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I n  t h i s  paper we cons ider  t h e  ques t i on  o f  de te rmin ing  when a  Berns te in -  
B6z ie r  cub ic  curve  i n  t h e  p lane can be represented as t h e  graph o f  f u n c t i o n  i n  
some f i x e d  or thogonal  coord ina te  system. 

One l e t s  ,8 be an a r b i t r a r y  p o i n t  i n  t h e  p lane  and D  and N  be nonzero 
or thogonal  vec to rs  i n  t h e  plane. Then every p o i n t  P i n  t h e  p l ane  can be 
w r i t t e n  i n  t h e  f o rm  8  + uD + vN f o r  a  unique cho ice  o f  s c a l a r s  u  and v. The 
t r i p l e  (8,D,N) i s  an or thogonal  coo rd ina te  system and t h e  coord ina tes  o f  P i n  
t h i s  coord ina te  system a r e  u  and v. I f  f o r  tl c t c t p ,  tl < t p ,  

where t h e  Pk 's  a re  g iven  p o i n t s  i n  t h e  plane, then  one can a l s o  w r i t e  

f o r  some f u n c t i o n s  u ( t )  and v ( t ) .  The curve B 3 ( t )  i s  s a i d  t o  be t h e  graph o f  a  
f u n c t i o n  i n  t h e  coo rd ina te  system (6,D,N) i f  v ( t )  can be w r i t t e n  

f o r  some r e a l  va lued f u n c t i o n  f de f i ned  on t h e  range o f  u. The f u n c t i o n  v ( t )  
has such a  rep resen ta t i on  if and on l y  if: whenever u ( t )  takes  on t h e  same v a l u e  
f o r  two d i s t i n c t  values o f  t, then so does v ( t ) .  

To a i d  i n  t h e  a n a l y s i s  one can i n t r o d u c e  t h e  n o t i o n  o f  a  curve be ing  
monotone i n  a  g iven  d i r e c t i o n .  The curve, R 3 ( t ) ,  tl c t c t2, i s  monotone i n  
t h e  d i r e c t i o n  D  i f  whenever tl c a < $ c tp, one has ( B ~ ( B ) - B ~ ( ~ ) ) - D  > 0. If B 3 ( t )  
i s  monotone i n  t h e  d i r e c t i o n ,  D, then  B 3 ( t )  i s  t h e  graph o f  a  f u n c t i o n  i n  t h e  
coord ina te  system (8 ,D,N) . However, t h e  converse i s  n o t  t r u e  i n  general  . 

We c l a s s i f y  those curves o f  t h e  form, B 3 ( t ) ,  which can be represented as 
t h e  graph o f  a  f u n c t i o n  i n  t h e  coo rd ina te  system (8,D,N), by s tudy ing  
separa te ly  those  which a re  monotone i n  t h e  d i r e c t i o n  fD and those  which a r e  
not.  

Those curves, B 3 ( t ) ,  which a re  n o t  monotone i n  t h e  d i r e c t i o n s  i D  and which 
a re  graphs o f  f u n c t i o n s  i n  (8,D,N), a re  n e c e s s a r i l y  s t r a i g h t  1  ines .  



For  t h e  oth,er case one has, as a  pre1iminar.y theorem: t h e  curve, 
B 3 ( t ) ,  t l  6 t c t2 ,  i s  monotone i n  t h e  d i r e c t i o n  D  i f  and on l y  i f  f o r  each 
t l  < t o  < t2, e i t h e r  
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( 2 )  B3( t0 )  = 0  and B3 ( t0 )  t 0  and B3(t0).D = 0  
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(3 )  B3( t0 )  .D = 0  and B3 ( t0 )  t 0  

and 
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B 3 ( t 0 )  = ~ B 3 ( t o )  f o r  some s c a l a r  A 

and 
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B3 ( t o )  + vt33(t0) f o r  a l l  s ca la r s  u  

The goal o f  t h e  study has been t o  t r a n s l a t e  these a n a l y t i c  statements i n t o  
geometr ic c o n s t r a i n t s  on t h e  c o n t r o l  po in t s ,  P Is, o f  t h e  curve  B 3 ( t ) .  
Necessary and s u f f i c i e n t  cond i t i ons  a re  genera \ ed by f i  r s t  s t udy ing  necessary 
and s u f f i c i e n t  cond i t i ons  on t h e  c o n t r o l  p o i n t s  f o r  cusps and then  f o r  i n f l e c -  
t i o n  po in t s ,  s i nce  each o f  these phenomena has t o  be d e a l t  w i t h  t o  o b t a i n  t h e  
f i n a l  theorem. The ana l ys i s  i s  q u i t e  l eng thy  and w i l l  be repo r ted  on ( i n  
p r i n t )  elsewhere. 

Th i s  research has d i sc l osed  severa l  unsolved e l  ern en tar.^ i n t e r p o l a t i o n  
problems, each o f  which appears t o  be impor tan t .  

F i n a l l y ,  i t  i s  noted t h a t  t h e  n o t i o n  o f  monotone i n  a  d i r e c t i o n  D may 
be u s e f u l  t o  those who s tudy shapes o f  curves and sur faces  s i n c e  i t  i s  a  
way t o  descr ibe  t h e  emp i r i ca l  n o t i o n  t h a t  a  g iven  curve  appears t o  be "headed 
i n  a  g i ven  d i r e c t i o n . "  




