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Integrat iransform tectiwques such 23 the Lapiace transform. provide smple and drect
metncas for solving viscoeiasus problems Tormuiated witnin & context of lnear materiai responce
&nd using Lrear measures tor defermation Apnhcation of rhe transtorm coeratcr reduces the

goverung Limear ntegre-difterental ecustens to e ser of algebraic relatons belween the
transtorms of the UnrRnowi Tuncuong  the viscoelastc opsarators, and the mutia! and boundary

conaiens  inversior ether aracty or through the use o1 the zppropniate convoicticn theorem.
prowde- the tme aomain recnense once the urknown functions have been exprassed in terms of

dTIS. D Licects €7 TeL0s Of known wanstorms When exali inversion s net possitile gpproximate
techrigues such a5 suggested by Scrapery | may provice eccuraie resu'ts

“ne overal problem becomes sucsiantially mors comp.es when nconirear effecis must be
neleced Ve consider here situations where a imear matenal constitutive aw can sttt e
oroductvely empioyel but where the magritude of the resuiting tme dependent deformaticns
warrette tne use of 2 nonhnear xinematic analysis. The governing equations w.li be noninear
mregro-ditierential eguatons for this clags of probiems. Tnus tradiicnal &s weli a2z approximate
tectrigques such as cilad above caanot be empicyed since tre transform of a nonlirear functicn is
net expieiiy expressibie

Rogers and Lee” considered such a prcbiem in an investigation of the finite deflecticn of &
viccoelastic cantiever beam Employing an analogy to an associated elastic problem they cerived a
sobzuon to the viscoelastic problem in 2 form involving @ time convolution of a2 nonlinear space ard
tme gependent mmgral functon. Nurmnerica! eveluation vrsas accompished using Picard's method ¢f
suCtessive subsututions. ewton—Cotor cuadratures ware empioved 1o approximate the spatially
danenzent ntegral relaticnship; a mean value based finite difference formuia was used for the time
LOWoiLTSn

Sziuticn procedures of this type are genereliy well suted for computer implementation
=owvever they can become computaticnaily mefficient when the response must be determined cver
oy exterded tme perrod Each increment in tme requires a reevaluation of the convolution integrals.
“nos e entire deformation history must te retained in memory during the caiculations. Since each
comzieted se* of computations adds ancther set of resuliz to this history this results i an ever -
NnSreasing memory requirement in addition the total rumber of computations which must ke
g7 2rmea during the suczeeding iteration 15 aiso increased.

nothig 'e'*ard an approximation techn:\,ue proposed by Scnapery, ¥ can provide an attractive
cremmguve. Tommonly referreo to as the "quasi-elsstic” approximatic:. it has most recentiy besn
£nployed b\,: Vinogradov'® and Vvinogredeov and V/ijewesara® 0 studiee of the behavior of
eccentricaily loadag viscosiastic cantiiever beams.

The method 15 basad on the observation that the solution proceduie develeped by Rogers and
et T3 be interpreted as a secuence cf short time irterva guasi-elaztic’ solutons. This sugges?s
that zppro«imate solutions may be generated by replacing the criginai viscoelastic problem by ar
egutva et time dapendent elastic one in this 'epla(,ument probiem the elastic properties are
equatag (¢ the mt.»,—uaneous values of the relaxation moduir or creep comphlances of the
viSC2#iastic matera
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The 'nherent numerical acvantage providea by this technique is that it can eliminate the
potentally inefficient convolution integral calculations. Thus the speed and efficiency at which the
time dependent response s caiculated wil! become indepengent of elepsed time. The obvious
potenua! disadvantage of the techmique is that since it 1s an approximation significant differences
may exist between the actuali response o©f the wiscoelastic body and thcse predicted
quas:—elastically. In aadmtion, the quasi-elastic method does not provide a direct method for
assessing whetner or not the errors which may be incurred are conservative.

In ttns paper we demonstrate that the quasi—elastic approximation technique can be modified
tc proviae both upper and lower bound preaictions for the class of viscoelastic problems under
conaidersuicn 1o accomplish this the solutior 0f the actual viscoeiast:ic problem s first formutated
in erms of a Volterra type integrai equation of the second king Ar uppe:r Or lower bound soiution
1S then established by repiacing the desired unknown function which appears under the integral sign
by an appropriate approximating function. The approximating functicn selected s one which
inherently bounds the gesired unknown function and 1s also independent of the integration variable.
The kerne! of the integrai operator can then be mtegrated formaily casting the approximate probiem
into the typical quasi—etastic format Providec the xerne! of the originai \ntegral operator is positive
sem —definite this quasi—elastic solution must bound the actua! solvuon in the came manner that the
approximating function bounded the desired urknown function

Nustrated on the following page are comparisons of resuits obtained using the bounding
techmique 10 the exact sclution for the transverseiy icaded viscoelastic cantilever beam probiem
considered by Rogers ano Lee Additionai examples of the appiication of the technique. inciuding
procedures tc be used when nonlingar toundary terms appear in the original ntegra’ eguation, are
prov:ded in the paper.
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