PURYS 1 S ) 80

NASA Contractor Report 172208

NASA-CR-172208
19850021618

A FIRST-ORDER TIME-DOMAIN GREEN'S FUNCTION
APPROACH TO SUPERSONIC UNSTEADY FLOW

Marvin I.VFreedman and Kadin Tseng

BOSTON UNIVERSITY
Boston, Massachusetts

Grant NAG1-276
“April 1985

B .

SANGLE
LIBRARY, NABA
BANPTON, VIRGIIA

¥ RESZARCH CENTER

NASA

National Aeronautics énd
Space Administration

Langley Research Center
Hampton, Virginia 23665



FOREWORD

This work has been supported by the NASA Langley Research Center through Grant
No. NAG-1-276 to Boston University, Boston, Massachusetts. Dr. E. Carson Yates, Jr.
of the Langley Research Center was the Technical Advisor. Dr. Marvin I. Freedman was
the principal investigator.

sy - OO QA




ACKNOWLEDGEMENTS

The authors wish to thank Dr. E. Carson Yates, Jr. for his valuable comments and
suggestions and his careful proofreading of this report. The authors also wish to thank
Dr. Luigi Morino for his encouragement and many valuable recommendations during the
course of this work. Finally, Mr. Thomas F. Orowan’s typing of this report is much
appreciated.



ABSTRACT

In this report a time-domain Green’s Function Method for unsteady supersonic poten-
tial flow around complex aircraft configurations is presented.

We focus here on the supersonic range wherein the linear potential flow assumption is
valid. In this range the effects of the nonlinear terms in the unsteady supersonic compress-
ible velocity potential equation are negligible and therefore these terms will be omitted in
this report.

The Green’s function method is employed in order to convert the potential-flow dif-
ferential equation into an integral one. This integral equation is then discretized, in space
through standard finite-element technique, and in time through finite-difference, to yield
a linear algebraic system of equations relating the unknown potential to its prescribed
co-normalwash (boundary condition) on the surface of the aircraft. The arbitrary complex
aircraft configuration (e.g., finite-thickness wing, wing-body-tail) is discretized into hy-
perboloidal (twisted quadrilateral) panels. The potential and co-normalwash are assumed
to vary linearly within each panel. Consistent with the spatial linear (first-order) finite-
element approximations, the potential and co-normalwash are assumed to vary linearly in
time.

The long range goal of our research is to develop a comprehensive theory for unsteady
supersonic potential aerodynamics which is capable of yielding accurate results even in the
low supersonic (i.e., high transonic) range.



=

3

|
i

S

oSl

*

!
!

T RN N
2 <

U,
Y, 2

X, Y, Z

S M M9

LIST OF SYMBOLS

speed of sound

contravariant base vector, see equation (25)
contravariant base vector, see equation (25)
(Mgo L 1)1/2

domain function, see equation (15)

Dirac delta function

Kronecker delta

finite-element shape function

Green’s function

Heaviside function

reduced frequency, wl /Uy,
reference length

free stream Mach number Uy, /oo

unit normal to op

unit normal to Xp

total number of elements

total number of nodes

circular frequency

point having coordinates z,y, 2
control point, (., Yy, 2:)

point having coordinates X,Y,Z
control point, (X,,Y,, Z,)
Hadamard finite part

P-P,

hyperbolic radius, see equation (11)

time

nondimensional time, awﬂt/é

velocity of undisturbed flow

space coordinates ‘

nondimensional Prandtl-Glauert coordinates
X=z/BLY =y[t,Z =z[tL

surface of body in z,y, z space

surface of body in X,Y, Z space

surface of element ¢ in X, Y, Z space

perturbation velocity potential




0] nondimensional perturbation velocity
potential, ¢/Uy?¢

P co-normalwash in z, y, z space
)\ co-normalwash in X,Y, Z space
Operators

2 2 2
Vg a%*f + (’9‘3;2 + (7%,7
Laplace operator in the physical space

782 . /6')2 = ‘82
VoVax: = vz~ sz

d 4] Ié]
g o T Voo

o Supersonic dot product, see equation (5)
1. INTRODUCTION

In this report we demonstrate how the Green’s Function Method of Potential Aero-
dynamics may be implemented in the time domain so as to enable it to handle unsteady
supersonic flow around complex aircraft configurations.

We focus here on the supersonic range wherein the linear potential flow assumption is
valid. In this range the effects of the nonlinear terms in the unsteady supersonic compress-
ible velocity potential equation are negligible, and therefore these terms will be omitted in
this report.

The Green’s function method (Ref. 1) is employed in order to convert the potential-
flow differential equation into an integral one. This integral equation is then discretized, in
space through standard finite-clement technique (Refs. 2 and 3), and in time through finite-
difference (Ref. 4.), to yield a linear algebraic system of equations relating the unknown
potential to its prescribed co-normalwash on the surface of the aircraft. The arbitrary
complex aircraft configuration (e.g., finite-thickness wing, wing-body-tail) is discretized
into hyperboloidal (twisted quadrilateral) panels. The potential and co-normalwash are
assumed to vary linearly within each panel. Consistent with the spatial linear (first-
order) finite- element approximations, the potential and co-normalwash are assumed to
vary linearly in time.

A frequency-domain first-order Green’s function formulation for linear oscillatory su-
personic low has been developed recently (Ref. 5). Presented here is the corresponding
theory formulated in the time-domain setting.

The long range goal of our research is to develop a comprehensive theory for unsteady
supersonic potential aerodynamics for the low supersonic (i.e., high transonic) range.
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1.1 A Brief Description of the Green’s Function Method

Before getting into the specifics of this report we begin with a brief description of
the Green’s Function Method. This method applies to the equation of the perturbation
velocity potential. The potential function ® at any point P, in the flow field is given by an
integral of terms containing the value of the potential and its co-normal derivative on the
surface, o, surrounding the body and its wake. An integral equation for the potential on the
surface of the body is obtained by letting the point P, T approach a point on the surface.
With this method, the wake is a natural by-product and is treated as a layer of doublets.
It may be noted that the integral equation does not require that the boundary condition
on the co-normalwash be satisfied, but rather makes use of the continuity of the potential
as the control point approaches the surface 0. The tangency boundary conditions are
automatically satisfied by the type of representation obtained with the Green’s Function

Method.

In current applications, the surface of the aircraft is divided into small quadrilateral
elements. Each element is replaced by a paraboloidal hyperboloid surface defined by the
four corners of the element. In this process the continuity of the surface is maintained
but discontinuities in the slopes are introduced. The aircraft wake, on the other hand, is
divided into strips parallel to the streamlines. These wake strips originate from the trailing
edge and extend to infinity downstream. It should be noted that integrals over these wake
strips may be carried out in an analogous way to their subsonic counterpart (see Refs. 3
and 6).

In the Ot order theory, the unknown @ (in the Prandtl-Glauert Space) is assumed
to be constant within each element, while in the 1st order theory ® is taken in the form
b = &, + £Oy + n®y + (D3 where € and n are local element-wise surface coordinates,
and the coefficients ®,, ..., ®3 are chosen to interpolate the ® values at the four corners
of the element. In either situation the integral equation is approximated by a system
of algebraic equations. This system of algebraic equations is then solved by standard
numerical methods. It has been found (see Ref. 7) that in the supersonic range at least a
1-st order theory is required.in order to yield a nonsingular set of algebraic equations due
to a numerical rather than physical anomaly. The numerical implementation presented in
this report employs 15% order panels.

2. UNSTEADY SUPERSONIC FLOW

Our point of departure is the linearized equation for the unsteady potential compress-
ible aerodynamic flow

2
R

aly diZ 0 ‘ (1)

where V2 is the Laplace operator in the physical space while ¢ is the perturbation potential.
Choosing a frame of reference such that the undisturbed flow has velocity U, in the

t The bar is used herein to indicate vector quantities.
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direction of the positive x-axis, the linearized total time derivative is given by

d J 0

at = o1 T U gy (2)

Introducing the generalized Prandtl-Glauert transformation
X=za/pl,Y =y[l, Z=2]l, T =axpft]l, ®=¢/Uyl (3)

where [ is a characteristic length, Mo, = Uy /a6 and g = (M — 1)'/2, Eq. (1) yields*

0o 0%®
27 = el
VoV +p 8T2+2M°°(9X8T_0 (4)
where o stands for the supersonic dot-product defined as
a ob=ayb, —ayby —a,b, (5)

where @ and b are two arbitrary vectors. Thus the operator V o V stands for

H? 0? o?
VeV=5x:~ vt~ oz ©)

Note that @ o @ is not necessarily positive. We define the ‘super-norm’ of a vector @ as
P ol — 1 o o|1/2 '
d = |lal| = |aoal S (7)

and will use this notation in later sections of this report.

2.1 Supersonic Integral Equation

- In order to obtain the Supersonic Green’s function integral equation we proceed as
follows: With P and P, representing the sending and receiving points respectively, the
Green’s function G for Equation (10) satisfies

VoVG [3282{% 2M rG =6(P-P,, T-T | 8
CVEH B g T 2Mo g xpp =8P =P T =T (®)
G =0at oo

one well known solution of which is given by (see Ref. 7)

= ,
G = ;=i (bo+ + bo-) (9)
where S
5P /1 fX-X.,<0and RoR >0
H(P,P,) { 0 otherwise (10)

* See Appendix C for derivation.



Here we define

R=P-P,=(X-X)i+ (Y -Y)j+(Z~2)k

- 11
R'=|R| =X~ X"~ (Y -Y.)’ = (2~ Z,))|'? -
while
bt = 6(T — T, + 07) (12)
with ,’
0% = My (X, - X)+ R’ (13)

Here {P|H (P, P,) = 1} defines the zone of influence, or Mach forecone, with vertex at P,.

Next for a closed bounded surface ¥ bounding a volume V., we define the domain
function .
sy J1 P, &V
E(P*)“{o if P, eV (14)

Note that for P, on T the function E(P,) will measure the so-called supersonic solid angle

of & at P, (see Ref. 7 for details). Hence E(P,) satisfies the notation

where N is the outward unit normal to £. Applying the Green’s Function Méthod, with
the Green’s Function G given by Eq. (9), it can be shown (see Ref. 7 for details) that Eq.
(8) may be integrated to yield

R — - (—H
4nB(P)8(P.,T.) = (] (19°" +[9)° )<~R7)d}3 +
o oy 9 f‘{) _
L2197 + 1917 ) 50 ()45
e @‘1’ :+ - @“‘ IS : —
R L T .
s 10T ON¢ oT ONc¢ | R
where the co-normalwash ¥ is defined as
U=VdoN =0D/ON* (17)
with the conormal N defined as
N®=~N,i+ N,j+ Nk (18)
so that 5 ' 3 5 5
ane = “Negx Mgy T Negz (19)
Furthermore R ;
0% = Mo(X - X,) £ R (20)
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It should be noted here that ¥ includes the surfaces of the aircraft and its wake.
Throughout this report, for simplicity, the condition of supersonic trailing edge will be
assumed. Thus, in the absence of the wake, ¥ represents the aircraft surface. However,
the general method employed here is not limited to the supersonic trailing-edge condition.
The treatment of the wake when trailing edges are subsonic is analogous to the time-domain
subsonic formulations and hence the reader is referred to Ref. 4 for further details.

3. NUMERICAL FORMULATION

In this section, a space and time discretization procedure will be introduced in order
to approximate the integral equation by a linear algebraic system of time-delay difference
equations. Solving this time-dependent system in a step-by-step manner yields the desired
time-dependent perturbation velocity potential solution on the aircraft surface. Once the
velocity potential is known at a given time step, the pressure coefficient may be computed
through Bernoulli’s Theorem.

3.1 Finite Element Formulation

Assuming that the surface T is divided into N, small finite elements X;, Equation (16)
yields

4nE(F,)8(P,,T.) = {/[ ]@“)< R?)d}:
+ _z‘f //E,um@* H[819) e () (21)

SR 3 B S ()

Each surface element %, is approximated by a hyperbolic paraboloid given in the form

P =P.+ P&+ Pyn+ P3tn (22)

where P., P, P and P5 are obtained in terms of the locations of the four corner points
as (See Fig. 1)

Pyl 1]l 1 1 =1 —1]| Py
Pyl 4)-1 1 1 =1}y p, (23)
Here, P, _, for instance, refers to the element corner for which ¢ = +1 and n = —1. The

other corners, P, P_, and P__ are defined similarly. It may be noted that the surface
defined according to Eq. (22) is continuous since adjacent elements have in common the
straight line connecting the two common corner points.

9



3.2 Surface Geometry for Hyperboloidal Elements

We note that the geometry of the hyperboloidal element is a particular case of the
general equation for a surface in three- dimensional Euclidean space which is given by

P =P(¢n) (24)

where ¢ and n are generalized curvilinear coordinates on the surface. For a hyperboloidal
surface, the two basis vectors @, and a, are given by

alz%lg’:j’l-*n?s
oP =
62:'8:’*7“-—-})2‘%‘6])3 (25)

(See equation (22).
The unit normal to the surface is given by
W:alxaz/talxazl : (26)

and is directed according to the right hand rule such that the normal points outward from
the surface (see Fig. 2). The surface element dX is given by

dy = i'dldE x Zigd?’]l

or
dy = ]61 X azldﬁdﬂ . (27)

3.3 First Order Space Discretization

In what follows we shall take the potential function ®(¢,n,7) over a surface element,
say %;, at a fixed time 7, as

(&, m,7) = [(14 (1 =)@y (7) + (L + (1 + 1)@y (7)
£ (L= O+ MO () + (1— (1) (7))/4
| (28)
Equation (28) expresses the values of ®* at any point (£,n,7) of ¥; in terms of the values
of ® at the four corner points—also at time 7.

More generally, consider the first-order global shape function with the following defi-
nition:

(14 €)(1—n)/4 if node k coincides with corner +— of element ¢
(L+&)(1+n)/4 if node k coincides with corner ++ of element ¢

Fa(&n) =9 1+ €61 +n)/4 if node k coincides with corner‘ —+ of element ¢
(1—-€&)(1—n)/4 if node k coincides with corner —— of element ¢
0 otherwise.

10




(29)
With Fy, defined by Equation (29), Equation (28) may be rewritten as

Np
' (&,n,7) = D Fyp(€,1) k(1) (30)
k=1

where N,, is the total number of nodes on the surface £, and ®, denotes ® at the )th
node.

Similarly, the supersonic co-normalwash ¥(= N o V®) may be represented by (See
Ref. 5)
' Ny,
\Ijz(€377>7-) - Xsz(f,n)\I/k(T) (31)
k1
The same first-order finite-element approximation, Equatioh (29), has been employed for
V. Note that if & is approximated by the 15% order finite-element expression while W
is represented by a oth order formula, W¥(¢,n,7) = ¥(0,0,7) = const., a mixed type
formulation would result. In subsequent portions of this report, ® and ¥ will be taken 15t
order.

3.4 Numerical Approximation of the Integral Equation

Due to the hyperbolic nature of the governing unsteady supersonic velocity potential
equation, the Heaviside function appears in the resulting supersonic Green’s function inte-
gral formulation, (egs. (16) and (21)). The appearance of the Heaviside function H(P, P,)
under the integral restricts the integration to that portion of the panel that is within the
Mach Forecone with vertex at P,.

Note here that the potential, ®, and the co-normalwash, ¥, under the integral are
both confined to the Mach Forecone region. A Taylor expansion in both space and time
may be written for @ and V¥ so that they become explicitly dependent on the space and
time variables. The spatial derivatives of the Taylor expansion for ®(or¥) may be com-
puted through the first-order finite- element representation introduced in the preceding
subsection. The temporal derivatives, on the other hand, may be approximated by a back-
ward finite-difference in time. With ®(¥) expressed as an explicit function of time, the
constraint that ®(¥) varies within the Forecone may be imposed, through the Heaviside
function, in a straightforward manner.

We remark that the time variable includes a delay term which i1s a function of the
spatial variables (see Eq. (13)). The kernels of the integrals are essentially of the type
(R')™"™ (where n equals 1 for source and n equals 3 for doublet). We adopt the tactic of
treating R', in addition to ¢ and 7, as independent variable. Thus, we express ® and ¥
via Taylor expansion in these variables. Explicitly, let us rewrite the time delay expression
as

T-0%=7(¢(,n,T)+R (32)

11



where
T(&n,T) =T — Mo [X. (&) — X(& )] (33)

Thus, ® may be expanded in £,7 and R’ around a point “o” which is the geometric center
of the portion of the element that is in the Mach Forecone, i.e.,

0 0% or

®(&,n, 7+ R) ~ ®(&,1m0,7, = RY) + <?§£ + "g;'gg) 0(5 - &)
90 900 8% |
(ah + o5 8:7) (n=mo) + - O(R — R;) (34)

0*® 0%d or 9%® or  0%® Or Or
+ (555;; t ocor oy T onoroe T o2 55577')
10%®
2 072
where the subscript o denotes evaluation at the geometric center of the portion of the
element that is in the Mach Forecone while

0(6 - 60)(77 - 7]0)

lo(R' — Ry)*

5 ,
= Moo(X) + Xan) (35)
¢

and 9

; T
gy = Moo(X2 + Xs8) (36)
with -
8P - o ) -
X1:}‘§—§_'Z:(P1+P377)‘Z (37)
8? = 3 D K |
.X2:7977*'Z:(P2+P35)" (38)
9P
Xo = Gean 1T et (39)

Expansion (34) is 2¢ order accurate. Consistent with the finite-element approximation
for the space variables, the 27¢ order spatial derivative terms, i.e., 92®/9¢* and §2®/dn?,
and higher order spatial derivatives, vanish and hence it is buﬂmlent to include up to 27¢
order terms only in Eq. (34).

Next. recall in Section 3.3 that

6’77» LF'L’C Ea )

where Fy (€,n,7) is given by Eq. (29) and 7 is a prescribed time. Hence we may compute
the spatial derivatives of ® at the point o as

8¢i(£oa NosTo + R(,)) g: ank(gm 770)
a¢ - a¢

@k(TO :f: R’) (40)
k-1 .
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8‘1“(60, NosTo R(,)) Nn (?_sz_( 6(2‘(7_0_)

. (&, '
o = Z:I I (7, = Rp) (41)
828 (Lo, oo £ RY)  Nm 82Fy(£,,7m,) ,
an = ,C};] B g‘g‘d ““““““ ‘I’k( ot RO) (42)
62@1‘(60’ No»sTo T R(,)) . g‘f {{leg_(ﬁoa "70) a@k(ro + R:)) (43)
AEDT o P 013 or
Bzéi(ém Mo»To + R(')) — g‘i 3Fik(£o7 770) a(I)k(To + Ré) (44)
onor - an or

k=1
Making use of Equations (40) through (44) with P, coinciding with the node j, Equa-
tion (21) becomes

4nE;0;(T) = kN"L {B,-k{\yk(T ~0%,) + U(T - 03)]
=1

+ B[k (T — ©,) + 0y (T — 03)]

+ B[ (T - ©) + Ui (T — ©;,)]

+ Cp @ (T ~ 0}) + (T — 04)] (45)
+ Ci[@k(T — ©,) + 04 (T - ©,)]

+ Cii[@k (T — ©3,) + &4(T - 05,)]

+ Djk[@4(T ~ ©;,) + &4(T — ©,,)]

+ Dji[®4(T — ©};) + 4 (T — G;k)]}

where © ;k and @;Tk are understood, for notational simplicity, to be evaluated at the point
o and

; 0

OFg

N
B, = }i o 4 O o _ —
B]k - e /‘/Ei[sz + d¢ (€~ &)+ an (n = no)+

e (6~ ) — o) (o )as (46a)
By = gj//&m«;gglou ~ &)+ i ge| (- )
+ <%§C‘ g;‘ 0+§37;?£ g’g() (5 - fo)(n - no” (j};f{)‘lx
(R - RL)(%)dZ (460)
By = NZ //Zl(R’ — R,)? <%§I—>d2 (46¢)



Cit = z L1+ T e - 6+ Tt

+§Z§%(s ~ &)n - nong]%(-g—,)dz (4t)
,k—~Z// 5 &) + I, g%lo(n—no)
+ (%R -‘9—3—,7?9—% €= &) = no) (470)
- ()
& = gf;//zi(zz' - Rg)’lg%_z <g>d2 . | (47¢)
Dy = :1 //E ,- (%,Ii) gg’;dz | (48a)

D=3 [, - () (e )= _—

where F5, for instance, indicates Fy; evaluated at (€5, 7,).

Equation (45), with the coefficients defined by Equations (46) through (48), is the time-
dependent aerodynamic operator relating the potential to its co-normalwash at N, nodal
locations. These integral coefficients will be evaluated by a hybrid analytical-numerical
scheme. More explicitly, each of these integrals will be integrated analytically in the -
direction followed by a Gaussian Quadrature numerical integration procedure in the 7
direction. Discussion of these integrals will be presented in Section 4.

In Equation (45); the spatial variables have been discretized by a 1% order finite-
element approximation. Following the procedure introduced in Ref. 4, discretization of
the time-dependent functions, ® and ¥, will be discussed in the following.

First, thé time variable may be written as
T = (n+ a)AT where n is an integer and 0 < o < 1 (49)

Next, a continuous function ¢(T") with T given by Equation (49) may be approximated
as

g(T) = gl(n + &) AT] = (1 = a)g(rAT) + ag|(n + 1)AT] (50)

14



Setting T = nAT and using Equations (46) through (50), Equation (45) may be written
as

4T E;® ,( Zng{ l—a o)Wk (n — ;k)“*’(l“a O ¥k(n —ms,)
+ aj'k\lfk(n ~ mjk - 1)+ a;-k‘llk(n — My, = 1)}
+ Ejk{(l — af ) W(n = m}) + (1= ) g (n - my,)
+ (y;k\llk(n - 'I’)’L;rk —_ 1) -+ a’]ik\ilk(n — rn]',k — 1)}
+ Bjk{(l - a';'k)\.l'lk(n - m;k) + (1 - o )\Ilk(n — m]k)
+ oz';‘k\‘l'/k(n —ml —1)+ a;ﬁk\i/k(n = My — 1)}
+ éjk{(l - a;k)ij?k(n - m;rk) + (1~ a; ) ®@r(n — mJ,C)

+ a;k(I)k(n — mjk = 1)+ oy p(n —my — 1)}

(51)
+ e (1= @)@ (n = ) + (1= ) Biln = miz,)
+ af @p(n —mh — 1) + 0, B(n — m — 1)}
+ O (1= @)@k (n = mjy) + (1= ) Biln = m3,)
+ of@p(n ~mh — 1) + 0, B (n — my — 1)}
+ Dypd (1= af)@u(n = m) + (1= a;)du(n — m3y)
+ o @p(n —mp — 1)+ o, Bp(n —my - 1)}
+ Die{ (1= of)Buln =) + (1= 0 )by(n — my,)
+ a]kd}k(n —mf — 1)+ a]kq)k( O 1)}
where AT has been dropped for notational simplicity (i.e., ®(nAT) = ®(n) ) and
0 = (m)i + o) AT (52)

On the other hand, the time derivative of ® may be evaluated by finite-difference as

Q‘I_’%LT_Q = [@k(rs) ~ Qk(rs — AT)]/AT: |
0P ZT ) (53)
___5’%2—-:?—- = [(I)k('r:t) - 2<I)k(7‘:t - AT) + q)k(T:h — 2AT)]/AT2

where 7, = 7, + R}, and AT is an arbitrary small time increment.
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Note that if the time increment is sufficiently large, the integer delay-time index (for
instance, m;-tk ) might be zero so that at the present time step an unknown would appear
on the right hand side of Equation (51). The co-normalwash on the other hand is known
(prescribed) at all times—including the current time step.

In order to express ®;(n) explicitly (in terms of ®4(n — m]ik) ), re-define the integral
coefficients so that

Bl = (1~ o) (Bjx + B/ AT + B/ AT?)
B = (1-a 50 (Bjk + B/ AT + Bjy/ AT?)
B} = Bjojy, — Bix(1 = 20,) /AT — By (2 — 30,) / AT?
B]‘k = Bjka}}c ~ By (1 - 2a,)/AT — B(2 - 3“]‘k)/AT2

, ’ ) (54
BY =-B kol /AT + By (1 — 3o AT? )
gk 7k J 7k
Bf,; = ]ka]k/AT+BJk(1»~3a )/ AT?
4
4_ —
Bj = B].,coa].,c/AT2
cor | (1= 0f)[Ciu+ (Cpi + D) /AT + (Cyie + Dj) [AT?) if mi = 0
co- = | (1= 0G)[Coe+ (Cii + Dje) [AT + (Cpie + Djp) [AT?] i mi, =0
Ik 0 if my #0
ol =) (1= o) [Cik + (Cit + D) AT + (Cii + D) |AT?) if mifi #0 55
“g3k 7T 0 if m+ =0 ( )
gk

ol { (1 = o) [Cik + (Cie + D) [AT + (Cje + D) JAT?)if my, # 0
7k 0o if my =0
Cht = Cirofy = (Cp + Do) (1 = 205 ) /AT = (Cji + D) (2 = 3a) | AT?
CJZ/Z = ~jka;k ~ (Cjx + D) (1 = 20;,) | AT — (Cyie + Dji) (2 — 30;,) /| AT?
= (Cyu+ D) (= /AT) + (G + D) (1 = o) AT?
Cf-,: (Con+ Dy) (05 AT) + (G + D) (1 = 30,) [ AT?
= (Cye + D)o,/ AL?
Cli = (Cje+ Djn)ag/ A2
With eduations (54) and (55), Equation (51) becomes

Nn
> Ajx®p(n) = bs(n) - (56)
k=1
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with

Aje=Ejp —C3l = C3p (57)
Np 4 : .
by(n) = > L{B;,l Uy(n — m;"k — i+ 1)+ Bl W(n —m; — 1+ 1)+
k=141

Chi®p(n —ml —i+ 1)+ Ch ®p(n—mj —i+ 1)}
where Ejj is defined according to Eq. (15).

Thus, solving the algebraic system of equations (56) yields the solution @, at current
time step n. Note that the right hand side of Equation (56) is completely determined since
it includes only ® at preceding time steps.

4. PANEL INTEGRALS FOR THE SOURCE AND DOUBLET COEFFI-
CIENTS

The supersonic unsteady Green’s Function numerical formulation, Equation (45), Sec.
3, involves essentially two types of integrals. The source integrals (Equations (46a-c))
possess an integrable singularity on the Mach forecone, so they may be interpreted in a
classical sense. The doublet integrals (Equations (47a-c)), which involve a derivative of the
sreen’s Function and hence must be viewed in distribution sense in order to be properly
interpreted.

With this in mind, we shall formulate the procedure for calculating the supersonic
coefficients. This procedure is described in detail in Ref. 5. With the exception of the
two additional integrals arising in the process of introducing the time-domain numerical
formulation, (Equations 48a and b) the remaining integral calculating procedure is pre-
sented in Ref. 5. Therefore, for completeness, it is sufficient to give only a summary of

this procedure here.

As mentioned earlier, once the coefficients in Equations (45) through (48) are com-
puted, the potential at time ¢t may be given in terms of the potential and co-normalwash
at preceding times through the algebraic relation in Equation (56). Due to the complexity
of these surface integrals, it is impossible to obtain closed-form analytical expression for
them. As in Ref. 5, we shall follow the tactic of computing these double (surface) integrals,
in € and 7, analytically in the ¢ direction and numerically in the n direction.

4.1 Some Definite Integrals

In what follows we shall allow the 7 integral to be evaluated numerically and will
analytically compute the ¢ integral.

By using équation (29) of Section 3.2, we deduce that
@) x @) = |(Py +nP3) x (Py + £P3)]| (58)
We now make the approximation
l@i(n) x @ (&) ~ A(n) + B(n)¢ (59)
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where v
A(n) = |ai(n) x d,(0)] (60)

and

B(n) = @1 x@(1)] *2,|51 (n) x @y (~1)| (61)

Making use of Equation (59) and recalling the relationship (27), the integrals (46)
through (48) may be reduced to the consideration of the following &-integrals:

m H
am(n) =pf. /f ‘(‘R,)‘gdf

0o (62)
Bim(n) = [ €m e
-1
+1
() = [ €mH R
a
1 m H
A(n) = p.f. /45 e
and .
K'm(n) = /~1 €de£
for m=0,1,2

The Bm(n), Ym(n) and k,,(n) are convergent integrals while the ‘p.f.” in the a,,(n)
and A,,(n) integrals indicate that these integrals must be interpreted in the sense of the
Hadamard Finite Part in order to assume a finite value.

4.2 Some Indefinite Integrals

In this section we shall explicitly obtain the indefinite integrals

d
bon(E) = [ € os

A (63)
ﬂm(ﬁ,n) :/gm%g’

rn(,) = [ €mRIdE

. d
Al = [emeh

and

aen) = [ emde

18




form=0,1,2

which occur in the process of evaluating the first order supersonic source and doublet
coeflicients.

For convenience we write

R = ||R|| = (a€% 4 b€ + )2 (64)
where
a =@y od,
b=2(Py+nP,) oa, (65)
c= (750 + ?7?‘2) 0 (P() + 77P2)
We also let
d=10"~4ac = —4(R xd; oR xa) (66)

From standard integral tables we obtain

—~(4a€ +2b)/dR', - ford#0
~1/R'(2a€ + b), ford =0
a>0
« d¢
(10(6, n) = / ﬁg - 6(7-“3/2 for d =0 (67)
' a=20
c>0
0 otherwise
—(aR")"! — (b/2a>&o fora #£0
d#0
2R'/b2+<2c/b2>/R’ fora=0
¢de e
&1(&,m) = / N ——(aR’)""’l — (b/2a) &, fora >0 (68)
d=20
2322 for a =0
' b=0
c>0
0 otherwise
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A third basic integral we shall need is

In|(2R'\/a+ 2a€ + b)/\/a|/\/a
—tan™! ((Za‘f + b)/ZJjaR')/\/?a

. - d In|2R'\/a + 2a€ + b]/\/a
Bo(&,m) = _R€7 = %

2R' /b

¢/ve

0

fora>0
d#0

fora<O0
d#0

fora>0
d=0

fora =20

d#0

fora=20
d=0,c>0

for otherwise

In terms of é&,,&; and 8, above we are able to express the integrals &y, 81,49,

(B, — béy — cé,)/a

[(2/3)1%'3 _4cR' — 262/ R| [
Zd :
&Z(Ea 77) - / é}‘z‘ﬁg -

g3c3/2/3
0
2R — ffob/Za
(2/3)RE[V — (2/6)R'e
‘ d
Bien) = [ S =
3 620’”]/2/2
.

(2/3b) (b€ + c)*/*
folen) = [Rag=4
Vet

20

(2a€ + b)R' /4a + (4ac — bz)ﬁé/Sa

fora #0
fora=0
b#0

fora=0
b=0,e>0

otherwise

fora#0

fora=20

b#0

fora=0 :
b=0,¢>0

otherwise

fora#0
d#0

fora=0
d#0

fora=20
b=0,¢>0

otherwise

(69)

(70)

(71)

(72)



In terms of 3,,3; and 4, we obtain 4y, 3, and 4,

() = [ eRr'de =

~ 2¢

An(6,m) = [ €2R'dE =

Next, consider the basic integral

An(€,m)

From standard tables we find

Ao(‘fan) : )

[(2/3)R" ~ b4,) /20
[(2/5) R — (2¢/3)R") b

g8 \/e/2

0

(6/20) R’ — (3b/4a)B; ~ (c/20)B,

(2/5)(b6 + €312/ — (2¢[)By — (/8B

ENG

0

0

(€ — 5b/6a)R" [4a + (5b% — 4ac)?A,/164?
[(2/T)R' — (4/5)cR"® + (2/3)c?R"]/b®

£y/ef3

emde

fora #0

fora=20

b#0

fora=20
b=0,c>0

(73)

otherwise

fora #0

fora=0

b#0

fora=20
b=20
c>0

(74)

otherwise
fora #0

fora=20

b#0

fora=0
b=0,c>0
otherwise

75)

"

log[(2a€ + b — \/5)/(2(1£ +b++/d)]/Vd fora>0

2tan '[(2a€ + b)/v/—d)/vV—d

~2/(2a€ + b)

log |b€ +¢|/b

¢fe

~21

cd>0

fora >0
d<0

d=0 (76)



(log|a€? + bé +¢| — bA,)/2a fora#0

. b— cloglb b2 f =
Ay(&m) = £fb = cleel ‘£+cl/ | Y o (77)
| 52/20 fora=0
b=0,c#0
and A )
(£ —bA, —ch,)/a for a #£0
\ 2/2b — ¢A, /b for a = 0
Dy(&,m) = /2 el _ Orb(;éo (78)
52/.3‘3 fora =0
=0
Note also
f=fede=e2 o (79)

b= [ etde = 63

In sections 4.3 and 4.4 we shall see how the indefinite integrals &,,, ,@m Ams Am and &,,
given above are utilized in evaluating o,,(7), Bm (1), Ym(n), Am(n) and k,(n) for m = 0,1
and 2.

4.3 EVALUATION OF THE INTEGRALS FOR FULL PANELS

In the case of a full panel, i.c. one in which {(£,7)] =1 < € < +1,-1 < 5 < +1} lies
entirely within the open Mach forecone = {R|X — X, <0 and R o R > 0} the evaluation
of the ay,, By, and ~,, follows easily. In this situation these integrals are convergent and
the Hadamard Finite part is not needed.

The indefinite integrals &, By Jms Dy a0nd R givéﬂ above are to be utilized in eval-
uating am(n), Bm(n), Ym(n), Bm(n) and £y, (n) for m =0,1,2.

Bm(n) = Bm(1,n) = Bm(~1,7)
Ym (1) = Ym(1,1) = 4m(=1,7) (80)
Ap(n) = Am(la n) - Am(‘“la n)
Km(n) = B (1,1) — &p(=1,7)
form=0,1,2

In this situation the a,,(n), Bm(7),Ym(n), Am(n) and k,,(n) are analytic functions of
n for —1 < n < +1, and the numerical computation of the definite integrals involving
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these functions and appearing in Section 4 may be carried out by a standard numerical
integration such as Gaussian quadrature.

4.4 Evaluation of the Integrals for Partial Panels

In the situation where a panel lies partially within the Mach forecone the evaluation
of (1), Bm(n)s Ym(n), Am(n) and £y, (n) takes a bit more doing. We note that integrals
&, m = 0,1,2 are singular on the Mach cone = {R|X — X, <0, RoR = 0}. Thus, for ¢,
such that R(&,,n) lies on the Mach cone, we must evaluate é&,,(€,,7) in accordance with
the Hadamard Finite Part. We obtain

pf. &m(é,m) =0, m=20,1 (81)

p.f. Am(E*;n):O, m=0,1,2

On the contrary, the integrals ,@m, Am and K.,y m = 0,1,2, are not singular at (£,,7) so in
order to calculate the value of these integrals at that point it is enough to plug that point
into the expressions for these integrals. There are a few provisos however. A problem
will occur in calculating 3,(&,,7) from expression (69) in the case a < 0 and d # 0, since
R'(&,,n) = 0. However the identity

2al+b

Bo(€,m) = ~7;li—.~;l:tan‘l (2;/—:7‘”—27) = e sin (H\/z—l.m) (82)

for a < 0, d # 0 together with the fact that 2a¢, + b = £d and d > 0 for £, with R(¢,,n)
on the Mach cone shows that

A

ﬂo(ﬁ*an) = ”é\;_—_—a

fora <0, d#0 (83)

sgn (2a€, +b)

In addition, we show, in Appendix A, that

PR =
D Gg(barn) = { H{oajers S0 (20, +b) for a <.O,d 0 (84)
0 otherwise

Since the expressions Bl,%,f?],ﬁz and 49 are all given in terms of &0,&1,B0 and R',
there is no difficulty in evaluating these functions at £, with R(€,,7n) on the Mach cone
via use of Equations (70)—(84) where applicable.

We are now ready to investigate our integrals for a fixed n with —1 < n < 1. We

look at the intersection of the interval —1 < ¢ < +1 with the Mach forecone {R|R o R >
0, X — X, < 0}. Four cases may occur:
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i) The intersection is empty.

(

(ii) The intersection is a closed interval [&,, £,] with £, < €,.
(See Figure 3.)
(if
(s
(i

iii) The intersection is a single point £, with |¢,| = 1 but R(&,,7n)o0a; # 0.
See Figure 4.)

iv) The intersection is a single point ¢, with

(a) =1 <€, <1 and R(ﬁo, Joa; =0 (See Figure 5a.)

A point (&,,7,) where X — X, <0, RoR =0 and Roa; = 0 is called a critical point |
if —1<¢,<1, -1<n,<1,ie, (&,n,) is a critical point in Case (iv) above.

Case (i)
In this case we define

m(n) =0, Bm(n) =0, ¥m(n) =0

m(n) =0 and k,(n) =0 (85)

Do

for m=0,1,2
Case (ii)

In this case we define

am(n) = bm(€usn) = Gm(&esn)

Bm(n) = /@m(fua n) — 3m(€£a’7)

V(M) = Am(€usn) = (&a ) | (86)
Am(n) = Am(€nsn) — Am(Eesm)

Km(n) = &Bm(€nsn) — Rm(€e, )

for m=10,1,2

where &,,, Bm, Ams Ay, and R,, are given as in Section 5. We remark however that if
either &, or & or both lie on the Mach cone the evaluation of the &,,, B,,, and A,, for
such £, must follow (81), (83) and (84) of this section where applicable.

Case (iii)
In this situation, we have a limiting situation where either £ — +1 or £, — —1. The

functions &, (€,n), Bm(ﬁ, n) and 4,,(&, n) are continuous at such a point and thus we find
that

I

am(n)
Brm(n)
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V() = 0 - (87)
0
and

for m =0,1,2
Case (iv) - (£,,m,) is a Critical Point

Assume at first that —1 < 5, < +1. Then the equation Ro R = at? +bf +¢ =0
possesses a double root at £, = —b/2a with —1 < £, < 1, provided a < 0. At this point,
d = 0. (Note: If a = @; oa; > 0, we cannot have a point on the Mach cone with Roa; =0

unless |R| = 0 identically.) Now in accordance with Eq. (A.19) of Appendix A, we find
that in this case (¢ < 0, d = 0)

ﬂo(no) = %
Bi(no) = '\7*_——'550 (88)
62(770) =~ g

while v,,(n,) = 0 and «,,(n,) = 0 for m = 0,1, 2.

The a,,(n), m = 0,1,2 behave in a more complicated manner. These expressions may
be given in the form

am(’?) - Ollrfg(n) + aﬁ’?é(n - "7()) f()r m = 05 132

where: reg
0o 2(n,) =0
ai‘eg(%) =0 (89)
and .
reg _ T
and the special distributional contribution to ¢y, &y, and «y is given by a,sﬂpb"(n—— no) where:
— m
a%) = "t::,""“*,”?r‘ 60 e (90)
|R -Gy X dy|

for m=0,1,2

In the cases where —1 < 9, < 1 and |{,] = 1 the only change with the above is that
the special contributions aj?, Oz?p, and a;p are divided in half.

Thus ”
sp T 0

mo= = 91
o 2 !R cay X 621 ( )
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We have not yet considered the situation where |,| = 1. Here if |{,| < 1 we set

0 if n Ro ay; >0 :
= { _ o (92)
— €&l /|R- @y X ay| ifnp,Roay <0
' form=0,1,2
and if both |n,| = 1 and |{,| = 1 we set
0 if noRody >0
oy = { B o (93)
—1ern/|R @y xay| ifnyeRod, <O
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APPENDIX A-—CRITICAL POINT AND SPECIAL SINGULARITY

In this appendix we shall study singular integrals of the form

pt. [EeT g~ ) (4.1)

where S(¢,n) is a polynomial in € of degree < 1.

We focus on the situation where ¢ = @; o @; < 0 in the neighborhood of a point

We shall find that this integral (A.1) exists only in distribution sense as a function of
n and in fact takes the ‘value’
S(€o>m '
Fi(n) = _..__.,(..,.0 0) m6(n — ny) (A.2)

‘R‘al xdz] 5,"5,3

Proof:We study in detail the prototype situation of Fig. 6 where R ody; > 0 at (£,,7,)
and the Mach cone intersects n = +1 at two ¢ values both with |¢| < 1. The situation
with R o @, < 0 at (£,,n,) with the cone inverted may be handled by analogy.

We note that for n; < 7, the cone does not interact the line = n; so that clearly for such
N1, Fs("l) = 0.

Further for n; > 7, the integral (A.1) has a 3/2-order singularity at two distinct ¢
values on the line n = 7;. By definition of the Hadamard Finite Part it follows that
F(n1) = 0 here again. '

In order to demonstrate (A.2) we therefore need only show that

+1 S(fm 7/())7r
/,.71 s(m)dn |R-ay X ag|lézte (4:3)
In fact if we denote by
" ‘
S(¢, |
We(n) =p.tl / / : —%73"«-)—46 dn (A.4)
o allowable ¢ '
for n >n,

it is clear from previous remarks about Fi(n) that
1: W,(n) will be independent of n for n > n,, and that
2: |



so that it suffices for us to prove that for any n > 7,

S(gm 770)
W, = A5
"= R ar xmlle 9
Interchanging order of integration in (A.4) we find that for any ny > 7,
S(&n
We(m) = p.f. / / (R'° ) dn d¢ (A.6)
allowable ¢ 7o
We now denote by V (£, ;) the integral
1
S(&,n
viem) = ps [ 2o0) g (A7)
1o
for ny > n,

We have previously seen that

[SV(& ﬂ)df = Ws(n) = Ws_

is independent of n for n > n,.
Let us now evaluate the integral (A7) explicitly.

We note that for any fixed n > 7, we may write

= v=a /(€. - €)(6 - &)

in the situation of Fig. 6. Here £,(n) and £,(n) are roots of |R| = 0 with £(n) < £,(n)-

If we now write

U(é,n)
Vv =
&) = (e, = o) - epr
we find that c U(§ \de ;
— _ ¥ n
Wo= Wi = [ e~ )ie - eon 45
Next making the change of variable £ = (&, — &/)p/2 + (&u + &¢)/2 in (A.8) we obtain

1

7 Ul(€a — €0)p/2 + (€ + €)/2,n)dp

= (4.9)
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From (A.7) we have seen that for n > 7, the integral (A.9) is independent of 5. Now
letting n | 1, we of course have £,(n) | &, and £ (n) 1 £ and then obtain that

1
60: 770 f ““'““""”}75 - 7TU(€0> 770) (A‘l())
-1

Next we compute U(&,,7,) in terms of S(&,,7,)-

We note that
M“AT‘T‘_MIFMM = U (6, 77)

so setting € = £, and using L’Hépital’s Rule as n | 7, we obtain after simplification

. 5(607’”0)
U(fm’)o) - hp,%l(, _.lall(Roaz)

and then from (A.10) we have

w, = SEo )T (A.11)

Now in the situation as pictured in Fig. 6 R od, > 0. In the situation where the Mach
cone is inverted, Rody < 0 at (&,,7,), (see Fig. 7) but ny < n, in (A.6) causing a double
sign reversal so that we obtain in either case

(507 770)
pf. / R'3 T Tal(Roay) ¢zt 6 (n = o) | (4.12)

To complete our proof we note from Appendix B that at a point (£,.7,) with Ro R = 0
and R o@; = 0 we have that

|R -y X ay| = |a)||R o dyl (A4.13)
so that finally from (A.12)
S{&m €0 Mo |
Fy(n) = pf. /—«(R,?, )dﬁ i) (a] g o) ol et 76(n — o) (A.14)
n=no

which completes the proof of (A.2).

We are now prepared to relate the foregoing to the evaluation of the a,,(n) for m =
0,1,2 at a critical point (&,,7,). For simplicity we assume —1 < £, < 1and -1 <17, <1
in our discussion.

We recall that the a,,(n) are defined as-

am(n) v‘—“ p.f. /]?" d¢ form=10,1,2
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In the cases m = 0 or m =1, £™ will of course be a polynomial of degree < 1 so that
from item (A.2) we can immediately say that with S(&,,n,) = 7

m

o
o e S o —
m(n) B ay < g e=e (n = 7o)
’ form=0o0r1
In the notation of Section 7 we set aI,;?g(no) = 0 and
sp _ ~mEy" . '
Oy = oo — fe =0orl .
™ B ay x gl et or m or (A.15)

In the case m = 2 we are dealing with

.
as(n) = pt. /-é,@dg

This integral contains both a regular and a singular component. To isolate them let us
note that if R = (a€? 4 b€ +¢)'/2 then €2 = R?/a+ S(€,7n) where S(£,7) is a polynomial
in ¢ of degree < 1. Note that &3 = S(&,, 7,)-

Thus we may write

az(n) :2— —I%d5+ p.f. fs(é;sn)

d¢ ' (A.16)
Now the second integral on the right of (A.16) will equal

‘E'ﬁl ped 62!

E=€o é(?’] o 77())
n

=%o
by (A.2) but since £2 = S(&,,7n,) this integral must equal

—m&s
NG A.17
IR a x a1 €60 , (4:7)

N=no
and we set
2Ry x af gzt
as we have stated in Eq. (83).

To proceed we must have

re 1 1 ’
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But this integral equals

1
‘dﬂo(no)
in our notation of Section 7.
To show .
reg T
(10) = (—a)3/2
it suffices to show that .
/60("70) = “\7_:;

We proceed with the latter. In fact we compute 8,,(n) for m = 0,1,2 at once. Suppose
the Mach cone cuts our panel as in Fig. 6 and we consider n > n,. Then with the notation

= /=a \/(€a — €)(€ — &) we see that
u

= 1 / P ‘,*.__‘6_1 e ————
Voal (e - o)e - &)

Bm(n) ¢ (4.18)

for m=0,1,2
The change of variable ¢ = (fu + &4)/2 + (€ — €¢)p/2 transforms A.18 into
Boln) = / (bu+ &0)/2 4+ (&u — &)p/2)™
m J
A/ —a A /1 — p2
Now letting n | n, we have that &, | & and & 1 &, so that in the limit

Bm(n0) = 2 71 b __ & (4.19)
V—a \/1 — p? V—a

dp for m=0,1,2

for m =0,1,2
An almost identical argument shows that

) = e / ey e - g de
for m =0,1,2
transforms into

= \/_:0; / {(éu +&)/2 4 (€, — 6[);0/2]"1 [(gu o &)/2]2 \/1_~:;2— dp

for m = 0,1,2
so that as n | 1y, &€u | &, & 1 &€, we obtain

Ym(n,) =0  for m=0,1,2 (A.20)
Finally, consideration of A,,(n) at a critical point yields, in a similar way ,
Ap(ne) =0 for m=0,1,2 (A.21)
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APPENDIX B.—A LEMMA CONCERNING SUPERDOT PRODUCT

In this brief appendix we prove an elementary lemma concerning the superdot product.
This lemma comes into play in proving formula (A.2) of Appendix A.

LEMMA: Let @, b and ¢ be three vectors in R®. Assume that (i) @oa@ =0. (ii) gob =0
and (iii) bo b < 0. Then
|a-bxa‘|:\/—BoBlao'é[. (B.1)
We refer the reader to Ref. 3 for definition and properties of the superdot product.

PROOF: Without loss of generality we may assume coordinates have been rotated so that
a, = 0. We may assume |@| # 0.

Then a takes the form
@ = a,1 + a,J with a2 = af # 0 from (i).

Let us write B —
b=byi+bys+ bk

then 0 = a;b, — ayb, from (ii) or equivalently

azb; = ayb, (B.2)

We now proceed by cases.
Case 1: If a, = a, # 0 then from (B.2) it follows that b, = b,. Then

a; ay O
:Det(bz by bz)

€z Cy €,

5]
el
X
o

= az(byc, — bcy) — ay(byc; — byey)

= (aye; — aycy)b,
Thusa-bxc¢= (@aoc)h, and |a-bx¢| = |doél\/—505 in this case.
Case 2: Here a; = —a, # 0.

It follows from (B.2) that b, = —b,

Then again



= az(byc, — byey) — ay(brc, — bycy)
= (azcz — aycy) — b,
= (aoc)(-b.)

and so

|a-bxel=lao cl\/~bo b once again.

APPENDIX C---DERIVATION OF THE SUPERSONIC
OSCILLATORY P.D.E.

We begin with the linearized potential flow equation:

1 /70 a\?
2 AU =
v ago(at + Uy ) @ (c.1)

Passing to Prandtl-Glauert coordinates after the introduction of scaled variables as
indicated in equation (3) we proceed as follows:

1 6% zU 0% 2 0%¢
240 o W AY00 R
Vo a’, Ot? a?s Otozx 2 Oz2? =0
02</> 8%¢ + 0% 1 8% 2M,, 0%

— 32 i - > —
Post Vo Va2 " qn air T ey, Gtz " °

, 00 2% 0%
sz tauvye tauzy

1 9%e oM, %P

0% AT [150B)? oo O(IT[aeof)O(BIX)

=0

which results after simplification in

2’0 90 9% 0% GLL

o s 2 - y
oxz ~ov: " azz t P g t2M =0 (C.2)

= 9XOT
Then equation (C.2) can be written as

9% LX)
2 R o ki
VoV 45 + MMy = 0 (C.3)

which is Eq. (4) of the text.
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Fig. 1 Geometry of the hyperboloidal element

Fig. 2 Surface geometry
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- Fig. 3 Tlustration of case (i)

Fig. 4 Nllustration of case (iii)
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Fig. 7 Case of critical point, with Ro&, <0

37



1. Report No. 2. Government Accession No. 3. Recipient’s Catalog No.

NASA CR-172208

4. Title and Subtitle .| 5. Report Date
A First-Order Time-Domain Green's Function Approach April 1985
to SUpeY'SOﬂ'i C Unsteady Flow 6. Performing Organization Code
7. Author(s) 8. Performing Organization Report No.

Marvin I. Freedman, and Kadin Tseng

10. Work Unit No.

9. Performing Organization Name and Address

Boston University

Department of Mathematics 11, Contract or Grant No.
Boston, MA 02215 R NAG-1-276

13. Type of Report and Period Covered

12. Sponsoring Agency Name and Address Contractor Report

National Aeronautics and Space Adm1n1strat1on : 14. Sponsoring Agency Code
Washington, DC 20546 505-36-13-54

1 5 Su pplementary Notes
Final Report »
- Langley Technical Monitor: E. Carson Yates,. dJr.

16. Abstract
In this report a time-domain Green's Function Method for unsteady supersonwc

potential flow around complex aircraft configurations is presented.

We focus here on the supersonic range wherein the Tinear potential flow
tassumption is valid. In this range the effects of the nonlinear terms in the
unsteady supersonic compressible velocity potential equation are negligibie and
therefore these terms will be omitted in this report.

The Green's function miethod. is employed in order to convert the potential-flow
differential equation into an integral one. This integral equation is then
discretized, in space through standard finite-element technique, and in time
through finite-difference, to yield a linear algebraic system of equations relating
the unknown potential to its prescribed co-normalwash (boundary condition) on the
surface of the aircraft. Tne arbitrary complex aircraft configuration (e.g.,
finite-thickness wing, wing-body-tail) is discretized into hyperboloidal (twisted
quadrilateral) panels. The potential and co-normalwash are assumed to vary
lTinearly within each panel. Consistent with the spatial linear (first-order)
finite-element approximations, the potential and co- norma]wash are assumed to vary
{Tinearly in time.

The Tong range goal of our research is to develop a comprehensive theory for
unsteady supersonic potential aerodynamics which is capable of yielding accurate
results even in the low supersonic (i.e.. high transonic) range.

17. Key Words (Suggested Zv"Author(s)) 18. Distribution Statement
Unsteady Aerodynamics e . s
Supersonic Time-Dependent Flow Unclassified-Unlimited

Green's Function Method Subject Category 02

19. Security Classif. {of this report) 20, Security Classif. (of this page) 21. No. of Pages 22, Price
Unclassified - | Unclassified . 1 38 - AO3

N-305 For sale by the National Technical Information Service, Springfield, Virginia 22161




End of Document






