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ABSTRACT
This report documents the technical progress of researches under National
Aeronautics and Space Administration Grant NSG=-3048, entitled "Alternatives
for Jet Engine Control”, during the thirteen-month period from October 1, 1982
to October 31, 1983. NASA Technical Qfficer for the work was Dr. Bruce
Lehtinen, at Lewis Research Center. Dr. Michael ¥X. Sain was director of the

inventigation at the University of Notre Dame.

Tre principal new activities since the previous report have involved the
initial testing of an input design method for choosing the inputs to a non-
linear system so as to ald the approximetion of its tensor parameters, and
the Leginning of order reduction studies designed to remove unnecessary
monomials from tengor models. Mr. Daniel Bugajeki is reporting this work,

the first part of which appears in the follnwing pages.
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CHAPTER T

INTRODUCTION

Inherent in the deslign of any control schemwe is a model of the physical
system or plant. The plant ftse{{ can be modelled in baslecally two ways.
First, laws of nature can be applied to the system in questlon. Many of these
models are time tested and still consldered an adequate representatlon. Ex-
amples are the laws governing the mechanlces of rigid bodies, and the set of
equations zoverning the response of electric circuits. Or, secoad, 1f the
system i1s far too complex for the relative simplicity of familiar equatiomns,
or 1f the goveralng scientific laws are too coemplicated to ilmplement, system
identification via excitatlon of the plant and measurement of the response can

be performed {1]. It is this modelling technique we address here.

In the case of a linear approximation, this identification can be carried
out without much computational difficulty. Unfortunately, because of system
nonlineariéies. in many instances the linear approximation, while adequate,
leaves mich room for improvement, In these cases, a model containing para-

meter estimates of higher degree terms (squared terws, cuble terms, and so

forth) is an answer to characterizing the system unounllnearities,

Methods of calculating nonlinear models through the use of tensor alge-
bralc ideas have been studied [2], aud results have been good for academic ex-
amples [2] as well as for models of NASA's QCSE (Qpiet, Clean, Shorthaul, Ex-
perimental) jet engine [3]. As we shall see, the tensor approach 1s invalu-
able in that nonlinear problems are solved using linear techniques. A chal-
lenge of this tensor method, as with all general nonlinear methods, Is the

problem of complexity. Obviously the size of the model will increase with the
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addition of states or ccitrol inputs; however a very noticeable increase in
model size accompanies any increase in the degree of approximation. Pre—
sently, typical problems using square or cublc ser-.es approximations can be
handled quite capably. As the need or desire to expand to fourth degree mo-
dels, and beyond, surfaces, computational constraints will need increasing at-
tention. Upper limits on addressable storage must be considered; and wmost ma-—
trix gsoftware routines have a vague upper limit on dimensions beyond which
calculation becomes unreliable., In lieu of computational limitations, we can
call on gimple intuition to clte some disadvantages in the use of large mo-
dels. A first obvious observation maintains that a model containing redundant
information or one retaining useless information offers no advantages over the
same model with the extranastus data disregarded. Both of these faults, how-
ever, are likely to occur as model slze increases. A second, less compelling
reason is that large models are simply more cumbersome than smaller, compact

models.

In 1ight of the above motives, clearly a scheme to reduce full size mo-
dels could be nothing but beneficial to the modelling problem. This work then
opens a pathway to the identification of such reduced systems by making use of
a simple idea involving the comparison of squared errors. Finally, it is
worth mentioning that state reduction is not addressed here, but rather re-
duction via the omission of selected terms in the series approximaticn is con-

gidered.

A brief review of the contents of the remaining chepters is appropriate.
Chapter 11 presents some Iinformal mathematical background. Among the items

discussed are (1) overall problem formulation, (2) input design, (3) the sin-

e
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gular value ducowwosition. Chapter III briefly summarizes the software pack-
\' age and the loglcal flow of each phase of the modelling/slimulatlon procedure.
Y In Chapter IV the scheme for model reduction ls presented and discussed. It
| will be shown how the reduction method fits well Into the present identlfica-
tion technique. Sample reductions and verifications are presented in Chapter
V as a few example problems are studied. Flnally, Chapter VI draws some coun-

cluslions and offers some pertinent suggestlions,
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CHAPTER LI

PROBLEM BACKGROUND

The intent of this chapter is to provide a brief presentation of some of
the principles on which the work Iin the following chapters 1is founded. The
purposgse here 48 not to relay detailed theory, but the material presented will

be sufficient enough to gain a proper understanding of the problem.

The model structure formation, by means of a symmetric tensor method, 1s
discussed in the first section along with a few ideas céncerning the actual
calculation of the model. Following this, the next sectlon summarizes an in-
formation theoretic approach to input design used Iin the parameter identifica-
tion. The final section presents an overview of the singular value decompo-

sition because of its importance in the caleculation of the model.

£.1 MODEL STRUCTURE
In a most general form, a nonlinear ordinary differentisl equation in x
with input u can be written
x = £{x,u)

where X 1s a real a=vector and u ig a real m—-vector.

Now suppose a Taylor serles expansion 1s performed around some operating

point {x,u), then (2]

L

x = f(x,u) = £(x,0)

& _@% (x-x)
ex | _ _
(x,u)

+ 2 (o-u)
ou -
{x,u)
4
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n - — 2 - —
+ 1 ) eq (x-x)T a—:'f—L (x-x)
2 =) 3% o
; (,u)
i 2f o
¢ ) eyq (0T L (u-u)
i=1 Ixdu | _
(x,u)
15 p 2fy .=
+= 7 eq (u-u) (u=-u)
1=1 3u N
(X,U)
+ .
o
0
0
where ey =| 1| + 1th position.
0]
v
If the opérating point (;,E) is taken as a reference, then

-~ —

X =T H K,

u=u - u,

and 1f

® = £(x,u),

then

»

.

x = % - £(x,u).

Substituting these into the expansion expression, we obtain

;t=' _?;_ x + "?rf'
9% du L
(x,u) (x,u)

u

3
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1 0 32
+ - } e{ xT —TEL x
2 y=1 xz |
(x,u)
n 2
+ 2 a4 xT-E:E} u
i=1 oxdu |
(x,u)
n 2
+ l— i ef uT ETEL u
2 3=1 w2 |
(x,u)
+ - - .

It i# at this point where tensor algebra becomes important. Specifical-
ly the bilinear symmetric tensor product, Vv, [4]) is used to form the products
of the higher degree terms. If x € X and u € U; then

v X xX+XvX

Vi X xU+XV1U
ViUxU-+UVLU

We use these to vwrite the differential equation as fcllows

x = Ligx + Loju + Log{x v x) + Ljj(x v u)} + Lgau v u) + ...
where the Ljj make up the model. Note that the first and second subscripts
correspond to the number of times x and u respectively are used in the sym—
metric tensor products assoclated with a given modal partition Lgj. Simpli-

fying the differential equation again

-] [--]

x " I 2 Lij (x Vv x V xeus) (u Vuvau..).
1=0 §=0 - — P w .
i1 times j times

.
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Finally

whare

and z» i8 a stacked vector of tensor term products:

It is interesting to anote that the vector z is already raduced in one
sense. Because of the properties of symmetric tensor algebra, redundant cross

products are eliminated.

Thus, when x and u have dimension greater than one, cross products of indivi-

dual elements contain redundancies and are hence eliminated.

stances are

x =Lz

L = {L1o Ly1 L20 L11 Lo2 L3g .-s1,

X

e e e iy s

o - - o o -

B Al e e il o e o

- — -

s et e e e

For example

Yu=suVvV x,

X1X2 = X2X],

X]1X2X3 = X]%x3X2

= X9%]1%X3
= X2x3x]
= X9X]X2

= X3A2X]

*

XV XVUu=xvuy X=SuvV XV X.

Some example in-

| Ay -
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XIXZU] = XJul%?

= x7x]ul

= X2u1K]

= u|x|%2

= UIKIK] .
The exf«ting software package includes an efficient ordering algcrithm [2,3)
which insures that redundant products are not calculated. It is clear that a
significant amount of reduction in size, and hence, calculation is inherent is

the use of symmetric tensor algebra.

We can now address the question concerning the calculation of the model,
L, given a "black box" system. In our case the black box conelsts of a QCSEE
digital simulation routine or a system of mathematical equations that repre-

sent a physical system.

Recall the equation
x(t) = L z(t)
where x(t) 1s a vector of state derivatives and z(t) is a vector of tensor
terms. Because L 1s the unknown, obviously we must know (or estimate) the
values of ;(t) and z(t) to identify the parameters contained in L. To get a
reliable determination of how i and z change with time, the system is per-
turbed from an equilibrium state, (x,u), to a trajectory (x,u) where [5)

"
X=sx X

(=8
§
£

uﬁ
The values of x(t) and u(t) and estimates of x(t) are then sampled and stored.

From x{t) and u(t), z(t) is formed. The problem now appears:

D s
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Pi](tl) ;l(tz) . e *;cl(t:h)-1 _zl(tl) z1(t2) . . . zl(th)_
x2(t1) x2(t2) - « . x2(ty) z22(t]) z2(t2) + « .« z2(typ)
= L
Lin(tl) xa(t2) « o+ + %pltp) | zpe) zp(t2) « o o zplty)

where h 1s the number of samples and p is the number of terms in the nonlinear
approximation; p is dependent on the number of states, n, the number of in-

puts, m, and the degree of approximation. We shzall write this as X = LZ.

Fortunately, a very good routine for solving a problem of this form
exists in the SPEAKEASY library of the IBM 370/30332. Using a singular value
decomposition, discussed later, of Z, a least squares problem is solved [6]
and L is calculated. The model then is ready for verification by means of

digital simulatlon and comparison with true system solutions.

2.2 INPUT DESIGN

From the preceding section, it is clear that the model L is dependent on
the excitation, (x(0),u(t)). Improper choice of perturbation might translate
to an insufficlent excitation of the nonlinearities, instability, or singu-
larity., A careful method for choosing inputs could decrease the likelihoed
of encountering these defects. With this, the chance of identifying a "good”
model, one with strong tracking ability and an acceptable region of stability,
is then Iincreased. In addition to better models, the capability of an input
selection routine eliminates the need for an exhaustive search of input para-

meters.

Came -
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For the purpose of this work, the theoretical detail of an input opti-
mization derivation is not reguired. It is the intent here merely to present
the basic members in the cost function calculation. For a theoretical and
mathematical treatment, the reader is directed to [7]. The basic idea for the
optimization comes from [8] and leads to the introduction of Figher's Informa-
tion Matrix, M. It ig desired to get, in some sense, the minimum of a measure
of M1, The formulation of Fisher's Information Matrix has its roots in pro-
bability, and many probabilistic rules and simplifications are used to express
each element of M as ‘

N

Miy = kEO [“;%I y(k) T R_l[‘;%; y(k)], :
where
i=1,2,...np,
i=1,2,...np,
and b

N is the number of observation points, :
y(k) is the model output sequence,

6 is a vector of parameters to be identifled,

R is the covariance matrix of the measurement of y(k).

Now for our problem let

1 -

y =L z,

or for the discrete case

y(k) = L z(k).
Recall that & is a vector of parameters to be ldentified, that is, each ele-
ment of L. The partial derivatives can then be found. If

y = L =z

—] el Lt

nxl nxp pxl
then the partial derivative of y = Lz with respect to some element of L, say

Rij, is an nxl] matrix with zeros in all but the i-th position where the entry

is gimply the j-th entry of 2z, Zje Now let



R

= T

11

*If  Ti2 .« « . Tlp ]
1 rz1 rz2 - « « I2q
R™ = . . . H
rnl rnz . . L] rn“ J

upon the calculation of each Mij and the building of M, the following observa-
tion is made [7}

M=Rr1loM

where M is symmetric and its upper triangular portion is shown in Figure 2.1.

Now that we have determined that M and hence M are calculable, theilr role
in the cost function 1s examined. The objective function chosen is
min tr(M1).
We use a property of the Kronecker product [9] to obtain
Ml =RrRe Ml
Another property allows
tr(M 1) = te(R)er(M1),
But if M is an invertibie matrix,
tr(rl) = E —
i=1 M
where the Ay are the eigenvalues of M. Finally
er(rl) = ee(RYC Y ),
1=1 M
It is worthwhile to note that, following from the above discussion, there
are essentially two ways to generate the objJective valua; the eigenvalues of M
or the inverse of M must be calculated. 1In the case of real, symmetric
matrices, these are similar in software requirements. Because we only need

the trace, and not the entire inverse, we choose the eigenvalue approach.
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Thle dlstlnction becomes more important with [ncreaslag model slze, whlch
grows factorially with n, m, and degree of approximatlon. Desplte the fact
that matrix inversion is less acceptable, the curreat software makes provi-

sions for both methods, for purposes of generalilty,

2.3 SINGULAR VALUE DECOMPOSITION

The discusslon now turns to a brilef presentation of the singular value
decomposition (S5VD). In this research effort, the SVD serves the Lmportant
purpose of calculaticn of the generallzed inverse of a matrlx when the model
18 to be determined. The reader 1s directed to [10,11,12] for more formal and
theoretically based discusslons concerning the SVD and 1ts computational im-

plications and interpretations.

We first present the defining theorem of the SVD, If A is8 nxm with rank
p, then there exist orthonormal matrices U (nxn) and V (mxm) such that
A = ysvT

where

T iadicates traunspositioun
and

5 (nxﬁ) is a "diagonal” matrix with diagonal elements si,
81 >0 i=1,2,...p

84 =0 1= (p+l)...min(n,m) ,
The columns of U are the left singular vectors and are the orthonormal eigen~
vectors of AA*, Tne columns of V are the right singular vectors and are the
orthonormal elgenvectors of A*A, As expected the diagonal elements of § are
the singular values. The non-zero elements of {s;} are the positive square

roots of the eigenvalues of A*A (or AA*)., This may seem to suggest a simple

=y
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way to calculate the singular values, This ls wot true, however, when flulte
precision arirhmetic is involved. Because of the usually lnexact representa-
tions due to truucatlon or rounding of numbere in a digital computer, the
calculation of the elgeuvalues of A*A can often lead to incorrect results

concerning matrix rank [11,12],

Fortunately, SVD algorithms do exist that are computatlonally sound and
not hindered by the above fault. Those that are generally considered among
the best are the versions developed by Argonne National Laboratories. These
include the SVD subroutine used by the SIMEQUAT algorithm of the SPEAKEASY 1i-
brary, IBM gystem 370/3033, The SIMEQUAT routine solves for the minimal solu-
tion % to the equation Ax=b, It does this by decomposing A and then finding
the generalized inverse, AL, (or A~l 1f A is square) of A, Given the general-

ized iaverse, the problem becomes trivial. If

A = ysvt
then
Al = vsIyT
and
x = Alb
becomes

x = vsIuTh,
Desplte the existence of other methods for calculating the generalized 1n-
verse, AL, the SVD remains the best. Thils is so because in problems where ma-
trix rank is involved, as it is for matrix Inversion, the SVD is the most re-

liable methed of rank determination [11,12].

Finally, the concept of condition number is Introduced. Very siaply the

conditica number, k, is the ratio of the largest singular value to the smal-

%,
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lest anon-zero singular value. That s

= DRX 6)
"~ min 8j

+

There Is a lot of abstract theory involving the Lnterpretatlon of the condi-
tion number, but for the purposes herein, we will regard the condition number

as a measure of "unearness to slngularity”.

2.4 REMARKS

This chapter presents the major ldeas lavolved 1n the preseant modelling
scheme. A sound, qualltative understanding of sectlon oﬁe 1s most lmportant,
gince throughout the remasinder of this thesls, references to these ideas will
be made. In sectlon two, a summary derivation of the luput dealgn 1s pre-
sented. Here we are concerned not with mathematical rigor but rather with the
idea that an input can be deslgned at all. We shall see the importance of

this design when the examples are discussed.
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CHAPTER 17X

SOFTWARE OVERVIEW

The Intent of thls chapter 1ls slmply to present the loglcal flow of the
software package. This lncludes both the modelling and the slmulation seg-
ments. Most of the CATNAP [3] software stlll exists, although In a more flex-
ible form. In addition, software has been added to provide for the input op~
tlmization as well as for the model reduction test as presented in Chapter IV.
The interactive modelling and slmulation packages make use of two computers,

They are the IBM 370/3033 and the DEC PDP 11/44,

3.1 MODELLING '
The modelling segment of the present software package ties together each
of the three ideas found in Chapter II, The IBM 370/3033 computer is used
here Ia light of 1its computatlional power and its extensive support software
libraries. . The routine SUPRVIZE {is an IBM command language (CLIST) program
which governs the entire modellinpg segmeat. It is In SUPRVIZE that necessary
1ibrarles are made accessible and control is passsd from loader routine to

1dentification routine.

T ]

The first major duty of SUPRVIZE 1s compilation and execution of the pro-
per loader routine. The loader routine (usually written In extended precision
FORTRAN) has the chore of set up for identificetion and/or optimization. It
is first determiued whether a reduced nodel is to be identified. If so, a set
of celumn numbers correspoading to the columa numbers of the full model is
read from the data set REDUCE. The products that correspond to these column
numbers are omitted from further calculation. Then 1f an cptimization is de-

sired, the proper arrays are initialized and the minimization routine 1s

16 i
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called. The minimizatlon rouvtine is supplled by IMSL (International Mathe-
matlcal and Statlatical Libraries) available on the IBM 370/3033. The IMSL
routlne requlres a user supplied subroutine which calculates the cost func-
tlon. 1In our case the cost function ls computed using the elgenvalues of
Flsher's Informatlon Matrix as dlscussed in Section 2.2. Following the de-
termination of 1luputs (whether by optimizatlon or by user cholce), the loader
routine excltes the system and forms the tensor term and state derlvatlve
matrices via sampling. These two matrlces are loaded Into the data set TEMP-

FILE for later use.

After termination of the loader execution, the next duty of SUPRVIZE is
to invoke the high level language SPEAKEASY {6]). The routlues written in
SPEAKEASY have two tasks: model calculatlon, and reduction test, if desired.
As we liave mentloned in Section 2.1, the model is calculated using a least
squares approximation and singular value decompositlion in the SIMEQUAT func-
tion of the SPEAKEASY library. Following output of the model parameters, the
model is stored in data set MODEL. Now the reductlon test can be performed.
After completion of the test, 1if model reduction/re-optimization is desired, a
set of column numbers is written to the data set REDUCE, SPEAKEASY is then

exited and control is passed back to SUPRVIZE,

The final tasks of SUPRVIZE are simple. If the model is to be kept, the
user 18 prompted for a model name and storage area (one of two partioned data
sets), The model then is stored in the desired partioned data set with the
given name. If another model is to be identified, the procedure restarts.
Otherwige, unnecessary data sets are deleted and modelling 1is complete. See

Figure 3.1 for a flow diagram of the entire modelling scheme.

TR R S
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SUPRVIZE L‘———-—ﬂ model
storage

REDUCE MODEL
loader identification reduction
routine routine g test ‘ .
IMSL TEMPFILE g

i
1
|
3
t
|

Figure 3.1. Logical Structure of Modelling Scheme
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3.2 SIMULATION

Simulation of the nonlinear models can take place on either the 1BM
370/3033 or the DEC PDP 11/44. For bulk tabular verification, the IBM
370/3033 1s generally preferred due to its computational speed. Plot capa-
bility is handled with SAS (Statistical Analysis Software). For plot compari-
gon, though, it 1s preferred to use the DEC PDP l1/44, While computationally
slower than the IBM, the DEC machine has high speed CRT plot capability with a

hard copy unit for inetant quality plots.

Simulation on the IBM 370/3033 {s governed by the CLIST program COMPARE.

COMPARE has several duties, the first of which is compilation of the simula-—

tion routine. The simulation routine (usually written in single precision
FORTRAN)} has the chore of solving the true system and integrating one or two
models for a specified time interval. Furthermore, the simulation routine
stores the data in the case that plotting is desired, and performs an error
analysis between the models (if two models are simulated simultaneously). The
e.ror criterig is a simple ratio of mean square errors of the two models for

each state.

After the simulation routine has been compiled, control passes back to
COMPARE where the set up for simulation takes place. If a bulk tabular simu-~
lation 1s desired, COMPARE compiles and runs a short program that builds any
specified table and stores it in data set SIMPNT. Upon exit from COMPARE,
SIMPNT can be copied to a partitioned data set, TABLES, which acts as a 1li-
brary of simulation tables. If the desired simulation table is already built,
COMPARE will ask for ita name along with the names of the desired modeis.
Following this, execution of the simulation routine is started. If the simu-

lation is at a single point, the user is prompted for the input parameters.

i
k
T g T
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Otherwise, the table I8 read for the Llaput parameters of each simulation.
After all simulations have been completed, control ls passed back to COMPARE,
If plotting is deslred, control is passed to the SAS plotting routine, Other-
wise the option to do another slmulatlon i8 made, If slmulation is complete,
COMPARE 1s exited. See Figure 3.2 for the loglcal flow of simulation oa the

IBM 370/3033.

For simulation on the PDP 11/44, the models must flrst be transferred via
magnetic tape from the IBM 370/3033 . Once the model is ' on the DEC machine,
an updated version of the CATNAP simulation routine 15 used., See Section 3.3
of [3] for an explanation of thls slmulation structure. Here we list only ma-
jor changes to the old CATNAP software. They are

1} comparison ability between any two models and the true solution (as

opposed to strictly true solutions, linear model and some nonlinear
model), .

2) 1iustead of a separate Versatec hard copy routine, a hard copy unit

which transfers the CRT image to paper i1s used,

3} the error criteria is now the ratio of mean square errors,

4) ability to blow up a portion of any plot for closer insvection of

model trajectories.

In the writing of the current software, every effort was made to keep the
programs general and flexible, See [15] for current IBM 370/3033 software

listings. See also [16] for current listings of PDP 11/44 software.

S—
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CHAPTER TV

MODEL REDUCTION

In Chapter II some mathematical ldeas were set forth that are at the cen-
ter of the entire problem of wnonlinear modelling via tensor parameterization.
It is hoped i1n any :- nlinear modelling exercise that the additlon of higher
degree terms will benefit the model in that the system unonlinearities will be
more easlly characterized by these higher degree terms or combinatlons there-
of. But these models with the obvious advantage of higheér degree lead us to a
challenge. This challenge is the dimensfon or size of the model, p, and the
arrays assoclated with its computation. Figure 4.1 shows how the size of
model increases with the increase of the three determining factors, number of
states, number of controls and degree. As the model gets larger, several is-
sues may need to be examined, such as addressable storage limits, limits on
computatlonal reliability, and time of computation. Clearly a way of making
the models easler to handle is very desirable. In short, if modelling is to
proceed to higher degree terms, the models must have unnecessary monomizls
eliminated. It is to this end that we devote the remainder of this chapter to

the introduction of one such size reduction method.

4.1 REDUCTION TECHNIQUE

As mentioned in past chapters, the model is caleulated using a least
squares approximation given times series state derivative data and time serles
tensor product data. Because this calculation uses a least squares approxima-
tion, and a truncation of the serles approximation zhere will be an inhereat
error In the model. We can characterize the error, E, as

Eni—LZ.

22
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Because X and Z are time series data, E will become a time series matrix of
state derivative errors. This simple ealculation will become the base for the

reduction method.

The idea of using an error matrix analysis is a modified approach from a
treatment of nonlinear model reduction given by A.A. Desrochers [13].
Desrochers poses the problem with only a linear control input and in discrete
time

x(k+1) = A F(k} + B u(k)
where x 1s a state vector,
u is an input,

A and B constitute the model,
F is g-vector of states and state combinations, that is, F(k) =

F(x(k)).
To determine which columns! of A are most dominant, a modified state error
vector € 1s formed
éj(k) = x(k+!) - [A(,3)B] | F(§,k) | § = 1,2,.4.,q.
Note that the error is modified in the sense that 1t is formed using only one
term at a time in addition to the control input. The state error vectors are
then squared and summed for all h time points
h=1 .7 -
kzo ej(k) ej(k).
Based on this squared error number, the most important terms can be kept and

the others discarded.

Now in our more general problem, we have nonlinear input terms in addi-

tion to the linear terms, and we choose to test the effect of all terms in-

lHenceforth, given 2 matrix A, we denote the i1j-th element as A(i,3), the i-th

column of A as A(,i), and the i-th row as A({,).
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cluding those corresponding to the linear control inputs. (Recall Desrochers
decided to keep all linear controls.) Our test error matrix Ej is
EJ :X_Lj zj ) j“’l,z,...,p

where Ey is the time series error matrix with the j-th term removed,

p is the number of terms in the approximation,

Lj 1s the model with the j-th column removed,

Zj 1e the time series tensor term data with the j-th row removed.
Note that now, in addition to the error incurred by the averaging of the least
squares algorithm, there 1is error due the loss of the j—th term. We see that
each column of Ej is the error vector at a certain time. Then we can use the
same squared error calculation,

h=1 ¢
l ej(k) Ej(k) J=1,2,...,p
k=0 °

where Ej = [ej(O) i Ej(l) P oeea | Ej(h-l)], to determine the effect of a cer-
tain term on the wodel. The influence of a term on the model is measured by
checking the difference of the squared error of the full model and the squared
error of the model shortened by that term. Az an aside, 1t is Interesting to
note a philosophical difference between the problem formulation of Desrochers
and thig problem formulation. Desrochers chose to pick a significant term by

including only that term Iin the error test. On the other hand, our reduction

test checks a term's significance when that term is removed.

A simple example here will illustrate the calculations. Suppose we have
a two state, one control system which we sample for four time points and cal-

culate a linear approximation. Let

x=[t 2 3 4
2 5 4 1
and
z=[o 1 2 3]
1 2 3 0
2 3 0 IJ
and

e e SO B BRDE LSS — -
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First we calculate the state error matrix E of the full model, E = X - LZ,

Now calculate the squared error for the full model,

Y o

E =|-7 -12 =5 =5
-5 -9 3 -9

3
X ET(ak) E(,k) = {-7
k=0

+ [-12

= 439,

Following this calculation, we start checking the errors of the shortened

models,

the first term of the model, x), and its corresponding data removed.

We want first to calculate Ej which is the state error matrix with

26
¥,
-5] -_J
-
-9 [ -12
_.9‘
31| -5
3
-9]{ -5
~9
Accord~

ing to the method, the first row of z is removed, the first columm of L is

removed, and the error calculations are repeated:

E)

¥ =

=1 2 3 &
2 1 3 1

a[-7 -11 -3
-5 -7 7
e

3 ¥
¥ E1(.k) E{(,k) = [-7
k=0

T
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+ [1 ~3] 1
-3
= 312,
Then the relative error due to term x) is ¥ - ¥ = 312-439 = ~127.

Now we repeat the calculations for the removal of the second term in the

model, x2. Here

= |5 -8 1 -2
-6 =11 0 =-9]}.
The squared error number, Y3,

3 07
¥2 =} Ea(,k) Ea(,k) = 332,
=0

and the relative error is 332-439 = -107,

Finally the last term, corresponding to u, is checked. Thus
Eg = |-1 -3 -5 1
3 3 3 =51,
3 1
¥3 = } E3(,k) E3(,k) = 88,
k=0

and the relative error is 88-439 = -351.

In most cases, examination and comparison of the computed relative errors
will give a failr indicatlion of which terms in the model are the most influ-
ential. Sometimes this is not the case and we must extend this squared error

concept to look at more data. The extension is a simple and informative ocme.

Recall that each error matrix, E and the Ej's, iz a time series matrix

representation of the errors in the states. For example, in the previous

F A ¥
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example the time series error in the first state of the full model is
E(1,) = {-7 ~-12 -5 -5],
the first row of E. Now use the squared error calculat.on for each individual
state to get
h-:l
‘pi = )‘ E(i’k) E(i.k) i = 1,2'-00'n-
k=0
Thie says ihat the error in the i-th state, ¥4, is the sum of the squares of
wach of the entries of the i-th row of E. Furthermore note that the error in
the entire system, ¥, is the sum of the Vj's. That is
n
¥= 1 ¥,
i=1
and for the reduced cases
n
Yp = 1 Va4,
i=]
where L 1s the number of the term removed from the model. With these addi-

tional caleulations, now, we can compare not only the entire system errors

(the ¥ - ¥3), but also the errors in the states Y4 - V4.

To {llustrate these calculations, we return to the example. We begin
with the full model. The error in the first state is
3
v = L E(1,k)E(1,k)
k=0
= (-T2 + (~12)2 + (=5)2 + (-5)?
= 243,
and the error in the second state 1is
3
¥y = ) E(2,k)E(2,k)
k=0

= (=5)2 + (=9)Z + (3)2 + (-9)2
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= 196.

¥ om g7 + Yo = 243 4+ 196 = 439,

29

After removing the flrst term in the model, the error iu the first state

is

n

Y11

3
L Ey(1LKE(L,k)
k=0
(-7)2 + (1132 + (-3)2 + (1)?

180,

and the error in the second state is

So

V2 =

3
I E1(2,k)E1(2,k)
k=0
(=5)2 + (-2 + (N2 + (-3)2

132,

¥y = 911 + Y12 = 180 + 132 = 312,

Now, as we calculated before, the change Ila the overall error is8 ¥; - ¥ =

~-127.

and

In addition to this we check the change in the state errors.

Y11 ~ ¥ = 180 - 243 = —63

Y12 - ¢2 = 132 - 196 = -64,

That is,

Now, repeat the calculations when only the second term of the model 18 re-

moved.

V21

3
= ) Eg(1,k)Eg(l,k)
k=0

= (-5)2 + (-8)2 + (1)2 + (-2)2

= 94
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Y22 = al B2(2,k)E2(2,k)
k=0
= (=6)2 + (~11)2 + (0)2 + (-9)2
= 238,
Then ¥ = Y91 + Y92 = 94 + 238 = 332,
Yo ~ ¥ = 332 - 439 = -107,
and
Yo1 — Y = 94 — 243 = =149
Y22 - ¥y = 238 - 196 = 42,

Finally, the third term is removed and the calculations are performed., We

get
Y31 =~ 36
yiqp a 52
and Y7 = 88, 80 Y3 ~ ¥ = -351.
Also V3] - ¢ = =207

'1’32 - y2 = ~i44,

which finishes the computation.

Arranging this data in a table will make it readable and usable. See
Figure 4,2 for the reduction data of the sample problem. Naturally, as the
model increases in size, the testing will increase te include all terms in
the mode) approximation, These, then, are the simple calculations concerning
the reduction method. When a reduction is done in the following chapter, an

explanation of how to use these numbers will be presented.

Assume for now that the above test has indicated a set of terms are

likely candidates for removal. There are several steps that can now be taken,

g——"

¥
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Full model system error: 439

Full model state errors: 243 196

Term: xj
Change In system error: -—127
P
Change in state errors: —-63 —64 :
!
Term: x2

Change in system error: -l07

Change in state errors: ~149 42

Term: u i
Change in state errors: =207 ~144

Change in system error: =351 ]

Figure 4.2 Reduction Data for Sample Exercise
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One option Js to remove thogse terms from rhe model and retain the remalnder of
the tarms thus producing the reduced medel. This, alchough simple, {8 not a
logical cholce. For when we omit terms 1a a model, we are overlooking some
dynamics. Regardless of thelr significance, these lost dynamics may be
modelled adequately using the remaining terms, 1if they are given a chanze.
Hence, it is advantageous to regenerate the derivative and tensor data fol-
lowed by a re-calculation of the now reduced model. But, by removing terms,
we have changed the model structure and, intuitively, the system will need to
be excited differently. Therefore, it would be a further advantage if a new

input is designed.

The decision to re—optimize after terms are omitted seems sound, bhut it
is by no means trivial. It was argued that a new input design is the sensible
next step after the decision 1s made as to which terms are kept. But 1f the
input changes (due to the optimization), the full model associated with this
new excitation may cemtaln influential terms at those places we have already
made unavailable by reduction. Because of this difficulty, an assumption is
made. It is asgumed that a relatively insignificant term will remain rela-
tively insignificant 1f the change in input excitation 1s not extreme. To en~
sure that the change in excitation is not too great, terms are not discarded
in large groups. This 18 so, because it 18 hypothesized that a large change
in model structure (that 1s, many terms removed) will cause the optimum input
to move farther away from the present input parameters. Furthermore, the in-
put optimization routine cunverges to a local minimum which will ugually en-
sure the parameters do not move too much. To summarize, problems in reduction
may be encountered 4f there is significant change between the input parameters

of the model to be reduced and the input parameters of the reduced model.
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As a result of the previous discussion, we have made { minor rule for re-
duction. It claims that terms to be omitted should not be discarded In large
groups. There 1s another rule implicit in the preceding paragraph which is
worth stating. The model to be reduced must have been ldentified at an Input
parameter set which Is locally optimum. If it Is not, optimizatlon for the
reduced model may change the input parameters signiflcantly, and we have

already argued that. ir geueral, this is not desired.

It i3 worthwhile to pause here to make some vbs rvations. First, by way
of reasoning, a "multiple pass” reduction method has evolved., That Is, an op-
timum iaput 1s chosen, the wodel ls calculated, and the least slgnificant
terms 1n the model are determined. These terms are removed from further cal-
culation, aud aa optimum laput is re-chosen, the model is re—calculated, and
80 on. Obviously this process has a limit, and as the model becomes smaller,
more care must be taken when choosing terms to be omitted., In some casesg, the F
final pass 18 obvious. In these insrtances, the reduction test will indicate
th-. all remalning terms are relatively significant. In other cases, the i

final pass 1s not so clear. Usually after a few passes, the model is ade-

quately shortened, aud the reduction test may indicate only a single term or
two to be insignificant, It is iu these cases that care must be taken when
omitting terms. This is intuitively seusible since, as a model is made smal=~
ler, the dynamics in a single term are harder pressed to appear in the remaln-
ing terms, Because of thig, model performance may suffer. It is in such
cased that after a model has heen reduced, gome sample simulations should be
run to check 1f model performance is still acceptable. If it is not, then the
previous step was the final one. Otherwise reduction can coutinue. A second

observation is that in requiring only a smail change In Input parameter design
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from step to step [n the reductlon process, we huve takea advauntage of the
fact that the IMSL optlmization routine yields a local minipum. WYhile it
would be more advautageous to have 4 global minimizatlon routine if full model
identiffcatlon was being done, {n the case of iteratively reducing models, the

local coptimization I8 actuully more desirable.

Returning to the reduction method, we caan use the rules from the previous
argumeints to state the scheme 1n full:
a) d1dentify a model at an input which is locally optimum,
b) determine a get of terms which seem to be the least significant.
¢} remove the terms in the et and re-optimize,
d) identify reduced model,
e) model simulation to test performance,
£) 1if reduction data ludicates more insiganificant terms, go to
etep b), otherwise stop.

This simple method works quite well as the examples i{iu the following chapter

will show,

4.2 REMARKS

This chapter summarizes the preseant reductlon method, including demon—~
stration of the cajculations and a step by step outline of the technique.
Difficulties arising frow the combination of Lnput design and term removal
are discussed and a sultable compromise 18 obtained by the application of some
basic ruies. The following chapter contains conerste axamples where the

qualitative ldeas of this chapter become clearer.
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CHAPTER V¥V

EXAMPLE REDUCTIONS

It i3 in this chapter that a few examples are studied to illustrate the
power and usefulness of the model reductlion method preseated in the previous
chapter. The first two systems were initially iuvestigated in [2]. The first
system is a two state, two control 1nput ser of wonlinear differential equa-
tions. The secoud system l1s a three state, three control set of strictly
polynomic nonlinear differential equatious. The final system 1s a three
state, two input example. The first system will be modelled and reduced for
gacond and third degree approximations. The other two examples will demon-—

strate second degree reductloys.

The true test of a model's validity is borne out in simulation, There-
fore much of the chapter is vowprised of simulation data tables and plots.
With this in mind, we establish two general criteria for judging a reduced
model. They are:

2) the reduced model should approximate the full model of like degree of

approximation,

b) the reduced model should outperform the full model of less degree.
Both of these are senslble goals and the examples hereln do well with respect
to them. Finally, it is worth restating a weak assumptlon necessary for wmndel
reduction. This 1s that the model should be an acceptable representation of
the sysiem. This is fairiy obvious: since the motivation of a reduced model
18 to approximate the full model, we would hope the full model accurately de-

scribes the true system.

5.1 TWO STATE SYSTEM

The first system is given by the following equatlons
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. 2u)

x] = uzcosh(xyx2) - e sinh(2x;) ~ 3sinh(x3y),

. uluz u]l

Xy = e sinh(x1) ~ e ulcosh(xlz) + sinh(xjp).

These equatinns were studied in depth to demonstrate the power of the Iinput

optimization in identifying models that improve in quality as the degree of

approximation increased. This siudy appears in Appendix A. 1t is from this

report that “good” second and third degree models are taken as starting points

for the reduction.

5.1.1 DEGREE TWO APPROXIMATION
For this system, the point of expansion 13 the origin because it is a
stable equilibrium point. In the case of a second degree expansion, 14 model
parameters corresponding to the tensor products
X1, ¥2, ul, u2, X]X], X]X2, X2X2,
Xiul, Xju2, X2u]l, X2uz2, ujuj,
uluz y UZUZ

must be identified.

Now, to begin the reduction, a good full model that is locally optimum is
necessary. The first appendix gives us such a model. That particular second
degree model was identified using an initial state perturbation vector of

xp = (0.005, ~-0.005}.
In addition the excitation for each input was taken to be a sum of two sinu-
soldy:
up(r) = 0,0258in(2wt*¢y) + 0.025sin(27t"247),
uz(t) = 0.025sin(27t-¢3) + 0,0258in(2nt*2¢2).
In this case ¢ = ($], ¢2) was determined by optimization to be (0.7418,
0.9022) given the starting values (0.75, 1.0). The system was run for 4

seconds and 100 samples were taken at evenly spaced intervals.
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Given thls locally optlmum model, the reduction test can be performed.
See Figure 5.1.1 for the full model and Its reductlon test. The decislon as
to which terms should be omitted (or equivalently which terms should be kept)
must now be made. Upon iuspection of the reduction test, it should be wnoted
that with the removal of any term, the change 1u the squared error number may
lucrease or decrease significantly, or atay about the same. In this particu-
lar application, we choose to lgnore the sign of the square error unumbers and
lock upon thelr magnitudes as quantifiers of the effect of a term on the
model. This is reasonable slnce removal of a term with & large change in
squared error (either an increase or decrcase) will most likely cause a large
chauge in model performance., This, then, directs our attention to the terms
wlth small changes in their errors., These terms are in some seuse the least
slgnificant, 8o it 18 hoped that removal of them will have the least effeet on

model performance.

As a conservative first attempt, it is decided that error changes (both
syster and state errors) with magnitudes lesg than about 4 will be omitted.
The eet of these termg 1s

X]X]s E]X2, X2X2, X]U2, X2ul, XJul, ujuz.
Equivalently, the terms kept are
X}, X2, U], U2, XJUuj, Ujuj.
Note that all linear terms were kept. In general, saving the linear terms is

deslred, since they hold the good local behavior.

Now, an input optimization is performed using only the gix significant
terms given by the reduction test The system is again perturbed with ini-

tial conditious

R em pm e RESORTEL G
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ENTER INITIﬁL COMDITIONS FOR THE 2 STATES:
0.0030 ~0,0050

ENTER SAHFLIMNG FARAMETERS!
AFFROXTHATION DEGREE
P SAtPFLE FOTNTS
INTERVAL BETUEEMN SAMPLES
INTEGRATION STEFSIZE
2 100 0.0400 0.0030

SHOULDY THE EXCITATION RE SINUSOIDIML OR COSINUSOIDALTCS/CI!
IMENTIFICATION WILL BE DONE WITH SINES.
ENTER THE HUMBER OF (CQ)SINUSDIHS FER INFUT}

ENTER THE 4 INITIAL INFUT AMFLITULDES:
0.,249999997799999996E-01  (.240997999929999994E~01

EMTER THE 2 FREQUENLY WEIGHTS!
0.7418 0.9022

gHOULD THE IDENTIFICATION BE PERFORMED USING DATA THAT IS REDUCEDYIY/NI}

ENTER OFTIMIZATION DFTION:
RO OFTIMIZATIONS
AMPLITUDES ONLY
FREQUENCIES DMLY
INITIAL CONDITIONS ONLY
AMFLITUNES AND FREQUENCIES
AMPLITUDES AND INITIAL CONDITIONS
FREQUENCIES AND INITIAL COMDOITIONS
AMFLITUDES, FREQUENCIES, ANDN INITIAL CONDITIONS

t

XTeS

| I O I I O B |

3
4
]
b
7
8
eﬂ YOU WISH TO NORMALIZE THE DATATEY/MI

THE KATRIX OF SAWPLED MONOMIAL TERMS
RAS 14 ROWS AND 100 COLUMNG.
NUMBER OF TIMES COST FUNCTION WAS EVALUATEIN 0

u
WOULL YOU LIKE TO SEE PLOTS OF THE- INPUTST
ﬁF 80r LINE UP THE CARRIAGE.

T80 EFERREASY TIIT PI+ 701
+oSIZE=300#GET IDENT: IGENT

EXECUTION STARTED

Fit_FEERUARY 22y 1984
QuIT

~

2
N
!

FARTIT
FRTI 2

OM HUMEER 1.
]

I
TIOK <& 2 &Y 2 ARREAY)

Figure 5.1.la Full Second Degree Model and Reduction Test (First Pass)
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oo WITH EIGEMVALUES!
VALUES {(# VECTOR WITH 2 COMFOMENTS?
-+30053+4.B43781 -.50055-.843781

FARTITION NUHBER 24
FRTITION (A 2 BY 2 ARRAY)
6,7287E-4 99934

-1,0003 -3, 5733e~

FARTITION NUMBER 2,
FRTITION (A 2 BY 3 ARRAY)
60194061  ~,080981 034007
V0052731 9.3478E-4 ~3.8931E-4

FARTITION NUMBER
FRTITION (A 2 BY ARRAY)
-4,06B6  ~-.,0062571 -,030538 -,024848
-.01B969 -.011543 -,01223 -,011488

FARTITION NUMBER 3.
FR:ITION (A 2 BY I ARRA
-.033944 -4,0501E-4 .,
-.99512 0066456 8

COMFONENT ARRAY)
6,5841 46,4438 5,¢ 3.802  3,1743 2.,379¢4 2.1075
1,1872 ,B3453 74937

UHSSINGU LAR VALUE:

- r_n-

WANT TO TRY REDUCTION TESTTLY/NII ¥

FULL SYSTEM ERROR? 195,7138
FULL STATE ERRORS: 171,4433 24,2704

TERM? X1, COLUMN #:
CHANGE IN SYSTEM ERROR i
CHANGE IN STATE ERRORS: 1

TERM? X2+ COLUMN &)
SYSTEM ERRDR: 20
CHANGE STATE ERRORS! 82

TERM? Ui, COLUMN &1
CHANGE IN SYSTEM ERROR: g,
CHANGE IN STATE ERRORS: 0.

TERM? U2, COLUMN &}
CHANGE IN SYSTEM ERRORS 29407746
CHANGE IN STATE ERRDRS: 390775 0.0001

TERM! X1.X1, COLUMN #: 3.
CHANGE IN SYSTEM ERROR: (0306

—ir—

42,6933

2
T
P
=
7]
m
b,
4

7.7888

8.0251

| |

Lo ke |

1.8207

Figure 5.1,1b TFull Second Degree Model and Reduction Test (First Pass)
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xg = (0.005, -0.005).

The control inputs are again given by

up{t) = 0.025sin(2mt* $1) + 0.0258in{2nt+241),

up(t) = 0.025sin(2mt-¢2) + 0.0258in(27t-2¢2).
Now as starting frequencies for the optimization, we use the f%equency set de-
termined by the first pass optimimation, ¢ = (0.7418, 0.9022)}. The optimum
frequenclies are computed to be ¢ = (0.6499, 0.901l4). Note that there is not
much change in the optimum frequencies which is what we desire. The model is
re-calculated and the reductien test again performed.' See Figure 5.1.2 for
the “second pass” output. Inspection of the reduction data indicates that the
remaining terms are all fairly significant. So the model given in Figure
5,1,2 18 the final reduced model. It contains 6 terms of a possible l4; a 577
reduction, Furthermore, by taking all the partial derivatives, the exact

gsecond degree approximation would be

-2 -3 0 1
Lig = » Lo1 = ,
1 1 -1 0
0 0 0
k20 = 0 0 ol’
-4 0 0 0
Ly = 0 \ 0 o |
o o ol

Loz = .
-1 0 0

Obviously, the reduction method singled out the appropriate columns to be
kept. In addition the error test for the individual states indicates the

correct insignificant entries in each columm. The reduction method seems to
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ENTER INHITIAL CONDITIONS FOR THE 2 STATES)
0.0030 00050
ENTER SAMFLING PARAMETERS!

ﬁPFRDXIMhTLON DEGREE

§ SAMFLE POINTS
INTERVAL BETWEEM SAMFLES
INTEGRATION STEFSIZE
2 109 0.0400 0.0050

SHOULD THE EXCITAHTION BE SINUSODIDAL OR COSTHUSDIDALTLS/CII
INENTIFICATION WILL KE DONE WITH SINES,
ENTER THE gUHBER OF (CQJSINUSDIHS PER INFUT!

ENTER THE 4 INITIAL INPUT AMFLITUDES:
0,2499999999979999F4E-01 0, 249999999999999994E-01

ENTER THE 2 FREQUENCY wEIGHT
0.7418 0.9022

s

$HOULD THE IDENTIFICATION BE PERFORMED USING DATA THAT IS REDUCEDTLY/NIS

ENTER DFTIHIZATION OFTIONS
0 DFTIMIZATIONS

2 - RHFLITUUES ONLY
- FREQUENCIES OMLY
INITIAL CONLGITIONS ONLY
AMPLITUDES AND FREQUENCIES
AMFLITULES AND INITIAL CONDITIONS
FREQUENCIES AND INITIAL CONDITIONS
AMFLITUDESs FREQUENCIESs AND INITIAL CONDITIONS

Illll

3 -
4
5
é
7
8

ENTER THE TRACE OF THE COVARIANCE MATRIX:
0.,999999999999999934E-06

ENTER THE gPTINIZATIDN METHOD! 1,2+3 OR 4
F SIGNIFICANT DIGITS FOR CONVERGENCE

OF FUNCTION CALLS»
XHINQOPTION F (0r192+3)

ENTER & 0
HAXIHUN &
ANDl THE Z
2 200

O CALLS OF FUNveses
THE PARAMETERS?
0,68729480+00 0,74746237D400
THE CONDITION NUMEER: 0,12601405
ORJECTIVE FUNCTION VALUE:R €.19750400

20 CALLS OF FCNeswos

THE PARAMETERG!

0,67822930400  0.94484740400

THE CONDITION NUMBER: 0,1180405
OBJECTIve FUNCTION VALUED 0. 1?1BD+00

30 CALLS OF FENvavss
THE PARAMETERSS
0.44935840400 0,8721046814GO
THE CONDITION NUMBER: 0,107D405
ORJECTIVE FUNCTION VALUE! 0.1745D400

Figure 5.1l.2a Reduced Second Degree Model and Reduction Test (Second Pass)
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19 CALLS OF FOM.. .o,
THE PARAMETERE!

0 61FR0ZA0T00  0,9013817D+0%
THE CONDITION NUMBER: 0, 1040405
OBJECTIVE FUNCTIOM VALUE: 0,317190+00

30 CALLE OF FCMy vy
THE PARAMETERSS

0.64986020400  0,9013841D+00

THE CONBITION NUMBER:D 0.104D403
CBJECTIVE FUNCTION vALUE: 0.17:90%00

60 Cl:‘.LLS DF FCNf DR

THE FARAMETERS:
0,61984030+00 0,90..8420400

THE CONDITION NUMEER: G,10401+05
QRJECTIVE FUNCTION YALUE: 0.1719D400

CONVERGENCE ¥AS ACHIEVED AND WO ERRORS QCCURREL.

?0 YOU WISH TO HORMALIZE THE DATATLY/NIS

THE MATRIX OF SAMFLED MONOMIAL TERMS
HAS & ROWS AND 100 COLUMMS.

NUMHER OF TIMES COST FUNCTION WAS EVALUATED:
THE OPTIMUM FREQUENCIES ARE:

FREQ(1)= 0.650 FREQ(2)= 0.901 FREG(3)=

WOULD YOU LIKE TO SEE FLOTS OF THE INFUTST
ﬁF 8Qs LINE UP THE CARRIAGE.,

TS0 SPEAKEASY III PI+ 7133 PH _FEBRUARY 22y 1984

{.SIZE=500FGET ILENTFIDENT#QUIT

EXECUTIOH STARTED
COLSKEFT {4 & COMFOMENT ARRAY)
1 3 4 8 12

FARTITION NUMEER 1.
FRTITION (A 2 RY 2 ARRAY)

"20 0 2
(7999 1,0001

oo o WITH EIGENVALUESS
VALUES (A VECTOR WITH 2 COMPONENTS)
~ 501461, BLI91 -, 30144- LT

PhRTITIDN NUMEER 2
RTITIOMN (A 2 BY 2 ARRAY)
M.3743E 4 7091
=1,0003 ~1,86372-3

Figure 5.1.2b Reduced Second Degree Model and Reduction Test (Second Pass)
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M NUNEER 4,
ON {A 2 BY 40nRRﬁY)

! -,99954 0 0
oo
b 8 (A & COMPONENT hRRHY)
i 7.3342 2,012 2395 4,5216 5.5657 4.1157
j THE MAXIMUM SINGULHR UALUE.
Cor HAX = 7,3342
: THE MINIMUM NONZERO SINGULAR VALUE:
: HIN = 2,012
L v+ +AND THEIR RATIO
i RTIO = 3.4452

WANT TO TRY REDUCTION TESTTCY/NII Y

FULL SYSTEM ERROR: 200.9%731

L FULL STATE ERRORS:  174.7734 24,2198
'HJk TERM? X1,  COLUMN 83 1.
i CHANGE IN SYSTEM ERROR:  234,4909
S CHANGE IN STATE ERRORS:  194.4798 42,2111
g TERM? X2, COLUMN #; 2,
P CHANGE IN SYSTEM ERROR: 67,8547
o CHANGE IN STATE ERRORS! 60,9716 46,8801
H TERH? Ul. COLUMN #! 3,
i CHANGE IN SYSTEM ERROR: 11,0493
! CHANGE IN STATE ERRORS! 0.0157 11,0535
: TERM? U2, COLUMN #: 4,
L CHANGE IN SYSTEM ERROR:  -16.1350
FL CHANGE IN STATE ERRORS!  -16.1348 -0,0002
o TERM ! X1,U1,  COLUMN #! 8,
Lop CHANGE IN 5YSTEM ERROR:  -120,4435
i CHANGE IN STATE ERRORS! -120,5174 0,0539
i TERM: UL.U1.  COLUMN $& 12,
e CHANGE IN SYSTEM ERROR:  -15.§942
; CHANGE IN STATE ERRORS: 0.2470 -16,2412

L0 YOU WANT TO DISCARD ANY TERMS AND RE-OPTIMIZETLY/NIT N

MANUAL MODE
- SFACE USED 43 K NOW» 47 K PEAK: SIZE 500 K

[0 YOU WISH T0 SAVE THIS MODELZCY/NIIN
ID YOU WISH 7O IDENTIFY ANOTHER MODEL?CY/NIIN

i
i
)
i

I

Figure 5.1.2c Reduced Second Degree Model and Reduction Test (Second Pass)
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have done about as well as could be expected. The true proof of a model's

validity though 1l{es in 1its simulation.

For the purpose of model verification, simulation consists of the execlta-
tion of the true system and the model at peints about the point of identifica-—
tion. The control input excitation in this case is a single cosinusoid. That
ils

ugl{t) = ajcos(2mt+dy) {1 =1,2,.,.,m
Furthermore, an initial condition for each state is required. The true system
ard each model are run for a specified time and sampled at evenly spaced
points throughout the interval. If two models are simulated simultaneously,
a mean gquare error (with respect to the Erue solution) analysis {s performed.
The error criterion, then, is just the ratio of the mean square errors of the

two models for each state. For the following simulations, the error ratio is

MSE(MODEL1, )
MSE(LINEAR;) '

Ri 1=1'2.-00,n

where in this case MODELl; refers to the i-th state of the six term reduced
model. Obviously then, we desire the error ratios to be less than one. But,
the following tabular data will show for some cases the error ratio between
two models becomes very large. In these simulations it 1s necessary to check
the normalized error data and closely examine the graphical output. Most of
the time the large numbers are due to the fact that one model's trajectory
11es on top of tha true solution trajectoryv. Desnite the fact that tha arhar
model may also be very close to the true solution, the error ratifo becomes

large.

Recall that two goals were set for performance evaluation of reduced

mod+ls. The first is to outperform models of lesser degree, and the second is

¢4
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to approximate full model behavior. Tables 5.1.1 through Tahle 5.1.8 addrc:
the first criterion. In each of these tablea, the heading MODELl refers to
the reduced second degree model. The first three tables (Table 5.1.1 through
Table 5.1.3) originally appear in [2] and test the model performance very
close tg the identification point., Note that throughout the trio nf tables,
according to the error ratios, the reduced model seems tec he outperformed when
the foput amplitudes are zero., This behavior of the error criterion was ex-
plained above and a representative plot set is given in Figure 5.1.3.! Repre-
sentative plot sets of the simulation data tables fnliow each table. Note
that even with the loss of terms, the second degree model exhibits exceptional
behavior over the linear approximation. 1In Table S5.1.4, the model's region of
validity is tested farther away from che origin as the input amplitudes are
increased substantially cver those in previous tables. Table 5.1.5 gives a
set of simulations whose initlal state conditions are (-0.01, ~0.01), and
whose input amplitudes and frequencies are randomly chosen in the ranges
(-0.2, 0.2) and (2, 6) respectively, The following three tables (Tables 5.1.6
through Table 5.1.8) test the low frequency and d.c. behavior of the models.
Table 5.1.6 has various small frequencies and steps. Note that it was pre-
viously detefmined in [2] that the true system is unstable in the first scate
when excited with steps of magnitude more than 0.l. Table 5.1.7 is another
random table of smaller steps whose initial state conditions are in the range
(~0.01, 0.01) and whose amplitudes are in the range (-0.025, 0.025). Table
54148 has some larger steps with the initial state conditions randomly chosen
in the range (-0.05, 0.05) and input amplitudes also randomly chosen in the

range (~0,075, 0.075).

lin all plotg, if a curve 1s indistinguishable, it over—lays ancther curve.




1S AEEBERLSERLRA
PED
CDNFIGURAT%O

¢ OF TERMS IN WODEL 1

DELREE OF APPROAIMATICN
SIMULATION WITH COSIT

LSRRI RPN Sy SRR R AL EARRS
BLEM SUHHARY

Mt TRUEsLTHENRHODELL

UF STATES; 2

1 _OF INPUTE; 2 s
2

-

HE

I [
PR XER R R R AR ORI A AL R K

St INITIAL CONDITIONS AHFLITULES FREQUERCIES ERROR RATIOS
1 0,001 0,001 3,000 0,009 075 1,99 0,74BE+06 0, 608E+06
2 0,001 0,001 0,050 ¢.050 6.75 1,09 0,4CEE-05 0,549E-0d
3 0,001 0.001 0,030 -0.05¢ 0.75 1400 §.289F-05 ,352E-04
A 0,001  ¢.001 0,550 -0,050 0,75 1000 $.oolE~05 0,363E~04
5 0,001 0.0 -0.050  §.950 0,75 1,00  0.63BE-05 §,729E-04
& 0.001 0,901 60150 0150 0,75 1,00  0.257E~03 9.142E~02
7 DeGGL 0,001 0,150 5,150 0,75 1,00  0,258E-03 0.237E-U2
8 0,001 0,001 3,159 ~0,15% ¢.75 1,00  0,4B5E-03 G.31BE-G2
g 0,001 0,001 -0.150 0,150 6,75 1,00 0.702E-03 0,3a7E-02
10 0,008 -0,001 0.000 0,000 0,75 1,00 Q.5RBE+07 0.750E+G7
11 0,001 ~0,00% 6,050 0,030 6,75 1,00 0.277E6-05 ¢.335E-04
120,001 -0,001 0,050 -7,050 0:75 1.00  0.2LBE-05 0.374E-G4
i3 0,001 -9,001 -0,050 9,050 0,75 1,00 Ui 121E~0F 0, 194E~04
14 0.501 ~0.401 6,050 ©¢,050 0,75 1.00  0.945E-05 0.548E-04
15 0.001 ~0.601 90150 0.150 0.75 1,00 §.320E-03 0. 1BBE-02
16 - 0,001 -0.0%1 8,150 =0, 150 §.75 1,00 0.285E-93 0.351E-03
17 0,001 -0.901 -0, 150 -0,156 0,75 100 0.581E-03 9.382E-02
18 0,001 0,001 -0.150 §.159 0,75 1,00 0,719E-03 0.371E-02
19 0,001 =0,01 9,000 ©,000 §.75 1,00 G.7ABE+08 0,604ET06
30 -0,001 ~0.001 0,050 ©€.050 0,75 L1.00  0.204E-05 0,256E-04
01 -0,001 ~0.001 9,050 ~0,050 0,75 1,00  0.190E~05 0,330E-04
32 0,001 -0.00% ~0,050 -9.050 0.75 1.00  9.870E-06 0. 14BE-0d
23 -0,001 -0.001 9,050 0,050 0,78 1,30  0,582E-05 ,548E-04
24 -0,001 -0.001 6,150 0,450 0,75 1,90  0.3SIE-03 0,202E-02
55 =0,001 ~0.001 0,150 -0.15 0,75 1,00  D.295E-03 0.259E-02
56 ~0.00% -0,001 -0,15¢ ~0,150 0,75 1,00  0.4632E-03 ¢,387E~02
57 =0,001 -0,001 -0,150 0,150 0.75 1,00  0.759E-03 0.3BAE-02
58 -0,001 0.001 0,000 0,000 0.75 1.00  3.5B8E407 0.759E407
29 =0.001 0,001 0,050 0,450 0,75 1,00  0.3B1E-05 0.432E-04
30 -0,001 0,001 9,050 -0.,050 0,75 1,00  G,240E-05 0.4D9E-04
31 -0.001 0,001 ~0,050 ~0,050 0,75 1,00  0.187E-05 0.259E-04
32 -0,001 0,001 <0,050 9,050 3,75 1,00 0,673E-05 0,729E-04
33 -0.001 0,001 0,150 0,150 0,75 1,00  0.284E~03 0,174E-02
38 -0,001 0,001 0,150 -0,150 0,75 1,00  0.,2467E-03 0,244E-02
35 0,001 0,001 ~0,150 ~0,150 9,75 1,00  0,5I7%-03 0,340E~03
3 -0.,001 0.001 0,150 0,150 0,75 1,00 0.74i-03 G, 379E-02

Table 5.1.,1 Simulation Table
Reduced Model
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From the tables and plots it is obvious that the sccond degree reduced
mode] parforms very well with respect to the linear model. Clearly, the loss
of the eight terms in the model has not caused model performance to deterlor-
ate significantly., In order to better check the redu .d model's degradation
of tracking ability, it is compared against the full second degree model.
Tables 5.1.9 through 5.1.13 and the corresponding plots will show that goud
model behavior is preserved despite the loss of more than half the full
model's tzrms. In each case now, we do not expect to ocutperform the full

model, rather we just hope to approximate it. The error ratio, now

MSE(MODEL24 )
MSE (/ODEL14)

P\-i M i= 1,2,...,!'1,

{(where MODEL! and MODEL2 refer to the full and reduced models resp.ctively) is
expected to be around unity. This may or may not be true, again depending on
the relative closeness of a model's sclution to the true solution, so we rely
on the graphical data. Table 5.1.9 is a table of simulations clcse to the
oris *n. The error ratics meet their expectation and the plots in Figures
5.1.12 and 5.1.13 present typical curves. Table 5.1.10 moves the excitation
parameters fgrther away from the origin. Figure 5.1.14 gives a representative
set of plots, and Figure 5.1.15 is a blow up of Figure 5.1.14 to give a better
loock at the reduced model performance. Tables 5.l.11 and 5.1.2 are tables
with constant initial state conditions and randomly chesen frequency and am=—
plitude pafrs. Table 5.1.11 has amplitudes in the range (-0.0G3, 0,05), and
Table S5.1.12 has amplitudes in the range (-0.25, 0.25). Both have frequencies
chogsen from the range (2,6). Finally, Table 5.1.13 tests the low frequency

and d.c. behavior of the full and reduced second degree models.

From all of tha results presented so far it appears the model reduction

technique is working quite well as both criterla for judging reduced models
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were met. But, in this case the full model has only fourteen terms which is
not unreasonably large. The truc usefulness of the reduction method will ap-
pear when used on models with many nonlinear terms. With this in mind, the

third degree approximation of thisg same two state system is studied.

S.1.2 DEGREE THREE APPROXIMATION
In this example, the third degree approximation now has 34 terms corre-

sponding to the products

X1, X2, ul, Uz, X1X], X]X2, X2X2,

Xlul, Xjuz, X2ul, Xzuz, udlu], ujuz,

w26, XIXIX1, XIX1X2, X]X2X3,

X2X2X2, X[X|u], X]XJU2. X1XJ2u]l., X]X2uZ,

X2X2u}, X2x2u2, xjujuj, Xjujuz, Xjujug,

X2ujuwi, x2uluz, *2uzuz, ujulu], vlujul,

ujuguy, uluruI.
The appendix contains the locally optimum, third degree model to be used as
the starting model for the reduction. See Figure 5.i.19 for the original
third degree model and the "first pass” reductios test. Note the model is
identified using initial state conditions (0.00i, --0.001). It also uses as
control input excitations ihe <o=e sum of two sinusolds, although with differ-

ent amplitudes and frequencies,

]

up(e) = 0.055sin(2wt*¢;) + 0.0558in(2mt*2¢7)
ug{t) = 0.0325sin(2wt*¢2) + 0.0325s8in(2mt243)

where $#; = 0,5090 and ¢z = 2.0098,

PDirecting our attention to the reductien test and the terms with chanyrza
in errors of magnitude les. than 4, it 1s found that 18 terms can be omltied:

The remaining 16 terms are
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Figure 5.1.19d TFull Third Degree Model and Reduction Test (First Pass)
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Figure 5.1.19e Full Third Degree Model and Reduction Test (First Pass)
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X], X2, ul, U2, X]x}, XJul, ujuy,

XIX1X]), X]X1X2, X¥]X2X2, X2X2X2,

X|X]Uu], X2X32U2, X]ulu]l, %X]uzuz,

ujuu] .
These terms are kept and a new local optimum is found. Opcimizati n over fre-
quencies yielded 9] = 0,3950 and 42 = 1.3506. See Figure 5.1.20 for ite
“second pass”. Note that the IMSL optimization routine ended with a "term. ol
error”. This error (IER = 130) is an IMSL provided error check to insure that
roundoff evrror does not become excessive. Note further ;hat a FORTRAN error
message summary is provided. In this instance error 208 was encountered 34
times. Error 208 is an underflow error and indicates that an Internal vari-
able was less than 10778, The standard fixup 1s to set that variable to zero,

which is perfectly acceptable.

The "second pass” reduction test indicates that another 3 terms are
fairly insignificant. This brings the total number of terms to 13. They are
X1, X2, ul, uz2, xjul, ujul,
X1X]X1, X1X]1X2, X2X2X2, X]X]u],

Xx2x7u2, xjujui, ujujuj.

Again, only these 13 terms are kept and a locally optimum frequency set
ig determined. The model is identified and a reduction test performed. {(See
Figure 5.1.21 for this “"third pass”.) The reduction test indicates that term
19 (x1x]u)) could be removed, but after execution of the “"fourth pass™, the
model simulations showed that the 12 term model was not acceptable. So the 13
term model is the final model, and the final reduction is 21 terms removed ount

of a possible 34; a 62% reduction.

.
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ORJECTIVE FUNCTION VALUE! 0.35160+04

30 CALLS OF FCNsveo

THE FARAMETERS!

0,51996210400 0,198783901+01
THE CONDITION NUMEER: Q,1450410
ORJECTIVE FUNCTION VALUED 0.5316D+04

Figure 5.1.20a Reduced Third Degree Model and Reduction Test (Szcond Pass)
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A0 CALLS OF FCH... W,
THE FriRAMETERS:
0,90397340400 0, 189030
THE CONRITION HUHBFR‘ O
NRJECTIVE FUMCTION VALUE

50 CﬂLLS OF FCH- e

THE FARAKETERS)

0.,40742320400 0,14148146M404

THE CONDITION MUMBER: 0. 47OD+09

QRJECTIVE FUNCTION VYaALUE) G.,21320+04

k¥ TERMIMNAL ERROR - (IER = 130) FROM IMBL ROUTIMNE ZXMIN

QD YOU WISH TO NORMALIZE THE DATAPCY/NI1!

THE MATRIX OF SARPLED MONOMIAL TERMS
HAS 14 ROWS AND 10G COLUMNHS.

NUMEER OF TIMES COST FUNCTION WAS EVALUATEDS 32

THE OPTIMUM FREQUENCIES ARES
FREQ(1)= 0.395 FREQ¢2)= 1,331 FREQ(I)=0.000

WouLD YOU LIRE TO SEE F 5 OF THE INRUTE?
éF 80y LINE UFP THE CARR '

8E
C

MESSAGE SUMMARY! MESSAGE NUMRER - COUNT
, 208 34

750 SPEAKEASY III PI+ 10159 M FEBRUHRY 22y 1984
{_SIZE=5QO0FGET IDENT/IDENT/QU

EXECUTION STARTED
COLSKEPT (A 14 COMFOMENT ARRAY)
1 2 3 4 5 8 12 15 16 17 18 19

™3
L
=
(]
ra
~J
o
[y

FARTITION NUMBER 1.
PRTITION (A 2 RY 2 ARRAY)
"1 ] ?999 ‘300002
1,0011 99978

» o o WITH ETGENVALUESS
VALUES (A VECTOR WITH 2 COMPONENTS)
-, 50005+.,848411 -,30005-.8568411

FARTITION NUﬁBER 24
FRTITIDN (A 2 BY 2 ARRAY)

6,5114E-4 5990
199844 i0013877
FARTITION MUMEER 3
RTITION (A 2 BY 3 hﬁﬁﬁ()
'0”8226 ]
-, 093347 0 0

Figure 5.1.20b Reduced Third Degree Model and Reduction Test {(Second Pass)
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'F I
T
-1 0
000

TI0W HUHEER 4,
TTIGH i 2 BY 1 ARREAT)
J&7 0 0

2838 0 0

'TJ
[ ¥ o ]

O NUHHER i
10N (n BY 3 ARRAT)
203 0

3 o 0

FARTITION MUMBER 4.

FRTITION (A 2 BY 4 ARRAY)
- 21373 .39023  ,40494 -, 40803
148991 ~1.1593 -, 11776 55433
FﬁRTITIDN MUHBER 7s
FRTITION (A 2 BY 6 Qﬁﬁﬁf)
+ 11824 0 0 1049393,

.JBSbS 0 0 0 0 62134

FARTITION NUMBER 8,

PRTITION {A 2 BY & ARRAY)
-3,9208 0 1028512 0 0 0
+AB114 O 12065 0 0 0
FARTITION HUMEER %,
PRTITION (A 2 BY 4 ARFAY)
-098225 0 0
-37%13 0 0 0
8 (A 1& COMPONENT ARRAY)
11,449 7 1423 4.0617 5,0341 2,7425 2,088 1,9426  1,37%4
1,1688  1.1436 ,6219 06891 W 31614 17437 J0BA74D 034909
g?E MAE{MUH SINGULAR VALUE:
THE HINIHUM NUNZERO EINGULAR VALUE:
MIN = 03490
...QND THEIR RATIDS
RTID 327.96
WANT TO TRY REDUCTIOM TESTTLY/N1! Y
FULL SYSTEM ERRGR: 138,4410
FULL STATE ERKORS? 70,3943 68,0864
TERM: X1, COLUMN #3 1,
CHANGE IN SYSTEM ERROR: 05,9239
CHAMGE IN STATE ERRORS! 109,B157 -4,2918
TERM? £2. CULUHN $: 2.
CHANGE IN SYSTEM ERROR 234,7848
CHANGE IN STATE ERRORS! 174,0438 40,7210
TERM? Ui, COLUMN #! 3,
CHANGE IN SYSTEW ERROR: -41,7820
CHANGE IN STATE ERROKRS: =0,0060 41,7741
TERMS U2, COLUMN #: 4,

CHANGE IN SYSTEW ERROR: ~16,53%98

Figure 5.1.20c Reduced Third Degrez Model and Redurtion Test (Second Pass)
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CHANGE IN STATE LRRORS! =15,3402 ¢ 0204
TERI . A4, COLUMH i1 _ 35,

CHAMGE IM SYSTEM ERROR: 3.0913

CHAMGE TN STATE ERRORS! 0.04624 3.0289
TERM. Al.UL,  COLUMN §} 8.

CHANGE IN SYSTEM ERROR. 113,9193

CHANGE TN STATE ERRORS! 114,4507 =0.7314
TERM! 1.0, COLUMN B 12,

CHANGE IN SYS?EH ERROR! ~-19, 9544

CHANGE IN STATE ERRORS! -0.0270 19,9274
TERM:  Xi.%1.41. COLUMN ¥ 15,

CHANGE IN SYSTEM ERROR: 4,4767

CHANGE IN STATE ERRORS: 15,1272 -10.,4350%
TERM:  X1.X1.X3, COLUMM §: 16,

CHAMGE IH SYSTEM ERROR: ~2,3463

CRANGE 1M STATE ERRORS! 53,6283 -B.1744
TERM: X1, X2.02. COLUMN &: 17,

CHANGE IN SYSTEM ERROR: -1.4812

CHANGE IN STATE ERRORS! -3.6453 2:1441
TERM!  X2,X2.%2. COLUMN #! 18,

CHANGE IN SYSTEM ERROR! 2.7722

CHANGE 1IN 5TATE ERRORS! -7.3339 10,0051
TERM:  X1.X1.U1., COLUMN #! 1%,

CHAMGE IN SYSTEM ERROR: 7+1812

CHANGE IN STAHTE ERRORS: -G,4173 7.7983
TERH:  X2.X2,U2, COLUMN #! 24,

CHANGE IN SYSTEM ERPUR. ~4,0349

CHANGE IN STATE ERRORS -0.,9311 -3,1057
TERM:  Xi.Uf.Ul, COLUMN &1 235,

CHANGE N SYSTEM ERRURS 7.4809

CHANGE IH STATE ERRORE: 11,9710 -2.4701
TERM:  X1.U2.U2. COLUMN $1 327,

CHANGE IN SYSTEM ERROR: ~1,2073

CHANGE IN STATE ERRORS: 01620 ~1,34%3
TERM:  U1,Ut.Ut, CDLUMN $ 31,

CHANGE IN SYSTEM ERRO -24,795%

CHANGE IN BTATE ERRURS‘ 07590 ~-23.5543

DO YOU WANT TO DISCARD ANY TERMS AND RE-OPTIMIZETLY/NJ) Y

HOW MAHY TERMS WILL BE KEPT? 13

ENTER THE COLUMN NUMEBERS OF COLUMNS WHICH ARE TD BE KEFT.

ENTRY OF COLUMN NUMBERS WILL TAKE PLACE IN ELDCI

WHEN ASKEDs ENTER A AS AN ARRAY WITH A MAXIMUH UF TEN ELEHENTS.
A = ARRAY(1+2s354+8s12+15116118919)

f = ARRAY(24,25:31}

HANUAL MODE .
SFACE USEL 70 K NOWs 81 K PEAKs SIZE 500 K

[0 YOU WISH TO SAVE THIS MOLELTLY/NIIN
00 YOU WISH 7D IDENTIFY ANOTHER MODELTLY/NIIN

Figure 5,1.20d Reduced Third Degree Model and Reducticn Test (Second Pass)
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M
D —— Y

ENTER THITIAL CONDITIDHS FOR THE 2 STATES!
0.0010 00190

ENTER SAMFLING FARAHETERS!
AFFROXIMATION DEGREE
§ SAMFLE FOINTS
INTERVAL BETWEEN SAMFLES
INTEGRATION STEPEIZE
3 100 040400 0.0030

SHOULD THE EXCITATION BE SINUSOIDAL OR COSINUSOIDALTLS/CI:
IDENTIFICATION WILL BE DIONE WITH §INES,
ENTER THE QUHBER aF (CQ)SINUSOIDS FER INFUT:
ENTER THE 4 INITIAL INFUT AHMPLITUDRES:
0:330000000000000002E-01  0.325040000000000002E-01
ENTER THE 2 FREQUENCY WEIGHTS!

0,393 1,3506

]
?HDULD THE IDENTIFICATION BE PERFORMED USING DATA THAT IS REDUCED?LY/NIS

ar
4%
1 |.-4|

ZATION OFTIONS

NO OFTIMIZATIONS

AMFLITUDES ONLY

FREQUENCIES ONLY

INITIAL CONDIITIONS ONLY

AMFLITUDES AND FREQUENCIES

AHFLITUDES AND INITIAL CONDITIONS

FREQUENCIES AND INITIAL COMOITIONS .
AMFLITUDES: FREQUENCIES, AND INITIAL CONDITIJNS

{11111

.‘
OO L2 P o et

o

ENTER THE TRACE OF THE COVARIANCE MATRIX!
0,79997999999F999954E~06

ENTER THE gPTIMIZATION METHODY 1,23 OR 4

ENTER | DF SIGNIFICANT DIGITS FOR CONVERGENCE,
HAXIHUH OF FUNCTION CALLS,
AND THEOthINﬂDPTIDN 3 (0r1y293)

-

10 CALLS OF FCNyveas

THE FARAMETERS!

0, 378626 30400  (,1343124D401

THE CONDITION NUMEER: 0,400GD+08
ORJECTIVE FUNCTION VALUE: 0.16850403

20 CQLLS DF FCNooooo

THE FARAMETERS:

0,39718381+00 0,13521940+01

THE CONDITION NUMEER: 0.3970408
ORJECTIVE FUNCTION VALUES 0.14810403

30 CALLS OF FCHawwes

THE PARAMETERS!

0,39916420400 (,135321550401

THE CONDITION NUMBER: 0,3970408
OBJECTIVE FUNCTION VALUE! 0.16B8104+03

Figure 5.1.21a Reduced Third Degree Model and Reduction Test (Third Pass)
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Figure 5.1.21b

< -2

'}0 Cl.{LLS DF FCN Far e
THE FARAMETERSS

0,37915000400 0, 13521146D+01

THE COMDITION NUMBER: ¢.3570+03
OHJECTIVE FUNCTION VALUE: 0.1481D+03

CONVERGEMCE Wh8 ACHIEVED nMD NO ERRORS OCCURRED.

$U YOU WISH TO NORMALIZE THE DATATLY/NI?

TRE MATRIX OF SAMPLET MBNGMIAL TERMS
HAB 13 ROWS AND 100 COLUMNHS,

HUMBER OF TIMES COST FUNCTION WAS EVALUATELN 48

THE OFTIMUM FREQUENCIEE ARE:
FREQ{1)= 0,3%9 FREQ{2)= 1,352 FREQ(3i= 0,000

WOULD YOU LIKE 7O SEE FLOTS OF THE INFUTST
ﬁF 80y LINE UF THE CARRIAGE.

MESBAGE SUMMARY: MESSAGE NUMBER — COUNT
208 33

TS0 _SFEAKEASY III FI+ 11130 PM FERRUARY 22, 1984
i _S1ZE=5005GET TNENT; 1penTiQUIT

EXECUTION STARTED
COLSKEFT (A 13 COMFOMNENT ARRAY)
1 2 3 4 8 12 15 16 18 19 24 25 31

FARTITION NUHBER 1
FRTITION (A 2 BY 2 ARRAY)
-1,999% -2,9999
V99957 199945

++ «WITH EIGENVALUES!
VALUES (& VECTOR WITH 2 COMFONENTS)
=.300214,865821 -,300621-,865821

FARTITION NUMERER 2,
FETITIGN (A 2 BY 2 ARRAY)
6,3827E-4 .99898

-~ 99649 ~+0014354

Fh BER 3

TITION NUM .
RT% ION (A 2 BY I ARRAY)
0 0

Lo L g s e x ]

TITION NUMBER 4
RTITION (ﬁ 5Y'4 ARRAY)
Qg 26 0

+ ¢
=. 026934 0 0 0

"R
F

RXeduced Third Degree Model and Reduction Test (Third Pass®
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[Z

S L

B = ks e

RAPmERD)
f- et 1)

. .

FARTITION HUMBER 3.
IO (h 2 BY 5 ﬁFEHW}

-6,02246E-4 0

=1,0028 G O
FARTITION NUﬁBER &,

FRTITION (A 2 BY 4 ARRAY)
-1,2411 15993 © -.5407
24748 -, 71148 O V77052

PARTITION NUMBER 7.
PRTITION (A 2 BY &6 ARRAY) .
- Q43216 0 0 0 0 v073678
.20884 O 0 0 0 +68143

PARTITION NUMEBER €.
FRTITION (4 2 BY 6 ﬁhRﬂY)
-4,0074 0 0 0
27416 0 O 0 0 0

PARTITION NUMBER
FRTITION (A 2 HY 4 ARRAY)
-.076389 g

1
O~
O~
o~
~3
<O
[ar Lo )

COMPONENT ARRAY)

7.1113 46,0803 4,7378 2.4718 1.9875 1.3949 11,2823
+56438 26112 146092
UM SINGULAR VALUE:
5448

QUH HDNZERG SINGULAR VALUES
H

1

L]

o092
EIR RATIOM
«303

HANT TO TRY REDUCTION TEST?LY/NIV Y

FULL SYSTEM ERROR! 133,95631

FULL STATE ERRORS: 70,3439 63,4052
TERMS X1, COLUMN #: 1,

CHANGE IN SYSTEM ERROR: 121.0%994

CHANGE IN STATE ERRORSI 83,4754 33.6240
TERM: %2, COLUMN #1 2.

CHANGE IN SYSTEM ERROR: 222 ,9%44

CHAMBE IN STATE ERRORS! 220.0404 2,7140
TERM: Ui. COLUMN #%:_ 3.

CHANBE IN SYSTEM ERROR: -37,8873

CHANGE IN STATE ERRORS! -0.0055 -37.8818
TERM: U2, COLUMN &7 4,

CHANGE IN SYSTEM ERROR: ~15.6390

CHANBE IN STATE ERRORS: 13,8634 0.0243
TERM S X104, COLUMN & 8.

CHANGE IN SYSTEM ERROK: 123.9281

1,1637

Figure 5.1.2lc Reduced Third Degree Model and Reduction Test (Third Pass)

90



Dol

CHiMEE

TERMI
CHANGE
CHANGE

TERMI
CHrHGE
CHANGE

TERM!
CHAMGE
CHANGE

TERM:
CHAMGE
CHANGE

TERH S
CHANGE
CHANGE
TERM
CHANGE
CHANGE
TERM:
CHANGE
CHANGE
TERMS
CHANGE
CHANGE
[0 You

MANUAL
SFACE

Lo you
o you

Figure 5.1.21d Reduced Third Degree Model and Reducticn Test

Qlxei) Al oEy s
OF POOR GUALITY

I STATE ERRORS, 1240009 =0.201

Ui, oL, COLtksH 85 312,
8% YSTEM ERROR =-27.,5902
IN STATE £RRORS: -0.0113 27,0438
X1.x1.41, COLUMd §3 18,
IM SYSTEM ERROR: 15.9879
IN BTHTE ERRORS: 13,2005 0.7824
n1.x1, X”. COLUMM %3 14,
IN BYSTEM ERROR: 16,4559
IN STATE ERR{IRS: 0.3196 16,1342
X2. %3, 42, COLUMM &3 18,
IN SYST'—"M FRROR -8.737%
IHN BTATE ERPORS: -4,379% -4.3380
xioX1,U0L.  COLUMN &3 1?.
IN SYSTEH ERROR: 914%
IN STATE ERRORS: 0.4854 1,4293
X2.,X2,U2, COLUMN &) 24,
IN SYBTEM ERROR! -5.8982
IN STATE ERRORS: ~1,3748 -4,3234
X1.u1,01, COLUMN #i 25,
IN SYSTEM ERROR. 747140
IN STATE ERRORS3 747367 ~0.0427
Ui.ui.Ui, COLUMN $: 31,
IN SYGTEM ERROR. -25.80%93
IN STATE ERRORS: 0.9593 -26.8188

WANT T3 DISCARD ANY TERKS AND RE-OFTIMIZETLY/WI!

HODE
USEDl 42 K NOWs 71 K FEAK»

SIZE

WISH TO SAVE THIS WODELTLY/NIIN
WISH TO IDENTIFY ANDTHER MODELTEY/HIIN

200 K

(Third Pass)
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Now all that remains is simulation to bear out the model's validity.
First we test agalnst the full second degree model and the error ratio for
each state 1s the wmean square of the reduced third degree over the mean square
error of the full second degree. In each of the following tables MODEL] is
the second degree model and MODEL2 is the reduced third degree. The first two
tables (Table 5.1.14 and Table 5,1.15) and their corresponding plots display
the behavior when excitation parameters are chosen close to the origin. The
following three tables stretch the initial conditions and amplitudes farther
from the origin. From this set of data, it is clear thaé the reduced third
degree model outperforms the full second degree. Table 5.1.19 is a table in-
cluding randomly chosen amplitudes and frequencies. The corresponding figures
(Figures 5.1.29 and 5.1.30) show a worst case and a typical plot of model be-
havior. The final two tables show the low frequency and d.c. behavior of the

two models. Again a definite improvement is ohserved.

Now, éompariaon against the full degree three model is in order. The er-—
ror ratios for each state are now the mean square errdr of the reduced model
over the mean square error of the full third degree approximation. The first
table (Table 5.1.22) and its corresponding set of plots (Figure 5.1.34) show
the typical comparison of model behavior near the origin. The next two tables
move the control amplitudes farther out. Throughout these tables, the reduced
model behavior 1s quite good and sometimes even better than that of the full
model, dut the reduced model went unstable as the amplitudes reached 0.6,
while the full model remained stable and did well (see the appendix). Table
5.1.25 ig another random table with amplitudes in the range (~0.4, 0.4) and
frequencies in che range (2,6). Table 5.1.26 is a low frequency table and

Tahle 5.1.27 is a tzble of random steps. In these cases, we note that re-

it it ST M S~ = = b T R
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COMPARATIVE SOLUTION PLOTS: STATE o |
=== TRUE - WODEL FULLDEGZ —— HOOEL REDCDEG?D

\

~10ne-t
26

i

\/U \J

EFT) 360 {80
TIHE iS5ECT wmiOww-2

-39
"

STRTES

-1 1

-189

COMPRAATIVE SOLUTION .PLOTS: STATE a 2
=== TRUE oo MODEL FULLDEGZ MODEL REOCDEGS3

N /

VY

a Y 240 460 Jao
. TIKE (SEC} wiQww-2

92
T~
-

1
1

Q==
2
|
——_
I

S
-29

=
T

STRT

~-158

Figure 5.1.22 Sinulation -Number > of Table 5.1,14
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Figure 5.1.23 Simulation Number 33 of Table 53.1.14

e e



96

S
=

=
LR
|
L
-
ko=
Lo
- -
- -~
]
® Ll
W et
Lt
S e
g e
00
e
T
Lt
e
== 2z
00
0
o’ N
= <L
= O
» O
= D
E S ]
L
»*
» O
> O
=
e

t DF STATES! 2
§ OF INFUTS! 2

EERRAA LR

] g b
[T Eeal &
[
OO 1T
[ =l
ot d e
Laa TuIN L VoS
[ Wt
WG O
XX
LI 3
— P~ 1
s
Lo Lol G Lo 27 3
38 O 2 -t ek
o OGN
L AT L S
[ =T

E.3

L

3

%

5

o

E

ERROR RATIOS

FREQUENCIES

AMPLITULES

St INITIAL CONDITIONS

cd -t ] - -~ o —i oty i e

$ 2 EE 2222 29990 29
' 1

[¥5) b L bt Ll LiJdtaiw .

O~ T e ST 9 O 0 00 O~ 0 GO0 D M0~ N LI ~0 0~ L O -0 A v SO HY O P

O~ C DL M C et 22 1 O OO OO O N D = O O P P O WO P O et O

DN v vt =00 D=L OO ciias -..91011

ttttttttt P R e O I R Y e

QOO OOOCOOE S OGOOQOOOO OOOOQOOO0 QOO

— 4 —t i e

< < < < L)

t t i 1 1

W il wl [¥5] Lad

— DTS MO T OO0 OM T O OIS T O 0 OO SOOI PN O O

SO IVNICI OO T MM S O M A1 O O PN e

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

OO OOOOOOOOOOOOOOOOOQOOOOOQOOIDIOOOOOOO

OOOOOOODOOOOOOOOOOOOOIOCOOOCOOOOOOTCD
COOOOOOOOOOOQOOOOOQUOOOCOOOOQOOQOQOOOD

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

i vt rirird ety v vl it A vt i et e vt vl vl vl vl vt il vl et el

T et T o o I Tl Tp I o] g Tt iu  Tp 1 i L i N T T T F NI Hig Y T T T Mg F T P T N TR ip b ra N i i Tp i T p i g ]
PR N R L o o S N o e AN At Al At i WY W N 0 A ) A RS A S il e e Y A et

llllllllllllllllllllllllllllllllllll

llllllllllllllllllllllllllllllllllll

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

WU WD WM NN LG WD NN NN IS I WS WD DG LN LD
OOOQOOOOOOQOOOOQOUOOOOTOOOOOOOOOOOOOODO
COOOHOCOOOOOOCOOOQOOOOCGOCOOOOOCOOOQOOO0N
tttttttttttttttttttttttttttttttttttt
H
L2 I WA N L LR N DN WD D D D DI DO LI D D LD DININ LWL
OOODOOQOOOOOAOCCOOOOOODOQOOOOCOOOQOOOOQOOO0
OOOOOOCOOOOOOoOOOCUOOOOOQOOUOQOOOOOODOOCO
||||||||||||||||||||||||||||||||||||

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
-0
-0
-0
=0
=0
-0
-0
-0
-0
~Q
-0
-0
=0
-0
=0
~0
-0
-0

OIS B SO P DO G A AP O S 00 O S
P e e b b P e DR R P T At Eat e st Fat Ead ol T b 1 ¥ |

for Second Degree Full Model versus Third

Degree Reduced Model

Table 5.1.15 Simulation Table

= ———r




[ — NP e

SRS, —

== TAUE -~ HOIJEL FULLDEGE

AL .]‘\'-" )
el

r;:whagn \ﬂ;nils{

CUHPﬂf'.r1-l‘E S50LUTION PLOTS: STRTE = |
HODEL ﬁE‘JCDEDﬂ

é;.
a | '
" \ / '
g BEEL 2Ga 360 §8o
TIHE ISE&EC) wi0rw-2
EONPHHFITIVE SOLUTION PLOTS: STATE s 32
- =~ TRUE - - MODEL FULLDEUE ——— HDDEL REODCDEGS
o i/
{
o
r
1 §
”
oy
[»n
F';
o
' 120 240 360 Jeo

TINE (S5SEC) n]l0mn-2

Figure 5.1.24 Simulation Number 18 of Table 5.1.15

97

A -

v o



98

LYSRINES ISR S ERDFAL S S YHLLERLEIS LT 04

PROBLEH SUHMARY

»*

el

o

-

o -~
- =
tad - M r
= Ol S5
Q -
b - wa b
- e 2 A
— S OCI
- — L e
[F1] A=
i o TS e TH L B -
o ==y
e T e nt”
=~ NN M-
wal— O O
D22 -
AT O 0,
=z L G E e
LT T O %

=X k=

el o Crle Ot o ek
=] - = o iom
e 2] DT
<= [Ty T
& 1 =
= eyt li]l
o =
. o
= el
o Ead
(=] *
ol

L3
a

L

ERROR RATIOS

FREQIUENCIES

AHPLITUDES

S4 INITIAL CONDITIONS

iy

e N e e L L b e e e It B B ot s B o e e Rt R b B D s b b b han Lo B Bt e ot o e et b S R R Rp B B o]
AR RARERRR AR ARARRRRRAA AR RN AN AR ARAR
1 i

Flrd vt O D v A et G S v PP e S O P = 0O vt et O O D O M v P ) = D O CA D B v~ Cd et vt P D et O OO
PO O OO~ 0 =T N MICT 0 0L O WM O QOO LN T T T T T T MO MO e ticd S
PO IO IR M A ST P D et o O S U D et A S ) e B D) vt - PO P S EI D C O S W I O LI CI Ol o

lllllllllllllllllllllllllllllllllllllllllllllll

[ttt elalalololalefrlololalafrlalelelalelel=taelafolelelalalolelelelef-lelelelefelolelainlelele)

et e ek A ol ot vt vt A v ] 0] md e vl et el e vl vk e wemsf well e = vt i Tttty et —i Eanbas e Ros |
STITTCITSITIOLTLIT  TOSIST  ITSTLS DIILIIL SLST
il bl b bl bl e b W L L Lad L ) bl il Lt dieliag Liluby bl Rt gl

DOCOOOOOOOOOOOUOOCCOOOOOLOOOOOOOOOOOROOOOOODCOOOO

felotelalaolalelalalelelalelalelalelolalelalalelelalelalalalalalololelolalelelalelele e letrloiai]
COOOOOOOQLUOOOOCOOCOOLOCLOOOOUUOOOCOCOOOoOCAOOOOOO0

0000000000000000000000000000000000000000000000

CoODOOOOOOCOOOOAOOOOOOOROOOUQOoOOOOHOIOOOOoOOOOOOOOOO0
OOOOOOIOQODCOOOOOOOOOOCOOOOOOIOOOOOOOOOCOOOOOOOO

lllllllllllllllllllllllllllllllllllllllllllllll

OOOOOOUOOOIDOOOOOOOOOOOLODOOODOOOROOOOQOOOOOQOOCOC
SOOoOSCOOOOGOONOOCDOOQOOOOOOOOOOoOOOOUOoOOOCoOOoOOOOCDSC
it v ot e T e v v e et A G CL T CICICI I CEC G IO U M M ML P R M M M M R e e e

||||||||||||||||||||||||||||||||||||||||||||||||
R e R e e N it i St S b e Rt A b S A

!

OOODOOOOOOOOQOOOOOOOOOOOOUOOOOOOOOCQOOOOOOOOOODOO0
SOQOOOOSOOOOOOOOOOQOCOOOOOOOOOOOOOOOSOOOOOOOOOOOC0
v et vl bt vl v eyt O O L G CU T OIS CECIT T M M M MM T M M e R e

llllllllllllllllllllllllllllllllllllllllllllll

LT B B OO B I WA I L0 WD 1D 3 LT LD WD D AT W2 WD UMD W LW W D WL I DI B D IR WD LT DWW 1IN
CICITL IO T S CH O S CY S C S CE I CHCI T CICI O G I D O O C4 O G I T I I O I A AL T )
DOOOOTOOOAOOROOOCOOOOOOOQO ORI DO O OO OO SO DO O OO O O

llllllllllllllllllllllllllllllllllllllllllllllll

i ]
LI WIS YLD LW N WO LW FY A G LU L LW N WD D DI A D W WD LN W O LD
CUCAC Y CICICECI CL IO CI T CI C O IS IO CI G CA T T CH C CRCI CH T I CI G CICI CI T CA I O O U T I 0
OCGOQOOOOOOOOOOOCCOOOOOOOOOOOOOOOOOCOOOQOOOMIOOOOOO
oooooooooooooooooooooooooooooooooooooooooooooooo
000000004&..044%@400000000%444444WOOOOOOOOMVWWAW%M.J«JV
1

 C T T SO T G0 O € et ST 1D -8 0 00 O 3 et G =77 L7250 [ 00 O €5 vt O3 < U7 0 0 00 O 0 vt D T 00 P 00
b vt e et by =t CUCI O CA O CIC I C L OO NI AP P S ) 10 1) o G o T S TS

T -y P—rTR——— | oo 1 b L s 1 iy » y » + + S

1-..-‘
A
b~
=
-+
S
=
[i)]
=
N
15}
[i}]
=
—
113
o
Q
=
—
—
e}
e
[}
QG
L]
bo
a
am}
=]
=
Q
(4]
Q
(423
|5
o~
[TE )]
AOu
o =
—
Maligw)
o Q
= o
o |
5%
— o]
=
m
~ @
R
- Q
o]
(Xw] 7
" |
i ,
“ |
9 |
—
Nl
a h
| *
M
R e’ 20 =t ] [ e



By oAl Al o

—

| A S b od

—d

L]

COMPRAARTIVL SOLUTION PLOTS: STATE s |
~ =~ TRUE =« - HODT+ FULLODEG?Z HODEL REDCDEGS

77

—,

L

i

] (wa-3

STATES
16

-135

| J \/

COMPARARTIVE SOLUTION PLOTS: STATE = 2

-y

290 360 dap
TIHE [(SEC) wlQwm-2

-~ = TRUE -=werrees MOOEL FULLDEG2 — HNOOEL REDCOFECS3

b

Vi

1 A

l.:: 1

c"l' ' i

D .

i

HJTJ

v\— 1}

("]

o

W . .

' 20 ELT) ~ T dgo

TIHE (SEC: WiOww-32

Figure 5,1.27 Simulation Number 26 of Table 5.1.16

99



A% SFURRMES L~ St

———— [E—— ———

[

e ried

P | L | — [N |

bt

| SRR b rbatraprend o e od

| Rl

ol
L

0029
0,023
0,025
025 0.025
29 ~0.025
29 ~0.025
29 =023
29 -0.,020
5 0,023
]
0,025

P OO I~ O LR b G P D~ 0 O~ O L D G [ b
1
Lo}
<>
rJ
w

FCT 0T 0] 0 L SO S W S S Y

3l -0.025 -0.025
32 =C.035 -0.025

Table 5.1.17 Simulation Table

Degree

*
Py it aF 3 s ted = M

INITIAL COWDETIONS

l*i*?#l*1!##17**#**#?*1#*!#*##?*******#*
ROBLEH SUMMAR'

H
CUNFIGURQTION. TRUEsvi‘m[IELlrP‘IOBEL'7
¢ OF STATES!
t_OF INPUTS: 2
1 0F TERHS IN MODEL 1) 14
DEFREE OF AFPROXIMATION: 2
¢ OF TERMS IM MODEL 2: 13
DEGREE OF AFPROXIMATION! 3
SIMULATION WITH COSINE
SR PP RN AR ALRGRECASIONELS T LILE 22

ANPLITURES FREQUENCIES
0,400 0.400 2,00 1.00
0.400 ~0.400 2,00 1,00

"00400 0t‘100 2|00 1000
"0.400 "00‘100 2!00 1000
0,400 0.400 2,00 1.00
0,400 -0,400 2,00 1.00
-0,400  .400 2,00 1.00
~0.400 --0,400 2,00 1.00
0,400 (.400 2.00 1,00
054{‘0 -0140{} 2000 1000
~0.,400 0.400 2,00 1.00
0,400 -0,400 2000 1,00
0,400 ¢.400 2,00 1.00
0,400 -0.400 2,00 1.00
-0,400 0.400 2,00 1,00
-0.,400 -0,400 200 1,00
0,500 0.300 2,00 1,00
0,300 -0.500 2,00 1,00
~0,900 0.3500 2,00 1,00
-0,+300 -0.200 2,00 1,00
0...:00 00500 2000 1000
0,500 ~0.500 2,00 1,00
“005_00 0.500 2100 1000
"05500 '0 .500 2000 1.00
0,300 0,900 2,00 1,00
0,900 -0.500 2.00 1.00
~0,500 0,500 2.60 1,00
~,500 0,500 2,00 1,00
0.500 0,500 2,00 1,00
0,300 -0.,500 2,00 1,00
"0.500 0»500 2000 1:00
‘00500 “'00500 2.00 1-00

Reduced Model

LA IR IO ~O L0 D Ot

40E~0)

P4E-01

OOCCOQOOOOCOOUOOUODOOOOOOOOOOOOO0

.bf-”\Jl-‘va_-'"\Jl'Gm-k-lﬁl"Jo"G‘WP‘JE?"\J&&‘O*OUT-E\OCB&&HF‘QLﬂ
3
T
<
—

100

¢ RATICS

290E-01

298E-01

o~
Lo
200
mm
11
<
[

DOQOOTDOQOTDODODOO
I
SOOODOOODO OISO
L e e aad oy S T o e S

oL G Bt ben £ T Do e B I £ et ot ] o e b=

for Second Degree Full Model versus Third

s T

o



el A R 8 RARES -4 W e A - s ST T . - - o . ,",

e

W T

-~
ORIGHS L B to1
COHPARATIVE SOLUTION PLOTS: STRTE o !
=== 1RUE -~ HODEL FULLOEG2 ~—— NHODEL NENDCDEGS3
s
mw
pad
o
1
.r-
oo
:]r- f;‘ Y
D——-1 \
- L
- :
0 //\
""\__./ ;
‘o 120 dio 60 {80
TINE (3ESY  =i0=2-2
fONFARS™T L & SOLUTION PLOTS: STRTE a 2 i
- - - TRUE - MUDEL FULLDEG?2 MODEL REOCREG3 1
o :

-26

— e
el

"\\-‘
e e

rr-. 1 "|.l
A ~
N
[ .1" '
(Y , .
- . S ' .
- " . - ’:. ]
) it N
W O L
[ ) H " .
s B
-
u-‘o: 5\
: Va
~ ro ’ ,
1 ! : I T
! . } \ / 4 N
! ! \ oy (S
a . . “
Ed " '
ny L
i rzo TH0 360 Jao

FIME 1%E0) «]l0sn-2

Figure 5,1.26 Simulation Number 4 cf Table 5.1.17



4

d

102

2
(2333742888

MODEL Y MODEL?
1
0
2
0
I
i

0
]

UE !

TATES
FU
IN
FR
IN
FR

Y
X¥

- e

[gulssfets plantan b
e e

o

D

T
N
F
F
{
¥

PROBLEK SUMMARY
§ OF 8T/
SIMULﬁTi

{ OF TERI
(ERsR SRt EE2 R

IEGREL OF
BEGREE OF

LTSN SRR N RS TRARE I AR EREETELY S
CONFIGURATION:
i

ERROR RATIOS

EQUENCIES

%

£

fiHFLITUDES

St IMITIAL COMDITI.wG

CAT, v vt CICI T O vt el vt v et Tt vt v vl et ot et T A A A A el e

COCOOOOOOOOQOCOOoUOOOUOUOOOUOOOOQOUOOOOOOOCOOOC

[ I I T T T T T T e T e S e S O e e T S S e A A N I |
.

lllllllllllllllllllllllllllllllllllllllllllllll

COOOOOOOOOOOOOOOSOOOOOOOOOOOOOUOOOODOOOOLOOOOONOOO0

[t U BT o ol [ Rt B B R o Ry i D e b a0 L3 Bos R o b o B 1% Ban AL 0 R it R Bt o s S hn Bon B o o oan B Do B B o |
AR SRR AR AR AR S AR AR AR A
] E i

00000000000000000000000000000000000000000000000

[=loTwl=l=lslelelolelalelaleloleleclalelvislelelalalolaleleleslelolalslelalolalolelolelvlelelelele]

[=f=Tolalatelulalelalviolelelalalelelelalrlalalulelalolalelale lelalalelalnlelulolalelefel
LI E2 LS B DU NN I DN LI WD G LI LI W0 D I D IR N E MDD O N NN NI NN

00000000000000000000000000000000000000000000000

[sletleletalolulalalalelelalelelelelnlolalelolelololalalelolalolalelalololelelzlelelelolalelelel
NI WIILGE WIN IIEN  WD I W OIWIL S WS N D DI N LI IS DD DS W B L)

llllllllllllllllllllllllllllllllllllllllllllll

OO OOCOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO OO
QOOOOOOC U OOOODOOOOQOOOOOODOOOOOOOGOIOOOOOMOO OO OO0
v vt vt v e 1 e vt e e A e CU T O CI O CICI G T CI G O DI C M M P M M M M M s a0
0000000000000000000000000000000000000000000000000
i 1 B
DO OOCOoOOGOGOSOOOOOOOOOO DOOOOOOOOOOOO OO OGO QO
DOOOOOOGROE TOOOOOQOOOOOOOOOLOOOOOOOOOOOOOOOOOOODOS
el =l e f et et ot et ek vt v v et d vt o T O CLCICICI DL CA T CA T CICICICI T M M MM MR M IS MMM MM
ttttttttttttttttttttttttttttttttttttttttttttttt
]
LI L U W MO W I I D I N D W I WD 0 I LR T IS I L SN WD W LI LI U I N D L I U
B P P P o P P P P P P P P P P e O P L P D P P P P P P P P D I P 5 P P D P D P P P P P P T T
OOOOOOOOOOCGOOOOOTOOOOOOOOOOOOOOCOOOOOOOOQOOA OO0
LI A |
13 IR NN LI D MO I I O UMD WD WD DD N LI D I L U N D LI D LN WL D P N Ly
P P P S P P P P s D P P P P P D D S P I P P P P e P P P P IS P P P B DS P P T P P P P s P s P
OOOAOMOOOOODOOOOOCOQOOOOOOOOOOOOOOOOOOOOTOICOO OO0
oooooooooo o T T T e e

0
¢
0
0
4
]
0
0
]
0
-0
-0
=0
~0
-0
-0
0
0
0
O
0
0
0
0
-0
~G
“Q

P TToSoTSSSSPTTTT
I

)
-0

OO~ — i -ar-m
DIV ) T T AT s e T T

TIPS O OO O O O T P10 P GO O O T )
R e L e bt b b ha R L3 B o LR Yo o |

23
25
27
28
29
30
3
3
3
3
39
36
3

1

for Second Degree Full Medel versus Third

Table 5.1.18 Simulation Table

Degree Reduced Model

=y ¥ - T N T M 1 1 me—t | iy | | i | P =t _r

i
T k




b

———

.

—l

—

[l e b i

VRIGHNAL PALE o
OF POOR QUALITY

[
f ]
L

COKPRARATIVE SOLUTION FLOTS: STRTE = |

- =~ TRUE -~ HODEL FULLDEG2 MODEL REDCOEGS
| Fe

"
i
R
o~y
SN
S BN
- Y
|ﬂ='
@ |
-t
<
[
- \.-
- /
< \ /
o \l ,
il |
'3 120 L EEY) Jso
TIRE 1SE7)  »f0e=-2
TOMFPARATIVE SOLUTION PLOTS: STRATE 3 2
== = THRIE e MODEL FULLDEG?Z MODEL AEDCDEGS
i //—\
: / \
‘ \
i .! \I‘
RS f s \
N . '
: , \
. !
e \
: 1
o \
vl 3
\
N
-:_ N peert
|.'1
o
‘G 120 750 T60 — 480

TIHE [(SEC) wiQrw-2

Figure 5.1.27 Simulation Number 2 of Table 5.1.18
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Third Degree Reduced Model

Table 5.1.20 Low Frequency Table for Second Degree Full Model versus
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Figure 5.1.31 Simulation Number 3 of Table 5.1.20
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Figure 5.1.33 Simulation Number 15 of Table 5.1.21
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Figure 5.1.34 Simulation Number 7 of Table 5,1,22
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Figure 5.1.35 Simulation Number 30 of Table 5.1.23
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Table 5.1.24 Simulation Table

Degree Reduced Model
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Step Response Table for Third Degree Full Model versus Third
Degree Reduced Model

Table 5.1,27



127

CONPARATIVE S0LUTION PLOTS: STATE = |

== TRAUE ~ereereer MODEL FULLDEGYS —— HODEL AEDCODEGS3
-]
d
on
1o
5
T
oo
[
&
[ o
o
; :
[ *
o
m_
' 200 Joo gco dod
TIHE (SEC) wiOnw=2
|
CONPRARATIVE SOLUTION PLOTS: STATE s 2
— = = TRUE =weeeeers MODEL FULLDEGI —— MODEL REDCDEGS3 =
j
z 1
i
b= H
1
4
o
*
(4]
i
= o
[
wn
ol
v |
w ‘
' 300 Joo g00 800 |

TIHE (SEC) wl0mn~2

Figure 5.1.42 Simulation Number 13 of Table 5.1.27 ,
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duced model behavior 18 actually better than the full model behavior. So a
compromise between the full and reduced models is met, the full model is
stable for bigger amplitudes (that 1s, a larger reglon of stabiliey), bhut the
reduced model has better low frequency behavior. It is not the purpose here
to resolve this decisinn, but rather to demonstrate that a significantly re-
duced model can approximate the full model without much loss of higher degree

dynamics. Indeed, this wag shown.
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