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The problem of gene ra t i ng  s p a t i a l  coo rd ina t e s  by numerical  methods through 
c a r e f u l l y  s e l e c t e d  mathematical models i s  of c u r r e n t  i n t e r e s t  both i n  mechanics 
and physics .  A review of var ious  methods of coo rd ina t e  gene ra t i on  i n  two and 
three-dimensional Eucl idean spaces  i s  a v a i l a b l e  i n  r e f e r e n c e  1 , and r e f e r e n c e  may 
a l s o  be made t o  t h e  proceedings of two r e c e n t  conferences  ( r e f e r e n c e s  2 and 3) and 
a book ( r e f .  4)  on t h e  t o p i c  of numerical g r i d  gene ra t i on .  

I n  t h i s  paper t h e  problem of gene ra t i on  of a d e s i r e d  system of c o o r d i n a t e s  
i n  a given s u r f a c e  has  been considered which e s s e n t i a l l y  is  an  e f f o r t  d i r e c t e d  t o  
t h e  problem of g r i d  genera t ion  i n  a two-dimensional non-Euclidean space .  The 
mathematical model s e l e c t e d  f o r  t h i s  purpose is  based on t h e  formulae of Gauss 
f o r  a s u r f a c e  and has  been d iscussed  by t h e  au thor  i n  e a r l i e r  p u b l i c a t i o n s  (refs.  
5 - 9 ) .  

The formulae of  Gauss f o r  a s u r f a c e  v=const .  can be w r i t t e n  compactly by 
us ing  t h e  summation convent ion on repea ted  lower and upper i n d i c e s  a s  

where c = ( x , y , z ) ,  T'& a r e  t h e  s u r f a c e  C h r i s t o f f e l  symbols, p ( v )  i s  t h e  u n i t  s u r -  

f ace  normal on t h e  s u r f a c e  v-const. ,  baB a r e  t h e  c o e f f i c i e n t s  of t h e  second fun-  

damental form, and a comma denotes  t h e  p a r t i a l  d e r i v a t i v e  w i t h  r e s p e c t  t o  t h e  

s u r f a c e  coo rd ina t e s  xa(v and t h e  o t h e r  Greek  i n d i c e s  assuming c y c l i c  v a l u e s ) .  

Inner m u l t i p l i c a t i o n  by G~~~~ of equa t ion  (1 ) y i e l d s  

where 

v , a ,  B c y c l i c ,  
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is t h e  second-order d i f f e r e n t i a l  parameter of Beltrami. I n  equa t ion  ( 3 c ) ,  k i v )  

and k a r e  t h e  p r i n c i p a l  cu rva tu re s  a t  a  po in t  on t h e  s u r f a c e  v=cons t .  

Equation (2)  p rovides  t h r e e  coupled q u a s i l i n e a r  e l l i p t i c  p a r t i a l  
d i f f e r e n t i a l  equa t ions  with t h e  C a r t e s i a n  c o o r d i a n t e s  x ,y , z  a s  dependent 
v a r i a b l e s .  These equa t ions  a r e  nonhomogenous with t h e  r i g h t  hand s i d e s  depending 
on t h e  components of both t he  normal and t h e  mean c u r v a t u r e  of t h e  s u r f a c e ,  t hus  
r e f l e c t i n g  some geometr ical  a s p e c t s  of t h e  s u r f a c e  i n  an  e x p l i c i t  manner. 

Some of t he  problems l i s t e d  below have been s o l v e d  s u c c e s s f u l l y  by t ak ing  
equa t ion  (2 )  a s  a  b a s i c  d i f f e r e n t i a l  model. 

I. If t h e  mathematical equa t ion  of t h e  s u r f a c e  i s  a v a i l a b l e  i n  t h e  form 
F(x,y,z)=O, t hen  equa t ion  ( 2 )  can be used t o  i n t roduce  any d e s i r e d  coo rd ina t e  
system i n  t h e  su r f ace .  (For  d i s c r e t e  x ,y , z  va lues  of a  s u r f a c e ,  t h e  form 
F(x,y,z)=O can be ob ta ined  e i t h e r  by a  l e a s t  squa re  o r  p iecewise  approximation 

( ( method. Knowing F(x,y ,z), = 0,  one  can f i n d  kIv) + k1y) a s  a f u n c t i o n  of 

x ,y ,z .  Now two op t ions  a r e  open: I n  t h e  f irst ,  one can r e t a i n  86')~' a s  i t  
6 appears  i n  t h e  equa t ion ,  and i n  t h e  second w r i t e  A $ ~ ) X ' = P  /Gv ,  where P' a r e  

a r b i t r a r i l y  s p e c i f i e d  func t ions .  The second o p t i o n  p rov ides  a  c o n t r o l  by t h e  
u se r  on t h e  d i s t r i b u t i o n  of coo rd ina t e s  i n  t h e  s u r f a c e .  

11. The proposed equa t ions  can be used t o  gene ra t e  a  new c o o r d i n a t e  system from 
t h e  d a t a  of an a l r eady  g iven  coo rd ina t e  system i n  a  s u r f a c e  ( r e f s .  1 0  and 1 1 ) .  

111. I f  t h e  c o e f f i c i e n t s  of t h e  f i r s t  and second fundamental forms have been 
g iven ,  then  t h e  proposed equa t ions  can be used t o  g e n e r a t e  a  s u r f a c e  s a t i s f y i n g  
t h e  given d a t a  ( s u r f a c e  f i t t i n g ) .  

I V .  The proposed equa t ions  can a l s o  be used t o  g e n e r a t e  s u r f a c e s  i n  t h e  space  
between two a r b i t r a r y  given s u r f a c e s ,  t h u s  p rov id ing  3D g r i d s  i n  an  Eucl idean 
space  ( r e f s .  6 ,  7, 12, and 13). 

A number of numerical and a n a l y t i c a l  r e s u l t s  ob t a ined  by t h e  au tho r  and 
h i s  co-workers w i l l  be presen ted  i n  t h e  seminar .  



REFERENCES 

Thompson, J. F. ; Warsi, Z.U.A. ; Mastin,  C .W. Journa l  of Computational Phys i c s  
47, 1982, pp. 1-108. 

Thompson, J.F. (Ed . ) ,  Numerical Grid Generat ion,  North-Holland, 1982. 

Ghia, K.N. and Ghia, U .  (Ed . ) ,  Advances i n  Gr id  Generat ion,  ASME P u b l i c a t i o n  
No. Fed-Vol. 5, 1983. 

Thompson, J.F. ; Warsi, Z.U.A.  ; and Mast in ,  C.W. Numerical Grid Genera t ion :  
Foundations and Appl ica t ions ,  North-Holland, 1985. 

Warsi, Z.U.  A. , "A Method f o r  t h e  Generat ion of  Three-Dimensional Coord ina t e s  
Between Bodies of Arb i t r a ry  ShapesI1, MSSU-EIRS-90-7, M i s s i s s i p p i  S t a t e  
Un ive r s i t y ,  1980. 

Warsi, Z.U.A. ,  "Basic D i f f e r e n t i a l  Models f o r  Coordinate  Genera t ionn ,  i n  
Numerical Grid Generat ion,  Ed. J. F. Thompson, North-Holland, 1982, pp. 41 - 
77. 

Warsi, Z.U.A. ,  Qua r t .  Appl. Math., 41, 1983, pp. 221-236. 

Warsi, Z.U.A. and Ziebar th ,  J.P., "Numerical Generat ion of Three-Dimensional 
Coordinates  Between Bodies of Arb i t r a ry  Shapesw,  i n  Numerical Gr id  
Generat ion,  Ed. J. F. Thompson, North-Holland 1982, pp. 71 7-728. 

Warsi, Z .U.A. ,  "Numerical Grid Generat ion i n  Arb i t r a ry  Su r f aces  Through a 
Second-Order D i f f e r e n t i a l  Geometric Modelsl1, Journa l  of Computational Phys i c s ,  
submit ted.  

T i a rn ,  W-N., "Generat ion of Su r f ace  Coordinates  i n  Curved Su r f aces  and i n  
P lane  Regions", M.S. Thes is ,  M i s s i s s i p p i  S t a t e  Un ive r s i t y ,  December 1983. 

Z i eba r th ,  J. P. and Warsi , Z.U .A. , "Computer S imula t ion  of  Three-Dimensional 
Gr id sw ,  Soc i e ty  of Computer S imu la t ion ,  February 1984. 

Z i eba r th ,  J .P. ,  "Three-Dimensional Gr id  Generat ion Through E l l i p t i c  P a r t i a l  
D i f f e r e n t i a l  Equat ionsn ,  Ph.D. D i s s e r t a t i o n ,  Mis s i s s ipp i  S t a t e  U n i v e r s i t y ,  
December 1 983. 

Warsi,  Z.U.A.,  "Generat ion of Three-Dimensional Gr ids  Through E l l i p t i c  
D i f f e r e n t i a l  Equat ionn ,  CFD Lec tu re  S e r i e s ,  Von Karman I n s t i t u t e  f o r  F l u i d  
Dynamics, March 1 984. 




