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MATHEMATICAL ANALYSIS STUDY
FOR
RADAR DATA PROCESSING AND ENHANCEMENT

PART II - MODELING OF PROPAGATION PATH ERRORS

INTRODUCTION

In accordance with requirements set forth in contract
NAS2-1149, propagation path errors were modeled using three
refraction correction methods.

1. The gradient refraction method (A900 computer)
2. The spherical slab correction method (Varian 73 computer)
3. The White Sands (Pearson) method (Cyber 7028 computer)

Each of these methods is described briefly below. For
detailed mathematical algorithms used by each, refer to refer-
ence 8 for the gradient refraction solution, to reference 9
for the spherical slab solution, and to reference 10 for the
Cyber solution.

Solutions from each of these methods were obtained for ranges
out to 150 or more nautical miles and for altitudes up to
100,000 feet. Results were compared with tabulated data from
high-precision refraction correction algorithms described in
reference 9. Also analyzed were propagation path effects
using five reference atmospheres selected to cover the
extremes of weather conditions at Edwards.

Definition of terms

The term 'exact' is used in reference to correction methods
which use iterative processes in which the accuracy is

limited only by the speed and precision of the computer, and,
of course, by the knowledge of the atmospheric composition.

If the latter is known, then with sufficient time and

computer precision, any specified degree of accuracy can be
obtained. These solutions are literally an integration
process in which delta-t is taken closer and closer to zero to
obtain an ever more accurate solution.

The term 'approximate' is applied to empirically-determined
methods which attempt to obtain quick solutions that are
reasonably close to the results from the 'exact' methods or
to experimental data that has been accumulated as a result of
long term observations. The term ‘'error' is applied to the
difference between the tested solution and the 'exact'
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solution being used as a reference, or to the difference
between the tested solution and experimental data.

It should be noted that the results of 'exact' solutions are
only as good as the estimates of the atmospheric composition,
and, therefore, may be far from exact on any given day when
the atmosphere is not well behaved. Therefore, the accuracy
of any of the tested refraction techniques must be accepted

with that limitation.

The symbol 'n' refers to index of refraction (n = 1 for a
vacuum). The symbol 'N' refers to refraction modulus,
refactivity, or modulus of refraction all of which equal

n - 1. The term N-units applies to the value N times 10 to the
6th power. For example a refractivity of 0.0003307 would be

330.7 N—-units.
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2.0
2.1

DESCRIPTION OF REFRACTION METHODS ANALYZED
The Gradient Refraction Correction Method

The gradient refraction method falls into the category of an
'exact' solution. 1In the gradient method, two rays are
incrementally projected outward from the source, starting at
the measured elevation angle. The amount of bending in each
incremental segment is determined from the refractivity
gradient computed perpendicular to the direction of the ray
travel. This causes a velocity differential between the
upper and lower rays so that one ray (usually the upper) will
travel slightly farther in the same time increment. This
determines the amount of rotation in the wave front. At each
new iteration, the rays are projected perpendicular to the
angle of the new wave front as computed during the preceeding
iteration. At each iteration step, the range remaining is
decreased by the average refraction corrected path length of
the ray within the cell. The values for refractivity and the
refractivity gradient at the midpoint position of each
segment or cell can be computed from a mathematical relation
(such as when using exponential refractivity) or from a
mathematical curve fit to real-world data.

Gradient refraction was developed by GMD Systems and was
reported in reference 8. It is believed to be superior to
the conventional Snell's law approach since it works
essentially with small angles, thereby eliminating register
saturation conditions that accompany most Snell's law
solutions, and it can achieve accuracies equivalent to other
'exact' solutions using fewer iterations and without the need
for a computer with an exceptional word length. Furthermore,
the algorithms were designed to yield the maximum possible
accuracy at very low (or even negative) angles.

The Spherical Slab Refraction Correction Method

The spherical slab solution method is an 'approximate'
solution. It computes range and angle corrections based on
surface refractivity using an exponential lapse rate. Of the
several approximation methods in common use, the spherical
slab solution was selected for use by JSC early in the Space
Shuttle program because it provided slightly better results
than other 'approximate' solutions tested.

With the spherical slab method, a slab height, H*, is
computed for each solution. Everywhere below the slab, the
refractivity is the same as the surface value. Everywhere
above the slab, the refractivity is zero (no refraction).
Based on the measured range, Rm, and the measured elevation
angle, Em, a number of empirical computations are performed
to determine the slab height such that a ray projected from
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the source at angle Em will travel in a straight line until
reaching the surface of the slab. At that point, a single
Snell's Law refraction will bend the ray so that it passes
approximately through the target point. Needless to say, the
key to this method is in the determination of the proper slab
height which will cause this to occur for a particular
combination of Rm and Em values. Reference 9 evaluated 13
empirical relations for calculation of the elevation
correction, and 5 for the calcuation of the range correction.
The selected elevation correction is claimed to have a
maximum error of 24.4 percent at 0 degree elevation, and
negligible error above about 10 degrees.

The Cyber Refraction Correction Method

The third method was developed at White Sands Missile Range
in 1958. It was intended to provide a rapid data reduction
process that would eliminate the need for lengthy processing
of atmospheric profile data. It's design goals were to
provide results which would 'hold' for elevation angles from
1 degree to 90 degrees over a range of 500 to 200,000 yards.
The solution assumes an exponential lapse rate from the
surface to an altitude where the refractive index is essen-
tially constant over the entire year (about 24,000 feet MSL
at White Sands). The elevation correction uses two constants
Kle and K2e. Kle is computed from the value of surface
refractivity. Using the computed value of Kle, a
corresponding value of K2e is obtained from a table of
precomputed constants by using linear interpolation methods.
The value of the elevation angle correction is then deter-
mined by the relation:

Ec = (Kle Rm cos Em)/(K2e Rm sin Em)

A range correction of the same form is provided in reference
10, however no range correction is used in the Cyber program.



MODELING METHODS USED IN THIS ANALYSIS

The modeling of results from each of the three methods was
accomplished in two phases. The first phase compared the
solutions from each of the three methods with tabulated
results from an 'exact' solution described in reference 9.
This solution was based on a JSC ray—-tracing technique in
which each result was generated in double precision (28
decimal digits) on a CDC Cyber 74 computer. Results provided
in the tables in reference 9 were based on 50,000 iterations
for Em of 0 degrees, 5000 iterations for values of Em from
0.5 to 2.5 degrees, and 500 iterations for values of Em of 3
degrees or greater. The JSC ray-tracing solutions uses a
conventional Snell's Law approach which subdivides the
atmosphere into concentric shells. Refractivity within each
shell is a constant value. Bending occurs as'the ray crosses
each shell boundary. Additional accuracy is obtained by
increasing the number of shells, and hence the number of
iterations, used for each solution. Obviously, refractivity
values within the shell structure can be based on a
mathematical relation between refractivity and altitude, or
on real world values quantitized to the altitude intervals of
the shells. Probably the greatest disadvantage of this
method is that it works with large angles and requires a
large word length to prevent register saturation.

The tables provided in reference 9 were compiled specifically
for the purpose of determining the accuracy of newly proposed
'approximate' refraction correction methods, and were based
on the modulus of refraction being an exponential function of
altitude. Note that the modulus of refraction in the real
world is never exactly exponential; however, the purpose of
the JSC document was not to define the nature of the
atmosphere but to determine how well individual refraction
methods would yield accurate results with a completely
defined, ideal exponential atmosphere. The document also
does not attempt to compute the modulus of refraction for any
specific psychrometric conditions, but provides results for
three separate values of refractivity. 1In short, if the sea-
level refractivity for the r-f energy is the same as the value
given in any one table, and, if the atmosphere were ideally
exponential in nature, then the results from other solution
methods should match the 'exact' values given in the tables.

In the second phase, two of the methods were compared against
a third to determine how much difference would result when
approximate solutions (using only surface refractivity
values) were compared with a high-accuracy solution which
used different vertical profiles, representative of both
typical and extreme atmospheric compositions. The
atmospheric compositions examined were:



1. EHA-75 hot day atmosphere

2. ECA-75 cold day atmosphere

3. A typical cold moist morning atmosphere

4. A typical warm moist morning atmosphere

5. A typical hot day afternoon atmosphere

Although items 1 and 2 above do not include the amount of
water vapor present at the various altitudes, estimates of

these values were supplied by NASA in terms of dew point
temperatures to accompany the temperature and pressure

profiles.
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PHASE I - COMPARISON WITH JSC RESULTS

During Phase I of the modeling of the three refraction
methods, the measured range and measured elevation values
from the JSC tables were used as inputs to all three solution
methods. The JSC tables are structured such that measured
range values are provided for specific measured elevation
values of 0, 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5, 6, 7, 8,
9, 10, 12, 14, 16, 18, 20, 25, 30, 35, 40, 45, 50, 60, 70,
80, and 90 degrees. Separate tables are provided for target
true altitudes of 1000, 2000, 5000, 10,000, 20,000, 50,000,
and 100,000 meters for three separate refractivity values:
0.0002550, 0.0003307, and 0.0003860. This analysis called
for ranges out to 150 nautical miles and altitudes up to
100,000 feet. Therefore, tabulated values are provided in
appendix A to appendix C. Appendix A contains values for
target altitudes of 1000, 2000, 5000, 10,000, 20,000, 50,000,
and 100,000 meters obtained using a sea level modulus of
refraction of 0.000255; appendix B provides values for the
same target altitudes using a modulus of refraction of
0.0003307, and appendix C provides the same data for a
modulus of refraction of 0.000386. In these tables, the
target horizontal range goes from 0 out to about 640 nautical
miles.

The headings on each of the tables show the sea level modulus
of refraction, the scale height, and the target altitude.

The first two columns in the tables are the input data, the
measured elevation and range values given in the JSC tables.
This is followed by the corrected elevation and range values
as computed by the gradient solution, the corrected elevation
values computed by the Cyber (White Sands) solution, and the
corrected elevation and range values computed by the Varian
(spherical slab) solution. The next item in the table is the
geometric altitude which would be obtained with no
refraction, followed by the altitudes as computed from the
gradient, Cyber, and spherical slab solutions. Note that the
Cyber solution contains no range correction.

Since it is difficult to assimilate all of the data contained
in these tables, data plots were made for target altitudes of
2000 meters (6562 feet), 5000 meters (16,404 feet), 10,000
meters (32,808 feet), and 50,000 meters (164,042 feet).

These are provided for each of the three values of surface
refractivity used in Phase I of the modeling analysis.



Comparison of Solutions for Nsl of 0.0002550.

Plots for a surface refractivity (Nsl) of 0.0002550 are
provided in figures 4-1(a) to 4-1(d). The gradient solution,
shown as a solid line, yields altitude values whose maximum
'error' is on the order of 0.1 percent below 0.5 degree; drop-
ping to about 0.01 percent by 5 degrees. The altitude
'error' in the spherical slab solution method, shown by the
short dashed line, has a maximum value of about 5.6 percent
for angles under 1 degree; dropping to under 1.0 percent
around 2 degrees elevation and to about 0.05 percent by 5
degrees elevation. The Cyber method, according to reference
10, is limited to elevation angles above 1 degree.
Discounting errors in angles below 1 degree, the maximum
'error' in the Cyber solution is on the order of 0.45 percent
decreasing to about 0.1 percent by 4 to 6 degrees elevation
angle, depending on the target altitude. Although 'errors'
for elevation angles above 30 degrees are not shown on the
plots, all converge to the correct altitude except for the
Cyber solution which has a small error remaining at 90
degrees elevation angle because no range correction is made.

In terms of actual altitude 'errors' the gradient solution has
its maximum 'error' of 27 meters (88.6 feet) in the derivation
of altitude for the 50,000 meter (164,041 foot) target being
tracked at 0 degree elevation angle. The spherical slab
'error' for the same tracking condition is 1,752 meters

(5,748 feet). By the time the target has reached 1 degree
elevation angle the 'error' in the gradient solution has
dropped to 2 meters (6.6 feet), the 'error' in the spherical
slab solution has dropped to 499 meters (1637 feet), and the
'error' in the Cyber solution is 769 meters (2522 feet). At

a 5 degree elevation angle, the three 'error' values are 0
meters, 50 meters (164 feet), and 56 meters (184 feet)
respectively.

For a target at 10,000 meters (32,808 feet) altitude, the
'errors' in the three solution methods are: for 0 degree
elevation angle, 8 meters (26.2 feet) for the gradient
solution and 607 meters (1991 feet) for the spherical slab
solution; for 3 degrees elevation, 1 meter (3.28 feet) for
the gradient solution, 11 meters (36 feet) for the spherical
slab solution, and 28 meters (92 feet) for the Cyber
solution; and for 10 degrees elevation, 0 meter for the
gradient solution, 1 meter (3.28 feet) for the spherical slab
solution, and 5 meters (16.4 feet) for the Cyber solution.

Tabulated data for this test condition are provided in
appendix A.
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Figure 4-1(a). Plots for target at 2000 meters altitude.
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Figure 4-1(b). Plots for target at 5000 meters altitude.
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Figure 4-1(c). Plots for target at 10,000 meters altitude.
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Figure 4-1(d). Plots for target at 50,000 meters altitude.
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Comparison of Solutions for Nsl of 0.0003307.

Figures 4-2(a) to 4-2(d) show the same plots for a sea level
refractivity of 0.0003307 and a scale height of 6631.54
meters (21757.0 feet). This value is probably the closest to
a typical Edwards day. The 'errors' in all three methods
seem to be slightly greater with the increased refractivity.
For the gradient solution, the error for the 0 degree eleva-
tion track of a target at 50,000 meters (164,041 feet) is 46
meters (150 feet) or about 0.1 percent. By 0.5 degree
elevation, the 'error' in the gradient solution has decreased
to about 2.5 meters (8 feet) or less. Above 3 degrees
elevation, the 'error' is below 0.003 percent for all
altitudes.

For the same refractivity value, the spherical slab solution
vields altitude results that have an 'error' of 1799 meters
(5,902.2 feet) for a target at 50,000 meters (164,041 feet)
being tracked at a 0 degree elevation angle. Also note that
the spherical slab results are highly erratic at the lower
elevation angles for all altitudes. For the same 50,000-
meter target, the errors in the spherical slab solution
decrease to a minimum at around 3 to 3.5 degrees and then
again increase, hitting a second peak about 4 to 6 degrees.
For a target at 2000 meters (6562 feet), the secondary peak
yields an 'error' of only 1 meter (3.28 feet), however, for a
target at 50,000 meters (164,041 feet) the secondary peak
causes an altitude 'error' of 58 meters (190 feet). Above 10
degrees elevation angle, the errors in the spherical slab
solution drop below 0.01 percent at all altitudes.

For the same refractivity conditions the Cyber solution yields
'errors' that are equivalent to 1464 meters (4803 feet) for
the 50,000 meter (164,041 foot) target being tracked at a l
degree elevation angle. The 'error' on the same high

altitude target drops to 50 meters (164 feet) by the time the
elevation angle has increased to about 3 degrees, then slowly
diminishes to about 2 meters (6.5 feet) by the time the

target is overhead.

Tabulated data for this test condition are provided in
appendix B.
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Figure 4-2(a). Plots for target at 2000 meters altitude.
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Figure 4-2(c). Plots for target at 10,000 meters altitude.
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Figure 4-2(d). Plots for target at 50,000 meters altitude.
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4.3

Comparison of Solutions for Nsl of 0.0003860.

Values for the third JSC test condition with a sea level

refractivity of 0.000386 are shown in figures 4-3(a) to 4-3(d).

Note that the Cyber data is not included in this plot,
because the sea-level refractivity value exceeds the table
limits used in the Cyber program. Again, the 'errors' in
each method increase somewhat as the refractivity value
increases. For the 50,000 meter target being tracked at a
0-degree elevation angle, the gradient solution shows an
'error' of 68 meters (223 feet) while the spherical slab
solution shows an 'error' of about 1510 meters (4954 feet).
For a target at 10,000 meters (32,808 feet) altitude, the
maximum 'error' with the gradient solution is 23 meters (75
feet) at 0 degrees elevation angle. For the same target and
the same elevation angle, the spherical slab solution shows
an 'error' of about 842 meters (2762 feet). By the time the
elevation angle reaches 3 degrees, both solutions yield
'errors' on the order of 1 meter (3.28 feet).

As in the other cases, the spherical slab results are very
erratic when the elevation angle is low.

Tabulated data for this test condition are provided in
appendix C.
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REFRACTION COMPARISON PLOT
NSL ~- .0BB3REA; TARGET ALTITUDE -~ 5S0BB METERS
GMD GRADIENT SOLUTION (SOLID); VARIAN (SHORT DASH)
50z2a -

Sa1sg

-

PYEN Gy NI S

sd1e

A S

e,
Il
8
(7]

- -

saea [4- i e s e e

4995 [f

COMPUTED ALTITUDE, METERS

4980

i d

4983

SRR g

43980
2 3 10 15 20 23 30
MEARSURED ELEVATION ANGLE, DEGREES

Figure 4-3(b). Plots for target at 5000 meters altitude.
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Results of the Phase I Analyses

The analyses of all three refraction methods currently in use
at Dryden indicates that, when compared with data derived
from an 'exact' method used for comparison purposes by JSC,
the gradient solution used on the A900 computer at the radar
site yields the best agreement. On a typical target at
10,000 meters altitude, the maximum 'error' of 8 meters (26
feet) occurs when the target is at a range of 211 nautical
miles and the elevation angle is 0 degrees. By the time the
target range has decreased to 178 nautical miles

(0.5 degree elevation angle), the 'error' in determining the
target altitude is only 2 meters (6.5 feet), and by a range
of 62 miles, it has dropped to less then 1 meter (3.28 feet).
The 'errors' in the spherical slab solution for the same
target positions are 607 meters (1991 feet), 238 meters (781
feet), and 9 meters (29.5 feet), and the 'error' in the Cyber
results (given only for the last point) is 17 meters (55
feet). By the time the target is in to a range of about 28
miles, both the gradient solution and the spherical slab
solution show 'errors' of less than 1 meter, while the Cyber
solution still has an 'error' of approximately 4.5 meters (15
feet). This indicates that the gradient solution has about
100 times the 'accuracy' of the spherical slab solution at
elevation angles below 1 degree, but that the advantage
decreases until, at about 10 degrees, the results from the
two solutions are almost in agreement. The Cyber solution is
invalid for elevation angles below 1 degree, but between 1
and 2 degrees seems to have better accuracy than the
spherical slab solution. Above 2 degrees the spherical slab
solution seems to have a slight advantage over the Cyber
method.

Thus, it can be concluded that, for very low-elevation angle
tracking requirements, only the gradient solution yields
reasonably valid results. From the appearances of the plot
for a target at 10,000 meters (32,808 feet), both the Cyber
and spherical slab solutions must be considered to be invalid
below about 2 degrees elevation angle.

One additional comment should to be made regarding the
'errors' based on the JSC 'exact' solution. The JSC solution
used 500 iterations for elevation angles of 3 degrees and
above, 5000 iterations for elevation angles of 0.5 to 2.5
degrees, and 50,000 iterations for 0 degrees elevation angle.
Note that on the 10,000 meter plot, the gradient refraction
difference plot has a noticeable but small jump from 3.0 to
2.5 degrees and a significant jump from 0.5 to 0 degrees.
Since there was no change in the computational method used in
the gradient solution at these points, the jumps can only be
attributed to changes in the JSC results which occurred at 0
degrees and in the range from 0.5 to 2.5 degrees where the
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jumps are noted. Therefore, it is entirely possible that, in
spite of the large word length used in the JSC solution,
roundoff error may nevertheless have caused inaccuracy in
very low elevation values shown in the JSC tables.
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Phase II - COMPARISONS USING EDWARDS ATMOSPHERES

For this phase of the propagation path modeling, five Edwards
atmospheres were used to determine the effects of non-
exponential refractivity lapse rates on refraction
corrections from the spherical slab and Cyber methods.

In the Phase.I analysis, all of the solution methods used
surface refractivity values in order to determine the amount
of correction to be applied to the measured target position
values. With both the spherical slab solution and the Cyber
solution, the exponential lapse rates are inherent in the
solution methods. In the gradient solution, the refractivity
values for 1000-foot altitude intervals were computed from
the surface values using the exponental decay factor given in
the JSC tables. For interim altitudes, an exponential inter-
polation was used.

In the phase II analysis, the psychrometric data profiles for
each of the test atmospheres were used to compute the true
refractivity for even 1000 foot altitude points required by
the gradient refraction solution, and exponential
extrapolations were used for the interim altitudes. Again
the altitude comparisons were made for the altitude range
from 1000 meters (3281 feet) up to 100,000 meters (328,084
feet).

For this part of the analysis, the gradient refraction
solution served as the ‘'exact' method. 1In order to arrive at
the input values of measured range and elevation, a ray was
propagated from the source starting at the selected elevation
angle. The iteration was continued until arriving at the
segment where the desired altitude was contained within the
iteration cell. At this point, the final incremental range
and angle changes were obtained by interpolation. The
measured range was determined by the sum total of the
refraction adjusted incremental range measurements. Measured
range values for each increment were obtained from the
relation

Rmj = Ri/nji,

where Rmj is the incremental segment of measured range, Rji is
the true incremental range, and nj is the index of refraction
derived for the cell from the selected atmospheric profile.
This value of Rm, along with the starting value of Em, served
as the input parameters for the other two refraction correc-
tion methods analyzed.

The tabulated results from the Phase II analysis are provided

in appendices D through H. As in the Phase I analysis, each
table contains values for targets at altitudes of 1000, 2000,
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5000, 10,000, 20,000, 50,000, and 100,000 meters. The
results in appendix D were computed for the atmospheric
conditions given for the EHA-75 atmosphere, and appendix E
provides results for the ECA-75 atmosphere. Appendices F
through H provide results for a typical cold moist morning, a
warm moist morning, and a hot day afternoon.

In all of these tables, the heading data gives the name of
the test profile being analyzed, the computed sea level
refractivity, and the scale height used by the spherical slab
solution. The input data are the elevation angle and range
determined from the gradient solution. The next columns
provide the corrected elevation and range for the gradient
and spherical slab solutions and the corrected elevation for.

the Cyber solution.

In the altitude section of the listing, the first column
shows the geometric altitude which would be obtained without
any refraction correction, the second column shows the values
obtained with the gradient solution serving as the 'exact'
method, and the third and fourth columns show the altitudes
determined from the Cyber and spherical slab solutions
respectively. A row of asterisks in the Cyber columns
indicate that the refractivity value is outside the range of
values in the Cyber program.



Edwards EHA-75 Hot Day

Psychrometric data for the EHA-75 atmosphere are provided on
pages D-2 and D-3.

Plots of the results of altitude calculations from the three
solution methods for the psychrometric parameters associated
with the EHA-75 atmosphere are provided in figqures 5-1(a) to
5-1(d) which represent altitudes of 2000, 5000, 10,000, and
50,000 meters (6562, 16,404, 32,808, and 164,042 feet).

For the 2000-meter (6562-foot) altitude, the spherical slab
results, shown by the short dash, come into agreement with
the gradient solution at about 3 degrees elevation angle.

The Cyber solution comes into good agreement by about 2
degrees. Although both the Varian and Cyber solutions have
significant errors at the very low elevation angles, it
appears that the Varian solution is more erratic at the lower
elevation angles.

On the 5000-meter (16,404-foot) plot, both the spherical slab
and Cyber solutions come essentially into agreement with the
gradient solution by about 8 degrees elevation angle.

Results from both solutions have less than 10 meters (32.8
feet) of 'error' from about 2 degrees upward and less than 4
meters (13.1 feet) of 'error' from about 5 degrees upward.
The Cyber solution does have a residual error of about one
meter (3.28 feet) at the higher angles. This is because no
range correction is made.

The 10,000-meter (32,808-foot) altitude plot shows acceptable
agreement above about 10 degrees elevation angle. At

5 degrees elevation, both the Cyber and the Varian method
have 'errors' of about 20 meters (65.6 feet). At 10 degrees
elevation angle, the 'error' in the Varian solution is about
2.5 meters (8.2 feet) and the 'error' in-.the Cyber solution
is about 7 meters (23.0 feet). Again the larger error in the
Cyber solution can be attributed to the fact that no range
corrections are made.

The 50,000-meter (164,042-foot) altitude plot shows good
agreement between the gradient and Cyber methods for
elevation angles above about 20 degrees. The 'error' in both
the Cyber and Varian methods is about 160 meters (525.0 feet)
at 5 degrees elevation angle. Both solutions converge toward
the gradient results as the elevation angles increase. In
this case, the lack of range correction in the Cyber method
causes a bias of about 10 meters (32.8 feet) in high-angle
solutions.

Again, the Cyber algorithms provided a smoother plot at the
lower elevation angles where the Varian solution was erratic.
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Table I provides a comparison of the 'errors' in the Cyber and
Varian solutions. The first columns, labelled 'EXP,' show
the errors inherent in the solution methods, even if the
atmosphere were truly exponential in nature. The second
columns, labelled 'EHA,' show the ‘'error' in results from the
the two 'solution methods when the atmosphere follows the
EHA-75 composition. For this comparison, the exponential
atmosphere having the 0.0003307 sea level refractivity value
was used. Note that for targets at normal tracking altitudes
of 10,000 meters (32,808 feet) and below and at elevation
angles above 10 degrees, the errors are relatively small.

For higher altitude targets or lower elevation angles, the
errors due to the atmospheric variations can significantly
increase the errors inherent in the solution method.

More complete comparisons can be made using the tabulated data
contained in appendix D.

TABLE I - COMPARISON OF ERRORS (EHA-75)

Altitude, El angle, Cyber error, Varian error,
meters degrees meters alt. meters alt.
EXP EHA EXP EHA

2,000 2 -1 0 +2 +2
5 0 0 0 0

10 0 0 0 0

5,000 2 +2 +10 +9 +13
5 +3 +4 +3 +4

10 +2 +2 0 0

10,000 2 +11 +44 +39 +70
5 +12 +20 +13 +19

10 +2 +5 0 +1

50,000 2 -310 +25 +28 +404
5 +41 +159 +58 +171

10 +27 +66 +4 +43

20 +10 +19 0 +10
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Edwards ECA-75 Cold Day

Psychrometric data for the ECA-75 atmosphere are provided on
pages E-2 and E-3.

Plots showing the results of comparisons between the three
refraction correction methods are provided in figures 5-2(a)

The 2000-meter (6562-foot) altitude plot for this atmospheric
model shows excellent results from both the Cyber and Varian
solutions for all elevation angles above about 2 degrees.
However, the results degrade rapidly as the elevation angle
decreases below 2 degrees.

The 5000-meter (16,404-foot) plot shows 'errors' in the two
solution methods to be under 10 meters (32.8 feet) for all
elevation angles above 2.5 degrees, decreasing to under 5
meters (16.4 feet) for all elevation angles above 4 degrees.
The error in the Varian solution becomes negligible at
elevation angles above 7 degrees. The Cyber solution still
shows an error of 3 meters (9.8 feet) at 7 degrees elevation
angle. Again, this error is due to the absence of a range
correction in the Cyber solution.

The 10,000-meter (32,808-foot) plot shows ‘errors' of 21 to
22 meters (68.9 to 72.2 feet) for both the Cyber and Varian
solutions at 5 degrees elevation angle. By 10 degrees
elevation angle, the Cyber 'error' has dropped to 7 meters
(23.0 feet) and the Varian 'error' has dropped to 3 meters
(9.8 feet). As the elevation angle increases above about 12
degrees the elevation error in both solution methods is
negligible; however, the range bias still remains in the
Cyber solution and this results in an error of several meters
in the altitude calculations.

The 50,000-meter (164,042-foot) altitude plot is almost
identical with the same plot for the EHA-75 atmosphere. At

5 degrees, the 'errors' in the Cyber and Varian solutions are
149 and 166 meters (488.8 and 544.6 feet), respectively. By
10 degrees elevation, the 'errors' in the two solutions have
decreased to 63 and 40 meters (206.7 and 131.2 feet), and by
20 degrees elevation they have decreased to 18 and 9 meters
(59.1 and 29.5 feet).

Table II shows inherent errors in both solution methods when
compared with the results from an exponential atmosphere
(0.0003307 Nsl) in the real-world (gradient) solution and
with the ECA-75 parameters in the real-world solution. Again
the exponential 'errors' are found in the column labelled
'EXP,' and the ECA-75 ‘'errors' are found in the column
labelled 'ECA.'



TABLE II - COMPARISON OF ERRORS (ECA-75)

Altitude, El angle, Cyber error, Varian error,
meters degrees meters alt. meters alt.
EXP ECA EXP ECA

2,000 2 -1 -1 +2 +2
5 0 0 0 0

10 0 0 0 0

5,000 2 +2 +9 +9 +16
5 +3 +4 +3 +4

10 +2 +2 0 0

10,000 2 +11 +45 +39 +76
5 +12 +21 +13 +22

10 +2 +7 0 +3

50,000 2 -310 -23 +28 +342
5 +41 4149 +58 +166

10 +27 +63 +4 +40

20 +10 +18 0 +9

Tabulated data for this test condition are provided in
appendix E.
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Figure 5-2(a). Plots for target at 2000 meters altitude.
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5.3

Edwards Cold Moist Morning

The psychrometric data for the cold moist morning atmospheric
model are provided on pages F-2 and F-3.

Results for each solution method for altitudes of 2000 meters
(6562 feet), 5000 meters (16,404 feet), 10,000 meters (32,808
feet), and 50,000 meters (164,042 feet) are provided in
figures 5-3(a) to 5-3(d), respectively.

Results from the 2000-meter (6562-foot) altitude plot
indicate that both the Cyber and the Varian solutions yield
excellent results for all elevation angles above about 2
degrees. Results from both solutions below 2 degrees
elevation angle are unusable.

Data from the 5000-meter (16,404-foot) altitude plot show
good agreement above 2.5 degrees elevation angle for both
methods. Below 2.5 degrees the results are unusable.

The 10,000-meter (32,808-foot) altitude plot shows that the
Varian results become useable above about 8 degrees ('error'
less than 4 meters (13.1 feet). Cyber results become useable
at about 15 degrees. Below 2.5 degrees elevation angle, both
solution methods fail. At 2.5 degrees elevation angle, the
'errors' in both solutions are about 30 meters (98.4 feet).

The 50,000-meter (164,042-foot) altitude plot again shows
about the same behavior as the 50,000-meter plots for the
previous test conditions. Significant 'errors' are present
for all elevation angles above about 15 degrees.

In all cases, the lack of range refraction correction in the
Cyber solution causes unnecessary inaccuracies in the
results, even at the higher elevation angles where the
elevation correction is accurate.

Table III provides a comparisons of 'errors' in the two
solution methods based on gradient results with (1) an
exponential atmosphere and (2) the cold moist morning
atmosphere. The 'errors' between the results of the two
solutions and the exponential (Nsl=0.0003307) case are in the
column labelled 'EXP.' The 'errors' between the results of
the two solutions and the cold-moist-morning case are found
in the columns labelled 'CMST.' More detailed analyses can
be made using the tabulated data in appendix F.
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TABLE III - COMPARISON OF ERRORS (COLD MOIST MORNING)

Altitude, El angle, Cyber error, Varian error,
meters degrees meters alt. meters alt.
EXP CMST EXP CMST

2,000 2 -1 -2 +2 +1
5 0 0 0 0

10 0 0 0 0

5,000 2 +2 +1 +9 +8
5 +3 +2 +3 +3

10 +2 +1 0 0

10,000 2 +11 +25 +39 +55
5 +12 +17 +13 +17

10 +2 +6 0 +2

50,000 2 -310 -102 +28 +253
5 +41 +128 +58 +146

10 +27 +57 +4 +34

20 +10 +16 0 +7
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Edwards Warm Moist Morning

The psychrometric data for the warm moist morning atmospheric
model are provided in table G-I (pp. G-2 and G-3).

Results for each solution method for altitudes of 2000 meters
(6562 feet), 5000 meters (16,404 feet), 10,000 meters (32,808
feet), and 50,000 meters (164,042 feet) are provided in
figures 5-4(a) to 5-4(d). Note that, the surface refractivity
values for this test case fall outside the table limits for
the Cyber solution, therefore only the gradlent and spherical
slab results are shown in the plots.

Results from the 2000-meter (6562-foot) altitude plot
indicate that the spherical slab solution comes into fair
agreement with the gradient results at angles above about 2
degrees, and essentially converges at elevation angles above
about 4 degrees.

Data from the 5000-meter (16,404-foot) altitude plot show
useable data from the spherical slab solution at angles above
about 4.5 degrees, and essentially identical results with the
gradient solution at angles above 10 degrees.

The 10,000-meter (32,808-foot) altitude plot shows that the
spherical slab results are useable above about 4.5 degrees
and provide good agreement with the 'exact' solutlon above 5
degrees.

The 50,000-meter (164,042-foot) altitude plot shows sizeable
errors in the spherical slab results until above about 15
degrees elevation angle. From about 2.5 to 15 degrees the
'error' ranges up to about 145 meters (475.7 feet).

Table IV provides a comparison of the 'errors' from the use
of the Edwards warm moist morning with those present when the
assumption is made that the real-world atmosphere is
exponential. No Cyber data were available for this
comparison.
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TABLE IV - COMPARISON OF ERRORS (WARM MOIST MORNING)

Altitude, El angle, Cyber error, Varian error,
meters degrees meters alt. meters alt.
EXP WMST EXP WMST

2,000 2 =1 (k%% +2 -3
5 0 kkkk 0 -1

10 0 *%%x% 0 0

5,000 2 +2 k% +9 -26
5 +3 Rk +3 -4

10 +2 kk*k%k 0 -2

10,000 2 +11  kxkk*% +39 -35
5 +12  **x% +13 -1

10 +2  kkk*% 0 -3

50,000 2 =310 Kx**x* +28 -28
5 +41 (**x% +58 +145

10 +27  kkk% +4 +39

20 +10 *x** 0 +9

——————— - ——— - — — - Ty ——— G e Gy e - — P —— G ——— T p —— T ——— S ———— T g ———_

Tabulated data for this test condition are provided in
appendix G.
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Figure 5-4(a). Plots for target at 2000 meters altitude.
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Figure 5-4(d). Plots for target at 50,000 meters altitude.
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Edwards Warm Day Afternoon

The psychrometric data for the warm day afternoon atmospheric
model are provided in table H-I, pages H-2 and H-3.

Results for each solution method for altitudes of 2000 meters
(6562 feet), 5000 meters (16,404 feet), 10,000 meters (32,808
feet), and 50,000 meters (164,042 feet) are provided in
figures 5-5(a) to 5-5(d) respectively.

Results from the 2000-meter (6562-foot) altitude plot
indicate that the results of both the Cyber and Varian
solutions are valid above about 1.5 degrees. The results are
invalid below that point.

Data from the 5000-meter (16,404-foot) altitude plot show
valid results with errors of 9 meters (29.5 feet) or below
for elevation angles above 2 degrees. By 10 degrees, the
Varian solution matches the gradient solution. At the same
elevation angle, the Cyber method computes the correct
elevation angle, however the inherent range bias causes a
small error to remain in the altitude calculations.

The 10,000-meter (32,808-foot) altitude plot shows that both
the Cyber and Varian solutions have sizeable errors remaining
for elevation angles of 5 degrees. By 10 or 12 degrees, the
Varian solution obtains good agreement with the gradient
method, but the Cyber solution still has an error of about 5
meters due to the lack of range correction.

The 50,000-meter (164,042-foot) altitude plot again shows
agreement in the results from the Cyber and Varian solutions
above 5 degrees, but both have 'errors' of about 170 meters
(557.7 feet) at that point. By 10 degrees elevation angle,
errors from about 45 to 70 meters (147.6 to 229.7 feet) are
still present. At about 21 degrees elevation angle, the
'errors' in the Varian solution finally go below 10 meters
(32.8 feet). The 'errors' in the Cyber solution are almost
double those in the Varian solution at the same point because
of the range bias.

Table V provides a comparison of the 'errors' when using
atmospheric data from the Edwards warm day afternoon with
those present when using the exponential real-world
atmosphere. Again, the inherent use of an exponential
atmosphere by both the Cyber and Varian refraction correction
methods only causes minor errors for angles above 5 degrees
for target altitudes at or below 10,000 meters (32808 feet).
However, for the 50,000-meter target, the assumption of an
exponential lapse rate can cause sizeable errors.



TABLE V - COMPARISON OF ERRORS (WARM DAY AFTERNOON)

Altitude, El angle, Cyber error, Varian error,
meters degrees meters alt. meters alt.
EXP WMAFT EXP WMAFT
2,000 2 -1 0 +2 +1
5 0 0 0 0
10 0 0 0 0
5,000 2 +2 +9 +9 +10
5 +3 +4 +3 +3
10 +2 +2 0 0
10,000 2 +11 +43 +39 +66
5 +12 +19 +13 +18
10 +2 +7 0 +3
50,000 2 -310 +57 +28 +433
5 +41 +169 +58 +178
10 +27 +69 +4 +46
20 +10 +20 0 +10

Tabulated data for this test condition are provided in
appendix H.
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Figure 5-5(a). Plots for target at 2000 meters altitude.

REFRACTION COMPRRISON PLOT
WARM DAY AFTERNQON; TARGET ALTITUDE - 5008 METERS
GMD GRADIENT SOLUTION (SOLID)>; CYBER (LONG DRSH); VRRIAN (SHORT DRASH)
s@z2a

v
)
T
V
L.t
sa1s r
)

5310

=
>

o
Q
«Q
n
-
Sy
i
te
-
L,

it
I f

4935

COMPUTED RLTITUDE, METERS
a
Q
o
1)

4980

'}
}
4985 [

4380
S 10 15 20 23 39
MERSURED ELEVATION RANGLE, DEGREES

Figure 5-5(b). Plots for target at 5000 meters altitude.
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Figure 5-5(c). Plots for target at 10,000 meters altitude.
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Figure 5-5(d). Plots for target at 50,000 meters altitude.
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5.6

Results of the Phase II Analysis

The phase II analysis provides a good comparison of the
results of the three solution methods when non-exponential
atmospheric conditions exist. Both the Cyber and Varian
solutions appear to 'hold' down to the same elevation angles
for targets at all altitudes. However, the Cyber solution
has a slightly greater error noticeable at the higher
elevation angles simply because there is no correction for
the effects of refraction on the range measurements. If the
Cyber solution is to be used in the future, then the simple
range correction provided in reference. 10 should also be
incorporated.

In both the phase I analysis and the phase II analysis, it
was found possible to exceed the range of values in the Cyber
refraction tables. This is shown as asterisks on the
tabulated plots in the appendices. If this were to happen
during an actual reduction of data on the Cyber, then an
error message would print out advising the operator that the
table values had been exceeded. Although the Cyber tables
could easily be expanded to cover a wider range of
atmospheric conditions and altitudes, it nevertheless should
be noted that the Cyber method was devised to support missile
testing at White Sands and was, according to information
contained in reference 10, only intended for use at ranges
from 500 to 200,000 yards (about 100 nautical miles). 1In
this analysis, the Cyber routines did fail when the ranges
were very long and the elevation angles very low, indicating
that the published range limitations are reasonably correct
for normal tracking missions. However, it was also found
that the Varian (spherical slab) solution had approximately
the same limits and yielded highly erratic results when the
elevation values fell below those limits.

With the addition of a range correction and with some
expansion of the Cyber tables, the Cyber refraction
correction method could be acceptable for normal aircraft
tracking missions so long as the elevation angles were above
values at which error limits for the specific mission were
not exceeded. These can be easily determined from the
tabulated data for the atmospheric conditions which most
closely match the flight day conditions. 1In fact, if a range
correction were incorporated, the Cyber solution would
provide more consistent data as the elevation angle
approached the failure point. Useable results, often with
sizeable errors, can be obtained from both solutions down to
the failure points. Below the failure points, the results
are totally unusable.

Failure points for both methods are approximately 1.5 degrees
elevation angle for a target at 2000 meters (6,562 feet),
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2 to 2.5 degrees for a target at 5000 meters (16,404 feet),
2.5 to 3.5 degrees for a target at 10,000 meters, and about

4 degrees for a target at 50,000 meters. Data obtained at
elevation angles below the failure points will have extremely
large errors, and data obtained just slightly above the
failure points can still have sizeable bias errors.

Both the Cyber and Varian refraction correction methods
assume an exponential lapse rate for the modulus of
refraction. This does cause some increase in the 'errors' in
the results, mostly at the lower elevation angles. Again, it
must be an operational decision as to how much error is
'allowable' for any specific mission. By noting the amount
of 'error' shown in the tabulated results for atmospheric
conditions most closely matching those of the test day,
decisions can be made as to the lowest useable elevation
angles for tracks at specific altitudes.

For orbital tracks, if extremely large errors are to be
avoided, one of the 'exact' methods must be used. After each
Shuttle mission, data from all participating radars in the
world-wide NASA/DoD tracking network are analyzed. Bias
errors of 30 to 40 meters are considered excessive. Since
many of the orbital tracks are performed at fairly low
elevation angles, neither the Cyber nor the Varian methods
would provide corrections suitable for post-mission analysis.
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APPENDIX A

TABULATED REFRACTION COMPARISON DATA
FOR SEA-LEVEL MODULUS OF REFRACTION OF 0,0002550



COMPARISON OF GRADIENT (GMD). WHITE SANDS (CYEER) AND SPHERICAL SLAB (VARIAN) CORRECTION METHODS

BASED ON MEASURED VALUES CONTAINED IN JSC INTERNAL NOTE 75-FM-60
SEA LEVEL MODULUS OF REFRACTION:

.0002550

7894.89

TARGET ALTITUDE:

'REFRACTION CORRECTIONS FOR AN EXPONENTIAL ATMOSPHERE?
SCALE HEIGHT:

1000 METERS

INPUT DATA ! GMD GRAD REF SOL i CYRBER ! SPHERICAL SLAB ! ALTITUDE COMPUTED RY EACH SCLUTION METHOD
E MEAS R MEAS i E COR R COR ¢t ECOR | E COR R COR ¢t NO CORR GMD H H CYE H ! VAR H
DEG METER : DEG METER ! DEG ! DEG METER H METER H METER H METER ' METER
0.0 126366.,26 ¢ ~.1139 12633%.27 1 -.4131 1 -,1158 126328.15 | 1252 | 1000 ¢ 1002 ¢ ??6
.S 74598.29 ! 4339 74580.28 ¢ 4358 | +4345S 74579.37 | 1087 i 1008 ¢ 1004 ¢ 998
1.0 48756.97 1 9572 148745,25 ! + 9585 ! 9574 48745.04 | 1037 | i00¢ ¢ 1002 ¢ 1004
1.5 35232.32 1| 1.4693 35223.87 ¢ 1.4702 | £.4698 35223.83 | 1020 ¢ 1000 ¢ i00s ¢ 1004
2.0 273i8.02 § 1.9763 27341.47 | L1.9769 I L.976S5 1 27344.48 | 1042 ¢ 1000 ! 1004 ¢ 1000
2.5 22220.80 ¢ 2.4809 22215.48 | 2.48i2 | 2.4806 22245.49 | i008 - 4000 ¢ 1004 1000
3.0 '18693.10 I 2.9840 18688.62 | 2.9842 | 2.9835 18688.64 | 1006 1000 1000 ! 1000
3.5 16117.68 | 3.,4863 16143.82 | 3.4864 | 3.4857 16413.83 | 1004 1000 ¢ 1000 ¢ 1000
4.0 14159.43 ¢ 3.9864 14155.74 | 3.9884 | 3.9877 14455,75 1} 1003 1 1000 ¢ 10060 ¢ 1000
4.5 12621.62 ¢ 4.4894 12618.60 | 4.4894 | 4.4894 12618.60 ! 1003 ¢ 1000 ! ig00 ¢ 1000
S.0 14383,65 | 4.990S 14380.92 1 4.9904 | 4.9904 11380.93 ¢ 1002 ¢ igoo ¢ 1000 ¢ 1000
6.0 9515.48 { S.9922 9542.90 1t S.9920 I S.9917 9542.90 1 ig02 i ig00 ¢ 1000 | 1000
7.0 8173.50 I 6.9934 8174.54 ¢ 6.9932 | 6.9%929 8174.54 | {004 ¢ io00 ¢ 1000 ¢ 1000
8.0 7164.27 I 7.9943 7462.55 { 7.9940 | 7.9937 7462.55 ! 1004 ¢ 1000 ¢ 1000 & 1000
2.0 6378.03 ¢ 8,9950 6376,50 § 8.9747 | 8.9944 6376.50 | i00f ¢ 1000 1 1000 & 1000
i0.0 $748.,54 I 9.995%5 5747.46 § ?.9952 ! 9.9950 S747.16 ¢ 1001 igooo ¢ 1000 ¢ 1000
i2.0 © 4804.24 | 11.9964 4803.06 ! 14.9%60 | 11,9958 4803.06 1 1004 1000 ¢ 1000 !} 1000
14,0 4130.38 | 13.9970 4129.39 t 13.9966 | 13.9964 4129,39 | 1000 ! 1000 ¢ 1000 ¢ 1000
16.0 " 3626.05 | 15.9975 3625.48 | 15.9971 | 15.9969 3625.18 | igo00 i 1000 ¢ 1000 1 1000
i8.0 3234.92 | 17.9978 3234.45 § 17.9974 | 17.9973 3234.,1S | 1000 1000 1000 @ 1000
' 20.0 2923.42 | 19.9984 2922.42 | 19.9977 | 19.9976 2922.42 1| ig00 1000 1000 ! 1000
! a2s.0 2366.08 | 24.9986 2365.51 | 24,9982 | 24.9984 2365.54 1§ ioo00 ¢ 1000 ¢ 1000 ¢ 1000
' 30.0 ©2000.40 ¢ 29.9990 1999.62 | 29.9985 | 29.998S 1999.62 i 1000 1000 ¢ 1000 ¢ 1000
H 35.0 1743.64 | 34.9992 1743.22 | 34.9988 | 34.9987 1743.22 | 1000 1 1000 ! 1000 ¢ 1000
' 40.0 {555.96 | 39.99%4 1555.59 | 39.99%90 ! 39.9989 1555.,59 | 1000 igo0 ! 1000 ! 1000
H 45.0 144,46 | 44,9995 144,42 | 44.9992 | 44.9994 1414.42 | 1000 !¢ 1000 ¢ 1000 1000
: S6.0 1305.66 | 49.9996 1305.35 | 492.9993 | 49.9993 1305.35 ¢ 1000 ! 1000 ¢ 1000 ¢ 1000
H 60.0 1i54.95 | 59.9998 1154.67 | 59.9995 | 59.9995 1154.67 | 1000 ig000 ¢ 1000 1 1000
H 70.0 1064.42 | 62.9999 1064.47 1 69.9997 | 69.9997 1064.47 3 1000 ¢ 1000 ! 1000 ! 1000
H 80.0 1045.67 | 79.9999 1045.43 | 79.9999 | 79.9998 1045.43 1000 ¢ 1000 ¢ i000 1000
! 90.0 1000.24 | 90.0000 1000,00 ¢! 90.0000 ! 90.0000 1000.,00 ¢ 1000 1000 ! 1000 1000
H { H ' H ! H H

*xkxXx INDICATES INPUT

VALUES HAVE EXCEEDED THE COMPUTATIONAL LIMITS OF THE SOLUTION METHOD



COMPARISON OF GRADIENT (GMD). WHITE SANDS (CYBER) AND SPHERICAL SLAER (VARIAN) CORRECTION METHODS

BASED ON MEASURED VALUES CONTAINED IN JSC INTERNAL NOTE 7S5-FM-60 ’REFRACTION CORRECTIONS FOR AN EXPONENTIAL ATHOSPHERE®

*%x¥kx INDICATES INPUT

SEA LEVEL MODULUS OF REFRACTION: ,0002S50 SCALE HEIGHT: 7891.85 TARGET ALTITUDE: 2000 METERS

H " INPUT DATA ! GMD GRAD REF SOL " CYBER ! SPHERICAL SLAH ' ALTITUDE COMPUTED BY EACH SOLUTION METHOD H

R i il e e e e e e e e :

{ E MEA R MEAS ! E COR R COR { ECOR ! E COR ~ R COR t NO CORR ! GMD H ' CYB H H VAR H :
: DEG METER : DEG METER ' DEG H DEG METER i METER H METER b METER : METER \

H ' { H ' H H ' '
! 0.0 178270.95 + ~ -.1578 178228.84 | -.45%6 | -.i602 178223.84 | 2494 | 1999 ¢ 1994 ¢ 1994 1
i .S 121801.79 ¢ 3948 121773.74 | 3976 3900 124772.27 | 2226 | 2004 ¢ 2008 ¢ 1991 1

i 1.0 87098.70 | 9256 87078.86 | 92287 § .9265 87078.44 1 2114 | 20601 ¢ 2006 i 2002 i
' 1.5 65906.59 ¢ 1.4444 65894.65 1 1.4467 | 1.4458 65891.57 | 2065 | 2001 ¢ 2004 ! 2003

' - 2.0 52345.88 | 1.9558 $2334.04 1 1.9579 | 1.9569 52334.07 i ‘2041 2004 2003 ¢ 2001 !

: 2.5 43157.26 | 2.4637 43147.54 | 2.4654 1 2.4640 43147 .57 | 2028 ¢ 2000 