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Some t u r b u l e n t  s o l u t i o n s  o f  t h e  unaveraged Navier-Stokes equat ions (equa- 
t i o n s  o f  f l u i d  mot ion)  a re  reviewed. Those equat ions are  solved numer i ca l l y  
i n  o rde r  t o  study t h e  non l i nea r  physics o f  incompressib le t u r b u l e n t  f l ow .  
I n i t i a l  three-dimensional cos ine v e l o c i t y  f l u c t u a t i o n s  and p e r i o d i c  boundary 
cond i t i ons  are  used i n  most o f  t h e  work considered. The t h r e e  components o f  
t h e  mean-square v e l o c i t y  f l u c t u a t i o n s  are  i n i t i a l l y  equal f o r  t h e  cond i t i ons  
chosen. The r e s u l t i n g  s o l u t i o n s  show c h a r a c t e r i s t i c s  o f  turbulence,  such as 
t h e  l i n e a r  and non l i nea r  e x c i t a t i o n  o f  smal l -scale f l u c t u a t i o n s .  For t h e  
s t ronger  f l u c t u a t i o n s  t h e  i n i t i a l l y  nonrandom f l o w  develops i n t o  an apparent ly  
random turbulence.  Thus randomness o r  tu rbu lence can a r i s e  as a  consequence 
o f  t h e  s t r u c t u r e  o f  t h e  Navier-Stokes equat ions. The cases considered i nc lude  
tu rbu lence t h a t  i s  s t a t i s t i c a l l y  homogeneous o r  inhomogeneous and i s o t r o p i c  o r  
a n i s o t r o p i c .  A mean shear i s  present  i n  some cases. A s t a t i s t i c a l l y  steady- 
s t a t e  tu rbu lence i s  obta ined by us ing  a  s p a t i a l l y  p e r i o d i c  body fo rce .  Various 
tu rbu lence processes, i n c l u d i n g  t h e  t r a n s f e r  o f  energy between eddy s izes  and 
between d i r e c t i o n a l  components and t h e  product ion,  d i s s i p a t i o n ,  and s p a t i a l  
d i f f u s i o n  o f  turbulence,  a re  considered. It i s  concluded t h a t  t h e  phys i ca l  
processes occu r r i ng  i n  tu rbu lence can be p r o f i t a b l y  s tud ied  numer ica l l y .  

I. INTRODUCTION 

Near ly  a l l  o f  t h e  f lows occu r r i ng  i n  nature,  as w e l l  as those t h a t  a re  
manmade, a re  t u r b u l e n t .  For instance,  t h e  boundary between a  column o f  r i s i n g  
smoke and t h e  surrounding atmosphere i s  gene ra l l y  i r r e g u l a r  and conta ins  a  
range o f  scales o f  motion, i n d i c a t i n g  t h e  presence o f  turbulence.  The atmos- 
phere i t s e l f  i s  u s u a l l y  t u rbu len t ,  as shown by t h e  i r r e g u l a r  appearance o f  many 
o f  t h e  clouds present  i n  i t .  Jets,  wakes, as t rophys i ca l  f lows,  and f lows over  
sur faces a re  commonly t u r b u l e n t ,  as i s  t h e  reg ion  downstream o f  a  g r i d  i n  a  
wind tunne l  o r  downstream o f  a  w a t e r f a l l .  I n  general ,  t u r b u l e n t  f lows are  t h e  
r u l e  and laminar  f lows t h e  except ion.  

Because o f  t h e  importance and chal lenge o f  t h e  tu rbu lence problem a  g rea t  
deal  o f  research has been done over  t h e  pas t  century.  Basic ideas have been 
s e t  f o r t h ,  f o r  instance,  i n  papers by Reynolds (1883, 1895). Tay lo r  (1921, 
1935), von Karman (1937a, 1937b), and Heisenberg (1948). That work, t oge the r  
w i t h  more recent  research, i s  discussed i n  books by Batche lo r  (1953), Hinze 
(1975). F ros t  and Moulden (1977), and others.  

I n  s p i t e  o f  considerable research a c t i v i t y  t h e r e  i s  no general  deduct ive 
theo ry  o f  high-Reynolds-number ( s t rong )  tu rbu lence.  (Reynolds number i s  
de f ined  as t h e  product  o f  a  v e l o c i t y  and a  l eng th  d i v i d e d  by t h e  k inemat ic  
v i s c o s i t y  o f  t h e  f l u i d .  It i s  a  measure o f  t h e  r a t i o  o f  i n e r t i a l  t o  viscous 
e f f e c t s . )  Most o f  t h e  anal.yt ica1 t h e o r i e s  depend on a  c losu re  assumption f o r  
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a h i e r a r c h y  o f  averaged equat ions .l Th is  immediate ly  c a l l s  i n t o  ques t i on  t h e  
appropr ia teness  o f  r e f e r r i n g  t o  t h e  a n a l y t i c a l  t h e o r i e s  as deduc t i ve ,  except  
a t  l ow Reynolds numbers o r  i n  t h e  f i n a l  s tage o f  decay, where n o n l i n e a r  e f f e c t s  
a r e  smal l  (Ba t che lo r ,  1953; De i ss l e r ,  1977). 

One way i n  which a  c l o s u r e  assumption can be avo ided i s  by c l o s u r e  by 
s p e c i f i c a t i o n  o f  s u f f i c i e n t  random i n i t i a l  c o n d i t i o n s  ( D e i s s l e r ,  1979).  That 
method can s u c c e s s f u l l y  p r e d i c t  t u rbu lence  decay, and i n  t h e  sense t h a t  t h e  
e v o l u t i o n  o f  a l l  i n i t i a l l y  s p e c i f i e d  q u a n t i t i e s  can be c a l c u l a t e d ,  g i ves  a  
complete s o l u t i o n .  To use it, however, t h e  i n i t i a l  c o n d i t i o n s  must be f u l l y  
t u r b u l e n t ,  and a  l a r g e  amount o f  i n i t i a l  da ta  i s  r e q u i r e d  t o  s a t i s f a c t o r i l y  
s p e c i f y  t h e  i n i t i a l  tu rbu lence .  The method does n o t  seem capable o f  ex tens ion  
t o  some cases o f  t u rbu lence  mainta ined by mean g r a d i e n t s ,  where t h e  e f f e c t  o f  
i n i t i a l  c o n d i t i o n s  may e v e n t u a l l y  become n e g l i g i b l e  (e.g., i n  f u l l y  developed 
t u r b u l e n t  p i p e  f l o w ) .  

I n  v iew o f  t h e  f o rego ing  comments i t  seems d e s i r a b l e  t o  cons ider  numer ica l  
s o l u t i o n s  o f  t h e  unaveraged Navier-Stokes equat ions t h a t  d i s p l a y  f ea tu res  o f  
t u rbu lence .  Numerical  methods and computers can be cons idered as t o o l s  f o r  t h e  
s o l u t i o n  o f  equat ions,  j u s t  as can F o u r i e r  t rans fo rms and s e r i e s  expansions. 
I t  migh t  be p o i n t e d  o u t  t h a t  i t  i s  more a p p r o p r i a t e  t o  r e f e r  t o  a  numer ica l  
s o l u t i o n  o f  t h e  unaveraged equat ions as deduc t i ve  than  i t  i s  t o  so r e f e r  t o  
most o f  t h e  a n a l y t i c a l  t heo r i es ,  which a r e  based on averaged equat ions and 
r e q u i r e  c l o s u r e  assumptions. Moreover, most o f  t h e  a n a l y t i c a l  t h e o r i e s  a r e  so 
comp l i ca ted  t h a t  a  l a r g e  amount o f  numer ica l  work i s  r e q u i r e d  t o  o b t a i n  r e s u l t s  
f r om  them. Attempts t o  o b t a i n  a n a l y t i c a l  s o l u t i o n s  o f  t h e  unaveraged equat ions 
have n o t  been success fu l ,  mos t l y  because o f  t h e  n o n l i n e a r i t y  o f  those equa- 
t i o n s .  H e r r i n g  (1973) ment ions t h a t  t h e  s i m p l e s t  t u rbu lence  t heo ry  i s  j u s t  t h e  
Navier-Stokes equat ions.  S ince most t u rbu lence  c a l c u l a t i o n s  a r e  numer ica l  
anyway, no i n s i g h t  i s  l o s t  by cons ide r i ng  d i r e c t  i n t e g r a t i o n  o f  t h e  Nav ie r -  
Stokes equat ions fo rward  i n  t ime,  s t a r t i n g  f r om  some s u i t a b l e  i n i t i a l  da ta .  

Numerical  s o l u t i o n  ( o r  numer ica l  s i m u l a t i o n )  has sometimes been c a l l e d  
exper iment.  I t  seems, a t  l e a s t  t o  t h i s  w r i t e r ,  t h a t  t h e r e  i s  an impo r tan t  
d i f f e r e n c e  between numer ica l  s o l u t i o n  and exper iment as g e n e r a l l y  p r a c t i c e d .  
The former  uses d i r e c t l y ,  and at tempts  t o  so lve ,  a  g i ven  s e t  o f  c o n s t i t u t i v e  
equa t ions ,  i n  t h i s  case t h e  Navier-Stokes equa t ions .  The l a t t e r  o r d i n a r i l y  
does no t ,  a l t hough  bo th  methods may a r r i v e  a t  t h e  same r e s u l t  i f  t h e  c o n s t i t u -  
t i v e  equat ions a r e  congruous w i t h  t h e  p o r t i o n  o f  n a t u r e  t o  which they  a r e  
app l i ed .  I n  genera l ,  i t  appears t h a t  exper iment works d i r e c t l y , w i t h  na tu re ,  
whereas numer ica l  s o l u t i o n  works w i t h  a  s e t  o f  c o n s t i t u t i v e  equat ions t h a t  
should  r ep resen t  a t  l e a s t  a  p o r t i o n  o f  na tu re .  

Severa l  numer ica l  s o l u t i o n s  o f  t h e  unaveraged equat ions have appeared t h a t  
use a  spectrum o f  random i n i t i a l  f l u c t u a t i o n s  (e.g., Orszag and Pat terson,  
1972; C la r k  e t  a l . ,  1979; Rogal lo,  1981; and F e i e r e i s e n  e t  a l . ,  1982) .  These 
s tud ies ,  which appear t o  demonstrate t h e  f e a s i b i l i t y  o f  c a r r y i n g  o u t  t u r b u l e n t  
s o l u t i o n s  w i t h  present-day computing equipment, rep resen t  major  advances. 

  he h i e r a r c h y  o f  c o r r e l a t i o n  (averaged) equat ions ob ta ined  f rom t h e  
unaveraged Navier-Stokes equat ions i s  unclosed because o f  t h e  n o n l i n e a r i t y  o f  
t h e  l a t t e r .  That i s ,  t h e r e  a r e  more unknowns than  equat ions,  so t h a t  a  
c l o s u r e  assumption i s  r e q u i r e d  t o  o b t a i n  a  s o l u t i o n .  



Because of t h e  d i f f i c u l t y  o f  s p e c i f y i n g  r e a l i s t i c  t u r b u l e n t  i n i t i a l  con- 
d i t i o n s  ( e x p e r i m e n t a l l y  o r  a n a l y t i c a l l y ) ,  i t  may be more a p p r o p r i a t e  t o  i n i -  
t i a l l y  s p e c i f y  a  s imple r e g u l a r  f l u c t u a t j o n  w i t h  a  s i n g l e  l e n g t h  sca le  ( as  
a c t u a l l y  occurs downstream o f  a  g r i d  i n  a  wind t u n n e l ) .  Th i s  should be b e t t e r  
f o r  s t udy ing  t h e  development o f  sma l l - sca le  f l u c t u a t i o n s  (and o f  t u rbu lence  i n  
genera l )  t han  would a  spectrum o f  i n i t i a l  f l u c t u a t i o n s ,  s i nce  f o r  t h e  l a t t e r ,  
sma l l - sca le  f l u c t u a t i o n s  a r e  a l r eady  p resen t  i n  t h e  i n i t i a l  f l o w .  Moreover, 
much h i ghe r  Reynolds number f l ows  can be c a l c u l a t e d  w i t h  a  g i ven  numer ica l  g r i d  
when a  s i n g l e  l e n g t h  sca le  i s  i n i t i a l l y  p resen t ,  a t  l e a s t  f o r  e a r l y  and moder- 
a t e  t imes .  Tay lo r  and Green (1937) and o the rs  (e.g., D e i s s l e r ,  1970a; 
Van Dyke, 1975; C o r r s i n  and Kollman, 1977; and D e i s s l e r  and Rosenbaum, 1973) 
have used a  p e r t u r b a t i o n  s e r i e s  t o  c a l c u l a t e  t h e  n o n l i n e a r  development o f  
h i ghe r  harmonics f r om  lower  ones, b u t  t h e  c a l c u l a t i o n s  cou ld  n o t  be c a r r i e d  
ve ry  f a r  i n  t ime.  I n  these analyses t h e  d i r e c t i o n a l  components o f  t h e  i n i t i a l  
f l u c t u a t i o n  i n t e n s i t y  were n o t  equal .  Orszag and Fateman (Orszag, 1977a) have 
r e c e n t l y  used Tay lo r  and Green's i n i t i a l  c o n d i t i o n s  and ob ta ined  a  numer ica l  
s o l u t i o n  f o r  h i ghe r  Reynolds numbers and longer  t imes.  The i n v i s c i d  ( i n f i n i t e  
Reynolds number) case was i n v e s t i g a t e d  i n  some d e t a i l  by Betchov and Szewczyk 
(1978).  

The p resen t  rev iew cons iders  t h e  n o n l i n e a r  phys ics  o f  t u rbu lence  numeri- 
c a l l y .  A l though t h e  i n i t i a l  c o n d i t i o n s  used h e r e i n  a r e  nonrandom, t h e  f l o w  a t  
h i g h e r  Reynolds numbers breaks up i n t o  an appa ren t l y  random tu rbu lence .  U n l i k e  
t h e  prob lem o f  Tay lo r  and Green a l l  t h r e e  o f  t h e  d i r e c t i o n a l  components o f  t h e  
mean-square v e l o c i t y  f l u c t u a t i o n s  ar'e equal  a t  t h e  i n i t i a l  t ime .  I n  t h e  
absence o f  mean shear they  a r e  a l s o  equal  a t  l a t e r  t imes.  Tay lo r  and Green's 
d i r e c t i o n a l  components, on t h e  o t h e r  hand, do n o t  approach e q u a l i t y ,  even a t  
l o n g  t imes (Orszag, 1977a). 

To s tudy t h e  processes i n  tu rbu lence ,  f i r s t  some background on t h e  bas i c  
f l u i d  f l o w  and t u rbu lence  equat ions i s  g i ven  i n  s e c t i o n  I 1  and on numer ica l  
methods and s o l u t i o n s  i n  s e c t i o n  111. Four cases o f  t u rbu lence  a r e  then  con- 
s idered,  s t a r t i n g  i n  s e c t i o n  I V  w i t h  t h e  s imp les t  one, i n  which mean g r a d i e n t s  
a r e  absent  ( D e i s s l e r ,  1981a).  I n  t h i s  case no energy sources a r e  p resen t  and 
t h e  t u rbu lence  decays f r e e l y .  (By c o n t r a s t  t h e  presence o f  mean g rad ien t s  
would i m p l y  energy sources i n  t h e  f l o w . )  Here ( i n  s e c t i o n  I V )  one can s tudy 
v iscous  d i s s i p a t i o n  and t h e  n o n l i n e a r  t r a n s f e r  o f  energy between wave numbers 
o r  eddy s izes ,  as w e l l  as t h e  randomiza t ion  o f  t h e  f l o w .  Next,  i n  s e c t i o n  V a  
u n i f o r m  mean shear i s  a p p l i e d  t o  s tudy t u rbu lence  p r o d u c t i o n  and maintenance, 
and t h e  l i n e a r  and n o n l i n e a r  t r a n s f e r  o f  energy between wave numbers and 
between d i r e c t i o n a l  components ( D e i s s l e r ,  1 9 8 1 ~ ) .  The t r a n s f e r  o f  energy 
between wave numbers ( b o t h  l i n e a r  and n o n l i n e a r )  i s  man i fes ted  by t h e  c r e a t i o n  
o f  sma l l - sca le  s t r u c t u r e  i n  t h e  tu rbu lence .  Then, i n  s e c t i o n  V I ,  t h e  s p a t i a l  
d i f f u s i o n  o f  t h e  inhomogeneous t u rbu lence  i n  a  deve lop ing  shear l a y e r  i s  con- 
s i de red  ( D e i s s l e r ,  1982).  F i n a l l y ,  by us i ng  a  s p a t i a l l y  p e r i o d i c  body f o r c e  a  
t u rbu lence  t h a t  i s  s t a t i s t i c a l l y  steady s t a t e  a t  l o n g  t imes i s  s t ud ied  i n  sec- 
t i o n  V I I .  The f i r s t  t h r e e  o f  these cases have a l s o  been s tud ied ,  b u t  w i t h  a  
spectrum o f  random i n i t i a l  f l u c t u a t i o n s  and i n  some cases w i t h  an assumption 
f o r  t h e  sma l l  eddies, i n  Orszag and Pa t t e r son  (1972),  C la r k  e t  a l .  (1979), 
Roga l lo  (1981), Shannan e t  a l .  (1975),  and Cain e t  a l .  (1981).  Here we w i l l  
c o n f i n e  ourse lves  t o  t h e  development o f  t u rbu lence  f r om nonrandom i n i t i a l  
c o n d i t i o n s  w i t h  a  s i n g l e  l e n g t h  sca le .  

One o f  t h e  problems i n  t h e  numer ica l  s tudy o f  t u rbu lence  i s  t h a t  o f  accu- 
racy,  because o f  t h e  smal l  s ca le  o f  some o f  t h e  t u r b u l e n t  eddies.  As t h e  



Reynolds number ( s t r e n g t h )  o f  t h e  t u rbu lence  o r  t h e  t ime  inc reases ,  sma l l e r  
eddies a r e  generated. No ma t t e r  how smal l  t h e  numer ica l  mesh s i ze ,  one can 
always p i c k  a  Reynolds number o r  t ime  l a r g e  enough t h a t  t h e  r e s u l t s  w i l l  be 
q u a n t i t a t i v e l y  i naccu ra te .  One way o f  improv ing  t h e  accuracy i s  by ex t r apo la -  
t i o n  t o  zero mesh s ize ,  as w i l l  be done here.  The e f f e c t i v e n e s s  o f  t h a t  p ro -  
cedure depends t o  some e x t e n t  on t h e  accuracy o f  t h e  unex t rapo la ted  s o l u t i o n .  
I f  t h e  s o l u t i o n  has t o  be ex t r apo la ted  t o o  f a r ,  t h e  r e s u l t s  may n o t  be accu- 
r a t e .  Another popu la r  method ( n o t  used here)  i s  t o  model eddies sma l l e r  than  
t h e  g r i d  spac ing ( s u b g r i d  model ing) (e.g. ,  Smagorinsky, e t  a l . ,  1963; 
Dea rdo r f f ,  1970; C l a r k  e t  a l . ,  1979; and Fe rz i ge r ,  1977). Th i s  method r e q u i r e s  
an e m p i r i c a l  i n p u t ,  a l though  n o t  as g r e a t  a  one as t h a t  f o r  f u l l  model ing o f  
t h e  averaged equat ions.  One migh t  t h i n k  o f  subg r i d  model ing as a  u s e f u l  c r u t c h  
t h a t  can be phased o u t  as numer ica l  r e s o l u t i o n  improves. However, when i t  i s  
used, i t  i s  sometimes d i f f i c u l t  t o  t e l l  which e f f e c t s  come f rom t h e  equat ions 
o f  mot ion  and which r e s u l t  f rom t h e  subgr id  model ing.  S i g g i a  (1981) has 
r e c e n t l y  cons idered t h e  converse problem; he made a numer ica l  s tudy o f  t h e  
sma l l - s ca le  eddies i n  which he modeled t h e  l a r g e r  ones. 

Here we a r e  ma in ly  concerned w i t h  p h y s i c a l  processes and t rends ,  r a t h e r  
than  w i t h  h i g h l y  accura te  numer ica l  r e s u l t s  ( p o s s i b l y  u n a t t a i n a b l e  a t  ve ry  h i g h  
Reynolds numbers). O f  course some degree o f  accuracy i s  necessary; o t he rw i se  
we w i l l  n o t  even be a b l e  t o  c a l c u l a t e  t rends .  As t h e  numer ica l  mesh s i z e  
decreases, q u a n t i t a t i v e  d i f f e r e n c e s  i n  t h e  r e s u l t s  m igh t  be obta ined.  I t  i s  
t o  be hoped, however, t h a t  t h e  r e s u l t s  w i l l  n o t  be q u a l i t a t i v e l y  d i f f e r e n t .  
Resu l t s  t o  da te  i n d i c a t e  t h a t  t o  be t h e  case.2 

Other r e l e v a n t  rev iew a r t i c l e s  a r e  g i ven  by Orszag (1977b),  Schumann, e t  
a l .  (1980) ,  Eckman (1981),  and O t t  (1981) .  

11. BASIC EQUATIONS AND CONCEPTS 

A .  The Unaveraged Equat ions 

Tu rbu len t  f l ows  o f  a  g r e a t  many l i q u i d s  and gases obey t h e  Navier-Stokes 
equa t ions .  Those equat ions assume t h a t  t h e  f l u i d  i s  Newtonian ( s t r e s s  propor-  
t i o n a l  t o  s t r a i n  r a t e )  and t h a t  i t  can be cons idered a continuum. The l a t t e r  

2 ~ h e  a t t a i nmen t  o f  accura te  q u a n t i t a t i v e  r e s u l t s  appears t o  be a ques- 
t i o n  o f  improvement o f  computers and o f  numer ica l  methods. I f  s t a t e - o f - t h e - a r t  
numer ica l  methods and computers a r e  used, good q u a n t i t a t i v e  as w e l l  as q u a l i -  
t a t i v e  r e s u l t s  can a l r eady  be obta ined,  a t  l e a s t  f o r  l ow and moderate Reynolds 
numbers. Orszag and Patera (1981) (as  w e l l  as Moin and Kim (1982) us i ng  sub- 
g r i d  model ing)  made s i g n i f i c a n t  numer ica l  c a l c u l a t i o n s  o f  t h e  v e l o c i t y  p r o f i l e  
i n  t h e  w a l l  r e g i o n  o f  f u l l y  developed t u r b u l e n t  channel f l ow .  The r e s u l t s  
agreed reasonably  w e l l  w i t h  exper iment,  showing a w a l l  t r a n s i t i o n  r e g i o n  and a 
f u l l y  t u r b u l e n t  r e g i o n  i n  which t h e  v e l o c i t y  v a r i e s  as t h e  l o g a r i t h m  o f  d i s -  
tance  f r om t h e  w a l l .  The advent o f  high-speed computers and e f f i c i e n t  numeri-  
c a l  a l g o r i t h m s  may be making p o s s i b l e  f o r  t h e  f i r s t  t ime  t h e  use o f  t h e  
Navier-Stokes equat ions i n  t h e  s o l u t i o n  o f  a  wide range o f  r e a l i s t i c  
( t u r b u l e n t )  f l u i d - f l o w  problems. 



i s  u s u a l l y  a  good assumption because i n  most cases i n t e r m o l e c u l a r  l eng ths  a re  
much sma l l e r  than  t h e  sma l l es t  s i g n i f i c a n t  t u r b u l e n t  eddies.  

1 .  Equat ions i n  terms o f  ins tantaneous q u a n t i t i e s  

The Navier-Stokes and c o n t i n u i t y  equat ions f o r  cons tan t  f l u i d  p r o p e r t i e s  
( i n c l u d i n g  i n c o m p r e s s i b l l i t y ) 3 9 4  can be w r i t t e n  as (e.g. ,  Ba tche lo r ,  1967; 
o r  De l ss l e r ,  1976) 

and 

The s u b s c r i p t s  can t ake  on t h e  va lues 1, 2, and 3, and a repeated s u b s c r i p t  i n  
a  t e rm  I n d i c a t e s  a  summation, w i t h  t h e  s u b s c r i p t  success ive ly  t a k i n g  on t h e  

va lues 1, 2, and 3. The q u a n t i t y  i s  an ins tantaneous v e l o c i t y  compo- 
nen t ,  x i  i s  a space coord ina te ,  t i s  t h e  t ime,  p i s  t h e  dens i t y ,  u t h e  
k inemat i c  v i s c o s i t y ,  and p i s  t h e  ins tan taneous  p ressure .  Equat ions ( 1 )  and 
( 2 )  are,  r e s p e c t i v e l y ,  statements o f  t h e  conse rva t i on  o f  momentum and o f  mass. 
I n  o rde r  t o  o b t a i n  an e x p l i c i t  equa t ion  f o r  t h e  pressure,  we t ake  t h e  d i v e r -  
gence o f  equa t ion  ( 1 )  and app ly  t h e  c o n t i n u i t y  equa t ion  ( 2 )  t o  g e t  

I n  t h e  remainder o f  t h e  paper i t  w i l l  u s u a l l y  be convenient  t o  use 
equatqons ( 1 )  and ( 3 )  r a t h e r  than  ( 1 )  and ( 2 ) .  Equat ions ( 1 )  ( i  = 1, 2, 3 )  
and ( 3 )  c o n s t i t u t e  a  s e t  o f  f o u r  equa t ions  i n  t h e  f o u r  unknowns u i  and p. 
S ince they  a r e  f o r  ins tantaneous v e l o c i t i e s  and pressures,  they  should app ly  
t o  t u r b u l e n t  as w e l l  a s . t o  laminar  f l ows ,  s u b j e c t  t o  t h e  r e s t r i c t i o n s  mentioned 
a t  t h e  beg inn ing  o f  t h i s  sec t i on .  The Navier-Stokes equat ions have been known 
f o r  more than  a cen tu ry ,  b u t  t h e i r  use i n  t u r b u l e n t  f l ows ,  o the r  than  i n  a  
schematic sense, has been r e s t r i c t e d  by a  l a c k  o f  a b l l i t y  t o  o b t a i n  s o l u t i o n s .  
Now, w i t h  advances i n  computers and numer ica l  methods t h e  s i t u a t i o n  appears 
somewhat b r i g h t e r .  

3 ~ h e  c o n t l n u l  t y  equa t ion  i s sometimes i nc l uded  i n  t h e  Navier-Stokes 
equa t ions .  

4 ~ o s t  t u rbu lence  s tud ies  have been c a r r l e d  o u t  f o r  cons tan t  p r o p e r t i e s ,  
f o r  s i m p l i c i t y .  That f l o w  i s  r e a l i s t i c  i f  t h e  t u rbu lence  v e l o c i t i e s  a r e  rea-  
sonably low compared w i t h  t h e  v e l o c i t y  o f  sound, and i f  temperature g rad ien t s  
a r e  n o t  l a r g e .  



The fundamental t u rbu lence  problem i s  an i n i t i a l - v a l u e  problem. That i s ,  
g i v e n  i n i t i a l  va lues f o r  t h e  u i  as f u n c t i o n s  o f  p o s i t i o n ,  a  va lue  f o r  V ,  

and s u i t a b l e  boundary cond i t i ons ,  equat ions (1) and (3 )  should be s u f f i c i e n t  
f o r  c a l c u l a t i n g  t h e  u i  and p/p as f u n c t i o n s  o f  t ime  and p o s i t i o n .  The 
i n i t i a l  and boundary c o n d i t i o n s  used h e r e i n  a r e  s p e c i f i e d  i n  s e c t i o n  111. 

To i n t e r p r e t  t h e  terms i n  equa t ion  ( I ) ,  i t  i s  convenient  t o  m u l t i p l y  i t  
th rough  by p and by t h e  s t a t i o n a r y  volume element dxl dx2 dx3. Then t h e  
t e rm  on t h e  l e f t  s i d e  o f  t h e  equa t ion  i s  t h e  t i m e  r a t e  o f  change o f  momentum i n  
t h e  element p u i  dx1 dx2 dx3. Th i s  r a t e  o f  change i s  c o n t r i b u t e d  t o  by t h e  
terms on t h e  r i g h t  s i d e  o f  t h e  equa t ion .  The f i r s t  t e rm  on t h e  r i g h t  s ide ,  a  
n o n l i n e a r  i n e r t i a  term, i s  t h e  n e t  r a t e  o f  f l o w  o f  momentum i n t o  t h e  element 
th rough  i t s  faces.  The n e x t  term, a l s o  non l i nea r ,  i s  a  p ressure - fo rce  t e rm  
and g i ves  t h e  n e t  f o r c e  a c t i n g  on t h e  element by v i r t u e  o f  t h e  p ressure  g r a d i -  
e n t  i n  t h e  x i  d i r e c t i o n .  It i s  n o n l i n e a r  because of t h e  n o n l i n e a r  source 
t e rm  on t h e  r i g h t  s i d e  o f  t h e  Poisson equa t i on  f o r  t h e  p ressure  (eq. ( 3 ) ) .  
F i n a l l y ,  t h e  l a s t  t e r m  i n  equa t ion  ( I ) ,  a l i n e a r  v i scous- fo rce  term, g i ves  t h e  
n e t  f o r c e  a c t i n g  on t h e  element i n  t h e  x i  d i r e c t i o n  by v i r t u e  o f  t h e  
v i s c o s i t y .  

2. Equat ions i n  terms o f  mean and f l u c t u a t i n g  components 

Fo l l ow ing  Reynolds (1895) one can break t h e  ins tantaneous v e l o c i t i e s  and 
p ressure  i n  equa t lons  ( 1 )  t o  ( 3 )  i n t o  mean and f l u c t u a t i n g  ( o r  t u r b u l e n t )  
components; t h a t  i s ,  s e t  

and 

where 

and 

The overbars  des igna te  averaged v a l u e s a 5  Equat ion ( 2 )  becomes, on us i ng  
equa t ions  ( 4 ) ,  ( 6 ) ,  and ( 7 ) ,  



which shows t h a t  bo th  t h e  f l u c t u a t i n g  and mean v e l o c i t y  components obey con- 
t i n u i t y .  Equat ions ( 1 )  and ( 3 )  become, on us i ng  equat ions ( 4 )  t o  ( 9 ) .  t a k i n g  
averages, and s u b t r a c t i n g  t h e  averaged equa t ions  f r om t h e  unaveraged ones, 

2 2 2 -  
a ( U ~ U Q )  auk auk l a p = -  - 2 -  - t a 'kUk 

P ax, axk ax Q ax, axk axk axQ 

Equat ions (10)  and (11)  w i l l  be used t o  s tudy  t h e  processes i n  tu rbu lence ,  b u t  
n o t  f o r  computat iona l  purposes (excep t  i n  l i n e a r i z e d  cases). The f i r s t  f o u r  
terms o f .  equa t ion  (10)  and t h e  f i r s t  two o f  equa t ion  (11)  look  l i k e  t h e  terms 
i n  equa t ions  ( 1 )  and ( 3 ) ,  a l though  t h e i r  meanings a r e  e x a c t l y  t h e  same o n l y  
i f  U i  = P = 0  (eqs. ( 4 )  and ( 5 ) ) .  The f i r s t  t h r e e  terms on t h e  r i g h t  s i d e  o f  
equa t i on  ( l o ) ,  which c o n t r i b u t e  t o  a u i / a t ,  can s t i l l  be i n t e r p r e t e d  as an 
i n e r t i a - f o r c e  ( o r  t u rbu lence  s e l f - i n t e r a c t i o n )  term, a  p ressure - fo rce  term, and 
a  v i scous- fo rce  term. The remain ing terms are,  r e s p e c t i v e l y ,  a  t u rbu lence  
p r o d u c t i o n  term, a  mean-flow convec t ion  term, and a mean- turbu lent -s t ress term, 
which appears when t h e  t u rbu lence  i s  s t a t i s t i c a l l y  inhomogeneous (when mean 

- 
turbu lence  q u a n t i t i e s  such as uiuk a r e  f unc t i ons  o f  p o s i t i o n ) .  (The reasons 

c a l l i n g  t h e  p roduc t i on  and convec t ion  terms as such w i l l  perhaps become c l e a r e r  
when t h e  e q u i v a l e n t  terms i n  t h e  averaged equat ions (eqs. (14)  and ( 1 5 ) )  a r e  
d iscussed. )  I t  w i l l  be seen t h a t  when t h e  mean v e l o c i t y  g r a d i e n t  i s  n o t  zero, 
t h e  t e r m  -Uk au i /axk generates a  sma l l - sca le  s t r u c t u r e  i n  t h e  t u rbu lence  by 
v o r t e x  s t r e t c h i n g .  The n o n l i n e a r  s e l f - i n t e r a c t i o n  t e rm  -a (u juk ) /axk  a l s o  
produces a  sma l l - sca le  s t r u c t u r e  and i n  add1 t i o n  produces randomizat ion o f  t h e  
f l ow.  These e f f e c t s  w i l l  be cons idered i n  sec t i ons  I V  t o  V I .  The Poisson 
equa t ion  f o r  t h e  p ressure  f l u c t u a t i o n  (eq. ( 1 1 ) )  has t h r e e  source terms: a  
n o n l i n e a r  term, a  mean-gradient term, and a  mean- turbu lent -s t ress term, which 
appears when t h e  t u rbu lence  i s  inhomogeneous. 

We have d e f i n e d  an inhomogeneous t u rbu lence  as one t n  which averaged 
t u rbu lence  q u a n t i t i e s  a r e  f u n c t i o n s  o f  p o s i t i o n .  Thus, a  homogeneous t u rbu -  
l ence  i s  one i n  which averaged t u rbu lence  q u a n t i t i e s  a r e  n o t  f u n c t i o n s  o f  
p o s i t i o n .  For ins tance ,  i n  homogenous t u rbu lence  

5 ~ o r  t h e  most genera l  f l ows  t h e  average i s  u s u a l l y  an ensemble average 
over  a  l a r g e  number o f  macroscop ica l l y  i d e n t i c a l  f l ows  (1.e.. mean q u a n t i t i e s ,  
b u t  n o t  f l u c t u a t i n g  q u a n t i t i e s ,  a r e  t h e  same i n  a l l  t h e  f l o w s ) .  I n  most cases, 
however, s t a t i s t i c a l  u n i f o r m i t y  o r  s t a t i o n a r i t y  w i t h  r espec t  t o  one o r  more 
coord ina tes ,  o r  w i t h  respec t  t o  t ime,  ob ta i ns .  Then, t h e  average i s  taken  w i t h  
r espec t  t o  t h e  one o r  more coord ina tes  o r  w i t h  r espec t  t o  t ime .  Accord ing t o  
t h e  e rgod ic  theorem those averages a r e  t h e  same as t h e  ensemble average i f  t h e  
f l o w  i s  t u r b u l e n t .  I n  s e c t i o n  V ( u n i f o r m  mean shear)  three-d imensional  s p a t i a l  
averages a r e  used, even when t h e  p e r i o d i c  boundary c o n d i t i o n s  i n t r o d u c e  some 
l o c a l  inhomogeneity i n t o  t h e  f l u c t u a t i o n s .  Those averages s t i l l  have meaning 
s i n c e  t h e i r  va lues a r e  independent o f  t h e  p o s i t i o n  o f  t h e  boundar ies o f  t h e  
c y c l e  over  which t h e  averages a r e  taken. 



u u u  # U U U  ( xa )  i j k  i j k  

and 

S i m i l a r  statements app ly  t o  o the r  averaged t u rbu lence  q u a n t i t i e s  i n  a  
homogenous t u rbu lence .  

8 .  Averaged Equa t i  ons 

A l though t h e  averaged equat ions w i l l  n o t  be so lved n u m e r i c a l l y  because 
t hey  do n o t  f o rm  a  c losed  se t ,  they  a r e  u s e f u l  f o r  s t udy ing  t h e  processes i n  
t u rbu lence .  

1. Equat ions f o r  mean f l o w  

F i r s t  cons ider  t h e  equat ions ob ta ined  by averag ing  each t e rm  o f  
equat ions ( 1 )  and ( 3 )  and us i ng  equat ions ( 4 )  t o  ( 9 ) . 5  Th i s  g i ves  

and 

These equat ions l ook  l i k e  equat ions ( 1 )  and ( 3 )  w i t h  ins tan taneous  va lues 
rep laced  by average values, b u t  w i t h  t h e  impo r tan t  d i f f e r e n c e  t h a t  an e x t r a  - 
term i n v o l v i n g  t h e  q u a n t i t y  u j u j  now appears i n  each o f  t h e  equat ions.  

These terms a r i s e  f r om  t h e  n o n l i n e a r  v e l o c i t y  terms i n  equat ions ( 1 )  and ( 3 )  
and a r e  a  m a n i f e s t a t i o n  o f  t h e  c l o s u r e  problem of tu rbu lence1  . I f  those  
terms were absent,  equat ions ( 12 )  and (13 )  cou ld  be solved, and t u r b u l e n t  f l ows  
would be no more d i f f i c u l t  t o  c a l c u l a t e  than  laminar  ones. Note t h a t  terms i n  
equa t ions  ( 12 )  and (13 )  t h a t  c o n t a i n  lower-case l e t t e r s  ( o t h e r  t han  x ' s )  a r e  
t u r b u l e n t  terms. 

The , f o rm  o f  equa t ion  (12)  suggests t h a t  t h e  q u a n t i t y  -pu u  augments t h e  
v i  scous s t r e s s  pvaui /axk.  S ince i t  i n v o l v e s  t h e  f l u c t u a t i n g i o k  t u r b u l e n t  
v e l o c i t y  components u j  and uk, we i n t e r p r e t  i t  as a  t u r b u l e n t  o r  - 
Reynolds s t r e s s .  For  I ns tance  -pu u  w i l l ,  i n  t h e  presence of  a  mean-ve loc i ty  
g r a d i e n t  aUl/ax2, a c t  l i k e  a  sheat $ t r e s s  on an x i - x3  p lane.  I n  t h e  
presence o f  aUl/ax2, u l  w i l l  more l i k e l y  be nega t i ve  than  p o s i t i v e  when u2 



i s  positive, so t h a t  u,u, w i l l  have a  nonzero nega t i ve  va lue.  The q u a n t i t y  
I L 

-pu u can be compared w i t h  a  v iscous shear s t r e s s  ob ta ined  i n  t h e  k i n e t i c  
t heh rg  o f  gases, where u l  and u2 a r e  now mo lecu la r ,  r a t h e r  than  macros ,pic 

v e l o c i t y  components. S i m i l a r l y  pu2 w i l l  a c t  l i k e  a  normal s t r e s s  on sn 
X2-xj  p l ane  ( s i m i l a r  t o  a  normal s i r e s s  o r  p ressure  ob ta ined  i n  k i n e t . ~  
t heo ry ,  where u l  i s  aga in  taken t o  be a  mo lecu la r  v e l o c i t y  component). 

2. One-point c o r r e l a t i o n  equat ions 

a. Cons t ruc t i on  o f  equat ions 
- 

We can c o n s t r u c t  equat ions f o r  t h e  undetermined q u a n t i t i e s  uiuI i n  

equa t ions  ( 12 )  and (13)  f rom t h e  e v o l u t i o n  equa t ion  f o r  u i  (eq.  ( 1 6 ) )  and 
a  s i m i l a r  equa t ion  f o r  t h e  component u j :  

M u l t i p l y  equa t ion  (10)  by u j  and t h e  reced ing  equa t ion  f o r  
u i ,  add t h e  two equat ions,  and average.g Th i s  g ives ,  u s i n g  
(es .  (911,  

2- - a u u  
- - 1 

+ ~ 5 )  + -.LL ax ax, a U i u j U ~ ; ( + p u j  axj  
axk a 

- - 
-, au, au, \ au, au, 

S e t t i n g  i = j and us i ng  c o n t i n u i t y ,  we ge t ,  f o r  t h e  r a t e  o f  change o f  t h e  
k i n e t i c  energy per  u n i t  mass, 

a' ( uiu1/2) aui aui 
- l a  - 

p (puk) + ax, ax 
- v- - 

a axa axa 

As i n  equat ions (12)  and (13 ) ,  q u a n t i t i e s  i n  equat ions (14)  and (15)  t h a t  
c o n t a i n  lower-case l e t t e r s  ( o t h e r  than  x ' s )  a r e  t u r b u l e n t  q u a n t i t i e s .  
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The one-po in t  c o r r e l a t i o n  equa t ion  (eq. ( 14 ) )  g i ves  an express ion  f o r  t h e  

r a t e  o f  change o f  u  u  t h a t  m igh t  be used I n  c o n j u n c t i o n  w i t h  equat ions ( 12 )  
i S 

and (13 ) .  But  t h e  s i t u a t i o n  w i t h  r espec t  t o  c l o s u r e  i s  now worse than  i t  was - 
before.  Whereas w i t h o u t  equa t ion  ( 14 )  we o n l y  had t o  determine u ju j ,  w i t h  i t  - 
we have t o  determine q u a n t i t i e s  l i k e  ujujuk, puj, p  au /ax and 

3 1 '  
(aul /axQ)(au /ax,). We migh t  use equa t ion  (11)  t o  o b t a i n  t h e  p ressure  c o r r e -  

S 
l a t i o n s ,  b u t  t h a t  would o n l y  i n t r o d u c e  more unknowns. However, equat ions ( 14 )  
and (15 )  a r e  u s e f u l  f o r  s t udy ing  t h e  processes i n  t u rbu lence  i n  t h a t  most o f  
t h e  terms have c l e a r  p h y s i c a l  meanings. Moreover, we w i l l  be a b l e  t o  ca l cu -  
l a t e  terms i n  those  equa t ions  f r om our numer ica l  s o l u t i o n s .  

b. Phys i ca l  i n t e r p r e t a t i o n  o f  terms 

As i n  t h e  case o f  equa t ion  ( 1 )  i t  i s  h e l p f u l ,  f o r  purposes of i n t e r p r e -  
t a t i o n ,  t o  m u l t i p l y  t h e  terms i n  equat ions ( 14 )  and (15 )  th rough  by p and 
by a  volume element dx, dx, dx,. Then t h e  t e rm  on t h e  l e f t  s i d e  o f  

L .I - 
equat ion  (14)  o r  ( 15 )  g i ves  t h e  t ime  r a t e  o f  change o f  pu  u  o r  o f  t h e  - 3 '  
k i n e t i c  energy pului/2, w i t h i n  t h e  element. Th is  r a t e  o f  change i s  c o n t r i b -  
u ted  t o  by t h e  terms on t h e  r i g h t  s i d e  o f  t h e  equat ions.  The f i r s t  o f  those  
terms i s  equal  t o  t h e  n e t  work done on t h e  element by t u r b u l e n t  s t resses  a c t -  
i n g  i n  c o n j u n c t i o n  w i t h  mean-ve loc i ty  g rad ien t s .  It i s  t h e r e f o r e  c a l l e d  a  t u r -  - 
bulence p r o d u c t i o n  term; i t  equals t h e  r a t e  o f  p roduc t i on  o f  pu,u, o r  o f  
- J 

pu u  /2 w i t h i n  t h e  volume element by work done on t h e  element. A somewhat 
a b i r k v i a t e d  i n t e r p r e t a t i o n  suggested by t h e  fo rm o f  t h e  term, which i s  o f t e n  - 
given, 3s t h a t  i t  represen ts  work done on t h e  t u r b u l e n t  s t r e s s  pujui by t h e  
mean-ve loc i ty  g r a d i e n t .  

The n e x t  t e rm  i n  each o f  t h e  equat ions descr ibes  t h e  convec t ion  o r  n e t  
f l o w  o f  t u rbu lence  o r  t u r b u l e n t  energy i n t o  a  volume element by t h e  mean ve loc -  
i t y  Uk. I t  moves t h e  t u rbu lence  b o d i l y ,  r a t h e r  than  do ing  work on i t  by 
deforming it, as i n  t h e  case o f  t h e  p roduc t i on  term.  I t  vanishes when e i t h e r  
Uk i s  zero (no  mean f l o w )  o r  when t h e  t u rbu lence  i s  homogenous - - 
( u  u # u  u  ( x k ) )  I n  t h e  l a t t e r  case t h e r e  i s  no accumulat ion o f  t u rbu lence  

i j  1 3  
w i t h i n  a  volume element, even w i t h  a  mean f l ow .  

The n e x t  t h r e e  terms i n  equa t ion  (14) and i n  equa t ion  (15) a l s o  van ish  
f o r  homogeneous tu rbu lence .  S ince they  do n o t  c o n t a i n  t h e  mean v e l o c i t y ,  they  
do n o t  convect  o r  move t h e  t u rbu lence  b o d i l y .  There fo re  we i n t e r p r e t  them as 
d i f f u s i o n  terms, which d i f f u s e  n e t  t u rbu lence  f rom one p a r t  o f  t h e  t u r b u l e n t  
f i e l d  t o  another  by v i r t u e  o f  i t s  inhomogeneity.  The p ressu re - ve loc i t y -  
g r a d i e n t  terms i n  equa t ion  (14)  drop o u t  o f  t h e  con t rac ted  equa t ion  (15) 
because o f  c o n t i n u i t y  (eq.  ( 9 ) ) .  Therefore,  t hey  c o n t r i b u t e  n o t h i n g  t o  t h e  

- 
r a t e  o f  change o f  t h e  t o t a l  energy u  u  /2, b u t  they  can d i s t r i b u t e  t h e  energy 

i i - 
energy among t h e  t h r e e  d i r e c t i o n a l  components u2 /2 (no  rum on 1 ) .  The l a s t  

( 1 )  
t e rm  i n  equat ions (14)  and (15)  i s  t h e  v iscous d i s s i p a t i o n  term, which d i s -  
s i p a t e s  t u rbu lence  by t h e  presence o f  f l u c t u a t i n g  v e l o c i t y  g r a d i e n t s .  



3. Two-point c o r r e l a t i o n  and s p e c t r a l  equat ions 

To cons ider  t h e  t r a n s f e r  o f  t u rbu lence  between eddy s i zes  o r  wave numbers 
( s p e c t r a l  t r a n s f e r ) ,  we must o b t a i n  two-po in t  c o r r e l a t i o n  equat ions.  Terms 
r e l a t e d  t o  t h a t  process do n o t  appear i n  t h e  s i n g l e - p o i n t  equat ions ( ( 14 )  and 
( 1 5 ) ) .  To o b t a i n  two-po in t  equat ions,  we use i n  a d d i t i o n  t o  equat ions ( 10 )  
and ( l l ) ,  w r i t t e n  a t  t h e  p o i n t  P, t h e  f o l l o w i n g  equat ions w r i t t e n  a t  t h e  
p o i n t  P : 

and 

1 a2pl  a'( up;) au; aul a' u;u; - - - - 
p ax; ax; ax; ax1  - 2 

a + 
a ax1  ax; ax; ax1  a a 

M u l t i p l y i n g  equa t ion  ( 10 )  by u '  and equa t ion  (16)  by ui, adding, t a k i n g  
averages.5 and us i ng  equa t ion  ( 7 6) and t h e  f a c t  t h a t  q u a n t i t i e s  a t  one p o i n t  
a r e  independent o f  t h e  p o s i t i o n  o f  t h e  o t h e r  p o i n t  r e s u l t  i n  

a - aUi 2 - a - I a- - u u l = - U U ' -  a t  i j k j axk 
u U '  - - a U U U '  - ' iUk ax; < 'iUj - "k ax; i j axk i k j  

To s i m p l i f y  t h e  equat ions,  t h e  t u rbu lence  w i l l  be cons idered homogeneous 
( c o r r e l a t i o n s  independent o f  x,). (See Hinze (1975) o r  D e i s s l e r  (1961) - 
f o r  inhomogeneous equat ions. )  Then t h e  two-po in t  c o r r e l a t i o n s  (e.g., u  u ' )  - w i l 1 , b e  f u n c t i o n s  o n l y  o f  ri xi - , 

, so t h a t  a/ax = -a/ari and 1 j 
a/axi = a/ari I n  a d d i t i o n ,  homo enei  y  r e q u i r e s  t h a j  aUl/axi be a  con- 

s t a n t ,  so t h a t  a u h x  = au /ax and u U = r aU /ax . 11f aUi/ax 
were a f u n c t i o n  o t  x j ,  we Zould n o t  rembv; a i l  x i  dependency f rom j 
eq. ( 1  8 ) .  ) Equat ion ( 1  8) becomes 

The equat ions f o r  t h e  p ressu re - ve loc i t y  c o r r e l a t i o n s  ob ta ined  from 
equat ions (11)  and (17 )  are,  f o r  homogeneous tu rbu lence ,  



2 -  
- - 
P ar, axk a r k  a r  k  

- 
a2 a  u  u 1  au a  2  uQukul 

1 1 = 2  a;ik- 
p ar, ar 

Q a r k  ax, ar, ar k  

a. I n t e r p r e t a t i o n  o f  terms 

The terms on t h e  r i g h t  s i d e  o f  t h e  Poisson equat ions (eqs. ( 20 )  and (21 ) )  
a r e  source terms assoc ia ted  w i t h  t h e  mean v e l o c i t y  and w i t h  t r i p l e  c o r r e l a t i o n s  
a r i s i n g  f r om t h e  n o n l i n e a r  v e l o c i t y  terms i n  equat ions ( 11 )  and ( 1 7 ) .  The 
r i g h t  s i d e  o f  t h e  two-po in t  equa t ion  (eq. ( 1 9 ) )  con ta ins ,  as i n  t h e  case o f  t h e  
s i n g l e - p o i n t  equa t i on  (eq.  (14) ) ,  t u rbu lence  p roduc t i on ,  d i r e c t i o n a l  d i s t r i b u -  
t i o n  ( p r e s s u r e - v e l o c i t y ) ,  and v iscous terms. There a r e  no d i f f u s i o n  terms i n  
equa t ion  ( 19 )  s i nce  t h e  t u rbu lence  i s  homogeneous. The l a s t  two terms i n  t h a t  
equa t ion  a r e  new terms t h a t  do n o t  have coun te rpa r t s  i n  t h e  s i n g l e - p o i n t  equa- 
t i o n s .  To i n t e r p r e t  them, we conver t  equa t ion  ( 19 )  t o  s p e c t r a l  f o rm  by t a k i n g  
i t s  F o u r i e r  t rans fo rm.  Thus, d e f i n e  t h e  f o l l o w i n g  three-d imensional  F o u r i e r  
t rans fo rms:  

and 

- 
ax, 'Q a rk  

where 9 i j 9  "ij* T i j ,  and T  are,  r e s p e c t i v e l y ,  F o u r i e r  t rans fo rms o f  t h e  
13 

g u a n t i t i e s  on t h e  l e f t  s ides  o f  t h q  d e f i n i n g  equat ions (eqs.  (22)  t o  ( 2 5 ) ) .  
K i s  a  wave-number vec to r ,  and d~  = d~  d~  d~  . Phys ica l  i n t e r p r e t a t i o n s  
o f  t h e  F o u r i e r  t rans fo rms d e f i n e d  by equat lo6s (22)  t o  (25)  f o l l o w .  
Equat ion ( 19 )  becomes, on t a k i n g  i t s  F o u r i e r  t rans fo rm,  

a au 
- - - 9 - +2 
a t  'ij - - ( K )  - ~ Y K  ( P i j  * T i j  t T i j  'kj axk 'ik axk p ( 26 )  

+ 
If we l e t  r = 0 i n  equa t ion  ( 22 ) ,  we have 



so t h a t  we can i n t e r p r e t  as a  s p e c t r a l  component o f  u  u  . As i n  
equa t i on  (19) ,  terms on thei?ight s i d e  o f  equa t ion  (26)  can A e j i n t e r p r e t e d  as 
p roduc t i on ,  d i r e c t i o n a l  d i s t r i b u t i o n ,  and v iscous  d i s s i p a t i o n  terms. They 

c o n t r i b u t e  t o  t h e  r a t e  o f  change o f  a  s p e c t r a l  component o f  u  u  
i 1  3 -  

To i n t e r p r e t  t h e  te rm T 1  i n  equa t ion  (26) ,  we l e t  : = 0 i n  
1  S 

equa t j on  ( 2 4 ) .  Th i s  g ives  

- 
Thus, T I  g i ves  zero t o t a l  c o n t r i b u t i o n  t o  t h e  r a t e  o f  change o f  

uluj. j 
But  

i t  can d i s t r i b u t e ,  o r  t r a n s f e r  between wave numbers o r  eddy s izes ,  s p e c t r a l  

c o n t r i b u t i o n s  p t o  u ju j .  So T 1  which i s  p r o p o r t i o n a l  t o  aUk/axQ, i s  
i j i s  ' 

i n t e r p r e t e d  as a  mean-gradient s p e c t r a l  t r a n s f e r  t e rm  ( D e i s s l e r ,  1961).  The 

t e rm  -r (au u l / a r k )  auklax i n  equa t ion  ( 19 )  i s  t h e r e f o r e  t h e  F o u r i e r  t r a n s -  a 1.l a 
f o rm  o f  a  meanlgrad ient  s p e c t r a l  t r a n s f e r  term. 

To i n t e r p r e t  t h e  l a s t  te rm i n  equa t ion  ( 26 ) ,  we use equa t ion  ( 25 ) ,  where 
we n o t e  t h a t  a / a r  = a/axl = -a/ax , t h a t  q u a n t i t i e s  a t  one p o i n t  a r e  inde-  

k  pendent o f  t h e  pos!tion o f  t h e  otheb p o i n t ,  and t h a t  c o n t i n u i t y  (eq. ( 9 ) )  
ho lds .  Equat ion (25) becomes 

I f  we l e t  = 0, equa t ion  (29)  becomes 

s i n c e  we have assumed homogeneity o f  t h e  tu rbu lence .  Thus, as i n  t h e  case o f  

Tij* Tij 
c o n t r i b u t e s  n o t h l n g  t o  t h e  r a t e  o f  change o f  u  u  I t  can, how- 

i 3 '  
ever ,  t r a n s f e r  s p e c t r a l  components o f  u  u  f r om  one p a r t  o f  wave-number 
space t o  another .  So we i n t e r p r e t  T  'a2 a  s p e c t r a l  t r a n s f e r  t e rm  asso- 
c i a t e d  w i t h  t u rbu lence  s e l f - i n t e r a c t l b A  (as  opposed t o  i n t e r a c t i o n  between 



tu rbu lence and mean g rad ien ts ) .  The term - (a /a rk ) (u  u ' u '  - u  u  u ' )  i n  i j k  i k j  
equat ion (19)  i s  t h e r e f o r e  the  Four ie r  t rans form o f  a  s e l f - i n t e r a c t i o n  spec t ra l  
t r a n s f e r  term. Although t h e  tu rbu lence has been assumed t o  be homogeneous f o r  
i n t e r p r e t i n g  T  and TI a s t r a n s f e r t e r m s , i t h a s  been s h o w n t h a t s i m i l a r  

i j 13 
i n t e r p r e t a t i o n s  apply  when t h e  turbulence i s  inhomogeneous (De iss le r ,  1981 b) .6 

The t r a n s f e r  o f  tu rbu lence f rom one p a r t  o f  wave-number space t o  another,  
o r  f rom one eddy s i z e  t o  another, produces a  wide range o f  scales o f  mot ion i n  
most t u r b u l e n t  f lows as i l l u s t r a t e d  by the  numerical  so lu t i ons  i n  sec t ions  I V  
and V (e.g., f i g s .  2 (c ) ,  8, and 24). The s t a t e  o f  a f f a i r s  I s  n e a t l y  summarized 
i n  a  nonmathematical way by a  poem w r i t t e n  long be fore  equat ions (26),  (28),  
o r  (30) was known (Richardson, 1922): 

B i g  w h i r l s  have l i t t l e  w h i r l s ,  
Which feed on t h e i r  v e l o c i t y ;  
And l q t t l e  w h i r l s  have l esse r  w h i r l s ,  
And so on t o  v i s c o s i t y .  

4. V o r t i c i t y  and d i s s i p a t i o n  

For homogeneous turbulence one can o b t a i n  a  r e l a t i o n  between the  viscous 
d i s s i p a t i o n  term i n  equat ion (15) o r  (19)  ( i  =,j) and the  v o r t i c i t y  o r  swlr1,in 
t h e  turbulence.  The dimensionless v o r t i c i t y  w i s  de f ined  as the  c u r l  o f  u: 

where cijk i s  t h e  a l t e r n a t i n g  tensor. '  Then 

But, because 

6 ~ h e  f a c t  t h a t  terms r e l a t e d  t o  T  o r  TI do n o t  appear i n  t h e  one- 
p o i n t  eq. (14) f o r  inhomogeneous t u r b u l e i c e  ind iEdtes  t h a t  T and T I  do 

13 1  j 
n o t  c o n t r i b u t e  t o  au u  / a t .  Thus, even f o r  inhomogeneous tu rbu lence they can 
on ly  t r a n s f e r  tu rbu lehcd f rom one p a r t  o f  wave-number space t o  another.  
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f o r  homogeneous t u rbu lence .  Equat ion ( 33 )  then  becomes 

Thus, f o r  homogeneous t u rbu lence  t h e  mean-square v o r t i c i t y  i s  j u s t  t h e  r a t e  o f  
v i scous  d i s s i p a t i o n  E o f  t u r b u l e n t  energy d i v i d e d  by t h e  k inemat ic  v i s c o s i t y  
(eq. ( 1 5 ) ) .  So t h e  more i n t e n s e  t h e  s w i r l  i n  t h e  tu rbu lence ,  t h e  f a s t e r  i t  
d i s s i p a t e s .  

From a  c l o s u r e  s t andpo in t  we a r e  somewhat b e t t e r  o f f  w i t h  t h e  two-po in t  
equat ions (eqs.  ( 19 )  t o  ( 2 1 ) )  than  we were w i t h  t h e  s i n g l e - p o i n t  equa t ion  

(eq. ( 1 4 ) ) ,  s i nce  we no longer  have t o  model terms l i k e  p au /ax and 
3 1  

(aui/axl(auj/axp). However, we s t i l l  have t o  eva lua te  t r i p l e - c o r r e l a t i o n  terms 

un less  t h e  t u rbu lence  i s  ve ry  weak o r  un less  t h e  i n t e r a c t i o n  between t h e  t u rbu -  
lence  and t h e  mean f l o w  i s  l a r g e  compared w i t h  t h e  t u rbu lence  s e l f - i n t e r a c t i o n .  

5. Remarks 

We s h a l l  n o t  d i scuss  here  t h e  many schemes t h a t  have been proposed f o r  
c l o s i n g  t h e  averaged equat ions cons idered I n  t h i s  sec t i on .  Ins tead ,  we w i l l  
a vo id  t h e  c l o s u r e  problem by o b t a i n i n g  numer ica l  s o l u t i o n s  o f  t h e  unaveraged 
equa t ions  (eqs.  ( 1 )  and ( 3 ) ) .  The impor tance o f  t h e  averaged equat ions i s  
enhanced by these numer ica l  s o l u t i o n s ;  by u s i n g  t h e  s o l u t i o n s  o f  t h e  unaveraged 
equat ions,  terms i n  t h e  averaged equat ions t h a t  r ep resen t  va r i ous  p h y s i c a l  
processes i n  t h e  t u rbu lence  can be c a l c u l a t e d .  Thus, t h e  averaged equat ions 
appear t o  be necessary, o r  a t  t h e  l e a s t  ve r y  convenient ,  f o r  t h e  p h y s i c a l  
i n t e r p r e t a t i o n  o f  t h e  numer ica l  r e s u l t s .  

111. NUMERICAL SOLUTIONS AND METHODS 

A. I n i t i a l  c o n d i t i o n s  

For most o f  t h e  numer ica l  s o l u t i o n s  cons idered here,  t h e  i n i t i a l  v e l o c i t y  
f l u c t u a t i o n  i s  assumed t o  be g i ven  by 

3  +n ; 
ui = C a; cos q  . 

Then, f r om  equa t ion  ( 4 )  

7rIjk = 0  when i, j, and k a r e  n o t  a l l  d i f f e r e n t .  When t h e  sub- 
s c r i p t s  a r e  a l l  d i f f e r e n t ,  ~ i j k  = +1 when they  a r e  i n  c y c l i c  o rde r  and -1 
when they  a r e  i n  a c y c l i c  o rder .  



The q u a n t i t y  a! i s  an i n i t i a l  v e l o c i t y  amp l i tude  o r  F o u r i e r  c o e f f i c i e n t  o f  
t h e  v e l o c i t y  f l u c t u a t i o n ,  q j n  i s  an i n i t i a l  wave-number vec to r ,  and U j  i s  
an i n i t i a l  mean-ve loc i t y  component. To s a t i s f y  t h e  c o n t i n u i t y  c o n d i t i o n s  
(eqs. ( 2 )  and ( 9 ) ) ,  we s e t  

For t h e  p resen t  work l e t  

1  2  ai = k(2,  tl, I ) ,  a,, = k (1 ,  t 2 ,  I), a: = k (1 ,  +I, 2) 

where k  has t h e  dimensions o f  a  v e l o c i t y  and determines t h e  i n t e n s i t y  o f  t h e  
i n i t i a l  v e l o c i t y  f l u c t u a t i o n .  The q u a n t i t y  xo i s  t h e  l e n g t h  sca le  o f  t h e  
i n i t i a l  v e l o c i t y  f l u c t u a t i o n .  The q u a n t i t i e s  k and xo, t oge the r  w i t h  t h e  
k i nema t i c  v i s c o s i t y  u and equa t ion  (40)  then  determine t h e  i n i t i a l  Reynolds 

~ 1 / 2  
number uo x0/u, s i nce  t h e  square o f  equa t ion  ( 37 ) ,  averaged over  a  pe r i od ,  

- 
2  g i ves  uo. I n  a d d i t i o n  t o  s a t i s f y i n g  t h e  c o n t i n u i t y  equa t ion  (eq. ( 3 9 ) ) ,  

equa t ions  (37)  and (40)  g i v e  

a t  t h e  i n i t i a l  t ime.8 Thus, equat ions ( 37 )  o r  (38)  and (40 )  g i v e  a  p a r t i c u -  
l a r l y  s imp le  i n i t i a l  c o n d i t i o n  i n  t h a t  we need s p e c i f y  o n l y  one component o f  
t h e  mean-square v e l o c i t y  f l u c t u a t i o n .  Moreover, f o r  no mean shear t hey  g i v e  
an i s o t r o p i c  t u rbu lence  a t  l a t e r  t imes,  as w i l l  be seen. Note t h a t  i t  i s  nec- 
essary  t o  have a t  l e a s t  t h r e e  terms i n  t h e  summation i n  equa t ion  (37)  o r  (38) 
t o  s a t i s f y  equa t ion  ( 41 ) .  We do n o t  s p e c i f y  an i n i t i a l  c o n d i t i o n  f o r  t h e  p res -  
sure because i t  i s  determined by equa t ion  ( 3 )  and t h e  i n i t i a l  v e l o c i t i e s .  

B. Numerical  g r i d  and boundary c o n d i t i o n s  

To c a r r y  o u t  numer ica l  s o l u t i o n s  s u b j e c t  t o  t h e  i n i t i a l  c o n d i t i o n  g i ven  by 
equa t ions  (37)  o r  (38)  and (40 ) ,  we use a  s t a t i o n a r y  c u b i c a l  g r i d  w i t h  a  maxi- 

mum o f  3z3 p o i n t s  and w l t h  faces a t  x? = xi/xo = 0  and 2n. For boundary 

c o n d i t i o n s  we assume p e r i o d i c i t y  f o r  t h e  f l u c t u a t i n g  q u a n t i t i e s .  That i s ,  l e t  



and 

f o r  b* << 2 r ,  where b* - b  /x x*  = x  /x and 
j j - j o 9 j  3 0 '  3 

i s  a  v a r i a b l e  l e n g t h .  

By us i ng  equat ions ( 4 )  and ( 5 )  these  become 

and 

I n  t h e  p resen t  work we assume a l s o  t h a t  P, g i v e n  by equa t ion  ( 13 ) ,  i s  
p e r i o d i c ,  so t h a t  

and equa t i on  (45)  becomes 

These equat ions a r e  used t o  c a l c u l a t e  numer ica l  d e r i v a t i v e s  a t  t h e  boundar ies 
o f  t h e  computat iona l  g r i d .  

C .  Numerical  s o l u t i o n s  

I n  c a r r y i n g  o u t  t h e  numer ica l  s o l u t i o n s ,  we have a  cho ice  o f  s o l v i n g  a  
s e t  o f  equat ions c o n t a i n i n g  u  , p, U , and P  (eqs.  (10) t o  ( 1 3 ) ) ,  o r  one 
c o n t a i n i n g  Gi and (eqs. ( 1 )  and 1 3 ) ) .  The l a t t e r  se t ,  which i s  much 
s imp le r ,  i s  g e n e r a l l y  used here.9 That  i s ,  we so l ve  equat ions ( 1 )  and ( 3 )  
s u b j e c t  t o  i n i t i a l  c o n d i t i o n  (38)  and boundary c o n d i t i o n s  (44)  and (47) .  

The s p a t i a l -  and t i m e - d i f f e r e n c i n g  schemes (which numer i ca l l y  conserve 
momentum and energy) a r e  e s s e n t i a l l y  those used by C la r k  e t  a l .  (1979).  For 
t h e  s p a t i a l  d e r i v a t i v e s  i n  equat ions ( 1 )  and ( 3 )  we use cen te red  f ou r t h -o rde r  
d i f f e r e n c e  express ions (e.g., McCormick and Salvadore,  1964). For ins tance ,  
t h e  f ou r t h -o rde r  d i f f e r e n c e  express ion  used f o r  aci/axk i s  

8 ~ h e  f i r s t  t h r e e  terms o f  eq. (41)  app l y  a t  a l l  t imes  when t h e r e  a r e  no 
mean g r a d i e n t s  i n  t h e  f l ow .  

11 1  



n-2 n-1 n t l  n t 2  n  

where Axk I s  t h e  g r i d - p o l n t  spacing, and t h e  s u b s c r i p t s  n, n  t 1, e t c .  
r e f e r  t o  g r l d  p o i n t s  i n  t h e  xk d i r e c t i o n .  Four th-order  d i f f e r e n c e  expres- 
s lons  a r e  o f t e n  cons idered more e f f i c i e n t  than  t h e  usual  second-order ones 
(Orszag and I s r a e l i ,  1974).  (Spec t ra l  methods dev ised by Orszag and assoc ia tes  
a r e  s t i l l  more e f f i c i e n t  b u t  may be somewhat t r i c k i e r  t o  use.) Centered 
express ions (same number o f  p o i n t s  on b o t h  s ides  o f  n, see p reced ing  expres- 
s i o n )  can be used b o t h  a t  i n t e r i o r  g r i d  p o l n t s  and a t  t h e  boundar ies o f  t h e  
g r i d ;  when n  r e f e r s  t o  a  p o i n t  on a  boundary, va lues f o r  o u t s i d e  o f  t h e  
g r i d ,  which a r e  r e q u i r e d  f o r  c a l c u l a t i n g  t h e  numer ica l  deriva!ives a t  t h e  
boundary, a r e  ob ta ined  f rom boundary c o n d i t i o n  (44) .  

For  t ime  d i f f e r e n c i n g  we use a  p r e d i c t o r - c o r r e c t o r  method w i t h  a  second- 
o rde r  ( l e a p f r o g )  p r e d i c t o r  and a  t h i r d - o r d e r  (Adams-Moulton) c o r r e c t o r  
(Ceschino and Kuntzman, 1966).  I f  m  represen ts  a  t ime  s tep,  and (R,) t h e  

r i g h t  s i d e  o f  equa t ion  ( I ) ,  - then  a t  each g r i d  p o i n t  i n  space t h e  second-8rder 
l e a p f r o g  p r e d i c t o r  f o r  u  a t  t ime  s tep  m  t 1  i s  

i 

and t h e  t h i r d - o r d e r  Adams-Moulton c o r r e c t o r  i s  

where ~t I s  t h e  t ime  increment.  The q u a n t i t y  (R,) i n  t h e  p reced ing  
I m t l  

c o r r e c t o r  i s  c a l c u l a t e d  by us i ng  (i,) i n  t h e  r i g h t  s i d e  o f  equa t ion  ( I ) ,  
' m t l  

where (u,) " i s  c a l c u l a t e d  f r om t h e  l e a p f r o g  p r e d i c t o r .  Note t h a t  t h e  leap-  

f r o g  met~o ! *~so-ca l led  because i t  leaps over  t h e  t ime  s tep  m), a l though  unsta-  
b l e  f o r  a l l  A t  when used by i t s e l f  f o r  Navier-Stokes equat ions,  i s  s t a b l e  
when used as a  p r e d i c t o r .  

The Poisson equa t ion  f o r  t h e  p ressure  (eq. ( 3 ) )  i s  so lved d i r e c t l y  by a  
f a s t  F o u r i e r  t r ans fo rm  meihod. Th is  method o f  s o l u t i o n  was found t o  p reserve  
c o n t i n u i t y  q u i t e  w e l l  (V .U z 0) except  near t h e  ends o f  some o f  t h e  runs f o r  
no mean g r a d i e n t s ,  where t h e  s o l u t i o n s  began t o  d e t e r i o r a t e .  (Another  i n d i c a -  
t i o n  o f  i n c i p i e n t  s o l u t i o n  d e t e r i o r a t i o n  near  t h e  ends o f  some o f  t h e  runs f o r  
no mean g r a d i e n t s  was t h a t  equa t ion  (41)  was no l onge r  a c c u r a t e l y  ~ a t i s f i e d . ~ )  

9 ~ i v i d i n g  t h e  v e l o c i t i e s  and pressures i n t o  mean and f l u c t u a t i n g  com- 
ponents i s  e v i d e n t l y  n o t  advantageous f rom a  computational s tandpo in t  except,  
p o s s i b l y ,  i n  l i n e a r i z e d  cases. 



Two known types o f  numer ica l  i n s t a b i l i t i e s  can occur i n  t h e  p resen t  so lu -  
t i o n s :  a  v i scous  i n s t a b i l i t y  connected w i t h  t h e  f i r s t  and l a s t  terms i n  
equa t i on  ( I ) ,  which occurs i f  u h t / ( ~ x ~ ) ~  i s  t o o  l a rge ;  and a  convec t i ve  
i n s t a b i l i t y  connected w i t h  t h e  f i r s t  and second terms ( o r  t h e  f i r s t  and t h i r d  
terms th rough  eq. ( 3 ) ) ,  which occurs i f  u i  h t / ~ x k  i s  t o o  l a r g e .  I n  these 
c r i t e r i a  ~ t ,  hxk, and u i  a re ,  r e s p e c t i v e l y ,  a  t ime  s tep,  d i s t a n c e  s tep,  
and v e l o c i t y .  Thus, a  p a r t i c u l a r  s o l u t i o n  should  be n u m e r i c a l l y  s t a b l e  i f ,  f o r  
a  g i v e n  hxk, t h e  t i m e  s tep  i s  s u f f i c i e n t l y  sma l l .  Numerical  s t a b i l i t y  i s  
t y p i c a l l y  ob ta ined  when t h e  s o l u t i o n  v a r i e s  smoothly f r o m  t lme  s tep  t o  t ime  
s tep ,  w i t h  no s i g n i f i c a n t  breaks i n  t h e  s l ope  f r om one s tep  t o  t h e  nex t .  Th i s  
i s  t h e  case f o r  a l l  o f  t h e  r e s u l t s  g i ven  here.  

For t h e  p resen t  s o l u t i o n  ve ry  good tempora l  r e s o l u t i o n  i s  ob ta ined  auto-  
m a t i c a l l y  when ~t i s  s u f f i c i e n t l y  smal l  t o  g i v e  numer ica l  s t a b i l i t y .  That  
tempora l  r e s o l u t i o n  i s  much b e t t e r  than  t h e  three-d imensional  s p a t i a l  r eso lu -  
t i o n ,  which i s  more severe ly  l i m i t e d  by t h e  s to rage  and power o f  t h e  computer. 
However, as w i l l  be seen ( f i g .  19),  s u f f i c i e n t  s p a t i a l  r e s o l u t i o n  i s  ob ta ined  
t o  g i v e  reasonably  accura te  averaged r e s u l t s  f o r  t imes n o t  excess i ve l y  l a r g e .  
Some o f  t h e  averaged r e s u l t s  a r e  e x t r a p o l a t e d  t o  ze ro  s p a t i a l  mesh s i z e  i n  an 
e f f o r t  t o  o b t a i n  more accuracy.  The f ou r t h -o rde r  method o f  e x t r a p o l a t i o n  
( c o n s i s t e n t  w i t h  t h e  f ou r t h -o rde r  d i f f e r e n c i n g  used here )  i s  g i ven  i n  D e i s s l e r  
(1981a, 1 9 8 1 ~ ) .  

I V .  HOMOGENEOUS FLUCTUATIONS AND TURBULENCE, NO MEAN FLOW 

For t h i s  case (U = a  u  u  /ax = 0 ) ,  equa t ions  (10) and (11)  reduce t o  ( 1 )  
and (3 )  w i t h o u t  t h e  - I s  over i iks taktaneous quantities. We thus so l ve  
n u m e r i c a l l y  

and 

s u b j e c t  t o  i n i t i a l  c o n d i t i o n s  (37) and (40)  and boundary c o n d i t i o n s  (42)  and 
(43) .  I n  equa t ion  (40) f o r  t h e  c o e f f i c i e n t s  i n  t h e  i n i t i a l  c o n d i t i o n s ,  we 
choose t h e  f i r s t  s e t  o f  s igns .  

A .  Dimensionless f o rm  o f  equat ions 

For  c a r r y i n g  o u t  t h e  numer ica l  s o l u t i o n s  and p resen t i ng  t h e  r e s u l t s  i n  as 
genera l  and compact a  f o rm  as poss ib l e ,  we nondimensional ize equat ions (48) 
and (49)  as 

au; 2  
a(ufu[) rleZ + a U; 

-I- - 
a t *  ax;: ax; ax;:ax;: 



and 

2 
a2D* = - a (u;u[) 

ax; ax; ax; ax[ 

where 

and xo i s  t h e  i n i t i a l  f l u c t u a t i o n  l eng th ,  which f i r s t  appeared i n  
equa t i on  ( 40 ) .  Note t h a t  a l l  o f  t h e  quan tq t i es  have been nondimensional ized 
by xo and t h e  k inemat ic  v i s c o s i t y  V.  

The i n i t i a l  and boundary c o n d i t i o n s  i n  equat ions (37) ,  ( 40 ) ,  ( 42 ) ,  and 
(43)  become i n  d imension less fo rm 

and 

n* u; = -C 
a i C O I  ;jn*.;* 

n= l  

where, i n  a d d i t i o n  t o  t h e  d imension less q u a n t i t i e s  de f i ned  above, 

n* X 
ai = - n* n 0 an q,, = xOqi. and k *  = -k. 

v i' v 

Note t h a t  k *  has t h e  form o f  a  Reynolds number, where xo i s  t h e  l e n g t h  and 
k  I s  t h e  v e l o c i t y .  The i n i t i a l  Reynolds number appear ing i n  t h e  f i g u r e s  o f  

x0/v, where i s  an i n i t i a l  root-mean-square v e l o c i t y  

component, i s  ob ta ined  by choosing a va l ue  f o r  k *  i n  equat ions (40a)  and 



space averag ing  u$2 over a  pe r i od ,  by u s i n g  equa t ion  (37a) .  The va lue  o f  
-1/2 -112 I 

(uB2) 
=(ui) xO/" so ob ta ined  i s  a l s o  used i n  t h e  o rd i na tes  o f  f i g u r e s  1  

and 2, where u  / 17)1/2 u* = u*/F)1'2, and u* i s  c a l c u l a t e d  f rom 
equa t ions  ( 48a j  n8 (49a)  ( s i a  t?ng w i t h  i n i t i a l  va lues f rom eq. (37a) ) .  

B. Development o f  random f l u c t u a t i o n s  

F i gu re  1  shows t h e  c a l c u l a t e d  e v o l u t i o n  o f  v e l o c i t y  f l u c t u a t i o n s  (normal -  
i z e d  by t h e  i n i t i a l  root-mean-square v e l o c i t y )  a t  two f i x e d  p o i n t s  I n  space 
f o r  t h e  i n i t i a l  Reynolds number shown i n  t h e  f i g u r e  (no c o r r e c t i o n  f o r  d i s c r e -  
t i z a t i o n  e r r o r ) .  S ince t h e r e  I s  no i n p u t  o f  energy, t h e  f l u c t u a t i n g  mot ion  
e v e n t u a l l y  decays t o  a  s t a t e  o f  r e s t .  I n  s p i t e  o f  t h e  nonrandom i n i t i a l  con- 
d i t i o n  (eq.  (37)  o r  ( 37a ) ) ,  t h e  v e l o c i t y  f l u c t u a t i o n s  have t h e  appearance o f  
those  f o r  a  random tu rbu lence .  It i s  impo r tan t  t o  p o i n t  ou t  t h a t  t h e  f l u c t u a -  
t i o n s  a r e  n o t  due t o  numer ica l  i n s t a b i l i t y  s i n c e  a  l a r g e  number o f  t ime  s teps 
( t y p i c a l l y  about 20) l i e  between changes o f  s i g n  o f  d u i / d t .  I n  connec t ion  
w i t h  t h e  h i g h  Reynolds number i n  f i g u r e  1  i t  m igh t  be po in ted  o u t  t h a t  Betchov 
and Szewczyk (1978) ob ta ined  reasonable t u r b u l e n t - l i k e  numer ica l  r e s u l t s  even 
f o r  i n f i n i t e  Reynolds number f o r  t imes n o t  excess i ve l y  l a r g e  (see a l s o  
Schumann e t  a l . ,  1980). 

1.  Randomness as s e n s i t i v i t y  t o  i n i t i a l  c o n d i t i o n s  

The dashed curves o f  ul/ ( u  ) a r e  f o r  i n i t i a l  c o n d i t i o n s  per tu rbed  

approx imate ly  0.1 percen t .  (The c o e f f i c i e n t s  a; and q; g i ven  by eq. (40)  

a r e  changed by 0.1 percen t  o f  t h e i r  va lues. )  The pe r t u rbed  curves f o l l o w  t h e  
unper turbed ones f o r  a  s h o r t  t ime  and t hen  depa r t  sharp ly .  Thus, a  ve ry  smal l  
p e r t u r b a t i o n  o f  i n i t i a l  c o n d i t i o n s  causes a  l a r g e  change i n  t h e  va lues o f  u i  
( excep t  near t = 0 ) .  On t h e  o t h e r  hand, t h e  root-mean-square values o f  t h e  
v e l o c i t i e s  ( s p a t i a l l y  averaged) decrease smoothly and a r e  una f f ec ted  by t h e  
p e r t u r b a t i o n  o f  t h e  i n i t i a l  c o n d i t i o n s .  A l l  o f  these f ea tu res  a re  cha rac te r -  
i s t i c  o f  tu rbu lence .  (The observed s e n s i t i v i t y  o f  t h e  ins tantaneous f l o w  t o  
smal l  changes i n  i n i t i a l  c o n d i t i o n s  may have un favorab le  i m p l i c a t i o n s  f o r  
d e t a i l e d  long- term weather p r e d i c t i o n s  (Lorenz,  1963) . )  

We n o t e  t h a t  t h e  s p a t i a l l y  averaged va lues i n  f i g u r e  1  f o l l o w  
- 

approx imate ly  t h e  decay law u2 - tmn, where n  - 2.5. Th is  l i e s  between t h e  
va lue  f o r  n  o f  3.3 observed f o r  t u rbu lence  downstream o f  a  w a t e r f a l l  ( L i n g  
and Saad, 1977),  and t h e  va lue  o f  1.2 g e n e r a l l y  observed f o r  t u rbu lence  gener- 
a ted  by f l o w  th rough  a  g r i d  i n  a  wind t u n n e l  (Ubero i ,  1963).  The decay law i s  
e v i d e n t l y  ve ry  much dependent on t h e  i n i t i a l  c o n d i t i o n  f o r  t h e  tu rbu lence .  

2. E f f e c t  o f  numer lca l  mesh s i z e  on randomness 

To g e t  an i dea  o f  t h e  e f f e c t  o f  mesh s i z e  i n  t h e  numer ica l  g r i d  on t h e  

apparent  randomness o f  t h e  v e l o c i t y  f l u c t u a t i o n s ,  va lues o f  ul/ 
a t  t h e  cen te r  o f  t h e  g r i d  a r e  p l o t t e d  a g a i n s t  t* i n  f i g u r e  2 f o r  t h r e e  mesh 
s i zes .  A l l  t h r e e  o f  t h e  curves have a  random appearance. However, as t h e  
number o f  mesh p o i n t s  increases (as  t h e  mesh becomes f i n e r ) ,  sma l l e r  s ca le  



f l u c t u a t i o n s  a r e  r eso l ved  and t h e  randomness appears t o  be g r e a t e r .  Th is  
t r e n d  i n d i c a t e s  t h a t  t h e  observed randbrnness i s  n o t  due t o  t h e  use o f  t o o  
coarse a  g r i d .  

C .  F u r t h e r  ev idence f o r  randomness and i n d i c a t i o n s  o f  i s o t r o p i c  t u rbu lence  

For t u rbu lence  t h e  c o r r e l a t i o n  between v e l o c i t i e s  a t  two t imes 

ul(t)ul(tO) should  go t o  zero as t h e  sepa ra t i on  o f  t h e  t imes t and t o  
inc reases .  F i gu re  3  shows t h a t  t h l s  occurs f o r  t h e  p resen t  high-Reynolds- 
number c a l c u l a t i o n s .  For t r u e  t u rbu lence  t h e  c o r r e l a t i o n  should  p robab ly  
decrease smoothly w i t h  t ime.  Th i s  i s  n e a r l y  t h e  case f o r  t h e  l a r g e r  t o  
( f i g .  3 ( b ) ) .  ( t o  i s  t h e  t ime  i n  t h e  c o r r e l a t i o n  c o e f f i c i e n t  i n  f i g .  3  t h a t  
remains f i x e d  as t h e  o the r  ( v a r i a b l e )  t ime  t inc reases . )  A t  e a r l y  t imes 
t h e r e  i s  p robab ly  some nonrandom s t r u c t u r e  i n  t h e  t u rbu lence  caused by t h e  
nonrandom i n i t i a l  c o n d i t i o n s  ( f i g .  3 ( a ) ) .  

As a  f u r t h e r  i n d i c a t i o n  t h a t  t h e  high-Reynolds-number f l o w  breaks up 

i n t o  tu rbu lence ,  we c a l c u l a t e  t h e  e v o l u t i o n  o f  t h e  c ross  c o r r e l a t i o n  u1u2 - - - -- 

A l though  u: = uz = u i  a t  a l l  t imes,8 t h e  i n i t i a l  u1u2 g i ven  by equa t ions  

(37)  and (40) i s  n o t  zero.  However, f i g u r e  4  shows t h a t  because o f  t h e  

apparent  randomiza t ion  o f  t h e  f l o w  uluZ goes t o  zero as t i m e  increases.  

The f l u c t u a t i o n s  i n  t h e  curve a t  e a r l y  t imes (as a l s o  i n  t h e  cu rve  o f  
f i g .  3 ( a ) )  a r e  p robab ly  caused by nonrandom s t r u c t u r e  i n  t h e  f l o w  a t  e a r l y  

t imes.  10  

- 
2 

Figures  1  t o  4, t oge the r  w i t h  t h e  f a c t  t h a t  t h e  t h r e e  components u ( ~ ,  
a r e  equal ,  show t h a t  a t  l a t e r  t imes we appear t o  g e t  a  reasonable  approxima- 
t i o n  t o  i s o t r o p i c  tu rbu lence ,  a l though  t h e  i n i t i a l  c o n d i t i o n s  a r e  nonrandom. 

One o f  t h e  consequences o f  i s o t r o p y  i s  t h a t  t h e  c ross  co r re l a t i ons , say  u1u2, a r e  zero,  as i n  f i g u r e  4  a t  l a t e r  t imes.  These c a l c u l a t i o n s  d i f f e r  f r om  
o the rs  where t u rbu lence  was ob ta ined  by us i ng  random i n i t i a l  c o n d i t i o n s .  

Because t h e  i n i t i a l  c o n d i t i o n s  f o r  t h e  p resen t  c a l c u l a t i o n s  a r e  nonrandom, 
t h e  t u rbu lence  must a r i s e  as a  r e s u l t  o f  t h e  s t r u c t u r e  o f  t h e  Navier-Stokes 
equa t ions .  I n  p a r t i c u l a r  t h e  n o n l i n e a r  terms p l a y  a  c r u c i a l  r o l e .  I t  i s  easy 
t o  v e r i f y  t h a t  i f  n o n l i n e a r  terms a r e  neg lec ted  f o r  t h e  p resen t  case, 
equa t ions  (48) ,  (49 ) ,  (37) ,  and (40)  g i v e  

So i f  t h e  equat ions a r e  l i n e a r ,  t h e  f l o w  g i ven  by t h e  nonrandom i n i t i a l  
c o n d i t i o n  (37)  remains nonrandom. The n o n l i n e a r  terms must be p resen t  i n  
equa t ions  (48)  and (49)  i f  t h e  development o f  t u rbu lence  i s  t o  t ake  p lace .  

1 0 ~ 1 1  averaged va lues would be expected t o  va ry  smoothly o n l y  f o r  
h i g h l y  random f l u c t u a t i o n s .  
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Our c a l c u l a t i o n s  a t  lower  Reynolds numbers g i v e  r e s u l t s  t h a t  a r e  l e s s  l i k e  
t u rbu lence .  Thus, t h e  f l u c t u a t i o n s  develop apparent  randomness o n l y  a t  t h e  
h i ghe r  Reynolds numbers. 

Ca l cu l a ted  va lues o f  v e l o c i t y - d e r i v a t i v e  skewness f a c t o r  f o r  a  h i g h  
Reynolds number ( f i g .  5 )  a l s o  appear t o  be o f  reasonable  magnitude when com- 
pared w i t h  exper imenta l  values f o r  i s o t r o p i c  tu rbu lence .  Values o f  t h a t  quan- 
t i t y  o f  t h e  o rder  o f  0.4 have been ob ta ined  expe r imen ta l l y  and have l o n g  been 
cons idered an i n d i c a t i o n  o f  t r u e  moderate ly  s t r o n g  o r  s t r ong  i s o t r o p i c  t u rbu -  
lence .  The f a l l o f f  near  t h e  end o f  t h e  cu rve  may be due t o  a  more l am ina r  
f l o w  there ,  where f l u c t u a t i o n  l e v e l s  a r e  lower .  A l onger  p e r i o d  o f  agreement 
w i t h  exper imenta l  va lues i s  ob ta ined  by C la r k  e t  a l .  (1979),  appa ren t l y  because 
they  used t u r b u l e n t  i n i t i a l  c o n d i t i o n s ,  so t h a t  t h e  t u rbu lence  was a l r eady  
p a r t i a l l y  developed a t  t = 0. 

D. O r i g i n  o f  . t he  randomness ( s t r ange  behav io r )  

A ques t i on  remains as t o  how t h e  n o n l i n e a r  terms i n  equat ions ( 48 )  and 
(49)  produce t h e  randomness observed i n  f i g u r e s  1  t o  4. U n t i l  r e c e n t l y ,  I t  was 
g e n e r a l l y  assumed t h a t  randomness i n  a  t u r b u l e n t  f l o w  i s  due t o  randomness i n  
t h e  I n i t i a l  cond i t i ons ,  t o  random e x t e r n a l  f l u c t u a t i o n s ,  o r  t o  t h e  presence o f  
so many eddies o r  harmonic components ( o r  o f  so many degrees o f  freedom) t h a t  
t h e  i d e n t i t y  o f  t h e  i n d i v i d u a l  eddies i s  l o s t  (Monin, 1978; Rabinovich,  1978). 
I n  t h e  p resen t  r e s u l t s  t h e  f i r s t  o f  these  i s  absent.  Concerning t h e  second, 
r oundo f f  e r r o r s  m igh t  be cons idered a  f o rm  o f  e x t e r n a l  f l u c t u a t i o n s .  However, 
when t h e  c a l c u l a t i o n s  were repeated us i ng  double  p r e c i s i o n ,  so t h a t  r oundo f f  
e r r o r s  were reduced by a  f a c t o r  o f  about l o 6 ,  t h e  mean-square v e l o c i t i e s  were 
p r a c t i c a l l y  unchanged. The ins tantaneous v e l o c i t i e s  were d i f f e r e n t ,  a l t hough  
s t i l l  as random as be fo re .  Thus, t h e  e f f e c t  o f  a  l a r g e  decrease i n  r oundo f f  
e r r o r s  i s  s i m i l a r  t o  t h e  e f f e c t  o f  a  smal l  p e r t u r b a t i o n  o f  t h e  i n i t i a l  condi -  
t i o n s  ( f i g .  1 ) .  S ince roundo f f  e r r o r s  do n o t  a f f e c t  t h e  t u rbu lence  l e v e l  o r  
t h e  randomness, they  cannot be cons idered a  major  s u s t a f n i n g  cause o f  t h e  t u r -  
bu lence o r  randomness observed here, a l t hough  they  may i n  some cases a f f e c t  t h e  
i n i t i a l  t r a n s i t i o n .  I n  t h e  p resen t  case t h e  t r a n s i t i o n  i s  so r a p i d  t h a t  t h e  
e f f e c t  appears t o  be sma l l .  

Th i s  leaves o n l y  t h e  p r o l i f e r a t i o n  o f  edd ies o r  harmonic components as a  
source o f  apparent  randomness. That m igh t  w e l l  produce t h e  randomness observed 
i n  f i g u r e  1, s i nce  t h e  n o n l i n e a r  p roduc t i on  o f  harmonics tends t o  be exp los ive ,  
p a r t f c u l a r l y  a t  h i g h  Reynolds numbers (each harmonic component i n t e r a c t s  w i t h  
every  o t h e r  one) ( D e i s s l e r ,  1970a). However, t h e  randomness may be produced, 
a t  l e a s t  p a r t i a l l y ,  by s t range a t t r a c t o r s  o r ,  more p rope r l y ,  by analogous 
s t range  behav io r  (Eckmann, 1981; O t t ,  1981). (We t a l k  about analogous s t range  
behav io r  here,  r a t h e r  than  s t range  a t t r a c t o r s ,  s ince,  s t r i c t l y  speaking, 
s t range  a t t r a c t o r s  e x i s t  o n l y  f o r  s teady-s ta te  t u rbu lence  ( s e c t i o n  V I I - A ) .  
Here, analogous s t range  behav io r  r e f e r s  ma in l y  t o  apparent  randomness i n  f l ows  
where a  l a r g e  number o f  degrees o f  freedom o r  harmonic components a r e  n o t  a  
necessary i n g r e d i e n t  and randomness occurs by a  l o s s  o f  hydrodynamic s t a b l l -  
i t y . )  Lorenz (1963) and o the rs  (Monin, 1978; Rabinovich,  1978; Rue l le ,  1976; 
Lanford,  1982) have shown t h a t  a  system o f  n o n l i n e a r  o r d i n a r y  d i f f e r e n t i a l  
equa t ions  s i m i l a r  t o  t h e  s p a t i a l l y  d i f f e r e n c e d  f o rm  o f  t h e  Navier-Stokes equa- 
t i o n s  used here, o r  t o  t h e  s p e c t r a l  f o rm  o f  those  equat ions (Orszag, 1977b). 
can develop an appa ren t l y  random behav io r  i n  t i m e  as a  r e s u l t  o f  t h e  l o s s  o f  



s t a b i l i t y  o f  t h e  s ~ l u t i o n s . ~ l  I n  c o n j u n c t i o n  w i t h  t h i s ,  r eg i ons  appear i n  
t h e  phase space o f  t h e  system t o  which s o l u t i o n s  a re  a t t r a c t e d .  Randomness 
a r i s e s  i n  those reg ions,  which a r e  known as s t range  a t t r a c t o r s ,  f r om  a haphaz- 
a r d  movement o f  t h e  phase p o i n t  among t h e  neighborhoods o f  va r i ous  c r i t i c a l  
p o i n t s  i n  t h e  phase space ( s t e a d y - s t a t e  p o i n t s  o f  uns tab le  e q u i l i b r i u m  where 
a u i / a t  = 0). (The presence o f  c r i t i c a l  ( o r  f i x e d )  p o i n t s  i s  n o t  always con- 
s i de red  a necessary i n g r e d i e n t  o f  s t range  a t t r a c t o r s ,  b u t  randomness o r  sens i -  
t i v i t y  t o  i n i t i a l  c o n d i t i o n s  i s  e s s e n t i a l .  However, t h e  s p a t i a l l y  d i f f e r e n c e d  
and s p e c t r a l  forms o f  t h e  Navier-Stokes equat ions do appear t o  have c r i t i c a l  
p o i n t s ,  as do t h e  Lorenz equa t ions . )  U n l i k e  randomiza t ion  by p r o l i f e r a t i o n  o f  
harmonic components, randomizat ion by s t range  behav io r  can occur e i t h e r  w i t h  a  
few o r  w i t h  many degrees o f  freedom. I n  t h e  p resen t  case bo th  processes may be 
impo r tan t .  A t  any r a t e ,  as mentioned e a r l i e r ,  t h e  r e s u l t s  show t h a t  t h e  s t r u c -  
t u r e  o f  t h e  Navier-Stokes equat ions i s  such t h a t  appa ren t l y  random o r  t u r b u l e n t  
s o l u t i o n s  can a r i s e  f r om  nonrandom i n i t i a l  c o n d i t i o n s .  Wi th  t h e  r e s u l t s  f r om  
t h e  low-order  models, i n  which apparent  randomness appears w i t h  as few as t h r e e  
degrees o f  freedom (e.g. ,  i n  t h e  Lorenz equa t ions ) ,  t h e  t u rbu lence  observed t o  
be manufactured by t h e  Navier-Stokes equat lons should  perhaps n o t  come as a 
s u r p r i s e .  

The presence o f  s t range  behav ior  may be f o r t u n a t e  f r om  a numer ica l  stand- 
p o i n t  i n  t h a t  i t  should enable t u r b u l e n t  s o l u t i o n s  t h a t  a r e  q u a l i t a t i v e l y  co r -  
r e c t  ( a t  l e a s t  i n s o f a r  as they  appear random i n  t ime )  t o  be ob ta ined  w i t h  a  
r e l a t i v e l y  coarse g r i d .  The use o f  a  f i n e  three-d jmensional  g r i d ,  o f  course, 
r e q u i r e s  t h e  use o f  a l a r g e  amount o f  computer t ime.  

F i g u r e  6 shows a d imension less v e l o c i t y  component u l  p l o t t e d  a g a i n s t  
component u2 ( f o rm ing  a p lane  i n  phase space) f o r  one p o i n t  i n  p h y s i c a l  
space. A l though t h e  behav ior  here i s  much more compl icated than  t h a t  observed 
f o r  t h e  low-order  models t h a t  a r e  u s u a l l y  used t o  observe s t range  a t t r a c t o r s  
o r  s t range  behav io r  ( he re  t h e r e  a re  n o t  w e l l - d e f i n e d  o r b i t s  around f i x e d  c r i t -  
i c a l  p o i n t s ,  p o s s i b l y  because t h e r e  may be an a lmost  i n f i n i t e  number o f  c r i t i -  
c a l  p o i n t s ) ,  t h e r e  a r e  s i m ~ l a r i t i e s .  Both t h e  p resen t  t u r b u l e n t  r e s u l t s  and 
those  f o r  t h e  low-order  models show t r a j e c t o r i e s  c o n s i s t i n g  o f  loops and cusps, 
w i t h  f r e q u e n t  changes i n  t h e  s i g n  o f  t h e  c u r v a t u r e  o f  t h e  t r a j e c t o r y  (e.g., 
F rancesch in i ,  1983). (Note t h a t  t h e  p resen t  t u r b u l e n t  r e s u l t s  u l t i m a t e l y  
decay, whereas t h e  low-order  models u s u a l l y  do no t ,  s i nce  t hey  c o n t a i n  f o r c i n g  
terms.)  A l though t h e r e  a r e  l a r g e  changes i n  t h e  d i r e c t i o n  o f  t h e  t r a j e c t o r y ,  
p a r t i c u l a r l y  i n  t h e  reg ions  o f  t h e  cusps, t h e  d e n s i t y  o f  c a l c u l a t e d  p o i n t s  i n  
those  reg ions  i s  ve ry  h igh ,  so t h a t  t h e  numer ica l  r e s u l t s  should  be reasonably  
accura te .  Curves f o r  u i  versus t ( t h e  numer ica l  i n t e g r a t i o n s  a r e  w i t h  
r espec t  t o  t )  are ,  i n  f a c t ,  smooth. Note t h a t  u1 and u2 s t a r t  o u t  equal  
( on  a 45"  l i n e )  b u t  t h a t  t h e i r  e q u a l i t y  i s  q u i c k l y  des t royed  when randomness 
se t s  i n .  

~ e s u l t s  f r om  t h e  d i f f e r e n c e d  o r  s p e c t r a l  forms o f  t h e  Navier-Stokes 
equa t ions  become a r b i t r a r i l y  c l o s e  t o  those  f r om t h e  o r i g i n a l  equat ions as t h e  
number o f  g r i d  p o i n t s  o r  F o u r i e r  components inc reases  (assuming convergence o f  
t h e  numer ica l  method). T h e o r e t i c a l l y ,  t h e  Navier-Stokes equat ions correspond 
t o  an i n f i n i t e  number o f  o r d i n a r y  d i f f e r e n t i a l  equa t ions  o r  t o  an i n f i n i t e  
number o f  degrees o f  freedom. 



Randomization by s t range behav ior ,  o r  by a  l o s s  o f  hydrodynamic s t a b i l i t y ,  
a lmost  c e r t a i n l y  occurs i n  t h e  p resen t  h igh-o rder  t u r b u l e n t  r e s u l t s  ( h i g h  o rde r  
here  meaning many numer ica l  g r i d  p o i n t s  and thus many equat ions and degrees o f  
f reedom). Th i s  f o l l o w s ,  f i r s t ,  f r om  t h e  f a c t  t h a t  such randomness has been 
demonstrated t o  occur i n  low-order models ( f e w  equat ions and few degrees o f  
freedom), such as t h a t  o f  Lorenz (1963) o r  F rancesch in i  (1983),  and second, 
f r om  t h e  f a c t  t h a t  w i t h  t h e  many more degrees of freedom presen t  here  than  i n  
t h e  low-order models, many more c r i t i c a l  p o i n t s  e x i s t ,  and thus many more 
o p p o r t u n i t i e s  f o r  randomizat ion o r  l o s s  o f  s t a b i l i t y  occur .  O f  course, because 
o f  t h e  many degrees o f  freedom here,  t h e r e  w i l l  a l s o  be randomizat ion by p ro -  
l i f e r a t i o n  o f  harmonic components ( s o  many harmonic components o r  eddies pres-  
e n t  t h a t  t h e  i d e n t i t y  o f  t h e  i n d i v i d u a l  eddies i s  l o s t  and t h e  f l o w  appears 
random). The p resen t  l a r g e  number o f  degrees o f  freedom encourages bo th  types 
o f  randomness, and bo th  very  l i k e l y  occur.  

E. E v o l u t i o n  o f  mean a u a n t i t i e s  

I n  t h e  r e s u l t s  g i ven  so f a r ,  no c o r r e c t i o n  f o r  d i s c r e t i z a t i o n  e r r o r  due t o  
t h e  f i n i t e  numer ica l  mesh s i z e  was a p p l i e d .  The p r imary  purpose o f  t h e  p resen t  
work, o f  course, i s  t o  s tudy t h e  phys ics  o f  t u rbu lence  r a t h e r  than  t o  o b t a i n  
h i g h l y  accura te  r e s u l t s  ( p o s s i b l y  u n a t t a i n a b l e  a t  very  h i g h  Reynolds numbers). 
For low Reynolds numbers s u r p r i s i n g l y  good r e s u l t s  f o r  t h e  decay can be 
ob ta ined  even w i t h  coarse g r i d s  ( f i g .  7 ) .  A t  h i ghe r  Reynolds numbers t h e  
r e s u l t s ,  a l t hough  l ess  accurate ,  should s t i l l  be q u a l i t a t i v e l y  c o r r e c t .  T h e i r  
accuracy can be improved by a p p l y i n g  f ou r t h -o rde r  e x t r a p o l a t i o n s  t o  zero 
numer ica l  g r i d  spacing ( i n  cons is tency  w i t h  t h e  f ou r t h -o rde r  numer ica l  d i f f e r -  
enc ing  used i n  t h e  c a l c u l a t i o n s  ( D e i s s l e r ,  1981a)) .  Th is  i s  done i n  l i e u  o f  
subg r i d  model ing (making an assumption f o r  t h e  eddies sma l l e r  than t h e  numer- 
i c a l  g r i d  spac ing) ,  e.g., C la rk ,  e t  a l . ,  1979. The method i s  r e l a t e d  t o  sub- 
g r i d  model ing i n  t h a t  i t  assumes t h a t  t h e  subg r i d  eddies a r e  c l o s e l y  r e l a t e d  t o  
t h e  c a l c u l a t e d  eddies b u t  does n o t  r e q u i r e  t h e  i n t r o d u c t i o n  o f  a  subg r i d  eddy 
v i s c o s i t y  (wh ich  i s ,  i n  e f f e c t ,  a  k i n d  o f  c l o s u r e  assumption).  I n  a l l  o f  t h e  
rema in ing  r e s u l t s  i n  t h i s  s e c t i o n  t h e  f ou r t h -o rde r  d i s c r e t i z a t i o n  c o r r e c t i o n s  
a r e  a p p l i e d  by e x t r a p o l a t i n g  r e s u l t s  f o r  t h r e e  mesh s i zes  t o  zero mesh s i ze .  
However, t h e  c o r r e c t i o n s  a r e  n e g l i g i b l y  smal l  except  a t  t h e  h i ghes t  Reynolds 
number. 

1. Mean-square v e l o c i t y  f l u c t u a t i o n s  

F i gu re  8  shows t h e  c a l c u l a t e d  e v o l u t i o n  o f  mean-square v e l o c i t y  f l u c t u a -  
t i o n s  ( s p a t i a l l y  averaged) f o r  a  s e r i e s  o f  i n i t i a l  Reynolds numbers. As t h e  
Reynolds number increases ( V  and i n i t i a l  l e n g t h  sca le  xo h e l d  cons tan t ) ,  

- 
t h e  r a t e  o f  decay o f  u2 increases sharp ly ,  as i n  exper imenta l  t u r b u l e n t  f l ows  
( D e i s s l e r ,  1979).  Th i s  can be a t t r i b u t e d  t o  t h e  n o n l i n e a r  e x c i t a t i o n  o f  sma l l -  
s ca le  t u r b u l e n c e - l i k e  f l u c t u a t i o n s  a t  t h e  h i ghe r  Reynolds numbers. The h i g h  
shear s t resses  between t h e  smal l  eddies cause a  r a p i d  decay. 

2. M ic rosca les  and n o n l i n e a r  t r a n s f e r  o f  t u rbu lence  t o  sma l l e r  eddies 

The development o f  t h e  sma l l - sca le  eddies i s  seen more c l e a r l y  i n  
f i g u r e  9, where t h e  m i c rosca le  h,  normal ized by i t s  i n i t i a l  value, i s  p l o t t e d  
a g a i n s t  d imension less t ime.  The m ic rosca le  i s  d e f i n e d  by 



For homogeneous t u rbu lence  and U i  = 0, h can be c a l c u l a t e d  f r om 
equa t i on  ( 1  5) as 

As t h e  Reynolds number increases,  t h e  sma l l - sca le  s t r u c t u r e  becomes f i n e r .  The 
m ic rosca le  decreases u n t i l  t h e  f l u c t u a t i o n  l e v e l  ( i n e r t i a l  e f f e c t )  i s  l ow 
enough so t h a t  v iscous f o r ces  p reven t  a  f u r t h e r  decrease. A f t e r  h decreases 
t o  a  minimum, i t  begins t o  grow. (Resu l t s  f o r  coarser  g r i d s  were n o t  q u a l i t a -  
t i v e l y  d i f f e r e n t  f rom these, b u t  t h e  minimums were somewhat h igher . )  The 
i nc rease  o f  h a t  l a t e r  t imes i s  due t o  t h e  s e l e c t i v e  a n n i h i l a t i o n  o f  eddies 
by v i s c o s i t y ,  t h e  smal l  eddies be ing  t h e  f i r s t  t o  decay. Thus, a t  l a r g e  t imes 
o n l y  t h e  b i g  eddies remain. I t  i s  t h i s  p e r i o d  o f  i n c r e a s i n g  h t h a t  i s  gen- 
e r a l l y  observed expe r imen ta l l y  i n  g r id -genera ted  t u rbu lence  ( t u rbu lence  
observed downstream o f  a  g r i d  o f  w i r e s  o r  bars  whose p lane  i s  normal t o  t h e  
f l o w  i n  a  wind t u n n e l ) .  The increases o f  h w i t h  t i m e  observed expe r imen ta l l y  
(Ba t che lo r ,  1953, f i g .  7.2) a r e  g e n e r a l l y  o f  t h e  same o rde r  as those i n  
f i g u r e  9  ( d o u b l i n g  t h e  t ime  increases X by a  f a c t o r  o f  about 1 .5) .  The e a r l y  
pe r i od ,  i n  which h decreases w i t h  t ime,  i s  o f  i n t e r e s t  as i l l u s t r a t i v e  o f  
inter-wave-number energy t r a n s f e r .  To generate  t h e  sma l l - sca le  s t r u c t u r e ,  
t u r b u l e n t  energy must be t r a n s f e r r e d  f r om b i g  eddies t o  smal l  ones. 

For  homogeneous t u rbu lence  t h e  equa t i on  f o r  t h e  r a t e  of change of 
t u r b u l e n t  k i n e t i c  energy (eq. ( 1 5 ) )  reduces t o  

That  i s ,  o n l y  v i scous  d i s s i p a t i o n  c o n t r i b u t e s  t o  t h e  r a t e  o f  change o f  k i n e t i c  
energy, t h e r e  be ing  no i n d i c a t i o n  t h a t  n o n l i n e a r  t r a n s f e r  o f  energy between 
sca les  o f  mot ion  i s  t a k i n g  p lace .  There may seem t o  be a  paradox here  i n  v iew 
o f  t h e  l a r g e  t r a n s f e r  o f  energy t o  sma l l e r  eddies i n d i c a t e d  i n  f i g u r e  9. Th i s  
i s  as i t  should  be, however, s i nce  energy t r a n s f e r  between wave numbers o r  
sca les  o f  mot ion  should n o t  c o n t r i b u t e  t o  t h e  r a t e  o f  change o f  t o t a l  energy. 
To cons ide r  inter-wave-number energy t r a n s f e r ,  two-po in t  equat ions must be 
usedi Thus, equa t ion  (30)  shows t h a t  t h e  s e l f - i n t e r a c t i o n  t r a n s f e r  t e rm  
T l j ( r )  I n  t h e  two-po in t  s p e c t r a l  equa t ion  (eq. ( 26 ) )  has t h e  p r o p e r t y  t h a t  



+ 
as a  s p e c t r a l  t r a n s f e r  te rm shouJd. The q u a n t i t y  K i s  t h e  wave-number vec to r .  
The s p e c t r a l  t r a n s f e r  t e rm  T  ( K ) ,  o r  i t s  F o u r i e r  t r a n s f o r m  

i j 
-a(u u l u l  - u  u  u l ) / a r k  i n  equa t ion  ( 19 ) ,  i s  r espons ib l e  f o r  t h e  gene ra t i on  o f  

i l k  i k l  
t h e  sma l l - sca le  s t r u c t u r e  i n  f i g u r e  9. Those terms come f rom t h e  n o n l i n e a r  
t e rm  -a(u u  ) /axk i n  t h e  unaveraged equa t i on  ( 48 ) .  As mentioned e a r l i e r ,  t h e  

i k  
t e rm  -a(uluk)/axk produces randomizat ion,  as w e l l  as s p e c t r a l  energy t r a n s f e r .  

A l though equa t ion  (30)  shows t h a t  T  can t r a n s f e r  energy between wave 
i j 

numbers w i t h o u t  c o n t r i b u t i n g  t o  t h e  r a t e  o f  change o f  t o t a l  energy au u  / a t ,  
j 

i t  says n o t h i n g  about t h e  d i r e c t i o n  o f  t h e  t r a n s f e r  o r  how impo r tan t  i t  i s .  
For t h a t  we need c a l c u l a t i o n s  such as those i n  f i  u r e  9, which show t h a t  s i g -  
n i f i c a n t  energy i s  t r a n s f e r r e d  t o  s h a l l e r  eddles.q2 The energy t r a n s f e r  can 
be though t  o f  as due t o  a  breakup o f  b i g  eddies i n t o  sma l l e r  ones o r  as a  
s t r e t c h i n g  o f  v o r t e x  f i l a m e n t s  t o  sma l l e r  d iameters .  I n  s p i t e  o f  t h i s  t r a n s f e r  
t o  sma l l e r  eddies,  exper imenta l  r e s u l t s  g e n e r a l l y  show a  growth o f  s ca le  
(Ba t che lo r ,  1953, f i g .  7.2).  The reason i s  t h a t  those r e s u l t s  a r e  u s u a l l y  f o r  
t h e  l a t e r  p e r i o d  shown i n  f i g u r e  9, where, a l t hough  energy i s  t r a n s f e r r e d  t o  
sma l l e r  eddies,  t h e  a n n i h i l a t i o n  o f  sma l l  edd ies by v iscous a c t i o n  e v e n t u a l l y  
wins ou t .  The e a r l y  p e r i o d  shown i n  f i g u r e  9, and i n  f i g u r e  2  o f  Tay lo r  and 
Green (1937),  i s  o f  p a r t i c u l a r  i n t e r e s t  i n  t h a t  t h e  n o n l i n e a r  t r a n s f e r  e f f e c t s  
a r e  t r u l y  dominant t he re ;  a  sharp decrease i n  sca le  a c t u a l l y  occurs as energy 
i s  t r a n s f e r r e d  t o  sma l le r  eddies.  

3. D i s s i p a t i o n ,  v o r t i c i t y  generat ion,  and p ressure  f l u c t u a t i o n s  

The energy d i s s i p a t i o n  term, t h e  o n l y  t e rm  c o n t r i b u t i n g  t o  t h e  r a t e  o f  
change o f  k i n e t i c  energy f o r  homogeneous t u rbu lence  w i t h o u t  mean g rad ien t s  
(eq. ( 53 ) )  i s  p l o t t e d  i n  f i g u r e  10. That i s  a l s o  t h e  mean-square v o r t i c i t y  
(eq.  (36) ) ,  b u t  t h e  two a r e  d i s t i n c t  p h y s i c a l  e n t i t i e s .  A l though t h e  curve  f o r  
zero Reynolds number, where n o n l i n e a r  e f f e c t s  a r e  absent,  decreases monotoni- 
c a l l y  t o  zero, t h e  curves f o r  h i ghe r  Reynolds numbers inc rease  sha rp l y  f o r  a  
w h i l e  and then  decrease. Thus, t h e  n o n l i n e a r  terms i n  t h e  Navier-Stokes equa- 
t i o n s  a r e  ve ry  e f f e c t i v e  v o r t i c i t y  genera to rs  and g r e a t l y  enhance t h e  d i s s i p a -  
t i o n  a t  s h o r t  and moderate t imes.  For l o n g  t imes they  appear t o  have t h e  
oppos i t e  e f f e c t ,  e v i d e n t l y  because t h e  t u rbu lence  i t s e l f  decays r a p i d l y  t o  
zero.  Non l inear  e f f e c t s ,  a l though  they  do n o t  appear e x p l i c i t l y  i n  t h e  evo lu-  

t i o n  equa t ion  f o r  u  u  (eq. ( 5 3 ) ) ,  thus  a l t e r  g r e a t l y  t h e  e v o l u t i o n  by a l t e r -  
i i 

i n g  t h e  d i s s i p a t i o n  term. 

1 2 ~  d i r e c t  numer ica l  c a l c u l a t i o n  o f  T i 1  by C la r k  e t  a l .  (1979) f o r  
random i n i t i a l  cond i t i ons ,  and corresponding t o  t h e  r e g i o n  o f  i n c r e a s i n g  X 
i n  f i g .  8, shows t h e  same t h i n g .  Ca l cu l a ted  va lues o f  T i 1  a r e  nega t i ve  a t  
smal l  wave numbers ( l a r g e  eddies) and p o s i t i v e  a t  l a r g e  wave numbers ( s m a l l  
edd ies) ,  so t h a t  energy i s  t r a n s f e r r e d  f r om b i g  eddies t o  sma l l e r  ones. 



F i g u r e  11 shows mean-square p ressure  f l u c t u a t i o n s  p l o t t e d  a g a i n s t  dimen- 
s i o n l e s s  t ime.  The enhancement o f  t h e  p ressure  f l u c t u a t i o n s ,  a l though  n o t  as 
g r e a t  as t h a t  o f  t h e  v o r t i c i t y  o r  d i s s i p a t i o n ,  aga in  i s  due t o  n o n l i n e a r  
e f f e c t s :  i n  t h i s  case t h e  n o n l i n e a r  terms on t h e  r i g h t  s i d e  o f  t h e  Poisson 
equa t i on  f o r  t h e  p ressure  cause t h e  e f f e c t .  

4. F u r t h e r  d i s c u s s i o n  and summary o f  t h e  Processes i n  i s o t r o p i c  t u rbu lence  

Non l i nea r  v e l o c i t y  and p ressure  terms do n o t  appear i n  t h e  e v o l u t i o n  

equa t i on  f o r  u  u  (eq.  ( 5 3 ) ) .  But we can c a l c u l a t e  root-mean-square va lues 
o f  t h e  non l i nea?  terms i n  t h e  ins tantaneous e v o l u t i o n  equa t ion  (eq. ( 4 8 ) ) .  as 
w e l l  as o f  t h e  l i n e a r  term. Three measures o f  t h e  r e l a t i v e  importance o f  
i n e r t i a l  ( n o n l i n e a r )  and v iscous e f f e c t s  a r e  shown f o r  a  moderate Reynolds 
number i n  f i g u r e  12. The r a t i o  o f  t h e  n o n l i n e a r  v e l o c i t y  t e rm  t o  t h e  v i scous  
t e rm  and t h e  r a t i o  o f  t h e  p ressure  t o  t h e  v iscous t e rm  i n  equa t ion  ( 48 ) ,  
t o g e t h e r  w i t h  t h e  m i c rosca le  Reynolds number, a r e  p l o t t e d  a g a i n s t  d imension less 
t ime.  The terms a r e  space-averaged root-mean-square va lues.  A l l  o f  those  
measures show a  v a r i a t i o n  f rom a  r a t h e r  i n e r t i a l  t o  a  weak f l u c t u a t i n g  f l o w .  
For i ns tance ,  Rh v a r i e s  f rom about 90 t o  0.7. Th is  i s  a  much g r e a t e r  va r -  
i a t i o n  than  has been ob ta ined  expe r imen ta l l y  f o r  a  s i n g l e  run .  The curves f o r  
t h e  t e rm  r a t i o s  l i e  somewhat below t h a t  f o r  Rh. They i n d i c a t e  t h a t  except  
a t  e a r l y  t imes  t h e  n o n l i n e a r  i n e r t i a l  e f f e c t s  assoc ia ted  w i t h  v e l o c i t y  and w i t h  
p ressure  do n o t  d i f f e r  g r e a t l y .  

The impor tance o f  bo th  n o n l i n e a r  v e l o c i t y  and p ressure  e f f e c t s  i n  
f i g u r e  12 i s  somewhat paradox ica l  i n  v iew o f  equa t ion  ( 53 ) ,  which says t h a t  

n e i t h e r  c o n t r i b u t e s  d i r e c t l y  t o  au ui/at. The n o n l i n e a r  v e l o c i t y  e f f e c t s  were 
a l r eady  d iscussed i n  t h i s  sec t i on ;  It was p o i n t e d  o u t  t h a t  such e f f e c t s  should  
n o t  appear i n  equa t ion  ( 53 ) ,  s i nce  they  o n l y  d i s t r i b u t e  energy i n  wave-number 
space and so do n o t  d i r e c t l y  a l t e r  t h e  t o t a l  energy. A l though t h e r e  i s  no 
n o n l i n e a r  v e l o c i t y  t e rm  i n  equa t ion  (53), such a  t e rm  appears i n  t h e  two-po in t  

- 
equat i on  f o r  auiu;/at. That equat ion,  f o r  t h e  p resen t  case, i s  ob ta ined  f rom 
equa t ion  ( 19 )  as 

where i s  aga in  t h e  vec to r  ex tend ing  f rom t h e  unprimed t o  t h e  pr imed p o i n t ,  
and t h e  p ressure  terms d rop  o u t  because o f  c o n t i n u i t y .  The l a s t  term, where 
t h e  parenthesis i n d i c a t e s  no sum on i, i s  a  consequence o f  t h e  i s o t r o p y  o f  t h e  - 
turbu lence .  The equa t ion  f o r  t h e  r a t e  o f  change o f  each component o f  uiu; i s  

c o n t r i b u t e d  t o  by t h e  n o n l i n e a r  v e l o c i t y  t e rm  - ( a / a r k ) ( u  u ' u '  - u  u  u ' ) ,  b u t  i l k  i k i  
t h e r e  i s . n o  c o n t r i b u t i o n  f rom t h e  pressure.  The s t r o n g  e f f e c t  o f  p ressure  
shown i n  f i g u r e  12 must be con ta ined  i n  h i ghe r  o rde r  equa t ions  i n  t h e  h i e r a r c h y  
of averaged equa t ions  (moment equat ions)  ( D e i s s l e r ,  1958 and 1960). Thus, 
a l t hough  two-po in t  averaged equat ions c o n t a i n  a  n o n l i n e a r  e f f e c t  o f  v e l o c i t y ,  
we must cons ider  h l ghe r  o rde r  m u l t i p o i n t  equat ions t o  o b t a i n  an e f f e c t  o f  pres-  
sure.  Terms i n  t h e  unaveraged equat ions shown i n  f i g u r e  12 (averaged over  
space a f t e r  t h e  s o l u t i o n  has been ob ta ined)  i n c l u d e  e f f e c t s  o f  a l l  o rders .  



( E f f e c t s  con ta ined  i n  t h e  numer ica l  r e s u l t s  may, however, be l i m i t e d  by t h e  
f i neness  o f  t h e  numer ica l  g r i d . )  

A l though t h e r e  i s  a  s t r ong  e f f e c t  o f  p ressure  i n  f i g u r e  12, t h e  p h y s i c a l  
s i g n i f i c a n c e  o f  t h a t  e f f e c t  i s  somewhat e l u s i v e  i n  c o n t r a s t  t o  t h e  e f f e c t s  o f  
v i scous  d i s s i p a t i o n  and s p e c t r a l  energy t r a n s f e r .  I f  t h e  t u rbu lence  i s  an iso -  
t r o p i c ,  a  c l e a r  e f f e c t  o f  p ressure  f l u c t u a t i o n s  i s  t h a t  they  t r a n s f e r  n e t  
energy among d i r e c t i o n a l  components (eqs.  (14)  and (15)  and t h e  d i scuss ion  
f o l l o w i n g  those  equa t ions ) .  That i s  d iscussed i n  t h e  f o l l o w i n g  sec t i on .  I f ,  
i n  a d d i t i o n ,  t h e  t u rbu lence  i s  inhomogeneous, p ressure  can produce a  n e t  spa- 
t i a l  d i f f u s i o n  o f  energy (eq. ( 1 5 ) ) .  Those a r e  e v i d e n t l y  t h e  o n l y  p h y s i c a l  
e f f e c t s  o f  p ressure  f l u c t u a t i o n s  ( a t  l e a s t  t h a t  we know abou t ) .  Thus, i f  t h e  
t u rbu lence  i s  homogeneous and i s o t r o p i c ,  as i t  i s  here,  i t  seems reasonable  t o  
a t t r i b u t e  t h e  observed p ressure  e f f e c t s  i n  t h e  unaveraged equat ions t o  those  
processes. Even though t h e r e  i s  no net i n t e r d i r e c t i o n a l  t r a n s f e r  o r  s p a t i a l  
d i f f u s i o n  o f  t u rbu lence  when t h e  t u rbu lence  i s  i s o t r o p i c ,  those processes can 
s t i l l  be i ns tan taneous l y  o r  l o c a l l y  ope ra t i ve .  They cou ld ,  f o r  i ns tance ,  cause 
a  d i f f u s i o n  o f  tagged p a r t i c l e s .  Accord ing t o  f i g u r e  12, they  have a  s i g n i f i -  
can t  i n d i r e c t  e f f e c t  on t h e  e v o l u t i o n  o f  t h e  tu rbu lence .  

From t h e  f i n d i n g s  o f  t h e  p resen t  s e c t i o n  we conclude t h a t  t h e  f o l l o w i n g  
processes occur i n  i s o t r o p i c  t u rbu lence :  n o n l i n e a r  randomizat ion by p r o l i f e r -  
a t i o n  o f  harmonic components o r  by s t range  behav io r ,  n o n l i n e a r  s p e c t r a l  t r ans -  
f e r  o f  t u rbu lence  among wave numbers o r  eddy s i zes  (ma in l y  t o  sma l le r  edd ies ) ,  
s p a t i a l  d i f f u s i o n  and t r a n s f e r  o f  t u rbu lence  among d i r e c t i o n a l  components by 
p ressure  f o r ces  ( w i t h  zero net d i f f u s i o n  and t r a n s f e r  i n t o  each component), 
gene ra t i on  o f  v o r t i c i t y  o r  s w i r l ,  and d i s s i p a t i o n  o f  t u rbu lence  i n t o  hea t  by 
v i scous  ac t i on .13  From t h i s  d e s c r i p t i o n  t h e  l i f e  o f  i s o t r o p i c  t u rbu lence  
appears i n t e r e s t i n g  and i nc l udes  many aspects .  

V .  UNIFORMLY SHEARED FLUCTUATIONS AND TURBULENCE 

I n  t h e  p reced ing  s e c t i o n  t h e  e v o l u t i o n  o f  nonrandom i n i t i a l  f l u c t u a t i o n s  
i n t o  i s o t r o p i c  t u rbu lence  was examined numer i ca l l y .  The n o n l i n e a r  t r a n s f e r  o f  
energy t o  sma l l e r  sca les o f  mot ion,  t h e  zero n e t  ( b u t  n o t  zero) s p a t i a l  d i f f u -  
s i o n  and t r a n s f e r  o f  energy among d i r e c t i o n a l  components, t h e  genera t ion  o f  
v o r t i c i t y  o r  s w i r l ,  and v iscous d i s s i p a t i o n  were s tud ied .  

Another impo r tan t  process i s  t h e  p r o d u c t i o n  o f  t u rbu lence  by a  mean shear. 
Most t u r b u l e n t  f l ows ,  bo th  those o c c u r r i n g  i n  n a t u r e  and those which a r e  man- 
made, a r e  i n  f a c t  shear f l ows ,  where t h e  t u rbu lence  i s  produced and ma in ta ined  
by t h e  shear.  Because o f  t h e  added complex i t y  t h e  n o n l i n e a r  problem o f  t u rbu -  
l e n t  shear f l o w  i s  even more d i f f i c u l t  than  t h a t  o f  i s o t r o p i c  tu rbu lence .  So 
i t  i s  n o t  s u r p r i s i n g  t h a t  l i t t l e  progress has been made i n  o b t a i n i n g  an ana- 
l y t i c a l  s o l u t i o n  f rom f i r s t  p r i n c i p l e s .  An a t t emp t  t o  o b t a i n  a  numer ica l  
s o l u t i o n  would seem t o  be i n  o rde r .  

Conceptua l ly ,  t h e  s imp' lest  t u r b u l e n t  shear f l o w ,  a l though  c e r t a i n l y  n o t  
t h e  s imp les t  t o  produce expe r imen ta l l y  (Champagne, e t  a l . ,  1970), i s  one i n  
which t h e  t u rbu lence  i s  u n i f o r m l y  sheared. A t  l e a s t  two s i g n i f i c a n t  numer ica l  
s t u d i e s  o f  t h a t  t y p e  o f  t u rbu lence  have r e c e n t l y  been made (Roga l lo ,  1981; 

1 3 ~ c c o r d i n g  t o  eq. ( 36 ) ,  t h e  v o r t i c i t y  and t h e  d i s s i p a t i o n  a r e  
n u m e r i c a l l y  t h e  same, b u t  they  a r e  p h y s i c a l l y  d i s t i n c t .  
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Shaanan, e t  a l . ,  1975). I n  b o t h  o f  those s tud ies  random i n i t i a l  c o n d i t i o n s  
w i t h  a  range o f  eddy s i zes  were used. 

I n  t h e  s p i r i t  o f  t h e  p reced ing  s e c t i o n  t h e  p resen t  numer ica l  s tudy o f  
u n i f o r m l y  sheared t u rbu lence  s t a r t s  w i t h  s imp le  de te rmina te  i n i t i a l  c o n d i t i o n s  
t h a t  possess a  s i n g l e  l e n g t h  sca le .  As i n  t h e  p reced ing  sec t i on ,  we can i n  
t h i s  way s tudy how t h e  tu rbu lence  develops from non tu rbu len t  i n i t i a l  condi -  
t i o n s .  Again, much h i ghe r  Reynolds number f l ows  can be c a l c u l a t e d  w i t h  a  g i v e n  
numer ica l  g r i d  when a  s i n g l e  l e n g t h  sca le  i s  i n i t i a l l y  p resen t ,  a t  l e a s t  f o r  
s h o r t  and moderate t imes.  

Severa l  i n t e r e s t i n g  r e s u l t s  t h a t  cou ld  n o t  be ob ta ined  i n  t h e  p rev ious  
work on t u r b u l e n t  shear f l o w  a r e  ob ta ined  here.  One o f  t h e  s i g n i f i c a n t  f i n d -  
i n g s  i s  t h a t  t h e  s t r u c t u r e  o f  t h e  t u rbu lence  produced i n  t h e  presence o f  a  
s t r o n g  shear i s  much f i n e r  than  t h a t  produced i n  i t s  absence. 

A .  I n i t i a l  and boundary c o n d i t i o n s  

I n  c a r r y i n g  o u t  numer ica l  s o l u t i o n s  f o r  u n i f o r m l y  sheared t u rbu lence  t h e  
ins tan taneous  equat ions ( 1 )  and ( 3 ) ,  s u b j e c t  t o  i n i t i a l  c o n d i t i o n  ( 38 )  and 
boundary c o n d i t i o n s  (44)  and (47) a r e  used. S ince  we a r e  cons ide r i ng  a  
u n i f o r m  shear, we l e t  

i n  t h e  i n i t i a l  c o n d i t i o n  (38)  and 

i n  boundary c o n d i t i o n  ( 44 ) .  For t h e  c o e f f i c i e n t s  i n  equa t ion  (38)  we use 
equa t i on  (40) ,  where we choose t h e  f i r s t  s e t  o f  s igns .  Equat ions ( 1 )  and ( 3 )  
a r e  w r i t t e n  i n  terms o f  t h e  t o t a l  v e l o c i t y  ci, b u t  we can c a l c u l a t e  t h e  
f l u c t u a t i n g  component ui f r om  equa t ion  ( 4 ) .  It should  be emphasized t h a t  we 
cons ider  here  n o t  a  sawtooth t ype  o f  mean v e l o c i t y  p r o f i l e ,  b u t  a  cont inuous 
p r o f i l e  i n  which t h e  mean-ve loc i ty  g r a d i e n t  i s  u n i f o r m  a t  a l l  p o i n t s .  Even 
w i t h  a  u n i f o r m  mean v e l o c i t y  g r a d i e n t ,  some l o c a l  inhomogeneity i s  i n t r oduced  
i n t o  t h e  f l u c t u a t i o n s  by t h e  p e r i o d i c  boundary c o n d i t i o n s .  We w i l l  n o t  concern 
ourse lves  w i t h  t h a t  inhomogeneity,  however, s i n c e  we can s t i l l  c a l c u l a t e  prod-  
u c t s  of v e l o c i t i e s  and pressures averaged over  a  three-d imensional  p e r i o d .  
Those va lues a r e  independent o f  t h e  p o s i t i o n  o f  t h e  boundar ies of t h e  c y c l e .  
Note t h a t  f o r  cons tan t  u n i f o r m  mean-ve loc i ty  g r a d i e n t  and mean p ressure  t h e  
l a s t  terms i n  equa t ions  (10)  and (11)  a r e  zero even though t h e  f l u c t u a t i o n s  may 
be inhomogeneous (eqs. (12)  and ( 1 3 ) ) .  

The u2 component o f  t h e  v e l o c i t y  f l u c t u a t i o n  ( i n  t h e  d i r e c t i o n  o f  t h e  
mean-ve loc i ty  g r a d i e n t )  i s  c r u c i a l  i n  m a i n t a i n i n g  t h e  t u rbu lence  a g a i n s t  t h e  
d i s s i p a t i o n  ( D e i s s l e r ,  1970b and 1972).  Therefore,  when f o r  b r e v i t y  o n l y  one 
component o f  t h e  v e l o c i t y  f l u c t u a t i o n  i s  discussed, t h a t  component i s  chosen 
as u2. More w i l l  be s a i d  about t h e  maintenance o f  t h e  t u rbu lence  l a t e r .  



B. Development o f  random f l u c t u a t i o n s  

(T)1/2 a t  a  f i x e d  p o i n t  I n  space f o r  F i gu re  13  shows t h e  e v o l u t i o n  o f  u2/ uo 
a  h i g h  Reynolds number, as c a l c u l a t e d  f r om t h e  f u l l  n o n l i n e a r  equat ions.  As  
i n  t h e  p reced ing  s e c t i o n  a s t e r i s k s  on q u a n t i t i e s  i n d i c a t e  t h a t  they  have been 
nondimensional ized by us i ng  t ) e  i n i t i a l  l e n g t h  sca le  xo and the2k inemat ic  
v i s c o s i t y  V .  Thus t* = ( v / x 0 ) t ,  x* = x  /x and (dUl/dx2)* = (x0/v)dUl/dx2. i i 0'  
Again t h e  v e l o c i t y  f l u c t u a t i o n s  have t h e  appearance o f  those  f o r  a  random 
tu rbu lence  i n  s p i t e  o f  t h e  nonrandom i n i t i a l  c o n d i t i o n  (eq. ( 3 7 ) ) .  The dashed (1y2 curves f o r  u2/ uo a r e  aga in  f o r  i n i t i a l  c o n d i t i o n s  per tu rbed  approx imate ly  

0.1 percen t .  The per tu rbed  curves a t  f i r s t  f o l l o w  t h e  unper turbed ones b u t  
e v e n t u a l l y  depa r t  sharp ly .  A l though t h e  t h e  curves i n  f i g u r e s  13(a)  and (b )  
d i f f e r  cons ide rab l y  i n  appearance, t h e  pe r t u rbed  curves i n  t h e  two f i g u r e s  
t a k e  about t h e  same l e n g t h  o f  t ime  t o  break away f r om t h e  unper turbed ones. A 
very  smal l  p e r t u r b a t i o n  o f  i n i t i a l  c o n d i t i o n s  causes a  l a r g e  change i n  t h e  
va lues o f  u2 except  a t  smal l  t imes .  On t h e  o t h e r  hand, t h e  root-mean-square 
va lues o f  t h e  v e l o c i t i e s  change smoothly w i t h  t i m e  and a r e  una f f ec ted  by t h e  
p e r t u r b a t i o n  o f  t h e  i n i t i a l  c o n d i t i o n s .  These f ea tu res  a r e  c h a r a c t e r i s t i c  o f  
t u rbu lence .  (A l though  t h e  root-mean-square curve i n  f i g .  13 (a )  appears a lmost  
h o r i z o n t a l ,  i t  e v e n t u a l l y  goes smoothly t o  zero when extended.)  

C.  Shear- re la ted sma l l - sca le  s t r u c t u r e  

A s t r i k i n g  f e a t u r e  o f  t h e  curves f o r  i n  f i g u r e  13 i s  t h e  
smal l  s ca le  s t r u c t u r e  e x h i b i t e d  f o r  sheared ( f i g .  1 3 ( b ) )  when 
compared w i t h  t h e  s t r u c t u r e  f o r  no shear ( f i g .  1 3 ( a ) ) .  Th i s  shea r - r e l a ted  
sma l l - sca le  s t r u c t u r e  i s  produced by t h e  t e rm  -Uk au i /axk i n  equa t ion  (10)  
which, f o r  u n i f o r m  shear, i s  - (dUl /dx2)x2 a u i / a x l .  Equat ion (10)  becomes, f o r  
a  cons tan t  u n i f o r m  mean-ve loc i ty  g r a d i e n t  and a  u n i f o r m  mean pressure,  

aLui 
- -  dU1 - u - dU1 - 

X - - a - ( u u ) -  1% + v  a t  - -" 11 dx2 2  dx2 2  ax, axk i k p axi axk axk (57)  

where equa t ion  (12)  i s  used. Note t h a t  equa t ion  ( 57 )  i s  ob ta ined  w i t h o u t  t h e  
assumption o f  homogeneity. From t h e  t e rm  - (dUl /dx2)x2 a u i / a x l  i n  
equa t ion  ( 5 7 ) ,  we g e t  t h e  t e rm  

i n  t h e  two-po in t  c o r r e l a t i o n  equa t ion  (19) .  For  p e r i o d i c  boundary c o n d i t i o n s  
XI dependency i s  n o t  p resen t  i n  equat ions ( 19 )  and (58 )  because averages 
a r e  taken  over  a  three-d imensional  p e r i o d  w i t h  r i  h e l d  cons tan t .  Th i s  i s  
so even though t h e  p e r i o d i c  boundary c o n d i t i o n s  may i n t r o d u c e  some l o c a l  inho-  
mogenei t ies .  I f  we t a k e  t h e  F o u r i e r  t r a n s f o r m  o f  t h a t  term, we o b t a i n  t h e  
mean-gradient t r a n s f e r  t e rm  T 1  i n  t h e  s p e c t r a l  equa t ion  ( 2 6 ) .  I t s  e f f e c t  i n  
t r a n s f e r r i n g  energy t o  sma l l - szd le  components i s  s i m i l a r  t o  t h a t  o f  t h e  non- 
l i n e a r  t r a n s f e r  t e rm  T  i n  equa t ion  ( 26 )  ( t h e  F o u r i e r  t r ans fo rm  o f  t h e  

13 



t r i p l e  c o r r e l a t i o n  t e rm  i n  eq. ( 1 9 ) ) .  The p r o d u c t i o n  o f  sma l l - sca le  s t r u c t u r e  
by t h e  shear m igh t  be though t  o f  as due t o  s t r e t c h i n g  o f  t h e  random v o r t e x  
l i n e s  i n  t h e  t u rbu lence  by t h e  mean g r a d i e n t  o r  t o  s t r e t c h i n g  o f  mean v o r t e x  
l i n e s  by t h e  t u rbu lence .  

A l though we f i r s t  d iscussed a  mean-gradient t r a n s f e r  t e rm  more than  two 
decades ago ( D e i s s l e r ,  1961), t h e  p resen t  r e s u l t s  g i v e  t h e  f i r s t  g raph ic  
demons t ra t ion  o f  t h e  e f f e c t i v e n e s s  o f  t h a t  t e rm  i n  p roduc ing  a  sma l l - sca le  
s t r u c t u r e  i n  tu rbu lence .  S ince t h a t  i s  a  l i n e a r  e f f e c t  (when t h e  mean gra-  
d i e n t  i s  g i ven ) ,  we can s tudy i t  e i t h e r  by t h e  f u l l  n o n l i n e a r  s o l u t i o n s  
a l r eady  cons idered i n  f i g u r e  13 (wh ich  c o n t a i n  l i n e a r  as w e l l  as n o n l i n e a r  
e f f e c t s )  o r  by l i n e a r i z e d  s o l u t i o n s .  

Equat ion ( 11 )  becomes, f o r  u n i f o r m  shear and u n i f o r m  mean pressure,  

2  
a2p - - - a (U~UQ, )  - 2  -- au2 aul 

ax, ax a axk ax a ax, ax 2  

where equa t ion  ( 13 )  i s  used. As i n  t h e  case o f  equa t ion  (57) ,  equa t ion  ( 59 )  
i s  ob ta ined  w i t h o u t  t h e  assumption o f  homogeneity. 

D. Some l i n e a r i z e d  s o l u t i o n s  and comparison w i t h  n o n l i n e a r  s o l u t i o n s  

Equat ions ( 57 )  and (59)  a r e  l i n e a r i z e d  by n e g l e c t i n g  t h e  terms 
-a (u l uk ) / axk  and -a2(ukua)/axkaxa. The numer ica l  s o l u t i o n ,  w i t h  i n 1  t i a l  and 
( p e r i o d i c )  boundary c o n d i t i o n s  g i ven  by equa t ions  ( 37 ) ,  ( 4 0 ) ,  ( 42 ) ,  and (43) .  
then  proceeds as i n  t h e  n o n l i n e a r  case. 

We can o b t a i n  an a n a l y t i c a l  s o l u t i o n  f o r  unbounded l i n e a r i z e d  f l u c t u a t i o n s  
by u s i n g  unbounded three-d imensional  F o u r i e r  t rans fo rms ( D e i s s l e r ,  1961). The 
s o l u t i o n  does n o t  s a t i s f y  cons tan t  p e r i o d i c  boundary c o n d i t i o n s .  I ns tead  o f  
work ing  w i t h  t h e  averaged equat ions ( D e i s s l e r ,  1961), i t  i s  i n s t r u c t i v e  t o  work 
w i t h  t h e  unaveraged ones and use t h e  i n i t i a l  c o n d i t i o n  g i ven  by equa t ion  (37) .  
I n  t h i s  case t h e  F o u r i e r  t rans fo rms must be gene ra l i zed  f u n c t i o n s  ( a  s e r i e s  o f  
d e l t a  f u n c t i o n s ) ,  b u t  t h e  method o f  s o l u t i o n  i s  t h e  same as t h a t  i n  t h e  e a r l i e r  
work. Equat ion ( 57 )  f o r  u2 and equa t i on  ( 5 9 ) ,  when l i n e a r i z e d ,  a r e  inde-  
pendent o f  u l  and u3. The s o l u t i o n  ob ta ined  by us i ng  t h e  i n i t i a l  
c o n d i t i o n  (37)  i s  

p  =C pn s i n  - aqltx2 ) 

where 



n n n  2  

n  -2paa2ql q  P = - aq,q2t n n  t 5 1  a  2 n 2 2 ) ]  ql t 

2  n2 if 
(qn2 - 2aq;q;t t a  q1 t 

n  2  2  2  
a  = dUl/dx qn = q1 t q; t q: , and t h e  a; and qy a r e  g i ven  i n  t h e  2  ' 
i n i t i a l  c o n d i t i o n s  (eqs.  (37)  and ( 4 0 ) )  ( w i t h  t h e  f i r s t  s e t  o f  s i g n s ) .  Mean 
va lues a r e  ob ta ined  by i n t e g r a t i n g  over  a l l  space. For ins tance ,  

I t  i s  c l e a r  f rom t h e  form o f  equat ions (60)  and (61)  t h a t  t h e  s o l u t i o n  
does n o t  s a t i s f y  cons tan t  p e r i o d i c  boundary c o n d i t i o n s .  By o m i t t i n g  t h e  t e rm  
-(dU1/dx2)x2aui/axl as w e l l  as t h e  n o n l i n e a r  terms i n  equat ions (57)  and (59) ,  
we can, however, o b t a i n  a  s imple a n a l y t i c a l  pseudo s o l u t i o n  t h a t  s a t i s f i e s  
those  c o n d i t i o n s :  

3  n  n  
2paq1 a2 exp I.t h a -  - s i n  .; (66)  

n= l  

Th i s  s o l u t i o n  i s  u s e f u l  f o r  check ing t h e  numer ica l  c a l c u l a t i o n s  and f o r  s tudy-  
i n g  t h e  e f f e c t  of t h e  t e rm  (dUl/dx2)x2au2/axl on t h e  f l u c t u a t i o n s .  

V e l o c i t y  f l u c t u a t i o n s  ob ta ined  f rom l i n e a r i z e d  s o l u t i o n s  (numer ica l  and 
a n a l y t i c a l )  were p l o t t e d  ( f i g .  14 ) .  The presence o f  sma l l - sca le  s t r u c t u r e  i n  
t h e  curves f o r  (dU l /dx2) *  = 4434 and i t s  absence i n  those f o r  
(dUl/dx2)* = 0  a r e  apparent.  The curve  f o r  no shear (eq.  ( 50 ) )  decays 
mono ton i ca l l y  t o  zero when extended. Th i s  i s  i n  c o n t r a s t  t o  t h e  n o n l i n e a r  case 
i n  f i g u r e  13 (a )  f o r  no shear, where a t  l e a s t  l a r g e r  f l u c t u a t i o n s  a re  p resen t .  
The l i n e a r i z e d  curves f o r  (dUl/dx2)* = 4434 i n  f i g u r e  14 f o l l o w  c l o s e l y  
t h e  n o n l i n e a r  ones i n  f i g u r e  13(b)  f o r  s h o r t  t imes.  L ikew ise  t h e  l i n e a r i z e d  
curves i n  f i g u r e  14 f o r  p e r i o d i c  boundary c o n d i t i o n s  f o l l o w  c l o s e l y  those f o r  
unbounded c o n d i t i o n s  f o r  s h o r t  t imes .  For l onge r  t imes t h e  f l u c t u a t i o n s  f o r  
unbounded c o n d i t i o n s  con t inue  t o  decay, whereas those  f o r  cons tan t  p e r i o d i c  



boundary conditions grow. Small-scale structure in the curves for unbounded 
conditions is produced by the term aqptx2 in the argument of the cosine in 
equation (60) (a = dUl/dx2). This term arises from the term -.ax2 au2/axl 
in equation (57), as is evident from its absence in equation (65), where the 
term -ax2 au2/axl has been neglected. 

For discussing the linearized case for constant periodic boundary condi- 
tions, it is convenient to convert equations (57) and (59) to a spectral form 
by taking their three-dimensional Fourier transforms. This gives, for u2, 
on neglecting nonlinear terms 

where 

+ 
K is the wave-number vector, and is the Fourier transform of u . Note 
that a finite transform is used in tie x2 direction in order to sa$isfy 
periodic boundary conditions at x2/xo = -n,n. 

Strictly speaking, equation (67) is for a sawtooth mean-velocity profile, 
whereas the numerical results are for a uniform mean-velocity gradient. 
Equation (67) should still apply, however, at least for the present discussion 
purposes to points inside, but not outside, the numerical grid. 

For constant periodic boundary conditions for uj, small-scale struc- 
ture in the fluctuations or the transfer of energy between wave numbers is 



produced by 
That  t e rm  i s  
we see t h a t n  
q u a n t i t y  (p2 

t h e  t e rm  c o n t a i n i n g  t h e  summation over  U '  i n  equa t ion  ( 67 ) .  
t h e  F o u r i e r  t r ans fo rm  o f  -ax au /axl (Zq. 5 7 ) ) .  From i t s  fo rm 

i t  can produce a  compl icated fntfi?-wave-number i n t e r a c t i o n .  The 
a t  each u i n t e r a c t s  w i t h  (p2 a t  every  o the r  a l l owab le  

~ 2 .  A d i f f e r e n c e  between t h e  s o l u t f o n s  f o r  unbounded c o n d i t i o n s  and those  
f o r  cons tan t  p e r i o d i c  c o n d i t i o n s  i s  t h a t  o n l y  f l u c t u a t i o n s  a t  i n t e g r a l  ~ 2  
a r e  p o s s i b l e  when p e r i o d i c  c o n d i t i o n s  a r e  imposed, whereas f o r  unbounded 
c o n d i t i o n s  f l u c t u a t i o n s  a re  p o s s i b l e  a t  a l l  va lues o f  ~ 2 .  

A l though t h e  l i n e a r  te rm -ax2 au2/axl i s  e f f e c t i v e  i n  p roduc ing  
o s c i l l a t i o n s ,  even i n  t h e  absence o f  n o n l i n e a r  e f f e c t s  ( f i g .  14 ) ,  t h e  curves 
l a c k  t h e  random appearance o f  those  i n  f i g u r e  1 3 ( b ) .  E v i d e n t l y ,  as i n  t h e  case 
o f  no mean g r a d i e n t s  (eq. (SO)), t h e  o n l y  way we can have a  l i n e a r  t u r b u l e n t  
s o l u t i o n  i s  t o  p u t  t h e  t u rbu lence  i n  t h e  i n i t i a l  c o n d i t i o n s  ( D e i s s l e r ,  1961). 
Both -ax2 au2/axl and t h e  n o n l i n e a r  terms i n  equa t ion  ( 57 )  a r e  necessary t o  
produce t h e  sma l l - sca le  tu rbu lence  i n  f i g u r e  13(b)  f r om  nonrandom i n i t i a l  con- 
d i t i o n s .  The former  a c t s  l i k e  a  chopper t h a t  chops t h e  f l o w  i n t o  sma l l - sca le  
components. A l though t h e  l a t t e r  a l s o  do t h a t ,  t h e i r  most v i s i b l e  e f f e c t  he re  
i s  t o  produce randomizat ion.  As i n  t h e  p reced ing  s e c t i o n  t h e  randomizat ion 
m igh t  occur  as a  r e s u l t  o f  t h e  presence o f  s t range  a t t r a c t o r s  ( o r ,  more prop-  
e r l y ,  analogous s t range  behav io r )  i n  t h e  f l ow ,  by p r o l i f e r a t i o n  o f  eddies o r  
harmonic components ( w i t h  t h e  l o s s  o f  i d e n t i t y  o f  t h e  i n d i v i d u a l  edd ies)  o r  by 
b o t h  (see s e c t i o n  I V  f o r  a  discussion o f  these  p o s s l b l l i t i e s ) .  

Accord ing t o  t h e  1  i n e a r i  zed a n a l y t i c a l  s o l u t i o n  g i ven  by equa t ion  (60) ,  
t h e  manufacture o f  sma l l - sca le  f l u c t u a t i o n s  takes  p l ace  o n l y  i n  t h e  x2 
d i r e c t i o n .  F i gu re  15 shows how t h i s  has taken  p l a c e  a t  a  moderate t ime .  
F i g u r e  16 i s  a  s i m i l a r  p l o t  f o r  t h e  n o n l i n e a r  case. The random,izing e f f e c t  o f  
t h e  n o n l i n e a r  terms i s  ev i den t .  

For  t h e  p l o t t e d  a g a i n s t  xl ( f i g .  1 7 ) .  
The curves s t r u c t u r e  i n  t h e  x i  d i r e c -  
t i o n  due t o  t h e  i n t e r a c t i o n '  o f  t h e  d i r e c t i o n a l  components i n  t h e  noti1 i n e a r  
case. For  t h e  l i n e a r i z e d  f lows  sma l l - s ca le  s t r u c t u r e  developed o n l y  i n  t h e  
x2 d i r e c t i o n .  

E. E v o l u t i o n  o f  mean q u a n t i t i e s  w i t h  shear 

1 .  C ross - co r re l a t i on  c o e f f i c i e n t s  

-1 /2 -112 
-/(2) (u)  ( i g j )  a r e p l o t t e d  C r o s s - c o r r e l a t i o n  c o e f f i c i e n t s  u  u  u  i d  i 

a g a i n s t  d imension less t ime  f o r  t h e  n o n l i n e a r  case i n  f i g u r e  17. A l though - - -  
u = u 2 =  u2 a t  t* = 0, t h e  i n i t i a l  c ross  c o r r e l a t i o n s  a r e  n o t  zero b u t  a r e  
a l l  p o s i t i v e  and equal .  However, because o f  t h e  apparent randomizat ion o f  t h e  

f l o w  u2u3 and u1u3 approach zero as t i m e  inc reases .  On t h e  o the r  hand, t h e  

va lues o f  t h e  t u r b u l e n t  shear s t r e s s  
u ~ u $  

change f rom p o s i t i v e  t o  nega t i ve  
and remain nega t i ve  because o f  t h e  dyna 'I s  o f  t h e  imposed mean shear. The 
presence o f  t h e  mean-ve loc i ty  g r a d i e n t  dUl/dx2 causes U1 t o  be l i k e l y  



- 
n e g a t i v e  when u  i s  p o s i t i v e ,  so t h a t  u  u  , t h e  c o r r e l a t i o n  between t h e  
two, i s  nega t i ve?  The waviness i n  t h e  cur3eT i n  f i g u r e  18, as w e l l  as t h a t  i n  
some o f  t h e  curves i n  l a t e r  f i g u r e s  (e.g., f i g .  21),  i s  p robab ly  caused by 
nonrandom s t r u c t u r e  i n  t h e  f l ow ,  p o s s i b l y  t h a t  produced by t h e  l i n e a r  t e rm  
- (dU l /dx2)x2  au i / ax l  i n  equa t ion  ( 5 7 )  ( f i g .  14)  .I0 

2. Growth and an i so t r opy  o f  t h e  v e l o c i t y  f l u c t u a t i o n s  

The e v o l u t i o n  o f  t h e  mean-square components o f  t h e  v e l o c i t y  f l u c t u a t i o n s  -* 2 -  
i s  p l o t t e d  i n  f i g u r e  19, where u  2  = ( x  / v )  u  2. A f t e r  an i n i t i a l  
ad justment  p e r i o d  a l l  o f  t h e  combdhents ine rease  $I~-I time,  i n  agreement w i t h  
exper iment  ( H a r r i s ,  e t  a l .  (1977) and t h e  numer ica l  r e s u l t s  i n  Roga l lo  (1981) ) .  - 

2  The numer ica l  r e s u l t s  i n  Shaanan, e t  a l .  (1975),  on t h e  o t h e r  hand, show 
u2 - 

and ug decreas ing  a t  a l l  t imes, a  d i f f e r e n c e  t h a t  remains unexplained. Our 
- - 

u: component i s  t h e  l a r g e s t  o f  t h e  th ree ,  u: I s  t h e  sma l les t ,  and u: l i e s  
- - - 

s l i g h t l y  above u2, i n  agreement w i t h  exper iment H a r r i s ,  e t  a l .  (1977) and 

p rev i ous  numer ica l  r e s u l t s .  

3. Accuracy o f  mean and ins tantaneous q u a n t i t i e s  

The e f f e c t  o f  d i s c r e t i z a t i o n  e r r o r  on t h e  numer ica l  r e s u l t s  f o r  u: i s  

shown i n  f i g u r e  20. Curves a re  p l o t t e d  f o r  1 6 ~ ,  243, and 323 g r i d  p o i n t s ,  
t o g e t h e r  w i t h  a  f ou r t h -o rde r  e x t r a p o l a t i o n  t o  zero g r i d - p o i n t  spac ing (an  i n f i -  
n i t e  number o f  g r i d  p o i n t s )  ( D e i s s l e r ,  1981a, 1 9 8 1 ~ ) .  The d i f f e r e n c e s  between 
t h e  r e s u l t s  f o r  323 p o i n t s  and t h e  f ou r t h -o rde r  e x t r a p o l a t i o n  a r e  smal l  b u t  
i n c rease  somewhat a t  l ong  t imes.  These r e s u l t s  appear t o  i n d i c a t e  t h a t  t h e  
numer ica l  r e s u l t s  g i ven  here f o r  averaged va lues a r e  reasonably accura te .  On 
t h e  o t h e r  hand t h e  three-d imensional  s p a t i a l  r e s o l u t i o n  i s  p robab ly  n o t  g r e a t  
enough (excep t  a t  e a r l y  t imes)  t o  g i v e  accura te  s p a t i a l  v a r i a t i o n s  o f  unaver- 
aged q u a n t i t i e s ,  o t h e r  than  t h a t  they  have a  random appearance. However, s i n c e  
t h e  s o l u t i o n s  a r e  hydrodynamica l ly  uns tab le ,  and ex t reme ly  s e n s i t i v e  t o  i n i t i a l  
c o n d i t i o n s ,  t h e  a c t u a l  values o f  t h e  unaveraged q u a n t i t i e s  a r e  p robab ly  n o t  o f  
g r e a t  s i g n i f i c a n c e .  

4. Maintenance o f  t h e  t u rbu lence  

For t h e  case cons idered i n  t h i s  s e c t i o n  ( u n i f o r m  v e l o c i t y  g r a d i e n t  
dUl/dx2) t h e  one-po in t  c o r r e l a t i o n  equa t ion  ( 14 )  becomes 

where d e r i v a t i v e s  o f  averaged va lues w i t h  r espec t  t o  x i  do n o t  appear 
because averages a r e  taken over  a  three-d imensional  p e r i o d .  Th i s  i s  so even 
though l o c a l  inhomogenei t ies  may occur when p e r i o d i c  boundary c o n d i t i o n s  a r e  
used, as d iscussed e a r l i e r  .5 



F igu re  21 shows t h e  e v o l u t i o n  of p ressu re - ve loc i t y -g rad ien t  c o r r e l a t i o n s .  
( P a r t s  o f  some o f  t h e  curves a r e  om l t t ed  t o  avo id  con fus ion . )  The pressure-  
v e l o c i t y - g r a d i e n t  terms i n  t h e  one-po in t  c o r r e l a t i o n  equa t ion  (eq. ( 7 0 ) ) ,  
t oge the r  w i t h  t h e  p roduc t i on  terms, a r e  r espons ib l e  f o r  m a i n t a i n i n g  t h e  
t u rbu lence  a g a i n s t  t h e  d i s s i p a t i o n  ( g i v e n  by t h e  l a s t  te rm i n  eq. ( 70 ) ) .  - - 

2  2  There a r e  no p roduc t i on  terms i n  t h e  equat ions f o r  au2/at  and au3/at  
- - -- - 2  2  ( 6 i  u j  u2 aUl /ax2 and s j  u,, u2 aUl /ax2 a r e  ze ro ) .  Thus u2 and u3 

- 
g e n e r a l l y  r e c e i v e  energy o n l y  f rom t h e  u: component, whose equa t ion  has a  

nonzero p roduc t i on  term. Equat ion (70)  shows t h a t  t o  do t h a t ,  p  au /axi t 
j 

p  aui/ax must be p o s i t i v e  f o r  i = j = 2, 3  and nega t i ve  f o r  1  = j = 1. 
S 

F i gu re  23 shows t h a t  i s  a c t u a l l y  t h e  case f o r  cons tan t  p e r i o d i c  boundary 
c o n d i t i o n s  except  f o r  an i n i t i a l  ad justment  pe r i od ,  so t h a t  t h e  t u rbu lence  i s  

- 
2  

main ta ined  ( f i g .  19 ) .  The maintenance o f  t h e  u2 o r  u2 component i s  pa r -  

t i c u l a r l y  c r i t i c a l  because i f  u, goes t o  zero, t h e  Reynolds shear s t r e s s  

i n  t h e  p roduc t i on  te rm o f  ;he u2 equa t ion  (eq.  ( 7 0 ) )  w i l l  go t o  zero 
ahd t h e r e  w l l l  be n o t h i n g  t o  keep t h e  Zurbulence go ing.  A l l  o f  t h e  components 
w i l l  t hen  e v e n t u a l l y  decay. That i s  what happens i n  t h e  l i n e a r i z e d  a n a l y s i s  
f o r  unbounded t u rbu lence  I n  f i g u r e  21 (see  a l s o  D e i s s l e r ,  1961). 

The non l  i n e a r  r e s u l t s  f o r  ug a r e  compared wi  t h  va r i ous  l l n e a r i  zed so lu -  

t i o n s  i n  f i g u r e  22. The same i n i t i a l  c o n d i t i o n s  a r e  used f o r  a l l  o f  t h e  cases 
(eqs.  ( 37 )  o r  ( 38 ) ,  ( 40 ) ,  and ( 5 5 ) ) .  For a l l  o f  t h e  r e s u l t s ,  except  those f o r  
t h e  unbounded l i n e a r i z e d  case (ob ta i ned  by us i ng  unbounded F o u r i e r  t rans fo rms 

(eq.  ( 6 0 ) ) ,  t h e  c r u c i a l  uL component e v e n t u a l l y  inc reases  so t h a t  t h e  t u r -  
bu lence o r  f l u c t u a t i o n s  a r z  ma in ta ined .  I n  t h e  unbounded l i n e a r 1  zed case 
- - 
u: decreases a t  a l l  t imes .  That was expected, s i nce  t h e  u: r e s u l t s  f o r  

t h a t  case I n  D e i s s l e r  (1961, 1970b) ( f o r  d i f f e r e n t  i n i t i a l  c o n d i t i o n s )  
decreased a t  a l l  times: Somewhat unexpected a r e  t h e  l i n e a r i z e d  r e s u l t s  f o r  
cons tan t  p e r i o d i c  boundary c o n d i t i o n s ,  which show t h a t  t h e  f l u c t u a t i o n s  a r e  
ma in ta ined  f o r  those cases. Whereas f i g u r e  21 shows t h a t  i n  t h e  unbounded 
case t h e  p ressu re - ve loc i t y -g rad ien t  c o r r e l a t i o n s  remove energy f rom t h e  
- 

2  
u2 component and cause t h e  f l u c t u a t i o n s  t o  decay as i n  D e i s s l e r  (1961, 1970b) 

t h e  i m p o s i t i o n  o f  cons tan t  p e r i o d i c  boundary c o n d i t i o n s  changes t h e  s i g n  o f  - 
2  those c o r r e l a t i o n s  and b r i n g s  energy i n t o  u  , so t h a t  t h e  f l u c t u a t i o n s  a r e  

ma in ta ined .  Equat ion ( 65 ) ,  which sa t1  s f  l e s  t e r i o d l c  boundary c o n d i t i o n s ,  
shows t h a t ,  a t  l e a s t  when t h e  t e rm  -(dUl/dx2)x2 aui/axl i n  equa t ion  ( 57 )  i s  

- 4 
neg lec ted ,  u: Increases a t  l a r g e  t imes i f  2aqYq; > qn f o r  a t  l e a s t  

one n.  



5. S p e c t r a l  t r a n s f e r  terms as s t a b i l i z i n g  

Comparing t h e  l i n e a r i z e d  case f o r  p e r i o d i c  boundary c o n d i t i o n s  i n  
f i g u r e  22 w i t h  t h e  cor responding n o n l i n e a r  case shows t h a t  t h e  n o n l i n e a r  

- 
2 

terms have a  s t a b i l i z l n g  i n f l u e n c e .  That i s ,  t h e  va lues o f  u  i nc rease  
more s l o w l y  f o r  t h e  n o n l i n e a r  case. Moreover comparing t h e  cugve f o r  t h e  
l i n e a r i z e d  case w i t h  p e r i o d i c  boundary c o n d i t i o n s  and w i t h  t h e  te rm 
-(dUl/dx2)x2 au2/axl i n  equa t ion  (57)  m i ss l ng  (eq. ( 6 5 ) )  w i t h  t h e  correspond- 
i n g  cu r ve  f o r  t h a t  t e rm  i nc l uded  shows t h a t  t h e  presence o f  t h a t  te rm a l s o  has 
a  s t a b i l i z i n g  i n f l u e n c e .  S ince n e g l e c t  o f  t h a t  t e rm  i s  e q u i v a l e n t  t o  neg lec t -  
i n g  t h e  mean-gradient t r a n s f e r  t e rm  i n  t h e  s p e c t r a l  equa t ion  f o r  
- 
u2 (eq. ( 2 6 ) ) ,  we can cons ider  t h e  l a t t e r  t e rm  as s t a b i l l z l n g .  Thus bo th  t h e  
n 6 n l i n e a r  s p e c t r a l  t r a n s f e r  t e rm  assoc ia ted  w i t h  t r f p l e  c o r r e l a t i o n s  T22 
and t h e  l i n e a r  mean-gradient t r a n s f e r  te rm T i 2  i n  t h e  s p e c t r a l  equa t ion  (26)  - 
f o r  u; a r e  s t a b i l l z l n g .  The reason i s  t h a t  b o t h  terms t r a n s f e r  energy t o  
sma l l  edd ies,  where i t  i s  d i s s i p a t e d  more e a s i l y .  

It i s  o f  i n t e r e s t  t h a t  t h e  one-po in t  c o r r e l a t i o n  equa t ion  f o r  au u  / a t  
3 

(eq.  ( 7 0 ) )  con ta i ns  n e i t h e r  a  te rm assoc ia ted  w i t h  v e l o c i t y - g r a d i e n t  t r a n s f e r  
no r  one assoc ia ted  w i t h  n o n l i n e a r  t r a n s f e r .  That  i s ,  b o t h  o f  those  processes 

g i v e  zero d i r e c t  c o n t r i b u t i o n  t o  t h e  r a t e  o f  change o f  
uiul: they  o n l y  

change t h e  d l  s t r i  b u t i o n  o f  energy among t h e  va r i ous  s p e c t r a i  components o r  
eddy s i zes .  Th i s  s p e c t r a l  t r a n s f e r ,  o f  course, s t i l l  a f f e c t s  t h e  way i n  which - 
uluj 

evo lves ( f i g .  22) .  Even though equa t i on  ( 70 )  con ta i ns  no t r a n s f e r  

terms, t h e  t r a n s f e r  o f  energy among t h e  va r i ous  s p e c t r a l  components o f  t h e  - 
v e l o c i t y  a l t e r s  t h e  terms t h a t  do appear i n  equa t ion  ( 70 ) ,  so t h a t  au u / a t  
i s  a f f e c t e d  i n d i r e c t l y .  That i s  n o t  a  smal l  e f f e c t !  i j 

The mod i f ied  l i n e a r  pseudoso lu t ion  g i ven  by equat ions ( 65 )  and (66 )  (dash- 
do t -do t  cu rve  i n  f i g .  21) i s  t h e  s imp les t  s o l u t i o n  i n  which t h e  f l u c t u a t i o n s  
can be ma in ta ined  a g a i n s t  t h e  d i s s i p a t i o n .  I n  o b t a i n i n g  i t  t h e  o n l y  mean- 
g r a d i e n t  t e rm  r e t a i n e d  i n  t h e  equat ions f o r  u2 (eqs. (57) and (59) ,  i = 2) 
i s  -2(dUl /dx2)au2/ax l ,  a  source t e rm  i n  t h e  Poisson equa t ion  f o r  t h e  p ressure .  
I f  t h a t  t e rm  i s  a l s o  neglected,  u2 decays and, as d iscussed e a r l i e r ,  a l l  o f  
t h e  components o f  t h e  f l u c t u a t i o n s  decay. Moreover, as shown i n  f i g u r e  22 and 
a l r eady  d iscussed,  t h e  te rm -(dUl/dx2)x2 aui/axl i n  equa t ion  (57)  i s  s t a b i -  
l i z i n g ,  so i t  i s  o f  no h e l p  i n  m a i n t a i n i n g  t h e  f l u c t u a t i o n s .  Thus, a t  l e a s t  i n  
t h e  l i n e a r i z e d  case, t h e  presence o f  t h e  source t e rm  -2(dUl/dx2)au2/axl i n  t h e  
Poisson equa t i on  f o r  t h e  p ressure  i s  necessary f o r  m a i n t a i n i n g  t h e  f l u c t u a t i o n s .  
That t e rm  should p l a y  a  s i m i l a r  impo r tan t  r o l e  i n  t h e  maintenance o f  n o n l i n e a r  
t u rbu lence ,  a l t hough  i n  t h a t  case i t  i s  hard  t o  separate  t h e  l i n e a r  e f f e c t s  
f r om  t h e  n o n l i n e a r  ones. I n  p a r t i c u l a r ,  t h e  r o l e  o f  t h e  n o n l i n e a r  source t e rm  
i n  t h e  Poisson equa t ion  f o r  t h e  p ressure  remains unc lear ,  a l t hough  i t  may have 
an e f f e c t  s i m f l a r  t o  t h a t  o f  t h e  l i n e a r  source term. 



F. Return t o  i s o t r o p y  

F igures  23 and 24 show t h e  approach t o  i s o t r o p y  o f  n o n l i n e a r  u n i f o r m l y  
sheared t u rbu lence  when t h e  shear i s  suddenly removed. A l though t h e  shear 

- 
produces cons ide rab le  a n i  so t ropy  , t h e  components u: o f  t h e  mean-square f 1  uc- 

t u a t i o n  approach e q u a l i t y  upon removal of t h e  shear and remain a c c u r a t e l y  
equal .  The p ressu re - ve loc i t y -g rad ien t  c o r r e l a t i o n s  i n  equa t ion  (70)  a r e  thus  
success fu l  i n  t r a n s f e r r i n g  energy among t h e  va r i ous  d i r e c t i o n a l  components i n  

- - 
such a  way t h a t  e q u a l i t y  o f  t h e  u: i s  produced. We no te  t h a t  u2 con t inues  
t o  i nc rease  f o r  a  s h o r t  t ime  a f t e r  t h e  shear i s  removed, p robab ly  iecause i t  - 7 

2 2  r ece i ves  energy f r om bo th  ul and ug. 

- 
2 I n  a d d i t i o n  t o  e q u a l i t y  o f  t h e  ui, zero c ross  c o r r e l a t i o n s  u  u  ( 1  # j )  

4 j 

a r e  r e q u i r e d  f o r  i s o t r o p y .  F i gu re  24 shows t h a t  u1u2, which i s  nonzero when 

t h e  t u rbu lence  i s  sheared, approaches zero when t h e  shear i s  removed, and 
a l ong  w i t h  t h e  o t h e r  cross c o r r e l a t i o n s ,  remains c l o s e  t o  zero.  The 

d e s t r u c t i o n  o f  u1u2, appa ren t l y  by n o n l i n e a r  randomizat ion e f f e c t s ,  occurs 

over  a  f i n i t e  t ime  r a t h e r  than  i ns tan taneous l y  on removal o f  t h e  shear. 

Another expected e f f e c t  o f  removal o f  t h e  mean shear i s  t h a t  t h e  sma l l -  
s c a l e  s t r u c t u r e  produced by t h e  chopping t e rm  -(dUl/dx2)x2 aui/axl i n  equa- 
t i o n  ( 57 )  should d i e  ou t .  Accord ing t o  f i g u r e  25, t h a t  occurs a lmost  immedi- 
a t e l y  when dUl/dx2 goes t o  zero, e v i d e n t l y  because o f  t h e  l a r g e  f l u c t u a t -  
i n g  shear s t resses  between t h e  sma l l - sca le  eddies.  F i gu re  25 shows, i n  a  
p a r t i c u l a r l y  g raph ic  manner, t h e  e f f e c t i v e n e s s  o f  t h e  mean-gradient chopping 
t e rm  i n  equa t ion  ( 57 )  i n  p roduc ing  sma l l - sca le  t u r b u l e n t  s t r u c t u r e .  

V I .  INHOMOGENEOUS FLUCTUATIONS AND TURBULENCE (DEVELOPING SHEAR LAYER) 

Here, t h e  work i s  extended t o  an i n h e r e n t l y  inhomogeneous deve lop ing  shear 
l a y e r  so t h a t  n e t  d i f f u s i o n ,  as w e l l  as o t h e r  t u rbu lence  processes, can be con- 
s ide red .  Th i s  case i s  genera l  enough t o  i n c l u d e  a l l  o f  t h e  dynamical processes 
t h a t  ordinarily occur i n  incompress ib le  tu rbu lence .  

For  t h e  i n i t i a l  c o n d i t i o n s  we use a  three-d imensional  cos ine  v e l o c i t y  
f l u c t u a t i o n ,  as before,  and a  mean-ve loc i ty  p r o f i l e  w i t h  a  s tep.  Thus, i n  
equa t i on  (38)  we s e t  

where V i s  a  cons tan t  w i t h  t h e  dimensions o f  a  v e l o c i t y .  Equat ion (71 )  i s  
p l o t t e d  a g a i n s t  x2/xo i n  t h e  cu rve  f o r  t = 0  i n  f i g u r e  26, where V*  = 
VXO/V,  and xo i s  aga in  t h e  i n i t i a l  l e n g t h  sca le  o f  t h e  d is tu rbance .  For 
t h e  c o e f f i c i e n t s  g i ven  by equa t ion  (40)  we choose t h e  second s e t  o f  s igns .  

W i t h  t h i s  cho ice  o f  s igns  u  u  does n o t  have t o  change s i g n  as a  r e s u l t  o f  
t h e  dynamics o f  t h e  f l ow ,  asl i? d i d  i n  t h e  l a s t  sec t i on ,  and t h e  i n i t i a l  



adjustment  p e r i o d  i s  e l i m i n a t e d  o r  g r e a t l y  shortened. I f  t h e  l onge r  ad justment  
p e r i o d  remained, much o f  t h e  development o f  t h e  shear l a y e r  would be d i s t o r t e d .  

I n  c a r r y i n g  o u t  t h e  numer ica l  s o l u t i o n  o f  equat ions ( 1 )  and ( 3 )  we use 
boundary c o n d i t i o n s  (44)  and (47 ) ,  where we l e t  

Equat ions ( 1 )  and ( 3 )  a r e  w r i t t e n  i n  terms o f  t h e  t o t a l  v e l o c i t y  ui, b u t  we 
can c a l c u l a t e  t h e  - f l u c t u a t i n g  p a r t  f r om  equa t ion  ( 4 ) ,  which, f o r - t he  p resen t  
case, i s  ui = u  - 6 U1, where U  i s  ob ta ined  by averag ing  u  over  xl 
and x  f o r  f i x e d  va ldes o f  x2. ~ i e  f l u c t u a t i o n s  a r e  inhomogenebus i n  t h e  x2 
d i r e c ? i o n ,  except  a t  t = 0.  

The c a l c u l a t e d  e v o l u t i o n  o f  t h e  dimensionless mean v e l p c i t y  U l *  = 
(xo/v)U1 (U2 and U3 a r e  zero)  i s  p l o t t e d  a g a i n s t  x2/xo = x2 f o r  a  p a r t i c -  
u l a r  va lue  o f  V *  = V X O / V  i n  f i g u r e  26. The r e s u l t s  i n  t h i s  s e c t i o n  may n o t  
be as accu ra te  as those i n  t h e  p rev ious  sec t i ons  because o f  t h e  presence o f  t h e  
d i s c o n t i n u i t y  i n  t h e  i n i t i a l  v e l o c i t y  p r o f i l e ,  b u t  they  should be q u a l i t a t i v e l y  
c o r r e c t .  The shear l a y e r  grows ( f r o m  e s s e n t i a l l y  zero i n i t i a l  t h i c kness )  
because o f  t h e  presence o f  t h e  t u r b u l e n t  and v iscous shear s t r esses .  The r a t i o  
o f  t u r b u l e n t  t o  v iscous shear s t r e s s  (averaged over  x l  and x3 a t  t h e  cen- 
t r a l  p l ane  x2* = r) i s  p l o t t e d  a g a i n s t  d imension less t ime  i n  f i g u r e  27. 
Except a t  e a r l y  t imes t h e  growth o f  t h e  shear l a y e r  i s  a lmost  comp le te ly  
dominated by t h e  t u r b u l e n t  shear s t r e s s .  

F i gu re  28 shows t h e  e v o l u t i o n  o f  t h e  ins tantaneous v e l o c i t y  component 
u2 and o f  t h e  root-mean-square va lue  o f  u2 (averaged over  t h e  c e n t r a l  
p l ane  x2* = n ) .  A l though t h e  i n i t i a l  c o n d i t i o n s  a r e  nonrandom, t h e  evo- 
l u t i o n  o f  u2 has a  random appearance, as i n  t h e  p reced ing  sec t i ons .  

On t h e  o t h e r  hand, evo lves smoothly.  These c h a r a c t e r i s t i c s  a r e  aga in  

r e p r e s e n t a t l v e  o f  a  t u r b u l e n t  f l o w .  The q u a n t i t y  inc reases  monotoni-  . - ,  
c a l l y  a t  smal l  t imes i n  c o n t r a s t  t o  t h e  cor responding curve  i n  s e c t i o n  V ,  
where an i n i t i a l  ad justment  p e r i o d  was p resen t .  As mentioned e a r l i e r ,  t h e  
i n i t i a l  ad justment  p e r i o d  has been e l i m i n a t e d  here  by us i ng  t h e  second s e t  

o f  s igns  i n  equa t i on  (40) ,  so t h a t  u  u  does n o t  have t o  change s i g n  as a  
1 2  

r e s u l t  o f  t h e  dynamics o f  t h e  tu rbu lence .  The decrease i n  near t h e  
end o f  t h e  cu rve  i s  caused by a  decrease i n  mean-ve loc i t y  
o f  t u rbu lence  p roduc t i on ,  a t  l a r g e  t imes ( f i g .  26).  

As j n  t h e  case i n  t h e  p reced ing  sec t i on ,  sma l l - sca le  f l u c t u a t i o n s  a r e  gen- 
e r a t e d  i n  t h e  inhomogeneous t u rbu lence  i n  f i g u r e  28 by t h e  i n t e r a c t i o n  o f  t h e  
mean v e l o c i t y  w i t h  t h e  tu rbu lence .  Th i s  can be seen by comparing f i g u r e  28 
w i t h  f i g u r e s  1  and 13 (a ) ,  where mean-ve loc i ty  g r a d i e n t s  a r e  absent .  One m igh t  
expect  t h i s  s i nce  i t  has been shown ( D e i s s l e r ,  1981b) t h a t ,  even f o r  a  genera l  
inhomogeneous tu rbu lence ,  a  t e rm  i n  t h e  two-po in t  s p e c t r a l  equa t i on  f o r  t h e  
t u rbu lence  can t r a n s f e r  energy between sca les  o f  mot ion  as a  r e s u l t  o f  t h e  
presence o f  mean g rad ien t s .  



A.  Inhomogeneous growth o f  t u r b u l e n t  energy 

A d imension less p l o t  o f  t u r b u l e n t  k i n e t i c  energy as a  f u n c t i o n  o f  x,* 
- - 

L 2 -  and t i m e  i s  g i ven  i n  f i g u r e  29, where ukuk* = (x0/v)  ukuk. As f o r  a l l  o f  t h e  - 
averaged va lues i n  t h i s  sec t ion ,  ukuk/2 i s  averaged over x1 and x3 f o r  
f i x e d  va lues o f  x7. As t ime  increases,  an i n t e n s e  concen t ra t i on  o f  t u rbu -  
l e n t  energy develops near t h e  p lane  x2/x0 = n, where t h e  mean-ve loc i ty  gra-  
d i e n t  i s  i n i t i a l l y  i n f i n i t e .  The t u rbu lence  i s  h i g h l y  inhomogeneous. Inhomo- 
gene i t y ,  i n  f a c t ,  seems t o  be t h e  dominant c h a r a c t e r i s t i c  o f  t h e  t u rbu lence  
generated i n  t h e  shear l a y e r .  The i n d i c a t e d  i nc rease  i n  t u rbu lence  w i t h  t ime  
i s  s i m i l a r  t o  t h a t  ob ta ined  expe r imen ta l l y  ( B r i n i c h ,  e t  a l . ,  1975).  

B. Turbulence processes i n  shear l a y e r  

Terms i n  t h e  one-point  c o r r e l a t i o n  equa t ion  f o r  t h e  r a t e  o f  change o f  t h e  
t u r b u l e n t  k t n e t i c  energy (eq.  (15) ) ,  which, f o r  t h e  p resen t  case, becomes 

a r e  p l o t t e d  f o r  t* = 0.000293 i n  f i g u r e  30. As usua l ,  an a s t e r i s k  on a  
q u a n t i t y  i n d i c a t e s  t h a t  i t  has been nondlmensional ized by us i ng  xo and V .  

4 3  - For i ns tance  (ulu2 dUl/dx2)* = ( x O  / V  ) u1u2 dUl/dx2. The terms t h a t  con t r i b - ,  

u t e  most t o  t h e  r a t e  o f  change o f  ukuk/2 a r e  t h e  p roduc t i on  te rm 

-u u  dUl/dx t h e  p ressure  d i f f u s i o n  t e rm  ( - Z u 2 / a x 2 ) l p  and t h e  k i n e t i c  energy 1 2  2  ' 
2 -  2  d i f f u s i o n  te rm -(1/2)aukuku2/ax2. The v iscous d i f f u s i o n  t e rm  va (ukuk/2) /ax2 

and t h e  d i s s i p a t i o n  t e rm  - ~ a u  /ax auk/ax a r e  smal l  i n  f i g u r e  30. A t  e a r l y  
t imes,  however, when t h e  mean-belot i  ty g r a % i e n t  i s  l a rge ,  t h e  d l  s s i p a t l o n  t e rm  
i s  apprec iab le .  

The p r o d u c t i o n  term, whose fo rm shows t h a t  t u r b u l e n t  energy i s  produced 
by work done on t h e  Reynolds shear s t r e s s  by t h e  mean-ve loc i ty  g rad ien t ,  i s  * l a r g e s t  near t h e  p lane  x 2  = n, where t h e  v e l o c i t y  g r a d i e n t  t s  i n i t f a l l y  
i n f i n i t e .  The p l o t s  o f  t h e  p ressure  and k i n e t i c  energy d i f f u s i o n  terms show 
t h a t  those  terms a r e  nega t i ve  near x2 = n and p o s i t i v e  away f rom t h a t  
p lane.  Thus, they  remove t u r b u l e n t  energy f r om t h e  maximum-energy r e g i o n  and 
d e p o s i t  I t  where t h e  energy i s  lower .  Both d i f f u s i o n  terms t h e r e f o r e  tend  t o  
make t h e  t u rbu lence  more homogeneous. 

A comparison o f  t h e  t u rbu lence  d i f f u s i o n  processes w i t h  t h e  s p e c t r a l  
t r a n s f e r  processes and t h e  d i r e c t i o n a l  t r a n s f e r  processes a r i s i n g  f rom t h e  



pressure-ve loc i ty  c o r r e l a t i o n s  ( sec t i ons  I V  and V) i s  i n s t r u c t i v e .  The spec- 
t r a l  t r a n s f e r  processes remove energy f rom wave-number ( o r  eddy s i ze )  regions,  
where t h e  energy i s  h igh,  and depos i t  i t  i n  regions o f  lower energy. The 
d i r e c t i o n a l  t r a n s f e r  processes remove energy f rom high-energy d i r e c t i o n a l  com- 
ponents and depos i t  i t  i n  a d i r e c t i o n a l  component ( o r  components) where the  
energy i s  lower.  The turbulence d i f f u s i o n  processes, as shown here, remove 
energy f rom regions o f  space where the  energy i s  h igh  and depos i t  i t  i n  regions 
o f  lower energy. The spec t ra l  t r a n s f e r ,  d i r e c t i o n a l  t r a n s f e r ,  and turbulence 
d i f f u s i o n  processes tend, respec t i ve l y ,  t o  make the  turbulence more un i fo rm i n  
wave-number space and more i s o t r o p i c  and homogeneous i n  phys ica l  space. 

Although one might  suppose t h a t  tu rbu lence d i f f u s i o n  terms would always 
tend t o  make t h e  turbulence more homogeneous, t h a t  suppos i t ion  i s  no t  supported 
by a l l  o f  t he  experimental  data. For instance,  measurements o f  wall-bounded 
tu rbu lence (Laufer ,  1954) i n d i c a t e  t h a t  t h e  pressure d i f f u s i o n  and t h e  k i n e t i c  
energy d i f f u s i o n  terms t r a n s f e r  energy i n  opposi te  d i r e c t i o n s ,  a l though t h e  
t o t a l  d i f f u s i o n  i s  f rom regions o f  h igh  t o  regions o f  lower energy. On t h e  
o the r  hand, measurements o f  turbulence i n  a f r e e  j e t  (Wygnanski and F ied le r ,  
1969) and i n  a wake (Townsend, 1949), which a re  c lose r  t o  t h e  case considered 
here, seem t o  support  t he  present  f i nd ings .  

V I I .  A STEADY-STATE HOMOGENEOUS TURBULENCE WITH A SPATIALLY P E R I O D I C  
BODY FORCE 

I n  a l l  o f  t he  cases considered so f a r  t he  turbulence e i t h e r  u l t i m a t e l y  
d ied  ou t  o r  increased i n  i n t e n s i t y  w i t h  t ime. However, t he re  a re  many impor- 
t a n t  cases i n  which the  turbulence, a f t e r  some t ime, reaches a s t a t i s t i c a l l y  
steady s t a t e  (e.g., f l o w  i n  a p ipe  f a r  f rom t h e  entrance).  Moreover, a  d iscus-  
s i on  o f  s t range a t t r a c t o r s  (e.g., Eckmann, 1981, and O t t ,  1981) should, 
s t r i c t l y  speaking, be based on a steady-state turbulence; a strange a t t r a c t o r  
i s ,  roughly ,  t h e  reg ion  o f  phase space jnhab j ted  by t h e  phase p o i n t  o f  a  system 
a f t e r  t h e  i n i t i a l  t r a n s i e n t s  ha've d ied  out,  where t h e  phase p o i n t  moves i n  an 
apparent ly  chaot ic  fashion.  For t he  decaying turbulence of sec t i on  I V  t h e  
a t t r a c t o r  would then be on ly  a p o i n t  i n  phase space. O f  course, we could s t i l l  
t a l k  about analogous strange behavior,  even i n  an unsteady-state case, as we 
d i d  i n  sec t i on  I V - D .  

One way o f  o b t a i n i n g  a s t a t i s t i c a l l y  s teady-state turbulence i s  by adding 
a s p a t i a l l y  p e r i o d i c  body-force term ( f o r c i n g  term) F i  t o  t he  r i g h t  s i de  
o f  equat ion (41 ) .  A convenient term f o r  t h a t  purpose i s  

where t h e  subsc r i p t  0  s i g n i f i e s  i n i t i a l  values, t he  are  g iven by 
equat ions (38)  and (40) w i t h  Ui = 0  and by equatioA (3 ) .  and c i s  a 

constant .  The f i r s t  se t  o f  s igns i s  used i n  equat ion (40) .  Equat ion (74),  
which i s  t ime  independent, i s  used f o r  F i  a t  a l l  t imes. For c = 1, t h e  
t h e  q u a n t i t i e s  and p, as ca l cu la ted  f rom equat ion (1 )  ( w i t h  F i  added 

t o  t h e  r i g h t  s ide)  and equat ion ( 3 ) .  do n o t  change from t h e i r  i n i t i a l  equat ion 
( 3 ) ,  do no t  change from t h e i r  i n i t i a l  values. To i n t roduce  some i n i t i a l  t ime 



dependence, we s e t  c  = 1.05. The boundary c o n d i t i o n s  a r e  taken t o  be 
p e r i o d i c ,  as i n  s e c t i o n  I V .  

Ca l cu l a ted  r e s u l t s  f o r 2 t h i s  case a r e  p l o t t e d  i n  f i g u r e s  31 and 32, where 
t* i s  aga in  equal  t o  (V /XO ) t  and xo i s  t h e  i n i t i a l  l e n g t h  sca le .  

.-" 
F i g u r e  31 shows t h e  t ime  e v o l u t i o n  o f  ul and a t  a  p o i n t  away f r om 

t h e  cen te r  o f  t h e  numer ica l  g r i d ,  where as be fo re ,  overbars  i n d i c a t e  space 

averages. The va lues a r e  normal ized by d i v i d i n g  them by , t h e  i n i t i a l  
- 1 2  - 1 2  

valueof(;;) =  =(?)"' . Since we a r e  i n t e r e s t e d  i n  s t eady -s ta te  
solutions a l ong  t $ i t  i s  nacessary, t o  o b t a i n  reasonably  accura te  r esu l t s , .  
t o  use a  lower  Reynolds number than  i n  t h e  p reced ing  cases, where sho r t e r - t ime  
t r a n s i e n t  f l ows  were consfdered. 

F i gu re  30 shows t h a t ,  f o r  0  < t* < 0.17, t h e  f l o w  i s  e s s e n t i a l l y  laminar  
w i t h  sma l l  f l u c t u a t i o n s  o f  ul. Then f o r  0.17 < t* < 0.18 t h e r e  i s  a  r a t h e r  

sharp t r a n s i t i o n  f rom 1aminar . to  t u r b u l e n t  f l ow ,  as ( increases.  For 

t* > 0.18 t h e  t u rbu lence  i s  s t a t i s t i c a l l y  s teady s t a t e ,  as i n d i c a t e d  by t h e  

n e a r l y  cons tan t  va lue  o f  . Curves f o r  c2 and i3 a r e  s i m i l a r  t o  

those  f o r  i,, i n c l u d i n g  t h e  same l o c a t i o n  o f  t h e  t r a n s i t i o n  r e g i o n  and n e a r l y  
I 

t h e  same va lues f o r  

A f t e r  t h e  t r a n s i t i o n  r e g i o n  (t* > 0.18) t h e  f l o w  appears t o  l i e  on a  
s t r ange  a t t r a c t o r ,  s i nce  It has t h e  f o l l o w i n g  c h a r a c t e r i s t i c s : 1 4  f i r s t ,  a  
volume i n  t h e  phase space o f  our  system decreases w i t h  t ime ,  s i nce  t h e  Nav ie r -  
Stokes equat ions desc r i be  a  d i s s i p a t i v e  system and phase-volume shr inkage can 
be shown t o  occur  f o r  t h e  Navier-Stokes equat ions.14 Th is  i m p l i e s  t h a t  an 
a t t r a c t o r  e x i s t s  f o r  our  system. Second, t h e  c h a o t i c  appearance o f  t h e  ve loc-  
i t y  components ( f i g s .  31 and 32) I n d i c a t e s  t h a t  t h e  a t t r a c t o r  i s  s t range.  
F i n a l l y ,  t h e  f a c t  t h a t  t r a n s i e n t s  have d i e d  o u t  f o r  t* > 0.18, l e a v i n g  a  s t a -  
t i s t i c a l l y  steady s t a t e  ( f i g .  31), i n d i c a t e s  t h a t  beyond t h e  t r a n s i t i o n  r e g i o n  
t h e  phase p o i n t  i s  on t h e  s t range  a t t r a c t o r .  

N N 

F i g u r e  32 shows t h e  p r o j e c t i o n  on t h e  u  -u p lane  ( a t  t h e  cen te r  o f  t h e  3  numer ica l  g r i d )  o f  t h e  t r a j e c t o r y  o f  t h e  phasg p o i n t  as i t  moves on t h e  s t range  
a t t r a c t o r .  As i n  f i g u r e  6 t h e  t r a j e c t o r y  c o n s i s t s  o f  loops and cusps w i t h  f r e -  
quent changes i n  t h e  s i g n  o f  t h e  cu rva tu re ,  b u t  u n l i k e  f i g u r e  6 t h e  t r a j e c t o r y  
does no t ,  o f  course, tend  toward a p o i n t .  The cusps migh t  be cons idered as 
loops  w i t h  ve ry  smal l  o r  zero r a d i i .  Also,  as i n  f i g u r e  6, randomizat ion i s  
ve r y  l i k e l y  assoc ia ted  w i t h  t h e  l a r g e  number o f  harmonics (eddy s i z e s )  p resen t ,  
as w e l l  as w i t h  t h e  s t range  a t t r a c t o r  o r  s t range  behav io r .  

1 4 ~ h e s e  c h a r a c t e r i s t i c s ,  as w e l l  as t h e  p o s s i b i l i t y  o f  o b t a i n i n g  a  
s teady-s ta te  t u rbu lence  w i t h  p e r i o d i c  boundary c o n d i t i o n s  by s l i g h t l y  mod i f y i ng  
t h e  e x i s t i n g  program, were po in ted  ou t  t o  t h e  au tho r  by R.J. De i ss l e r .  



V I I I .  CONCLUSIONS 

From t h e  p resen t  r ev i ew  i t  i s  concluded t h a t  t h e  n o n l i n e a r  and l i n e a r  
processes i n  t u rbu lence  can be p r o f i t a b l y  s t ud ied  numer i ca l l y .  The r e s u l t s  
show t h a t ,  a t  l e a s t  a t  h i ghe r  Reynolds numbers, an appa ren t l y  random tu rbu lence  
can develop f r om nonrandom i n i t i a l  c o n d i t i o n s .  The n u m e r i c a l l y  c a l c u l a t e d  
t u r b u l e n c e  i s  n o t  numer ica l  hash, s i n c e  a l a r g e  number o f  t i m e  s teps correspond 
t o  each f l u c t u a t i o n .  For b o t h  sheared and unsheared f l u c t u a t i o n s  t h e  s t r u c t u r e  
o f  t h e  Navier-Stokes equat ions i s  such t h a t  t u rbu lence  can develop even when 
t h e / i n i t i a l  f l o w  i s  non tu rbu len t .  Th i s  i s  i n d i c a t e d  by t h e  appearance o f  t h e  
ins tan taneous  v e l o c i t y  f l u c t u a t i o n s  and by t h e  s e n s i t i v i t y  o f  those  f l u c t u a -  
t i o n s  (and t h e  i n s e n s i t i v i t y  o f  average va lues)  t o  smal l  p e r t u r b a t i o n s  i n  t h e  
ins tan taneous  i n i t i a l  c o n d i t i o n s .  The randomness appears t o  i nc rease  as t h e  
numer ica l  mesh s i z e  decreases. Moreover, t h e  two-t ime v e l o c i t y  c o r r e l a t i o n  
becomes smal l  as t h e  t ime  between t h e  occurrence o f  t h e  two v e l o c i t i e s  
i nc reases .  I n  a d d i t i o n ,  f o r  no mean shear t h e  c o r r e l a t i o n  between any two com- 
ponents o f  t h e  v e l o c i t y  becomes smal l  as t h e  t ime  inc reases ,  as a  r e s u l t  o f  t h e  
randomiza t ion .  Th i s  c o r r e l a t i o n  i s  n o t  smal l  i n i t i a l l y ,  even though t h e  t h r e e  
components o f  t h e  mean-square v e l o c i t y  f l u c t u a t i o n  a r e  equal  a t  e a r l y  as w e l l  
as a t  l a t e  t imes f o r  t h e  i n i t i a l  c o n d i t i o n s  chosen. Also,  c a l c u l a t e d  v e l o c i t y -  
d e r i v a t i v e  skewness f a c t o r s  f o r  no mean shear appear t o  be o f  reasonable  mag- 
n i t u d e  when compared w i t h  those f o r  i s o t r o p i c  tu rbu lence .  Thus, except  i n  t h e  
i n i t i a l  p e r i o d  t h e  r e s u l t s  f o r  no mean shear e v i d e n t l y  g i v e  a  reasonably  good 
approx imat ion  t o  i s o t r o p i c  tu rbu lence .  

The source o f  t h e  observed randomness may l i e  i n  t h e  presence o f  s t range  
a t t r a c t o r s  o r ,  more p r o p e r l y ,  o f  analogous s t range  behav io r  (Monin, 1978) i n  
t h e  phase space of t h e  system, as w e l l  as i n  t h e  occurrence o f  a  l a r g e  number 
o f  edd ies o r  harmonic components ( l a r g e  number o f  degrees o f  freedom). I t  
appears t h a t  no conc lus ions  can be drawn as t o  t h e  r e l a t i v e  impor tance o f  t h e  
two processes, b u t  bo th  p robab ly  occur .  ( A  s t range  a t t r a c t o r  i s  a  r e g i o n  i n  
t h e  phase space o f  t h e  system t o  which s o l u t i o n s  a r e  a t t r a c t e d  and i n  which t h e  
phase p o i n t  moves i n  an appa ren t l y  c h a o t i c  fash ion .  I t  can occur even w i t h  a  
smal l  number o f  degrees o f  freedom.) Roundoff e r r o r s  appear n o t  t o  be a sus- 
t a i n i n g  cause o f  t h e  randomness; a  l a r g e  decrease i n  r oundo f f  e r r o r s  d i d  n o t  
a p p r e c i a b l y  a f f e c t  t h e  t u rbu lence  l e v e l  o r  t h e  randomness o f  t h e  f l u c t u a t i o n s ,  
a l t hough  t h e  ins tan taneous  va lues were d i f f e r e n t .  Thus, t h e  a f f e c t  o f  a  l a r g e  
decrease i n  r oundo f f  e r r o r s  i s  s i m i l a r  t o  t h a t  o f  a  smal l  p e r t u r b a t i o n  o f  t h e  
i n i t i a l  c o n d i t i o n s .  Roundoff e r r o r s  may i n  some cases a f f e c t  t h e  t r a n s i t i o n  
t o  t u rbu lence .  The p resen t  t u r b u l e n t  s o l u t i o n s  bear some s i m i l a r i t y  t o  those  
f o r  low-order  models i n  t h a t  bo th  have t r a j e c t o r i e s  i n  phase space t h a t  c o n s i s t  
o f  l oops  and cusps, w i t h  f r equen t  changes i n  t h e  s i g n  o f  t h e  c u r v a t u r e  o f  t h e  
t r a j e c t o r y  ( f i g .  6 ) .  Moreover, w i t h  t h e  r e s u l t s  f r om  t h e  low-order models i n  
which apparent  randomness appears w i t h  as few as t h r e e  degrees o f  f reedom 
(e.g., i n  t h e  Lorenz equa t ions ) ,  t h e  t u rbu lence  observed t o  be manufactured by, 
t h e  Navier-Stokes equat ions should perhaps n o t  come as a s u r p r i s e .  

A t  e a r l y  t imes  t h e  c a l c u l a t e d  n o n l i n e a r  t r a n s f e r  o f  energy f r om b i g  eddies 
t o  sma l l . ones  i s  a lmost  comp le te ly  dominant and causes a sharp decrease i n  t h e  
s i z e  o f  t h e  m ic rosca le .  Th i s  has n o t  been g e n e r a l l y  observed e x p e r i m e n t a l l y  
o r  a n a l y t i c a l l y  because t h e  p e r i o d  u s u a l l y  s t ud ied  i s  f o r  l a t e r  t imes,  where 
t h e  a n n i h i l a t i o n  o f  smal l  eddies by v i scous  a c t i o n  causes t h e  sca le  t o  grow, 
even though energy i s  be ing  t r a n s f e r r e d  t o  sma l l e r  eddies.  Th i s  l a t e r  p e r i o d  
o f  s c a l e  growth i s  a l s o  observed i n  t h e  p resen t  r e s u l t s .  



The n o n l i n e a r  terms i n  t h e  equat ions o f  mot ion,  besides t r a n s f e r r i n g  
energy among eddy s i zes  and p roduc ing  randomizat ion,  a r e  ve ry  e f f e c t i v e  vo r -  
t i c i t y  genera to rs  and inc rease  t h e  d i s s i p a t i o n  and t h e  r a t e  o f  decay. The 
inc reased  r a t e  o f  decay i s  a  r e s u l t  o f  t h e  n o n l i n e a r  t r a n s f e r  o f  energy t o  
sma l l e r  eddies;  t h e  smal l  eddies decay f a s t e r  than  t h e  b i g  ones because o f  t h e  
h i ghe r  shear s t resses  between t h e  smal l  edd ies.  C a l c u l a t i o n  o f  (averaged) 
terms f r om unaveraged equat ions o f  mot ion  shows, as m igh t  be expected, t h a t  t h e  
f l o w  i s  dominated by non l i nea r  i n e r t i a l  e f f e c t s  a t  e a r l y  t imes and by v iscous 
e f f e c t s  a t  l a t e r  t imes ( f i g .  12 ) .  The n o n l i n e a r  e f f e c t s  a r e  assoc ia ted  w i t h  
bo th  v e l o c i t y  and p ressure  terms i n  t h e  unaveraged equat ions o f  mot ion,  even 
f o r  i s o t r o p i c  t u rbu lence .  S ince t h e  one- and two -po in t  averaged o r  c o r r e l a t i o n  
equa t ions  f o r  i s o t r o p i c  tu rbu lence  do n o t  c o n t a i n  p ressure  terms, t h e  e f f e c t s  
o f  p ressure  observed f o r  t h e  unaveraged equat ions must be con ta ined  i n  h i ghe r  
o rde r  averaged equa t ions .  The i n f i n i t e  h i e r a r c h y  o f  averaged equat ions should 
c o n t a i n  a l l  e f f e c t s ,  as do t h e  unaveraged equat ions.  The o n l y  p h y s i c a l  p roc -  
esses assoc ia ted  w i t h  p ressure  ( t h a t  we know abou t )  a r e  i n t e r d i r e c t i o n a l  
t r a n s f e r  and s p a t i a l  d i f f u s i o n  o f  t u rbu lence  (eq.  ( 14 ) ) .  I t  thus seems rea-  
sonable t o  a t t r i b u t e  t h e  observed p ressure  e f f e c t s  i n  t h e  unaveraged equat ions 
t o  those processes. Even though t h e r e  i s  no n e t  i n t e r d i r e c t i o n a l  t r a n s f e r  o r  
s p a t i a l  d i f f u s i o n  i n  i s o t r o p i c  tu rbu lence ,  those  processes can s t i l l  be l o c a l l y  
ope ra t i ve .  

The processes o c c u r r i n g  i n  i s o t r o p i c  t u rbu lence  thus i n c l u d e  t h e  f o l l o w -  
i ng :  n o n l i n e a r  randomizat ion,  n o n l i n e a r  s p e c t r a l  t r a n s f e r  (ma in l y  t o  sma l l e r  
sca les  o f  mot ion ) ,  zero n e t  ( b u t  n o t  zero) s p a t i a l  d i f f u s i o n  and t r a n s f e r  o f  
t u rbu lence  among d i r e c t i o n a l  components, gene ra t i on  o f  v o r t i c i t y  o r  s w i r l ,  and 
v iscous  d i s s i p a t i o n .  

I f  a  u n i f o r m  shear i s  p resen t  i n  t h e  f l ow ,  we have, i n  a d d i t i o n  t o  these  
processes, p r o d u c t i o n  o f  t u rbu lence  by t h e  mean-ve loc i ty  g rad ien t ,  n e t  t r a n s f e r  
o f  t u rbu lence  among d i r e c t i o n a l  components by p ressure  fo rces ,  and l i n e a r  
s p e c t r a l  t r a n s f e r  among sca les o f  mot ion  by t h e  mean g r a d i e n t .  The l a s t  o f  
these  processes r e s u l t s  i n  t h e  p r o d u c t i o n  o f  sma l l - sca le  f l u c t u a t i o n s  i n  t h e  
f l o w .  Th i s  can be a t t r i b u t e d  t o  a  mean-gradient t r a n s f e r  te rm i n  t h e  s p e c t r a l  
equa t i on  f o r  t h e  v e l o c i t y  f l u c t u a t i o n s  (eq. ( 2 6 ) ) .  A l though we f i r s t  d iscussed 
t h a t  t e rm  over  two decades ago, t h e  r ecen t  numer ica l  r e s u l t s  cons idered h e r e i n  
g i v e  t h e  f i r s t  g raph ic  demonst ra t ion o f  t h e  e f f e c t i v e n e s s  o f  t h a t  t e rm  i n  gen- 
e r a t i n g  a  sma l l - sca le  s t r u c t u r e  i n  t h e  t u rbu lence .  However, t h e  sma l l - sca le  
f l u c t u a t i o n s  produced by t h a t  t e rm  a lone  ( l i n e a r  s o l u t i o n )  a r e  e s s e n t i a l l y  
nonrandom. E v i d e n t l y ,  t h e  o n l y  way we can have a  t u r b u l e n t  l i n e a r  s o l u t i o n ,  
e i t h e r  w i t h  o r  w i t h o u t  mean g rad ien t s ,  i s  t o  p u t  t h e  t u rbu lence  i n  t h e  i n i t i a l  
c o n d i t i o n s .  To produce t h e  sma l l - sca le  t u rbu lence  f rom nonrandom i n i t i a l  con- 
d i t i o n s  observed h e r e i n  f o r  shear f l ow ,  t h e  presence o f  bo th  t h e  l i n e a r  mean- 
g r a d i e n t  t r a n s f e r  t e rm  and t h e  n o n l i n e a r  terms i n  t h e  equat ions i s  necessary. 
The former  term, o r  i t s  e q u i v a l e n t  i n  t h e  unaveraged equa t ion  (57), a c t s  l i k e  
a  chopper t h a t  chops t h e  f l o w  i n t o  sma l l - sca le  components. The l a t t e r  terms, 
w h i l e  they  a l s o  produce sma l l - sca le  components, a c t  most v i s i b l y  here  as 
randomlzers.  

I n  a l l  o f  t h e  uni form-shear cases c a l c u l a t e d  w i t h  cons tan t  p e r i o d i c  bound- 
a r y  c o n d i t i o n s ,  i n c l u d i n g  bo th  l i n e a r  and n o n l i n e a r  f l ows ,  t h e  pressure-  
v e l o c i t y - g r a d i e n t  c o r r e l a t i o n s  a r e  success fu l  i n  d i s t r i b u t i n g  energy among t h e  
d i r e c t i o n a l  components, so t h a t  t h e  t u rbu lence  o r  t h e  f l u c t u a t i o n s  a r e  maln- 
t a i n e d .  Th i s  i s  i n  s p i t e  o f  t h e  presence o f  a  p roduc t i on  te rm i n  t h e  equa t ion  
f o r  o n l y  one o f  t h e  components. Both t h e  l i n e a r  mean-gradient t r a n s f e r  t e rm  



and t h e  non l i nea r  terms mentioned i n  t he  preceding paragraph have a  s t a b i l i z i n g  
e f f e c t .  That i s ,  they cause the  f l u c t u a t i o n s  t o  inc rease  a t  a  slower r a t e .  
The reason i s  t h a t  bo th  terms t r a n s f e r  energy t o  smal l  eddies, where i t  i s  
d i s s i p a t e d  more e a s i l y .  I t  i s  shown t h a t ,  a t  l e a s t  f o r  t he  l i n e a r i z e d  s o l u t i o n  
w i t h  constant  p e r i o d i c  boundary cond i t ions ,  a  mean-gradient source t e rm  i n  t he  
Poisson equat ion f o r  t he  pressure i s  necessary f o r  ma in ta in i ng  t he  f l u c t u a t i o n s  
aga ins t  t he  d i s s i p a t i o n .  That term should p l a y  a  s i m i l a r  impor tan t  r o l e  i n  t he  
maintenance o f  non l i nea r  turbulence,  a l though i n  t h a t  case i t  i s  hard t o  sepa- 
r a t e  t he  l i n e a r  e f f e c t s  f rom the  non l i nea r  ones. For t he  l i n e a r i z e d  unbounded 
s o l u t i o n  (ob ta ined  by us ing  unbounded Fou r i e r  t ransforms)  t h e  f l u c t u a t i o n s  
decay, as expected f rom e a r l i e r  r e s u l t s .  

When the  mean-veloci ty g rad ien t  i s  suddenly removed, t h e  t u r b u l e n t  shear 
s t ress  goes t o  zero i n  a  f i n i t e  t ime, and the  ve loc i ty -p ressure-grad ien t  cor-  
r e l a t i o n s  cause the  tu rbu lence  t o  a t t a i n  t he  i s o t r o p i c  s ta te .  The i n t e n s i t i e s  
o f  t h e  d i r e c t i o n a l  components become and remain equal.  I n  a d d i t i o n ,  t h e  smal l -  
sca le  s t r u c t u r e  produced by t h e  mean-gradient t r a n s f e r  term q u i c k l y  vanishes 
( f i g .  25).  F igu re  25 shows, i n  a  p a r t i c u l a r l y  graphic  manner, t h e  e f f e c t i v e -  
ness o f  t h e  mean-gradient chopping term i n  equat ion (57) i n  producing smal l -  
sca le  t u r b u l e n t  s t r u c t u r e .  

For a  developing shear l a y e r  the  tu rbu lence  i s  inhomogeneous and, i n  
a d d i t i o n  t o  t h e  processes considered so f a r ,  a  n e t  s p a t i a l  d i f f u s i o n  o f  tu rbu-  
lence occurs.  The th ickness o f  t he  shear l aye r ,  which i s  i n i t i a l l y  zero, 
increases w i t h  t ime because o f  t h e  presence o f  t u r b u l e n t  and v iscous shear 
s t resses.  Except a t  very e a r l y  t imes the  growth o f  t h e  shear l a y e r  i s  almost 
complete ly  dominated by t h e  t u r b u l e n t  shear s t ress .  As t ime increases,  an 
i n tense  concent ra t ion  o f  t u r b u l e n t  energy develops near t he  p lane where t he  
mean-veloci ty g rad ien t  i s  i n i t i a l l y  i n f i n i t e .  The tu rbu lence  i s  h i g h l y  inhomo- 
geneous. The ca l cu la ted  tu rbu lence  p roduc t i on  i s  always p o s i t i v e ,  and i s  
l a r g e s t  near t he  p lane where t he  v e l o c i t y  g rad ien t  i s  i n i t i a l l y  i n f i n i t e .  The 
pressure and the  k i n e t i c  energy d i f f u s i o n  a re  negat ive  near t h a t  p lane  and 
p o s i t i v e  away f rom i t .  Thus, they remove t u r b u l e n t  energy f rom the  high-energy 
reg ion  and depos i t  i t  where t he  energy i s  lower.  Both d i f f u s i o n  processes 
t h e r e f o r e  tend t o  make t h e  tu rbu lence  more homogeneous. 

A comparison o f  the  var ious  t r a n s f e r  and d i f f u s i o n  processes o c c u r r i n g  i n  
tu rbu lence  i s  o f  i n t e r e s t .  The spec t ra l  t r a n s f e r  processes remove energy f rom 
wave-number ( o r  eddy s i z e )  reg ions where t he  energy i s  h i g h  and depos i t  i t  i n  
reg ions  o f  lower energy. The d i r e c t i o n a l  t r a n s f e r  processes remove energy f rom 
high-energy d i r e c t i o n a l  components and depos i t  i t  i n  a  d i r e c t i o n a l  component 
( o r  components) where t he  energy i s  lower.  The tu rbu lence  d i f f u s i o n  processes 
remove energy f rom regions o f  space where the  energy i s  h i g h  and depos i t  i t  i n  
reg ions o f  lower energy. The spec t ra l  t r a n s f e r ,  d i  r e c t i o n a l  t r a n s f e r ,  and 
tu rbu lence  d i f f u s i o n  processes tend, r espec t i ve l y ,  t o  make t h e  tu rbu lence  more 
un i f o rm  i n  wave-number space and more i s o t r o p i c  and homogeneous i n  phys i ca l  
space. 

By adding a  s p a t i a l l y  p e r i o d i c  body-force term t o  t h e  Navier-Stokes equa- 
t i o n s ,  a  s o l u t i o n  i s  obta ined i n  which t h e  f l o w  f i r s t  passes through laminar  
and t r ans i t i on - - t o - t u rbu lence  stages. The tu rbu lence  then q u i c k l y  s e t t l e s  down 
t o  a  s t a t i s t i c a l l y  steady s ta te .  I n  t h i s  l a s t  stage the  f l o w  appears t o  have 
c h a r a c t e r i s t i c s  corresponding t o  those o f  a  s t range a t t r a c t o r .  
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Ini t ial  conditions use eq. (40) with 
first set of signs ------ Init ial  conditions perturbed 0.1 
percent 

(a) xp = x$ = 91/8, 3 = 31/8, for unaveraged fluctuations. 

(b) xr = X* = X* = I, for unaveraged fluctuations. 2 3 

Figure 1. - Calculated evolution of turbulent velocity fluctuations (normalized by initial condition) 

for a high Reynolds nwnber /v = 2217. No mean shear; root-mean-square fluctuations 

spatially averaged; 323 grid points. 
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Figure 2. - Effect o f  numerical mesh size on calculated evolution of velocity fluctuations. No mean 

xo/v = 2217; xi* = r (at  grid center). 
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(a) t o  = 0. 
(b) t o  = 0.00813. 

Figure 3. - Calculated correlation coefficient for velocities a t  dimensionless times t; and t; 

3 
plotted against t* - t*. No mean shear; /v = 2217; 32 gr id points. 

Figure 4. - Calculated correlation coefficient for two velocity components plotted against dimension- 

less time. No mean shear; xo/u = 2217; 323 gr id points. 



Figure 5.  - Calculated evolution of  veloci ty-derivative skewness factor. No mean shear; 

3 (qr2 x 0 /u = 2211; 32 grid points. 

Figure 6. - Calculated trajectory of  phase point projected on u -u plane x* = x* = 9fl/8, 
1 2  1 2  

x* = 3fl/8, and 0.00236 < t* < 0.0108. Arrows indicate direction of  time. No mean shear; 
3 
3 

32 gr id points. 
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Figure 7. - Ef fect  o f  numerical mesh size on evolution o f  u a t  low and moderate Reynolds numbers. - -  - - 
2 2  2 2 

NO mean shear. u = u 
1 = U 2  = U 3 '  

Figure 8. - Calculated evolution o f  mean-square-veloci t y  fluctuations (normal i zed by i n i t i a l  value) 

2 2  2 2 
for various i n i t i a l  Reynolds numbers. No mean shear; u = u 

1 = U2 
= u3 ; extrapolated t o  mesh 

size. 



Figure 9.. - Calculated evolution o f  microscale o f  velocity fluctuations (normal ized by i n i t i a l  
value) f o r  various i n i t i a l  Reynolds numbers. No mean shear; extrapolated t o  zero mesh size. 

- 
2 

Figure 10. - Calculated development of mean-square-vortici t y  f luctuations w or  dissipation c 
(normal i zed by i n i t i a l  value) f o r  various i n i t i a l  Reynolds numbers. No mean shear; extrapolated 
t o  zero mesh s i  fe. 



Figure 11. - Calculated evolution of mean-square pressure f luctuat ion (normal ized by i n i t i a l  value) 
f o r  various i n i t i a l  Reynolds numbers. No mean shear. Extrapolated t o  zero mesh size. 

Figure 12. - Three measures o f  re la t i ve  irrportance o f  i n e r t i a l  and viscous ef fects p lo t ted  against 
- 1/2 

dimensionless time. No mean shear; u2 x /v = 69.3; i = 1, 2, o r  3; extrapolated t o  zero mesh 
si  ze . 0 0 



Initial conditions use eq. (40) 
with first set of signs ----- Initial conditions perturbed 
0.1 percent 

C U O  

(a) (dUl/dx2)* = 0. 

(b) (dUl/dxp)* = 4434. 

Figure 13. - Effect of uniform shear on calculated evolution of nonlinear turbulent velocity 

fluctuations (normalized by initial value) for a high Reynolds number [(?)'I2 xo/v = 1108 . 
3 Rootmean-square fluctuations are spatially averaged; 32 grid points; x* = x* = 9v/8, 

x* = 3n/8 for unaveraged fluctuations. 
1 2  

3 

I 



8 
Constant periodic boundary conditions 
Unbounded I eqs. (60) and (6211 

Figure 14. - Calculated evolution o f  1 inearized velocity fluctuations (normal ized by i n i t i a l  value). 

3 
/V = 1108; xi* = * = 91r18; 3* = 31r/8; 32 g r i d  points. "2 

- 5: -3 
0 . 4  .8 1.2 1.6 27r 

x; ' x2/x0 cr plot ted against x$ f o r  unbounded Figure 15. - Linearized analyt ical solution fo r  u / u 

(2) '12 
(eq. (60)) . x* = 91r/8; $ = 31r/8; (dy /d3 )* = 4434; 8 /v  = 1 108. 

1 



Figure 16. - Nonlinear solution for u plotted against x;. x; = 9r/8; 9 = 3n/8; 

(7)'" (du /dx )* = 4434; uo x /v = 1108; 3 2  grid points. 
1 2  0 

Figure 17. Nonlinear solution for u plotted against x;. x$ = 9n/8; % = 3n/8; 

3 
(dUl/dx2)* = 4434; x /v  = 1108; 32 grid points. 

0 



Figure 18. - Calculated cross-correlation coefficients (i # j) plotted against dimensionless time. - 
-1 /2 

(dUl/dx2)* = 4434; u2 xo/v = 1108; 3z3 grid points. 
0 

Figure 19. - Calculated evolution of mean-square velocity components 
3 

(7j12xo/v = 1108; 32 grid points. 
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Figure 20. Effect of numerical mesh size on evolution of u2 . (dUl/dx2)* = 4434; 

(q'/2xo/v = 1108. 
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I Linearized 
-2 r I solution, 

unbounded, \ 

i = 2 (eq. (60)) y,i= 1 

Figure 21. - Calculated evolution of pressure-veloci ty-gradient correlations 
3 (~)I/2XO/v = 1108; 32 grid points. 
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Figure 22. - Evolution of  u2 

for various 1 inear and nonlinear solutions. (dUl/dx2)* = 4434; 

(2)'/2xo/v = 1108. 

Figure 23. - Calculated approach to  isotropy o f  uniformly sheared turbulence upon sudden removal 
- 

3 
the shear. (u$3'2x0/v = 1108; 32 grid points. 



Figure 24. - Calculated evolution of cross-correlation coefficients upon sudden removal of uniform 

3 
shear. @)I'2xo/v = 1 lOf3; 32 grid points. 

Figure 25. - Effect of removal of uniform shear on structure of turbulence. @r2 x /n = 1108; 
3 0 

32 grid points. 

Figure 26. - Calculated development of shear layer mean-veloci ty profile with dimensionless time. 
3 

(~1/2x0/v = 554; V* = 2216 in eq. (11); 32 grid points. 



Figure 27. - Calculated time variat ion o f  r a t i o  o f  turbulent-to-vi scous shear stress fo r  developing 

shear layer a t  x2 = IT. G)1/2*g/v = 554; V* = 2216 i n  eq. (71); 323 g r i d  points. 
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Figure 28. - Calculated evolution o f  turbulent velocity f luctuations (normal i zed by i n i t i a l  value) 
f o r  developing shear layer. Unaveraged fluctuations are calculated a t  center o f  numerical g r i d  
(xp = IT) . Rootmean-square f luctuations are averaged over 

x* 1 
and x* 3 a t  central plane 

* 
x2'. IT. G)'/2a/v = 554; V* = 2216 i n  eq. (71); 323 g r i d  p i in ts .  - 



Figure 29. - Development of dimensionless kinetic energy profile with dimensionless time for develop- 
- 1/2 

ing shear layer. (u:) xolv = 554; V* = 2216 in eq. (71) ; 323 grid points. 

Figure 30. - Plot of terms in one-point correlation equation for kinetic energy (eq. (73)) for devel- 

oping shear layer. x d v  = 554; V* = 2216 in eq. (71) ; t* = 0.000293; 323 grid points. 
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- Steady-state turbulence - 
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Figure 31. - Calculated evolution o f  turbulent velocity fluctuations (normalized by i n i t i a l  condi- 

t ion) with a spat ia l ly  periodic body force. ( ~ ) l / 2 x o / v  = 138.6; xi* = = 9r/8; 3 = 3n/8 fo r  

unaveraged f 1 uctuat ions. Rootmean-square f 1 uctuat ions spatial  1 y averaged; 323 g r i d  poi nts. 

Figure 32. - Calculated trajectory o f  phase point projected on u -u plane a t  numerical g r i d  
2 3 

center with a spat ia l ly  periodic body force. 0.26 < t* < 0.32; (t)1/2 x /V = 138.6; 323 g r i d  
points. Arrows indicate direct ion o f  time. 0 




