q} ’
Agr is the orbit tu which &' belongs,

k" = [kp+lkp+2' . 'k‘p+q] ’

.

k' is the orbit representative of the set {{21,22...,%4q}~
{kp-l-l skp+2s “ee :kp-i-q}}v
Apr is the orbit to which k' belongs.

And from Equation {4},

mEAk' b
80

g(A @ B) = 0.
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Similarly,
1g(B @ A) = 0,
* P p
and AS* 15 an ideal, The space ®X/AS is the pth symmetric tensor space re-

ferred to earlier.

The development of the bhasis ordering for symmetric tensors is similar to
that used earlier for the polynomlials. The difference used here will be that
each of the subsets earlier will correspond to dlifferent tensor spaces.

Taking the direct sum of all of the tensor spaces, generate a new space whose

basis ig bijectively related to that of the polynomial space. For example,

m=2, n=3 (as before for the polynomials) gives a basis

" ey -
el
e3
wi
w2

e] @ ey Note: We use the same symbol @

in the quotient. Other pos—

ey @ e2 sible symbols, such as Vv,

could also be used.

e] ®e3

ey @ el

e3 @ e3

W} @ ey

w] @W]_
W] @w)

w2 @w)

b e R e oo

Y e s R
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By taking tensor products of the vectors
upwp t ... + oupwy and  xje] + x2ez ...t xjey
terms of the form
u{x{W4 © €5
result. If we continue taking higher order tenscr preoducts, the result is
polynomial coefficients of the basis elements. If we then apply Tg to the re-
sulting tensors, then only the orbit representatives of polynomials and basis
elements appear. Thus this symmetric tensor product is the same dimension as

the polynomlal vector space.

In second order tensors, looking at only x terms, x = [xix2]', the sym-

metric basis is {e] ® ey, e} @ e2, e2 ® e2}. All second degree polynomial

2
terms arz elements of (xl, x1x3, and xz)

X1 x] [ x2 e] @ e]
o =

X2 b ¢/) X1%2 e] @ e

XIX] e? @ ey

2 @
X e e
- X, 2 2
— 2 -
X ¥
1
X1%2
= , (assuming the basls elements).
x9x1 !
2 :
L X_ . .
2

Then, as described above, we don't want to distinguish between elements
which arise from permutations of .other elements, so we apply Wg. Here in

matrix form,

w7
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1 0 0 0
e = |0 172 1/2 0]

0 0 0 3
2
x
1

Te{x ® x) = | x1x2| .

L %2
All second degree polynomial terms can then be expressed as a unique linear
operator acting on this tensor. (This linear operator can be viewed as a ten-

sor and the polynomial generated by a contraction.) Let us look at a poly-

nomial
s 2 . 4 2
x + 7 xixo + X o
1 1x2 2

Using the first notation thig is expressed s the inner product
x
1
‘ [57 4) |x1x9 .
2

Using tensor mnotation this is

(unsymmetric)

where the operator

T
—r——

et
Crmrmmed

R e e e —— et ooy -
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2
takes the first element (xl) and multiplies it by 5 and takes the second ele-
ment (x1x2) and multiplies it by a, and so forth. Note that this is not

unique. In symmetric notation this is:

2
5 X
(2) | 1
71 @ [xIx2 .
2
4 x
2

In symmetric notation this 1-- unique. This carries through to higher order
tensor products as well: every polynomial has a unique'representation uging
sympetric tensors. This symmetric contraction has not besn defined yet but
its action here is obvious. Parentheses around the number above the contrac—

tion symbol indicate that it is a symmetric contraction.

When representing a polynomial in tensor form, the polynomial is expres-—
sed as a sum of coefficient teunsors coutracted with a tensor product of state
and contrQI vectors. Each tensor contraction is assoclated with one of the
subsets described earlier. That is, the terms of the polynomial which have
“he same degree and have the same degree of u are isolated and will be in-
volved in the same tensor contraction. Using the example on page l4, the

2

terms of degree two with degree of u equal to two are ajuju? and ajul“. The

sum of these terms 1s represented by the tensor contraction

2
a4 u
(27 1 2
83| @ julup | = a4u1 + ajujuz.
2
0 u
2

As with the contraction above, each of the subsets can he assoclated with a
unique tensor contraction. The ordering of components in coefficlent tensors

18 determined from the pertinent lexicographic ordering.

gy

S
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Let the symmetric contraction be defined in 2 wmanner analogous to normal

contraction. That is, for V(I) = VI/AST,

(r)
© :U; V) xv(r) e Uy + Uy @ Uy
where
(r) ) 1 i2 ip
e Wae Qe @.-.‘Be e ®e'®.l.®e @v)=
i ’ jl J2 j.‘l’.' 3
iy i2 ir
<e ,ej1><e ,ej2>...<e ,ejr> vi @ vy
where

{el} is a basis for V¥

{es} ts a basis for V

{w4} 15 a basis for Uj

{Vj} 1s a basis for Up

1] €42 € voe S ip and J1 € 32 € een € Gpe

This map Lg bilinear. The spaces U] and Uy are optional and can be any linear
spaces, F?r the pelynomial representations above, the coefficlent tensors are
assumed to be in V*(r) and their basis =lements were assumed relative to their

positions in the tensors. Thus,

ay,
33 234W19W1+33WI®W2+0W2®W'2
and
2
agl (2) | u (2) 2
a3l © |ujuz| = (ag w! @ wl +agwl ®42) o (ujwy ® wy + ujupw) @ wo
0 o

Y2
2
+ ugwy @ wz)

2
= ajui + ajujuz .

=

]

.. ;
—— ——
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It has now been shown that every polynomial has a unique representation
in terms'of symmetric tensors. Furthermore, it has been shown that this re-
presentation is natural in the sense that each symmetric tensor is associated
with a subset of terms of the polynomlal obtained by separation by degrees.
This is not the only tensor representation possible. As was discussed
earlier, it is possible to use the unsymmetric tensor. This representation is
not unique for nonlinear polynomials but is necessary for almost all of the
computations used to calculate the feedback tensors. Since it is uatural to
write ﬁolynomials in terms of symmetric tensors, yet unsymmetric tensors are
used for the calculations, a way of changiné tensors from one type to the

other is necessary. In the programs, this is accomplished using the sub-

routine 5YM.

There are five ways subroutine 5YM can be used, corresponding to the op-
tion argumént, I0PT, of SYM equalling 1, 2, 3, 4, or 5. There are 2 separate
options each for symmetric to unsymmetric and unsymmetric to symmetric trans-
formations. One option is for a covariant and one is for a contravariant
transformations. The fifth option is for an unsymmetric tensor to be trans-
formed to a symmetric tensor then back to an unsymmetric tensor. This last
option is useful because the resulting tensor is symmetric in another way.
When a symmetric tensor is transformed into a larger dimension "unsymmetric”
tensor, the new ternsor will still have certain symmetric properties. The com~
ponents of this temsor which are in the same orbit (the orbit corresponding_to
the basis elements involved) will all be equal. They will each be equal to
the component of the reduced basis symmetrlic tensor corresponding to the orbit
representative divided by the order of the orbit, if the tensor is contra-

variant in the basis elements involved (if the tensor is covariant in those

-y



31

basis elements, then each component will be equal to the corresponding com—
ponent of the symmetric tensor). This new tensor, call it A[p],[q], will thus

have the property that:

i i1 j2 ip k1 k2 kq
if A[13].{q]=ajk-eim"" W © .,..0w @e @& ©® ...0¢e ,
3
K CR p
4= [3132...jp] £ G,
m
q
k = [kjkoeookq] € G,
n
i i .
then a » for all m e S,, Ty € Sg. Equare brackets around

ORI ERER"
the indices will indicate this type of symmetry.

As noted abeve, the symmetrization of tensors is different for covariant
and contravariant tensors. For contravariant tensorg the method 1s analogous
to the chqice of polynomial representatives. For example, when choosing the
quadratic ‘representatives when x € V, dim V = 2, it was seen that the proper

symmetrization (or projection onto the symmetric space) was

2 2
1 0 0 0 ®] ] x]
0 1/2 1/2 0| x1x3| = |x%2%2
2
0 0 0 1] t=ax) [ X2
2 .
L X2

If one wisheas to symmetrize a covariant tensor, such as the coefficients cor-
regponding to the quadratic polynomials above, then the proper symmetrization

is (assuming all coefficients are 1)

fremm FOUERE,
! o v

$ e
S—

[

Ty
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For the symmetrization to be valid, the result of contractions in the sym-—
metric tensor space must be the same as contractions in the original tensor

space. This is seen by

N 2 _
I [ %1
2 2 2
E x1x2 | = x1 + x1x2 + x9x] + %2
1 x9X]
2
L1 ] L x2 ]
and
1 x]
(2) 2 2
21 o | x1x21} = x) + 2x1%x2 + x3 .
2
1 x2

The results are clearly equal since x1x2 = x2x]. The reverse process, going
from the symmetric to the normal tensor space, alsc involves two types of

symmetrization. For the example above, the contravariant process 1is

_ - 2
1 0 0 2 [ x} 7]
*]
0 1 oy X]%X2
Xjx2| = »
0 1 0 2 X1%2
X2 2
.0 0 1] | X2
while the covariant process is
10 o[t (1]
0 1/2 0l]2 1
0 1/2 0 1 1
L 0 0 1] | 1 ]

For this symmetrization to be valid the result of the contraction in the
tensor space must be the same as it is in the symmetric temsor space. For

this example,




I 2 "
1 X1 M1 0 0 1
1] 2 |xxy 0 /2 0 21 2
()] = @
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- 2
0 0 x]
! 0 Ixi1x2
2
1 0 X2
Q 1.
- 2
0 [ x]
O ||x1x2
2
0 x7
L]
-2
#1
(2)
@ | x1x2
2
L2 ] .

In tﬁe general case, this is made more formzl as follows. Select a

p P
tengor, £, € T (V), dim V = n, and

q q
111i2...1 i1
P = ) a P e @® ... e, @ @
q J132-.-3¢ 11 ip

(p)
Then define £ by
q

f(p) . a(i)
q (1),5 3

and whare
(1) 1 2

ay = ] ——a_ ,
1 gea |81 3

q P
jeg¢ ,L2eA°G |,
n n

p .
A is the orbit in G to which 1 belongs,
n

|A| 1 the number of elements in 4,

@

@

e .

q
e(1) ® ed, where (1) € G, 4, § € Gn ,
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e(i) =e ®e ©,,. Qe

and
el = e ® e @ .0 @& ,

p
Similarly, £ is defined by
(q)
£ ) ai ey © e(3), where 1 € G (j) e G
1) 1. ’ e n: q,10

and where
i i
a = Z a,
(3) kea k
ie Gp, keAc Gq,
n 1

q
and A is the orbit in G to which i belongs.
n

{p)
Then, f is defined by
{g)

f(p) _ (1)

(j), h (i) e G , ( £ G ,
@ 1y gy gy SW ST TR pyns (1) € g

and wheré
(1) 1 £

a - T ]
(1) nedy,keny 181] K

k=

L e A} the orbit in G to which i belongs,

=R < T =

and k € Ag the orbit in G to which j belongs.

The difference between covariant and contravariant symmetrization is seen to

be that one divides the sum by the order of the orbit for covariant symmetri-
zation. The contravariant gymmetrization is obtained by just summing over all
elements in the orbit. In trausforming fz to fﬁz;
proaches. The covariant and contravariant symmetrizations can be accomplished

, one can take three ap-

2 ’“‘wx.&mw;arw - . Pl -
s . (o " e ; . .
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simultaneously or one can be doune before the other; the result is the same for

(p (p) (p)
@ach. For notational purposes, f P £ T P v, fp E Tq (V), and £ P €
(p) q q (q) (q) (q
T (V).
{(q)

The other type of symmetric tensor is a tensor in the normal tensor space

obtained from a tensor in the symmetric tensor space. To obtain this tensor,

the transformation from Tip;(V) to Tp(V) must be defined. Let f;p; € TEP?(V),
then fi:; £ Tz(V) is foundqin the foilowing manner. If ’ e
f(p) _ a(2) e(sy © o ()
@ (), &)

where

(2) € Gp py (k) € Gq p,
then

f[p] = ai ey @ ed,

{q] i,5 4

where

ie Gp, j e Gq,
n n

and where
i 1 (%)

a = ———

a ’
3 |AZI (k)

q
A9 is the orbit in G to which j belongs,
n

(k) is the orbit representative for 47,

and (&) is the orblt representative for the orbit in Gp to which i belongs.

[p] 1,8 in
f[ ] will have the property that any two components aj and a will be equal
q 1 iz

p
if i] and 12 come from the same orbit in G and j1 and j2 come from the same
n
q p
orbit in G . A tensor £ i3 sald to have a covariant part and a contravariant
n q
part, where "part” refers to the corresponding indices and basis elements. A

baslc fact about symmetrizaiion is that symmetrization commutes with contrac-—

o oy

,._,4‘
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tion Iin two cases. The first case is one where the symmetrization is per—
formed over the part of the tensor which is not being contracted. The second
case 15 any symmetrization when one of the tensors is symmetric (in the sense
corresponding to the square brackets above) with respect to the part of the

tensor being contracted. An example of the first case 1s shown with the con-

4 q
traction fp © b . Let
q
£ =, a € @ see @ 8 B2 @ ... B e ,
q J132++43q 11 ip
kikz...k
and bq = [ 1 e B aes & € .
k) kq
Then,
q iliz-.oip jljz-ooj
fp o bq =) a | e d e @ ese @ &8
q J132+++3q 11 ip

The symmetrized version of the result iIs
¥

&
¥
.

pa9 q 1) j
mg{f @b) = 1 a c e(1),
{ q (i)sj j
where
(1) ec .
E ‘p,n’ J E nr
and where
(1) j 1 23
a ¢ = Z T ac,
h| gen |8l 3
je6, e Gp,
p
and A 18 the orbit in G to which 1 belongs.

n
If fp had been symmetrized first, then
q

a i j k
f(p) ® bq = { Z a( ) e{1) ® eJ) g (z c eg)
q (#),3

o)
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) 1) 3
= a coe(q)
(1), 2
where
(1) 1 2
a = ) —a.
i gea 18] 3
pad q L@y d (1, ]
This equals ng{f © b ) if a ¢ = (aj Jo s This equality holds since the
G
sum is ovar % not i. An example of the cecond case can be shown using
P i
the same contraction. Assume that £ = fp ; that is a =a y for all
pq q [q] i a(i)
g € Sq. Then f[ ] ® b9 will be the same as before
q
q 11i2+.4dp J1j2..-1q
P © bl = a ¢ a @ ... @ g
fql j132+4.1q i1 ip

f
3

(ai (1 cj)) e,

1,(2) jeA

where

-

p a
ie6 (&) ¢ Cq,m» J € G, L is any element from A,
n n

and where

J € A, the orbit for which (L) ig the orbit representative,

the first sum runs over all i ¢ Gp and (L) € G
n

the second sum runs over all j & A, and

q,n

!-.‘.i=e 8.-.83-
i i,

The equality holds because the elements in each orblt A4 are equal. Now,
p 4

{ .
@bvd = ) (a(] 1a] ) eyq
[q] 1,(8) 2 jea |8l

i 1 3
= ] (|aj a ¢ I —— ¢ Ne
1,(1) L jen |4} €t

- ..._‘.ld
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T %z) dz ) ey, (2) € 6q,m,
where
i 1 i
a - lbla =1
(%) jea aj
and
(2) = 1 i,
c [2] sz:A ¢
But
] i
Q) = Z d ey ® e(2)
q
and
thus
q 9
£ obnl@= 7§ a ey = £F ® ba,
(q) 1,(2) (&) (q]

and the c;ntraction operation commutes with symmetrization. The exact same
resalt isleasily established when bd = bla] ig symmetric over the indice= con-
tracted. ¥Note that this result applies only when the symmetrization of the
part of the tensor over which there is a contraction is performed on both ten-

sors (otherwise the contraction is not defimed).

As stated above, tbe program SYM accomplishes the symmetrizations im the
computations. SYM first checks to see if the input tensors and their associ-
ated dimensiong make sense with the option requested. If these acceptable
input conditions are met, SYM proceeds with the calculations. There are three
main secticns of the subrcutine. The first tw, sections set up a map between
components in the larger dimensional temnsor from the normal tensot space and
the smaller dimensional tensor in the symmetric tensor gpace. The third sec-

tion carrdies out the map so defiued and calculates the components of the de-

pa
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sired tensor.

The f£irst section of the subrvutine associates with each tensor cowmponent
in the larger tensor a base ten number, Tensors are stored as vectors and the
base ten number is the lccation in the vector of the orbit representative cor—
responding to the compunent in questioa. First, the nrbit representative for
each component in the part of the tenscr to be symmetrized is found., This 1is
done by taking the sequence of integers corresponding to the basis element and
reordering this sequence so that it is an orbit representative. This is done
for the covarlant and contravariant parts of the tensor, itdices which depend
both upon the control variable and state variable. From these sequences of
intagers, and the seguences corresponding to the parts of the tensor which are
not symmetrized, the position of the orblt representative in the original
large dimension tensor can be calculated. In general, if i = [1112...ip] £ Gz

is the seduence of integers, then this sequence is mapped to the number

[l ]

ay = (1j-1)np-j + 1,

i=1
This number can be viewed as the base ten number corresponding to the base n
number

(11—1)(12~1)...(ip_l—l)(ip—l) + 1
where the parentheses separate digits in a number and do not stand for multi-~
plicacion., The "1" is added in each case so that the lowest integer sequence
[11...1] corresponds to "1™ and not "0". In other words, it corresponds to
the first element of the tensor which in this FORTRAN is the "1" entry. If
there are more thas: one parts of the tensor, then nmore than one number has
been calculated, each standing for & part of the tensor. The number which

shall be used to correspond to this tensor componenf will be the sum of each

of these numbers times the highest number possible for the next lower part of

e
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T r p q
the tengor. For instance, if A e (8V) @ (aU*) @ (eV™) and dim V = n, dim U
Psq
= m, and one wishes to calculste the desired number for the cemponent
ipige..ip
a- -
3132+ 4+dprkik2.0ukq,

then first the three numbars for the sequences of integers individually are

calculated:
ay = (11-Dnfl + (1p-1)nf2 + ... + (dpog=1dn + (ip~1) + I,
@y = (31-1)wP=1 + (§o-1ImP~2 + ... + ips
a = (kp=1)n9"! + (ko~D)nd72 + ... + kg

The desired number is

It

a (ai*l)mpnq + (uj—l)nq + o
(Note that onme had to be subtracted from aq and aj prior to the multiplica-

tions. This is because the first element in the tensor must have a value of

p
1. Thus an alternative definition for the oy, for i & G , could be
. n

H as = E (11—1)n13"j-
=1

Then the definition for o above would be

a=o; wPnd + a; n9 + ap + 1.)
A wvector of thas same dimension as the large dimension tensor is used to store
the number correspending to each tensor component. Call this vector the large

map vector.

The second section of the subroutine puts the distinct numerical values
of the large map vector into amother vector. Call this vector the small map
vector. The small map vector wili be bf the same dimension as the gmaller di-
mension symmetric tensor since each distinet numerical value 1n the large map
vector corresponds to a different orbit. A third map vector, called the count

vector, 18 used to count the number of repetitions of each distinct numerical

:".'—__j""f - _“ .
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value of the large map vector. Thus, each component of the count vector is
the numbher of elements in a distinet orbit. The count vector is the same size

as the small map vector.

The third section of the subroutine actually calculates the components of
the new tensor. Say the desired tensor is the symmetric one. FEach component
of the symmetric tensor 1s set to zero. Then, the ith component of the ori-
ginal tensor is added to a particular component of the symmetric tensor. The
particular component is found as follows: find the component of the small map
vector whieh has the same value as the ith component of the large map vector.
If this is the jth component, then the particular component of the symmetric
tensor is the jth cowponent. After these ﬁaps are complete the sums are di-
vided by the corresponding components of the count vector for a contravariant
symmetrization. For a covariant symmetrization the sums are the desired com—
ponents. iIf the desired tensor 1g the larger dimension normzl tensor, the
process is similar. Each component of the larger tensor is set equal to a
particular component of the symmetric tensor for contravariant symmetrization
or equal to that component divided by the corresponding component of che count
vector for ecovariant symmetrization. The "particular component” referred to

here is the same as the "particular component” referred to above.

This chapter has presented two main ideas. First some basic tensor con—
cepts were discussed. Secondly, the symmettvic tensor was shown to be a na-

went o
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tural representstion for polymomials. This latrter part
the relationship between symmetric and unsymmetric tensors and to describe the
gubroutine SYM. The next chapter will describe a few more subroutines and tha
functions they perform. A good understanding of these subroutines is helpful

in following the somewhat involved derivations in Chapter IV.
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CHAPTER III
PARTIAL SOFTWARE DESCRIPTION
This chapter describes several subroutines used to solve the problem.
The functicns they perform are described in general and are shown by way of
example. Also, the actual FORTRAN statements used to carry out the sub-

routines are described.

PERM
The subroutine PERM is used to reorder the basis elenents in a tensor.
It changes the normal pattern of first incrementing the covariant x powers and
then the covariant u to first incrementing the covariant u then the covariant
X. ILts purpose is to ease the computations and to make seunse of some terms in
the equations. Its need can be demonstrated using a typical term in which 1t
appears:
(1,2) Q1,2 © K; .
This term arises from setting the coefficients of xq to zero, and thus ovigi-
nally comes from
Q1,2 g [(K; ; xz) ® x2].

In this term, QI,Z is contracted three times with the expression in brackets.
The expression in brackets has three contravariant powers: one contravariant
u power coming from

N 2

®

X

2
X

2
and two contravariant x powers from x . The result of the contraction opera-—
tion is a scalar which is a fourth order polynomial. Thus, in setting the co-
I .
efficients of x to zero one must get a closed form expression for the co-

efficlent of xq. If one were to change the above original term to

42
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3 2
2 1 2
(1,2)Q) 2 @ [x" @ (K, & x7))
where (1,2) indicates a reordering of the basis, then the result is the same

as before. The next step 1s to cuange this to

1 i 4 "
[(1,2) Q1,2 @ K,]1 @ x*

The result is then the same, but the coefficient of xq has been isolated.

In the cowputations, this permutation must be carried out by the compu-
ter. Since the computer stores all tensors in vector form, the permutsation
must be described in terus of what it actually does to a vector. If x £ Rz
and u € Rz, then Figure 3.1 shows how the permutation (1,2) Q1 62 is accom-
plished. 1In the figure, part A shows what the actual scalar components of
(1,2) Q1,2 will be in terms of the scalar components of Q3 2. This corre-
sponds to ;he basls reordering shown in part B. Notice how the basis elements
from the contrel space are after those from the state space, and therefore
permuted first. If the tensor which is being permuted has contravariant
powers, then, when computing the permuted tensor, the reordering of the co-
variant basls elements must occur each time the contravariant indices are in-—

cremented.

Let the criginal tensor be separated into three parts: the contravariant
part, the covarisut part which depends on the control variable, and the covar-
iant part which depends on the state variable. Let the dimensions of these
parts be I1, 12, and I3 respectively (e.g. if x € R®, u € R™, and the tensor
has q covarlant powers of the state variable, p covariant powers of the con—

trol variable, and r contravariant powers of the state variable, them Il = nf,
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(1,2) Q1,2
(1,2) Q1,2
(1,2) Q1,2
(1,2) Q2
(1,2) Q1,2
(1,2) Q1 2
(1,2} Q1,2
(1,2) Q1,2

original ordered basis

_wle

w @

JA
Do
DO
DO
JA
JB

e

1

Il

nu

10 J1
10 J2
10 J3
JA + 1
(J1-1) * 12 *

1, Il
1, 12
1, I3

(I ]

10 B(JB) = A(JA)

Figure 3.1 The action of subroutine PERM is shown in A,B, and D, for the

tensor Q1 7. Part C shows the FORTRAN statements which ac—

JA = 0
Do 10 J2
bo 10 J3

(1) = Q1,2
(2) = Q1,2
(3) = Q1,2
(4) = Q1.2
(5) = Q1,2
(6) = Q1,2
(7) = Q1,2
(8) = Q1,2

ordered basis after permutation
1 1 1 7

-

(1)
(5)
(2)
(6)
(3)
(7)
(4)
(8)

e @ e @ w
e @ e, QW

e @ e @ w

I3 + (J3-1) * 12 + J2

1
1

,2
b

JA =JA + 1
JR = (I3-1) * 2 &+ 12

(R

-

10 B(JB) = A{(JA)

———

CALL PERM (Ql2,Q12P,0,1,2,I12,IDIMU,IDIMX,3,3)

complish a general permutatiom.

—
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I2 = mP, and I3 = n9). Note that the dimension of the tensor is then the pro—
duct of Il, I2, and I3. The lexicographic ordering in the tensor is then
equivalent to ordering three indices, say J!, J2, and J3, lexicographically,
where J1 € {1,2,...,I1}, J2 ¢ {1,2,...12}, and J3 ¢ {1,2,...13}. The permuted
tensor would then have basis element ordering equivalent to the lexicographic
ordering of J1, J3, J2, where these indices are as above. TFORTRAN statements
which fi11l a general permuted tensor B from the original tensor A are listed
in part C of the figure. Notice that the three DC loops step through tensor A
while the correct position of tensor B must be calculatéd at each stzp. The
FORTRAN statements specifically for the case in parts A and B look like part D
of the figure. Here B = (1,2) Q1,2 and A = Q; 2. Also, I1 =1, I2 =2, 13 =

ki ko k3
4. In the original ordered basis, w ©® e @ e ,

J2 =1 corresponds to k] =1
J2 = 2 corresponds to k] = 2
. J3 =1 corresponds to kp =1 and kj =1
3 J3 = 2 corresponds to ky =1 and k3 = 2
J3 = 3 corresponds to kz =2 and k3 =1
J3 = 4 corresponds to kz =2 and k3 = 2.

' K kg k
The ordered basis after permutation will be e 2 o e @ w 1, with k), k3, and

k3 as above. It is thus seen, that incrementing J3 before J2, as the DO loops
will, corresponds to the ordering of the original ordered basis, while incre-—
menting J2 before J3 corresponds to the ordering of the basis after permuta-
tion. Thus, JA increments each time through the DO loops because it corre—

sponds to the original basis, while JB is calculated as if J2 were incremented

before J3.

Subroutine PERM does the permutations. The actual statement which calls
PERM to execute the permutation talked about is also in Figure 3.1. What each

argument stands for is discussed in the software. PERM is fully described in
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the software. It does have one option which was not described here. Oc-
casionally a tensor will have two covariant parts which depend on the same
variable (state or control). PERM can permute these two parts. A discussion

of this would duplicate the discussion above, and is thus not i{ncluded.

RAISE

I

The raiging and lowering of powers becomes necessary when one wants to E
‘\

equate expressions like the following:

2 2
Vo © x2 x* o V{ @ x X2 @ V2 .

Vi is obtained from Vo by raising one covariant power (or equivalently V2 is
obtained from Vi by lowering one contravarlant power). V2 is obtained from Vi
by raising two. covariant powers. Raising and lowering powers change the type
of the tensor. They do not, however, change the scalar components of the ten-

sor. The result of raising or lowering powers is thus a tensor of exactly the

same dimension and with exactly the same components as the original tensor.
Often on the computer, the components are also stored in the same order as the
original tensor. This is the case with Vi, Vi, and V2; on the computer they
are identical. The differences between them come in their uses. As shown
above, they are usad differently in contractions. Also, V2 and V2 are sym— i
metrized differently. The difference in their symmetrization is described

in Chapter Ii.

In some tensors, the raising or lowering of powers does change the order

2 2
in which the components are stored. As an example, assume x € R, u € R” and

it is desired to raise two powers of the state variable in Q3 2. If the re-—

sultant tensor is Qf, then Figure 3.2 shows what the components of Q?.will be

%)



Q* (1) = qp,2
Q? @) =,z
QC 3 =q,

Q} ) =qq,2
Q? (5) = qy,2
Q¢ (6) = Q2
Q> (7) = Q1,2
Q? (8) = a1,2

original ordered basis

"Wl ® el S e11

wleelﬁez

(1)
(5)
(2)
(6)
(3)
N
(4)
(8)

i
® e, @w

&

1

CALL RAISE(Q12,Q12R,0,1,2,2,1,0,IDIMU,IDIMX,112,2)

Figure 3.2 The action of subroutine RAISE is shown for Q1,2

The two

47

ordered basis after raising two powers

2
covariant powers of the state varlable are raised to get Ql.
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in terms of the components of Qp 2. The reordered basis 1s shown as well as
what a call of subroutine RAISE would look like to accomplish the raising of
powers in Ql2. The description of the arguments of RAISE is included in the

comments In the software.

TRANS
Subroutine TRANS trausposes tensors. A traunsposition is the simultaneous
ralsing of the first cevarlant power and lowering of the first contravariant
power. It is usually performed on tensors with only one contravariant power

such as Ap.q. Thus if
j1

1 i, 3 k. k K
Ap,q =1 B350 eed s Kk B1 @ W 0 W

® «vo WPg@e! Qe 2 @ <« e l,

then

T 31 .
Ap g = z_bija"'jp’k1k2'°'kq vi; @el aw

o

k k k

1 2 ® 200 @ e T

h| j
2 e ...wPge o e

where .
; bjl i
iJz...jp’klkle.kq = ajljz...jp,klkz...kq *

As an example, take Al,l and transpose it. For u € R2 and x € R2, Figure 3.3

T
shows what the components of A},1 are in terms of the components of Aj,1. It i

also shows the ordered bases before and after transposition. The actual

e A R

FORTRAN statement which accomplishes the transposition is also included. The

arguments of this statement are talked about in the software.

Transposition ie used to factor out powers of x Iin terms like

k-1 p+q-1 p~1 n
(Vig) © x[k-11) o (Afp1rq] © (K{p) © x[nly o xlaly ,

This is discussed in greatar detail in Chapter IV,

2



A1l
T
A1l
T
Ap,l
T
A1l

orlginal ordered basis

l-el®w 2 e

CALL TRANS(All,AliT,1,1,1,112,IDIMU,IDIMX,]1)

Figure 3.3 The transpose of Al,l is shown here, and is calculated by

subroutine TRANS.

(1)
(2)
3
(4)
(5)
(6)
(7)
(8)

(1)
(2)
(5)
(6}
(3)
(4)
(7
(8)

new ordered basis

1

— 1
W, ® e @eg

@

®

ja=
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TMULT

The subroutine TMULT performs tensor multiplicaticns. Tt forms the ten-
sor product of two iuput tensors. The output tensor's dimension will be the
product of the dimensions of the input tensors. Each componeat of the output
tensor is a product of components from the fnput teusors. Every possible pro-
duct of one comporent from the first input tensor and one from the second is a
component of the output tensor. The order in which these products are placed
in the tensor depends upon the types of the generating tensors. There are two

main types of tensor products used in the solution of the problem. They are

i m
K &K
3 n
and
1 i
Vv K.
2

This firstQtensar oroduct is calculated as follows: If

1 a6z, 0 12 Y4
K = a w @ w @ a0 W @ e @e ess @@
hi Y1¥2es4Yy @] a2 aj
and
K =}b w @ w ®hee W ®e @ e see B e
then
i m alaz-:.aiklkZOQOkm
K e K =ZC w Be0a@ w @ w oco® w ®
n Y1Y2e00 321820000y 0y oq ki km
Y1 Yi 4 2n
e L ®e ees © e
where

alaz-..uiklkz.-lkm alaz...ai klkzoo.-km

c a b .
Ysz---YjR'lzz-..ln TlYZooon 2122;..21-1

e\
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For the second tenser product, if
1 t 5] 52 5¢
V =) v er @e oe crs DB
L 81S2+448¢
then Ti
i t alaz;.-ai s1 89 Yl .Yj o
VvV @K = 2 e € @ W € .ie W @ e @ ...2 08 vee @
] 8152...52Y1‘Y2a-.Yj x] a-i 'l
where
t alaZI.oai f, alazoo.ai :
c =y a . :i

§182+4084Y1 7240 -Y] S182+.488 T1Y2,,,7Y4

An example of the first temsor precduct and the actual calling statement from

[ s
e -

amam e -

1
the program is shown in Figure 3.4. The nreduct calculated 1s Kl @ Kl’ where

D
PP

1 i=m,j=n 4 .
K = a wi @ EJ y
Pog=1,9=1 2

and m=n=Z.

Let each input tensor be separated into three paris: the contravariant A
part whicﬁ depends on the state variable, the part which depends on the con-
trol varlable and the covariant part which depends on the state variable. The
second part can be aither contravariant or covariant, but if the first temsor E%
has covariant powers of the control variable, then the second cannot have con- ‘ §
travariant powers of the contrel variable. (This is just a constraint due to .
how TMULT was set up. If necessary this constraint can be removed by first
using TMULT, then using an appropriate option of PERM.)} Let the dimensions of
the three parts of the first temsor be N1, N3, and N5, and of the second be
N2, N4, and N6, respectively. Then the lexicographic ordering for the output
tensor is equivalent to the ordering of the six Indices ranging from one to
N1, N2, N3, N4, N5, and N6, respectively. The FORTRAN statements which calcu- {}

late a general tensor product are shown in Figure 3.5, part A. The statements
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CALL TMULT(X,K1,K22,0,1,1,0,1,1,T11,I11,T22,IDIMU,IDIMX,NCALL)

!
Figure 3.4 The tensor product of K1 with itself is shown here along with

the program statement which calls TMULT to accomplish it.
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A. J=0
Do 10 Il=!,N1
DO 10 I2=1,N2
DO 10 I3=1,N3
DO 10 T4=1,N4
DO 10 I5=!,NS
JA = IS+(I3-1)4NS+(I1-1)*N54N3
JB = (T4=~0)*N6+(I2~-1)*NG*N4
DO 10 I6=1,N6
J=JB+1
JB=JB+]
10 C(T)=A(JA)*B(.IE}

B. J=0
) DO 10 I3=1,2
DO 10 I4=1,2
DO 10 I5=1,2
JA=I5+(13-1)%2
JB=(T4~1)*2
DO 10 I6=1,2
J=J+1
JB=JB+1
10 C(J)=A(JAY*B(JB)

Figure 3.5 These are the FORTRAN statements used to calculate the tensor
product of A and B in the subroutine TMULT,
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specifically shown for the case shown in Figure 3.4 look like the statements
in Figure 3,5, part B. 1In Figure 3.5, the input tensors are A and B, while
the output tensor is C. The description of the arguments in TMULT is in the

software.

TCONT

Subroutine TCONT performs the tensor contractions negessary in the caleu-
lations. This subroutine i3 very similar to TMULT in the maumner in which it
calculates the output tensor. The difference between TQCNT and TMULT 1s that
in TCONT, each 1input tensor 1s separated into four parts instead of three.
The first input tensor's parts are: the contravariant part which depends on
either the control or state variable, the covariant part which depends on the
control variable and is not belng contracted over, the state variable covari-
ant part which is not being contracted over, and the covariant part which is
being contracted over. The second input tensor's parts are: the contravari-~
ant part which is being centracted over, the contravariant part not being con-—
tracted o;er, and the two Efyariapt parts. Let tha dimgnsions of these eight
parts be I, I3, 15, I7, 17, 12, 14, and 16, respectively. Note that I7 is
the dimengion of the part being contracted in each tensor. The lexicographic
ordering for the output tensor is eguivalent to the ordering of six indices
ranging from one to Il, I2, I3, I4, I5, and I6, respectively. Each element of
the vutput tensor will be the sum of I7 products of two elements, one from
each input tensor. The FORTRAN statements which éccomplish this are shown in

Figure 3.6. The similarity to Figure 3.5 is apparent.

There'is another subroutine, TCONT!, which is almost identical to TCONT,
TCONTLl, however, has two additioms. First, it does not zero the output tensor

before calculating the output tensor. Thus the values originally in this
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output tensor are just added to the new values and this tensor can act as a
“running sum” of several contractions. Second, a scalar multiplication option
is attached. This allows one to calculate the normal contraction and then

multiply the result by a scalar.

The arguments for both TCONT and TCONTI are described in the software.
Each also has several options which put restrictions on the type of input ten-
sors allowed. TFor instance, if the contraction 1s over powers of the control
variable, then there can be no covariant powers of the éLate variabla in the
first input tensor. These options and restrictions are also discussed in the

software.

DO 5 J=1,DIMC
5 c(J)=0,
J=0
DO 10 J1=1,I1
DO 10 J2=1,12
DO 10 J3=1,I3
DO 10 Ji=1,14
DO 10 J5=1,I5
DO 10 J6=1,I6
J=J+1
Do 10 J7=1,17
JA=JT+I7%(I5=1+I5%(I3=1+I3%(J1~1)))
JB=J6+I6*(J4—1+14%(J2~1+I2%(I7-1)))
10 C(J)=C(T)+A(JA)*B(JB)

Figure 3.6 These are the FORTRAN statements used to perform tensor
contractions in subroutine TCONT.
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CHAPTER 1V
NONLINEAR OPTIMAL CONTROL
This chapter contains two main parts. The first part uses optimization
rtheory to obtain the Hamilton-Jacobi-Bellman (HJB) equation for the problem
studied. The second part uses tensor theory to solve the HIB equation for the

optimal feedback,

DERiVATION OF HIB EQUATION
The problem to be studied is ﬁhac of minimizing a cost functional
J = M(x(ty)) + ftl L{x{t),u(t), t)dt
to

subject to the system equation

x(t) = f(x(t),ult),t), x(ty) = x4,
where %x(+) £ R is a state vector, u(*) £ RM is a control vector, and t €
[to,t1]. The mapping £ : R® x RM x [t ,t;] + R® is analytic in x and u and

continuously diffeventiable in t. £ satisfies £(0,0,t) = O.

The functional L : R® x R™ x [t,,t}] + R is assumed positive definite,
and M : Rt + R 15 positive semidefinite. Both L. and M are assumed analytic in
X aﬁd u. Let © denote the set of admissible controilers u(t), and assume 9 is
compact. Under these conditions an optimal control u®(x,t) exists and is in

.

Because u*(x,t) minimizes J, u*(x,T) minimizes
V{x,t) = M(x(ty1)) + f:l L(x,u,7)dt for all t e {t ,t1]. ()
Tuls is the Dynamic Programming approach. V{(x,t) is called the optimal value
function and for any time t, it rvepresents the "cost-to-go” for the problem.

The function V(x,t) is a positive function whose derivative with respect to t

56
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is negative. The derivative of V(x,t) with respect to t satisfies
dv(x,t)

+ L{x,u¥(x,t),t) =0
at

u*,t

when the optimal control u®(x,t) is applied. u®(x,t) satisfies this equation

and is in fact the v € 1 which satisfies

min [ dV(x,t) + L{x,u,t)] = O, (2)
uelf dt u,t

This 1s the famous Hamilton—Jacobi-Bellman equation and is developed with more
rigor by Lee and Markus [5] and Buric [1]. This minimum 1s achieved by a

u*(x,t) € 0 so this function also satisfies

2 AV + Llx,u,t)) = 0. (3)

3u dt u,t
Equations 2 and 3 will be used in the next section to solve for V(x,t) and
u*(x,t). .First, however, a few more things must be noted about the form these

equations take.

The function f was assumed to be analytic in % and us This allows a
series expansion for £ in polynemial terms in the state and controller. This
expansion can contain either a finite number of terms or an infinite number

and 1f there are an infinite number f must be absolutely convergent in some

neighborhood of (x,u) (0,0). The expansion is writien im the form

p*q :
f(x,u,t) = Ax + Bu + z A[p].[q] ® ulrl e xlql,
ptq »2
Here the A[p],[q] tensors have one coutravariant power in R (the superscript
is dropped for simplicity's sake), p cu-ariant powers in RM and q covariant

powers in RM. The pair (A,BR) is assumed controllable. The functions M and L

also admit serles expansions and these expansions are assumed to start with
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quadratic terms. Thus,
k

M(x(t1)) = ] Mpk] © x(ep)(k]
k=2

and

i+j .
L(x,u,t) I Qi gy ¢ ulil e xiil
i+722

2

x1Qx + uTRu + Q1,1 ®u@®x

+

i+j
1+§>3

Usually, the matrix representations for the linear part of £ and the quadratic

part of L are used. 4, B, Q, and R are the standard matrix representations in

the literature for the terms involved.
The class of admissible controls is defined as

1 m
Q= {u(.-f,l:) = ): K ® x[m]},
m=1 [m]

where the;tensors Ktm are bounded piecewise continuous functions of t for t €
[to,t1]. For this set of controls and using the series expansions for £, L,
and M, Buric proves that V(x,t) has a serles expansion,
k
V(x,t) = ] Vgp o xlk]
k=2
where V{i] are plecewise continuously differentiable fumctions of t. From
Equation (1), it is seen that V(x,t31) = M(x(t])), thus V[](t1) = M[k],
k =2,3,.00. V{x,t) is found using this final condition and integrating
backwards using the equation for the derivative of V{x,t) with respect to t,

Equation (2). This integration is carried out after solving Equations (2)

1
and (3) explicitly for the terms V[y] and K[ "
m

]
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DERIVATION OF SOLUTTON EQUATIONS
The Hamilton-Jacohl-Bellman equation for the problem is Equation (2).

In this expression, the first term can be rewritten as

2oyx,py| o+ o dx
It u,t x dt u,t
NMow, it is known that
dx ptq
= f(x,u,t) = ) Alp],lq] © afrl & xl[q]
ptq2l -
and
k k-1
aV(X|§__ = Z —_— V[.:(] @ x[k] E k V[k] @ x[k“"l] v
2% k=2 x=2

Substituting back intce Equation {2),

k k-1 p*q
min [ ) V[k} oxlkl + (7 & Vik] @ xlk=1ly e ¢ 7§ Afp),lq] © alrl @ xlaly
I k=2 pHq>1 ‘
i+j
+ z Q[i],[j] @ u{i] @ x[j]] =0. (4)
i+j»2

To find where the minimum of this expregsion occurs, the partial derivative

with respect to u is taken, and set to zero. There are three terms here. The

partial derivative of the first term with respect to u is zero. The partial

derivatives of the other two terms with respect t¢ u are:

]

3 k-1 ptq
— (] kv © xlk=1]y o ¢ 7 Alp],iq1 © ulpl @ £lqly]

du =2 pHg>l
k-1 3 ptq
I I evpg oo xlelly e (apy g e ulpl o glaly -
k=2 p+g>1 Ju »
kel ptq-l
I I Gevlkd o xlk-lly @ (p agp; rq) @ ulp-ll @ xlal)
k=2 p+q?l i

and

— - -

o

7
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3 i+j
20 L, ) © ultl el -
Bu 14432
1+§-1
¥4 Qri],[§] © wli=1] ¢ x[3] |,
i+j»2
Thus the minimum of the left member of Equation (4) occurs when
k-1 p+q—1
) I (k Vik] @ xlk-1ly e ¢p Alpl,[q) © ulpll g xlaly
k=2 p+q>l
i+j-1 _
+ 7 1 Qi],[3] © uli-171 ¢ x[li] = o, (5)

1+§»2
Also, at this minimum, Equation (4) will be satisfied. The acceptable controls
e can be expressed as

m
u‘—‘ZKl @x[m}.
m [m]

Replacing u by this expression in Equations (4) and (5) gives, respectively:

. k k-1
I Vigr@ =kl + (7 & Vi © x[k-11) o
k=2 k=2

ptq , m §:3)
(5 a o [y _eximl] " e xlqly
prial [pl,[a] é m) - ¥ x
IR SN ¢S
oLy o Ak e xlmh T e x5l <0 6)
i+§32 m [m]
% ptq-l m {p-1]
) I (x Vik] © xlk-lly o (p Alpl,lq] © [} XK' o x[m]) e xlal)
k=2 pt+q»l | m [(m]
i+j-1 1 m [i-—l]
*olo10u),yr ° (Jr e xinl) e x[3] =0 . (7)
i+3>2 m [m]

These are the two equations which will be used to find the values of the ten-

sors for the optimal performance function (V{k]) and for the feedback control

(K; ]). To get equations that are easier to work with the following must be
m

done:

T

g
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1. express each of the terms in Equations (6) and (7) as coefficlent tensors
multiplying tensor powers of x.

2, express each of the equations as coefficient tensors multiplying ten<or
powers of X.

3. set each of the coefficient tensors equal to zero.

The first term in Equation (6) is already in the desired form. A look at
all of the other terms makes one realize that the firgt step must be compre-

hending the meaning of

: , n [2]
[k oximl]
m [m]

A very compact form for this expression is actually relatively easy to derive:
1 mj [ml] m2 [mz] mg, x[mj?']

(ZK ® x 9(2 Kl @ x )@..,@(z 1{1 o)
my [my] my  Imyl my, [mgl

) (8a)

mi+my + mg,
) x ek: ) o x[m1 mZ]) ® ... @) K ® x[mﬂl) (8b)
m mp @] [m,) my [my
+ +..-+‘m
= 1 ! ox! e...exl ) TR x[ml+m2+"'+mz]
m,m2, .. my (M) [m, ] fm, ] (8¢

. § kb oxlnl . (8d)
n=4 [n]
The step from (8b) to (fc) 1s just a generalization of the step from (8a) to
(8b) in this derivation. To see that the step from (8a) to (8b) is valid, omne
must look at the tensor elements to see that they are the same. Since tensor

multiplication 18 assoclative it is sufficient to show that

mj m2 1 my+m
&’ o x[mll) o (k! K x[mzl) . (k! oK 1@2 x[ml-hnzl . %
[ml] [m2] [ml] {mz}
To show this,
1 . .
K1 =zal, e @ ejl@ ejz @..,9 E:Jm1 )

i R S

Y
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1 @ Y1 g Y2 Ym,
K =) b eg@eleg?e.,,ee ,
(m,] Y Yoo T
2
i
x=)yZe ,
)
m} i h| mjp i mj
el M la 6 loe20 .., 0¢ a (v2e
{mll jljz...jml 1, 1,
i 3, 3 Im
3231. yly_”ylei.
lez'.ljml l
Similarly,
m2  {m.] a Y Y Ym
k! @ x 2 =3b y : y 2...y 2 ey
[m, ] LERCTEER A
Thus, the left side of Equation (9) is
i a i1 2 Jmy Y1 Y Tmy
Zfa 1_ . b y ! YV  aee¥ vy 'y 2...y e @ ag. (10)
j132...3ml Yle...sz i,
Evaluatiﬁg the right side,
i Jm
k! el  =(Ja ! e ® ejl o J?e ...® g 1)e
[mll [mz] jljz...jml i,
(3 b cq®e ®e’®...0e )=
Yi¥2 Y,
.4 a Jm Y Y Ym
1 a ! b e @ ey @ ejl ® ej2 ©..8c ' 2eloc’e...ee °)

Ipdgeesdn, YiYareeYg, 1

where the ordering of the basis elements in the tensor product is according to
the convention that the basis elements of the primary space are before those of

the dual space. The right side of Equation (9) now becomes

mi+m2  fgydmg] i a
(KI o Kb o x12=(Ea1 i

b Ei eeage @ ..
. . 1
[m, ] [m,] Jydgeeedy, s M1Y2 0 Yo,

ST EAT T

oy
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Ymy  m1+m2 1, m]+m2
e o (Jy e
i?
i) a i1 2 dmp Y Yy Ymp
= Z a b v Y ees¥ ¥y Y esny ei @ ey (11)
Ipdaeeedy, YiYaeeo Yy, 1

Now the right hand side of Equatlon (11} 1s exactly the same as Equatiom (10),
establishing the equality in Equation {9), and verifying the steps from a to c
in Equation (8). Returning now to Equation (8) the step from ¢ to d must be
verifieds This 1s easy because all that is done is the grouping together of
all terms which have the same power of % Iin them. The sum of all of the co-
efficients of each power of x is then called K?n]- The first thing that
should be noticed from Equation (8¢) is that the lowest tensor power of x
which can occur is &, because each of my,m7,...mg 13 greater than or equal to

A
one. Each K{,] is thus a sum of coefficients of x[n] where n»1. Specifical~

rl

ly,

K2 )} Kl Kl Kl
{n] = ® @ ves ® s
[4,] [1,1] [i,]

where the sum ranges over all combinations of i1,12,...1ig such that 1; + i +

eae tig = n.

Returning now to Equation (6), the second term can be rewritten as
k-1 ptq p n
(I ® Vik] @ xk-1Iy e ¢ § Alpl,[q] © [} K[n] © «In]] e xlaly,
k=2 pHq>l n (12)
The geal is to write this term as a sum of coefficient tensors multiplying
powers of x. After rearranging the tensors lavolved, it is desired that it be

clear what the coefficlent for any power of x Is. Starting with the second

set of parentheses, let the components of the tensors be:

a i i i j j
Alpl,[q] = I a eg®wlowd2e . .eyPeeloe?
S PPPTLERE I FRPOE

[ ——
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P LA ..k m m m
Kin] = 2 b 172 P wg ) wl @ 03 @ WY, @ © 1 e e 2 @ o g el
l zlocm p
= ) yleg (13)
To accomplish che goal, use a (p,q) permutation on A[p},[4] to reorder the
basis elements. Applying thils permutatiom to A[p],{q] gives
i1 3
(p,9) Af{p],lq] = (P,a)(l a a . ee® W lo ... 0 e 9)
1 2... ’jlj ll.jq
a 3. 1 i i i 1
=) a %®‘£1®e2® ".®e%®j71®wz® s @ WP
~1112...ip,j1j2--.jq (14)
It is now asserted thatc
P op gin ptg
o Arp1, (g1 © Kim)] @ xl@m] = a(p) gq) © (Kn) © x[n]T 0 xlab).
(15)
To show this, first compute the left side:
) P 1.4 .41
* (ps@A(p},1q) © Kin} = [ & bz
. ilizonai ,jlj -.-jq mlmz...mn
m m
eaaejlaejza.-.eejQ®el®...Qen
and
P p 9t a 14,0004
[(p,0)ALp], [q] © Ka]] © xlatn) =T b1 27p

1112...1p,j1j2...3q MyMyee et

j; 3 j. m om m
v ig 2 .y9y ly 2, ,y0e,, (16}

The right side of Equation (15) is computed as follows:

p n 2.4 ...4 m,
Kin} © x[nl = X b 172 mP v y 2.y n wg ® wg ® ... ® wgp
1 2...

A P! K [n] [ql N
[pl,lq) © (K{n) @ xinl] e xlal) = ( a
1112...1 ,jljz...j

S a

i e
Lo v e
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i 1 j . P*q
eaawla...awpaejl@--.GeJq)‘3

1122...£p ym
mlmz. . -mn

Y. Y Y

mn m
ly 2.._Yny Yy n--yq

(b

Wi ®wg © ,.,. @ w © ey ® o, © [, 9 4 )
4 %, L Y1 L) Y

P g

x4 1.1 e m, m m
a . p 172 Pyly 2. .y D yjlyjz...yjq 2y « (17)
i i ...ip’]ljz‘.qu mlmz..‘m

-1

172 n
It is easily seen that the right hand side of Equation (17) 1s equal to the

right hand side of Equation (16), verifying the equality in Eq ation (15).
Looking at expression (12), it is seen that the term in the second set of par-
entheses 1s a vector in the state space. Becauss V{k] is symmetric with re-—

spect to 1its k covariant indices,

k-1 k-1
(Vi) © x[k-1]y o y= (V[ ®y) © xlk-1] (18)

where y i3 any vector in the state gpace. Thus, from Equations (15) and (18),

expression (12} is equivalent to

p P k"l+q+ﬂ
RC Vik] © [(p,q) Ap) [q] ® K[nj]) @  xlk-l+qwu] |
k=2 p+q>1

New let m = k= 1+4q +n, then the expression becomes

DR [ ) ) © KfagD) @ xlo]
k Vi) @ (p,a) Afpy, ® Kin1l) @ xlml,
m=2 k=2 g=0 [k] p=max(l-q,min(n,1)) (pl, q] [n]

(19)

where a =m - k + 1 - q.

Returning again to Equation (6), the third term is rewritten as

1+j i n
) Q1,151 © A Kinl © x[nly e x[3] ,
1+1»2 0

e

L

== o

a1

)
>y
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Uging an (i,j) permutation ou Q[i],[j]» this can be further simplified to

. .. i i Jn .
L2 I, Q4. (41 @ K[n]] @ x[itnl |
i+i*2 n

Now, letting m = j+n, this becomes

. m m—j i 3 m
Lol ) [(1,3) Qq1], (5] © K pg] @ xIn] . (20)
m=2 j=0 i=max(2-j,min{m-j,1))

Equation (%) can now be rewritten using expressiong (19) and (20) as
m m+1_-k n

. e
) Vik] @ xlkl + § 7§ L.
k=2 m=2 k=2 q=0 p=max(l-q,miu(n,1})

P P m
(k V[k] C; [(P,f%) A[p]’[q] @ K[n]]) ® x[m]

] m m"j i i m
D) ) [(1,30Q(11,131 @ K[m—3]] © x[m]

’

m-2 j=0 i=max(2“jfmin(m‘j,1))

]
o
-

where n =m -k + 1 ~ q.
It is now obvious that the coefficient for x[m], m > 2 ig:
. ? u&i"k E P p
Vip] + ) | (k Vi) @ [(p,a) A[p],iq] ® X[n]D)
(m} k=2 gq=0 p=max{l-q,min(n,1)}) [kl (e, Tal [n]
a m=] i 4
) y [¢£,3) Q[11, 151 © K[m—j1] » (21)
3=0 i=max(2~j,min(m~j,1))

where n = m - k + 1 - q.

For Fquation (6) to vanish it is a necessary and sufficient condition that the
symmettic version of the coefficient tensors for every power of x vanish [1].
Thus, the expression {21} vanishes for all m > 2, This is the first set of
equations used te find V[,] and K%g] for m » 2 and £ 2 1, The sscond set of

squations are derived in a similar manner from Equation (7).

Shifting attention te Equation (7), it is seen that there are two terms

p‘vn:-_—_-. “._
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which mugt be rearranged to determine the factors of the tensor powers of x.
The first term is
LoD g e xRt 0 Goapy o TS (3 R & elnl) o atal,
k=2 p+g>l n (22)
Looking at the second set of parentheses, it is seen that the manner in which
we previously factored out the powers of x will not work here hecause a (p,c)
permutation on Arp] fq] followed by a contraction (p-1) times will leave one

basis element from the dual of the control gpace, making a contraction over

the state space variable impossible.

The approach taken involves several steps. First ralse one power of V[k]
3¢ that the first set of parentheses becomes

1 k-1
Vik-1] @ =lk-11

Second, transpose the term in the second set of parentheses. If this term 1is
viewed as Bi, where
1 i .
By =lbjeso@wl,

then

1T 3
Bl = Z e i @ el

where
i

ci = bj “

It can be see.d that
p¥q-1 -] T
(A[P]»[q} @ [z Kl[)n] © x[n]] ® x[q]) =

1

T prq-l -1 1n
Alpl,Iq] © (I K[a] ® x[n]] o xla] .
n

T
The third step 1s a permutation on A[p],[q]. 1f
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T i i, i k, k, k
A[ 1, lql = k a Wi, ® ej E W™ o DwWwPOE e @ e ® .0 @ e 9,
Pi,l4q 1
Jiz...ip,klkz...kq

.

let the components of (p,q) A[p],{q] where

T Loy k, k, k i i, i
(p,a) A[p],{q] =L B wi,®elt®e?0®,.ed0e @wi..0wP
*e kokoesok 431,...1
172 q 2 P

be defined by

iy RS

kykyeeakgy Jipennd B ajiz...ip,klkz...kq ’
In the computations this purmutation is accomplished using subroutine PERM,
option (11)., Expression (22) is then equivalent to
e +k~1+
k£2 p+§>1 E k p {(pya) Aﬁp],[q} o (Vtk_1] @ Kfni)] e xlg+k-1+n] |
Setting m = q+k-1+n and being more ca.nful with the limits of the summa-

tions, this becomes

m+l m—k+1 n+l

e iy e pas e i
R .

- T P 1 p~l m
DY) ) kp[(p,@)A[p], (q] © (Vik-1] © K[g])] @ xIml, (23)
m=l k=2 n=0 p=min(2,n+l)

p-1
where " K[y]" is omitted when p =1 and where q =m — k + 1 - n.

The second term in Equation (7) which must be rearranged is
i+j-1

LA ""1 n r
[ tou),pg; © (K)o xlphexisl. (24)
14952 o

e e e e

1
Let Q[inl],[j] stand for Q[i],[j] after one of the covariant powers of the
control variable has been raised. Then, using the permutation (i-1,j), ex-—
pression (24} can be rewritten as
. 1 i-1" 4-1 Jto
I 11 G-L,3) Qun1),131 © K}l @ xlited,
i+i»Z2 n

or, setting m = j4m,

-
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_m m—%+1 1 i-1 3 m
) (1 (1-1,3) Qr1-11,{5] © Kip-31] © x(m] | (25)
m=1 j=0 i=min(2,m—j+1)

1-1 441
where © K[p-3j] #s omlitted when i = 1.

From expressions {23) and (25) Equation (7} now becomes

m+l m-k+l n+l _ T P 1 p-1 m
D) ) kp [(p,9)A[p],1q) © (V[k-11 @ K[y])] o x[m]
m=l k=2 u=0 p=min(2,n+l)
m m-%+1 1 i-l 41 m
+ 11 [1(1-1,3) Q[1-17,[3] © X[m-j]] © x[m] = 0,(26)

m=1 j=0 i=min{2,m—j+1)

where q = m — k +1 - n.

Again, for this equality to hold it is s necessary and sufficient condition
for the symmetric version of the coefficients of each power uof x to be zero.

Thus, for m » 1,

mEl m-k+l n+l T P 1 p-1
) ) kp{(p,a)A[p],fq] @ (V{k~1] ® K[n])]
k=2 n=0 p=min(2,n+l)
m m~j+l 1 i-1 3.1
) % (1{1-1,3) Qi-17,151 © K311 =0, (27)

j=0 {=min{2,m-j+1)

where q =m = k + 1 = n.

There are now two sets of equations which must be solved for V[y] and
1
K[g]. The solution is recursive in nature and 1s explained more fully in the

next section.

DERIVATION OF CONTROLLER TERMS
In the previous section, two sets of equations were derived contalning
the controller temsors and the optimzl performance tensors. These equations
are solved for these tensors in terms of known tensors. The results which are

derived in this section are:
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1} The solution for V{3] is the solution for the Riccatl equation obtained by
truncating the system at linear terms and the performance index integraad
1
at quadratic terms. K, is obtained as an affine function of Vyjj.

2} The equations for Vi) for m 2 3 gre firsi order linear differential equa-—

1 1
1
tions which depend upon V{2],V[3],e«+,V[p~1] and K, ,K{2],...,K[p-2]-
1 1
K[m-1] 1s then obtained as an affine function of Vin]s K[p-1] also de-

) 1 1 1
pends upon V[2}],V[3]s+¢4,V[p~1] and K;,K[2],...,K[p-2]>-

First, look at (21) for m = 2 and (27) for m = 1:

. 2 2
V] + 2 V[2] ® (41,0 ® K; +4A9,1) + Q21,0 K23 +(1,1) Q1,1 @ Ki + Qo, [2]

[

T 1 1 1 1
2A),0®V, +2Q; 0 ® K, +Qp,1 = 0.

1
Remembering that A) g = B, Ap,1 = A, Q[2],0 = R[2]» Q0,12 = Q Q1,0 = R, and

2 1 1
K[2} = K| ® K|, these become

. 2
Vi2] + 2V[2] ® (B @ Ki +A) + R[2] ® (Ki 8 Ki) + (1,1)Q1 .1 @ Ki +Q=20
’ (28)
1 1 1
28T @ v + 2R ® K| +Qp,1 = 0. (29)

1
In order to solve Equation (28) for V[2}, Equatlion (29) should be solved for K,
and substituted in Equation (28). This is done most easily by writing Equation

(29) 1n matrix form and obtalning

1
K} = - R1 (BTV + 20p,1) . (30)

Substituting into Equation (28),

. 1 1 1
v - vBr~l BTV - vBR™1 Qo j + 2VA - i-qo,lT R"lgp1 +Q=0. (31)

This is the standard Riccati equation.
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The first order differential equation for V[, ] is obtained from (21), while
1
the equation involving K[p-1] is cbtained from (27). In order to make (21) [

1
clearer, separate the terms invelving V[m] and K[m-l]s for m » 3,
. 1 l
Vim] + mVin] ® (A],0 @ K| + Ag,1) + 2V[2) & (A],0 @ K{p-1]) +

1 2 1 '
(1,15Q1,1 © K[p-1] * 2Q[2],0 ® (K; ® K{p-1]) + Fp] = 0 , (32)

Aoy

where F[p) stands for the remalning terms. : -

The firgt idea here is that the symmetric version of this equation is zero. -

Also, since V[u] is symmetric it is desirad to make its factor in this equa- iﬂ I'
L
tion syumetric. This can be accomplished by substituting

m

1 1 1
Vip] © (AI,O 8 K1 + AO,I) ) (Al,O ] K1 + AO,I) D .. @ (Al,g ] Kl + AO,l) i
I\ -/ '1f L
m times - i_
r
m Li

= V[m] © {m® (Al’o OKi + Ao’l))

for mV[y] © (41,0 © Ki + Ap 1), where "m @ stands for the m-fold direct

N

product. Thé result of the m—fold contraction will be a symmetric tensor. ?3 i
If F[p] is a symmetric tensor then G[m] will be symmetric and thus V[p)] will
remain symmetric, because the terms involving Kfm-l] vanish. The second idea
hera can be seen clearly if the tensors which are contracted with K%m—l] in

Equation {32) are collected together:

1
(1,1) (2V[2) © A} 0 + Q1,1 *+ 2Q[2],0 © Ki) ©Klm-1] » -
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The term in parentheses here is the same as the left side of Equation (29) with
the centravariant power lowered and is thus zero. This means that K(m-1] does

1
not appear in Equation (32) and V[m] therefore does not depend upon Kim-1]*

Now look at Equation (27), for m»2. 1In this equation, the highest order
controller tensor appearing is K[ ]. The highest order optimal control tensor
m
appearing is V[m+11. Pulling the terms involving these tensors out of the

summations gives

1 m m-k+l n+l T P 1 p-1
() BTov + [ ] ) kpl(p,a)a o (v ® K )]
[m] k=2 =0 p=min(2,n+1) [pl,[ql [k-1] [n]
1 1 mtl 1 i-1 41
+2Q @K _+ ) 14Q e X+
1,0 {m] 423 (i-1],0 (m]
m m—%+1 1 i-1 41
+ i(i-1,3) Q @ X =0,
j=1 i=min(2,m-j+1) {i-1], 131 (m-31

where g = m~k+1l-n.

1
Remembering that Q1 0 is equal to R, this can be rewritten as
]

1 1 1
-2 R @K = (mtl) BT @ Vv +G¢
n [m {m]

1
where G is. the symmetric version of the remaining terms. As in the solu-
m

tion for Kl, the fact that R ig positive definite is used to obtain

1 1 1 1
K =-=pg"1lo +1)8T @ v + G . 33
m - 2% ° LD a] * Sl @3

Here R~1 can be thought of as the tensor such that

. ! 1 1
Rl ©oRrR =R @R} = (ﬁj), where Gj =1 1f 1=j, and 6j =0 if 1 # 3.

To find R“l, write R in matrix form, invert R, then view this resulting matrix

as the tensor R™1.

)
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411 of the results of this section have now been derived. V[2] was shown
to be the solution to a Riccati equation and explicit expressions for Kiﬂ] and
V[m], for 221, m*3 have been derived. In the software, the subroutine TNSCLC
calculates these tensors. TNSCLC uses all of the other subroutines discussed
earlier which perform thé tensor functions in Equations 30 through 33. The
complicated nature of these equations reflects the complicated nature of
TNSCIC. The use of the subroutines, however, lets one follow the calculations
with the equations and simplifies the program greatly. ?he next chapter has

examples which were implemented using this software., The subroutine TNSCLC is

discussed 1n more detail in the comments in the software.

P
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CHAPTER V
EXAMPLES
This chapter contains a few example problems. The first problem was

studied by Lukes [2] and the results here will be compared to resuits ob-
tained by Lukes and will thus serve as a verification of the software. The
second problem was previously studied by Hill {3]. This problem is looked at
closely and the third order feedback terms are shown to have a large efftect.
The fipal problem is a variation of the second problenm in which a.: identified

model of the system 1Is used instead of the actual system tensors.

EXAMPLE 1
The firgt example is (2]:

X1l = X2

. 2 2 u

X3 =% - x +————

2 1 2 l-(xj-xodu ’
o 2 2

J=f Ix +=x + sinZuldt.
o 1 2

The geoal in this :ase is to calculate the steady state values of
-] 1 m oo k
u= ] K o x[ml; v = ) Vik} @ xlk],
m=l [m k=2
In order to see the values of the coafficient tensors more clearly, the system

and cost functional are expanded into a power series about the origin, giving

X1 = X2,
. 2 2
X2 = u + X -, + (x1~x2)u? + (x1=x2)2 u3 + .., ,
@ 2 2 4
J=I [x +x +u2-'u— ZL-coo]dt-
o 1 2 3 45

The expansion for ég is valid for |(x1-x2)u|<l. The values for A, B,

A(p),(q): Q(1),(3)s for p+q>»2, 1+j22, can be read immediately from this ewpan-—
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sion and are shown in Figure 5.1. Since u E R, several of the tensors used
for the calculations wiil be the same as those displayed. Namely, Af2],0 =
A(27,0s A[3],0 = A(3),0, Al2],1 = A(2),1, 0{4],0 = O(4),0, and O[6],0 =
?{6),0. It is worth noting that the A = Ag,) tensor will not be stored as the
matrix shown but will be stored, as all of the tensors are, in vector form. A
and all of the tensors of Figure 5.1 which change when transformed to A[p],{q]

or Qfj],[j] are shown in Figure 5.2,

These tensors are used in the-software, and the system is integrated to
steady state. The resulting optimal performance function terms and feedback
tensor terms are shown in Figure 5.3. Also shown are the terms which were
calculated by Lukes, These terms are identical to the terms calculated by the
program. This partially verifies the software. As a verification of the
third order terms, Lukes' hand calculations were carried out and the results

agreed with those calculated by the program,

EXAMPLE 2

This example is a two state, two control example. It has been used by
others for identification purposes [7], [8], [9], [10], and by Hill for calcu-
lating optimal feedback .ensors [3]. Hill calculated V{z], Ki, V3, and K;
for this problem, In his calculations he did not use the symmetric tensor
algebra or the contraction operator. .Also, his scftware was very problem
specific. Here the software was developed taking advantage of the flexibility
which the symmetric tensor algebra and the coantraction operator cllow. The
software was written in a very general form, and thus its application to this

problem is an easy task.
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"0
0 0
0
0 0 0
Al,1 = »Ag,(2) = | 0, A0 s A(2),1 = ,
0 0) 1
1.
LO- -1 |
0
-1
A),(2) = 0, Ag,(3) = 0, A(i) (7)) = 0, i+l =4,
[ 0]
G
; 0
CA) () = , otherwise A(j),(j) =0, i+i = 5 or 6.
1
-2
L 1]
1
0
R = Q(2),0 = 0[2],0 = [1], 01,1 = ol Q,2 =|0 |,
1
. 1
Q(i),(j) = 0, for i*+j = 3, O(4),0 = {-; 1, oge),0 = [2/45],
otherwise Q(i),(j) = 9, for i+j = 4,5,6, or 7.

Figure 5.1 Symmetric System and Cost Functional Tensors

for Example 1.
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[0 [0
0 0
o 0 0 1
1 0 0 0
A= > A0, [2] S » A[31,[2] = » Qo,(2] =
0 1 1 0
0 0 -1 1
L] L7
o . -1
M 1]

Figure 5.2 Unsymmetrized Tensors for Example 1.

. 5598
1.732 1 —1.000} 2,000
Program: Vi2y = {2.000 K = V(3) =| .9897
2 1.732] 1 1732 * ) - 4762
1 "1-000 23667 1 _.915?
K = -.9897 | , Vi4)y =| 2.383 » K =] ~-6,114
(2) 7143 -.5426 (3) -5,707
" .§.._ J\fé' ) _
2]
V3 1 -1 2 1
Lukas: V(z) = 21, K = V(3) = K(z) = | -
ﬁ 1 ""ﬁ ] g' 3 ]
J10
21 ]
Figux.‘e 503
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The problem 1s to minimize

P6-

1 2 5

(2) (2) 912 (2) ‘
(1) J=]ol @ x(2)+ 0] ® x(2) + @u x+|0| g ul?® at

0

2 o 2 5
;6

subject to the system equation
2uy
ugcoshx)x2 — e  sinh2x) — 3sinhxo

X1

ujuz ujl 2

(2) X2 = e sinhx) - e ulcoshx1 + sinhxp

x{0) = x,.
For this problem, the Iintegratign is over a finilte time span whereas for the
last problem there was an Infinite tiwe horizon. So here the feedback tensors
must be saved after each integration step in order to simulate more closely
the CQntipﬁous feedback of time varying tensorg contracted with the time
varylng states. The tewnsors calculated for the last example were the steady

state values.

The tensors for the probliem which are of covariant degree three or less

are shown in Figure 5.4. The optimal cost tensors V(2), V(3), and V(4), and

1 i i
the optimal feedback tensors Kl, K , and K(3)’ were calculared and their

(2)
values were saved every .05 second. Tables 5.1 through 5.6 show the values
calculated for these tensors. These values are presented in graphical form in

Appendix C.
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AQ,[2} = 0, A1 ,{2] = O,
Aj 1 = (-4,0,0,0,0,C,0,0)

A{2],0 (5) = -1, A[z]’o(j) = 0, 1<j<8, j#5,
Ag,[3] = [-4/3,0,0,0,0,0,0,-.5,1/6,0,0,0,0,0,0,1/6]
A[31,0(9) = -.5, Ar3],0(3) = 0, 1%3<16, §#9,
Al21,l = [~2,0,0,0,0,0,0,0,0,0,.5,0,.5,0,0,0]
Pigure 5.4 System Tensors for Example 2

hese tensors were used to calculate the trajectoriles of the system for
various igitial conditions. The program STAB performs an exhaustive search of
the phase plane for this problem to determine the “region of usefulness” of
the feedback tensors. This determination is done 1in the same spirit as
Lyapunov stability theory [14}. A system is sald to be stable if for every
€ > 0 there exists a & such that 1f ||x(ty)|] < 6 then [|x(t)}|| < e for all t
> ty. A system is said to be asymptotically stable if it 18 stable and there
exists a 8; such that for any ¥ > O there exists a T such that if |[x(to)}] <
81 then [|x(£)]{ < u for all t > t, + T. Note that both & and §) may depend
on ty, § may depend on £ and T may depend on W, 61 and t,. Also ¢ need not

equal §.

In applying these notions of stabllity to the finite time case 1t 1s de-
sired to incorporate both the elements of asymptotic stability. For the sfa-

bility part, € is chosen as the largest value allowed on the digital computer.
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0. 000ELGO
0.5C0E-01
0.3100E+00
0.180E400
T 2008400
0 3F0EFQO
4, 300E100
0 3S0E+HGH
0.400E+G0
0.450E+00
0. 300E+00
0.850E+00
0:500E+00
0, &G0E+0Q0
0.700E400
0. 750E+Q0G
G.800E+00
0.+850E+0D
O,7°22480
0.730E+0C
G, 1G0E+02
0,105E+04
0, 1105401
0,115E+01
0.120E+01
0 123E+GE
0.130E+01
0,135E+01
0.140E401
0. 145E401
0,1506E+01
0,153E401
Dy140E401

0. 14BET0L.

0 1708401
0.175E4+401
C.iB0E+OL
0.185E+01
0. 190E4+01
0. 195E4+01
0.200E+01

+205E+01
G+ 210E401
L«2I5E+401
G,220E401
0,225E4+01
0,230E401
0v235E+01
0.240E401
0+245E401
0,250E4+01

a9
=i L

U+ IBOLE4GD
0, 1B07ETQ0
0,1B13E+00
GelBIFETUG
D.1826E400
0,1832E+G0
0, 1839E400
0.1845E400
0.3851E400
0, 1854E+00
0v1B&0E+DG
0.184ZET00
0418855400
G.1845E1904
0.18659E+00
0. 1843E+00
0,1RL0E404
G.185LE4+09
0.1351E430
0. 1848E40¢
¢, 1R40E+00
0.,1835E+00
0.1830E+00
0 18Z7E+GD
0+ 1835E400
0.1823E4900
0.132PE+0%
0.1835E+00
0+ 1944E466
0.1880E4+00
0.1872E+00
0. 1902E406
O 1929E400
0.1941E+90
0:1997E+00
G 2038E+00
0 2078E49D
0;2122E+0C
0 2184E4G0
0. 2210E+00
0,2252E400
0,2273E+00
0.2228E+00
0,2357E+G0
0,23B3E+G0
0.2400E+00
0.2408E400
0.2408E+00
024005400

B32(2)
.3254E400
0. I257E400

G 22428700
0.32702+0¢0
0. 32B0EHGO
G 3ZFIET00
0.330BET0D
G.3324E100
0,32343E+00
0,3346E100
0.338%E700
G.3411E£400
0:3434E400
0,3405E400
034745400
0. 2494E+00
0, 250FE790
0,I320E400
0435255409
0*35

&30

G.355

0, ZIHDELGO
0,3480E4+00
G.2454E4+0D
0.3427E400
D I3PFELDO
0 Z3LBESQ0
0.2337E+00
0, FILOELOD
G IZREELOD
0.3270E400
0 3EA2ET00G
G.3243E100
(.328ZE+00
0,3212E+00
0. 33UBEL00
034218400
0.3501E400
0,3598E+0C
G.I7LLE450
0,38382+00
0.3977E400
0.4125E+00
0,4280E4+0¢
04435E+00
G, 4ZEEE400
0. 4732E+040
G.A842ET00
0. 4774E+00
G.3041E400

Tabla 5.1

]
]

2y B LT D

Lo Bl
[ R R A
bt b s s
~J ) o)

1M M mm
1= |- 4=

0,51758400
0.5177E+0¢
01 S1B4EF00
0,5192E+00
045203400
0. 5218E+00
0.,5221E+00
0.5250E+00
0,5270E400
0.5293E400
G, 5318460
6. 5343400
053705400
0. T394E400
0. 5422408
0, 5444E+00
9, 5448E400
0. 54575400
0. S502E406
0. 55132400
0. 5315E+00
0,3F20E400
0, 3FL4E400
0.3507E+00
0,547 4E400
0 5474E400
054555400
2,5424E400
0,5411E400
0.5350E400
0.5I73E400
0,5381E400
0., 5IE7E4G0
6,5362E400
0,53BOEH00
0,5411E400
0.5458E400
0,5522E400
0, S404E400

VS704E46D
0.5B2ZE+0G
§,5957E400
G, 610BE+00
0,4271E+00
0, 5444E400
0,6628E400
0,5810E+00
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D.295E+G1
0&00 +01
0.305E+01

r210E+01
4.315E+01
0.320E401
0,325E+01
&, 3308401
0.335E101
..34“ T01
4,345E+01

ou'GE @l
G IS55E401
0, 350E401
0,345E401
G.370E+017
Uy E7SEFO
0,380E+01
0,355E+01
C.3908+01
0.395E+01
Go400E+H01
04335401
Cod10ELG1
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0., &109E~C1
0.4203E-02
0.7303E-01
0,6748E-03
0.8605E-01
-0 2424E-02
0.9982E-01
-0, 4874E-02
G,1140E500
-0, 468FFE~02
0,1281E+00
-0,8170E-02
Gy 1420E400
-0.8811E-02
0,1552E+00
-0,8896E-02
0+1677E400
-0,8548E-02
0,1793E+00
~04+7930E~02
0,1899E400
~0,7233E~02
0 1996E400
~0.6664E-02
0+2084E4+00
-0,6423E-02
0,2168E+00
=0,46702E-02
0.2246E100
-0.7647E-02
0,2320E4+00
-0,F359E-02

CRIGINAL PACE 5
OF POOR QUALITY

-0, 2077E+00
0.187BE+00
-0 224BE+09
0.1942E4+00
-0, 24098400
0.1971E+00
~0.2555E+00
0.1784E+00
-0 2576E+0
001?7?E¢ﬁ0
-0,27487 400
G, 1937EF00
-0,3B22E400
0.1918E400
~0.2835E+00
0.1865E+00
-0,2801E400
0,1799E400
-0.27195400
0.,1724E+00C
~0.258BE400
0,1447E400
-0, 2413E409
0.1372E+00
-0 2197E400
0.1504E400
-0, 1949E400
0, 1435E+00
-0, 1480E400
¢.1424E400
-0.1400E+GO
0,1419E400
~0,1123E+00
0.1444E+00
~0.B611E-01
0,149FE400
-0, £238E-01
0,1384E+00
~0.,42565E-01
0.146%9E4+00
-0.2692E-01
0.1834E400
~0,1564E-01
0.1991E+00
=C . 24627E-02
0.2152ZE+00
-05201E-02
0,2314E+00
=0, 4445E-02
0.2441E400
-0, 4658E-02
0,2583E+00
~0,4743E-02
0.,2670E4+00

Table 5.4

=0, 23705400
0,1355E+09D
-0 24078400
0,1423E+00
"0‘3342F+00
0,147FE400
-0,4087E+00
0.1520E400
-0.4217E400
0,1344E4+00
=0, 4527E400
0. 1548E400
-0,4714E4+00
¢, 1531E4+00
~0,4870E400
0.1471E+00
=0.,4982E400
0,1429E+00
-0.,9049E400
0,1344E400
-0.30&2E400
0,12435+00
~0, 50215460
0.,1120E+00
-0 4925E+08
0,1002E+00
=0, 477 4E4G0
0.8801E~-01
-0, 4ZB1E+4GO
0,753%E-01
-G, 4349E406
0,6302E-01
-0+40%1E4+00
0,5617E-901
-0,3821E40G0
0, 5004E-01
- 3356E500
0.4725E-0C1
~0.3310E4+00
0.48253E-01
~0.3099E4+00
0,5329E-01
=0, 2928E+00
0,4243E-01
=G 2BI7ETO0
0.7343E-01
-0,2BO3E+00
0.9182E-01
-0,2B3FE+CO
D,1109E+00
~0.2942E4+00
0,v1314E400
-0,3102E+G0
0.,1528E400
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0, 395E+01
0, 400E+01
0,405E401
0,410E+01
0,415E401
0., 420E+01
0,425E+01
0,430E+01
0. 435E+01
1, 440E+01
0.445E+01
0. 450E+01
0.4SSE+01
0, 460E+01
0. 465E 401
0.470E+01
0. 47SE+01
0, 4BOE+01
0. 485E+01
0, 490E+01
0, 495E401

0,300E401

0.2390E+00
-0,1188E-C1
0, 2958E400
~0,1317E-01
0,2321E+00
-0,1912E-01§
0.2577E4+00
-0.2353E-01
D.2621E400
-0,2B15E-01
0.2442E400
~0.,3284E-01
0.2694E400
~0.3473E-01
0.24631E400
~0,+4007E-01
0,2573E400
-0, 4245E-01
0.,24B1E+00
-0.4385E-01
0, 23576460
0, 4442E-01
D,23212E4+00
~0+44560E-01
0.2047E400
-0.4510E-01
D, 1958E400
-0.4680E-01
0.,1922E400
~0,5051E-01
0,2022E+00
-0,3470E-01
0,2316E+00
-0,46497£~-01
0,2841E+400
-0,7353E-01
0. 3701E400
-0, 7845E-01
0,4855E400
-0,7428E-01
0. 6T07E+00
-0.53178E-01
0.BO00E+00
0.0000E+00

Table 5.4 The Quadratic

for Example 2

2B2E-02
711E+400
J39E~-02
0.28%8E+00
O 165JE-01
2428E+00
tuU37E 01
2497E+00
0.63635-01
0,2311E400
0.9B37E-01
0.2076E400
0,1393E400
0,1807E+00
0.1828E400
0.1322E400
0.2281E400
0.12446E400
0.2646%E100
0.1005E4+00
0+IP40E400
0.,8237E~01
G.3026E400
0.7241E-01
0.,2B46SE+00
0.7170E~01
(¢.2408E+00
0.7991E-01
0. 1434E400
0.9484E-01
0.S726E-01
G.1123E4+00
~0.7083E-01
0,12868E4+00
-0, 207BE+00
0. I312E4060
-0+3I5IE+00C
0. 1204E400
~0,43555400
D.9232E-01
~-0.4894E4+00
0,4889E-01
¢ Q030E+GO
D.O00DE+DD

Sopy Y

b,
G4z
04

~-0,2204E400
0.1732E+00
-0.I5I2E+00
0.,1%13E+00
—0.:?55E+00
2053E+00
-0.3947E+00
0,2143E400
-0.4073E+00
0.2163E+00
~0+4100E+00
0.2109E+00
-0.3998E+00
0.1948E+00
-0,373BE+00
0,1741E400
-0,3302E400
0.1434E400
~0.2684E+00
¢.1041E400
~0,1824£+00
016435E'01
-0.959%E-01
0.2130E-01
G.6892E-02
~0.,1943E-01
011256400
~0.5374E-01
¢.2127E400
-0.,78891E~-01
0.,2992E+00
~0.9149E-01
0,3643E40G0
-0.9117E~01
0,402BE30D
-G.7915E-01
0.4131E400
-0,5884E-01
0. 3?VRE+00
~0+3521E-01
0.3635E400
~0.1418E-01
0.0000E+0CD
0. 0000E+00
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0. 000E+00
0.300E-01
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0.120E401
0.125E+01
0.130E401
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¢, 1258401
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0.1430%08
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G 180ET0L
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DLIF0E+HGE
¢ 170E+HGL
0.200E401
0.Z00ET0L
0.210E401

215E401
06,220E401
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(VIR Z35E+01
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0.245E401
(,250E401

-2, 10%0E-01
-0, 1193E-01
-0.1310E-01
-0,1438E-01
-0,15373E-01
-0.1718E-01
~0,1863E-01
-0,2005E-01
-0.2142E-01
-0 2287E-01
-0,2377E-01
-0, 2455E~-01
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-0 2064E-01
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-0.2464E-01
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-0 2043E-01

~001873E-01

~0,1A73E-01
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-0,1087E-01
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-0 2045E~02
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-0, 75340E-02
-0, 1155E-01
~0,1448E-01
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-0, 232B3E-01
-0, 2809E-01
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-0, 3I7P4E-01
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024338400
0.2412E+00
G,23546E400
0. 2215E400
022428400
0.2208E4+00
0,2154E+00
0. 2102E500
4. 2053E400
G.2015E+00
0.17R4E+00
0.1?57E+00
f1T42EF00
0.1973E+00
0.2001E+00
0.2046E+00
210%E+00
212RE+00
Z3B2EL00
23BRE+LGO
2303EL00
(,2622E500
0¢2741E400
0 28S4E400
G,2942E400
0.,3054E400
0.+31ZiE+0C
0.318FE+0G0
(¢.3229E400
0 32E0EL00
0.3256E+00
O.T”GQE+00
0,32I3EF00
G 3214E+00
0.3199E400
0,3172E+00
0.3200E4+00
u.3 1 27ET00
Z2ABDE+DD
0.33&1E+00
0.3479E+00
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ORIGINAL PAQE 1S
OF POOR QUALITY

0 sy 23 0

0+95°3E+00
0,9573E+00
0-?5“‘E+00

0.?062E+00

0.1C,;E*01
O, E087E401
0.,1097E+01
0,3110E401
0,1124E40¢
1149 +01
0.,1177E+01
0.12148401
0.1257E+01
0,1313E4061

Table 5.5

V4i4)
0.1003E401
G, 100FE+0L
2,1013E401
0.1014E401
0,1017E+01
0. 1022E+01
0.1024E401
0.1025E+01
G.1024E401
0.1023E101
0.1020E+01
0,1010E4+01
0,1009E+01
Dc1001E4+01
G, 9F20E100
0.,7310E400
0.7487E400
0,9352E400
0.9409E4+00
0.P24ZE400
0,9118E4+00
0.3980E4+00
0,8255E500
0 8750E+00

2570E400

.ctf&E%OO
0.3u16E+00
0.8452E+00
0.8733E400
0.,8367E400
0.7948E400
0‘9274E+00

F5428+00
f ?”4“r'00
0.1017E+01
0.1052E401
0.1083E4+01
0., 1115E402
0.1143E401
0.13171E401
0, 1194E101
0. 1212E+01
0.,1224E101
0.1237E401
0.1247E401
0, 1258E401
0,12a%E+01
2.1288E101
0, 1310E408
0.1344E401
0.1390E+01
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B4(3)
0.1081E401
0,10535E401!
0.1055E+01
9,1053£401
0.1080E4G1
0.1083E+01
0.10446E401
0.,1048E401
0.1070E+01
0.1072E401
0,1074E+01
0.1074E401
0,1074E+01
0.1073E+01
0,1071E+01
0,1043E401
0,1083E+01
0,105 3E701

0,i03ic+0
O 1“44E+41
0,1035E+01
0.,102LE401
0,1616E+01
0,1006E401
0. FFLTETQO
0.%B73E+00
0, F7F4E400
0. 9729E+00
0.9683E+00
(.7651E400
0. F6864E700

JETOIELO0
0.9771E5400
G.7874FE4+00
0, 1001E+01
0,1017E6401
0.1037E4+01
0,1058E+01
¢.1081E4+01
0. 108E+51

0,i13130E401
0 1155E+01
0,1177E402
0.,12025401

0,1223E+01
0,1247E401
12426401
O,1292F+91
(. 13LBE+01
0. 1347E401
0.1382:401
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0. 320E+01
0, 335E+012

0,340E408

G, 3455401

0,330E401

[ = —f gl |
0,3555+

G.340E501
0f3é5E+01
03708401

ﬂ VEASEFOL

0.38CE+01

0.,3B5E+01
0,I%0E+01
0,395E+01
0400801 -
£,405E+
04102401

O, 44TE+

O.43GET01

0. 435E401

Gy a40E+01
G 435E401
0.470E101

G A73EFL
EGE+O1

0.485€E+

0.4

0.490E101
0 &9 ‘ErO‘l
8.300E401

01

~0,12%
=0 14375400

0t
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0,25058401 -0.5800E-¢1
0.250E401 -0, 5625801
Q2258401 -0, 4103E~01
0.270E401  -0,2030E-¢1
0.27TEH01 -0, 1847E~01
0.280E4+01  -0,5955E-02
0.285E401 0,46732E-02
0, 270E101 0.1911E-01
0.2%3E+01 0.I033E-01
0.300E+01 0, 4045E~01
0.305E+01 0.4834E-01
0,310E+01 0,53B0E-01
0.315E40¢ 0.5448E-01
0,320E+01 G.3621E-01
0, 3235101 0.3278E-01

0. 4670E-01
0'* 124E~01
0.2732E-01

0 1452E-01
0.3349E~03
-0.1518E-Gi
-0,3140E-01
-0.4813E-01
=0.4311E-01
~0.B207E-01
-0, 7875E~-01
-0.1148E400
EE+00

-0.1534E40¢

, =0 1610E4CD

=01 648-:&
~0.1448E4+0D
~0,1399E+00
G'iviLE+OO
- WHGE+ﬂﬁ
=, JSCQE+OQ
-0, 1101E490
=G, P572E-01
~0,8288E~01
~0.7214E-01
=G 8404E-01
=~ 3F71E-61
=0, AL79E~0]
—0.7431E-01
-0+ 1000E+00
0. 1333E+00
=0, 1474E400
=0, 7744E-01
0.000CES0D

G.I423E400
2,3805E400
0, 40226400
0.4272E4+00
7 4551EL00
0 4BSZEL00
0.5173E+00
0,3301E400
0.3827E4+00
0.4147E400
0. E445E400
0.8719E+00
0,4A941E400
0.7148E+400
0, 7343E+00
0.7487E+00
0, 746055400
0.7700E+09
0,7773E400
0.7820E+00
0. 7932E400
DV7794E400
0. 7455E400
0.7481E400
0.7155E+00
0.4488E400
0, 40545400
VE2463E400
G.4217E4+00
0,3230E400
0,2114E406
0.9773E~01
-G, 7737E-02
-G, SE4TE-01
=0 14195400
~0,1904E400
~0. 20742400
-0, 15795400
“0 173FE40D
~0,1484E400
~0.1294EL00
-0 1148E400
-0.5937E~01
-0,5954E-01
0,1453E-01
0.118BEH0D
0.2114E400
0,2243E+00
0,5342E-01
0.0000E400

Table 5.5 The Fourth Order

0.13746£401
N.1344E401
0. 1523401
0.1405E401
D, 1870E40T
G 1774E401
0.1840E+01
0. 1RIPE+01
0.2011E401
0.2074E+01
2127E+01
....16?‘E+01
A201E4G1
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0,2240E+01
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0. 400E+0D
&, 4505400
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0,53GE+00
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0, 4S5E40D

0,700E+G0

0,160EH0L
0.105EH01
0.,110E+01
0.115E4+01

0.120E+04

K3(L)
K3{5)
0.2083E-01
0.,2178E-01
G,2074E-01
0,2197E- 01

0,205935-0C
(0,2233E~ 01
0,20208-01
0.,225&E-01
0o1?75E-01
2297E-01
Q'1f17—-01
0,2245E-01
0,1844E-01
0,2377E-01
0.,1784E-01
G+ 2450E-01
0,1471E-01
0,25258E~01
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0.3874E-01
0.1461E-01
0,3463E-01
0. 1349E-01
0,2733E-01
0,1237e-01
0. 277FE-01
0,11275-0%
0,28481E-01
0.1023E-01
0., 2715E-01
0.,9297E-02
3, 2F40E-C1
$,8509E-02
0,2974E-01
G, 7700E-02
0.,3I013E-01
0.,7308E-02
§.3018E-01
0.73459E-02
0.3004E-01
D.74975-02
(0.2977E-01
0,7921E-02
0.,29Z1E-01
0,8542E-02
G.2B48E-01
0., P405E~03
0.27%92E~-01
0,1094E-01
{.2704E-01

-0, 2742E-01
-0, 2114E-01
-0, 2950E-01
-0,214%E-01
-0,2984E-01
-0.2175E-01
-0, Z04BE-0]
-0, 2190E-01
~-0,3143E~G1
-0, 2{70E-01
-0.,3271E-01
-0,2173E-01
-0,3434E-01
~0,2138E-01
-0 3470E-01
-0, 2083E~01
~0,3850E-01
~0,3007E-01
-0, 4320E-01
-G, 190FE-01
=0, 4404E-01
-9, 1771E-01
=0, 47145-01
-0,18922-01
-0, 3038E-01
-0, 1474E-01%
-G, 9370E-01
~3,13225E-01
~0,.5702E~01
~0,1144E-01
-0, 4075E-01
-6, 95735-02
-0 ,633GE~01
~0.7708E-02
=0, 6604£E-01
-0,3907E-02
-0.468458-01
=0,4245E-02
-0, 7036E-01
~0,2847E-02
~§,7170E-01
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Table 5.6 The Optimal Third Order Feedback Tensors Indexed
by Time for Example 2
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This was chosen by taking into account the nature of the problem at hand,
especially the finite escape time for |[x|| > 10. So the norm of the state
must remain in the region ﬁith no finite escape time. (Finite escape time im-—
plies that the norm of the state becomes infinite almost instaneously.) For
the asymptotic part of the stability, it was desired that the norm of the
state be ;pproaching zerc. Since it is = finite time problem, T can not be
chosen arbitrarily large and U can not Be chosen arbitrarily émall. It is
logical to choose T as 1afge aa-possiﬁle (5 sec); u is chosen equal to the in-

terval between tested points in the region, 0.1 (the sméllest change in the

norm that mattered). So a point is in the region of usefulness if the norm of

the stéte remains bounded and the final norm is less than O.1.

There were three regions of usefulness calculated. The first used only

linear feedback tensors, the second used linear and quadratic tensors, and the

o

1 .
third used‘Kl, X , and K . Tae three regions are shown in Figures 5.5,

_ (2) (3)
5.6 and 5.7, respectively. The regions get lsrger as new terms are added and
the feedback more closely approximates the optimal feedback, The plots bsar

out the fact that the second order terms help drive the states to the origin

"fagter than the linear terms alone and that the third order terms help even

more. Some plots are included in Appendix B.

When nonlinear feedback is used in practice, these regions of usefulness

could be very meaningful. Tn general these regions show the deviation from an
equilibrium point from which the system can recover using ﬁonlinear feedback.
Obviouély, the larger these reglons are, the larger the initial conditions
which can be tolerated are. So the demonstration that the reglons grow as
more feedback terms are used 18 an important rzsult for the.apﬁlicaﬁion;cf

nonlinear feedback control.
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Figure 5.5 The Linear Feedback Region of Usefulness for Example 2.
' This Region was calculated by the program STAB, Every
jinitial condition in the region =4 € x(1) € 3 and -3 <

x(2) < 3 at 0,1 intervals was input to the subroutine
XCALC and integrated for 5 séconds. The asterisks rep~ s
resent the acceptable initial conditions. The has :
marks are at 1.0 spacings. ' L
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Figure 5.7 The Third Order Region of Usefulness for Example 2.
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EXAMPLE 3

The final example 13 motivated by the potential applications of nonlinear
feedback. When nonlinear feedback 1is used i practice, the designer will have
access to only a model of the actual system. The actual system w71l not be
known explicitly. Thus the system tensors used to calculate the feedback
tensors'will be only approximations of the actual system teunsors obtained by
some identification scheme. This example looks at how the feedback tensors
calculated from this sort of model perform in comparison to the tensors =al-

culated assuming the actual asystem is known explicitly, in one case.

The system chosen is the vne in the last example. The médel used was ob-
tained by Yurk-oveich [8] and Bugajski [9] using an identification technique
devised by Yurkovich. The model was obtained in symmetric tensor form and is
shown in Figure 5.8. The same cost fﬁnctional as for the last example, Equa-
tion (1),‘13 uses so that the results may be cémpared directly. Again the
tensors V(2), V(3), V(4), Ki, Kzz), and KES) were calculated over the 5
seconds time span and were saved every .05 seconds. Their values are shown

in Tables 5.7 through 5.12, respectively. These values are in fact close to

the values calculated on the actual system.

The program STAB was run for these new values of the feedback tensors.
The possible application was the motivation for the manner !n which this pro-

gram was executed also. In practice it is anticipated that the designer will

f4irst obtain a model of the system which approximates system behavior in the

- reglon of interest. Next:, the feedback tensors for this model will be calecu-

lated to minimize some cost functional. Then these feedback tensors will be
used on the actual system to calculate the input to that system. The impor-—

tant point here is that the feedback will not be-applied to the model of the



10)

system but to the actual system itself, Models of systems are developed for
analysis purposes while the goal of calculating the tensors is for controlling
real systems. So here STAB uses the feadback tensors calculated using the

model in Figure 5.8 to control the actual system in Equation (2).

The linear, quadratic, and third ofder reglons of usefulness are shown in
Figures 5.9, 5.10, and 5.11, respectively. These regions are very similar to
those in Figures 5.5, 5.6, and 5.7. For this example, there is no significant
difference between using an 1dent1fied model of the system and the actual sys-

tem.
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A= |-1.9977 -3.0008{ B = [.0019891 .99779
| .99967 1,0002 -1.0001 ~6.2231E~7
) [ -4.0692 ] )
-.19026 | - .027909 ~.0039675
-.012365 .026129 | . .0071601
Ag,(2) = | 0034771 A, = | -.0078805 | A(2),0 =| —.012386
.036033 .021083 : -.99787
0022184 .0026825 .0010537
| 1.5017E-4 | .002591 | 7.4681E-4
| .0035398 | . )
.70548 | [ -,18738
1,6627 -.032069
3.3163 -,0251
Ag (3) =| .78087 | A(3).0 =| -.019747
() -.2223 |- (32,0 -.51749
-.6684 -,016328
-1.2624 -.019048
| -.3395 | | -.0011802 |
62148 ] [ -3.5488
-.25223 .16518
44724 -.10235
~.61366 .036896
-.76455 | L41411
A, ™ ~ 67544 A¢2),1 =| »075615
| =.28909 '~,17155
-.05473 -.055923
—.048646 . 36002
-.025264 -.035393
-.058202 -. 044252
| -, 0056896, | 013022

Figure 5.8 Identified Tensors for the System in Equation (2).
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0,450E400
04S00E+00
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04650E400
0.700E400
04750E+00
0,800E+00
0+850E+00
0,900E+00
0,950E+00
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0,105E401
0,110E401
0,115E+01
0,120E401
04125E401
0,130E401
0,135E401
0,140E+01
© 0.,145E401
0,150E401
0+155E+01
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04 165E401
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Table 5.7
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0.3193E400
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. 0.5300E+0C

0.5324E400
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0+350E+01
04395E401
0,400E+01
0,403E+01
0,410E+01
0,415E+01
0,420E+01
0,425E+01
01430E+01
0,435E401
0,440E+01

0.445E401

0.450E+01
0.455E+01
0.4560E401
0.465E+01
0.470E101
0./475E401
0,4B0E+01
0.,483E401
0,490E401
0.495E+01
0,500E+01

0,23463E400
0,2332E+00
0,2296E+00
0,2258E+00
04 2220E+00
0,21B5E+00
0,2157E+00
042139E+00
0,2135E400
0,2150E+00
0.2186E+00
0,2248E400
0,2337E400
0,2457E+00
0.2509E400
0,2793E+00
0,3008E+00
o 3253E400

0,3525E+00
0,3819E+00
0,4131E400
0,4454E4060
0,4732E+00
045105E+00
0,5417E400
0,5707E+00
0,5968E+00
0,6190E400
046366E400
0+ 6489E+00
04 6552E+00

&552ZE+00
0.4486E+00
0,6354E400
046160E400
0,5913E+00
0.5624E+00
0,5310E+00
0,4994E400
0,4705E+00
0,4477E+00
0,4345E+00
0+ 4354E400
0,4570E400
0,5014E+00
0,5741E+00

- 0.4792E100

0.8202E400

0+1000E+04

0.5157E+00

2:3147E400

~JL915+00
0vO015E400
0+4B95ET00
0,4740E+00
0.4557E400
0.4352E+00
0.4135E4+00
0 IFL7EH00
¢.3711E+00
0.3530E+00
0.3390E+00
0+3305E+00

- 0.,3292E+00

0,2344E+00
0,3534E400
0.3818E+00
0,4218E+00
0447426400
0,5392E400

. 0.8164E400
0.7053E400 .

0,8048E100
0,9131E+00
0,1028E+01
0.1148E401
0.12469E+01
0,1388E401
0.,1502E+01
0.1606E+08
0.,1577E+01
0.1770E4+01
0.,1821E401
0.1840E401
0,1840E+01
0,1802E+01
0.1729E+01
0,18621E401
¢.1473E401
0.1303E401
0.1103E+01
0,8849E+00
0+ 44603EH00
0., 4420E400
0.24%4E+00
0.9775E~01
0.7870E-~02
0.+0000EH00

0. 71745E400
0.73I7E409
0.74B0E+00
0.7600E400
0.7592E400
0.77352E400
0.7778E+00
0. 7757E+00
0.7721E400
0.7440E400

7U28E+00
0,7392E400
0.7239E400
0.707BE+00
0.4922E40¢
0.67B4E4+00
0. 65679E100
0.6622E400
0 H629E400
0467146E400
0, 6898E400
0.7170E4+00
0.7605E+00
0.8151E+00
0.8682BE+0D
049645E400
0,1064E401
0+1174£+01
0,1301E+01
0.1438E401
0+15B4E+01
0+1742E401
041902E401
0.,2065E+01
0,2225E401
0.2378E+01
0,2520E+01
0.+24644E401
027468401
0.2820E401
6,2842E+01

0.286BE401

0+ 2B3TE+01
0. TE4EH0L

25355401
0‘,516E+01
0. 2353E+¢1
0.2176E401

© 0.2000E+0L

Table 5. 7 Quadratic Terms of the Optimal Cost Functional

Indexed by Time for Example 3
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0:000E+HS 3
0,500E-01
& 100E4H00
0. 150E400
0. 200400
0,3250E+00
0.300E100
0, 3G0E+00
0,400E400
0.450E+00
04300E400
0.530E+00
24 600E+00
0. &50EH0D

G 700E4+00

0,750E+00
0.800E+00
0.830E+00

-0 FOGELH00

0, 950E+00
0, 1006401
0.105E+01
0,110E+01
0.115E+01
0,120E+01
0.125E401
0.130E+01

- G.133E401

0. 140E4+01
0+145E+01
04 150E+01
0.155E+0L
0.160E+01
0,165E+01
0,170E401
0.175E401
0,180E+01
0.185E+01
0,190E+01
0,195E401
0,200E+01
0,205E+01
0,210E401
04215E+01
0,220E401
0,225E+01
0, 230E+01
0,235E401
0,240E401
0,245E401
0,250E4+01
0,255E4+01

0,3501E-02
0,3429E-02
0.3267E-02
0.,300%E~02
0.244°E-02

0.2187E-02

0,1625E-02
0,9697E-03
0,2324E-03
-0,5721E-03
-0,1425E-02
-0, 2204£-02
-0, 31EIE-02
-0, 4034E-02
-0.4827E~02
~0,5533E-02
~0,4120E~02
0, 6561E-02
-0,6831E-02
-0.6507E-02
~0(4774E-02
-0, £423E-07
-0,5853E-02
-0,5078E-02
-0,4112€-02
-0,2988E-02
-0+1750E-02
-0, 4535E-03
0.8341E-03
042034E-02
0.3058E-02
0,3810E-02
0,4188E-02
0,4090E-02

- 0.,3413E-02

6. 2043E-02
~-0,3781E-04
-0,2962E~02

=04 5753E~02

-0,1143E-01
-0,1498E-01
-0,23356-01
-0,2047E-01
-0,3821E-01
-0, 4641E-01
~0,5487E~01
-0, 8334E~01
-0.7162E-01
~0,7937E-01
~0,8632E-01
~0,9214E~01
~0,9662E~01

-0, 1343E+09
-0, 13564E4+00
-5, 1366E+00
-0, 1370E400
-0, 1375E400
~0,1381E+00
~0,1389E400
-0, 1398E+00
~041409E+00
-0, 1421E400
-0.1434E+00
-0, 1447E400
~04 1441E+00
-0, 1475E+00
~0 4 148FE+00
-G, 1502E400
-0,1514E+00
-0,1524E400
-0, 15326400
-0,153BE+00
-0,1541E+00
-0, 1542E400
-0, 15406400
-0,1535E+00
-0,1527E+00
~0,1517E+00
-0, 1505E400
-0, 1492E400
-0, 1479E+00
-0, 1465E+00
-0,1453E+00
-0, 1444E400
-0, 1438E400
-0,1437E400
~0, 1443E400
-0, 1454E+00
~0,147BE+00
-0,1510E+00
-0,1553E+00
-0, 1408E400
-0, 14675E400
~0,1754E+00
~0,1B46E+00
-0, 1948E400
-0, 2060E+00
~0,21B1E+00
-0, 2307E+00
-0, 2434E400
-0, 2545E+00
-0, 2490E400
~(, 2607E+00
~0,2913E400

Y3(3)
-0.1504E400
-0.15CG1E400
-G 159BEHGD
-0 10FBEH00
-0, 1399400
-0.1604E4+00
~0,15612E400
=0, 14623E400
=0.1637E+400
~0,15593E400
=0.1677E+00
~0,1701E4+0Q0
-0 1727E+00

-0,1756E400

~0,1786E4+00
-0,1814E+00
-0,1843E+00
-0,1873E+00
-0,1898E+00
~041219E4C0
-0.1935E+00
~-0.1947E+00
-0 1952E400
=0, 1950E4+00
~0,1941E400
=0.,1723E4+00
-0, 1%02E+00
-0,1872E+G0
~0,183BE+00
=0.1777E+00
-0,1758€400
=0, 1716E+00
~0.18676E400
~041640E400
-0,1612E400
=0,1594E+00
-0.138BE+00
~0.1599E+00
~0, 1629E400
-0+ 16B0E+00
-01754E4+00
-0,1854E400
-0.+1780E+0C
~0.2132E+00
~0.2311E400
=0, 2514E+00
-042740E100
=0, 2984E+00

- =04 3241E400

=04 3505E+00
~0.3770E+00
-0,4027E4+00

Table 5.8

Va3{4)
~0, 55548400
~0. 4549400
-4 4534E100
-0,4320E400
-6, &6G08ET00
=0 5499PE100
-0,6495E4+00
=0.5496E+00
~0.8504E+GD
-0.6519E400
~0.6542E400
—-0.6575E4+00
-0.6617E400
-0, 56668E100
-0.6728E+00
=0, 46796E4+00
-0,4872E400
~0.6932E4+00

-0.,7037E400

~0.7123E400
=0 7209E+00
=0.7221E400
-0.7358E+00
=0, 7435E400
=0, 7492E400
=0.7515E400
-0, 7363E4+00
=0, 7573E+0H
-0.7566E400
-0.7340E+00
~0.,7497E400
-0.,7437E+00
-, 7354E400
-0,7279E+00
~0.7187E+00
-0 70988400
-0, 7012E400
~0, 693FE4I0
-0, 68B3ET00
=0+ 4359E+00
=0, 4869E+00
=0, 6724E4+00
-0, 7031E4+00
~0+7198E+00
~0,7421E4+00
-0.7734E400

- =0.8116E4+00

=0,8573E+00
=0+ 92107E+00
~0.,9713C400
~0.1039E401
=0.,1112E+01
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0.260E+01
0,Z85E+01
0, 2706401
0,275E401
0,280E+01
0,285E401

L 290E401
0,295E401
0,300E+01
0.305E401
0,310E+01
0.315E+01
0,320E401
¢, 3256401
0.330E+01
0,335E403
6, 340F+01
0.345E4+01
0,350€+01
0,355E401
0.3605+01
0.365E401
04370E401
0.375E401
0,380E401
0.285E401
0+390E401
0.3958401
0,400E401
0,405E401
0,410E401
0,415E401
0,420E401
0,425£401
04430E+01
0,435E401
0,440E401
044455401
0,450E401
0,455E401
0,440E401

 D.445E+01

0:470E+01
0.475E401
0,480E+01
0.483E+01
0.490E+01
0.495e+01

0+500E+01

-0.,9943E-01
=0, 1004£400
-0.9934E-01
~0.9619E-01
~-0,9094E~01
-0.8370E-01
=0,7466E~01
~0.,6412E-01
-0, 3250E-01
~0.4024E-01
-0,2790e-01
=0.1402E-01
-0, 3133E~02
044264E-02
0,1178E~01
0.171%E-01
042026E-01
0,2118E-01
0.,2014E-01
0.17346E-01
0.1397E-01
0+1003E-01
0. 64463E-02
0.3967E-02
0.3271£-02
0, 4383E-02
0.9231E-02
0.1631E-01
012648501
0,3740E-01
0.3408E-01
04 6985E-01
0.B968E-01
0.1004E+00
0.1129E+00
0.1225E+00
041287E+00

© 0.1320E400

0,1337E+00
0+ 1359E400
0.1414E+00
0,1531E+00
0,1724E400
0+1985E+00
0,2258E400
0.2427E+00
0,2302E400
0+ 1610E+00
0,0000E+00

=0, 3002E400
~-0,3072E400
-0.3117E400
-0 3137E400
-0,3133E100
~0.30FBE+00
-0.3037E4+00
-0.2952E4+00
-0,2847E+00
~0,2729E+00
-0.2606E400
~0.,2486E+00
-0,2379£400
~0. 22976400
-0.+2247E400
~02238E+00
-0, 2375E400
-0 23LEE00
-0.2504E400
=04 24674E400
=0.2922E+00
-0+3179E400
-0.3453E+00
=0.3723E+00
=0,2977E100
=0, 41748400
~0.4353E400
~044439E300
~0,4437E+00
-0.4337E+00
~0,4141E400
=04 3847E400
~0.3470E400
=0,3031E+00
=0.2842E400
=0, 2101E4+00
=0 1691E+00
=0 1376E400
-0.1191E+00
=0+ 11592400
=04 32746E+00
-0.1508E400
=0.1789E+00

=G+ 2025E+C0

-G, 2111E+00
~0.1955E+00
~041509E4 D
=0.8679E-01
0.0000E+00

~0.42467E+00
~0.4481E4+00
-0 ] 465?5"’00
=0.4770£400
-0, 4858E+00
~0.4883E+00
-0.4830E400
~0.,4708E+00
-0, 4515E400
~0.,4256E400
=0, 3FIFEH00
~0.3577E400
-0, 3187E4+00
-0.278BE400
-0,2404E400
-0, 2058E£00
-0.1774E400

~0,4579E400

-0.1489E4+00
~0,1520E400
-0.1682E400
-0.,1976E100
-0, 23976400
=0, 292FE4C0
-0, 3551E+00
-0,4231E400
-0,4931E400
-0.5607E400
-0, 4214E400
-0.4699E+00
~0+7012E4+00
~0,7108E+00
~0.3930E+00
-0, 8314E+00
-0,5794E+00
~0.4B05F+G8
~0,3592E+00
~0,2227E+(0
-0.8092E-01
0.5402E-01
0414694E400
0.2534E+00
0+2977E400
0.2771E+00
0.2615E400

0,1937E400

0,1183E400

-044785E~01

0+0000E+00

ORiGHvA;. = .
ACE [

-0.,1185E+01
-0,3270E+01
-0, 1351E401
-0, 1430E+01
-0, 15065401
«04 15768401
-0.14385 401
-0, 18857 +01
~0,1719E401
~0,1737£401
~0.1738E+01
-0,1720E401
-0.1485E+01
-0.1433E401
~0.1566E401
-0.1488E+01
-0.1403E+61
~0.13146E+01
-0,1232E401
-0, 1157E+01
-0.1097E401
-0,1057E+01
-0, 1040E+01
-0, 1053E+01
-0.,1095E401
-0, 11456401
-0, 1273E4+01
-0, 1404E+01
-0.1561E401
~0, 17346401
-0.1914E4+01
-0, 20946E401
-0,2262E401
-0, 2402E+01
-0+ 25026401

=0, 2500E+01

=0, 2535E+01
=0, 24516401
=0, 2294E+01
=0,2070:4+01
=0.178%E+01
=0+1471E+0%
-0.1140E+01
-0.8204E+00
-0.,8385E+00

-0,3123E+00.
=0, 1507E+00

-0.5104E-01
0, 0000E400

Table 5.8 Third Order Térms of the Optimal Cost Fuactional
Iridexed by Time for Example 3
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G 000ET5G
0.5005-01
0. 1005400
¢, 150E+00
9, 260E400
&, 2F0E+00
03005360
0.330E400
04 A90EH00
0.,450E400
0.S60E400
0,550E400
0., 400E400
0. 6505400
G, 7005400
0. 750E+u0
0. BOOE+H0
0.850E+00
9. 900E00
G, FTOEH00
0, 160E+01
0.105E+01
0.110E401
0. 115E+01

0.120E401.

TN

0.125E+01 ¢
0:130FE401 ©

.135E+01

0,140E+01 &
04 145E401 |

0,150E+01
0, 1558401
5.160E401
0. 145E+01
0.1706401
0.175E408
0. 180E401
0.,135E401
641905401
0.195E401
0,2005401
0.205E404
0.210E+01
0,215E401
0,220E+01
942256401
0., 230E+01
0.235E401
04 240E401
0+ 245E+01
0.256E+01

0+0837E-01
0.3808E-C1
0.E5770E-01
0. 3719E-01
0.58548-01
0.3574E-01
0.3486E-01
0.5387E-01
0,5280E-01
0.3187E-01
(+5053E-01
{,4835E-01
0.4739E-01
0. 44659E-01
Q.43%78E-01
0.a540E-01
G.4550E-01
0.4571E-61
0.4425E-01
0.4714E-01
0.4837E-01
Q0.49923E-01
0.5174E-C1
(3383801
0.,54605E-01
03837801
0.6054E-01
0:46274E-01
0,64462E-01
0.6610E-01
U.&709E-01
0.,87508~01
0.4726E-01
G.6534E-01
0+6473E-01
0.6249E-01
9.59888-01
0, GE42E-01
0.+5286E-01
0.4917E-01
0.4555E-01

-0, 4221E-01

0,3934E-01
0.3714E-01
4,3530E-01
.3547E-01
0,3629E-01
0, 3835E-01

944D10E400
0,4021E+00
0,4028E+00
0,4030E+00
0.4027E+00
0.4017E+00
0. 4000E400
0. 2F74EH00
0437 45E+00
0,3P07E400
0,3847E+00
0.3521E+60
0.3771E400
037206400
0,344FE+00
0, 24216400
0. I57EE4+00
6. 3543400
0.3G19E+00
0.3507E+00
9, 3F11E+00
0,3533E+00

O, 25738400

P

0. 1168BE+01
0 1182EH0L
0.1195E+02
0. 1198E401
0.1200E+0L
0+1201E401
0,1201E4C1
G.l199E401
011978401
0.1193E+01
0.1128E401
9:1182E401
0. 1175E401
0.1167E401
041158401
0 1149E401
0. 1140E+01
¢ 1131E401
0.1127E401

" 0.11148E401

0.1111E401
0,1108E+01
0,1108E+01

0,3434E40D 0. 1111EH0
0,3714E400 0.1118E+CE
0.3814E+00 0.1128E+01
0.3931E400 6,1142E401
0.4044E+00 0.1140E40¢
0.4208E400 0. 11815401
0:4341E400 - 0,1205E+01
5. 4317E400 0. 1231E401
0. 467LE+00 0.1Z59E+01
0.,4821E400 G.12B9E+01
G.4951E400 0.1318E+01
0.S0BFE+Q0 013485401
0.5202E400 0.1374E401
6,53D0E+00 0+1404E+01
0.5383E400 414305401
0.5434E+00 - 0.,1454E+01
0,5513E+00 - 0.1482E+01
0,5564E+00 0.1508E+01
0.5615E+00 0.1538E+01
0,5654E400 0,15466E401
§.57322E+00. G.1501E401
5,5785E400 0.1640E+01
0.585%E4+00 0,1585E+401
0, 5945E+00 0.1735E401
Table * 50 9

§,1214E401
041213E+01
011222401
0412258401
0.1227E+01
0,1227E401
0.1224E401
0,1223E401
0.1215E401
0,1213E401
041205E401
6. 1195E+01
0. 1124E401
0,+1172E401
0,11555401
041145E401
0.1132E401
0,1120E401
941105E401
0. 1100E+01
6, 1054E+01
0.10%2E+01
0+ 1993E401
0.1100E+01
0,1151E+01
0+1128E+01
0.1149E401
9.1176E401
041208E+01
041243E401
0.1282E+01
G.1322E401
0.1384E401
041405E+01
0.1445E+01
0+1484E401
0.1519E401
0.1553E+01
0+15B4E+01
0.1614E+01
0.1845E+01

0416778401

0.1713E+01
0.1735E+01
0.1804E+01
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0,127 -0t
Fei228E101
0.1231E+01
0,1234E+01
0.1238E+01
0.1241E401
0,1245E+01
0.1248E+01
012505401
0. 1252E401
0.1223E401
0.12534E401
(+1233E401
0.1231E+01
0. 1347E401
0.1243E401
G+1240E408
G+1334E+01
0.1227E+%1
¢.1219E401
0,12118401
0. 12638401
0.11946E401
0.118%5401
5.1183E401
0.1175E+01
0.1177E+01
011778401
0.11B0E+01

0.,1187E401

0,1197E401

- G-1210E401

0,1227E401

 0,12475401

0,1271iE+01
0,1297E+01
0.13288401
G.1355e401

- 0.1386E401
9+1418E+01

0.1451E+01
9,14835E401
0+1519E401
0, 1555E+01
0,1593E+01
0,1634E401
0+1680E+01
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1
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0. E55EH01
0. 2EBESRL
0, 2356401

ﬁ."“OE+01
i .-UJE""O!
G, 2F0EH0L
G, 295E+0¢
9., 300E+0L
¢, 305EH0L
0,310E+01
0 3158401
0, 320E+01
0.325E101
0,330E+01L
0.335E{01
0.350E101
0.245E401
0, 350E+01
0,255E401
0,350E401
0;«6 E401
370E+01
0.3?55%01
0.380E401
G.385E401
0.290E+01
0.I9TE+0L
0,400E+01
0.403E+C1

0.415E401
0.420E401
0.425E+01

0,43CE+01

0. A33E+01
O.440E401
0.+448E501

0. 450E401

435E+01

0.480E108

0. 44636401
0, 470E+01
0., 475E+01
04, 480E+01
0,485E401
¢ 4905401
0,493E401
0,500E401

0.4174E-01
0. 45455-01
0.3248E-01
0.u97ft—-
+GS14E-0L
./7udE Gi
0.8767E-01
0.9832E-01
0,1072E400
G+1200E+400
0.1305E+00
0.1403E+00
0.1471E400
0.15469E+00
0.14633E+00
0.14683E400
0.1717E400
Ge1735E400
Q.173BE+00
0.,1723E+09
0.,15691E+00
0. 1543E+00
0+15758E400
T, 1492E400
0.,13FLE400
0412745400
0.1142E409
0,7989E-01
0.84846E-01

T 0.4584E-01
7 0.5484E-01
0.410E4+01 -

0.4117E-01
0.2920E-01
0,1944E-01
0.,1220E-01
0,7372E-02
0.35i8E-02
yGFF7E-02
0.,9145E~02
0,1536E~01
0.2511E-01
0.3823E-01
0,5271E-01
0.o347E-w1
0.,6188E-01
0, 3B09E~01
=0+1243E-01
=0,7686E~01

~G+104BE+O0

0,0000E+00

“ 0. E043E400

Q-uLSSt:OO

4. 4279E+00
0y EA14E+G2
8,435 E"OQ
b, 67148400
0.46878E4+00
G 7093E40%
0,7240E4+00
£.7442E+00
Q. 7586E400
0+7715E400
0+B195E+00
0.8313E+00
0,8870E+00
0,9248E+00
0+9702E+00
0,1014E401
0 1043E+01
0.,1109E+01
0.,1150E+01
0,1183E+01
0,12045+01
0.1210E401
0.11978401
0.1182E+01
0.1104E4+01
0.1023E+01
0.9174E+00
0. 7971E400
0.85812E4+00
0,.3187ET00
0.3774E400
0, 24T4E+00
0.,1302E+00
0,3582E-01
-0.34645E-01
-0,BP19E-01L

=0, 1274E4+00

-0, 1556E400
-0,1734E+00
-0, 1715E400
-0,1319E+00
-0, 30326-01

0.,1385E400 .

0,3618E+00
0.5719E+00
0.6544E409
¢.4871E+00
0.0000E+00

ORIGINAL PAGE 5
OF POOR QUALITY,

G.1771E401
8.1832E+01
0.1717E402
G.1723E401
0.2G50E+0L
03114401
0.2173E401
0.2223E+01
0.2247E+01
0. 2Z0TE+01
0.2332E401
0.2354E401
0.2374E401
0. 2373EH01
0.2424E401
0.2465E401
0, 2524E+0]
0, 24603E402
0,2708E+01
0. 2834E+01
0.2976E401

0.3127E+01

0.3279E+01
0,34155401
0, 3521E401
0,3580E+31
0.3573E+01
0,3501E+01
0,3341E+91
0, 2054E401
0.27463E+01
0.2351E401
0,1908E+01
0.1435E401
0,9758E+00
0,54E7E400
0,2461E+00
0,2824E-01
-0,8474E-01
-0, 1166E300
~0,1121E400
=0, 1249E400
=0, 1774E+00
~0.537BE+00
~0,5042E+00
-0, 6224E400
~0,403LE+0O
=0,4193E+00
-041505E+00
0.GUHOELO0

Indexed by Time for- Example 3

0, 1243601
G 1733E401
0, Z012E+01
g, 2101401
G, 21I97E+01
0.329&6E+01
0.22786E+01
0.2471E+01
0.-;?4E+01
2543E401
hc725+01
0-2719’+u1
Qe2723E401
0.+2706E401
0,24874E401
0.2633E4+01
0-sa SE+01
«2871E4+01
0 2T89E401
0.2397E401
0.2449E+01
0,2721E401
G.2932E401
0.31142+01
. 33148401
04+2512E4+01
G.3435E+01
0.3804E+01
0,ZB4%E+01L

0. 3785E404
0,3592E401
0,3254E+01
0.2744E401
0,2132E401
0,1387E401
0,3745E400

-0,2381E+00

-0, $743E+00

~0,1554E401

-0.1914E+01

-0.-cnos+e1

-0, 1885E4D

=041 568E+01

~0.1183E701

=0.77&0E+C0
~0.4752E400
-0.,2828E4+00
-0, 1845E400
=0 . 7A24E-01
0. 0U00ET0D
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020145401
G.2107E401
0.2207E401
0.2313E+01
0,2421E401
0.2329E+01
0,3332E+01
0,2725E401
0.2805E+01
2847191
0. 714E+01
D2741E4+01
G 2951E401
D.2947E+01
0.2735E+01
0.2721E401
0.2713E402
0.2?16E+01
293IPE+01
0.2FBIE+01
0.IVE5EE+01
0.3157E+01
0.,3279E+01
0.,3417E+01
0. 35408401
0.I8946E+HSL
03IBOLEHDL

0,3873E101

0.3875E401

WI792E401
0.3409E+01
5+3317E+0
0.2713E+01
0,2419E+01
0,1354E+401

. 0.1270E401

0.7113E+09
042306E4+00
=Q1322E400
-0, I5E3ET00
=0, 3481E+00
=0, 43302400
-G, J4FBET00
=0, 2351E+00

=0, 113BEF0C

0. 00COES00

Table 5.9 Fourth Order Terms of the Optimal Cost Functional
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e

T 0,230E401

B 2 1

TIME
G.Q0CE+GD
0. S00E-01
0.100E+00
£.150E+00
0:200E4+00
0.250E400
0.2G0E+00
0.3SCET00
0.400E4+00
0+450E100
0.500E+00

© 0,550E400

0.400E+00
0,450E+00
0.700E400
0.750E400
0.800E+00
0 850E+00
0. 900E+00
0,950E+00
041008401
0.105E+01
0,110E401
0.115E401
0+120E+01,
0,125E+01
041306401
0,135E401
0.140E401
0,145E401
0,150E401
0, 1556401
0+140E401
0.145E401
0, 1708401
0.175E401

- 0.180E+01 -

0+1B3E401
0.120E+01

D, 19SEH0L
0.200E401

0, 2056401
0.210E401

042158401

0.220E401
0,225E4+01

0.23%E+01

042405401
0,245E+01

0+250E+01
0,255E+01

e ———i

~0,5475E+00
-0 5675E+00
~0,5674E4+00
~0,5673E400
~0,5672E400
-0, 5671E400
~0,5669E+00
-0, T468E+00
-0, 5656400
~0,5664E+00
-0,5661E+00
~04 5659E400
~0,5457E400
-0, 5655E400
-0.5553E+00
~0,5651E400
~0+ 58456400
-0 ,5648E+00
-0, 5648E+00
~0,S447E+0D
-0, 5648E400
-0, 5649E+00
-0, F450E+00
-0, 5652E+00
~0,5655E400

- ~0.5657E4+00 .

~0.S660E+00
=04 5063E+00

~0+38667E4+00

-0, S649E+00
-0.,5672E+00
-0,5673E+00

-0 3674E400

=0 ,5674E+00

| =0,5672E400
* =0V 5649E+H00
=0, 5664E400
~0.5658E400 .

-0,5650E+00
=0, 5640E400
=0,5629E+00
-0,5616E400
=C+5602E+00
~0,5588E+00
=0, §572E400
-0,5556E400
-0,5541E+00
-0,5527E400
-0, 5514E+00
=0+ 5503E+00
=0,5494E+00
~0.54BBE+00

K1(2)
0.1034E400
0. 10Z5E400
0,1035E+00
0.1035E400
0.1034E+00
0.1034E400
0.1037E+00
0,1039E+00

0.1041E4+00

0. 1044E400
0.1047E400
0. 1051EHQ0
{0+ 1005E+00
0.+ 1059E4+00
0.1044E400
G 1069E400
{+.1073E4+00
0.1080E+00
0.1085E400
{0, 1090ET00
0.,1094E400
0,1098E+00
0,110LE400
0.1103E4+00
0.1105E+00
0,11035E+00
0.1104E400
0+1102E+00
0.1100E+00
0.10%96E400
0,1092E400

0+10BBE+00

0.1083E+00
0,1079E400
0+1075E+00
0.1073E+00
0,1072E+00
0, 1073E400
0.1077E+00
0.1083E400
0, 1092E400
0,1105E+00
0,1122E400

0.1142E400

0.1165E400
0,1192E400
0.,1223E400
0.1255E400
0,1290E+00
0,1327E400

0.1383E400

0,1400E+00

Table 5.10

K1(2)
~0,3582E-01
-0,3590E~01
-0,3600E~01
-3, 3611E-01
~),3623E-01
-0, 2634E-01
-0.3649E-01
-0,3652E-01
~0,3675E-01
-0,3487E-01
-0, 3699E-01
~0,3709E-01
-0,37176-01
~0,3723E~01

-0,3727E-01

-0, 3728E-01
~0,3727E6-
-0,3723E-01
~0,3717E-01
~043709E~01
-0,3699E-01
-0, I485E-01
-0,2477E-01
~0,24667E-01
~0,3657E-01
-0, 3650E=-01
-0, 3647E-01
=0, 3648E-01
~0,3655E-01
-0, 3648E-01
<0, 3688E~01
~0,3717E-01
-0,2755E~-01

. =0.3B01E-01

-0.3857E-01
-0, 3921E-01
~0,3992E-01
~0,4071E-01
-0, 4155€-01
-0,4242E~01
~0¢4331E-01
-0, 4415E-01
=0,4505E-01
- +4584E-01
~0,4654E-01
-0,4717E-01
~044765E-01
=0+ 4795E~01
-0,4815E-01

~044B15E=0L - ©
=0, 47F8BE-01

~044764E-01

K1(4)

-0,4325E400
~0. 6225E+00
-0, 4326E400
~0,6327E400
~0,4328E+00
-046329E400
-0, 4331400
~0,6332E400
-0+ 46334E400
~0.6336E+00
~046339E+00
-0, 4341E+00
~046343E400
~044345E400
=0,6347E400
~0,46349E400
-0,6351E+00
-0,6352E400
-0, 43526400
~0, 63535400
~0,£352E+00
~0,6I51E+00
=0, 6350E400
-0, 4348E+00
-0, 63456400
~0,6343E400
0, £34CE+00
-0, 6334E+00
~0,6333E400

-0.8331E400.

~0,6328E400
~0,6327E400
~0,6326E400

-0, 6326E400
=0,6328E400
-0,6331E+00 -
-0, 6336E+00

-04+4342E4+00

- =0,46350E+00

-0, 6340E+00
-0, 4371E+00
-0.4384E400
-0 $398E+00
=0,46412E400

~0,6428E+00 .

~0+6443E400
-0 .E45PE+00

=0, 46473E+00

-0, 6486E+00
=0.,4497E400
-0, 6306E+00
-0.46512E+00
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0.240E4+01
0,265E+01
0.2708+01

0,278E401

0.220E401
0.,285E+01
0.290E401
0,295€+01
0.300E+01
0,305E+01
0,3105401
0,315E401
0,320E401
0+325E+01
0,330E401
0+335E401
£,340E401
0.345E+01
0,350E401
0.355E401
043605401
043456401
0.370E401
0,375E401
0,3905401
0,385E401
0.320E401
0.395E401
0,400E401
0,405E401
0,410E401
0.415E+01
0,420E401
0.425E401
0,A30E401
0,435E401

044408401

01445E401
0.,450E40L
0+455E101
0+460E+01
0+465E+01
0.,470E+01
0. 475401
0. 4B0E+OL

0,485E4+01

0+490E+01
0.4953E+01
0,300E+01

Table

=0, 3485E+00
~0,3485E400
=0.5471E400
-0,5497E400
=0,05311E4+00
-0.3527£+00
~0.5545E+00
~0.,3586E400
~0.3587E400
-0, 540PEH00
=0.,5430E+00
-04364BE+00
~0.5662E+00
-0.,5670E400
~0.83672E100
=0.34465E+H00
-0.5448E400
-0,5619E+00
-0,3380E+00
-0, 55276400
=0.3442E4+00
=0, 3IBSETO0
~0.5296E+00
~0.5197E100
-0 S087E+00
~0,4974E400
-0,4834E400
-0,4733E400

=0,4614E400

~0+4500E+00
-0, 4396E+00
-0, 4305E+00
~0,4232E+00
~0,4182E400
~0,4157E+00
~044162E+00
-0, 4200E400

=0.4273E+00

~G,4381E4+00

~0. 4524E+00

-0.4498E+00
~0,4BF9EH00
=0.5117E4+00
-0.5241E+00
=0.3557E4+00
-0,5753E400
-0.,3705E+00
=0, 5995E+00
=0.4004E+00

5.10 Optimal Linear Feedback Tensors for Example 3

0. 1434E+00
D, 14676400
0. 1495E+00
0,1519E+00
0,1538E+00
0,1550E+00
0+ 1555E+00
04 1553E400
04 1543E+00
0 1527E400
0. 1505E4+00
0.1478E+400
041447E400
041415E400
0+1384E4+00
041354E400
041335E400
0.1324E400
0+ 1325E+00
0,1342E+00
0,1379E400
0.1437E+00
0.1520E+00
0416298400
041744E+00
0,1932E+00
0,2127E400
042350E+00
0,2600E+00

+2674E400
0+3189E+00
0,3480E+00
0,3801E+00
0441 26E+00
0+4446E+00
0,4753E+00
0,5036E+00
0,5285E+00
045489E+00
04563BE+00
0,5722E+00
045734E400
045649E400
0455276400
0,5312E+00

. 0.5033E4+00

0.4705E+00
044352E+00

0,4000E400 .

Indexed by Time

ORIGINAL pagE g

-0.4715E~01
-0, 4653E-01
-0,4582E-01
-0 4305E-01
-0,442%E-01
-0 4350E-C1
~0.4304E-01
~0,4269E-01
~0.,4262E-01
-0.,4291E-01
-0.4353E-01
-G, 4485E-01
-0.4465E-01
~044904E-01
-0,5204E-01
-0,5573E-01
~0,4002E-01

~0,6491E-01

-0.7034E~01
~0.7621E-01
-0.B244E-01
-0.,88B9E-01
-0.7542E-01
~0,1017E+00
-0, 1981E400
-0,1137E+00
-0,1171E4+00
-0, 1235E400

=0.1270E400

-0.1293E400
-0, 13GBE+OG
~0, LZO7EHCD
~0+1274E+00
-0,1268E400
~0.1229E400
-0,1180E400
-0.,1122E400
-0.1060E+00
=04 9967E-01
=0, 9390E-01;
~0+8734E-01
-0.8678E-01

- =0.B709E-01

-0,9121E-01
~0,1001E4G0
-0, 11445400
=0, 13556400
~0,1637E400
=0 1996E400

=-0,46515E+00
=046514E4+00
=0, 4507E+00
-0, 4500E+G0
-0.548BE+00
~0,4&473E+00
-0, 5455E+00
=0, 64348400
=0+5413E400
-0,6321E+Q0
-0,5270E400
=04 53526400

=0.46338E+00

=0,46330E+00
-0.,46328E+4C0

-0,6336E+00

=0.46353E+00
-0, 63B1E+00
-0.,5421E400
=0, 6473E+00
-0, 45I8E+00
-0, 8615E400
=0, 5704E400
-0, 4B03EH00
=0,4%11E+00
-0.7026E+00
=-0,7145E+00
~0.7266E4+00
~0.7383E400

 =0.7499E400

-0 7603EH00
~0,76F3E4+00
=0, 7766E300
-0.7817E+00
-0,7841E+00
-0.7834E+00
~-0,7798E+00
=0, 7723E+00
=0, 746178400

=0 7475EF0C

-0, 7300E+00
~0,7101E+00
~0.68BIEH00
-0, 6659E+00
04 6442E400
~04 6249E+00
-0,6078E+00
~0,6008E+00
~0. 6000E+00
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TIME

0.,000E+00
0.500E-01
0.100E+00
9, 150E+00
04200E400
0,250E+00
0.300E400
0, 350E400
0,400£+00
0, 4505 +00
0,5006400
0,550E400
0,600E+00
o.6§05+oo
0,700E+00
0,750E+00
0,B00EH00
0,850E+00
0.900E400
0,950E+00
0,100E401
0,105E+01

0.110E+01

0. A1SEH01

0,120E+01

0.125E401

K2(1)
K2(4)
0, 6744E-01
-0,1935E-02
0.4773E-01
~0,1916E~02
0,4B01E-01
-0,1870E-02
0,6827E-01
-0.1795E-02
0. 4850E-01
-0,1491E-02
0.6368E-01
-0, 1556E-02
0o6831£“01
~0,1391E-02
0.4888E-01
-0.1198E-02
0.4B87E-01
-0.9811E-03
0,4879E-01
~0,7A37E-03
0,4882E-01
~0.4516E~03
0,4837E-01
~0,2314E-03
0, 4803E-01
0.2925E~04
0.4743E-01
0,2821E-03
0.4715E-01
0.5182E-03
0, 6643801
0,7286E~03
0.4607E-01
0.9044E~03
0+6550E-C1
0.1037E-02

0+6494E-01

0,111%9E-02
0+6442E-01

- 041144E-02

0.6394E~01
041306E-03
0.4340E-01

0.1004E-02

0.6337E~01

0.B370E~03

0+4329E-01
0.6074E~03
0.4340E-01
0.3210E-03
0,6371E-01

K2(2)
K2{5)
-0.,7732E-01
0.B02LE-01
-0.7705E-01
0.8032E-01
-0.7660E-01
0,8044E-01
-0.76Z0E-01
-0.80463E-01
-0.7587E~01
0.8094E-01
=0,73645-01
0.8131E-01
-0, 7554E=01
0.8178E-01
-G, 7540E-01
0.8233E-01
-0.7582E-01
G.8294E-01
-, 7624E-01
0.8367E-01

. ~0.7584E-01

0.B8443E-01

~0,7768BE-01

0.,8524E-01
-0.,7871E~01
0.8407E-01
~-0.7974E-01
0.,86?0E-0L
-0.8134E-04
0.8772E-01
-0,8289E-¢1
0.8848E-01
-0,8455E-01
008?185‘01
-0,8627E-01

- 0.8978E~01

-0.8BOAE-01
0.9027E<01
-0.,B979E-01
0.7062E-01
-0.9144E~01
0,9082E=-01
-0,9293E~01
0.90846E-01
~0.9421E-01
0.9073E-01

© -0,9522E-01
0.9084E-01

-0,9594E=01
0,9000E-01
-0, 9421E-01

Table 5.1l1

K2{3)
R2(4)
=017 4L3E400
G.4731E-01
-0, 175%9E400
0.4738E-01
=0.1755E400
0.472%E-01
=01751E400
0.4726E-01
~0.1747E+00
0.4731E-01
=0.1744E+00
0.4745E-01

~041742E400

0,4768E-01
=0,1742E400
G.4801E-01
=0+1744E400
0.,4844E-01
~0,1747E+00
0.4898E-01
=-0.1753E+00
0.,4941E-01
-0, 1761E400
0.3033E-01
~0¢1772E400
0.,3113E-01
-041723E4+00
0.,5198E-01

- ~0,1B01E+00

0,5286E-01
~0,1820E+00
0.5376E-01
-0.1B40E+00
0.54463E~01
~04+1862E400
0.5546E-01
-0.,1885E+060

0.5621E-01

~0,1909E+00
0.56B4E-01
-0, 1933E+00
0.5734E-01
-0.19546E4+00
0.5767E-01

=0,1977E4+00

- 0,5782E-01
~0+ 1997400
045777E-01

 ~0,2012E400

0.5750E=01

- 0, 2025E400
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E

0,170E+01

0.140E+01
0.145E+01
0.,150E401
0.,155E+01
0.160E401

0.165E401

. 0.170E401

0.,175E+01
0.180E+01
0.185E+01
0,190£401
0.195E+01
0.200E401
0. 205E+01
0.210E401
0,215E+401
0,220E+01
0.225E+401

0.330E+01

0,233E+01

0, 240E+01

0,245E401

0.250E%01.

0.,255E401

04260401 -

-0, 1304E-04
D, 6425E-01
-0,3821E-03
0.,65026-01
-0, 7457603
0,6403E-01
-0, 1154E-02
0,¢727E-01
-0,1518E-02
0,6873E-01
-0.,1829€-02
0,7037E-01
~0,2040E~02
0.7215E-01
-0,2182E-02
047403E-01
-0,2144E-02
0,7575E-01
-0,1575E-02
0.7782E-01
-0,1588€-02
0,7958E-01
-0,9745E-03

0.8113E-01
~-0,1215E-02

0.8238E-01
G.9212E-03
0.8326E-01
0, 23E7E~02
0.83565E-01
0.4004E-02
0.8352E=01
0.588BE~-02
0.8278E-01
0.7990E-02

- 0.8139E-01

0.1G29E-01
0.7931E-01
0.1272E~01
047555E~01
0.1524E-01
0,7314E-01
0.1776E-01

- 046914E-01

0.2022E-01
0.6443E-01
0,2254E-01
0,5973E~01
0.,2463E-01
0.9462E=01
0.2634E~01
0.+474BE~01
0.2771E-01

0.4453E-01..
0.,2836E-01

ORIGINAL PAGE IS
OF POOR QUALITY.

«8741E-01
-0,7510E-01
0,8872E-01
-0, 9555E-01
0,8774E-01
=0,5435E-01
0.8713E~01
=0.,9310E-01
0.,8434E-01
-0,9122E-01
0.8553E-01
-0.8899E-01
0.8507E-01
~0.8644E-01
0.8472E-01

=0, 8373601 -

0.8447E-01
=0.,8074E-01
0,8479E-01
~0,7821E-01
0,8577E-01
~047572E-01
0,8707E-01
~0,7347E~01
0.8897E-01
-0.,7222E--01
0.9152E-01
-0.7160E-01
0.F474E-01
~0,7200E-01
0,9873E-01
-0,73561E-01
0+1034E+00
-0.7642E-01
0+108BE+00
-0.8116E-01
04 1149E+00

=0, 8740E-01
0. 1218E400

-0.9535E-01

0.1287E4+00

=0, 1001E400
0,1342E+00
-0,1168E+00
0,1439E+00
=04 1295E+00
0.1514E4+00
=0.+1440E+00
0.1570E+00

=0+ 1590E400-
0.1650E+00 .

~0,1739E+00
0+1723E+00

~041924E+00 -

041777400

Table 5,11

0.5702E-01

© -0,2034E400

0, 53633E-01
=0, 2028E+00
0.3544E-01
-0, 2037E+00
0.5442E-01
~-0.2031E4+00
0.53326E-01
-0, 2020E+00
0.3202E-01
-0.2004E+00
0,3079E-01
-0.1984E400
0.4759E-01
~0.19460E4+00
0.4833E~01

-0,1935E+00

0.4748E-01
~(+1708E400
0.4713E-01
=0, 1883E4+00
0.4497E-01
-0.1861E+00
0.472B8E-01
-0.+1843E4+00
0.4814E-01
~0,1833E400
0.4947E-01
-0 ,183Z2E+00
5,3188E-01
-0,1543E+00
0+ 5485E-01

~-0,1848E+00
~ 0.5861E-01

~0,1909E4+00
0.6316E~01
=0 19SFEH00
0+6B843E-01
~0.204BE+00
0 7455E-01
-0,2148E400
0,8127E-01
-0, 2269E+00

0,8854E-01

-0.2411E400

- 0.9621E-01

~042374E100
0.1041E+00

- =0.2757E¥00

0.1120E400
-0, 2954E+00
0.1197E400
-0 3L49E+00
Go1269E400
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0,265E401
0,270E401
0,275E401
0,280E+01
0,285E401
0,290E+01
0.295E4+01
0,300E401
0,305E401
042108401
0. 3156401
| 0,3208401
0,225E401
0,330E401
0,335E401
0,340E401
0,345E401
0,350E+01
0,3558+01
0,360E401
0,365E401
0,370E401
0,375E+01
© 0,3B0E+01
0,383E401
0,390E401
0,395E401

0. 400E401

0.4001£-01
0.26884E~-01
0.3418E-01
0,2854E-01
0.,3331E~01
0,3744E-01
0.3145E~01
042609E-01
0.3145E-01
0.2395E-01
0,3288E-01
0.2126E-01
0,34612E-01
0.1812E-01
0.4125E-01
0.1464E-01
0.4827E-01
0,1097E-01
0.5712E-01
0.7264E-02
0,46765E-01
0.3683E~-02
0.7964E-01
0,3851E-03
00?278E‘01
-0, 2484E-02
0. 1067E400

-0,4808E-02

0.1211E400
=0, 4508E-02
0,1356EH00
-¢.,7551E-02
0414996400
-0.7938E-02
0,1435E400
-0,7793E-02
0.1764E400
~0,7183E-02
0.1882E+00
~0,4288E-02
G+ 1993E+00
=0.5301E-02
0.2092E400
~0.4431E-02

0,21B2F400 .
-0,3871E~02

0.2264E400
-0,3878E~02
0.2340E400
-0.4555E-02
0,2411E400
=0, 4038E~02

0.2477E400

~0,8379E=-02
0,2339E+00

~0,2091E+00
0,1B19E+00
-0, 2245E400
0,1847E400
-0.2391E400
0,1B59E400
-0.2512E400
0,18546E4+00
~0,2604E+400
0, 1834E+00
-0, 2666E400
0417992E400
-0, 26B4E4+00
0,174%9E400
-0,2652E+00
0.1687E4+00
~0,2591E400
0,1617E+00
-0, 2474E400
0,1543E400
-0,2313E400
0.1472E400
~0,2111E400
0+1409E+00
-0,1877E400
0,1359E4+00
-0,1619E400
0,1329E+00
-0,1349E400
0,1323E400
-0, 1075E400
0, 13456E400
-0, 8204E-01
0,1398E+00
-0,5849E-01
0.,1480E+00
-0.3819E-01
0.,1590E+00
-0,2178E-01
0.1724E+00
-0.9561E-02
G.1B875E40D
~0,1427E-02
0.2035E4+00
0.3152E-02
¢, 2195E4+00
0,5111E-02
0.2342E400
0.5752E-02
0.2466E400
0.6650E*02
0,2556E+00
0,9545E-02
0,2602E4+06
0.14619E-01

Table 5,11

~0,3391E+09
G+ 133IEH00
~0.361BE+00
0413B4E400
-0+ 3842E400
0.1425E400
-0,4059E+00
04144B8E400
=01 4259E+00
0.1453E+00
~0.447LEH00
0.1437E400
-0+ 4583E+00
0.1401E400
-0.4691E+00
041343E+00

~0,4755E400

0,1264E+00
-0, 4770E400
0, 1172E400
~0,4734E400
0,1044E+00
-0, 4645E400
0,9471E-01
-0, 4507E+00
0.8279E-01
-0, 4325E+00
0.7129€-01
-0, 4107E+00
0.6094E-01
-0,3844E+00
0.5247E~01
-0+ 3609E+00
044657601
-0, BISEE400
0,4387E-01
-0, 31256400
0,4471E-01
=0, 2925E+00
0. 4947E-01

~0.2773E+00

O|5817E-01
~0,24678E+00
0.,7063E-01
=0, 2647E400
0.8642E-01
-0 +2683E400
0+1049E400
-0,2784E400
0,1250E400
-0+ 29426400
0.1457E+00
-0+ 3142E100
0+165BE400

C =04 3364E4+00
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0,403E+01
0+ 410E101
0.415E+01
0.420E+01
0.423E+01
Ooé30E+01
0.430E+01

0.440E401

. 0.445E+01

0,450E+01
0,455E+01
0, 460E+01
0,445E+01
0,470E+01
o.§755+01

0, 4S0E+01

0.485E+01

0,490E+01
¢.475E+01

0.500E+01

Table 5.11 Optimal Quadratic

~0,115¢4E-01
0.2573E400
~(,1347E-01
0. 2643E400
-0.1973E-01
0.24681E4+00
~0.2468E-01
0.2701E+G0
-0.2940E~01
0.,2700E4+00
-0,3375E-01
0.2672E400
-0,3740E~01
0.2611E400
~0,4011E~01

0,2518E400

~0,4179E-01
0. 2395E400
-0,4258€-01
0,2253E+00
-0.,4287E-01
0.2113E400
-0.4334E-01
01 2008E400
~0.,4433E-01
0.1982E+00
~0,481%7E-01
042089400
-0, 5394E-01
0.2390E400
-0,+6178E-01
0.+2%41E400
~-0.7013E-01
0.3788E400
~0.7555E-01
0+4951E+00
~0.7234E-01
0.6417E400
-0.5243E-01
0.8138E+00
-0,5228E-02

Example 3

ORIGINAL PAGE 1§’
OF POOR QUALITY;

0,2594E400
0.2818E-01
0.2532E+00
0+4473E~01
0,2409E400
0,7249E~01
0+2229E400
0,1053E+00
042000E400
0,1438E400
0,1735E400
0.185BE+00
0+1453E400
0,2273E+00
0+1177E+00
042634E400
0.9334E-01
0.2879E400
047475E-01
042944E400
0,6414E-01
0,2767E+00
0+6273E-01
0,2300E+00
0,7032E-01
0.1523E+00
048437601
0.4601E-01
0+1024E400
~0,8173E-01
0,1172E+00
~0, 2183E+00
041230E400
-0, 3446E400
0.1141E400
-0,4470E400
0,8779E-01
-0, S004E+00
0,4594E-01
~0,1401E-01
0,5397E-03

Feedback Tensors

0.1836E+400
~0,35B9E400
0.197BE+00
=0.3776E400
0.2069E+00
=0, 39G4E400
0,2093E+00
-0.3937E+00
0. 2045E400
-0.,3844L+00
0.1712E400
-0,359BE100
0.1694E400
-0,3180E+00
0. 13972400
-0 25B3E400
0.1033E400

" -0,1B14E+00

0.624%E-01
-0,9042E-01
0.,2017E-01
0.9B27E-02
-0.,2004E-01
0.1132E400
~0.5431E-01
0 2135E+00
-0,7916E~01

0,2948E400 -

~049205E-01
0.3611E400
=0.,9210E-01
0.3992E+00
=0.2044E-01
0.,4102E400
=0, 86043E-01
0.3954E400
~0.3698E~01
0.35617E+00
~G,1558E-01

-0,1073E-02

~0+1416E-02

for
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TINE

0.000ET00
0,300E-01

041008400

4o 150E+G0

04200E+00
0. 250E+00
04 300E400
043505400
0. 400E40C
&, 450E+00

VIOOELQD

<h

0.330ETCE

Ge200E+DD

0+650E700

G.700ES00

0.7505400

-t

G.EQOE+OD
0,830E+00
0, F00E400
D 730E4GD
D.1002401

0.,105E401

0.110E4+01

0.115E+01

0.120E+01

KI(Ld

K33
~04478E-91
¢.1878E-01
=0,4498E-01
0.16B8E-0L
-0.45295~01
0.1700E-01

- =0.45372E-01

0.1721E-01
~0.4626E-01
0,1756e-01
=0.4673E-01
0.1788E-G1
-0.4771E-01
G.1827E-01
-0, 485%E-01
0.1878E~01
-044956E-01
0.1933E-01
-0 3080E-01
L. iFF3E=D1
-0 S14BE-01
0.,2055E-01
-0.9277E-01
G,2120E-01
~0,53BTE-01
0,2183E-04
-0 34EBE-C1

G.2244E-01

-0,5582E-01
0.2301E-01
-0.9665E-01
G 2350E-01
~0,57328-01
(e 2370E-01

-0.,37B0E~01

0.2418E-01
~0,+5807E-01

- 0.2433E-01

-0.5811E-01
0.2433E-01
~0.5787E-01

L

CD.,2415E-01

-0,5742E-01
0, 23B3E-01
-0,5649E-01
0.2332E-01
-0,5573E-01
0,2263E-01
=0, 5456E-01
0.2182E-01

K303
K3{d}
-0, 1316E-4G1
G.7680E-02
-0,1301E-01
0. 7374E-C2
~¢,1307E-C2
0.,6971E-02
-0.13378-01
G.6538e-02
~0.,1294E-01
0.6424E-02
-G, 14BCE-01
0., 4357E-G2
-0 1578E-01
G.54561E-02
~3,1747E-01
G.6757E-02
-8,15278-01
01?2635-02
-4 2137E-01
0,7988E-02
~0,23742-01
0,8335E-02
-0, 2634E~-01
-0.1010E=01
~0,2912E-01
4,1147E-01
-G, 3202E-01
0.,1201E-01
~3,3496E-01
0.+1470E-01
-5,3784E-01
0.1450E-01
-0, 40464E-01
0.,1834E-01
-0.,4319E-01
G.20185-01
-0.,4543E-01
0.2173E~01
-0.4726E-01
0.,2333E-01
~0,48608~-01
0.24712-01
~0.47346E-01
0.25997E-01
-0 ,4948E-01
0,2865E-01

. ~0,4892E-01

0.2687E-01
-0,47464E<01
0.2658E-01

Table 5.12

Go4101E400
~0.,1707E400
0.4115E420
-0, 1713E+00
G+422BE400
-G, 17218400
0.,43137E+00
-G, 1725E400
0.4148E+00
~0.1731E4+00
0.4153E500
=0 1735E400
4.415BE+00
-5.1735E100
0,4157E+400
~0,1741E400
DvA41Z1E+H0D
-0,1741E+00
G ALA1ES00
-G 1737ET00
O, 41Z6E400
~G.17346E400
0. 4105E400
=0, 173CET00
Qe H0FFEROL0
-0, 1722E400
0.4047E500
“01712E400
0.4014E400
~G+1700E+00

0,39758E400 -

-0, 14B8EHDD
G.3IFIGETO0
-G, 1870E400
e 2B89IEHCO
-0,1433E4C0
0.3B52E+09
“0.,15386E+0G
0, 3B12E500
~0,1617EF00
0.3773E400
-6.1402E400
0.,3744E400
-0, 13875400
0, 3720E+00

=0, 18758+00

€.3705E+00
-0.1343E4+G0
043700E400
~0,1557E+00

K34}
K3{g:
04023 E+00
~0.F255E-01
0.402L24+00
-0.,9290E-01
0.40402+00
-0,%323%e-01
0.4021E700
-0,5370£-01
0. 40622400
~0.9410E-01
0.40742400
-0.74485-01
0y A086E+00
-, 9462E-02
040982400
-G.9511E-GL
G+4109E500
-0.?532E~-6L
2 A1IEELOD
-0 FI43E-C1
GodiZeE407
~G.95942E-01
2. 4131E700
-0, 7528E-01
G 4133E+GC
-G, 7497801

24413184040

-0.5454E~01
0,4125E400
-0.,9393E-01
0/ 4114E400
~0,9215E-91
2, 4098E+30
-9, 9223E-01
£,4078E400
-0.,9117E-01
0, 4053E400
-0, F000E-01
0. 4023EHGD
-0, 3875E01
0,3587E400
~(.B747E-01
0,3952E+00

-G.8420E-01

(. 3714E400
-5, BRGGE-D1
{.2874E700
~0,8371E-02
G4 3BITEFOL
-0,8301E-01
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O, 220E+01

ORIGIVAL pagy 1q e
OF POOR QuALTY
g, 123E401 =0 3322E-¢1 =0 4365801 0. 3708EL00 O, I7FFEH00
0 EHP0E-G1 0,2972E-G1 -5, 1557E40D ~0 BRT4E-41
fone TRLLzon

6, 1565401
0. 1558401
0,130E+01
6,1455401

0.170E301

9, 195EH02
G.190E+01

0,198E+0

oy

[y

a?zea£+é:
0.3055+63
$:210E401
G.235E401

0. 2258401

FOE+R

2]

o

b,
0. 2355401
0.240E401
0, 2458401
&, 230E401

D+255E401

“9&51;&_—Qi
C.IF88E-01
-0, 30318-01
0.1581E-01
=0, 48B%E-01
Q. 177EE-01
=0, 47£4E-01

G.1878E-01

—0, 44486501
0.,1572E-61
~0,4507E-G1
0, 1524E-01
-0, 4598E-01
0.1487E-01
-0, 44525-01
0.1478E-01
~0,4777E-01
0. 15046E-01
~0,49878-01
D, 15745-01
~0.3283E-01
(v 146825-01
~0 GEEBE-GL
0.1833E-01
-0 6143E-01
5,20226-01
-0, 4703501
0.2246E-01
-0, 7335561
0.2497E-01
~0.BH31E-01
0. 274%E-D1

-0, B749E-0L

0, Z051E-01
-0, FE25E-01
0,3332E-01
-5.1028E4+00
0,3599E-01
-0, 11016409
0,3B41E~01

“3,11E7EL00
0. 40475-01

=0, 12245400

0,4203E-01.
~0+1270E400

0,4301E~01
-3, 1301E400
9,4331E-01
~5,1314E400
0,42B7E~01
-0, 1310E400

0 4164E-01.

A

-0 4I78E-01
G 2427E-G1
=0 3%71E-01
(¢ 2222E-01
~0,3592E~01
0. 1F41E-01
-0, 21B2E-01
0.1647E-01
-0.27535E-01
G.1289E-91
~0.,3337E-01
¢.8788E-02
-0, 1984E~01
0.4388E-02
-0.14637E-C1

0.7482E~03

-0,1418E-01
-0, 3273E~02
-0,1327E-01
~0,7007E-(2
~0,1375E-01
-0, 1930E-01
-, 1647E-51
-G 1303E=-01
~0,2193E-01
-0, 1503E-01
-0,2773E-01
-0,1841E-01
-0, 34640E~01
-0,1701E-01
-0.,4753E-01
-0,1690E-01
-0.4028E-01

- -D,1A18E~D1

~0:7449E-01
-0, 1498E-01t
-3 BFSBE-01
=0, 1346E-01
~0.1032E+G0
*0111805'01
=0y 1304E+00
~Q.1020E-01

-0 1345E+00

-0, 8853E-02
0. 1466E400
~0.7941E~0Z
~041360E+00
-0, 7A1ZE-0%F
-0.1617E+00
+Q7IR7E-02

-0+15632E400

=(,F150E-02

Table 5.12

0,373%E408
-G 1BEEE400
D, 37445409
-0, 1T73E400
0,381ZE+00
-0, 15905400
§.3877E400
-0, 1613E400
0.2554E400
-0, 1642E400
0.4042E+00
-0, 1677E400
0.4140E400
-0, 1716400
04 4244E400
-0, 17595400
0.4351E+00
-0, 18055400
D, 44576400
-0, 18525400
G, 45556400
-0, 187BE4G0
0. 46445400
-0, 1742E400
0,4714E400
~0,1583E+00
0, 4747E400
-0, 20218460
£, 4793400
-0, 20545400
04795400
-0, Z084E400
0, 474BE400-
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0,37I9EG0
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0,3711E400
-0+34538-01
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~0.B443E~01
0:3749E+00
-G 834%E-01
0.3728BE+0G0
‘00?1365‘01
02840100
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-0, 1292E4+00
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0,260E408
G.269E+01
0. 370E+01
G, 273E+401
0.280E+01
0.2ETE401
0.270E401
0.,2952401
0,300E4+01
0,305E401

0,310E+01

D 340E408

3. 345E+01

D,350E401 -

0.,355E401

0.3460E401

+363E501

3,370E401

04+ 375E4+01

0,380E401

0.+385E+01

0. 390E401

-0, 12858400
0.3251E~01
~0, 1 TEPEHO0
0,3477E-01
~0,11748400
0.2314E-01
-0, 1090E400
0.2887E-01
-0,9907E-01
0,2398E-01
-0.,8787E-01
0,1864E-01
-0,7591E-01
0,1301E-01
~0,6375E-01
0,7294E~02

=0, 9197E-01

0.,1703E-92
~0,4122E-01
-0,3532E-02
-0,3269E-01
-0.8177E-02
-0, 2510E-G1
=0.,12006E-01
=0 2067E-C1
~0.1478E-01
-0.19204E-01
-0,15834E-01
-{2029E-01
-G, 1645801
~0.,2433E-01

~0.1010E-01

-0.3076E-01
-0.120FE-G1

=0 39228-01

-0,7388E~02
-G 4S10E~01
-0, 9723E-03
~0.5973E~01
0.7047E=02
-0,7049E-01
0.1471E-61
-0.B0445-01
0,2780E-01
-0, 8555E-01
0,4015E-01
~0,95864E-01

G.53ISLIE-01-
=0 1013EH00

0.6759E-01
-G, 1036E400
0,8201E-01
~0.1029E400
0,9438E-01

-0, 1579E+00
~0.1115E-01
-0 1314E400
-0, 139%E-0!
-0.1374E400
~0.17484E-01
-0.1183E400
-0, 22128014
~5.9439E-01
-0.,2731E-01
~0.6630E-01
-0.,3317E-01
-0,3371E-01
-0.3966E-01
-0y 3430E-02
‘0046725-01

G,2876E-01
-0.5431E-01

0.3714E-01
~0,8242E-01

0,8605E-01
-0.,7102E-01

0,1080E400

~0.8007E-01

0,123BE+00
-0,8949E-01
0.1326E400
~0,5713E-01
0,1343E+00
-0 1087E$00
G, 12926400
-0, 1175400
0,1179E+00
~0,1262E+00
0,1014E+00
~0,1327E400
0.8160E-01
-0, 1368E+00
6,591BE-01
=0, 1373E400
"9, 3562E~01

- =0,1333E+00

0. 1154E-01
-0, 12376400
~0,1102E-01
-0,1077E%00
-0.3361E-01
-0,8458E-01
-0,5225E-01
~0.5400E-01
~0,46531E-01
-0,16075-01
-0,8291E-01

" 0,2364E-01
Table 5.12

G A129E4G0
-0 27652100
G.4321E400
-0,2711E+00
G.4472E400
-0.3042E+00
0.476E+00
~0.,3218E+00
0.5150E+G0
-0.,3373E400
0.5610E+00
-0.,3521E+00
0.4136E400
-0,3458E400
0,&711E400
-0,3778E+00
0.7312E¥00
-0, IB7FELQO

0.,7713E+C0.

-0.,3940E400
0,848EE+00
-0, 4023E400
G FODAELED
~0,4072E+00
0,7451E+00
0, 4116E400
0.9807E+00
-0,4161E+00
0,1007E+01
-0,4217E400
0,1023E+01
~0,4292E400
0.1032E+01
~0,4392E+00
9+ 1035E+01
-0, 4520E+00
0.1034E+01
-2, 4672E+00
0,1032E+01
~0,4840E+00
0,1030E+01
=0, 5009E400
04102BE+01
~0,5160E+00
041028E+01
~0,5263E+00
0.1026E+01
~0,5307E+00
0+1021E+01
-0,5251E+00
0.1010E+01
-0,5078E400
04 5889E+00
~0,4789E+00

w

0,813CE4H00
-0, 150BE+00
0.3227E100
-0,1587E+00
0,933224+00
~041678E400
0,5520E400
=0.,1777E+00
0.37335E+00
~0,188BE+00
06.5999E+00C
-0.1999E400
0.,6311E400
-0 2108E40G
0.6867E400
=0, 22Z0BE+00
0,7058E+00
~0,2294E+00
0.7446FE400
~0.23460E400
0.78B6EH00
-0.,2404E400
(. 32BEEHQD
-0, 24248 H00
¢.BESTELOD
-0,2420E400
0,5983E+00
-0,2374E1GD
G+ 7246E400
=0, 233FET00
0.74472100
-0.2317E+00
0.7590E4+G0
=0, 2279E400
0.7881E+00
~-G,2256E4H00
0 97378400
=0 2256400
G.5778E+00
~0.,2284E+00
0.9826E+00
-0,2344E+00
0.¥BFEE+0D
-0,2432E+00
0.1000E+01
-0, 2542E+00
0.1014E402
~0.2659E400
0,1030E+01
~0,2767E+00
0.,1043E+401
~0.+2844E100
0.1035E+01
-0,2845E4+00
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3,395E401
. 4008301
6. 405E+04
044105401

O.A15E+01

0.340E+01
0.4455?ﬁ1
0, 4308401
0455E+01
0. 440E401

O 3465E401

b, 570E401

0, 475E+01

0, 480E401
B 485E+01
£.470EL0S
04958401

05005401

~0,9916E-01
0. 11028400
-5, §IF4E-01
OVIZ21E+0G
-0.83288~-01
0. 13456400
~0.7194E-01
G, 14372400
-0, 5931E-01
0,13115+00
-0, 4645801
0, 15585 +00
~0,3440E-01
0. 1E77E+00
-0,2511E-01
C.1571E400
~0.,1912E-01
L 13IFE400
-0,1726E-01
0,1483E400
-0, 1924E-01
0.1404E+00
-0, 2350E-01
0.13025400
-0,2713E-01
0, 1178E400
-0, 2653E-01
0. 1034E+00
~0,1895E-01
0, 35252-01
-0, 5313602
9, 75455~01
0,4521E02
0.6818E-01
-0,1852E-02
0,7302E-01
-0, 465701
0. F335E-01
-0, 2097E400
0 1268E400
-0, 4910E400
0,1567E+00
~0,9371E400
0,1462E400
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~0,7185E-01
0.789FE-01
-0, §47PE=0]
., 13336400
-0, B744E-01
0, 1873E+00
-0, 7485E-01
G.24455460
-0, 4F19E-01
0. 2FL1EH0D
-0, 12330-01
0/3416E+00
0,3403E-01
0.3771E+0¢

0,8545E-01

0.4077E40C
0, 1353E400
G, 42775400
0,1722E+09
0,4402E+00
0.1857E+00
0 4437E460
0 1&42E42D
G, AZALEH00
G.1032E+00
SEIIETOO
0.8851E-02
0146448400
=D 25%5E-01
G, a5786E400
-0.17548400
0.A349E400
~0.1759E+00
0 3F2TEHCO
-0,4922E-01
0 33F3EL00
§,2322E400

0, 2830E+0D
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5,&534E400

0+2704E400
0.1144E401
0.3IBIEH00
0,1583E+01
2.5110E+20

5.95556400
-5, 43156400
0, F0B7E+GO
-0, 37205400
0V BATEETDD

075228400
0. 219554+00
-0, 1330E+00

0.5328E100
~0,5331E-01

0,6126E400
0.1215E-01

0. 60456E400-

0, 719CE-01
0. 4385E400
0.1019E400
0,7178E300
O L1O53EF0D
0,8364ETL0
G, 8363E-01
(0. F758ET00
G.4374E-01
0,11058401
-0,225642-02

0+11B3E+01

© =0, 4133E-01

0411672401
=0, £189E-01
0, 12I0E+01
=-0,857868E-01
0.7493E+00
=0.,4042E-01
0, 43835460
-0, 1850E-01
0,4221E-01
=0.1002E-01
~0,3741E40D

-0,2016E-01

=0 4566E400
=0,3294E-01
-0, 1213E400
-0.7317E-G2

D.10565+01
-0, 23055409
G.1041E401
=G, 24402400
B, 10058401
-0, 2351E400
0.P437ET00
-0,1725E8404
0.B537E400
=0, 1351E400
(. 734FE400
~0.6711E-0L
0.5904E+00
H.1118E~01

5,4200E400

0.F374E-01
G.2399E10C
0.17375+00
¢ 1G1BE400
0.24322+00
-0, 2848E-01
G 29418400
~04,1133E400
0,32G2E+00
-0, 1421E100
0.3183E+0G
=0,1092E+00

0.2901E+0G.

-0,23255-01
5, 2421E+00
0,97325-01
0,1844E+00
0,2257E400
0.1275E+00
0,33455400
0,9112E~0%
0, 40292400
0,4707E-01
D,4279E4+00
0.,2387E-01
0,41515409
0,7830E-02
0,1270E+00

-0 4125E-03

Table 5.12 Optimal Third Order Feedback Tensors for Example 3
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Figure 5.9 /e Linear Feedback Region
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Figure 5,10 The Quadratic Regicn of Usefulress for Example 3,
The dimensions are the same as those in Figure 5.9.
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Figure 5.11 The Third Order Region of Usefulness for Example 3.
The dimensions are the same as those in Figure 5.9.
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CHAPTER VI
CONCLUSTIONS
This thesis explains research on nonlinear optimal control performed over
the last two years. The main accomplishment of this research is a software
pack;ge which finds the solution to the nonlinear optimal coptrdl problem when

the plant cost functional admits a polynomial expansion.

fhere are several concepts which must be understood before the methods
the software uges can be fully appfeciated. First, an understanding of tensor
algebra iIs necessary. The second and third chapters of this thesis discuss
some topics in tensor algebra. Some of the tensor functions which are de-
veloped are very problem specific. The Pérmutation of eovariant powers, the
ralising and lowering of covariant and contravarliant powers, and the transpo-
sition operation all aid greatly in the manipulation of tensors in complicated
expressions. Such functions are.generally not fdund'in therliterature in the
form in which thé& appear here. Greub [11,12] talks about permutation oper-
ators on.tensor spaces TP(V), but not on spaces'Tp'q(U,V). Simtlarly, Greub
refers tc dual tensors in Tp(V) for tensors in TP(V), but noﬁ duals of tensors
in TP»9(U,V). This notion of dual tensors is generalized here to encompass
the raising and lowering of powers. Also, tramsposition 1s just the simul-
taneous lowering of one coatravariant power and ralsing of one covariant

power.

Other tensor functions used here are more standard in the literature.
The tensor prodﬁet, tensor contraction, and tensor symmetrization are all dis-
cussed by Greub; Two more basic tensor functions.which are necessary Lo de-
fine tensor algebra as an algebra are scalar multiplication of a tensor and

tensor addition. There are subroutines to accomplish these functions, but
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they are so basic they vere not discussed in Chapter IIT. The tensor product
is also a basic function, but its action is more complicated than scalar

multiplication and tenscr addition. Indeed, with

- i 0
T(V) = )} T (V), where the sum is direct and T (V) = R,
i=0,3=0 J 0
T(V) 1s a graded algebra with the tensor product used to combine eclements of
T(V) to get other elements of T(V), and with both scalar multiplication and

the tensor product distributing over additiom.

Tensor contraction was generalized here from the description in Greub.
Greub describes a contraction operator which acts on only one contravariant
aiid one covariant power at a time. The contraction here operates on an arbi-

trary number of powers at a time from arbitrary spaces.

- The symmetrization here was developed similar to that in Greub. The main -

difference here is in the ability to symmetrize an arbitrary number of co=
variant or contravariant powers and leave some powers unsymmetrized. The

software was dgvéloﬁed with this generality.

'_The tensor functions just described all followed Buric [1] in both nota-
tion and the functions with one exception. The éontravariant symmetrization
15 defined in a differént manner than the covariant symmetrization in this
thesis; This is done tv ensure that the contractions performed in the sym-

metric space yield the sane results as in the normal tengor space.

The next concept which must be understood is nonlinear-optimai control

theory. This was discussed briefly at the beginning of Chapter IV, Classic

nonlinear control theory derives conditions which the optimal cost functional, .

V{x,t), and the optimal feedback control, u*(x,t), must solve. These condi=

[
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tions are that the Hamilton—-Jacobi-Bellman (HJB) equation and the partial de—
rivative of the HJB equation with respect to the control u(t) must vanish.
Wheﬁ-the system
x = £(x,u,t)
and the cost functional
| J = M(x(t])) + ftl L(x,u,t)dt
to
admit a polynomial expansion, then tensor algebra is a natural setting in
which to imbed the problem. Furthérmure, if the linear;trﬁncation of £ is

stabilizable, M and L begin with quadratic pbwers of x and u, £(0,0,t) =0,

and the set of admissible controllers is

(m]

1 m
(t)e x '}

2 = {ulx,t)|ulx,t) = } X
. m=: [m

then Buric showed that the above conditions were sufficient as well and that

4 k
Vix,t) = § V] © xlkl,
/ k=2

' 1 ' '
The V[k] and K[ 1 solve the explicit equations derived in Chapter IV.
m

After these concepts are assimilated, the software can be dissected in a

straightforward manner. The appendix describes the software and shows how the

different subroutines interrelate. Xt should be noted that TLIB, the tensor
subroutine libratry contains all of the functibn subroutinesg'.Tﬁese sub= |
réufinés are used primarily by TNSCLC and XCALC. TNSCLC caleulates the feed-
back tensors glven ﬁhe system tensors and the parameter file PARAM, XCALC
uses these feedback tensors t@-cpiculate the state trajectories, given the

system and PARAM. PARAM is the set of parameters, generated by the program

PARGEN, which describe the sizes of variocus tensors and the time variables for

the problem.
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The program STAB calls the subroutine XCALC many times in an exhaustive
search of the space of possible initial conditions in order to determine the
set of initial conditions which are acceptable. These “"regions of usefulness”

are shown in Chapter V for two of the example problems.

Chapter V containg three examples. These examples show four main re-
sults. PFirst of all the Lukes example verifies the software in the sense that
the program calculated the same feedback tensors for linear and quadratic
feedback as Lukes calculated. Secsnd, since the problems were of different
sizesvthey served as a demonstration of the fleiibility of the software.
Third, the second and third examples showed that the third order feedback had
a larger reéion of usefulness than linear or quadratic feedback. Finally, the
third example showed for one case the coﬁpatibility of this technique with an

identified model.

Thef? are several ptomising areas here for future research. First, now
that thegé is a general package set up for calculaging nonlinear feedback
tensors, a search for more examples to demonstrate the usefuinesé of the
higher order feedback terms should be carried out. The flexibility of the
program is ideal for changing problems or constraints in a relatively short
period of time. This seérch should include c¢hanging the cost functional-to_be

minimized in order to achieve'design goals. Once more examples have been

found, software for calculating fourth and fifth order feedback tensors should

be implemented. After those feedback tensors can be calculated another search
fotIEXamplgS-should bhe carried out to:démphstrate"the=usefulness of those

terms.

Another area for which this thesis is a preliminary study is the’mixing

@f_identified models with the calculations of feedback tensors. It must be
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determined whether a model which was chosen to outperform models of like de-
gree can he used in an algorithm based upon using the Taylor series truncation
of the actual system. This can be viewed a8 a robustness problem——can non-
linear feedback perform 3atisfactqr11y in the face of modeling errors. This

is an area which must be studied before the feedback can be used in practice.

Another area for potential research is the scheduling of nonlinear cou-
trols. The problem envisioned is that of controlling a system which has a
series of nonlinear models scheduled over an operating line. Each of these
models 1is oniy locally valid. A nonlinear controller for each of these models
would be calculated. Then, when transitioning from the region where cvue model
is valid to the region where the next model is valid, the controller would be
qhanged smoothly. This problem involves checking that the regions of useful-
‘ness overlap gufficiently from one model to the next to ensure stahility.
Other quéstions such as how nonlinear scheduling should be viewed theo-—
retically-also must be entertained. Applications for this-resea;ch would in-
clude fliéht controls. In particular, solving both the question of com-
patibilify with mbdels and the problem Qf scheduling would give the ability to

use simulations such as HYTESS [13] to design controllers for actual flight

systems.




APPENDIX A
This appendix contains the software described in the preceding chapters

of this thesis. This software is written in FORTRAN IV-plus on a PDP-11/44,

A flow chart for a representativg problem is shown in Figure A.l. The
user of the software must calculate the system tensors and the cost functional
tensors. These tensors are input into TNSCLC. The program PARGEN 18 run
first. This program accepts as input the number of states, the number of con-
trols, the 1hic1a1 time, the finai time, the integration stépaize, and the
numbér of integration steps between stored values of the contreoller tensors in
TNSCLC. PARGEN creates the file PARAM, which contains the set of parameters
uéed by TNSCLC and XCALC to dimension all of the tensors, to perform functions
on the tensors, to ¢alculate the feedback tensors over time, to store and re-

trieve these tensors, and to calculate the state trajectories over time.

TNSGEE is run next. TNSCLC uses the input system and cost functional

. _ 1 1 1
tensors énd PARAM, to calculate V2], V[3], V[4], Kl' X , and K from the

2} {3]
equations derived in Chapter IV. The values for each of these tensors is
stored over time in data files. TNSCLC uses the subroutines in TLIB, the

1ibrary of tensotr subroutines, to perform the necessary calculations. The

1ist of these subroutines is shown in Figure A.2.

After TNSCLC is run, XCALC may be run to view the behavior.of the system
with the feedback, XCALC uses PARAM and the actual system equatlons to inte-
grate.the states whgn the controlier tensors are used. This program may,bg
run with as many different_sets of initial conditigns as desired. If the be-

havior of the system is acceptable the program STAB may be run.
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RUNGE
TCONT
TCONTL
TRANS
PERM

RAISE

Figure‘A.Z. The List of Subroutines in TLIB.

TLIB 18 used by TNSCLC and XCALC to perform all of the
tensor functions and integrations. ,

TLIB

SMULT
TMULT
TADD

DPROD

DELTA
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STAB calculates-the ragions of ugsefulness discussed in Chapter V, by re-
peatedly c¢alling XCALC with different initfal conditions. The program STAB
outputs the regions shown in Chapter V. Printouts of each of the subroutines
in TLIB and each of the programe discussed above are contained in the Appen—

dix.

ey
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THIS PROGRAN GEMERATES THE PARANEYERS USED IN CALCHLA- 33X
TING THE NOKLIHEAR FEEDBACK TENSOR COEFFICIERTS IK THE SOLUTIOR £X%
T THE HOMLINEAR OPTIMAL CONTROL PROBLEN, THESE PARANETERS ARE f1%
USED TO DETERHIRE THE PIHENSIONS OF THE DXFFERERT TEHSORS IH KEE
BOTH SYNHETRIC ANR UNSGYMMETRIC FORMSG, THIS PROGRAM ALSO FEEDS sk
INFORMATION ABOUT THE NUMBER OF TRTEGRATIOR STEPS AND THE NHUKBERLKY
OF STORED YALUES TO THE AAIN PROGRAN. PROGRANS WHICH USE TRE 38
RESULTS OF THIS PRGRAM BG $0 BY HAVING THE FXRST LINE OF THElR $xx
COnE BE 1324

INCLUDE ‘FARAHIWFTH’ . o 324
AFTER THIS LYHE, THE PARAHETERS CAH RBE USED A5 XF THEY UERE THE X¥x
NUHBERS THENSELVES. THIS IS MOST USEFUL IN PRUGRAKS WHICH OHE %%
WISHES 70 UGE RXFFEREHY TIMES WIYH DIFFERENY SIZE TEMSORS. %%
ALL ONE HAS TO DO IS RUR THIS PROGRAM THEN RECOKPILE THE ORXBI- %ik
HAL PROGRAN, THUS XFf OHE COHSISYEMTLY USES THE FARAMETERS Y¥  #4%
THE ORIGINAL FROGRAM IHSYEAD OF THEIK RUMERIC VALUES: THER THE fx
PROGRAN WILL HOT HAVE TO BE CHAMGED LYNE BY LIME., S0s WHILE ¥

THE TINE NECESSARY Y0 RECOMPILE THE FROGRAM WXLL HAVE TO KE £XE

SPENT» THE ARDUOUS TASK OF CONMPLETELY REPROGRAMMIMNG A WURKING  %Xx%

PROGRAM WILL NOT BE REQUIRED. o

4 : kX

IMPORTART VARIABLES! X

: IDYNAS  THE DINEMGXON OF THE INBEPEMBENT VARIADLE Xk
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12413 X4 X52280 550 IDIMX RAXSED 70 THE APPROPRIATE ¥t
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NINEMSION OF A TENSOR WHMICH XS THE SYMMETREC 5%
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344

TO3 THE STYARTING TIHE FOR THE INTEGRATIION ' Txx
T1: THE FIRAL TIHME FOR THE INTEGRATIOR b 3
DT} THE XMTEGRATION STEPSYZE 3 3
IIT! THE TOTAL RUKRER OF INTEGRAYION STFPS X
J143  THE HUMBER OF STEPS RETWEELM STORED VALUES :9:3 4
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g=12 S ‘ R¥X
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101D3=111 1323
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TENSOR WHICH HAS OHE COHTRAYARIANT PNWER OF XX

THE DEPERPERT VARIABLE: ORE COVRRIANT FORER OF 4%
THE COMYROL VYARIABLE: AHD TWO COYARIANT POMERS %33

OF THE INDEFENDERT VARIARLE 37
15102 LRINKRAS2 X

3}

THPUT! b $ 1
IDIKXs IDINUs TO: 11y DTy J1t ARE ACCEFTED AS INPUY 132
YARTABLES BY THIS PROGRAN, FRON THEN ALL OTHER VARI-  &8%

ABLES CALCULATED, 1334

12

DUFUT! $13

- THE OUTPUT X5 INTO ‘PARANL.FTN’, A FILE WHICH CONSISTS $3%
OF OME PARAMETER STATEMEKT WHICR 18 ABOUT FXFTEEN LINES 38%
LONG, THUS XF OHE USES THXS FILE YIA AN INCLUDE STATE- 8%
MENT» ORE HUST USE THE ‘/C0I15’ SHXTCH WHEN THE PROGRAK &%
15 CONPTIED, E.G.» SAY THE FIRST LYNE OF “NAIN.FIN/ I3 $3%

. 2,

[NCILUDE ‘PARANL,FTN” 118
. £14

THEN THE COMPILATION LINE MUST BE a%%
| 13

SFOR HATN:NATH=NATN/CO315 298
158

OR ELSE THE PROGRAN WILL HOT CONPILE. %8
- - Kix

B
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1
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Cxsx
Cx¥k

TYPE 1

FORMAT(’ ENTER THE RIKERSIOR OF THE X VARIABLE')
ACEEPT % TOIMX

TYPE 20

FORMAT(’ ENTER THE DIMERSION OF THE U VARIARLE’)
ACCEPT %, TDINU

IR=IDINX¥¥2

12=10 :

101 D1=IDIHXEIDINU

Iii=10in

- IR=IDINUXX2
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I1S50-1540% (IBINU4A) /5
I4=TDIMI5%

I15=IDTIHURLS

I24=TR¥Y4

133=130813

142=140%10

I51=150%IDINX

160=TDIHIKES

IS4=1S5x (IDINX+T)/6
I515=T65%TDINY

1524:1820£1854

I1S33=18350%1I83

1542=1540%]152

1851=1850%IDINX
15460=35G0X(IDINU+5)/6

AFTER CALCULATIRG ALL OF THE DESTRED PARAMETERY WHICH DEPERD CORLY
UPON TOTHX AHD ININU» THE OUTPUY FILE 1S SET UP AMD THEN THE INFOR-
MATION ABOUT THE INTEGRATION STEFS 15 OBTAIRED.

OPEN (UNIT=1sTYPE:='NEB’ sHAKE:='PARAHL.FTR')

TYPE %’ EMNTER 10,711,007,

ACCEPT ®2TO02T1,0T

ITT=LFIXC(TL=TO)/0T+0,0001241

TYPE %s’ ENTER THE HUMBER OF STEPS BETHEEN QTOREB VALUES .’
ACCFPT S:Jl'

133

-

Prmay

pasenre 1y

ey

-1

i

I8
ts
i
i
i




Rl

PR e —, W

Cxax
Cixx
Cxxx
Cexx
Cxkx
Cxxx
Caxx
Crxx
Cxkx

- CEkEx

Crsx
Cxxx

Ca¥x
Cxxx
Cxix
Ciry
Cxxx
Crxx
Caxx
Cxkx
Cxxx
Chxx
Cxix
10

]

"M ot po

B DO A OO R DO A0 00 N0 GO 00 RO PG

THE NEXT VARIARLE CALCCULATEDs IIXTe IS USED A5 THE HUKBER i
[HTEGRATION STEPS XH THE SECOMDARY IMTEGRATION., T0 BE USED, THE
HAIN PROGRAK SHOULD' ORLY SAVE EVERY J11 VALUES FROK THE PRIKARY
INTEGRATION,  TYEY YALUES WILL THEM HAVE REEN SAVED {ALSUNING
THAT THE FIRST ARD LAST UALUES HAVE KEEHR SAVED), THUS IF THE
FIRST INTEGRATION XS OOME BACKWARDS YN TIHE USENG XIT INTEGRATION
STEFS AND SAVIRG EVERY J11 VUALUES OF YHE DESIKEV TENSORSs THEN

RY INTEBRATIHG FORWARD IN YIAE AND USING TXIIT TNTEGRATION STEPS,
WITH A STEPSIZE OF (V1-T0)/X)ITs ONE MILL GET BRCK TO Ti 4HD USE
ALL OF THE SAVED TEMSOR YALUES.

I1IT=IFIA(FLOAT(IIV-1)/FLOAT(J11)40.0001)41

WRITE(1700) 10212, TOURLs 1125 R 12021322129 1215 130+ 14¢113,122,
131vl40915:114fl23!1327141!]50!16r115r124r1331142r151rléﬂ:!ﬁ?r
1511!1520113371512:LSZl:IS307154!IS&311322:13311£$40v13511514p
1523!1332!1541v13501156i19151152431533:134211951!15607!510211!T!
TRIMA s TOIMU e TO» T DT ELXT 1L :

CLOSE (UNIT=1)

STOP '

THE FOLLORING IS THE FORHAT STATEKEHT WHICH ERSURES THAT THE
PARANETERS ARE STORED IN “PARANL.FTM’ IN OMNE PROPER PARAHETER
STATEMENT, EVERY REW LIRE NUST HAVE A CHARGCTER IN THE SIXTH
COLUNN TO BE A CONTINUATION OF THE LINE PRECEDING If., LT SHOULD
BE NOTED THAY IF THE DIMENSIONS GET TO KE $0 LARGE THAT IDIHX
RAISED TO THE POMER OF $XX X5 NORE THAH FIVE NIGITS LONG, AN
OUTPUT ERROR WILL OCCUR: ALSQ» JF THE PARAMETERS BET TO BF 700
LARGE, THEM THE TEMSORS WHICH USE THESE PARAMETERS FOR THEIR
DIKENSIONS KAY GET TOD LARGE TO BE USEFUL,

FORMAT(6Xs ‘PARANETER IR=' sy’ 2= s XAr s d0ADI= 914y s T11:=7 3 1A/
W % IR 3 XAy g X20%" s XAy 3 XT=/ 9 XAa /5 RL 257 2 XAy 9 120 9 Tds’ "/
) S 1 IELEAES CTAES CELEY CTRED S & EAES - TRES 5 LXFS - TRAS & { XS LTI
G%e’2 LEDERES S PANE CEags S TARY E L ELES ¢ VEES X PN TR & C LTI S Iy
SXs'8 TA1=798Gy v 150=" 915" pT6=' 10 1115/ s X597 s X24=" 315,757/
R IRX SR HTRES C T IO D CTRED ¢ BT ¢ FRND €U PLES TR Y LR G T
) OR8] IS11=" 910y "y ISP0=y159 9183/ s 1%y s 16122 ¢ XS5 X600 i7 415/
X2 715303’1153'11543’1151'713133'1151’1[322“’115:’7T53l4'115!
fe//5Xs % XS40=' IG5/ s TS5/ 915y 9 IS1A 3%y  pI62Fe’ s Y5575 7/
5Xr’2 15323’715:’!1341=’:Iﬁr’ylSﬁO#':Iﬁ:'rIG'ﬂ':IS:’rI§15=’!15v/
OXy ‘% y1624%/ 9159/ 11833’ rASs/ 118422 915yt 1E5L= 515y 757/

02’8 I860=7 5102 2180022 s 152/ o TXT* 2 X527 s LOINK=" 1 0527,

/5’8 IDIMU='9162"9T0="+F13,6s v T3 sF13089/9DT=" sF13, 4+

%5 % sITIT=/ 7155 s 1% 415) ' S '

END
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B2 d 302t 0e0 33280020t ebtednistd i idaiiid 4433030 eieriesatitss tnntih ety
3333833300383 bedtiit ettt biist i st et ted b it e bttt bab ottt bbbty
CORERRRRER Rt L ERERERR SRR LKA KRR ER R R R LR R OR R R Rk bk

Cinx 3 $
Cexe TITLE: TNSCLD 1 334
Crxx AUTHOR?  JOSEPH A, 0’SULLIVAN b33 ]
9 § ¢ - e
Crsx SUBROUTINE THSCLG CALCULATES YHE OPTINal FEENBACK ‘ ¥xx
Cyxx TENSORS . L $ 5
Cin THIS SUBROUTINE USES THE FILE “PARANIL.FTH’ WHICH 1S P&
Caxy GENERATED RY ‘BK2IPARGEN.TSK’, THIS FILE CONTAIRS ALL OF YHE stk
(7 § § 4 PARANETERS USED FOR DIMENSIOHS AND FUR THE INTEBRATIONS, 133
19 3 3 ) THIS SUBROUTINE ALSC USES THE SUBRDUTIRES IR ‘TLIB’ THE LIBRARY k%
Crix OF TENSOR FUHCTIONS. 3 9 ]
Cixt ’ , % §:4
Cxxx IHPORTANT JARIABLES? ’ £xx
Cx¥s Ay Ry A20y A%1s K02y A30y AZ1s ALZs A03s..0t THE ixt
Crrx COEFFICIENTS OF THE POUERS OF THE CONTROL AND 3%
Ckxs STATE VARIJABLES IR THE DIFFERERTLAL EQUATION 334
Cxex DESCRYBING THE BYSTEM, IF DX I5 THE DERIVATIVE $%%
Caxt - .- OF THE STATE VARIABLEs ARD X 14 THE STATE VARX- £%
Cisx ABLE: U THE CONTROL YARIABLE. AND X2, U2y X3» 3 8
Crxx ' U3» ARE THE TERSOR PRODUETS OF O AND X HITH ek
Cix THEMSELYES, THEN ¥A%
Cxxx ke
Crix 2 2 2 3 3 FES
Crst . DX=ARXIBRUHAZ0CU2HAI SRULYLA02EX24AZ0BUTHA21EU2XY Y « « REE
Cxxx b2 3
caex h WHERE ‘¥’ STARDS FOR THE TENSOR PROBUCT» AKR thE
Cixx : ‘/# STANRS FOR THE CONTRACTION OPERATOR. X
Crst @y Ry 020y 021y Q12 Q0Fs GAOy Q31y.i:! COEFFICEERTS  A%X
0 § § 4 OF THE POWERS OF THE CONVROL AND STATE YARL - 73X
Cxx2 : ABLES IR THE IRTEGRAL ERUATION FOR THE COST b 2 §
Cssx ‘ WRICH MUST PE HINIMXZED. XX
Cktx Vy V3r VAye, ot COEFFICIENTS FOR THE OPTYMRL COST FOR k¢
Crix : THE PROBLEM., FEX
Cxx% Ky K2¢ K3ssue! OPTIKAL FEEDBACK COEFFICIERTS kX
Cxsx K28y X382..:3 SYMMETRIC YVERSIONG (IF X2y K32, b8 3 ]
cxex @Se RSy 23085, @218s...!  SYRHETRIC VERSIONS OF @1y Rse:v X232
cCxex A205r A028y AJ0Gr A218r,,,1 SYMMETRIC VERSIONS OF 420, x3x
C“‘ : ﬁﬁi’! Allr 4o L £ 34
Crex DYy DYYs DYAy DBYE, DYIS, DYAG,.,3 DERIVATIVES AND THE ¥¥%
CExx SYNMETRIC VEREIORE OF TRE BERIVATIVES OF Ve Vir 5%
CEkx R LYY . o ] X
Ce0% : IDINY: IDRIMU. T2. Tit. 120, T2y Y219...1 DIKERGIORS . k%X -
cxxx OF THE COMTROL AMD STATE VECTORS AND HIGHER T
C¥ix ORDEK TERSOR PRODUCTS OF THOSE VARIABLES. 2 33
cras E:lisy I32=IP IR TRINENAXED, 1
CEx¥ 182y 1820y 153r IS2%iress! DIHENSIOR OF SYNHETRIC 1344
W § 4 , TEMSORS MHOSE UHQYHHFTRI! BINENGIONS ARE [2, xx
Cxtt 1200 13r4ce _ 4 13
Csix IIT? THE RUMBER OF INTEGRATION QTFPS X%
(3 33 DT: INTEGRATION STEPSIZE P34
CE¥2 .~ ppT DT, THE IN]EGRRTION QTFPQITr 3 FD BF!AUSE THE REY
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Ctex INVEGRATION X5 DOME IH NEGATIVE TINE 154
Ckir TO»TR! AIRIVIAL AND FINAL TIHEG FOR THE JHTEGRATION e
Crka J1L3 HUNBER OF YHTEGRATION STEPS BPETUEEH STORED YALUES 2kt
Cxix OF U2, KIsV3GsK25y .0« Y 3
Cxxx IIXIT:  NUMBER OF STORED VALUES OF Y28; K1y Yi8r,.., ik
Cxx% 24
Cxix THERE ARE FIVE NAIH SECTIONS TO THIS PROGRAMI : EE LS
Cxsx I, THIS SECTION COHTALRS THE PARGKETERSs THE NXWERSYOR fhe
Crxx STATEMENTS, AND THE DATA STYATEHEMTS. THESE bE s .
Crix DATA STATEMERTS LOAD IR THE VALUES OF THE SY4H- %t%
Crax TER AND COST FURCTIONAL TEHSORS. EE Y
Crex 2, THIS SECTIOR CALCULATES THE FIRAL VALUES OF THE 4 34
Cinz CONTROLLER TEANSORS AND THE OPTINAL YALUE kXX
Cxix TEREORS, THE STATEKERTS WHICH SETUP YHE DATA  LEX
Caxx FILES FOR STORING THE PQLFULATED YEHBORS ﬂRb L34
Crsx ALSD IN YHIS SECTION. SEVERAL . TERSORS WHOSE . g
Cikx YALUES REMAXN CONSTANT FOR THE NURATION OF THE  %x
Catx CALCULATIONS &RE COHPUTED IR THIS SECTION, Ry 3 §
Cxxx ‘ 3, THE CALCULATIONS OF Y25 AHD K1 ARE YW THIS SECTION, aid
Crxx THE RICCATI EQUATIOR XS5 INTEGRATED HERE USIHG %%
Cxix - SEVERAL TENSORS WHICH WERE CALCULNTED IN SEC- %X
Crss TIOR 2. THE RICCATI EQUATION I8 DISCUSSED IR &¢%
Crxx THE COMHENTS XM SECTION 2. X1
Cxsi 4. THE CALCULATIONS OF U35 6ND K28 aRE IN YHIS SECTION. 2fx%
Cxrx THE LINEAK DIFFEREMTIAL FOUATION IS YMTEGRATED %i#
Cxtx FOR V35 AND K25 IS FOURD A5 AR AFFIRE FURCTION fux
Cxkx OF Y38, XK
Ckex © T VAS ARR K35 GRE CALCULATED IR THIS SECTIOR. THESE  $2%
Cxax ; CALCULATIONS MIRROR THOSE FOR Y33 AND K29, -3 3 4
Cxex ' ' RRk

(R 3300 00 o080t es g sttt ottt dsdti ettt it ittt it et et et esssostttset
(23303t ad ettt et e i ad s it v sttt ettt ettt lstca.
Ctattttxttxtttxtttttttttt##::ttttt:tttnt:tttxt:tztxttaattxttzztattn;::t:::t
SUBRDUTINRE THSCLC
INCLUDBE ‘PARAMIFTN'
DIMENSION V(IR)rACIE) oB(TRINDIsROIR) $RIRVCIR) +QUPCIRIDY)
DIMENSION QR(XQ)RIQGCIGIDL)BRIQ(IN) ,PRICIVIVL ) QID1LIALNL)
DIMENSION Q<TQ)sBT(IQID1) ¢ BRB(IQ) +RUPT(XRIDL) s ERACZ)
DIMENSION QCOMSCX0) AV ;UAVL (XD »YAY2(IN) ;VERBCIA) »YRY(IQ)
DIHERSION VAVIC(TO) sBAVACIO) o DVIIR) s BTV(XI1) s GUTLIQR)
DIMEMSION DUS(XS2):US(XE2):08(152)R3{1620)
REAL K(I11)»H3(I3)sKK(X22) 1KKK(133) K34 (TS3Y1K2(T12)+
t K28(1812)
DIMENSION A20(121)s011(312)s402(13) 0301300 Q25 (121)
DIMENSTON QOS(XX)sQ12(X12) sFS{I3) s BKA X232 ATAR(Y2)
DINENSION AT(IZ)pURCIZ) e DV2(XI)sATAT(YAY ATE(14)
DENENSION Q3KICID) ALIPCIL2) pAKCIZ) - BTYES(ISAZY
CDIKERSION Q2KKIIZVs¥nZK(I3)UzIP(1210»007PC11%)
DIMENSION 02KK(X3),01KCI3)2FISCISI) sIVACTE)
Drnznsxﬂu_u%q(rss)-nsoTtlsl);0717(12/)sﬂ*lTP(l??):F4(14>
DIMEHSEON DUISCISIIiN2002K T 12) s A2KKREI3)
DIMENSION BYUZCILIZ) ¢ ALIT(TLZ)vALATPCLIZ2) s LV(212)
DIMEHSTON QI0KK(XI2)50L 1P (121000 010KCE12),4207¢121)»Y2K(T13)
DINENSION A21(122)»A21P(I22)sAS2¢T110) sAI2P(TE3) rABOCLI1) s A0S (TA)
DINENSION Q04(X4),013¢T13) 702201223 3031CX3L) 70400 X40) ;0132 (I1D)
DIRERSION G22P{122) o 03IP 1331 ) AT TARIA e A2TIAZY AR TP LI D)
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Cxrx
Ckxx
Ckixk
Cxix
Cxix
cErr
Cxxx
Caex
Cxxx

caxs
cane
1]
cxrs
CRkx
_ Caxx
Crex
Crsr
Cike
Cexx
Caxs
Cass
i
caxn
(13 0
CExY

~MERET

LINENGIOHN OzlPR(T“l)rUTlPQ(Ifl)JU??PR(T")rUSB(Il;)
DIMENSION UIEBK2(IA)yA20K23(TA) s AROKKK (XA o A20OKK (I3 s ALAFRELT)
DIHENSTDN FARB{IZ4),VAS(154) :

DIMENSION VA(IAY«RTUA(TLI3IsAIZVR(LLD) V2K2(T34)VIK(T14)
RIHEMSION BTU48(I;JJ)JA141)'Idﬁlhd)??'”(lﬂlﬂ()

DIHENSION V2KK(I2A4):BK2(ID)

REAL K3{It13)sKISCISASI v RIACIZONLA) yKAA(TA0NTS)

REAL K23(123):+K24(124)

DATA R/1./

BﬁTﬁ ﬂlDi/O;rO./

DATA 0/150,0,t/

DATA V/0+010:20/

DATA Y5/050,0/

DATA 821,012:Q30,003/121%50. 0511280, 05 E70%0.0¢X3k0,0/
DATA RINV/L./

DATA A/7051+04+0/

DﬁTﬁ B/Onl./

DATA A11/4%0./

DATA A02/430,91.¢0.90,9-1,/

DATH A20/2%0./

DATA A30/2%0./

DATA ﬁi2!A°1/Il3lOov0|rOc!lc:“l /

DATA ADY/ 1480,/

DATA Q31+R22,013+QA0sQOA/XTIEO v I22%0 9 L3 3R0 . v = Z33TI34%9TARD 7
DATA VIS YI/ESER0,13%0,/

DATA VA4S, V4/15440, 2 TAXO ./

49 IS A COUNTER WHICH DETERMIRES HHICH VALUES OF THE OPTIHAL COST
TEHSGRS AND OPTIMAL FEERBACK TEMSORS WILL BE SAVED BY THE PROBRAM,
J? RANGES FROM 1 TO 413, WHER 171 REACHES J13, 410 I4% IHCREBERTED.
J10 IS A COUNTER WHIGCH KEEPS TRALK OF WHICH RECORR THE NEXT YALUES
OF THE CALCULATED TERSORS W1LL. BE STORER DM. Y34y I8y T44 LRE
PARAHETERS WHICH ARE NEERER IM THE PROGRAN BUT WERE HOT CALCULATER
IN 'PARGEN’ AND ARE THUS ROT 1IN ‘PARAHI FTR.’

J9:=0
J10=1
I134=730%14 .
I8=T4R14
144=-140114

THE FOLLONING SECTION CALCULATES SEVERAL TERSURS WHYGH ARE NEEDED
TO SOLVE THE RICCATY EQUATION FOR 9, THE RICCATI EQUATIGN X3¢

DV+VRAVHAVTRU~URKREEVTRCONS:=0

PV 1S THE DERIVATIVE OF V WITH RESPECT T0 TIME

AV=A-0, 5RBE(RER (1)) 2QUP :

QupP T8 ©Ib1 WITH THE COVARTART FOUER OF 1HE CONTROL RATSER
AVT IS AV TRANSPOSED

BRB=K@ (R¥&(-1) )@RT

BT IS B TRANSPOSED :

QCONS=RR-0 2" tEUPTF(RtX(-!))PRUP

OR X5 O WITH OME COVARIANT PUHFR or THF oTﬂTL UARIABLE RAIGEDR

QUPT 15 QUF TRARSFOSED
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Cxix
Crxx
Cxxx
Cxx¥

- CE¥%

CEEX
Cxix
Ckex
Cxix
Crxx
Ckixx
Cxxe
Caxx
Cxet
Cixg
Cxix

Cxix
Cxxx
Cxxx
Cxex
Cxxx

Caxx
Chse
kS
CHEs
Chax
Caxe
cHrs

rere

R T

Crxx
- Cxxx

Caxx
Cxkx
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‘8’ 1S THE COMTRACTION OPERATOR

X’ IS SCALAR MULYXFLICAYION

REX(-1) IS THE TENSOR WHICH WHEM COMHTRACTED MITH Re AFTER
RATESING ONE OF THE COVARYAGRT POWERS OF THE CORTROL
VARIARLE OF Ry GIVES afd "IRERTITY TEHSOR.’ R¥x(-1)
WILL HAVE UHE CONTRAVARYANY ARND ORE COUARXART FDMER
OF THE CONTROL YARIADLE, THE RESULY OF COMTRACTING
Riki(-1} ARD R WITH A RAISED FOWER IS 1 TERSOR OF THE
SANE TYPE AS RIX(-1}; AND THE IDEATITY TENSOR [S THUS
DEFIRED AS & TENSOR WHOSE VALUE 18 ORE IF YHE COVARIAGRT
AHD CONTRAVARIANT BASIS ELEHEMYS HAYVE THE SANE (HDEX
AND ZERO OTVHERW1SE .

KOTE THAT THIS EQUATIOR IS CALLED A RICCATY EQUATIOR BECAUSE OF THE
TERM ‘Y@BRBRY,’

CALL SYK(QsQS+0s290s00 217102182 IDTHUS IDTHY 11 1)

CALL RAISE(Qy0R20:9:2:150: 1 XDINU IDIN,Y0:2)

CALL RAISE(RINIsRUPsOs1sdy2r0s1sID2KUIRTHY IRLHL: 1)

CALL. TCOHT(RINU:OUP:RIG:l11;0’1:01111113:!117[11:IDIHU!IU[HK:4)
CALL TCONT(R)RIQ)BRIQs 192702 8s0:0 201300 dsT2sXNTHUsXNINY 2

CALL SHULT(BRIQ,I[2,-0,%5)

CaLLl TADL{ASRRISsAV+IZ) ‘

CALY, TRﬁNb(ﬁUvﬁUT:lrl:Or[ﬂy[DIHXrIDIH(rl)

CaLL TCONT(B!RINU!BRL!Irer!!7110!1111151Rr]1191DIHU:TNIHYru)
CALL TRANS(B/BT>12190y L1 INXNU XDENX, L)

CALL TCONT(BRIsBTyBRBo1sirOeisOsisisTq4:111, IZ:IDIHU:‘BIHX:?)
CALL TRAMS(QUP,QUPTI 12051, Y14 XDXNUS INING,2)

CALL TCONT(QUPTyYRIOIsRRE»Is1rOriv0s el s XEArlits X2 INIHU XDIHY XD
CAlLL SHULT(QRA:X2:s-0,25)

CALL TADLD(GREERsQCONS,IR)

NOTE THAT THE TRTEGRATION 15 BACKWARD IR TIKE FOR CALCULATING V
AND- Y3s V4g, ., BECMISE THE FINAL YALUE X8 KNOWN, THUS INITEALLY
T=Ti ARD DPT=-DY:; WHERE IDY I§ THE INTESRATION TIKESTER USED,

T=T1

DBT=~DT

" THE NEXT FEW LINES CALCULATE THE FIHAL VALUE FOR K. K Ii CALGULATED

FROW ¥ YIA THE FOLLOYING EQUATION:

K=~14R¥X(~1)L(BTBVL0. 5 SROLP)

VHERE EACH OF THESE SYHROLS HA% REER DEFINED ABOVE,

CALL TCDHT(BT:U:BTUrlrO:lyirGrir1r111rIerIIrIDIHUriDlHY:Z)
CALL SMULT(QUPsX11.0.%5)

CaALL. TALD(RYV,QUP,RTV,T11)
CALL SMULT(QUPsI11,2,)

CALL TCONT(RIRV)RYUsKy19350s19051989T200 1052029 XDIKU:TLXHY 24)

CALL SHUIT(K)IIIr"lf)

THE VALUES FOR VSr Ky V3Sy K28y VAS:. h? H ﬂhf &THRED W DIR!Pl

ACCESS FILES. DIRECT ACCESS FILES BUST BE USED FOR Ky K25, AND
K35 BECAUSE OF THE REED T BE ABLE 10 READ OUT THE VALUES FROH




CIxx
Crx¥
Cxex
Cxex
C¥sx

. Cxxx
Cxxxt
Cxkx
Cxex

(17
Caxt
CEae
ChRE
Ctxs
Caxs
Ceax
Cars
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THE END OF THE FILES BEFORE THE YALUES XN THE BEGINNIN. OF THE
FILES. * THIS HUST BE DORE WHEN THE VALUES OF THE STAVES ARE
CALCULATED IM ‘XCALLY BECAUSE THAT INTEGRATION IS DOME FORWARD IN
TIHE. .

OPER(URIT=1 s HAKE= VST DAT ' » TYPE='RER’ s ACCESS= DIRECT * 1 FORK:

&/ FORNATTED s RECORNKEZE=X G281 1y CARRIAGECOHTROL =" LIST")

OPER(UNTT: 2o HAHE= KT DAT ' s TYPE='HEN ' r HACCESS= ' DIRECT < » FORM=

L/ FORNATTED yRECORDSIZE=23 CARRINGECONTROL='LIST ')

OPENCUNIT::3 ¢ RAKE=VIGT . GT 7 s TYPE="REW ' s ACCESS=/DXRECT ’ r FORM~

L/FORMATTER »RECORDSIZE=IEIXLL ; CARRIAGECONTROL.=LIST )

OPEN(UNIT=4yHAME="K25T (DAT’ s TYFE=/NEW’ s LCESS:= DIRECT / e FORHK=

3 FORMATTED yRECORDSIZE=T4 7 CARRYAGECONTROL="LIET ")

DFEN(UNIT=7yNAHE=/VASY (DAY’ s TYPE:='REW’ v ALCESS= ' DIRECT “ 1 FORK=

L'FORNATTED/ sRECORDSIZE=Y54%1 1, CARRIAGECONTROL="LIST")

OPER(UNIT=8yNAKE= 'KASI . DAY/ r TYPE:2'REN' s ACCESS = 'BIRECT ' FORN=

L 'FORNATTED’ »RECORNSIZE=45 CARRIAGECONTROL=/LIST )

1)

_CALL SMULT(K2S,1512s-0.%)

WRITE(1'1,491)U8
WRITE(2'1y492)K
WRITE(3/1,493)V38

AFTER STORING VSs Ks AND V3S, THE FIRST VALUE OF K2 18 CALCULATED,
THIS CALCULATION XG THE SoaNE A5 THAT WITHIN THE INTEGRATION LDOP.

CALL. TRANS(ALIsAI11T 2511 L12 INIKUSINIHY L)

CALL PERM(ALLTALITP 29152y 112y [DTHY, IDINX,10+4)

CALL TCONT(ALITPsUrAL Vs s 0r 251y 0 Ko Ao X320 20v 112 ANTHU INTHY s 2)
CALL SHULT(A11Y,T112+2.0) _

CALL THULT(KsKsKKeOr 11 sDs1eds 10200222, 101U IDINY 2 4)

CALL TCONT(O30» KK Q30KK21225022507 2929 X305 Y22, 7125 THINUS [DIHN24)
Call SHULT(Q3OKK»I12,3.0) ‘
CALL TADDR(AL11Y,030KKsBTV3,112) .

CALL PERMA(O23,0111Fs1pdst s T2 INIMLEDIUY s 25%)

CALL TCONY(QIUIP»K Q11K Ao 271202250252 X202 X015 02, XNTHX, [DIMU,T

CALL SHULT(QI11KyI12+2.0) _

CAlL. TADR(RTY3I:0111K,BTV3,112)

CALL TADD(BTVI+R12,RTV3.112)

CALL TRANS(AZ0:A20T 21290, T2 INTHU, [DIHN-1)

CALL THULT(V»KoV2Ke 2900390229251 25 112 T3 INXNNTDINN3) _

CALL TCOMTCA20T V2K A20V2K XDTNU D217 000 2987120 XA T2 01 Ly I0SHA 10D

(CALL SHULT(A20VZK,112+4+0)

CALL TADB(BTYIA20V2K,BTY3,112)
CALL SYM(BTVAsRTVU3IE2152+0+0:291127 1512+ TRXHU: XDXHXs 51 11) _
CALL TCOMT(RIMV»BTYIS K28, 0217200820215 2 X202T302, 16125 [OINUL15254)

HRITE(4/15494)K25
WRITE(7'1+497)V45

AFTER CALCULATIHG K2S» K25 ARDI U4S5 ARE STGREB(_ NEXT: SEVERAL
CALCULATIONS MHICH ARE PERFORMED OM TIHE“IHDEPEH”ENT TENS"RS

ANDI WHICH ARE HEEDED FOR OTHER CALCULATIOGNS BI1TRIN THE IRTEGRATIOR
l.()tl_P ARE CARRIED OUT. (OBYIOUSLY» NOIMG -THESE CALCULATIONS
REPEATEDLY WITHIN THE IHTEGRATIOR LOOP HOULD BE A GREAY WASTE QF
TIME, ‘ : N
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Cxsx
Crex
Cxxx
Cxeyx
Cx1x

CALL
CALL
CALL
CALL.
CALL
CAl.L
CALL
CALL
CALL
CALL
CALL
caALL
CaLL
CALL
CALL
CaLl

NEXT

ORIGHNAL PRGE 18
OF POOR QUALITY:

PERM(ALL1+ALEP o321 T12,IDIUL IDTNY 21, 1)
PERNCO21:021P20: 2512121 IDINUL IDINA 252 2)
PERM(O12s012Ps 00 1929 112 THLHUTDIMY» 212}
PERMIA1sA2IP» 192212122 TDYHU, INTHN 1,51
PERM(AIZ2+A12P 121+ 22 13 IDIKUSIDYHN 151D
PERMCQI1 031208511312 ENINU» ADIN 32 15)
PERM(Q22,Q22F»0: 2929122« 1NYHU 1DIHX s 3114}
PERM(O130Q1 53513 Vo X TA 30 [DTHU (RTHX3917)
TRANS(A12:A12T:0s 102 T120 IDIKULINIMY )
PERMCALI2T»AL2TP» 15122, 123, IDXNU, ININXY10918)
PERM(D21+Q21PRy 1+ 912 s ININUs IRTHUN s2420)
PERM(OI1,031PRy L2515 I31 7 XOTHU XDINK,2521)
PERN(Q22:022PRy 191229122 INIHUTRIHY »2¢22)
TRANG(AZ12A821T5 122205122 IDTHI XDIMAL L)
PERM(A21VyA2ITPo IRTHUS 2, £5) 22, 111 IDIHNr £3425)
TRANS(AJOAJOT 2193202 X3 IRTHL IDIN L)

THE FIRSY VALUE OF K38 IS CALCULATED. 7THIS 18 THE GANE

CALCULATION DOME WITHIN YHE INTEGRATION LOOP AFTER EACH CALCULATION

CaLL
CALL
CALL
CALL
CALL
cALL
CALL
CALL

CALL
CALL
CALL
CALL

CALL
CALL
CALL
calL
CALL
CALL
CALL
CALL
CALL.

CALL
CALL
CALL
CALL.
CALL
CALL
£aLL
CALL.

CALL
CALL
CALL
CALL.

CALL
CALL

OF V4,

TCONT (BT VA, BTV4|110!1!1!0:1:1!111:14:115:IDIHU!]FIHY!?)
SHULT(BTVA»£13¢4,0)

TCONT(AL2TP sV AI2VUZ9 150939 s 040 4531 ¢ 32, XL L INIMU INTHN 2)
SHULT(A12Y2,113+2,0)

TADD(BTUA,AL2U2,BTUA,]13)
SYMIK2:K285122¢070725 X122 75125 IRINU INTHX22219)
THULT(VsK2V2K2919001:02142:32: 1025184 IDINUIDIHY,14)
TCOHT(A?OT!V(K?:ﬁI?U?:IDIHU:O:11110711111217IldrtlS:IIIrIDIHXrIO)
SMULT(AI2V2,11354:0)

TADD(BTVA: AL2V2,BTVA,I13)

THULT (Vs KKy U2KK 21 ¢ 0r e 092922125122 124 XBIHU ININY»27)
TCOHT(ASOT:UZKK:ﬂl?V)zIDIHU:O:I:I:O:ﬁ:1715111?47113 121 TOIHX»10)
SHULT(AL2V2,11344.0)

TADD(BTV4,AL2Y2,8TVA,113)
TCDHT(R217P|U?K!AI2U2!111!0!1’!yOr)rirl??sII:rIl:!Ill;I“IH)!iO)
SMULT(A12Y2:113+4,0)

TADRIBTUA, R12V2HTVA:113)
TCDHT(AIITP!V3!6!70211:0r2:1r0!?rirIl?rlxrllszDIHUtIﬂIHX!d)
SHULT(A12V25113,3.0)

TADD{BTVA ) A12V2yBTVAS 1137

THULT(YI9KrU3Ks 130229051213y E81 124 IDIHU» TOEHX17)
TCONT(AZOT!U3K!012U?!IDIHUrOrIrer-«:I:!lixl!&r]l?vl]i ]ﬂ?HL!lO)
SHULY (A12Y2511394.0)

TADB(BTVA,A12V2yBTVA,113)

TADD(BTYA,U13-BTV4I1T)
THULT(K!K?!KZ‘!O!Il1!0l199!!llv11)tl2anDJH":IDIHYl?O)
7?0“T(ﬂ10:K21!ﬂ1?02:1r?v0:2y0:37?:l30v1?1:113vIUINU:TGIHX:4}
SHULT{AI2V2, 113400 =

TARD(BTYAAL2VZ, BTY4, 11D}
lHULT(h!KK!hKK;OrIrlva?r?!Il]vIZZsI33rIHIHUrIDIhL:21)
TPﬂ"T(O‘O!KKKrﬁIZV?:lr310:310!1!1!14011537113719[HU!IBIHK!4)
SHULT(A12V2¢11354.0)

TADDC(BTVA,AL1212,BTVA, 113)
TCONT(O?lPR!K?lanUZr1!l!1r132!0!1rIerII?rll3rTﬂ1HY!1HIHU11)
SHULT(AL12Y2,113+2,0)
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CEsx
Cxsst
Cixx
Cxex

CEkxk
Cxxx
Crsx
Cxxx
Cxx&k

CEss
CExx
casx
Crsex

Cesx

Cxix
Crex

2¢
Crxx

CExx

Cxix
Cxxx
Cos

Caxx
cres
CExx
30

CIF S9=aii VS 15 FOURY

CALL TADD(BTVAsA12VU2:RTUA(113)

CALL TCONT(QILPRsKKsALZU2s 19 o202y 25002131122, T3 10Xy IDTHUL L)
CALL SHULT(A12Y2,113,3.0)

CALL TADD(RTVA;ALZVZ+RBTUA,113)

CALL TCONT(O22PRiKeAL2V29 892025 1r8s0r o222 X1 r X3 s XNYHY » INTKU: 1)
LALL SHULT(A1292,113:2,0)

CALL TADD(BRTVASAL2V25BTUA,I1H)

CALL SYMCBTYASBTVAS,) 0375205, LA S XEL3, TOIMIL ENINAs 12 24)

CALL SYM(BTUAsBTV4S»0: 3510531131813 IDINUYINTHY»2127)

CALL TCOMT(RIMYIBTYA:K32291+051:00321:320, 113103, [RINU IDIHL4)
CALL SHULT(K3»113,-0:%)

CALL SYM(K3)K3591235050¢30 113,181 IDTHUSINIHY 5 ¢28)
WRITE(B’J10:498)K35

K35 HAS NOW BEEN CALCULATED ARD SAVED. HON THE REHAININRG VALUES
OF Yy ¥3s Ky K28y.,, CAN BE CALCULATED AFTER EACH INTEGRATYON STEP.

DG 100 J=2,1IT7
J9 1S INCREMENTED NOW, IF J9:Jifs THER THIS VALUE OF THE TERGORS

WILL BE SAVED, AND J7 WILL RE SEY BACK YO ZEROG, IF J9 I8 LESS
THAN J11s THE VALUES CALCULATED TH1S TYKE AROUND WILL ROV BE SAVED.

J9:4941
THE INTEGRATION OF THE RICCATI EQUATIOR IS THE FXRST PERFORMED,

THE CONSYANT COEFFICIENTS WERE CALCULATER OUTSIDE OF THE INTEGRATION
LOOP, HNOTE THAT THE TERHS JRVOLVIRG ¢ HUST BE CALCULATED FOUR TIKES

BEFORE -THE NHEXT VALUE OF Y IS CALCULATED BY RUNGE, THE EMTIRE
RICCATI EQUATION WAS DESCRIBED ABOVE.

DO 20 N=1,s4
CALL TCONT(VsAVsYAVEs150s1s310r121sT0sT5Rs INLHU IDINY 1)
CALL TCONTCAYT,Y7YAY2:£50:15150, 12151052010, TRTHU, [DIHK1)
CALL TADD(VAVL,VAVZsVAV3s IR)
CALL TCONT(VsBREsUBRRs1+01321701 151270010y 10 IDXHUs THLHY 1)
CALL Tronr(unnn,u,unu,:,o,1.1,0,1,1,xu,ru,ro,Intnu,luxnx,1>
CALL SHULT(VBY,IRs-1.)
CALL TADDCVAU3,YBYsYAVA, 10)

CALL TADD(VAVA, RCORS: Iy IQ)

CALL SHULTC(DY,I2y-1,0)

CALL RUNGE(12:Vs Vs 1+DBYrH)
CONTINUE

IF(J9«NE.J11)60 10 30

AT, (11 1]
LTSN a\lq IS ejt'\’stpl

\-
'qn
a2

URITE(S:*)' DU/ (BUCH ) rJi=19X2)

CALL SYN(Y:Y5,092:05052,12, 182, I0INU; IDLIHX1,5)

J10=31041 - .
" WRITE(1’J10»491)V8

NEXT K IS CALCULATER. o
CALL TCONTCRToUsETVs10019000s 121 TA2 ¢ 12¢ 111 IDTHU IDIHGS2)
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Cxxx
Caxx
Cxrx
Cxix
31

Crkx
Cekx
Cxkx
Ckxx
C¥xx

Cxx¥

Crix
Cixs

119

130
CEEX
Cxsx
Caxy
Caex

134

ORIGRVAL PASE 13 142
IT\‘;
CALL SHULTCQUP;T1150.5} OF POOR QUALI
CALL TADD(BTUsQUPsRTV,I11)
CALL SNULTCQUPsL252,)
CALL TCOMTCRINVSRTVsKr®r2r0ols00drde 1200 T8 5 X155 XN M THINXs4)
CALL SHULT(KyI117-1,)
IF (J9,NE.J11)60TO 31
WRITE(27J101492)K

RUNGE INCREMENTS T BY DRT» THUS FOR YHE HEXT MRTEGRATIOR T MUST
B8E CHANGED BACK TO T-DBT, THE CALCULATION OF 93 BEGINS NOW.

T=T-DDT

CALL TCONT(RsKeBKo 1929 0sfs0»193yT18+138: 2:1DXKUsXDIRY )

CALL TADD(AsBKsATAR,I2)

CALL TRANS{ATARsAT 102112 3RXNYTDIHY.:2)

CALL THULY(KK>KK:z0r 1225000010020, 022 C0THU, TDINE 1)

CALE. TCONT(AZ20+sKKsAZKKy 122502909252 1282225 X%IDYRUSIDIHY s 3)

NOTE THIS NEXT CALL IS SPECIALLY ARAPTED Y0 THIS SITUATIORK
HHERE A11 HAS BEEN PERNUTER (REORDERED) SUCH THAT THE X’S AND

“U’S HAVE SHITCHER PLACES.

. CALL TCONT(ALIFsKeAIRr1pdspdofs0edsX12:320 9 T30 INTMX TNTHUL2)

CALL TADA{ALKAZKK»A2KK»1I3Z)

CALL TADD(A2KKsAO2rARKK:T2)

CALL DPROD(ATATATATL2:,02:14.1)

CALL DPROD(ATATAT:AY3214512:16+2)

caLl ICONT(GZIP:KK:OZKK:O:17?7?:2101?:1?17I”°:I?JIDIHX1IDIHU:2)
CALL THULT(KryKK)KKK2Or1sdo09252sI132 322 138sININHUINTHY2)
CALL TCONT{Q301KKK»Q3K32023r0935023:3:130, 133,13, ININUs TDIHXr3)
CALL TARR(Q3IRKI»D2KKsR3IKIII)

CALL TCONT(Q12PsKsQ1K»0r271 32390915 112:718+:17 rIDIH)r]DIHU!Z)'
CALL TADD(O3KS,0iK,Q3K3,13)

CALL TADD(Q3KIsROZ,N3KIH1IT)

~ CALL TCONT(V»A2KK, UPZK!]!0!1szOvOrlrl?r]31l3v1HIHUrIDIHle)

CALL SHULT(YAZK:I3s2,0)

CALL TADD(VA2K:Q3K3sVAZK»T3) _
CALL SYN(VAZKeF38107,39070,32 13,163, TDINY ¢ EDIHX 1157)
CALL SYN(F3/F389053,05073,13,153: 1NTHUs IDIHX12¢6)

THE FOUR STEP RUNGE-KUTTA IRTEGRAYION STARTS HFRF FOR U3a.

PO 130 NH=1,4
CALL TCONT{AT3!U3!HUJ!!109111!0r0!1r16r13113!1D1HU:I:ri)
CALL TADD(RVSF3sDYI13)

CALL SHULT(DVI+T¥3,-1.0)

CALL RUNGE(I3sU310Y3, r.nnr,h)
CONTINUE

V3 HAS NOW BEEM FOURD. TT HUST BE SAVED: IF J0=JUf, ARD V3§ MUST
BE DETERNINED, THEM THE CALCULATION FOR K2 STARTS,

CALL svu(uz-vs,,os3.0.0,3;15,1 5;1D!HU:IDIHX:1:9);
IFCJ9,.NE, J11)80TH 135 : ' ' ‘

WRITE(3’J10+493)038 o
CALL FCGHT(BT:U31310311r0:1:1:0:?:1:Ill:I3:Il?yIDIHU:IBIHX12}

R P
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Cxxx
Cxex
Cxxx
Cxkxk

CExx

Cexx -

Crkx
Cxxx
Cxsx
24
Ckxr
Crxx
Crix

3
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CALL SHULT{(BTV3,1i12,3.0)

CALL TCONT(AL11TPrVrALIVUs 50529 150r s TsT12:sT2: 7125 IDIKYIDIHY22)
CALL SHULT{(A11Y,I12,2,0)

CALL TADD(BTV3,A11V+RTV3+112)

CALL TCONT(QIO0sKKrQXOKKs1929002:05 2929302225112 INIKUs INIKY v4)
CALE SHULT(QIOKKrI12,3.0)

Cal.l TADMBTVI,030KK HTV3#112)
CALL TCONT(QI11PsKsQ111Ks1229098s3s0s 3124, 00 X025 TN IDIHU+S

CALL SHULT(O111K,112+2.0)
CALL TADR(BTUI,Q111K,RBTY3,112)
CALL TADD(BTVI,12,BTV3S112)
CALL THMULT(VsK:U2Ka1s0s 102112125 X242 X432 IDINI IDIHYT)
CALL TCOHT(AZOT!U?K!Q?OU?R!]DlKUrOllrlrOrZrl11?1711111123IllrIHIerIO)
CALL SNULT(A20Y2Ks[1254,0)
CALL TADD{BTV3,A20V2K,RTVI:112)
CALL SYM(BTYIsBTUIS 2152020925125 X512:IDIKU DTN 21,18)
CALL TCONT(RINV,BTVU3S1K2Sr) 21909150355 120+X8425 1512, DK 1E2174)
CALL SMULT(X2S5,[S12s-0,%)
IF(J9.NE,J11)60TD 144
HRITE(Q'J!O:G?Q)KZS

CONTINUE
CALL SYN(K2sK285192s050029X12,1512 ID1HY s IDXHY, 2520)

NOW THAT K2 HAS KEEN FOUND: T KUST BE SET BACK T0 1-BDT ANR THE
CALCULATION FOR U4 STARTS.

T=T- DDT

IN THE HEXT SECTION: A20K23 AHD VU3IBKZ ARE USED. ﬂs RUKNING SUMG FOK
THE CALCULATIONS BY UTILIZIHG THE APPROPRIATE OPTXON TN TCONTL,
THUS» THE FOLLDHIHG EQUATION WILL HOLD FOR THE FIRAL VALUF OF
V3BK2'

4
DY4+ATARYA+YIBK 220

CALL SPROD(ATIATI»ATA»I2»T6sI8140) :
CALL TPOHT($:K2:BK2vIr11011:O:?r11IllyIl?rISrIBIHUrIDIHX:S)

CALL TADD(BK2sA2KKsEK2,13) _
CALL TCONT1(V3+BKZ2yVIBK29250s1+150525krTI913r14 IDIUUIDIHY:1:3,0)

CALL THUIT(K:K);KZ310:1:110;£ 22101 X427 X232 IRINU TOINXs 10)

CALL SMULT(K23+12%+2.0)
CALL TCBNTI(#20:K23:A20K23!1!?:0:2r0:112!!21!123!14:1HIHU:ID1HY:3I1.)

CALL TADD(AOIsA20K232A20K23914)

cALL TCOHTI(A30rKKK!ﬁ?0K?WrI:1;0r3r053rur1§1111171471HIHUrIBIHX -3ri 0):

CALL TFCONTL(ALLIP;K2:A20K232121515 12,0217 10291422 145 IDINX EDINY=2+1,0)

143

CALL TCONTI(A2IP KKeA20K23913 8524292902+ 1229122:TAs XDIHY. s IDTIKU2~22140) -

CALL TCONTL1(AL12P,KsA20K2322227 0505120, 5 X082 03784, IDTM IDINY,-251,0)
CALL TCONT1(VrA20K23sV3IBK291:1 0513450505112 I4vJAsTIDIRUS INTHY s=51:2.0)
CALL THMULT(K2:K2¢K24205172:010725202; 1120 X242 IDINY- IDENA1S)

CALL TCBNT!(RrKZdvUBBKZ:O!Z:O-)rOsds2|I£0v114114l1DIHUr1HIHY1 3:1 )
CALL TADD(V3BK2,0045Y38K2s14) -

CALL THULT(KKrKZuK34r0r2:2r0-1:?r122|!12:134!IDIHUrIDIHY 14)

- CALL SMULT(K34,134,3,0)

CALL TCDNTI(ﬂ30rK34rUSFK?rOr3:0r3;0r4:3:130:154|IérTDIHUrIBIHY:-EsI 0)
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CALL TMULT(KK:KK:K4470:2+25092,22X22:122:X44,5IDIHU, TDINX»15)
CALL TCONT1(QA0+KA4rVIRK290141024501424:TA0rTAATArIDIHUIDTHY 001,
CALL TCONTLIOZ2APyR23:VARK27031:2:2:3: 0 2 12, 28 T XRIHX XD IH =12 L)
CALL TCONTLI(R3IPIKKKsVUERK2:0s1rZsds3s0s3r I s X0 XA IDTHY s IDTHYs Y50 ()
CALL TCOHTLCO12P,K22VIRK25092:12022:05 L2 X129 X125 T4 IDINX O LU -1y 1)
CALL TCONT1(Q22PsKKsUZRK220s2e 23 2e290:20 )220 X225 XA INTHN s IDTHUs 1212 ,)
CALL TCOMTI1CO1I3PIK VINK2» 0% s 0 ks0a X035 00 T4 TRINK IOTHU» =191 )
CALL SYM(V3BK2:FASsO0s450s0+4:14+I154,IDIHUSIDNTIHUXs1520)
CALL SYN(F42F45:0:4:00024; X4, 184 INTHU TDINY 27 24)
DO 305 H=1-4
CALL TCONTC(ATA:VA UA»1909371+0905s1e2A%T45145TAININHUSTASL)
CAlL TADD(OVA,F4,DYV4,14)
CALL SHULT(DVA,IA,-1:0)
CALL RUNGE(IA YVAsTVA,TDDT i)
305 CONTINUE
cCi1s
(4 § ¢ ] U4 HAS REEN DETERMINED, IF .J9:=}3iiy VAE HUSY BE SAVED AND K35 #UST
Cxxl BE CALCULATED, IM THE CALCULATION OF K382 BTY4 ACTS AS A RUNNING
Cxkx SUM IN THE SAKE MANNER AS VZBK2 ACTER A5 A RURNING SUH ARDVE,
C1sx
IF(J9.HE . J11)GOTO 100
CALL SYM(VAsVASs02410:0rA s FA IS4 1MUY TNTHX 1y 205)
WRITE{(77J10:497)V48
CALL TCONTL(BT VAsBTUAs L0515 10020 sT14s XA TG XDIBUINIKN 25 4:)
CALL TCONTL(AL2TP Y BTYA Ly 0320 e 05 ks 2T 3125203 [RIMULTOINK =242,
CALL THULT(VK2:U2K291209 190525257525 T1AxIDTHU INTHY14)
CALL TCONTL(A20T«Y2K29BTYA,IDINUY G s 202321712028 14, 013,111, (DIHUX,~10
1:4,0)
CALL THULTCUsKKsV2KKe 190915052525 12512250245 IDXHU IDIHN: 27)
CALL TCONTLCAZOTrY2KKsBTUAIDIMU 051512023207 1302 0242113, T21 s TDIUK,-10
£+4,0) '
CALL TCONTI(A21TPsU2KsBTUAS 1ir0st93:0:29 25 X224 1139835 X1 5¢ IDTIUX 10
$:4,0)
CALL TCONTLE(ALLTPsVIsBTUAs Ly (1250052 Rs T2 I e T12 - TDIKU INTHY 24000
CALL THULT(VIKsV3Ks 12022405405 L3 3T:T0L2 514 INIHU INTHX217)
CALL TCDNTI(A20T903KrHTV4!IBIHU:O:!!150r3:1r12lr]14r1i3r111rIﬂIer"io
£r6.0) :
CalL TADD(BTU#!Q!3!BTUQ!113)
CALL TCONT1(Q30rK23sBYVA» 1929012500392 130,128 T35 EDIRUs 1DIHY 4530 )
CALL TCOMF1(0A0:KKK BTYA; 1739023200353, 140, X33y T3, INTHU IDTHY 2 -4043)
CALL TCORTL1(@21PRsK2sBTUA 151y Ls2s2r058sI20rIA2¢ TR ANTHY» IDTHUs =152, )
CALL TCONT1COIIPRIKKIBTYA:70:152922250,2:1302 1225043200 XNTNN,=1,3,)
CALL TCONTL1(Q2Z2PRyKeRTVA 1929152 is00ivX22s A8 XA IDIRYIDIHYs~12,)
CALL SYN(BTY4,RTVAG20:32820: 32503, 1513, IDINU, INXM, 15 26)
CALL 5YH(BTV4!BTUJQvOr3!110!1;1111131331D1HU11DIH?92127)
CALL TCOHTIRINVTATYS IR T2 171707070737 L Y20 s T3 DA IR U, IR I 4D
EALL SKULT(K3s3713+-0.5)
CALL SYM(K3sK35+1+3:0,0:3,113,168321DIKUIDINY 1, 28)
WRITE(B’J10y498)K3S
J9=0
100 - CONTINUE
cLsx
crxx AFTER ALL OF THE CALCULATTONS HﬁUE REEN PFRFURHEB: THE QUTPUT FILES
Cixx . CLOSED.
" CEX® _
CLBSE(UNIT“IIUISFOSE“'SQUE')




Cixx
Csx
Cxex
cxex
Caex
Cxex
Cxxx
491
492
493
494
497
498

- 145

CI.OSE(UHIT:=2,DYSPOSE="SAVE’)
CLOSE(UNIT=32DISPOSE='SAVE")
CLOSE(UMIT=4,BISPOSE="SAYE")
CLOSE(UNIT=7+DISFOSE='SAVE")
CLOSE(UNTT=8,DISPOSE="SAVE")
RETURN

THE FOLLOWING ARE THE FORKAY SYATEMENTS. THESE ARE USER TO GUTPUT
THE VALUES OF Y28y Klr,,, AHD MUST BE CHANGED ACCORDIMG TO THE
PROBLEM SIZE. ORE BUOAL WRICH 1S EASILY GTYALHAELE IS TO HAVE THE
PROGRAN PARGEN MRITE A FILE OF FORNAT SYATENENTS AND TO HAVE THIS
PROGRAM ’INCLUDE’ THAT FILE.

- FORKAT(3E11.4)

FORNAT(IX,2E11.4)
FORMAT(4E11.4)
FORNAT(1X+3E11.4)
FORMAT(SELL.,4)
FORMAT(1X»4E11.,4)
END
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Tgak
Crky
Cite
Ciix
CHEd
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CR¥EY
Cydy
Caix
Chkk
1542
CEvk
(%4 |
CERE
Caky
I 4 &1
CEEF
I o
ohEy
Can
CEgs
30, 4 % 4
(395 ¢
Ctix
CExy
C¥ex
Chyy
Cxin
5 ¢ & 1
Ckif
CExy
CHEs
CEXR
CHkx
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CEE%
Cxx%
9 & ¥ 4
CELx
CEEX
Crix
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CHEX
CExk
Chix
R
I £ 4
CEEX
Chix
Chik

TREA

TITLED  XUALL
AUTHOR! JDSEFH &, D/SULLIVAN

SUBROQUTINE XCALL CALCULATES THE TRAJECTORIES OF THE
STATES OF & SYSTEM AFTER THE FEEDSACK TENZORS HAVE BREN SAVED
THE YALULEE OF THE STATES ARE SRVED IN SEQUENTIAL FILEZ FOR
THREE RIFFERENT CAHSEST LINEAR FEEDEACK: RUABRATIC FEELBACK:
AND THIRD ORDER FEEREACK. THIS SUBROUTINE IS NORMALLY USED IN
THE SAME FROGRAM A8 THECLC WHICH CALCULATES AND ZAVES THE
FEEDRACK TENBORS. TIT CaM, HOWEVER: BE USED IN A FROGRAM WHICH
USES FEEDBACK TENEBORE QTHER THAM THE OFTIHAL ONES: UHDER THE
FROVISION THAT THEY ARE STORED IN FILES OF THE SAME TYPE AND

NAME A5 USED IM THIE BUERROUTIME,

THIS SURRDUTIHE USES THE FILE ‘FARANI.FTHY WHICH HUST

BE SET UP EBY ‘OK2PARBGENLTERS,  THIS SARE ‘PARAHL.FTNY MUST EE

UBET BY “THRULC’ OR ELSE THE FILEE WITH THE FEEDBEACK TENBORE
WILL BE OF 4 RBIFFERENT BSIZE., AND THE COEFFICIENT TEHEORS IN THE
GIFFERENRTIAL EQUATION DESCRIBING THE BYSTEM WILL EE LIFFERENT
SIZES AS WELL.

IHFORTANT YARIAELEE:
IOIMXy IDIWY: 12y

Ti11: I20G: I3y I21y 112y I12Qs.4.:
DTHEMSTION F
I

il

ARAMETERS CALCULATED BY PARGEH AND
USED IN THIE PROGRAHW YIa THE FILE ‘FARAMIFTH/

IIIT: THE HUMBER OF INTEBRATIOM STEFS IN THIS SURROU-
TINE. THIE IS ALBG FROM "FP&ARA&HIWFTN/ .

Xi THE BTATE YECTOR WHICH IS BEIMG INTEBRATEL

U: CONTROL VECTOR WHICH IS & POLYNOMIAL FUNCTIOM OF
THE ETARTES

DX: DRERIVATIVE OF X

A1. STATE VECTOR CALCYLATED UEIMG BUADRATIC FEEDRACK

xXi2: ETATE VECTOR CALCULATED USING THIRD ORDER FEEL-

: BACK

2t TENEOR FRODUCT OF U WITH ITSELF

X2} TENGOR PRODUCT OF X WITH ITEELF :

X286 SYMMETRIC TENSOR PRODUCT OF X WITH ITBELF

EBUt  DUMMY VARIAELE USED IN THE CALCULATION OF DX

UX: TENSOR FRODUCT OF U ¥ITH X -

X3y XZE! THIRD ORDER TEHEOR FRODUCT OF X7 AND ITS SYM-
METRIL VERSION, RESFECTIVELY

Kr K28y K3E&! SYMMETRIC FEEDBACK TEHE0RS

R2X25:  INTERMEDIATE VALUE USEL TO CALCULATE U

M! INDEX WHICH KEEFS TRACK OF THE NUMEER OF THE FASS
THROUGH SUBROUTINE RUNGE THAT IS EEING MADE

FROGRAM SECTIONS:
i7 THIE PART SETS UF THE DIMENSIONS BF THE VARIARLES
GETE THE VALUES OF THE FARAMETERE FROM "FARAML‘
DFENE UF THE FILES WHERE THE FEEDBACK TENSORS
ARE GTORED» AND BETS UF THE FILES FOR STORING
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Cidt THE UALUES OF THE STATES, IT AL.E0 ACCEPTS THE &%
Ei%d INITTAL VALUES FOR THE STATES ¢nD WEADS TN THE ®¥%
Cid IHITIAL YALUES FCP THE FEEDBALS TEHSORS, i
Siiy 2y THIS SECTION IS THE FIRST OF THREE sECTIOMS ITNMSITE =43
Ciid THE #AIN 00 LDOF, IT INTEERATES THE BTAIES kY
£iiy USIHG ONLY LINEAR FEEDBACK, Eit
44 3} INTEBRATION JSING QUADRATIC FEEREACK vy
Ceik 4} IHTEGRATIUN USING THIRD ORDER FEEGEACK 3%
Lh¥E 5) THIS IS THE DUTPUT 3ECTION. THE ¥nlUES €F THE ki
Gk STHrfs ARE FRINTED: ALDNG WIT# THE STANDARD 1y
Chik EUCLIDEAN) NORM DF THE 3TATES. YK
s &) THE FILES STORING THE VALUES OF THE STATES 4RE Yk
Cikk DELETED AND THEN THE PROGRAN CAN BE REPEATED  ¥¥k
gk IF IT IS BESIRED T0 RUN IT AGAIN WITH 4 DIF-  Xk¥
CHEE RENT STARTING VALUE, THE VALUZZ FOR THE kx
231 FEEIRACK TENSORS ARE THEN FRINTEL, KA
Chid , 7) THIS IS THE FORMAT SECTION, , 123
CHEg FEd

'f%f‘f*?ﬁ!}£f¥*f¥§kafX##Iik#&*x#**k??###i#k#ix¥ff#&Ki?J#i#X*#%k#X##hi##***
CRERERN IR PEIAF RS ST EE AT ETEFIT S ESERNAS SIS TH RS INARLETCASIASFEFR AR
RSP EERF TR P ERA T EV T IV ES S e 2 oSS s oR s EC A KERFL SRS 2EENE 224225 eve ]

SUBRAQUTINE XCALC

IMELULE ‘FARAMIFTHY

DIMENSION D{OIDTHAN ;X{T0IHX sy U(IDIRUY s XL (IDINKSY

DIMENSION U2(I20)32€¢12)25{I32) sEU(IDINY (UX(I1L)

DIMENSION X12(TuIMX) »¥3{I3)%3"(I83}

REAL K{TI112,K2E(IS512)sK38(1E813) 1 R2XIE{ITINL

C¥iy
CHEE THESE ARE EXACTLY THE SaME OPEN STATENENTS A% I THSCLC.
CELX : .
OFEN(UBIT=2,NAKE='K1I ,DAT/»TYFE="0LT" s ACCESS="DIRECT " sFORH=
L FORMATTEN yRECORDBIZE=45, CARRIAGECONTROL='LIET)
OFEN(UNIT=4+NAME= K25, DAT/ » TYFPE="0LL' yACCESS="DIRECT* ,FORK=
S/ FORMATTED’ »RECORNSIZE=67 »CARRIAGECONTROL=/LICT )
OFEN(UNIT=8, NAHE='K3ST. BAT/+ TYFE=/0OL0/ yACCESS='DIRECT/ »FORN=
B/FORMATTED  yRECORMSIZE= QQJCARRIAGECGNTRDL“’LIST )
ILt= BT?FLDAT(JII)
i TYFE %r/' ENTER THE BTARTING VALUES FOR X.’
ACCERT %X (13N {2)
H0 201 Ji=1,IDIMY
124J1y=X{J1)
201 X141 y=% (41
Lk ‘
Sk THE FILES WHEFE THE YaLUES OF THE STATES WILL ®E STORED FOLLOW.
Ch¥x THESE FILES NEED NOT BE DIREQT ACCESS SINCE THERE IS NO NEED TO

CDEE¥ T UBE ABLE TOD ALCESS THE BTORED VALUES I ANT MANNMER STHER ThAl
CEX¥ SERUENTIAL,
44

OFENCUNIT=0 NAME=" X1, IAT s TYFE=/NEN’  ACCESE=" SEQUENTIAL ")
CPEN(UNIT=107NAME="X1T DAT s TYPE="NEW’ s 4CCESS="BEQUENTIAL ")
DREN{UNIT=11,NAME='X12T.0AT/ s TYFE=/NEW/  ACCEGS="SEQUENTTAL "}

WRITE(Fs%)X

HRITE{10,%)X1

WRITE(11,%)X12

g 240 J=1,I1IT~1 o _ ORiGeal PESE 5
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IK=IIIT-J
READ(R/ TR a92 K0 dE » J1=1,T11)
REALG(4 "IN 474 (KERA13 1 J1=1,18103)

READE IR 478y IRZCUIL Y s J1i=1.1I813)
I

9 3 SECTION 2, THE CONTROL YARIAZLE I8 JUST A LINEAR FUNCTIOHN OF THE

Ciy STaTEE, THE SUBFCUTINE RUNGE MUST EBE CALLED FOUR TIMES IN ORDEFR
E¥Eg TO CALCULATE THE RUNBE-KUTTH COEFFICIENTS-
CYEY
0 210 M=is4
CALL TCONT(Ks X UsdlsD:1910,01, T2, IDIHY THTHU INIHU TTTHA2)
L Y=U(2YXCOSHY f1)1>(°)) EXF(2.REUCL) REINHIZL EX(LY)
F-Z KSINHIX(21:
DRL2)=EXFU(LYRUL2Y )FBINON (LI I~EXPIUCLII I RU{L)RCOSHO (L xE2)

EFSINH{X(2])
EALL RUMBGE{TUIMXs 4 DX T ROTrH)
210 COHTINUE
HRITE(?:50 4

CRYY

CHEd EECTION 2. HERE THE COWNTRCL IS A QUADRATIC FUNCTION OF THE STATES.

Cax¥ THE SECONI ORDER TENEOR FOWER OF THE STATES MUST EBE COMPUTED AMD
5 ¢ 44 THEN SYMHMETRIZER. NOTE THATY SINCE THEEE TENSOR POWERE BF THE

E:ﬂ&:‘#‘: :TﬁTEE hl\E ‘"B“ C‘ﬁ
C¥FE  FOR THE COVARIANT

6

THHETRIZATION.

T=T-LDLT

L0 270 M=1+4

CALL TCHHT(R,21:Ur1s0r 13104091281, TDIMY TDIHY: IDIhUrIﬂIh? 23
CaLbh THULT(X1eX1eX2s0r0els0s s INTHE cIDIHX - I2:TDINY I0INY 1)
X25(1y=X2{1)

%12 (”)‘(7“(”)+)2(3)J/

X383 =X2(4)

CALL TCONT(K2Sr1428:K2X25824+01191+0:,051,I512,152,I0IHUsIDTHY,ISE2,2)

CALL TADRRCUKZY25,UyI0IMDD
OXCLy=UC23%COSHXL (LIRXE (2 )-EXF{2 xU(T) JHBTINH{2.%X1{1))
-3 ESINHIXI(2))
DEL2I=RXP (UL YRU(2 I REINHIXI (1} 2-EXP UL )R YECOSH (LT (1 £%2)
E+RINH{XL(2)}
CALL RUNGE/CIDIMA»X1sDXsTrDOT M)
220 CONTINUE
T=T-ODT
CHRITE(1Ds )X
Cxix
i % SECTION 4, THIS IS5 THE THIRD QRUDER INTEGRATION,
Ce¥x N -
T0 230 KH=1+4
CaLL TCONTIR s X12sUsir 01919009 I8 IDIMYININUIDINUIRINY2)
CCALL THMULTIX129X12¢%2¢050+190s0s1925254:2,2513)
CX2841)=X2(1)
X25(2)= (X”(°)+Xd(3))/
H2B(3)=X2{4)

CALL TCONT(K2S5sX2B5+1K2X26, 1:011,1y0v0r1rISiE;lSErIDIMUrTHTHU:ISMaLJ'

CALL TADD(U,K2X2S,Us IDIMU)
CALL THULT(X12yX2:X390s0315050, 25 IHINX, 12,135 I0IMU, IDIMK,13)
¥38€11=X31) '

ARIANT POWERS THE CGYHMETRIZATIOMN IS DIFFERERT THaR
i )
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¥3304)=%3(8)

CALL TCONT(K3S:X35:K2X28»150r1y1,0:G,3,I512, I8 TUIRY TRINY 153,23

CalL TADDC d:h”ykurU'IDIHU)
B =UC2)RCOSR NI {1 RXIZ2(2) J-E{P {2, 0 (1) JRSINH(2, #1241 )
-3, EBINHOX12(2))
DAL2)Y=EXP UL ¥ (2 RSINH (X120 ) -EXP (UL R {1 v COBH (X120 ) x%2)

TFEINHIX12(23)
CALL RUNGE(IDIMX»X12»DIXs T BIT:H)
230 CONTINUE
WRITE(11,%)X12
240 COMTINUE
Ceyy '

CkE¥ GECTIOMN 5. NEXT COMES THE OUTFUT BECTIOM. all STOREL VALUES
CEEX EOR THE STATES ANP THEIR MNORKS ARE PRINTED.
CExy
WRITE(S:%}’ FIRST ORDER VALUES FOR X.’
WRITE(Ssk) ¢ * .
REMING ©
RENIND 10
REYIND 11
DD 242 Ji=3,IIIT
REAIN !*)X{L)!x'o)
WRITE{S2¥)J1y (¥(J2)5J2=1  IDINX) y “NORYN X7 SRRT(X(1)K¥2+(2)4%2)
MRITE(S k)’
WRITE(S:%)’ SECOMD DRDER VALUES FOR X,/
WRITE(Ss¥)’
L0 243 J1=1,111T
REALCLOs X)X (1}%02)
2463 WRITE(SeXY 10X (U2 ¢ J2=1 TDIMXY 2 ‘NORN X/ SRRTIX(LIR¥24X(2)%%2)
WRITE(S»X)’ ¢ '
WRITE(Ss%)‘ THIRD ORDER VALUES FOR X.’
WRITE(SsXx)’
00 244 J1=1,I11T
READCIIpRIX(1)2X(2)
2464 WRITE(S sk JLe (X{32) 9 J2=1 o IDINX) 5 'NORM X 2 SARTIVCIIKEI4X (21 %%2)
CH¥E .

b
i
<8 ]

Cxik SECTION &, THE FILES WHERE THE VALUES OF X ARE STORED ARE LELETED,

(¢ ¢ IF THE FERSON RUNNING THE FROGRAM WISHES TO RUN IT AGAIN VWITH A
CEREX DIFFERENT STARTING VALUE FOR THE STATE VECTOR. HE ENTERS 71° FOR
C¥xx IAGIN. '
CEEX

CLOSE{UNIT=9,DISFOSE="FRINT” )

WRITE(SX) " 7

CLOSECUNIT=10»DISFOSE="PRINT)

WRITE(S2%) "

CLOSE(UNIT=11,DISFOSE="FRINT)

TYFE %y’ IF YOU WANT T8O RECALCULATE X WITH ﬁ DIFFERENT STARTING'

TYFE %»’ VALUE THEN ENTER 1.’

ACCEFT %»IAGIN

IF(IAGIN.EQ,1)6OTO 1

CLOSE(UNIT=2,0ISFOSE='SAVE")

CLOSE(UNIT=4,RISFOSE="5AVE")

CLOSE(UNIT=B+DISFOSE="5AVE")
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FETURN

SBECTION 7., THIS IS THE FORMAT BECTION, THESE ARE EMACTLY THE
FORIAT STATEMENTS &3 IN THS SUBROUTINE “THACLC’.

[An]

niE

FORMAT(1X:6E11, 47
FORMAT (1% 4E1), 43
FORMAT (1%, 8E15,4)
ENR
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(4 0030883202292 23332323302t Pe et et e300 B R0:9:0008 8338 839183 3:5:8:0:884
Carksppyspyendgrddaaninuordnici e ook oo g ok
CREXER R R RN R R KR N RO R R O A RSO M R RO OO R RO RO R K K

Cixy akk
Chtx TITLE: &IAR 1334
Csxx AUTHOR:  JOSERH &, O75ULLYYAN EE 3
Cxrx DATE! DECEMRER, 1983 4 § 4
Cxxx Ak
Cxrr STAB PERFORMS AR EXBAUSTIVE SEARCH OF THE PHASE PLANE  E3%
Cxss OF POTENTIAL IMITIAL CONDXYIONS TO RETYERMINE THE REGION OF X%k
Crex OF USEFULNESS OF THE THREE CALCULATED FEEDBACKS: LINEAR, Xrk
Cix QUADRATIC ANN THIRD ORDER, THE PROGRAH FIRST REANS 1IN THE 5%
Csxx SYOKRED VALUES OF YHE CORTROLLER TERMS FROM THE DATA FILES % 3 4
Cxex WHERE THEY YAVE BEEM STORED AFTER BEYNG GENERATYED BV THE 3 3 4
Cirx PROGRAK TRSCLC. THE 3ATA FILES FROM WHICH THESE VALUES ARE ¥tk

Cxix READ ARE THEM CLOSED (XT HAS FOUMB THAT THE FEWER FILES OPEN kK%
% &4 AT ANY ORE TIKE THE FASTER THE COHFUTATIONS GRE FERFORKED (). 341
Crus BDATA FILES ARE THEN OPEMEN YN WHILH THE REGIONS WILL BE STORED. X¥x

Crex THE PROCESS OF CHECKING FERFORMAHCE FOR VARIOUS IRITIAL LOR- &%
Cx2x NITIONS XIS THEN BEGUM, FOR EACH IHITIAL COHBYTION VELYOR, kX
Crxx A MODIFIEE VERSIOR OF THE SUBROUTIRE XCALC I8 RUK. THIS L 334

Cexx VERSTON OF XCALC HAS SEVERAL FEATURES ADAPTED ESPECIALLY FOR 2%
CExx THIS USE, JF THERE 15 AH OVERFLOW IR & CALCULATYIOR FOR W1 OF  %5%
Ckxx THE STATES THEN THE LOGXCAL RECTOR YHIDX I8 SEY 70 FALSE FOR Tk

CEEx THE ORDER OF THE FEEBBACK XN WHICH THE QUERFLON OCCURRE), L2 33
Cikx THXG POINY X§ BEEMER QUT OF THE REGIOH OF USEFULMESRS. SHiMi~ 2 3
Cxkx LARLYs 1F THE FIHAL UALUE DF THE STATE IS LARGER THAR SOKE 2% |

Caxx THRESHHOLER VALUE, IMDRX IS SET FO #ALYE FOR THAY FEEDBRACK NRDER X%
Cxxy ARD THE FOIRY TS DEEHED OUT OF THE REGYIOR OF USEFULRESS. AFTER %%
Crxx RETURNING YO THYS PROGRAM, TFHE ELENEMYS OF THE THREE VECTORS xkx
£ LIN» QUADly ARD THRD ARE SET TO '~/ (R %’ ACCORNDIHG 70 WHETHER f%%
Cxsx THE INITIAL COHDXTION XI5 OUT OF OR XIS IN THE REGYOM OF USEFUL- k3%
Cisx NESSs RESPECTIVELY. THESE VECTORS ARE Thil STORED IN THE RES- XX

Cxiz PECTIVE DAYA FILES, AMD THE FILES ARE SAYED, L 3 ]
Crxx ' ‘ ' 3 £
Cxrx . INPORTANT YARIABLESS Tkx
Crrx Kil: VECYOR {F LEXREAR FEEDEACK TENSORS. THE VALUES. L2 4
Cxx FOR THIS ARE RTAD FROM K1X.DAT: A FILE CREAVED &%
Cxxx BY TRSELC, 834

- CER% K2581F VECTOR OF QUADRATYIE FEENBACK TEMSORS, IT3 vAL- %%
Cxie UES ARE KEAD FROH K28X.DATI COMPUTED BY THSGLC. f%E
Cxixx KIS THIRD ORDER FEEDNACK TEMSORS FROM KISI.DAT: CoM- t¥x
CExx ' PUTED BY TRSCLE. ' 2
Cxxx LN, QUADy THRDE THE DATA PUT INYO LXMXBAT: GUADY, 0ATs 34X
Ckix ANR THRDY (DATy FOR THE LIREARs QUARRATICs AHD - k%
Chxx ' THIRD ORNER REGIOMS OF USEFULNESS, RESPEC- KX
YRR - TIVELY. EACH VECTOR CORRESPONDS TO ALt POS- 43 S
Ck¥x : SIBLE UALUES OF (1) FOR FIXED UALUES OF X2,  g3x
CExx X{ THE STATE VECTOR, THTS I8 USED T8 IRPUY DIFFEREWT  #%%
ot ¢ ¢4 : - INITXAL COMDITIONS INTO XCALE, C : kX
Cxxx INDDY ! THREE NIMENSIOHAL LOGXCAL VARIABRLE. THE VALUES %tx
CXk¥ : : OF THIS YECYTOR ARE SET TO TRUE OR FALSE DEPEM- ¥¥¥
Crxx ~ DIRG UPOGN HHETHER OR ROT EACH YRYITIAL CONDITIOR %%

Cxss I3 IN THE REGIOM OF USEFULMESS FOR LINEAR, R
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Ceax QUABRATIC: ANR THIRD OBRDER FEERBACKs RESPEC- kxk
Ckxx ' TIVELY, k¥
Crax L ¥ 34

CRRRRYERR R R IR AR RS LAHE TR IO AR AR X RS RN R IR R ARL N
CRREXRREKE R LR R RO RN R LA K KRR A G RRRRR LR G RN R R KRR R LR R AK REKR
CRRERE R R OO R DR R RO R K RN R A KRR R A T4
DIKENSION THRDERR(?)yX(2)
LOELCAL TNDDX(E)
INTEGER LIR(715,CUAD(Y1) s THRI(71)
REAL X1T(40074) K25/ (40074)2K351(400,8)
OPEN(UNIT=1sHANE=/K11 , DAT s TYFE= ' GLD s ACCESS:= DIRECT’ r FORK:
2/ FORNATTER s RECORDSTZE=4%, CARKIABECONTROL= LIST)
OPERCUNIT=25 HAKE =/ K251 DAT’ s TYPE= /0L 1 GCLESS=/ DXRELT 7 s FORN=:
t/FORNATTEN ) RECORDSIZE=675 CARRYAGECOMTROL=LIST*)
OPEN(UNIT=3, NAHE=/K3ST AT’ ¢ TYPIE=OLR’ y ACCESS=* DIRELT / 5 FORMK::
L/FORMATTED s RECORDSTZE=8Y  CARRYABECONTROL="LIGT 7
DO 10 J1=1,400 ‘
J3=501-J1
READ(1/J35105) (K11 (M 9J2) 502515 4)
READ(2/J35108) (K251 (J11.J2) 2025176)
READ(3* J39107) (KIS {1902y 0= 118)
10 CANT INUE
CLOSE (UNTT=1 s DISPRGE =/ BAVE ")
CLOGE(UNTT=2,DI5P0SE=/ SAVE )
CLOSE (UR1T=3, B SPOSE = SAVE /)
OPEN (UMIT=1:HANE=" LN, BAT /5 TYPE=/HEW s ACCESS= 0IRECT
YRECORDS1ZE=142+ CAKRI ABECONTROL= LIEY/ sFOKN:= *FORMATIED )
OPEHCUNTT=2 NANE= QUAII, DAY > TYPE= NEW ' » ALCESS=DIRELT 9
tRECORBS1ZE=142, CARRIAGECONTROL=/L IGT s FORN~'F ORMATTED )
OPEM(UNIT=3 ¢ NAME= ' THRIX, BAT /s TYPE=HEW s ACCESS =" DISECT s
RRECORDSIZE=14%s CARR] AGECORTROL=’LTSY r FORK=/ FORKATTEN )
1 DD 50 Ji=1,61 -
DO A5 J2:1971
X(1)=FLOAT(J2-413/10,
X(2)=FLOAT(31-11) /10,
D0 2 I=1:3
2 INDBX(I)=,FALSE,
CALL XCALC(XsINDIY s INDERR/K1XsK26TsK3S1)
IF(INRDX(1))60 TO 30
LINCJ2)="%"
60 T0 31
30 LIN(J2)='-’
31 TF(INODX(2))GA TO 35
GUAD(JZ) = 8
6O TO 36
35 QUAD(J2)="~"

- 36 TFCINDDX(3) )60 TD 46

SRS

THRU(J2) =%
60 TO 41
40 THRD(J2) =7~
41 CONTINUE
45 CONTINUE
WRITE(1' 415101010
WRITE(27J17101)QUAD
WRITEC3’J1,101) THR
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CONTINUE

CLOSE(URITY= 15 DTSFOSE:=’ GAVE )
CLOSE(UNIT=2,015POSE="SAYE")
CLOSE (UN1T=X, RISFOSE="SAVE")

. §TOP

FORKAT(71A2)
FORMAT (14 +s4E11.4}
FORMAT (1X,4E11.4)
FORMAT(LY,8ELL . M)
END
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TITLED THYLTY
AUTHORY  JOREFH &. 0/BULLIVAH

BURRDUTINE THULT GENERATES THE TENSOR PRORUCT OF THD
TENSORS, THE RESULTANT TEMSOR Hat DIMENSIGN EauUal TO THE FRO-
BICT OF THE TwO GENERATING TcNSQRE. IT IG ASEUMED THAT THE

TENSORS HAVE CONTRAVARIANT COHFOHENTS 0OF THE STATE
VARIAELE ONLY., IT IS ALS0 ASBUNED THAT THE TENMBORS ARE NOT
IN REDUCET SYHMETRIC FORH. _

EACH ELENMENT IN Cy TEE RESULTANT TEHSOR: IE & FRODUET
OF AN ELEHENT FROH & TIHES AN ELEMEMT FROM E.  ALL FOSSIELE
FRODUCTS OF ai ELEHENT FRCM & AND ONE FROM B APFEAR IN Cr EACH
FEODUCT AFFPEARINE ONCE, LEXICOGRAFHIC ORDERING DRETERMINES THE

HETHOD OF CHOOSING WHICH FRODYUST I3 IN WHICK ENTRY OF C. FIRST

THE SOVARIANT POWERE OF THE E2TATE VARIARLE IN F ARE
IMCRENMENTEDs THEN THE COVARIANT POMERS OF THE ETATE VARIAEBLE
iN As THEN THE COVARIANT POWERE OF THE COMTREL YARIABLE--
FIRET IN k THEN A~-THEMN THE CONTRAVARIANT FOWERE TH B ARD A,

CALLING VARIABLES:
A1 INFUT TENGOR
E: INFUT TENSOR -
s t  DUTFUT TENSOR, THE TEMSGR FRODUST OF 4 AND E
| 41t THE CONTRAVARIANT POWER OF THE STATE

VARIABLE IN 4 |

AFY  THE COVARIANT FOMER OF THE CONTROL VARIAELE IN A

AR! THE COVARIANT POMER OF THE STATE VARIABLE IN A

Bl: THE CONTRAVARIANT FOUER OF THE STATE
VARIABLE IN B

BF! THE COVARIANT FOWER OF THE CONTROL VARIAELE IN B

Qi THE COVARIANT FOMER OF THE STATE VARIARLE Iil B

OINAS THE DINENSION OF 4

DINE! THE DIMENSION OF B

DIMCS THE DIMENSION OF C

DINU! THE DIMENSION OF THE CONTROL VARTABLE

DIMX: THE DIKENSION OF THE STATE YARIABLE

HCALL: & DEEUGBING AID/ IF THIS SUBROUTINE IS CALLED
MANY TINES QUER THE COURSE OF A FROGRAM: THEW
ONE WITH AN ERROR CAM BE UNIGUELY IDENTIFIEL
USING THI® VARIABLE.

IMFRRTANT VARIAELES! '

Mas MEs NC!  1#E DIMENSIONS OF 4. B ARD Cs» RESFEC=

TIVELYs AS CALCULATEDR FROM THE OTHER INFOR~
, MATICN (DINUs DIMXr 41r AF» AQ» Ris BFy S

Ji  THE ELEMENT OF C WHICH I8 BEING CALCULATED AT EACH
STEF

Ja» JEY  THE ELEMENTS OF 4 AND By RESFECTIWELY, WHICH
ARE BEING WULTIPLIED TOBETHER AT EACH STEF

S XSS ITRF LSS ST ESTREFIE SIS H T
itk .: tq.iuiélhéhhnhainiﬂ ER LS T RN 8
SRR LA AT PR LR FR R RAER £ AL NERR RSB RRRE RN ERF
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ORIGIEL Pio

Hlr #2: iHE UIAEHSIOHS G; Tebk CONTRAVARIANT FARTS OF k5

3 & :eh By REZFECTIVELY THY
fgg NI, w4, TSE UinEvsI1ONG OF THE FARTS OF 4 AND E; fad
e SLCPLETIVERT, WHIDH ARE COVARIANT IN THE BVE
2394 CANTROL YHRIABLE 14w
: Hiy Ne: THE DISESSIONS OF THE FARTS OF a4 aMb s, PR
FESFECTIVELY: WHICH ARE COVARIANT IN TH ¥¥i

£1ATE VARIAELE EF

% rty
‘£§r<I.ff)JiKJ§**!frimT$¥#f SRR EREERR R EF R RS R R R R R RN KRR T Kk E

SIEFEARLEER
XTSRS LI XS RSN F LI PR TEACIATSEID N TT ST SR IENIEEECFES T E S 4

Dhiddy

LA I |
i o S

Setn omyn ol SR S

L5 5 £

9
CHER
Chxe
CH¥s
CHEE
Ty
Chix
T CERE
-4 %
& 5
Chax
SR
CEEx
Cxds
% 3 |

Ciak

13

[

FASRISTIALIIELRSTSRRSI PR RS SRV SIS RIS SR TR EBANESI SRR RIETERE AT

EUBRCUTINE THULT{ s ErCrals AR AR BIsBP RO, DIMADINRDINC,
DIUy DINXNCALL )

TUTEGER AL 4F AR EQ-EiBP - BIHADIHE DTHC DI MU HINY
GIMENSTION A(DIN&Y s2(UIMEI«C(DING)

PIRET THE PROGRAN CHECKS TO H&KE SURE THAT THE DIIHEHSIONS AHD
POMERZ GIVEN ABREZ LITH EaCH @THER., IF THEY DISAGREE: Tri
FROGRAN IS TERMINATEL

HA=DIMAER AT+ SRIKUKLAF

IFfNQ EQ.IIMAIGE TD 3 :

TYyFE &y 7 ERRGR IM THULT, DIN® SIVEM 0 MOT ABREE, HCALL=‘sHCALL
sSTOF

NO=LINXRE{R1+BRIEDIHUERER

IE{NEsEﬁ DIMRIGD TO 19

&L TR Z

HI=HAY NB

IF{MCLEQ.BINEY GO TO 15

G0 TO 2

Hir N2y NIy N4y NGy AND N2 ARE CALCULATED TO GIVE THE CONTRAVARIANT
ANDL COVARIANT FARTE’ DIMENSIONS FOR & AND B E0 THAT THE DD LOOFS
CAN BE SET WP IN BUCH A WAY A4S TO FACILITATE CALCULATING J& AND JE.
THE 81X DO LOOFS ARE SET UF S0 THAT THEY INCREMENT IN THE SANE

MANMER AS C, THUSy J IZ INITIALLY SET TO ZERD AND THEM IHCREMENTED .

EACH TIME THROUGH THE IMMERMOST LOOF T4 KEEF TRACK OF WHICH
ELEMENT OF C IS BEING CALCULATED AT EACH STEP. A IS IMCREMENTED
IN THE SAHE MANNER AZ I1, I3, AND IS, BUT BECAUSE OF THE OTHER

I8 LoOFE IT MUST BE CALCULATED EACH TIWE THROUGH THE SECOND LAST
LOOF. THE LEXICOGRAFHIC ORIERING FOR B I8 THE 8AME AS THE INCRE-
HENTATION EY THE LOOFS FOR I2s T4, AND I, JB MUST ALSO BE CAL-
CHLATED ZACK TIME THROUGH THE SECOND LAST LOGF, BUT SOHE CALCU-
LATIONS ARE SAVED BY NOT FUTTING THAT CALCULATION INSIDE THE FINAL
LOOF,

BELY
Mi=DIMAREAL
HZ=DRIHx%kE1
M3=DINUNEAP
He=TIHULXEF
NG=0IMXE¥AD

. H&=DIMXFRER
0 20 T1s1sH1
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dluL IhstgND
Ve Tas, i3
P0G Ta= i
I S BT
SRR R S DL A S E R 1 LT 1 1k
AEEULA-LI AR (I R-1 iR a AN
Pt 20 Ta=i;Ns
RENED!
JE=2E+]
SO = JAYETUR)Y
FETURH
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Cxix

o T
OR{GW ‘U:*L SR hi
R QUALEE"\U

FEEL AR R RRARE LR LR LR RN Y

¥ IR EFRA LS SRS RS F SR FESRRR IS IR SEF RSO ES SRR AT IS LSS RIS IS ISR S SN B2+
TS RF AR P F BT IFSGIFESTRFATEST I ISR SR SR EG I FIFREFFAESFISIIREISFHE TS E 40 5 & ¥
Cikg ¢ 1
DRER TITLEY TLCONT PEX
Ciyk AUTHORT JOSEFH &, 0/SULLIVAN b3 41
Ckkd - ik
CExx SUERROUTINE TCONT FERFORMS CONTRACTIONS OH TENSORS. L ¥ 8 3
Cakd IT TAKES TWO TEHSORSs OHE OF WHICH (RB) HAS AT LEAST NCONT COM- #3%¥%
Chix TRAVARIANT FOWERS OF OWE OF THE VARIAEBLES (CONTROL OR STATE)s £33
CrEd THE OTHER OF WHICH (A} HAS AT LEAST NCONT COVARIANT POUWERS £ 49 4
CExx OF THE SAKE VARIABLE, CONTRACTS THE TWG OVER THOSE NCONT iy
CExy POMERS AND' THERERY FORMS C. Xk
Chy¥ 83 ]
CEdd CALLING VARIAELES! £33 ¢
Ciix A+  IHFUT TENSGR. ¥k
Chke Ei. INFUT TEHSOR X
C¥Ek C: OQUTFUT TENSOR %4
Ehix 411 CONTRAVARIANT FOWER CF 4 P33
CEEy AFt  COVARIANT POWER OF THE CONTROL VARIAEBLE IN A 344
Dok ARt COVARIANT FPOWER OF STATE VARIABLE IN A KEX
33 Ei: CORTRRYVARIART FOWER GF E b4 ¢4
Ckix Ef! COVARIANT POWER OF THE COMTROL VARIAELE IH E £S5 4
9% 4 EQ: COVARTANT FOWER OF STATE VARIABLE IN R 21Xk
3 ¥ NECONT:  NUHBER OF CGNTRACTIONS TO BRE FERFORMER ¥EXE
CxExk LTHA:; DIMENSION OF A KK
CERx _ DIME!  DIMENSION OF B ¥k
4 13 DIKCt DIKENSION GF C 3 4
CEEx : BIMUY DIMEMSION OF THE CONTROL VARIABLE 1R
11 444 : DIMA: DIMENSION OF THE STATE VARIAELE b4 % 4
CEEX ! NTYFE! TYPE 0OF CONTRACTION FERFORMED b 4 4
Ci¥x kX
CrEk TYPES OF CONTRACTIONS! , b4 4 ¢
Ciix CONTRACTION CONTRAVA- CONTRAVA~ 4331
C¥gy NTYPE GVER RIANT VAR, IN A RIANT VAR, IN B  X%X
CEdx e e T et DL T LD Lt ¥Ex
CREX 1 X X X ¥i¥
Chxx 2 X U X L4
CEkx 3 H] X ] kX
Lxex 4 U u ] ¥y
Cadx 0 - - e - - SFECIAL = = = = = = = = = T § ¢
Chky xk
CHEx HEREs X=5TATE VARIABLE, U=CONTROL VARIAELE ¥k
CEkk . b5 8 3
Cxkxk HTYPE=10 IS GENERALLY USED IN CIRCUMSTANCES WHERE THE CON- F 449
Ckky TRACTION IS QVER EBOTH CONTROL AND STATE VARIABLES. bS8 4
Cixx THIS IS NECESSARY IN SEVERAL IMPBRETANT INSTANCES. IN THIS XX
CExx CASEs TRKE FOLLOWING HUST BE DNONE! P ¥
© CRER 2i=AQ7 THE CONTRACTIDON IS DOME OVER THIS FART OUF THE kXX
Cxis TENSORS, OFTEN, THEY ARE ERUAL TG ONE: AND bA
Ci¥x GIMY IS EAUAL TD THE LIMENSION OF THE FART THAT ¥k¥
Cxix THE COMTRACTION IS DONE OVER. Xix
CEkx AR=0 : ' ¥k
EF=0 kX
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ORIGINAL P&TI 5
NE POOR QUALITY,

CXER A1=DTHAZ (AREXDINUY ¢ THIS IS THE PART OF & OVER WHICH ki
CHEy THE CONTRACTION WILL NOT RANGE, IT INCLUDES s
LERY THE DIKEHEION OF WHATEVER CONTRAVARIGHT FART k¥
CEHY THAT THERE IS TIKES THE DIMEHZION OF THE Fi%
ShEd: REMAINDER OF THE COVARIANT PART OVER WHICH 1is
Chkk THERE IS MO CONTRACTION, THEN DINA=41#A0EdLIHU,%8¥
Caky IIHXKEO=DINE/ (RIHUXXEI) S THIS IS THE FART OF TENBOR  #%¥
Cyes E OVER WHICH THERE I8 NO COMTRADTIGN., MNORE X%
CEk FRECHOH I8 ALLOVED WITH THIS FART IN B THAM A,  KEK
Ckkk PINU: THIS IZ A% NDTED THE DIWENEION UF THE ‘VARIARLE’ %3
Ckid QVER WHICH THE CONTRACTIGH RUNS. FEE
CREX : 4%
C¥kE  IHFORTANT VARTAELES! ¥hE
CREE INA: IDEs IDC: THE DINENSIONS OF As E» ANE C RESFEC-  #¥%
ShxE TIVELY WHICH ARE CALCULATED FROM THE OTHER KE¥
Lakk INFORMATION GIVEN (DIMU. IIMXs HCONTy ALy AFy k%
LEKE & Eir BFs BQD ’ KE#
Gk i7! DIMENEION OF THE PART OF THE TENSORS OVER WHICH k¥

©CEER THE CONTRACTION IS DOME ¥i%
CHkR T1#I34I5¢ DIMENSION OF THE FART OF A OVER WHICH THERE X%%
LEkk IS MO CONTRACTION Y%
CX¥¥ IZ¥I4%I4! DIMENSION OF THE FART OF B OVER WHICH THERE ¥i%
CHwK 15 NO CONTRACTION o XiE
CERE M1! CALCULATEL VALUE FOR Ais NTYFE=10 XK
CHEX COMFONENT OF C WHICH IS BEING CALCULATED AT EACH %%
CHEE _ STEF YE¥
CXk Jh! ELEMENT IN A IN CALCULATION AT EACH STEF 24

DK , JE! ELEHENT IN B IN CALCULATION AT EACH STEF F¥Y
CREX 4 FHL
CEX¥  TCONT IS 4 RILINEAR MAFFING FROM (ArE) TO C! : 1
CX¥Ek a1 Bl e \  (A14E1-NCONT) . ¥EA
CHRK : 8 . #B e-ee- /C , Xix
CEXK AFPAR  EFsEQ (a)aly) & FK¥
CREY | ' 23
CHRX - WHERE THE COVARIANT FOWERS IN C DEFEND ON MTYPE, ¥k
CXkX § JUST STANDS FOR THE TENSORK FRODUCT, KK
LRk ‘ T

CEERREOOROOR OO L0000 RO Kk
CERERERREERDOOOE LK RRE R R K RO KK
CHRRERERRRLEROOROR RO R KOO0 OO kR KRRk
SUBROUTINE TCONT(A»BsCoALsAFyARIE1sEF Oy NCONT s RINAY DINE s LINCy DI
1HU» BINXsNTYFE)
INTEBER A1:AF1AQ:EL EF B0 [IHAsFIMBy DIMCy DIMU, RINX
DIMENSION A(DINA) B (DINE)¢L(DINC)
BO T (1r2:374)/NTYFE '
IF(NTYPE,EQ.10)G0 TO 1000 -
TYFE ¥/ NTYFE WAS TOO BIG» SUB TCONT. NTYFE WAS /yNTYPE
STOF
LAy . - -
C¥¥X  NTYPE=1, DIMA AND DIME ARE CHECKED AGAINST IDA AND IDE,
C¥ft  RESPECTIVELY; IF EITHER DISAGREES, THE PROGRAM IS TERMINATED
Chk -
1 IDA=DINX¥k(AL+AQIRDINUL¥AP
IDE=DIMX¥k(B1+RQ) KDIHURKER
IF(IDALEQ.DINA)BOTO 101
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poa

| I

1&z
1.1

104

%1

2901

<D

203

- T

[ 4 %4
Cadx
CrEy
Ekdx
4
CEEE
Caokx
Cxe¥
Cxxx

301

302

[
=]
Lef

CRIGIMAL PAGT 1B
OF POOR QUALITY.

TYeE 597 ERROK Ip TLOHT, DIHA WRONG, WTYFE='sHTYFE
£ ign
P CTERVRDGDIMEXGE T0 102
ToRE Ay ERROR TEOHT, BIKE WRERG, HTYPE=/ NTYPE
i
IF4HLORT W LE AR Al HEOHT W LE.BLYGOTD 103
TYFE &+' ERRUR IN SUE TCONT, NCONT TOO LARGE: HTIYFE='sNTYFE
ETOF
I7=DIHIERNCONT
LS=0THXE¥ (AR3~NCONT
I2=0DIMXER(EL-NCANT)
I4=0THUIXREF
I1=DTHXERAL
1Z=UTHLAEAF
Ia=NLINX3XER
G370 560
LoD INERARADIHURE (AP TAL)
INe=TYded (RITER *DIMURERF
IF{IDAERWIIMAY 80 TO202

G0 TO 10

IFCIOR, EQ, DINRIGOTO 202

G0 76 11 '
[FONCONTLE.AQ.ANDL HCONT LE.E12G0TO 202
6O TO 12

T1=0TKUSkAL
{2=DTHAFR(EL-NCANT
IZ=DINUERAF

I4=GIREEXEP

IG=DIrA¥ AQ-NCONT)
TE=TIIMXAYER

I7=DTRXYERCONT

GOTO 900
IDA=DINYAXATXDIMUXRAR
IDE=TIHUXK (E1+BFYRDIMXKKEQ

MTYPE=3 CORRESFONDE TO 4 CONTRACTIOM OVER THE COMTROL YARIABLE HITH
A HAVING COMTRAYVARIANT FOWERS IN THE STATE VARIABLE. NTYPE=4
CORRESFOHDS TO A COMTRACTION OYER THE CONTROL VARIAELE WITH A HAVING
CONTRAVARIANT FOWERE IN THE CONTROL VARIABLE. FOR EITHER OF THESE
TWO TYPES: AR MUST EE ZERD, AFTER CHECKING 7O SEE IF THE DIHENSIONS
OF A AND B AGREE WITH THE DTHER TIIMENSIONSy I1-1I7 ARE CALCULATED

AND THEN CONTROL OF THE FROGRAM IS FPASSEDN TO LINE 500,

IF(HTYPE, EQ, 4) I0A=DIHURK (AL +AR)
IF(IDALEG, DIHA)GOTD 301

GO TO 19

IF (ITE.EQ.-DIHRIGOTD 302

GO TO i1

[F(MCONT LE+AP AND HEONT L LE R EETE 303
GO TO 12

I7=DTHUTENCONT
IF(NTYFELEQ, 3 T1=DINXERAL
IF(NTYPE.EQ,4) It=DIHU¥¥AL
I2=DIMUKR (E1~NCONT)
T3=0nIHUEX CAF-NCONT)
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ORIGHIRL Tt 160
OF POOR QUA i
FEEIN R HTRY: 1
e
i ninxyExn
IFMGLED, 0)GETO SOC
11 L Fe BRROE SUE JCOHT. LINE 207, A8 SHGULD BE O WTYFE='sHTYPE
: sTap
Tidy
CEdy AFTER CHECKING THE DIHMENSION OF THE THIRD TENBSOR AGBAINST THE DIMEN-
BERE STONS GIVEN FGR & AND BEr THE QUTPUT TEMSOR I3 CALCULATED, THE DO
CEix LOO®S ARE SET UF SO THAT THE FIRST B1X INCREMEHT IN THE SaME HANNER
Cagd 42 €, THE LAST D0 LOOF SANGES OVER THE DIMENSION OF THE F&RT OF
CEEf: THE TENSORS WHICH IS REIHE CONTRACTED, J IS INITIALIZED AT ZERD
Cikd ARL THEN THCREMENTER EACH TINKE THROUGH THE SECOHD LAST DD LOOF,
ChE¥
550 INC=11412% T IRT4% 1515
IF(IDC, R, DINGIGOTR 501 ,
TYFE %»° ERRGR SUE TCONT, LIMNE 500, DIN THIRD TENSOR WRONGs NTYPE='»
£ NTYPE
STOF -
501 =6 i
0 302 K=1;01IHEC _
567 C{K)=0.0 i
- B0 50% Ji=1,1% - :
50505 J2=i:12 1
ID 505 J3=1s13 #
Bi: 505 44=1514 _ . I
ED 505 JS=1,13 4
GG 905 Je=1s16 i
NEN:S]
B0 505 J7=1:17
GEESTEI7RUS -1 ISR (I3~ 14 IR J1-10 )
JE= LT8R (4~ +TAR(I2~15128(J7-12))
S05 C{J)=C(JI+ALIaYRR(JR)
RETURN
Cats o
ORI MNTYPE=10 IS THE SFECIAL TYFE OF CONTRACTIOMs USED GFTEN WHEN THE ' o
CEEy CONMTRACTION IS OVER A COMBINATION OF STATE AND CONTROL ' :
TEREK VARIARLEE, FIRST/ THE COMDITIONS FOR USINS MTYPE=10 MUST EE
LEXE SHTISFIED, A5 NOTELG AT THE EEGINNING OF THIS FPROGRAN, THESE
Chis INCLUDE! #P=9, AR=Els BP=0, A1=DI1R&4/DIMULRADs BO¥RDIMX=DIME/DIMUK%¥EL

CRek THE DIHENSION OF € 18 THEN CHECKEED ASAINST THE GTHER INFORMATION S
Caid BIVEN TO MAKE SURE IT AGREES., IF ANY OF THESE CONDITIONS ARE *
Chey VIOLATED, THEN THE PREGRANM IZ TEEHINATED. THERE ARE SOME THIWNGS

ChkE WHICH THIS FROGRAM ASBUMES WHEN IT CALCULATES £ FOR NTYFE=10.

Chtk THE RIGBEST #SSUNFTION IS THAT THE WETHOD OF INCREMENTING THE

Chay EASIE ELEWENTS IN C WILL EE 7O INCREHENT THOSE THAT COME FROM

Crex E FIRST, THEM INCREMENT THOSE THAT COME FRCH &, THIS DOES

Cokk NOT PR3E & FROBLEM IN GEMERAL. FECAUSE USUaLLY ALL OF THE CONTRA-
CHyd UARIANT FOWERS OF B OR &Ll OF THE COVARIANT FOWERS OF A ARE INVOLVED
-3 %5 IN THE CORTRACTION, IF ROTH OF THESE ARE HOT TRUEr THEN THE

CHRY TENSOR WRICH IS5 CALCLLATED HERE WILL HAYE TO UNDERGO SOME PERMUTATION
Cxkx TO DETAIN TYHE CORRECT TENSOR WHICH WILL HAVE ITS BASIS ELEMENTS

CRXE IN THE ZTANDARG OROER.
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(341
CxLy

ORIGHRL Fiths P"
OF POOR QUALITY
LF AP HEGOIBOTO 15G0
ThialtoHE(BLIGEOTD 1104
I BP RELEIGETO 1100
b=l FIXFLOAT(OTIHA AFLOAT(DINURRAGY L. 001
HOAl, nE 1360 TD 1200
I 1061 J=1.BIRE
s1J1=0,0

J HILL HOW REEF TRACK OF WHICH ELEMEMNT OF £ IS5 BEING COAPUTED AT
E4CH STER THROUGH THE DO LOOPS. THE FIRST TWO DG LOOFS ARE BET UF
g0 FHAT THEY INCREMENT IN THE SAME WAY AS C» THUS J IS SET TO ZERD
AND IS INCREMEMTED EACH TINE THROUGH THE SECOND DG LOOF,

J=0
10 1010 Ji=ir#1

10 1010 J2=1, DIHXAKEQ
NENE 3]

UG 1910 J3=1,DIHUREERL

Ja={J1~1) ROTHURKAR+J3
JE={JZ-1)FDIHAR ARG 2
CEY=CL+Ha(JaYXR(JR)

RETURN :

FyPE %»° THE DIMENSIONS IN TCONT ARE NOT CORRECT FOR NTYPE=10.
2TOF

TYFPE ¥s’ ERROR SUR TCOHT. Al IS WROMGy NTYPE=10.°

ETOF

END
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CREFEr ety vk e v kR Ly W v A bR ek R g b g R R PR R Rk Rk E
(ISP SEFEERFEAA R LA ELERRRANNEFSICE SR RRECESF S SSF P EAR SRS SEREE SR E R ELEFTEE R
CHETLERe Tl et e R E v bk e b RN R v A R0 b kv b bbbl b i p e ey e v bk

CEiy I
Cryw TITLE:T TCONTI vkt
Ciyy aUTHAR!  J0SEPH A. D/SULLIVAN AR
Ck¥k LATEY SEPTEMBER, 1983 L4
Ciiy ¥R
(e SUEROUTINE TCONT1 I8 ALMOST IDENTICAL TO SUEBROUTINE 1329

CyEy TCONT.  THE ARGUMEHTS FOR THIS SUBROUTIHE ARE EXACTLY THE SaAHE ks
Cxkx AS THOSE FOR TCONT EXCEFT FOR NTY AMD 3CAL., THE DIFFERENCES L2 ¢

Cx%x - ARE} E3 &
Cxks HTY: HTY CAN BE LESE THAN ZERO., THE ABSOLUTE VALUE OF %kx
Crix NTY DETERMINES THE TYFE OF CONTRACTION FERFOR- ¥¥x
Ckex ‘ HEDw IF NTY IB LEBES THAN ZER(: THEM THE QUTFUT %X%
Cxix TEWSOR I3 NOT SET 70 ZEROD EREFQRE TRHE CONTRAC- LD ¥
Cikx _ ‘ TIOH IS FERFORMED, THUS, THE RESULTING TENSOR ¥k
Gk HILL EE THE SUM OF THE OUTFUT TENSOR’S ORIGINAL k%
Chze VALUE FLUS THE YALUE OF THE RESULT OF THE CON- %%
C¥iy TRACTION. L 2 S
CEER xix
Gy ECALY THIS IS5 A SCALAR WHICH CAN MULTIPLY THE RESULT %3k
Chiz BF THE CONTRACTION. IT MULTIPLIES THE RESULT  *xxk
Ciix BEFORE IT IS AIIDED TO THE OLD VALUE OF THE % ¥
ChER QUTPUT TEMSOR, &0 IF NTY<Z0 THEN X%
CHER C=C+5CALXAGE, : L .73
DR IF SCAL=1 AMD NTY>0, THEH THE RESULT OF USING Kik
34 & . TCONTL WILL BE THE SaME AS USTHG TEDNT. Fi¥
CEkx ES 8

CERRERRRERRNLRRRKRIEERRRRRE KR LR KRR R K AR KRRk on ok kkokk ok
CEEEERERROEFLRREREREEXNORNRE LR OO0 Ok oo ook Loy ey
P TF SISO T A TN IS IS IS IF IR 3533593230022 403 802030405455 53 %8 v
‘ EUBROUTINE TCONTI(A EsCrAlAFADBL,EPSEQsNCONT»DIMADINRSDIMC BT
THUSDIIMX s NTY»3CAL)
INTEGER Al:AP»ARyE1sEF BR-DIMADIMRDINMCDNINU DINMX
DIMENSION A{DIMA) rB(OIME)C{DIMC)
NTYPE=IABS(NTY)
GO TO (1¢2s3243¢NTYFE
IF(NTYFE.EQ.10)80 TGO 1000
TYFE %,/ NTYFE WAS 700 EIG, SUE TCONT. NTYFE WaS ‘sNTYPE
STOF '

Cxdk

1.2 3 1 NTYPE=1, [LIMA AND DIMB ARE CHECKED ABAINST IDA AND IDEs
Cxix RESFECTIVELY: IF EITHER DISAGREESs THE FROGRAN IS TERMINATED
CHEd -
1 ILA=DIMXXX (AL+AQ XD INUEXAF

IBB=DIMXXX (E14+RO)XDIHURXRP

IF(IDAEQ.DIXAYGOTN 101

i0 TYFE %+’ ERROR IN TCONT. DIHA WRONGs NTYFE='sNTYFE
STOF

i01 IF(IDB.ERgDIHB)BO T0 182

11 TYFE %’ ERKOR TCONT., DIME WRONG: NTYPE=',NTYPE
8TOF : '

102 IF{NCONT,LE+AQ.AND NCONT,LE,B1)BOTO 103
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SELELE R DR

12

103

(%]

2

L%
CEgy
CERY
CEx¥
CEXY
XK
Chky
ChEx
CAky

TYFE %y’ ERROR IN SUE TCONT. MCONT TOO LARGE: NTYPE=' /NTYPE
atToR
I7=ITHXHENCONT
IS=DIHAK L (A0~NCONT )
2=DIHARE (RI-HNEDHT 1
T4=DBIHURKER ur;whv*;,:igahi.
T1=TTHX*kAL _ o
I3=DIMULRAF
T&=0IMEYKEQ
B} 0 506
IDA=TITHARRAORDTHUNE (AFHAL)
IDE=DINXKK (RI4EQS £DTHUTEEFP
IFCIDALER, DIKAY 6D TO201
ED TO 10
IFLIDE.EQ.CIHR)IBOTD 200
BO TD 11 _
JFOHCONT  LE AR, AHGGNDONT (LE BLIGOTD 203

..-o| ) ‘ .{,‘,,,”..x N

B0 TO 12

Ii=DIMUtAl
T2=0INMX%Ek(EL-NCONT)
IZ=DIMUNAF

I4=DIMUKXEF

I5=0INHXKE (AR-HCONT)
TA=DIMX&¥ER

17=0THAEXHCONT

OTO 50G
1DA=0IH Rk L DT HUTEAR
IDS=BIHU#*(B1+BPJtﬂIHXk*BD

JTTF: 2 CORRESFONLS 70 & CONTRACTION OVER THE CONTROL VARIASLE WITH
A HRUINB CONTRAVARIANT FOUERS IN TER THULEPENDENT VARIARLE. NTYFE=4
CORRESFONDS TQ A CONTRACTION OVER THE COMTROL YnRISELE WITH & HAVING
CONTRAVARIANT FOWERS IN THE UONTROL VARIABLE. FOR EITHER OF THESE
THO TYFES: AQ MUST BE ZERD., AFTER CHECKING TO SEE TF THE DIMEMSIONE
OF A AMI' B AGREE WITH THE OTHER DIHMENSIONSy I1-I7 ARE CaLCULATED

ANDU THEN COMTROL OF THE PROGRAM IS FASSED TO LINE 200,

IF(NTYPEEG ) IDA=DINIRR (ATHAR)

IF{IDAEQ.DIMAIS0TD 301

GO TH 10

IF(IDEEQ,DINRIGOTE 302

GG TO 11

IF(NCONT LE AP, AND, MCOMT,LE,RLIGOTD 203

Gh 1O 12

I7=DIMUSENCONT _

TF(NTYFE.ER . JITLI=DTHR AL

IF(NTYFE,EQ, ) I1=DIHUYKAT

T2=DINUKK(B1~-NCONT)

I3=NIMUXX (AF-NCONT)

T4=DIHUEKEF

I5=1

T&=TTHYKLER

IF(ARWER.OIG0TO 500 : _
TYFE %r7 ERROR SUE TCONT, LIN“ 307, AR SHOULD BE 07 NTYPE='sNTYFPE

STOF

163

L

e

"
| S

1 &=

Lo




Ty

Chik AFTER CHECKING THE DRIMENSION OF THE THIRD TENEOR 4GAIMET THE DIKEH-
CIEs SIDNSG GIVEN FOR A ARR Es THE CUTPUT TEHSGR I IZSLCULATEL. THE 0D
Chyk LOOFE ARE SET UF 80 THAT THE FIRET ZIX IHCREHENT I THE SANHE NARNEER
S A% G+ THE LABT DO LUOR SANZES QVCR TRE GIMENSICN OF THE FRRT COF

ED g A4 THE TENEORS WHICH 1% BEINE CONTRACTELD, 1 IS INITIALTZED AT ZERG

Chid AND THEN INCREMERTED CACH TIME THROUGH THE SECOMD LAST DO Loge,
Cred
500G INC=T1XTICRIILILRITKIS
IF(IDC.EQ.DIHECIGOTD 501
TYPE #./ ERROR SUR TCONT. LINE S00. DIH THIRD TENSOR WRONG: HNTYFE-/
% NTYFE
eTOF
301 J=9
IF(HTY.LT0)G0 TD 503
00 502 K=1.01IKC
302 C{RY=C. 0
3032 0o 505 Ji=1,1%
o0 505 J2=1:12
00 505 J3=1+13
505 J4=1514
0 =05 J95=1:15
UG 205 Jasield
d=J+1
IO 505 J7=1.77
REERYEIWF SNLEAR S ST R Rr SQEE SRR D
JE=JA+IAK (AT AR d0-1332%007-1)00 7

505 0D =C(JI+ECALEA(JAIEELIR)
- RETURN
LT

DkEX NTYPE=10 IS THE SPECIAL TYFE OF CONTRACTION. USED DFTEN WHEN THE
CEEY  CONTRACTION IS OVER A COMBINATION OF IMDEFENDENT AND CONTROL
kX VARIABLES, FIRST: THE CONDITIONS FOR LSING NTYFE=16 HUST BE
¥tk SATISFIED, AS NOTED AT THE BEGINNING OF THIS FROGRAH, THESE
C¥kt  CICLUDE! AP=0y AR=EL, FP=0s AL=DIMA/DIMUEXARy BOXKKDINX=DIME/DINUKEEI
CA¥%  THE DINENSION OF © IS THEN CHECKER ABAINST THE OTHER INFORM4TION
C¥Ek  BIVEN TO HAKE SURE IT ABREES, IF ANY OF THESE CONDITIONS AKE
Ci¥k  VIOLATEDy T4EN THE FROBRAN IS TERNINATEG, THERE ARE SDNE THINGS
CHEX  WHIEH THIS FROGRAM ASSUMES WHEN IT CALCULATES © FOR NTYFE=1¢,
CHkt  THE BIGGEST ASSUMPTION IS THAT THE METHOR OF INCREMENTING THE
DPE*  EASIS ELEMENTS IN C WILL BE TO INCREMENT THOSE THAT CUME FROX
CK¥% B FIRSTy THEN INCREMENT THOSE THAT CONE FROM A+ THIS NOES
CEXk  NOT FOSE A PROBLEM IN BENERAL. BECAUSE USUALLY 4LL OF THE CONTRA-
CXXX  VARIANT FOWERS OF B OR ALL OF THE COVARIANT FOWERS OF A ARE INVOLVED
k% IN THE CONTRACTION, IF BOTH OF THESE ARE NOT JRUE, THEN THE
CE¥X  TENSOR WHICH IS CALCULATEE HERE YILL HAVE TO UNDERGD SOME FERMUTATION
Ca% . TO OBTAIN THE CORRECT TEMSOR WHICH WILL HAVE ITS BASIS ELEMENTS
CHik  IN THE STANDARD ORIER.
CHx |
1006 TF(AF.NE.0)BOTD 1100

IF(AQNE.E1350T0 1100

IF (BF NE,0}50TO 1100

M1=IFIX(FLOAT(DINA}/FLOATCNINUKXAR) +,001)

IF (A1, NE, H1)BO TO 1200

IF(NTY.LT.9)G0TD 1003
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1002
1001
Chxd
chik
]
Cakk
CEEE
Ceed
1003

gmn 165
G’r‘}-' Wiliie 2 At [r 3
o % .g <
G0 1001 J=1 TG & FOGR QL’;
CldI=0.0

J WILL NDW REEF TRADHK OF WHICH ELENENT OF £ If REINB COHPUTER a7
EsCH 2TEP THROUGH T”“ 0o LOGFE,  THE FIRST T 0 LOOFI ARE SET UF
S50 THAT THEY INCREMENT IN THE =aud MAY a% O, THUS 1 75 SET 70 7ERD
aMD IS INCREMENTED EACH TINE THROMGA THE SECOND PO LROF.

J=0
U0 1010 Ji=i:Hi

10 1010 J2=1,DINXKKEQ
J=J+1 _

[0 1010 J3=1sDINUKKEL
JA=(J1-1 ) XDIKUEEAR SIS
JBE=(J3~1 16D IHYkRED+J2
CLJY=0{4)4+80ALEAL JAY XE{JR)
RETURN

CTYPE *: 7 THE DIMENSIGMS IH TCONT ARE NOT CORRECT FOR MTYFE=10,’

STOF
TYFE %y’ ERROR SUE TCONT. Al ig WROKG: NTYFE=10,'
BTOP
ERD

L8]

-

e— +-

r—nﬁmwl.

i

aarmama

1
L
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|
|
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i
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Aty A bl
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N ot cle =

GTEC"H‘!P:\L £ pALD 14
OF POCR QURLH\’

CHE LR EEEET Y

pidiae é,s; R RSP R E SN E RN ‘.:':I‘:"" .
rEtE EANERIRLRRE R

] JI‘ A0S TET«IS!."R 4 TO TENESOR B 4RD BETE L. ¥ix
¥ : 4 AR E CF A THIRD TEHRSOR.
Ty -
FiE YARIARLESR)
LR S A AND BT INMPUT TEMSORS
i3 Cf CQUTFUT TENEZOR

DNIMAD  THE DIMEWSIODN CF Ar By ARE O

AT REREREREERR R R RE R REKER TR LR
FRERRRFAEEF RS RRRRERLRERE LR RERE T RALE
TREPEERTREFERL IR RE R RN ER RN R R A Rk d gy
UBROUTINE TARD{A+BErCsTINAG

TEEEE DINS

MEMSION A(DINAYBLDINACIRIHA)

D B8 ot e B o O Y I i T B i

Lo
I ey e e O

i .A«HH ma’* :
f'xir*frH*u‘“&ik{ixﬂ‘fﬁ

P 1 I={CHIRA
i $1:=4{1)+R{1)

ETURN

Hi
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Cxxk

ORIGENAL PREC :
OF POOR QUALITY

g1 RUNGE
“TER BY:  JOSEFK 4, O/SULLIVAN

EUBROUTINE RUNBE I5 & FOURTH OQRDER RUNGE-RUTTA INTE-
ERATION ROUTIME. 17 HUET BE CALLED FOUR TIMER, EEFORE EACH
CALL: THE DERIVATIVE hUST BE CALCULATEL.

CALLING YARTARLER!
Hi  DIMENSION OF Y &HDNF
Y: VECTOR WEICH IS BEING INTEGRATELD
Fi DBERIVATIVE OF Y WITH RESFECT TO X
X INDEFEMDENT VARIAEBLE
Hi INVEGRATION STEFSIZE FOR X
Mt INTEBER BETUEEN ONE AND FOUR FOR WHICH CalL 1T I

IMFGRTAHT VARIAERLES:
ZZZIT  THE LARGEST 3IZE VECTOR WHICH CaN BE IMTEBRATEDR
PHIT KUTTA'S COEFFILIENTS
B4VEYS THE IHITIAL Y IE BTORED IN THIZ VECTOR

THE RUNGE-RUTTA EQUATION IS
YORtH) =Y (XTI +{FL+2¥F2228F3HF 40 %H/ 5
b WHERE!
Fl=r{Xs7{¥}}
F=F(X+H 2, (LX) HHRFL/2)
FE=F(X+H/ 2 TIXITH¥F2/2)
Fa=F {XtH YIX:THYXF3)

ik
Fy ¥ 3
iiy
¥EE
EXFE
KKk

st

F39 4
b 4 ]
kS 4 3
E® 8 )
ERX
b )
S ¥ 3
¥ 4
ER & 4
b3 ¢ 4
ENS 3

¥4

ERk
L W
kY
k3
TRk
3%
ES ¥ 4
b2 43
rEX
b $ 4 4

CHEERPERRRELE R EREEHERERR X R R R AR DR RS R LR AR XA TR RER KRR R
BRI F I SIS IR EEI L LIRS FRE S AR S22 IS LIRSSV ELSIERLILIIX2 T2 ]
BESASFARAARAS S A S FEIICNI TR SE SRS TI TR LSS PN ETIRRNSHEAFFFAN ST SILTX TS 44

GUBRDUTING RUKGE(N:YrFeXeHe)

FARAMETER ZZLI=135 :
GIMENBION FHI(ZZIZZ)-BAVEYIZZZZ) Y INI«FIN)
IF(M.GT.4)6070 &

IF(H,LT. 106070 &

OTD A3sTrd:5)00

0¥ THE FIRST PABS. F=Fi. . ¥ IE SaVEL, F1 IE SAVED: X IS5
INCREAGED EY ONE-HALF OF Hr AND Y IS INCREAZED BY H¥F/2. THIZ
I3 MECESSARY TD CALCULATE F2,

ng 22 J=i,

BAVEY (Q)=Y(J}
FHIC(J)=F{J} ‘

YOI =8AVEY (340 3RHYF (J)
X=X+0, 5¥H

RETURN
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DR
LS’
¥k
C¥¥y

ORIGINAL PAET IS
OF POOR QUALITY.

SECOHD FASS STARTS HERE. F=F2, AND Y IS CHANBED TO CALCU-
 anlers

M E3 J=isH
FRICI=FHI(J043,04F (1)
VIHI=3AVETE 46, SEHEF L D
RETURM

THE THTRU FAES STARTS HERE, F=F3y Y AND X &4RE EOTH CHANGED TO
CALCULATE F4, :

OQ 44 Jd=1+H
FHICJY=PHI{ 242, 055 ( D)
YO =BAVEY (J) +HRF (J)
X=¥3+0.5%H

RETURH

(THE FDURTH AND FINAL PASS STARTS HERE. F=F4, AND THE NEXT

YALUE OF Y 18 CALCULATED FROM THE STOREL VALUES OF F AL
FROM THE INTEGRATION STEPFSIZE: H,

B0 85 J=1sN
YO =BAVEY (LD H{PHI(IYLF (I VRH/ 4,0

RETURN

IF M I5 NOT IN THE RAHGE ONE TG FOUR. THEN THE FOLLOWING ERROR
1z TYPEL.

TYFPE &4

FORMAT (" ERROR IN RUNBE. ¥ IS NOT RE*“EEN 1 AN 37)
STOF
ENIY
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E##**t#&#i$iitﬁ$i*ﬁl*iititiiﬁiii#ii#&#k#i&1i$$$3¥$11$i¥1$??tié%Et?iéfi&iﬁii

CEii IR e SR SRR TR AT E R E S SN P RN RIS TSR SN S SS S IRV SRS IRAT SRR R 42 22
CHRESRIEF ey e 0 Al A F R L R AR ERS R SRRV RER AR AR A RR L P T LA R AR R ER AR R T 3

S IR
CHEE TITLE} SHULT Ly
CxxE £ 2 1
CAyE THIZ SUBROUTINE PERFORMS SCALAR MULTIFLICATION OH ¥R
Crix TENSORS, THE RESULT IS RETURNED TD THE CALLING FROGRAM IN k% % 4
Cxkx THE ORIGINAL TENEOR. HER
CAEY rak
CEEY VARIARLES! ES S
oxxy 4t THE TEHWSOR DF UIMENSION LIM# 123 4
CREx &1 THE SCALAR EBY WHICH & I8 MULTIPLIED 15 3 3
Sk i
Cfﬁfa*x###t#####x#&i#&d*##**tﬁ##*##i%#*#ﬁ#fx##t##ti*i*iﬁkixj###¥t¥#¥¥##*#¥#
Cx%#&#k$i$$t#*****f#*t**###z#*#t#it##i**t***###*##fi*ér#**i*x#*#*#féﬂ#i#*i*
L£+mikk(*¥$§#¥##1#é#tif?#iit#t#ix####?#t*#####*i##?##*#lkki*#f*k#ﬁ##ﬁiF*k*i

SUBRDUTINE SHULT(AsDIHALE)

iNTEGER TDIINA

DIMENSION aA(RIMAD

o0 1 Ist. 0IMA
i A{I)=hti])%5

RETURH

EMD
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E****t********#******#EiiiK*i*tﬁl#it*tii*ikii*ii#&iii#t&#t&&l*ik&i&ii#ii*ii
RSN 2EE2433 23428335 VRIS ARASRNSSITENERLIRRISSAESSASIREFFIREISIRFIFETE S5
B 2EEe 222222200 tN AN RN IRAIRITEFRET RS TR AR T IS4 ST ST oA ER RN K ES R GH T T % 1

Cxyy
1239 4
CEx¥
Cxix
Crxx
Ckix
CEek
CExx
Chxx
Chxx
CEER
CHr¥
CXEX
Caxk
Chxx
Cxkx
CEXX
Cxix
CE¥R
CE¥x
CEEx
CEXK
Chix
CxEx

CEx¥

CEkk

C¥ix

Cxxx
Ckxx
Cxkk
Cxxx
Cxkx

222

[ 231

Cxix

Chxx
C¥xx
CEhX%
Gk
CHEx
Cxxx
CHXX
Chkx
Chx¥
CExx
Ckax
CX¥¥
Cokk
Ckxx

Ckkxk

TITLE! TRANS '
AUTHOR? JOSEFH A, O/SULLIVAHM

THE SURROUTINE TRAMS PERFOMS TRANSFOSITION OF TENSARS,
TRANGFOSITION OF TEHSORS IMVOLVES THE SIMULTANEOUS RAISING OF
# COVARIANT FOWER AND LDWERING OF A CONTRAVARIANT FOWER. THE
RESULT OF TWO CONSECUTIVE TRANSFOSITIONS IS THE ORIGINAL TEN-
80K, SINCE THIS FROGRAM IS8 FOR COMPUTATIONAL FURPOSES, 1T IS
ASSUMER THAT FRIDR TO THE CALLING OF THIS FROGRAM ALL OF THE
CONTRAVARIANT POWERS ARE OF THE SAME VARIARLE., THUS, UNLESS
THE ORIGINAL TENSOR HAS MO MORE THAN ONE COVARIANT FPOWERs THIS

 SUBRCQUTINE CANNGT ERE USED TO VERIFY THE FACT THAT TWO TRANSFO-

SITIONS RETURN THE ORIGINAL TENSGR. THE MAFFINHG FROM E TO ET
IN GENERAL IS!

INFUT VARIABRLES!
E: THE ORIGINAL TENSOR
BT! THE TENEOR OBTAINED FROM THE TRANSPOSITION
El: THE CORTRAVARIANT FOMER OF E
BF! THE COVARIANT POWER OF THE CONTROL YARIAELE OF E
E@: THE COVARIANT FOWER OF THE INDEFENDENT VARIABLE
; OF k
! DINBY THE DIMENSIOM OF B AND ET
g DIMUY THE DIMENSION OF THE CONTROL WARIAELE
IMX: THE DIMENSION OF THE INDEFENIENT VARIAELE
NTYFE!? THE TYFE OF TRANEFOSITION FERFORMED

ey

TYFES OF TRANSPOSITION: :

‘NTYFE=1! THE TENSOR B HAS A CONTRAVARIANT POUWER OF
THE INDEFENDENT VARIABLE

NTYFE=2! THE TENSBR B HAS A CONTRAVARIANT FOWER OF
THE CONTROL VARIAELE, BRF MUST RE ZERD IN THIS
CASEy AND THE RESULTING TENSOR, BT, WILL HAVE
ONE COVARIANT FOWER OF THE CONTROL VARIARLE
AND BG-1 COVARIANT POWER OF THE INDEPENDENT
VARIABLE.

IMORTANT VARIABLES!

N{ THE DIMENSION OF B AS CALCULATED FROM THE OTHER
INFORMATION (DIMENSIONS OF THE CONTRDL AND
INDEPENIENT VARIABLES, NTYFE, ANDN E1y BFs BQ)

J13  THE ELEMENT FROM B WHICH IS BEING MAFFED TO &N .
ELEMENT FROM BT AT EACH STEP

J¢  THE ELEMENT FROH BT TO WHICH THE ELEHENT FROM B IS

. BEING MAPFPED AT EACH STEF '
Ni: THE DIMENSION OF THE PART OF THE TENSOR WHICH I8

FE%
¥k
[SR 4
k¥
b8 3 ¢
b 3 |
KEix
XEx
Xty
b 4% 1
8 21
¥EX
Yiy
L X2
5%
EE
& B
b & & A
LR &
LY
rEX
E L 4

g 4 44

Y&
4%
rE¥
S 4 1
K
b ¢ 31
kX
3 % 4
b4 3 4
B4 $ |
ik
b3 83
kXX
Xix
KN
b % 4
XEX
b & ¥ 4
¥k
Tk
b $ 4
b $ ¢
LS ¢ 9
1 98]

g

ERX

- KEX
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CEky CONTRAVARTANT IH BOTH B AND BT L -
SEER © N2i THE DINENSION OF THE PA&RT OF THE TENBLE WHICH 15  kix ol
CEAF COVARIANT IN EOTH B ANR ET rik L
Chky ' 23 ;’s
CATAREETAVERRE AR AR RNR I RS LR TN AR R ERS SRV F IR SN SRR SRTRER OB NR 1SERTESERE E 1 H N 1
CERERFFRPERAEEFERR R AL R LR R R R R R R R R R K DS O R R R L TR R bk ﬁ
CHEEREREEREE RN R LR LR S S S S R all
BUBRTIUTIHNE TRANS(EZ BT nl 2P B NIHE, DIHE DIMX S HTYPE v]
INTEGER BOsE1sEF,DIME : GINMUY DIMY
DIMENSION E{DIHE}s ET(DRIME)
CEEY f] ;
CHRE FIRST DIME I§ CHECKED ABAINST THE OTHER DINENSIONE TGO MAKS 2URE L
CHEy THAT THEY AGREE. IF THEY DISABREE THE PROGRAHM IS TERNINATEL.
CHkE : !
' N=IIIHX AR ROEDIHUKREF i
IF(NTYFE.ER.2) N=HXDIMUKXED
IF(NTYPE,EQ. 1) N=NEDIMX¥EEL ) —
CIF(NJEQ.DIMEIGO TO & §l
TYFE 104sHTYFE -
8TOF :
1 BO TO (2:50)s HTYFE {]
CE¥Y | , L
CEFE IF NTYFE=1, EF AN B MUST NOT BE ZERD, IF EITHER WERE ZERD, THEN
CEE THERE WOULL EE MO LB”EFIHH’ FOYER OF THE LONTROL VARTARLE 70 RAIZE, ™
C¥¥% IF BP=0 ORK Bi=0y THE FRAORAN [8 TERMINATER, %J
CEXE
2 IF(EP.NE.O) BD TD 10 -
TYFE 104sNTYFE {J
STOF
10 IF(RL,NE.OY GO TO 20
TYPE 1i1sNTYFE B
STOF )
Ckik ‘
CEXE NEXT J IS INITIALIZED, AND N1 ANE N2 ARE CALCULATED, NOTE THAT - |
CRE¥ § CE ONE CONTRAVARIANT POWER IS LOWEREDs THE DIMENSION OF THE -
CRkK Fa T OF THE TENSOR WHICH IS CONTRAVRIANT FOR ROTH B AHD ET IS - -
CHAK DIMX¥K(BI-1), SINILARLY, THE DIMENSION OF THE F&RT OF THE TEMGOR .
CREE WHICH IS COVARIANT FOR EOTH TENSORS IS THE DIMENSION OF THE COWA-
CHAX RIANT PART DIVIDED BY LINU, |
Ekx¥
20 J=0 . _ : »
Ni=DIMX*¥{B1-1) - i
N2=DIMXkREQEDTHUSK (RF~1) :
Cxxy : : : : -
CEKE THE MEXT FART LOES THE ACTUAL ASSIGNMEMT GF VALUES TO ET. THE
ShEX ORDERING OF RASIS ELEMENTS IZ ALWAYS LEXICOGRAFHIC,. H2? CORRES- : =
CHAK PONIS TO THE NUMBER OF COMSECUTIVE TIKEE THE LEXICOGRAFHIC INCRE- .
CRkK MENTATION IS THE SAME FOR BT AS FOR B. Ni CORRESFONDS TQ THE )
EEK¥ NUMBER GF TIMES THAT INCREMENTATION IS THE SAME IN A DIFFERENT L
CHEX FART OF THE TENSOR. I1 AND IZ WILL EE INCRENMEHTED FROM ONE TD
CEXX DIU ANDr BINX RESFECTIVELY, THEY FACH LORREGFOND TR THE INCREMEZN- i
CHkK TATION OF ONE RBASIS ELEMENT., SFECIFICALLY, THEY ARE THE EASIS LJ
Ckkkx  ELEMENTS WHICH CHANGE PLACES IN THE MAFFING, THUS:; THERE ARE . .
C¥¥¥  IN EFFECT FOUR PARTS HHICH HUST BE ORUIEREDR LEXICOGRAFHICALLY. g
N33 IN BTy THE FIRST FART TO EE INCREMENTED I& OF DIMENSION N2Zs THE [}'
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D

40

Ly
Ckxk
CEXH
p2.3 4

b

- 60

3593 4
Cxxx
Cakx
Cxkk
70

80

3 3

CREX

Ckxx
Cakx
101

104
111

145

1 OTHER D'IMS. RTYYPE='sI4)
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SECOHD OF DIMENSIOHN DIMY,» THE THIRD N1, THE FOURTH OINMU. IN By
THE ORDEFR IS N2y DIKUy HE» DIMX, SINCE THE FOUR LOOFE ARE
IMCRENENTEDR EXACTLY A% THE FOUR FARTS OF RT ARE. INCREHENTING

J BY ONE AT EACH STEP WILL KEEFP TRACK OF THE ELEHENT OF BT

THAT IS EEING MAPPED TO0. THE ELEMENT DF B THAT H&FE TO THAT
ELEMENT OF BT IS DETERMINED BY REORDERING THE BASIS ELEMENTS IN RT
EACK TO THE ORUER OF THE ELEMENTS IN %, EFFECTIVELY THIS I8

HONE WITH J1 BY CALCULATING THE POSITION EEFORE THE LAET N2 ARE
INCREMENTED AND THEM INCREMENTING THE LAST N2 AT THE SAME TIME

AS THE LAST N2 ELEMENTS OF RT ARE INCREMENTED.

00 40 Ii=1i.DIKU

DD 40 IZ=1,Nt

00 40 I3=1,[IHX
JI=(T1-1)EN2H(IZ-1)RNDRDINUH (I3 -1 0 kNIXN2X DT KU
DO 40 T4=1eNZ

Ji=.J1+1

RRENE B

BT di=R{J1}
RETURN

IF NTYPE=Z2y BP MUST BE ZERQ, AND Bl AND RQ MUST RE MONZERG.
IF ANY OF THESE ARE NOT SATISFIED., THE FROGRAM IS STOFFED,

IF(EF.EQ,0)60TO &0
TYFE 155 ' : !
STOF -

IF{B1.,NE,O«AND,.BQ:NE.D)BQTD 70
TYPE 145

STOP

THE SAME THINGE SAID ARQUT J» Nl» N2: ANE Jf1 FOR NTYFE=1 AFFLY
TO THE FOLLOWING AS WELL. '

N1=DTHUXK(R1~1)
J=0

I0 BO I1=1,DINX
0 80 I2=1,N1
I8 80 IZ=1,0IHU
JI=(I1=1)KN24(I2~1) KNZKDIMX+(IT-1) KN2XN1XDINX
I0 80 I4=1,N2
J=J41

Ji=Jd141
BT(JY=R(J1)
RETURN

N2=DIMXK¥(EQ-1) ' i"

THE FOLLOWING ARE THE FORMAT STATEMENTS FOR THE ERRUR CONDITIONS
FOR THE SURRQUTINE TRANS.

FURHQT(’ SUBRDUTINE TRANS. ['IN OF TENSOR DOES NOT ABREE WITH

FORMAT(’ TRANS WAS CALLEE FOR A TENSOR WITH NO U FOWERS.NTYPE=,I4)
FORMAT(’ TRANS WAS CALLEDNTYPE=’sI45'WITH NO X POWER TO LOWER’)
FORMAT(’ EF SHOULD BE ZERD FOR SUEROUTINE TRANS NTYFE=2")



L
P

FORMATL’ TRANS W&S CALLED, WTYFE=2: WITH HO U FOMER 70 LGWER’)
END
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