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Summary B.C. invented the endless screw turning a toothed wheel,
which was used in engines of war. Archimedes also used

Gearing technology in its modern form has a history of gears to simulate astronomical ratios. The Archimedian
only 100 years. However, the earliest form of gearing can spiral was continued in the hodometer and dioptra, which
probably be traced back to fourth century B.C. Greece. were early forms of the wagon mileage indicator
This publication draws together current gear practice and (odometer) and the surveying instrument. These devices
integrates it with recent advances in the technology. The were probably based on "thought" experiments of
history of gearing is reviewed briefly in the "Introduction." Heron of Alexandria (ca. 60 A.D.), who wrote on
Subsequent sections describe types of gearing and their theoretical mechanics and the basic elements of
geometry, processing, and manufacture. Both conven- mechanisms.
tional and more recent methods of determining gear The oldest surviving relic containing gears is the
stress and deflections are considered. The subjects of life Antikythera mechanism, named for the Greek island near
prediction and lubrication are additions to the literature, which the mechanism was discovered in a sunken ship in
not having been treated before. New and more complete 1900. Professor Price of Yale University has written an
methods of power loss prediction as well as an optimum authoritative account of this mechanism (ref. 3). The
design of spur gear meshes are described. Conventional mechanism is not only the earliest relic of gearing, but is
and new types of power transmission system are presented, also an extremely complex arrangement of epicyclic

differential gearing. The mechanism is identified as a
calendrical Sun and Moon computing mechanism and is

1.0 Introduction dated to about 87 B.C.

The art of gearing was carried through the European
Gears are the means by which power is transferred Dark Ages, appearing in Islamic instruments such as the

from source to application. Gearing and geared trans- geared astrolabes that were used to calculate the positionsmissions drive the machines of modern industry. Gears
of the celestial bodies. Perhaps the art was relearned

move the wheels and propellers that transport us over the
sea, on the land, and in the air. A sizable section of by the clock- and instrument-making artisans of 14th

century Europe, or perhaps some crystallizing ideas andindustry and commerce in today's world depends on
mechanisms were imported from the East after the

gearing for its economy, production, and livelihood.
crusades of the llth through the 13th centuries.The art and science of gearing have their roots before

It appears that an English abbot of St. Alban's
the common era. Yet many engineers and researchers
continue to delve into the areas where improvements are monastery, born Richard of Wallingford in 1330 A.D.,
necessary, seeking to quantify, establish, and codify reinvented the epicyclic gearing concept. He applied it to
methods to make gears meet the ever-widening needs of an astronomical clock that he began to build and that was
advancing technology (ref. 1). completed after his death.

A mechanical clock of a slightly later period was

1.1 Early History of Gearing conceived by Giovanni de Dondi (1348-1364). Diagrams
of this clock, which did not use differential gearing

The earliest written descriptions of gears are said to (ref. 3), appear in the sketchbooks of Leonardo da Vinci,
have been made by Aristotle in the fourth century B.C. who designed geared mechanisms himself (refs. 3 to 5). In
(ref. 2). It has been pointed out (refs. 3 and 4) that the 1967, two of Leonardo da Vinci's manuscripts, lost in the
passage attributed by some to Aristotle, in "Mechanical National Library in Madrid since 1830, were rediscovered
Problems of Aristotle" (ca. 280 B.C.), was actually from (ref. 6). One of the manuscripts, written between 1493
the writings of his school. In the passage in question there and 1497 and known as "Codex Madrid I" (ref. 7),
was no mention of gear teeth on the parallel wheels, and contains 382 pages with some 1600 sketches. Included
they may just as well have been smooth wheels in among this display of Leonardo's artistic skill and
frictional contact. Therefore the attribution of gearing to engineering ability are his studies of gearing. Among
Aristotle is most likely incorrect. The real beginning of these are tooth profile designs and gearing arrangements
gearing was probably with Archimedes, who in about 250 that were centuries ahead of their "invention."



1.2 Beginning of Modern Gear Technology In 1976, bevel gears produced to drive a compressor

In the period 1450 to 1750 the mathematics of gear- test stand ran successfully at 2984 kW (4000 hp) and 203
tooth profiles and theories of geared mechanisms became m/s (40 000 ft/min) for 235 hr (ref. 11). From all

indications these gears could be used in an industrialestablished. Albrecht Dtirer is credited with discovering
the epicycloidal shape (ca. 1525). Philip de la Hire is said application. A reasonable maximum pitch-line velocity

for commercial spiral-bevel gears with curved teeth isto have worked out the analysis of epicycloids and
60 m/s (12 000 ft/min) (ref. 12).recommended the involute curve for gear teeth (ca. 1694).

Gear system development methods have been advancedLeonard Euler worked out the law of conjugate action
in which lightweight, high-speed, highly loaded gears are(ca. 1754) (ref. 5). Gears designed according to this law

have a steady speed ratio, used in aircraft applications. The problems of strength
and dynamic loads, as well as resonant frequencies forSince the industrial revolution in the mid 19th century,

the art of gearing has blossomed, and gear designs have such gearing, are now treatable with techniques such as
finite-element analysis, siren and impulse testing forsteadily become based on more scientific principles. In
mode shapes, and damping (ref. 13). The material1893, Wilfred Lewis published a formula for computing
presented herein will assist in the design, selection,stress in gear teeth (ref. 8). This formula is in wide use

today in gear design. In 1899, George B. Grant, the application, and evaluationofgeardrives. Sizing criteria,
founder of five gear manufacturing companies, lubricating considerations, material selection, and
published "A Treatise on Gear Wheels" (ref. 9). New methods to estimate service life and power loss are
inventions led to new applications for gearing. For presented.
example, in the early part of this century (1910), parallel-
shaft gears were introduced to reduce the speed of the

2.0 Types and Geometrynewly developed reaction steam turbine enough for it to
turn the driving screws of ocean-going vessels. This

References 14 and 15outline the various gear types andapplication achieved an overall increase in efficiency of
25 percent in sea travel (ref. 2). include information on proper gear selection. These

The need for more accurate and quieter running gears references classify single-mesh gears according to the
became obvious with the advent of the automobile, arrangement of their shaft axes in a single-mesh gearset

Although the hypoid gear was within our manufacturing (table 1). These arrangements are parallel shafts;
capabilities by 1916, it was not used practically until intersecting shafts; and nonparallel, nonintersectingshafts.
1926, when it was used in the Packard automobile. The
hypoid gear made it possible to lower the drive shaft and 2.1 Parallel-Shaft Gears
gain more usable floor space. By 1937 almost all cars
used hypoid-geared rear axles. Special lubricant anti- Spur gears.--The external spur gear (figs. 1 and 2) is
wear additives that made it practical to use hypoid the most common type of gear. Because the teeth are
gearing were formulated in the 1920's. In 1931, Earle straight and parallel to the shaft axis, it is also the
Buckingham, chairman of an ASME research committee simplest type of gear. The smaller of two gears in mesh is
on gearing, published a milestone report on the dynamic called the pinion. The larger is customarily designated as
loading of gear teeth (ref. 10). This led to a better "the gear." In most applications the pinion is the driving
understanding of why faster-running gears sometimes element and the gear is the driven element. Most spur
could not carry as much load as slower-running gears, gear tooth profiles are cut to conform to an involute

High-strength alloy steels for gearing were developed curve in order to ensure conjugate action. Conjugate
during the 1920's and 1930's. Nitriding and case- action is defined as a constant angular velocity ratio
hardening techniques to increase the surface strength of between two meshing gears. Conjugate action can be
gearing were introduced in the 1930's. Induction obtained with any tooth profile shape for the pinion,
hardening was introduced in 1950. Extremely clean steels provided that the mating gear is made with a tooth shape
produced by vacuum melting processes introduced in that is conjugate to the pinion tooth shape. The conju-
1960 have proven effective in prolonging gear life. gate tooth profiles are such that the common normal at

Since the early 1960's there has been increased use of the point of contact between the two teeth will always
industrial gas turbines for electric power generation, pass through a fixed point on the line of centers. The
Epicyclic gear systems in the range 746 to 10 445 kW fixed point is called the pitch point.
(1000 to 14 000 hp) have been used successfully. Pitch- The line of action, or pressure line (fig. 2), is the line
line velocities are from 50 to 100 m/s (10 000 to 20 000 that is tangent to both base circles. All points of contact
ft/min). These gearsets must work reliably for 10 000 to between the two teeth will lie along this line. The pressure
30 000 hr between overhauls (ref. 1). angle _ois defined as the acute angle between the line of



TABLE 1.--SIMPLE MESH GEARS

Type Nominal gear Maximum Nominal efficiency Remarks
ratio range pitch-line at rated power,

velocity percent

m/s [ ft/min

Parallel shafts

Spur 1-5 al00 a20 000 97-99.5
b20 b4 000

Helical 1-10 a200 a40 000 15°-35 ° Helix angle
b20 b4 000

Double helical 1-20 a200 a40 000

(herringbone) b20 b4 000 'ICon form al 1- 12

Intersecting shafts

Straight bevel 1-8 a50 al0 000 97-99.5
b5 bl 000

Spiral bevel 1-8 a125 a25 000 97-99.5 35* Spiral angle
bl0 hi2 000 most used

Zerolc bevel 1-8 a50 al0 000 97-99.5
b5 bl 000

Nonintersecting, nonparallel shafts

Worm 3-100 a50 al0 000 50-90
b25 b5 000

Double-enveloping 3-100 a50 al0 000 50-98
worm b20 b4 000

Crossed helical 1-100 a50 al0 000 50-95
b20 b4 000

Hypoid 1-50 a50 al0 000 50-98 Higher ratios have
020 b4000 low efficiency

aAircrafl high precision.
bCommercial.
CRegistered trademark, The Glcason Works, Rochester, NY.

action and a line perpendicular to the line of centers.
Although the pressure angle can vary for different
applications, most spur gears are cut to operate at
pressure angles of 20* or 25°. The circular pitch p of a

i spur gear is defined as the distance on the pitch circle
from a point on a tooth to the corresponding point on an
adjacent tooth:

p= N

where

rp pitch circle radius
Figure 1.--External spur gears. N number of teeth



z Similarly the base pitch Pb is the distance on the base
circle from a point on one tooth to the corresponding
point on an adjacent tooth:

Pinion

Lineof action 2_rrbIpressureline) -_

Pitch circle l Pb-- N (2)Pressure

/angle,

_[ /-Pitchcircle Distance where rb is the base circle radius. Also, from geometry
depth between

Base centers, C
Pb =P cos _ (3)circle--.

_/" fillet

The diametral pitch P, defined as the number of gear
Circulartooth teeth N divided by the diameter of the pitch circle D,
thickness,t_. determines the relative sizes of gear teeth:

N
P = -- (4)Gear D

where

lal ...... Pp = r (5)

0 The larger the value of P, the greater the number of gear
teeth and the smaller their size. "Module" is the

Pitchcircle Pinion reciprocal of diametral pitch in concept, but whereas
//'_ diametral pitch is expressed as the number of teeth per

._ Basecircle inch, the module is generally expressed in millimeters per
tooth. Metric gears (in which tooth size is expressed in

\ modules) and American standard inch diametral pitch

\ _ gears are not interchangable.
The distance between the centers of two gears (fig. 2) is

\
Addendum

circle ./ Pressure C- DI +D2
line 2 (6)

Pitch / Interference is on flank of_

circle --. gearduring recessaction-_ The space between the teeth must be larger than the
"_-Base l"hisportionofpro- \X mating tooth thickness in order to prevent jamming of

circle fileisnotaninvolute-3 the gears. The difference between tooth thickness and

/_____ tooth space as measured along the pitch circle is called

Gear backlash. Backlash can be created by cutting the gear
0 teeth slightly thinner than the space between teeth, or by

- setting the center distance slightly greater between the
two gears. In the second case the operating pressure angle

_b_ of the gear pair is increased accordingly. The backlash
(a)Geometry. for a gear pair must be sufficient to permit free action

(b) Interference, on flank of pinion during approach action and flank of under the most severe combination of manufacturing
gear duringrecessaction, tolerances and operating temperature variations.

Figure 2.--External spur gear geometry and interference in the action of Backlash should be small in positioning control systems,
gearteeth, but it should be quite generous for single-direction power

gearing (table 2). If the center distance between mating



TABLE 2.--RECOMMENDED Z (11)BACKLASH FOR mc = --
ASSEMBLED GEARS Pb

Diametral pitch, Backlash Gears are generally designed with contact ratios of 1.2 to
p 1.6. A contact ratio of 1.6, for example, means that 40

cm in percent of the time one pair of teeth will be in contact and
m-l in-l 60 percent of the time two pairs of teeth will be in

contact. A contact ratio of 1.2 means that 80 percent of
25.4 1 0.064-0.10 0.025-0.040
17 1.5 .046-.070 .018-.027 the time one pair of teeth will be in contact and 20 percent
12.7 2 .036-.050 .014-.020 of the time two pairs of teeth will be in contact.
10 2.5 .028-.040 .011-.016 Gears with contact ratios greater than 2 are referred to
8.5 3 .024-.036 .009-.014 as "high-contact-ratio gears." For these gears there are
6.4 4 .018-.028 .007-.011

never less than two pairs of teeth in contact. A contact
5 5 .015-.023 .006-.009
4.2 6 .013-.020 .005-.008 ratio of 2.2 means that 80 percent of the time two pairs of
3.6 7 .010-.018 .004-.007 teeth will be in contact and 20 percent of the time three

3.2-2.8 8-9 .010-.015 .004-.006 pairs of teeth will be in contact. High-contact-ratio gears
2.5-2 10-13 .008-.013 .003-.005 are generally used in select applications where long life is
1.8-.8 14-32 .005-.010 .002-.004 required. Figure 3 shows a high-contact-ratio gear and a

conventional involute gear. Analyses should be

external gears is increased by AC, the resulting increase in performed when using high-contact-ratio gearing because
backlash AB is higher bending stresses may occur in the tooth addendum

region. Also, higher sliding in the tooth contact can
AB = AC x 2 tan SO (7) contribute to distress of the tooth surfaces. In addition,

higher dynamic loading may occur with high-contact-
For the mesh of internal gears this equation gives the ratio gearing (ref. 16).
decrease in backlash for an increase in center distance. Interference of the gear teeth is an important

The distance between points A and B (fig. 2), or the consideration. The portion of the spur gear below the
length of contact along the line of action, is the distance base circle is sometimes cut as a straight radial line but
between the intersections, with the line of action, of the never as an involute curve (fig. 2(b)). Hence, if contact
gear addendum circle and the pinion addendum circle, should occur below the base circle, nonconjugate action

This is the total length along the line of action for which (interference) will occur. The maximum addendum
there is tooth contact. This distance can be determined by radius of the gear without interference is calculated from
the various radii and the pressure angle as follows: the following equation:

Z= [_,l -(rp,l COSSO)2]1/2 ra= (r2b+ C2 sin2so)1/2 (12)

+ [_,2-(rp,2 cos SO)2]1/2_ C sin SO (8) where ra is the radial distance from the gear center to the
point of tangency of the mating gear's base circle with the

The radii of curvature of the teeth when contact is at a line of action. Should interference be indicated, there are
distance s along the line of action from the pitch point several methods to eliminate it. The center distance can
can be represented for the pinion as be increased, which will also increase the pressure angle

Pl =rp,1 sin SO±s (9) and change the contact ratio. Also, the addendum can beshortened, with a corresponding increase in the
addendum of the mating member. The method used

and for the gear as depends on the application and experience.

p2 =rp 2 sin soms (10) Another type of spur gear, internal, has the teeth cut' on the inside of the rim (fig. 4). The pitch relationships

Where s is positive for equation (9), it must be negative previously discussed for external gears apply also to
for equation (10) and vice versa, internal gears (eqs. (1) to (5)). A secondary type of

To determine how many teeth are in contact, the involute interference called tip fouling may also occur.
contact ratio of the gear mesh must be known. The The geometry should be carefully checked in the region
contact ratio m c is defined as labeled "F" in figure 4 to see if this occurs.



(a) (b) C-78-4330

(a) High-contact-ratio gear with modified tooth profile. Contact ratio, 2.25.
(b) Conventional involute gear. Contact ratio, 1.3.

Figure 3.--Comparison of gears.

Pitch point "-X /--Clearance
\ /

Lineof action _ \ /
(pressureline)-"" -"" "-

Circular pitch_ ]_\

Basecircle of \,, Pressureangle,_o
internal gear --\

\
\

Circular \ Distancebetween
thickness centers, C

/
/

Toothfi Ilet-/ Dedendum
] "-....
/ "_"_'--Addendum

Workingdepth-J I \\
I \ _ Toothflank

Wholedepth/ \\ \
\-- Toothface

Figure 4.--Internal spur gear geometry.

Helical gears.--In a helical gearset (fig. 5) cylindrical may reduce the life and reliability of a transmission
gears have teeth cut in the form of a helix: one gear has a system. This end thrust increases with helix angle.
right-hand helix and the mating gear, a left-hand helix. To overcome the axial thrust load, double-helical
Helical gears have a greater load-carrying capacity than gearsets are used (fig. 6). The thrust loads are
equivalent-size spur gears. Although helical gears vibrate counterbalanced so that no resultant axial load is
less than spur gears because the teeth overlap, a high transmitted to the bearings. Space is sometimes provided
thrust load is produced along the axis of rotation. This between the two sets of teeth to allow for runout of the
load results in high rolling-element-bearing loads, which tooth cutting tool, or the gear may be assembled in two
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