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Introduction
The subject of flicker phase noise in oscillators

has been studied for nearly three decades by numer
ous investigators (refs. 1, 2, and 3); yet, it is still
an area of current interest (refs. 4 and 5). Flicker
phase noise causes a broadening of the line width in
an oscillator and is characterized by a phase noise
power spectral density that varies inversely with off
set from the carrier frequency. This behavior is also
observed in the power spectrum of the envelope of
the oscillator signal. It is well-known that flicker
noise is present in all active devices such as semi
conductor and vacuum tube diodes, bipolar junction
transistors, and field effect transistors (FET's); how
ever, the processes whereby this low-frequency noise
is transferred into the phase of an oscillator signal
are still not totally understood. This irresolution is
no doubt due largely to the extreme difficulty as
sociated with the mathematical analysis of nonlin
ear systems, and the fact that a number of differ
ent mechanisms can be involved in the generating
process.

The work of 'froitsky (ref. 1) is very significant,
although virtually unknown in this country. He
analyzed a Van der Pol negative-resistance oscilla
tor containing a quadratic nonlinear term in addi
tion to the usual cubic nonlinearity. He concluded
that the quadratic term permitted flicker noise to
be translated up to the carrier frequency as ampli
tude modulation (AM), and that frequency mod
ulation (FM) occurred if the oscillation frequency
did not coincide with the center frequency of the
circuit. Unfortunately, the extension of this work
to the more familiar feedback oscillator concept has
been slow, and even now it is not widely accepted.
This paper is an attempt to build on some ear
lier results and, hopefully, make several small con
tributions to the subject of flicker phase noise in
oscillators.

Summary
This paper contends that flicker phase noise. in

oscillators can be the result of a two-step process:
frequency translation of low-frequency flicker noise
up to the oscillation frequency by quadratic upcon
version followed by an amplitude-to-phase conver
sion mechanism. Several such mechanisms are ex
amined, with particular emphasis on the amplitude
to-phase conversion process associated with reac
tively loaded nonlinearities. It is concluded that
the effect can be a significant factor in determin
ing the phase noise density of an oscillator, but
one that can be rendered small by good circuit
design.



This effect would provide a transfer mechanism for
converting flicker envelope fluctuations into flicker
frequency fluctuations.

Another mechanism for converting flicker enve
lope fluctuations into frequency fluctuations is pro
vided by the presence of nonlinear reactance in the
circuit such as the voltage-dependent gate-to-source
capacitance in a common-source FET. It has been
shown that this effect can be significantly reduced
by circuit configurations that "linearize" the nonlin
ear element (refs. 3 and 8). This improvement occurs
only if the nonlinear capacitances are noise free.

Yet another, less widely recognized, conversion
mechanism is the AM-to-PM conversion process en
countered in reactively loaded nonlinearities (refs. 3
and 4). A generalized mathematical formulation is
complicated and unwieldy; however, the effect is eas
ily measured and quantified by using experimental
methods. The effect was studied by Kochenburger
(ref. 9) in applying describing function analysis to
nonlinear control systems. Conceptually, the notion
of a describing function seems quite compatible with
the analysis of high-Q feedback oscillators. Kochen
burger derived the magnitude and phase of the de
scribing function for a symmetrical limiting circuit

when one realizes the possibility for direct amplitude
to-phase conversion in subsequent circuitry, even in
the limiter itself, and realizes the enormity of flicker
noise density (ref. 6).

Envelope-to-Phase Transfer Mechanisms

Assuming that it is possible for some degree of
flicker noise energy to be transferred up to the carrier
frequency in the form of envelope fluctuations (AM),
it is a substantive theoretical question to know the
extent to which AM can affect the phase of the os
cillation process. As one example of such a transfer
mechanism, Groszkowski (ref. 7) proved that there is
a functional relationship between the harmonic con
tent and the steady-state oscillation frequency in a
single-node Van der Pol negative-resistance oscilla
tor. His analysis was based on the principle of "reac
tive power balance," which states that the total re
active power associated with the circuit capacitance
must be equal in magnitude to that associated with
the circuit inductance. It will be stated without proof
that the harmonic content in a Van der Pol oscilla
tor, Le., one involving only cubic nonlinearity, is an
increasing function of the amplitude of oscillation.
Therefore, it follows that the oscillation frequency w
is related to the magnitude A of a "nearly sinusoidal"
oscillation through a relationship given by

Flicker Noise Transfer

The main conclusion of a very recent publication
(ref. 5) was that the elimination of even-order non
linearity in a feedback oscillator would prevent fre
quency translation of flicker noise up to the oscilla
tion frequency. This view has also been expressed
by others (refs. 1, 2, and 3). It is the contention of
this paper that this conclusion is correct, but only in
a limited sense, as there are commonly encountered
circuit conditions for which the conclusion is incor
rect. For example, the presence of voltage-dependent
capacitance in an oscillator provides a very efficient
mechanism for flicker noise to directly modulate the
frequency of an oscillator. Also, the conclusion is
held to be incorrect when the flicker noise sources
are associated with "synthesized symmetrical" limit
ing elements. Thus, the synthesis of odd symmetry
by combining nonlinear elements that individually
lack symmetry, such as with opposite polarity shunt
connected or back-to-back series-connected semicon
ductor diodes, is to no avail except for additive input
noise.

To show why this is true, consider the elementary
limiting circuit of figure 1(a) that exhibits a prop
erty necessary for the establishment of an equilibrium
state in a feedback oscillator: a describing function l

that decreases with increasing input amplitude. As
sume that the diodes are identical semiconductor
junctions having exponential i-v characteristics, and
that any noise voltages (or currents) associated with
them are much smaller than the input voltage (or
the diode currents it produces). Thus, the diode
states are then totally controlled by the input signal,
and both the intensity of the diode noise sources and
the small-signal conductance of the diodes are mod
ulated by the input signal. The output voltage re
sulting from the time-varying noise sources and con
ductance can then be determined. Since the diode
noise sources are obviously uncorrelated, there is no
cancellation when they are translated up to harmonic
zones of the input signal, which produces only odd
harmonics because of the synthesized odd symmetry
of the circuit. The combination of the nonlinearly
transformed input signal and the two signal and noise
interaction terms is therefore an AM or DSBSC sig
nal in each odd zone of the output, most significantly
the fundamental frequency zone.

Since one is ultimately interested in the zero
crossings, or phase, of the output process, it might
seem that small envelope fluctuations of the output
signal are not a problem. The significance arises

1 The describing function of a nonlinear two-port network is
defined as the ratio of the fundamental frequency component
of the output to a sinusoidal input signal.
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w = g(A) (1)



The sensitivity of oscillation frequency to input am
plitude is therefore

using ideal diodes, as shown in figure 1(b). In a feed
back oscillator application, the shunt capacitance in
the circuit of figure 1(b) could be a consequence of the
limiter driving a resonator operating "off-resonance"
as a result of unavoidable time delays within the loop.

Figures 2 and 3 are adaptations of Kochenburger's
results and demonstrate the dependency between the
input amplitude and the magnitude and phase of
the fundamental frequency component of the output.
This conclusion can be reached on the basis of linear
network theory, since an input signal with A < Vb
will be subjected to a phase shift ¢t given by

dw
dA

8hl-OA: Ao

8hl 89 IOW Wo + OW Wo
(8)

However, when A » Vb, the asymtotic value is

Thus, it is reasonable to conclude that a functional
relationship between the input amplitude and fre
quency and the output phase given by

the corresponding output signal will be hybrid mod
ulated, and then the fundamental frequency compo
nent can be expressed as

eodt) = Vodt + m' sin at) cos (wt + <Po + m ;~ sin at)

(10)

if m « 1, from equations (5) and (9). The output
amplitude-modulation index m' could be obtained by
a linearization procedure identical to that used to
find the output phase; however, it is not required for
this discussion except to note that m' will be much
less than m. The preponderant sideband energy
associated with eot (t) will therefore be due to phase
modulation.

eAM(t) = A(1 + m sin at) cos wt (9)

which shows the linear dependence of frequency
on amplitude, the desirability of minimizing the
amplitude-to-phase conversion coefficient 8h/8A and
maximizing 80/8w.

It is of significant interest to know the manner
in which 8h/8A varies with A so that an operating
point might be selected to minimize amplitude-to
phase conversion. The describing-function phase
data of Kochenburger (ref. 9) were adapted in figure 4
to show the describing-function phase angle plotted
against input amplitude with normalized frequency
being a parameter. The solid curves in figure 4
are for values of WRIC of 1 and 0.4, which produce
nonlimiting (A < Vb), or linear, phase shifts of -45°
and -22°. The largest values of 8h/8A occur at
the onset of limiting (A = Vb) and are 0.118 and
0.0623 radian per unit of normalized amplitude.

It is reasonable to assume that the relationships of
equations (5), (7), and (8) are applicable to dynamic
situations in which the input signal amplitude A is
not constant but slowly varying-even though the
describing function is defined for static inputs. For
the sinusoidally modulated input signal described by

(6)

(4)

(3)

(2)

¢ = h(A,w)

80

1
O(w) =00 + 8w Wo (w - wo)

will exist when the circuit is driven by the signal
A cos wt.

When a reactively loaded limiter becomes part
of an oscillator, the oscillation frequency is affected
by slowly varying amplitude-induced phase changes
within the loop, since the loop phase must sum to
2mr. For small, slowly varying perturbations around
an operating point (Ao,wo), ¢ may be assumed to be
essentially linear with respect to both A and w, and
equation (4) can be approximated as

in the vicinity of w, the steady-state oscillation fre
quency. Equations (5) and (6) may be combined by
applying the conditions that ¢(A,w) + O(w) must
sum to 2mr; then the resultant expression is solved
for w, yielding:

8h I 8hl¢ = h(Ao,wo) + 8A Ao(A - Ao) + 8w Wo (w - wo)

(5)
The partial derivative 8h/8A is the amplitude-to
phase slope, or conversion coefficient, and 8h/8w is
the familiar phase-frequency slope. The input-output
phase-frequency relationship for the linear portion of
a feedback oscillator may be similarly approximated
as

3



The ratio of sideband to carrier power in a
sinusoidally amplitude-modulated carrier is m2/2;
the corresponding ratio for a small-beta phase
modulated carrier equals one-half the squared peak
phase deviation (ref. 10). Thus, the AM-to-PM con
version efficiency is (fJh/fJA)2. The value of fJh/fJA
associated with a 45° nonlimiting phase shift was
found to be 0.118 radian per unit of normalized am
plitude, or -18.5 dB, and is thus a numerically sig
nificant factor. It is noteworthy that the AM-to-PM
conversion process does not require even-order non
linearity, which is obviously lacking in the odd sym
metry circuits of figure 1. Therefore, narrow-band
amplitude fluctuations within an oscillating loop can
be transformed into phase fluctuations regardless of
their origin.

A question that arose in the course of this in
vestigation was the relevance of piecewise analysis
to exponentially nonlinear elements such as semi
conductor diodes. An experimental test circuit was
constructed using zero-bias Schottky diodes as the
limiting elements, shown in figure 1(c). The shunt
capacitance Cv was adjusted to produce a nonlimit
ing phase shift of 45° at a test frequency of 2 MHz,
and the describing-function phase angle was mea
sured with a vector voltmeter. The resultant data
were normalized to the abscissa value correspond
ing to the onset of limiting, or 0.24 V (root mean
square), and are shown by circular symbols in fig
ure 4. The maximum value of fJh/fJA was estimated
to be 0.181 radian per unit of normalized amplitude,
or -14.8 dB, which further attests to the numerical
significance of the effect, especially when one recog
nizes that the power spectral density of flicker noise
is typically several orders of magnitude greater than
that of shot and Johnson noise (ref. 6). It is there
fore· the conclusion of this section that flicker noise
induced angular fluctuations in a feedback oscillator
can result from a two-step process: the imposition of
flicker noise envelope fluctuations on the oscillation
via quadratic upconversion, followed by an envelope
to-phase conversion mechanism. The ultimate angu
lar fluctuation power density is then proportional to
(1) the flicker noise densities, (2) the conversion gain
associated with converting the flicker noise into am
plitude modulation, and (3) the AM-to-PM power
conversion coefficient (fJh/ fJA)2 .

Minimization of Flicker Phase Noise

This section deduces from the results presented
earlier, perhaps even to the point of speculating, var
ious means for minimizing flicker phase noise. Any
measure that can defeat either of the two steps in
volved in the generating process is obviously bene
ficial. Riddle and Trew (ref. 8) reported a 20-dB
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reduction in phase noise by using a novel source
coupled FET oscillator configuration. It is this au
thor's opinion that the major factors responsible for
this improvement were (1) the reduction of direct
flicker noise to FM resulting from the "back-to-back"
configuration of the voltage-dependent gate-to-drain
capacitances (ref. 3), and (2) the significant reduc
tion in large-signal input and output conductance
variation in a source-coupled FET pair as compared
with a single FET amplifier (ref. 8), rather than any
reduction in flicker noise frequency translation effi
ciency resulting from the odd symmetry synthesized
by source coupling of the FET's. Factor (1) assumes
a dominant role when the voltage-dependent capaci
tances become a significant fraction of the total res
onating capacitance, as in microwave oscillators.

Perhaps the most obvious way to minimize AM
to-PM conversion is to minimize reactive loading of
the nonlinear elements. This approach is feasible at
frequencies where devices and components are more
or less ideal, and not complicated by a multitude
of parasitic effects (J < 100 MHz). At higher fre
quencies, the functions of amplification and limiting
are normally combined in one device and the two
functions are essentially inseparable. It is speculated
that when such separation of functions is possible,
it should be pursued. Then, the amplifier should be
feedback stabilized, nonlinear reactances should be
eliminated (or at least buffered from the resonator),
and all nonlinearity should be vested in one circuit
having odd symmetry and the lowest possible flicker
noise level. The fact that the dc bias and, hence,
flicker noise density in each limiting diode both in
crease with drive level, even though the AM-to-PM
conversion coefficient decreases, suggests that there
may be an optimum drive level resulting in the low
est possible level of flicker phase noise. Such an effect
was reported in reference 11 which dealt with FET
oscillators.

In the cases in which the amplification and lim
iting functions are separable, it is possible to use re
active decoupling to reject amplifier-generated flicker
noise before it enters the nonlinear block and is up
converted. This is obviously beneficial if the flicker
noise power spectral density of the amplifier ex
ceeds that associated with the nonlinear elements.
For example, a properly sized coupling capacitor lo
cated between the output of a linear amplifier and
the input of a limiter of the type discussed ear
lier would prevent the passage of amplifier-generated
flicker noise into the limiter. Only a resonator
would then be needed to complete the feedback loop.
Of course, some minor phase correction would be
needed to compensate for the carrier frequency phase
shift introduced by the coupling capacitor since it is



extremely important in preventing reactive loading
of the limiter caused y "off-resonance" operation.

Conclusions
From an examination of the role of amplitude-to

phase conversion in the generation of oscillator flicker
phase noise, the following conclusions are presented:

1. Synthesis of odd symmetry in a feedback oscil
lator by combining nonlinear elements that individu
ally lack symmetry does not prevent frequency trans
lation of flicker noise associated with the individual
nonlinear elements up to the oscillation frequency.

2. Nonlinear reactance, which is present to some
extent in all semiconductor devices, is often the
predominant mechanism for the transfer of flicker
noise into the phase of an oscillator signal.

3. Flicker envelope (amplitude modulation) noise
can be converted into flicker phase noise by a num
ber of mechanisms, including the amplitude-to-phase
conversion effect associated with reactively loaded
limiters. This effect was analyzed and shown to
be a significant consideration, particularly in low
frequency oscillators in which it is a dominant effect.

4. Good circuit design was shown to be an im
portant factor in minimizing flicker phase noise.

NASA Langley Research Center
Hampton, VA 23665-5225
September 3, 1985
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Input Output

(a) Basic limiter.

c Vol cos(wt + ¢)

(b) Piecewise linear limiter with capacitive loading.

1000 r2

c
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(c) Semiconductor diode limiter with capacitive loading.

Figure 1. Limiter circuit models used.
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