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ABSTRACT

This study addresses the issue of adjusting the proportion of load trans-

mitted by each hole in a multiple-hole composite joint so that the joint

capacity is a maximum. Specifically two-hole-in-series joints are examined.

The results indicate that when each hole reacts 50% of the total load, the

joint capacity is not a maximum. One hole generally is understressed at joint

failure. The algorithm developed to determine the load proportion at each

hole which results in maximumcapacity is discussed. The algorithm includes

two-dimensional finite-element stress analysis and a failure criteria. The

algorithm is used to study the effects of joint width, hole spacing, and hole

to joint-end distance on load proportioning and capacity. To study hole size

effects, two-hole diameters are considered. Three laminates are considered:

a quasi-isotropic laminate; a cross-ply laminate; and a 45 degree angle-ply

laminate. By proportioning the load, capacity can be increased generally from

5 to 10%. In some cases a greater increase is possible.
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CHAPTER 1

INTRODUCTION

Composite materials are widely used in many structural

applications such as aircraft, automobiles and spacecraft.

Currently the widespread use of composites is dependent upon

many factors. Among these are material performance, cost,

and compatibility of the composite material with the

existing structure. In the future, when entire structures

are manufactured with composite materials, the compatibility

of the composite material with other materials within a

structure may no longer be an issue. However, current

applications require an interface between the composite

component and other materials. This interface, which is in

many cases a mechanical joint, has been the focus of much

research.

In most applications of composite materials, the joint

becomes the critical factor in the determination of failure

loads. Therefore, joints often utilize many bolts or

fasteners to distribute the loads throughout the joint to

reduce the risk of failure and to increase load capacity.

These types of joints, called multiple-hole joints,

generally have two main configurations. One configuration

is a series arrangement. In this arrangement the bolts are

in a line and parallel to the line of load application. The

second configuration is called a parallel arrangement. In a
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parallel arrangement the bolts are aligned perpendicular to

the line of load application. In some cases a joint uses a

combination of these two configurations to distribute the

load over a larger area. These multifastener joints are in

contrast to the much simpler single-hole configuration.

Though not often used, the single hole configurations are

frequently studied, serving as a starting point for the

analysis of composite bolted joints.

In addition to the number and configuration of

fasteners used in a joint, the overall geometry of the joint

varies with different designs. Some joints are in a single-

lap configuration with two plates overlapping each other.

The fastener holes are drilled through the two plates. This

type of joint is rather simple. However, due to the

separation distance between the geometric midplanes of the

two plates, the plates experience bending stresses, in

addition to the applied tensile or compressive stresses.

Scarf joints are used to minimize this bending effect by

tapering the thicknesses of the two plates in the joint

area. With tapering, the total joint thickness is the same

as the thickness of a single plate and the midplanes of the

two plates coincide. This joint can be useful in some

applications but there are some disadvantages to it.

Compared to a single lap joint, the capacity of a scarf

joint is usually lower. Also, the thicknesses of the plates



to be joined need to be nearly the same. Quite often this

is not the case in actual structural applications. Also,

the taper in the plate has to be created by machining or

some other additional step in the manufacturing process.

This adds to the cost of the joint.

Another popular joint used is the double-lap joint.

The plate thicknesses need not be uniform. This

configuration also eliminates the bending stresses caused by

eccentricities. This can be explained by examining the

symmetry of the joint. Fig. I.I depicts the joints

discussed and the symmetric nature of the double lap joint

is evident in the figure. In the figure it is assumed the

joints must transmit, or react, a load of P. The primary

mode of deformation of a double-lap joint is extensional.

Though having more components, this joint is in some

respects simpler to analyze than a single-lap joint.

This study will focus on a specific joint

configuration, namely a two-hole-in-series double-lap joint.

The configuration is shown at the bottom of Fig. I.I. The

study will be aimed at determining what proportion of the

total load, P, should be reacted at each hole so that the

load capacity of the joint is a maximum. The load capacity

will be assumed to be limited by the failure of the material

around the holes. Specifically, the Yamada-Sun failure

criteria is used in conjunction with the idea of a
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characteristic distance to determine what proportion of the

total load should be reacted by each hole so that the

failure load of the joint is a maximum. Oftentimes in

actual applications the total load is divided equally among

each hole. It does not seem obvious a priori that having

one-half the load being reacted by each hole (in the two-

hole series joint) results in the maximum load capacity. If

the material around one hole is understressed while the

material around the other hole is failing, the joint is not

operating efficiently. Material, and thus weight-savings,

are compromised.

This study centers on looking at the inner lap of a

double-lap joint. The lap is considered as a finite-width

plate with two holes. The holes are loaded at their edge,

in the plane of the plate. The load on the holes is reacted

on one end of the plate. Considering only the inner lap is

not restrictive. The single plate with two holes could as

easily be thought of as one of the two outer laps of a

double-lap joint. Here, however, the discussion will

proceed as if it is an analysis of the inner lap. For

purposes of the analysis, the plate is assumed to be in a

state of plane stress.

The study begins by reviewing the relevant past work in

the area of bolted joints. The review is not meant to be a

critical or comprehensive review of the past work, rather it



6

is meant to illustrate the context of the present work.

Attention is then turned to the method of analysis used in

the study, namely the displacement-based finite-element

method. Since the method is so well known, this discussion

is short and related only to the specific element used.

Results obtained from the analysis of a single-hole joint

using the particular element are compared with past work of

other investigators. This step essentially confirms the

validity of the present analysis and provides a means of

determining proper mesh density and mesh size.

The study then turns to the analysis of the two-hole

joint. Results of the present analysis, assuming each bolt

reacts 50_ of the tota! load, are compared with past work

which have assumed the 50-50 load proportion. This step is

also viewed as a validation step.

The remainder of the study deals with the

determination of the load proportion which results in the

maximum joint capacity. The failure theory used will be

presented and discussed. An appendix will be used "to

compare the failure theory used with other failure theories.

Then the discussion turns to the computational procedure

used to find what proportion of load should be reacted by _

each hole if load capacity is to be maximized. The

determination of the maximum load capacity is discussed in

the context of a fixed joint geometry and a given material.



However, the effects on joint capacity, and on the load

proportion that gives the maximum capacity, of varying joint

geometry and material properties is then explored. The

study ends by summarizing the findings



CHAPTER 2

LITERATUREREVIEW

Of all the work done which relates to the joining of

composite materials, the vast majority of work has focused

on determining the stress distribution around a single hole

in an orthotropic plate. The plate has represented a

portion of the joint, the orthotropy has represented the

effect of the fiber-reinforcing, and the single hole has

represented a 'typical' hole in the joint. The hole is

loaded in some fashion to represent the effects of the bolt

bearing on the hole. Recognizing that single hole

connections are rarely used, some work has been conducted

with more than one loaded hole in an orthotropic plate.

This single-hole and double-hole work will be reviewed in

order to establish the findings of research and to motivate

the need for the work presented here.

In studying the stress state in a bolted joint, various

assumptions have been used by the many researchers. The

most common of these is that a state of plane stress exists

in the plate and any through-the-thickness effects can be

ignored. This approach was used by Bickley [I], in his

study of a pin-loaded hole in an isotropic plate. The

terminology 'pin' is used to denote the fact that a bolt,

when tightened, would induce a through-the-thickness stress

state. This is contrary to the plane-stress assumption. A

8



pin, on the other hand, would simply slip into the hole and

bear on the edge of the hole in the plane of the plate.

Bickley assumed the contact stresses imposed on the plate by

the pin could be represented by means of a cosinusoidal

distribution of the radial stress acting on the hole edge in

the plane of the plate. Any frictionally-induced stresses

were ignored. This stress distribution has been used widely

by many investigators for both isotropic and orthotropic

problems.

Oplinger [2] used another popular approach in modelling

the pin-plate interface stresses. Oplinger assumed a rigid

pin. For purposes of analysis, this translates into

displacement boundary conditions on the edge of the hole.

Oplinger used this assumption in conjunction with an

elasticity solution. Such an assumption results in a stress

distribution at the pin-plate contact region that is

different than a cosinusoidal distribution. The study shows

that plate material properties have a substantial effect on

the shape of the stress distribution. Oplinger summarized

the radial stress issue by saying that in some cases the

cosinusoidal stress distribution can be used to represent

pin-plate interaction. In other cases it could not be used

with any degree of accuracy. The study concluded that

displacement boundary conditions (rigid-pin assumptions)

produced a more accurate analysis.
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Waszcak and Cruse [3] compared the cosinusoidal

distribution assumption with the rigid pin assumption in

their studies. They employed finite-element methods. The

primary conclusion of their work was that ultimate

prediction of failure was not highly dependent on the pin-

plate interface assumption. However, their correlation with

laboratory data was, in some cases, quite poor.

Crews, Hong, and Raju [4] have studied the case of an

orthotropic plate loaded with an elastic frictionless pin.

This analysis utilized springs between the pin and hole

boundary, resulting in a separation between the pin and hole

edge on the unloaded portion of the hole. This meant that a

contact angle of less than 180° was possible, and indeed

occurred, for most cases. This analysis was also based on

finite-elements, using extremely refined meshes. Radial,

circumferential, shear stresses, and stress concentration

factors were found for many different laminate

configurations and different plate geometries. The results

emphasized the influence of orthotropy and geometry upon

these stress distributions and the magnitudes of the

stresses.

Collings [5] has performed experimental work with both

one-hole and two-hole composite joints. He determined the

type of laminates which most effectively react the stresses

induced by the bolt. In addition to investigating the
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effect of various laminates, he also examined the effect of

bolt clamping pressure. Subsequent work by Collings and

i Beauchamp [6] examined the deflection behavior of various

laminates. The purpose of their study was to evaluate the

joint stiffnesses by understanding the load-deflection

characteristics.

Pyner and Matthews [7] have also experimentally

examined single and multiple-bolted joints in composites.

Various parallel and series configurations were studied.

The main aim of this study was to determine the best bolt-

hole configuration in terms of joint capacity. The

conclusion of the study was that simpler bolt hole

configurations yield higher capacities than more complex

configurations. It was recommended that testing be employed

when strengths of multiple hole joints are needed. In other

related work Godwin, Matthews, and Kilty [8] experimentally

investigated multiple-bolt joints. It was found that bolts

in series yielded lower joint capacity than bolts in a

parallel configuration. The existence of a bolt hole within

the stress field generated by another bolt hole was found to

be important. It was this superposition of stress fields

which the authors recognized as the reason why joint

capacities were lower for the series configurations. Godwin

and Matthews [9] also presented a fine review of composite

joint strengths. Various parameters such as material



12

properties, fastener types, joint type, fastener tolerance,

and geometry were discussed.

Eisenmann and Leonhardt [I0] presented experimental

findings concerning laminate in-plane elastic property

tailoring to improve composite joint efficiency. They

examined the effect of replacing some of the laminate within

the bearing region with compliant (+45/-45) plies. This

uncoupled the global laminate strain level from local hole-

region strains. Such uncoupling allowed the composite joint

to achieve higher strain-to-failure values, extending the

range of applications.

Soni [ii] studied the failure of a variety of composite

plates with a single fastener hole. He used finite-element

analysis with displacement boundary conditions in

conjunction with the Tsai-Wu tensor polynomial criterion

[12]. The ultimate failure strength of the strongest ply at

the weakest point in the laminate was used as a definition

of failure. Soni's predictions, compared with available

data, were conservative.

Hart-Smith [13] presented a study containing a massive

amount of data collected during a test program of bolted

graphite/epoxy and graphite-glass/epoxy joints conducted at

McDonnell Douglas Corporation. The main object of the study

was to determine the nature of the stress interactions in a

multiple-bolt joint. Major findings include: i) multiple-
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bolt joints increase strength over single-bolt joints only

when bearing failure governs; 2) a linear stress

interaction exists, i.e., a direct superposition of stress

fields caused by the individual holes, can be assumed in

tensile loading cases. In compressive loading cases,

however, non-linear stress interaction occurs; 3) The

ultimate joint strength is, at best, about one-half of the

basic laminate plate strength; 4) Capacities of joints

with bolts were about twice that of joints with simple pins;

5) The use of glass fiber is almost always beneficial in

terms of strength when compared to all graphite fiber cases.

Subsequent work by Hart-Smith [14] summarized this data and

presented a methodology to compute failure loads in

orthotropic plates by using the analysis from isotropic

plates and an empirically determined correlation factor.

Garbo and Ogonowski [15] developed a two-dimensional

finite-element model to study the multiple-bolt problem. In

addition, an excellent overview of design problems froman

industry point of view is presented. Such parameters as

fastener depth-to-plate thickness, hole tolerance, plate

geometry, and laminate elastic properties were addressed.

In addition the distribution of load among the bolts was

addressed for the first time in any detail in this study.

The model which was developed used cosinusoidal radial

stress distributions for boundary conditions on the holes.
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Although good information is presented, reported results are

limited to specific laminates.

In other work by Garbo and Buchanan [16], the model

previously developed by Garbo and Ogonowski was used in

conjunction with an experimental program to design high-load

transfer joints. They incorporated the 'softening'

technique proposed by Eisenmann to increase the capacity. A

seven-bolt joint in the series configuration was designed.

The percentage of total load reacted by each bolt increased

linearly along the length of the joint with the firstbolt

reacting the highest portion of the joint load. Additional

work by Garbo and Becker [17] focused on a single-hole joint

with the addition of a bypass load. This situation is in

essence a section of a multiple-bolt joint in the series

configuration. Again predictions were made with the finite-

element model and tests were conducted for correlation.

Bypass-stress vs. bearing-stress relations were developed

for three different laminates.

Work by Hyer, Perry, and Lightfoot [18] reported

experimental results obtained in investigating the

superposition of the stress fields in a two hole joint. An

averaging hypothesis was defined. This was defined as a

technique of superimposing the stress fields due to an open

hole in a tensile stress field and the stress field

generated by a loaded hole. This hypothesis was was used to
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predict the strength of joints with various width-to-

diameter ratios. Good experimental verification was shown.

The study was confined to quasi-isotropic laminates. Later

work by Hyer and Klang [19-22] showed the effect of bolt

friction, bolt elasticity, and bolt clearance on the stress

distribution around the hole in a pin loaded orthotropic

plate. A complex variable form of elasticity solution was

used. This work indicated, like Oplinger's, that the rigid

pin assumption is a better representation of the effects of

the interaction of the pin with the hole than is the

cosinusoidal representation. Clearance was shown to have a

dramatic effect on thevalue and the location of the peak

stresses, and on the overall stress distribution. Friction

was also shown to influence the value and location of the

peak stresses.

Rowlands, Rahman, Wilkinson, and Chiang [23] have also

studied single-hole and double-hole joints in orthotropic

materials. Both finite-element and experimental analyses

were conducted. Moire interferometry and strain gage

measurements were made and the investigation was extended to

wood as well as boron-epoxy and glass-epoxy composites.

Primarily, the contact stress distribution was reported for

a variety of bolt load ratios, tolerances of bolt vs. hole

diameters, and materials. In other work, Rahman [24]

conducted a strength and stress analysis of two-hole
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composite joints. Finite-element modelling with

displacement boundary conditions was used to describe the

bolt contact with the plate. Numerous failure criteria were

used for failure analysis. Various load ratios were

examined, in addition to different material types. An

incremental loading technique was used to determine the

contact region between the bolt and hole. Moire

interferometry was used again to determine the accuracy of

finite-element results.

Chang, Scott, and Springer [25] have extended the

characteristic distance concept of Whitney-Nuismer [26] to

study failure of bolted joints. Their work will be

elaborated on later because it forms the basis for the

failure criteria used in the present study. Briefly, Chang,

Scott, and Springer postulated that a locus of

characteristic distances exists around the hole. At the net

section the distance coincides with the original distance

proposed by Whitney and Nuismer to study tension and

compression failures at the net section. However, at other

circumferential positions around the hole, the

characteristic distance varies. This variation reflects

other possible failure modes, namely bearing and shearout.

The locus is called by Chang, et al a 'characteristic curve'

and it is a function of material properties and angular

location. This characteristic curve was used by them in
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conjunction with the Yamada-Sun [27] polynomial failure

criteria for evaluation of joint failure loads. The mode of

failure was indicated by the location on the characteristic

curve where the Yamada-Sun criteria predicted failure. The

method of analysis accounts for the well-observed hole size

effect. Various laminates and joint geometries were

investigated and experimentally tested for verification.

Moderate correlation was achieved. The most accurate

prediction occurred for quasi-isotropic laminates.

Of all the literature reviewed, Garbo has been the only

author to pursue non-uniform bolt load distribution and its

possible benefit in increasing load capacity. He achieved a

nonuniform distribution by varying the compliance of the

material in the vicinity of each bolt. The present study

will assume this technique or others can be used to to allow
0

nonuniform bolt loads to occur within a joint.



CHAPTER 3

METHOD OF ANALYSIS

The geometry and nomenclature associated with the

analysis of the two-hole-in-series joint are illustrated in

Fig. 3.1. As mentioned previously, only the inner lap will

be analyzed in this study of bolt load distribution. Fig.

3.1, then, is a plate which represents the inner lap with

its two holes in series. The width of the plate is W, the

hole diameter is D (only equal hole diameters are

considered), the centers of the holes are a distance G

apart, and the center of second (bottom) hole is a distance

E from the free end. The overall joint length is L. The

plate is of thickness H. Here the geometric parameters W/D,

E/D, and G/D will be used to represent variations in joint

geometry.

Locations on the plate are defined in terms of an X-Y

coordinate system, the Y-axis being the loading direction.

Laminae orientationswill be with respect to the X-axis.

Locations at the hole edges will be referred to using polar

coordinate systems centered at each hole. Each hole is

loaded with known compressive radial stresses of the form

or --Or cos8 -z/2 < 8 < _/2
o

(3.1)
or = 0 otherwise,

or being a constant. Such a distribution produces a total
o

18
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PLATE THICKNESS - H

Fig. 3.1 Plate Nomenclature.
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load on the hole of

Ptotal = o DH_/4r (3.2)o

For the first (top) hole, the subscript 1 will be used while

for the second hole the subscript 2 will be used.

Using this nomenclature

orl (4/_) (PI/DH)cos 8 (3.3)

°r2 (4/_)(P2/DH)c°s8 (3.4)

where P1 is the load reacted by the top hole and P2 is the

load reacted by the bottom hole. The total load, P1 + P2"

is reacted by a load at the end of the plate.

The finite-element method was used to determine the

stresses in the plate. This method allowed for the solution

of this complex problem which otherwise could not be solved.

The nodal forces acting on the hole edges were used to

represent the cosinusoidal distributions of Eqns. 3.3 and

3.4. A version of the well-known program STAP [28] was used

to model this problem. Modifications to the original

version were made previously for analysis of laminated

plates with the program. The analysis 'was limited to a

plane-stress condition in the laminate. In addition,

bending effects were not permitted. Therefore, the

stiffness matrices were composed only of elements from the

Aij, or extensional stiffness, matrix [29].
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An 8-node isoparametric element was chosen for the

analysis. This higher-order element allowed for a slightly

less dense mesh to be used when compared to the mesh using a

4-node element. In addition, the 8-node element also

allowed for curved element boundaries. Such boundaries were

needed on the hole edge. The general element with its local

coordinate system is shown in Fig. 3.2. The displacements

for this element are given as

8
u(_,n) = _ UiTi(_,_) (3.5a)

i=I

8
v(_,_) = _ ViTi(_,_) (3.5b)

i=I

where the constants U1.....U8, and Vl,...,V 8 are the unknown

nodal coordinates. The interpolation functions are defined

as

41 = (1/4)(1 + _)(i + n)(-I + _ + _) (3.6a)

42 = (1/2)(1 . _)(I + 2) (3.6b)

43 = (1/4)(1 + _)(I - q)(-i + _ - q) (3.6c)

44 = (1/2)(1 - _2)(I - _) (3.6d)

45 = (1/4)(1 - _)(i - _)(-I - _ - B) (3.6e)

46 = (1/2)(1 - _)(I - 2) (3.6f)

47 = (1/4)(1 - 6)(1 - n)(-i - 6 + n) (3.6g)

48 = (1/2)(1 - 62)(1 + _) (3.6i)

The finite-element grid used to represent the plate
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Fig. 3.2 8-Node.Isoparametric Element.
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with two holes is shown in Fig. 3.3. A total of about 350

elements with 1200 nodes were used to model one-half the

plate. Centerline symmetry of both the applied loading and

material properties permitted the analysis to be confined to

one-half the plate. This figure also shows the boundary

conditions used in the analysis. The top edge of the plate

is fixed against movement in the Y direction. The

centerline of the plate is fixed against movement in the X

direction. The bottom and right sides are free of tractions

and have unrestricted motion. Except for the fixed top

edge, these boundary conditions are consistent with the

conditions experienced by an inner lap of a double-lapped

joint. In reality, the top edge would have an applied

stress instead of being fixed. However, the finite-element

analysis with a traction boundary condition on the holes

works more conveniently with the top boundary subjected to a

displacement boundary condition.

The cosinusoidal stress distribution on the hole edge

is represented using nodal forces. The distribution of

nodal forces is shown in Table 3.1. The distribution is

given for a unit load, i.e., P1 or P2 of Eqns. 3.3 or 3.4

equals one. A close-up section of the hole area is shown in

Fig. 3.4. The figure illustrates that there are element

nodes every 4.5 o around the hole.
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Fig. 3.3 Finite-Element Mesh.
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Table 3.1 Hole Boundary Nodal Loadings

ANGLE Y-DIRECTION X-DIRECTION Node
degrees nodal loading nodal loading letter

0.0 -0.01668 0.00000 a
4.5 -0.06622 0 00522 b
9.0 -0.03254 0 00516 c

13.5 -0.06302 0 01512 d
18.0 -0.03018 0 00980 e
2_ 5 -0.05688 0 02356 f
27 0 -0.02648 0 01348 g
31 5 -0.04846 0 02968 h
36 0 -0.02182 0 01586 i
40 5 -0.03852 0 03290 j
45 0 -0.01668 0 01668 k
49 5 -0.02810 0 03290 1
54 0 -0.01152 0 01586 m
58 5 -0.01818 0 02968 n
63 0 -0.00688 0.01350 o
67 5 -0.00976 0.02356 p
72 0 -0.00320 0.00982 q
76 5 -0.00362 0.01512 r
81 0 -0.00082 0.00512 s
85 5 -0.00042 0.00528 t
90 0 0.00000 0.00000 u

s

.k I
i j

a

Fig. 3.4 Hole Boundary Nodal Locations.
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As mentioned earlier, in order to develop the stiffness

matrices for the elements, the finite-element program

required the components of the extensional stiffness array,

Aij. In classical lamination theory the extensional

stiffness array is a part of a larger array which relates

the laminate midplane strains and curvatures to the applied

inplane and bending loads. In the case where a symmetric

laminate is used, and no bending loads exist, the

extensional stiffness matrix is the only important component

in the entire stiffness matrix. This reduces the

relationship between strain and applied load. The

relationship is of the form

b

0
Nx All AI2 AI6 x

• _ 0Ny = A12 A22 A26 y (3.7)

Nxy AI6 AI6 A66 rxy
m

The quantities Nx, Ny, and Nxy are the loads per unit

width. Nx and Ny are extensional loads and Nxy is the shear

load. By dividing the N's by the plate thickness, H, the

average inplane laminate stresses are obtained. The strain

0 _yO and _xy°vector consists of the inplane strains _x '

These strains are referred to the global laminate coordinate

system. The finite-element analysis uses the nodal forces

at the hole elements, written in terms of Nx, Ny, and Nxy ,
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and the boundary conditions to compute the displacement of

each point in the plate. Using the strain-displacement

relations, the strains at each point in the plate are

computed. A post-processor for the finite-element program

was written to linearly interpolate the strains from the

Gauss points to the points of interest within the plate.

Once the laminate strains at the desired locations were

determined, the post-processor then transformed these global

laminate strains into lamina strains in the lamina

coordinate system. This transformation is given by Jones

[29]

D

-1
o

E1 cos28 sin28 sinScos8 _x

= sin28 cos28 -sinScos8 _y0c2 (3.8)

_12 -2sinScos8 2sinScos8 cos28-sin28 kr '_ _ xy

The strains E1 and _2 are the elongation strains

parallel to the fibers and perpendicular to the fibers,

respectively, and r12 is the engineering shear strain in the

plane of the lamina. The angle 8 is measured positive from

the global x-axis counterclockwise to the 1-axis of the

lamina.

Once the strains are determined for each lamina, the

reduced stiffness matrix, Qij' for the lamina is used to

compute lamina stresses in the lamina coordinate system.
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The reduced stiffness matrix is a function of materi_l

constants El, E2, GI2, and _12" The relation between lamina
_J

stresses and strains in the principal material coordinate

system is

m m

al QII QI2 0 _i°

o

a2 = QI2 Q22 0 _2 (3.9)

_12 0 0 Q66 _12
m

The stress oI is the normal stress in the lamina in the

fiber direction, 02 is the normal stress perpendicular to

the fibers, and _12 is the shear stress in the plane of the

lamina. The Qij are defined by,

QII = El/(l-Vl2V21) QI2 = v21Qll

(3.10)
Q22 = E2/(I-_12_21) Q66 = GI2

In order to determine the failure load of a joint,

failure of the laminate must be defined. The application of

a material failure criterion is often used for this purpose.

This study will utilize the Yamada-Sun failure criterion

[27].
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The Yamada-Sun criterion takes the form

+ _12 2 = F2 (3.11)
0

Failure is predicted to occur when F=I. The quantity X

is the ultimate strength of a unidirectional laminate loaded

in the fiber direction. The quantity X can have two values,

depending on the sign of oI. The quantity SO/90 is the

shear strength of a cross-ply laminate. This value is

usually two to three times larger than the shear strength of

an individual lamina. This laminate strength value is

thought to more closely represent the shear strength of

a laminawhen it is a part of a laminate. The strength of a

lamina within a laminate is referred to as in-situ strength.

Generally in-situ strength is higher than the streng%h of a

single lamina. The Yamada-Sun criteria is applied on a

lamina level. Since the stresses are not uniform through

the thickness in a laminate, each lamina has to be evaluated

for failure.

The criterion given in Eqn. 3.11 uses the values of o1

and _12 but assumes the value of 02 is not important. This

assumption is based on the observation that prior to

laminate failure, each lamina contains many matrix cracks.

With the existence of these cracks, the lateral stiffness,

E2, drops dramatically. This in turn reduces the capacity
[
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to transmit load in this direction. The shear stress,

however, and its relation to the failure stress is still

considered important. Appendix A discusses this issue.

However, it is premature to turn to that appendix at this

point. The reader will be referred to that appendix at the

appropriate time.

Chang [30] utilized this criterion in his study of

single and double-hole bolted joints. In addition, he

extended Whitney-Nuismer' s characteristic distance concept

to a continuous locus around a hole. The equation for this

locus was given by Chang, et al to be

r(8) = D/2 + Rt + (Rc - Rt)cos(8 ) (3.12)

This function, which varies cosinusoidally, defines a

locus of points where the failure criteria is applied. The

locus is the same for each lamina. Here D is the diameter

of the hole around which the failure criteria is applied.

Rt and Rc are experimentally derived constants which are a

function of the material properties. A physical

interpretation of Rt and Rc are shown on Fig. 3.5. Table

3.2 presents numerical values of Rt and Rc used here. Other

material properties used in the present study are also

presented in this table. The function r(8) then is a

cosinusoidal fit between these two constants, spanning the

region from the bearing area to the net-tension area. One
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' D = 1/4 in. . •

•---_' D= 1/2 in.

• GAUSS POINTS

/

Fig. 3.5 Characteristic Curve Locations.
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Table 3.2 Material Properties

Rt = 0.018 in.
R = 0.070 in.c

E1 = 21300000 psi

E2 = 1700000 psi

GI2 = 897000 psi

v12 = 0.30

Xt = 251000 psi

Xc = 200000 psi

S0/90 = 19400 psi
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benefit in this procedure is that the stresses which are

substituted into the Yamada-Sun criterion are stresses which

are in the interior of the plate. Stress values on the hole

edge are not required. This eliminates many problems.

First, the extrapolation of stress values from a Gauss point

to the hole edge is not required. Second, at the hole edge

region there is a three-dimensional state of stress

involving interlaminar normal and shear stresses, in

addition to the inplane stresses. These additional stresses

can have a large influence on the localized failure of the

plate at the hole edge. With the criterion being applied

away from the hole edge, not modelling those interlaminar

stresses in the plane stress analysis was not a problem.

Another advantage to the characteristic curve approach

is that the hole size effect is accounted for. This well

observed phenomena indicates that for two identical single-

hole plates with the same value of W/D, the plate with the

smaller diameter hole will have a higher ultimate strength.

This hole size effect is accounted for by including the

diameter in the expression for the characteristic curve

equation. For large holes, the diameter term dominates the

equation and the locus is closer to the hole edge. With the

characteristic curve close to the hole edge, the stresses on

the locus are higher, so the failure criteria is met at a

lower overall load level than when small diameter holes are
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considered. Also with the diameter term dominating the

expression, the dependence of the characteristic curve on

angular location is minimal. Fig. 3.5 shows the location of

the characteristic curve for the two hole sizes considered

in this study, namely 1/4 in. diameter holes and 1/2 in.

diameter holes.

When the Yamada-Sun criterion is evaluated along the

characteristic curve, there is a load level, a point, and a

lamina where F = i. According to Chang et al, the angular

location of F = 1 defines the mode of failure. Normally

there are three different failure modes which occur in a

pin-loaded plate. These modes are called net-tension

failure, bearing failure, and shear-out failure. A net-

tension failure causes separation of the plate near the net-

section. A bearing type failure mode is defined to occur

when material crushing occurs beneath the bolt. Shear-out

failure occurs when separation or tearing occurs near the

line which extends from the hole edge at the net-section

area toward the free edge of the plate. This line is

commonly called the shear-out plane and is depicted in Fig.

3.6. The bounds on angular location associated with the

three failure modes are shown in Table 3.3.



35

G
SHEAROUT I

PLANE _ I
HOLE 1 I

I

Q
SHEAROUT I

PLANE -_2.._ I
HOLE 2 I

I

Fig. 3.6 Location of Shearout Planes.



36

Table 3.3 Definition of a Failure Mode

Mode of Angular Position, 8*
Failure (degrees)

Net-Tension 75 - 90
Shearout 30 - 60
Bearing 0 - 15

see Fig. 3.1 for definition of 8.



CHAPTER 4

COMPARISONWITH PAST WORK

In order to judge the ability of the finite-element

analysis to predict the stresses for this problem, and to

gain insight in the character of the stress state for

various laminates, the stresses predicted by the present

analysis were compared to the stress predictions in work by

other researchers.

Figs. 4.1-4.3 shows Crews' calculations and the

calculations of the present study for the radial and

circumferential stresses around the hole, and the shear-out

stresses in three pin-loaded laminates. The stresses have

been normalized by the average bearing stress, Sb. The

average bearing stress, which is often used as a

normalization factor, is defined as

Sb = P / D*H (4.1)

where as described previously, P is the total load acting on

the hole, D is the hole diameter, and H is the laminate

thickness. Results from Crews are shown in Fig. 4.1 for a

quasi-isotropic laminate with width-to-diameter ratios, W/D,

of 3 and infinity. The distance from the center of the hole

to the end of the joint, E/D, was I0. Here a value of 3 was

used. The results are shown by dashed and solid lines,

respectively, in the figure. The stresses computed in the

37
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present study are shown by solid dots. For the present

study, W/D was 5. As can be seen, the comparison between

the present study and Crews' results is quite good. The

equation for cosinusoidal radial stress distribution is

shown on the figure. The comparison for the radial stresses

should be very good since these values are essentially used

for input to the analysis. Differences that do arise are

due to the fact that in the finite-element analysis the

stresses are computed at the Gauss points while the input

stresses are applied at the nodes. Spatially, these are

different points.

There is similar good agreement for the shear-out

stress calculations. Again, Crews' results are given for

W/D of 3 and infinity. The solid dots are from the present

study for W/D of 5. At a value of Y/R equal to three, which

is a distance of three radii from the hole centerline

towards the bottom edge of the plate, the current finite-

element results predict a somewhat lower shearout stress.

This is due to the fact that the element mesh for the plate

was generated for a smaller edge distance, E/D, than Crews

used in his investigations. This causes the shearout

stresses to diminish quicker than Crews' predicted values.

Fig. 4.2 shows these same results for a cross-ply

laminate. There is a slightly higher variance between the

current predictions and those of Crews. This is primarily
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caused by the higher stress gradients that are typical in

this type of laminate. This in turn means a greater

difference in the values of stress at Gauss points and at

the hole edge. However, ther_ is a fair agreement between

both the circumferential and radial stresses. The shearout

stresses, which should be in better agreement, are quite

close. Again, as the bottom edge of the plate is

approached, the current prediction of shearout stress drops

off a bit faster due to a shorter edge distance.

The results for a 45 degree angle-ply laminate are

illustrated in Fig. 4.3. Again, there are some

discrepancies between current and past predicted

circumferential stresses. The radial stress distribution is

slightly different. This is expected, since the current

model uses a cosinusoidal distribution to model the the

contact stresses between the bolt and the hole edge. Crews

used displacement boundary conditions. This results in a

slightly different distribution for some laminates. The

shearout stresses compare quite well. The only major

deviation occurs towards the plate bottom.

These results confirmed the validity of the current

finite-element model and the degree of refinement of the

mesh. Two different mesh densities were used in this study

to model the single-hole problem. It was found that the

!ower density mesh gave answers which agreed quite well with
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the higher density mesh. The less dense mesh was

subsequently used in modelling.

Further comparisons were made for a single-hole joint

by using the work of Chang [30]. The comparisons were made

for three laminates used in that work: a quasi-isotropic

[(0/+45/-45/90)3]s; a cross-ply [(0/90)6]s; and an angle-ply

[(+45/-45)6]s. However, Chang did not report stress

distributions. Chang reported on failure loads using the

Yamada-Sun - characteristic curve criterion. Hence

comparison with Chang's work afforded a change to check the

implementation of the failure criteria. Chang reported

joint strengths normalized with respect to bearing stress.

Fig. 4.4 shows the comparison between Chang's work and

the present study. The solid curves in Fig. 4.4 represent

the finite-element failure predictions of Chang. The solid

dots indicate the present study's prediction for selected

situations. The letters accompanying the dots refer to the

present study's predicted mode of failure. In some cases

this can be a combined mode. The symbols are experimental

data that Chang measured as a part of that study. The

variation of normalized joint strength vs. hole diameter is

shown. The increase of strength with decreasing hole

diameter is well represented in Chang's calculations and in

the calculations of the present study. The upper curve in
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each figure corresponds to a W/D of 5 while the lower curve

represents a W/D of 3. The solid dots from the present

study were determined for a W/D of 5.

Considering the quasi-isotropic case, the agreement

between Chang's model and the present model is quite good.

Agreement of the present model with the strengths determined

experimentally by Chang is also quite good. The failure

mode prediction by both Chang's and the present study's

results are the same and concur with the experimental data.

Experimentally, for the W/D ratio of 5• this mode is

bearing. For the narrower plate, W/D of 3 the modei •

switches to net-tension mode.

Good agreement is also found between the two models for

the angle-ply case. However, the experimental work shows a

higher joint strength than predicted. The mode of failure

is predicted quite well however• and in some cases, the

present study is more accurate in this mode prediction than

is Chang's. For W/D = 5, the mode of failure for the 1/2

in. diameter hole is predicted by the present study to be

bearing. The data also indicates this type of failure mode,

i.e. a square with a cross in it. Chang's analysis

predicted a tensile failure for this case. When the hole

diameter is reduced to 1/4 in., the experimentally

determined mode changes to net-tension (open square). The

present study predicts a mixture of bearing failure and
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tension failure while Chang's analysis predicts tension.

For the cross-ply laminate, predictions by Chang and

the predictions of the present study are quite close, Chang

shows there is not much sensitivity to W/D. The data shows

a higher joint strength when compared to both finite-element

predictions. The mode of failure is predicted to be

shearout by both the present study and Chang's mode!, and

his experimentsshow this to be true.

Similar to the single-hole figure, the solid lines in

Fig. _.5 represent finite-element results obtained by Chang

for a two-hole joint. The solid dots and their accompanying

letters indicate the numerical results of the present study.

The other symbols are experimental data gathered by Chang.

Considering the quasi-isotropic case, the predictions

by Chang and the present study agree quite well. The

correlation of the predicted joint strength with the data by

the present study is slightly better when compared to

Chang's finite-element predictions. The failure mode is

accurately predicted by both models to be tension.

The angle-ply case shows a moderate discrepancy between

Chang's finite-element predictions and the present study's

predictions of ultimate joint capacity. The present study's

strength predictions are closer to the experimenta! data

than Chang's predictions. Again, the mode of failure is

accurately predicted by both finite-element models to be
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net-section tension.

The cross-ply case shows trends similar to the angle-

ply case. The present study' s strength predictions are

closer to the experimental data than Chang's predictions.

For the W/D = 5 curve, both models predict a shearout

failure mode and this correlates with the data. For the W/D

= 3 curve, the present study predicts a tension and this

also matches the experimental results. Chang's analysis

predicts a shearout mode for this case also.

The comparison with Chang' s two-hole studies indicate

that the present study's predictions are close to the

experimental values and the modes of failure are accurately

predicted for all cases. This correlation enabled the

current study to be expanded to variations in geometry and

load ratios with confidence in the ability to predict
results.



CHAPTER 5

STRESS CALCULATIONSFOR TWO-HOLE JOINTS

Many of previous reports concerning single hole plates

have presented details of the predicted stress distribution

at the hole edge, at the net-section, along the shear-out

line, and at other locations. No such information has been

presented for plates with two loaded holes. This chapter

will present the results of stress analysis of a plate with

two holes. This information fills a gap in the present

literatures where no comprehensive results for the two-hole

case exists.

A typical two hole joint geometry was chosen for this

task. A width-to-diameter ratio of 5, an edge-distance to

bolt-diameter ratio, E/D, of 3, and a bolt-pitch to bolt-

diameter ratio , G/D, of 3 were chosen to represent a

standard joint. The bolt pitch refers to the spacing

between subsequent bolt holes in a joint (refer to fig 3.1).

In addition, a hole diameter of 1/2 in. was also chosen.

Results for the quasi-isotropic, angle-ply, and cross-ply

laminates are presented. It is assumed that each hole

reacts 50_ of the total applied load.

CROSS-SECTION STRESSES

The stress distribution along four specific loci on the

plate are presented. These loci include: the net-section at

49
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both hole locations; both hole edges; the vertical

centerline of the plate; and the horizontal mid-section of

the plate. The mid-section is the line which is equidistant

between both holes. These sections are highlighted in Fig.

5.1. In addition, stress contours are presented for all

three inplane components of stress.

Figs. 5.2-5.4 show the net-section stresses at both

holes for the three laminates. These stresses are

normalized with respect to the gross, or far-field, stress.

The gross stress is defined as

= P/W*H (5.1)
Ygross

The quasi-isotropic case in Fig. 5.2 shows the top hole

gy stress increasing from a value less than 1.0 at the edge

of the plate to about 4.0 at the innermost Gauss point. The

bottom hole stress is somewhat lower, reaching a value of

2.25. The difference in net-section stress magnitudes

between the upper and lower holes is a graphic illustration

of stress field superposition. The upper hole has stresses

due to the pin reaction, and stresses occurring due to the

load being passed to the lower hole. This phenomena causes

the longitudinal tensile stresses at the top hole to be

higher than the corresponding stress at the top hole for all

laminate cases, and for all geometries. Only when the 50-50

load ratio is changed does this difference disappear.
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The cx and _xy stresses at these sections are quite

small when compared to the _y stresses. Again, at the top

hole _x stress is higher than at the bottom hole. At both

holes the ex stress has a small peak prior to decreasing as

the hole edge is approached. This peak is due to a Poisson

contraction effect. The shear stress is higher at the

bottom hole than at the top hole. The higher shear stress

at the lower hole is caused by the proximity of the bottom

hole net-section to the free edge of the plate. The

magnitudes of the shear and transverse tensile stresses are

of no consequence at the net-section locations.

Fig. 5.3 shows these same stresses for the cross-ply

laminate. Due to the higher percentage 0° plys, as compared

with the quasi-isotropic case, the a stresses are much
y

higher at the hole edge. At the top hole the tensile stress

has a maximum value of about 6.0 while the peak tensile

stress at the bottom hole is about 2.75. The other inplane

stresses are much smaller, and are for the most part

insignificant in causing failure.

Fig. 5.4 shows the stresses for an angle-ply laminate.

One interesting point illustrated here is the absence of any

steep asymptotic behavior of the a stresses near the holey
edges. Of the three laminates considered, the tensile

stresses for this laminate are the lowest. On the other

hand, the cx stresses are much higher than in the other two
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laminates. The peak ox stress occurs a small distance from

the hole edge. Note here that once again the top hole

stresses are, for the most part, greater in magnitude than

those at the lower hole. The shear stresses are relatively

small compared to the other in-plane stresses.

Stresses at the midsection of the plate are shown in

Figs. 5.5-5.7. Fig. 5.5 illustrates the results for the

quasi-isotropic case. All three components of inplane

stresses are shown. Near the centerline of the plate the o
Y

stress is negative. This is interesting in light of the

fact that, overall, the plate must transmit tension at the

midsection. This effect is due to the compressive stresses

caused by the pin-plate interaction at the bottom of the top

hole, just above the midsection. As the spatial coordinate

approaches the free edge of the plate, the o stress
Y

approaches the gross stress value. The o stress showsx

opposite behavior. This is due to Poisson contraction

effects. Near the plate centerline, the o stress is
x

positive, goes negative, and then drops to zero at the free

edge of the plate. The shear stress starts at zero at the

centerline becomes positive, and then quickly approaches

zero as the outer edge of the plate is approached.

Fig. 5.6 shows the mid-section stresses for a cross-ply

laminate. Due to the nature of this laminate, the gradients

of the oy stress near the centerline are much higher than



57

O
o

i MID-SECTION STRESSES

_-

,--J..n
b--iru
uod W/D . S E/D = 3 GzO . 3
IJ_ll
n,- O . 1/2" LORD RRTIO • 50-50
_- QURSI-ISOTROP IC LRYUP
O'3
_O
u_ @ . SIGMR-X
o- _ • SIGMR-Y
I

.@ • TRU-XY

I

0
o

IO'.O0 0I.20 0I.qO 0I.60 0I.80 11.O0 I j. _9
DISTRNCE FROH PLRTE CENTERLINE

Fig. 5.5 Mid-Section Stresses in a Quasi-Isotropic Laminate.



58

a
a

1.11
r-.
a

a
1.11

a

>-
I

0:
0

La
L.::J.
1--1 0

lf1

'"...... 1.11
lf1N
lf10
lLJ I

a:
I­
lf1
"""0

1.11.
o
I

1.11
r-
a
I

a
a

'0.00

W/O·S E/0·3 G/0.3
o • 112" LOAD RAT I 0 • SO-SO

0/90 LAYUP

(!) • S I GMA-X
.l!> • SI GMA-Y
~ • TAU-XY

0.20 0.40 0.60 0.80 1.00
DIS TRNeE FRO t1 PLRTEe U iT EPI_HI 1: 1. 20

Fig. 5.6 Mid-Section Stresses in a Cross-Ply Laminate.



59

0
(::3

0.
,,....i

MID-SECTION STRESSES

6-

I,.,0

0
I

0

"_6 1 1 I I
'.00 0j. 20 0I.LiD 0.60 0.80 l.O0 l. 20

DISTRNCE FROH PLRTE CENTER[_IN£

Fig. 5.7 Mid-Section Stresses in an Angle-Ply Laminate.



6O

for the other two laminates. Near the plate centerline the

Cy stress is compressive, much more so than for the quasi-

isotropic case. This is caused by the higher percentage of

fibers in the direction of load application. For the cross-

ply case, as one moves away from the centerline, the c
y

stress changes drastically to a positive value of 1.0. The

value then decreases as the free edge of the plate is

approached. The cx stress starts postive, starting smaller

at the centerline than in the quasi-isotropic laminate, and

dropping to zero rather quickly. The shear stress reaches a

maximum about 20_ of the half plate width from the

centerline, then gradually decreases to zero at the free

edge of the plate.

Fig. 5.7 shows the three mid-section stresses for the

angle-ply case. Here the Cy stress is always positive and

shows a minimum at a point about 40_ of the way towards the

free edge. Further from the centerline the stress increases

to a value approximately equa! to the gross field stress

value. The c stress also variesx considerably. It reaches

maximum compressive value about 60_ of the way towards the

free edge of the plate. After the maximum compression is

reached, the cx stress approaches zero toward the free edge.

The shear stress shows a maximum value at about halfway

between the centerline and the free edge. This maximum

value of stress decreases to zero as the free edge and the
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centerline are approached.

Figs. 5.8-5.10 show the variation of c and c
y x

stresses, normalized with respect to the gross c stress, as
y

a function of distance along the plate's vertical

centerline. Along the centerline the shear stress is, by

symmetry, zero. In the figures, the bottom of the graph

represents the bottom free edge of the plate while the top

of the graph represents the fixed end of the plate. There

are two discontinuities shown in each of the figures. These

correspond to the hole locations in the plate.

Fig. 5.8 shows the centerline stress distribution for a

quasi-isotropic laminate. Near the top of the plate the c
Y

stress is unity, basically, by definition. There is a

spatially uniform state of stress until the top of the hole

is reached. As the top of the upper hole is approached from

above, the Cy stress decreases to zero. This is expected

since the unloaded upper half of each hole is traction free.

Directly beneath the top hole the c stress has a high
Y

negative value. This is the bearing stress. For this

laminate the bearing stress has a value of about -3.0. At a

point between the two holes the Cy stress becomes slightly

positive. This change from a compressive value to a tensile

value is due to the unloading caused by the bypass stress.

For the quasi-isotropic laminate, this unloading effect is

quite small. Again, at the top of the bottom hole the c
Y



62

CENTERLINE STRESSES

W/D . S E/D • 3 G/D _ 3

O . i/2" LORD RRTIO . 50-S0

QURSI-ISOTROP IC LRYUP

o O • SIGMR-X
c_ a . SIGMR-Ym_

_J

x o

6"

_D

rr_
6-

bJ

CE z

n-
U_

bJo

QD

cD

I --I • I"-3.00 -2,00 O0 0.00 1.00
(STRESS) / (SIGHR GROSS)

Fig. 5.8 Centerline Stresses in a Quasi-Isotropic Laminate.



63

CENTERLINE STRESSES

WID . S E/D • 3 G/D . 3

D . i/'2" LORO RRTIO • 50-50
0/90 LRYUP

0 - SIGMR-Xrn
'_- SIGMR-Y

.J

X o

6-

I---
b--

nn_

F-

"---------C&-o

_..
g°
fl-
It_

tiJ o

€'-_o
o

I I I
c_-3.O0 -2.00 -I .00 Oi.O0 1.00

(STRESS)/(SIGMR GROSS)

Fig. 5.9 Centerline Stresses in a Cross-Ply Laminate.



64

CENTERLINE STRESSES

W/D . S E/D • 3 G/D . 3
D = i/2" LOAD RATIO . S0-SO

•4H/-4H LRYUP

o C) • SIGMR.X
o _ • SIGMA-Y

..3

X o

b---

¢nc-_
L--1.1.1

F--

0._o

_'-o
rr-
U_

U')

r'no
o

o_. DO -_. DO -_. DO -'1. Do o.Do i_.Do
(STRESS) / (SIGMA GROSS)

Fig. 5.10 Centerline Stresses in an Angle-Ply Laminate.



65

stress is zero because this location is traction free.

Similar compressive behavior is shown below the bottom hole.

Below the bottom hole there is no tensile phenomena as there

was below the top hole. The tension has disappeared due to

the fact that no bypass load exists at this point in the

plate. The _ stress approaches zero at the bottom free
Y

edge of the laminate.

Starting from the top end of the plate, the a stressx

is essentially zero until the top edge of the upper hole is

reached. At this point a compressive value is shown. This

is a familiar effect, at least in isotropic plates and this

plate is a close approximation to that case. Below the top

hole the ax value is quite small, starting positive at the

bottom edge of the hole and rising to a slight peak. After

the peak is reached the stress remains small to the top edge

of the bottom hole. Directly beneath the bottom hole, the

value of the a stress is about 1.0. The c stress below
x x

the bottom hole is different than the a
x

below the top hole because of a lack of bypass

load. As the plate bottom is approached the magnitude of

the a stress decreases to a small value.x

The centerline stresses in a cross-ply laminate are

shown in Fig. 5.9. The stresses for this laminate exhibited

characteristics similar to the stresses for the quasi-

isotropic case except for the variation of a between the
x
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holes. Unlike the quasi-isotropic case, the magnitude of

this stress is about the same directly below each hole.

This implies that the unloading effect of the bypass load

for the top hole is smaller for this laminate than for the

quasi-isotropic laminate. Also it is interesting to note

that the o stress is tensile at the top of the bottom hole.. X

Fig. 5.10 shows the centerline stresses for the angle-

ply laminate. Above the top hole, the stress distributions

are similar to the other two cases. However, in this case

the Oy stress becomes slightly negative at a point directly

above the top hole. Recall that the finite-element method

requires output of stresses at Gauss points which are at

interior points in the plate and not on the hole edge. The

top of the top hole should have a zero o stress value.
Y

Since the stress gradient is higher than in the other two

cases, the mesh density used may not have had the required

refinement to get a zero Oy stress value at this point.

Between the two holes, the Oy stress starts with a large

negative bearing value, -3.4, and then rapidly becomes

positive. The positive value of the o stress between the
Y

two holes is the largest of the three laminates. At the top

of the second hole, the Oy stress drops to zero. Between

the two holes, the ox stress also varies rapidly, going from

compression directly below the hole, to tension between the

holes, to zero at the top of the second hole. Below the
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second hole, the c stress changes quite rapidly from a high
Y

negative value to approximately zero. The c stress changesx

rapidly from compression, to tension, and then levels off as

the free end of the laminate is approached.

Figs. 5.11-5.13 show the circumferential stresses

around the two holes in the three laminates. Since this

region is polar in nature the stresses are transformed to

the r-8 coordinate system. In addition, since the radial

stresses are input to the program to be cosinusoidal, they

will not be shown on the graphs. The circumferential stress

values are reported for a region starting at the bottom of
!

each hole and varying through 180° to the top of each hole.

Fig. 5.11 shows this stress for both top and bottom holes

for the quasi-isotropic laminate. It is obvious that bypass

effects cause the stress magnitudes around the upper hole to

be greater than the magnitudes around the bottom hole. A

maximum stress is attained at slightly less than 90o for

both holes. The maximum for the top hole is about twice the

maximum for the lower hole.

Fig. 5.12 illustrates the circumferential stress for a

cross-ply laminate. The maximum values still occur near

90o, the location corresponding to a net-section area.

However, overall shape and magnitudes are quite different

when compared to the previous quasi-isotropic case. There

are secondary maximums of circumferential stress at the
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bottoms and tops of each hole on the vertical centerline of

the plate. The bottom of each hole is in tension but the

top of the upper hole edge is in compression while the top

of the bottom hole is in tension. At the net-section, for

the top hole, the maximum value is about 6.0 compared to 4.0

for the quasi-isotropic case. The difference between the

top hole maximum at the net-section and the bottom hole

maximum at the net-section is about a factor of two, as in

the quasi-isotropic case. For this cross-ply case, at 8 =

40o the circumferential stress is very close to zero for

both holes. This is quite unusual. The difference between

the cross-ply and the quasi-isotropic case shows the

influence of laminate elastic properties on the stress

distribution.

Fig. 5.13 shows the circumferential stress distribution

for the angle-ply laminate. Obvious are the negative values

below both holes. This was shown in the centerline plots.

Also the relative maximums occur at about 50o and 120 °.

This effect is due to half the fibers being tangent to the

hole at 8 = 45° and 8 = 135 °. The maximum values of the

circumferential stress is about 4.5 at 50° for the top hole

and 3.5 at 50° for the bottom hole. There is not the factor

of two difference in the peaks between the top and bottom

holes as there is for the quasi-isotropic and cross-ply

cases. At the 8 = 135° location, there is about a factor of
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two difference between the secondary peak at the top hole

and the secondary peak at the bottom hole. In addition, the

top of the top hole is in greater circumferential

compression than the top of the bottom hole. This

difference in stresses at the top and bottom holes also

demonstrates the effects caused by the bypass loads.

STRESS CONTOURS

In addition to presenting the stresses in a two-hole

joint at particular locations in the plate, stress contours

are also plotted to show the whole-field stress state in

each laminate, for the baseline case. These stress contours

Oy, Ox, and _xy are all normalized to the far-field Oy

stress. Figs. 5.14-5.16 show these contours for the quasi-

isotropic laminate. In Fig. 5.14 the contour intervals are

equal to 1.0. In some cases, a contour value of 0.50 is

shown to clarify the distribution of the stresses. As can

be seen, there is the expected stress concentration near the

net-section region at both the top and bottom holes. At the

top hole this value reaches a magnitude of 3.0 while at the

bottom hole the maximum contour shown is 2.0. This is a

good illustration of the fact that the bottom hole is

understressed in relation to the top hole for a !oad ratio

of 50-50. A negative stress value can also be seen below

each hole in the bearing region. For this laminate, the

contours reach -3.0 at both holes. This shows that the
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Fig. 5.14 Oy Stress Contours for a Quasi-Isotropic Laminate.



74

0

0

1

0.5

0

Fig. 5.15 ox Stress Contours for a Quasi-Isotropic Laminate.



75

0

2
0.5

Fig. 5.16 _xy Stress Contours for a Quasi-Isotropic Laminate.



76

superposition of stresses does not influence the magnitude

of the stresses in the bearing region of the hole since the

values are about the same at both the top and bottom holes.

Fig. 5.15 shows the ox stress contours for a quasi-

isotropic laminate. As expected the values are much less

than the Oy contour magnitudes. Below the holes, the

contours are positive, showing the Poisson effects. The

intervals for this figure are 0.50 At the net-section

region of each hole, a 0 contour interval begins. This is a

necessary condition at the hole edge. The free edges of the

plate, the left and bottom edges in the figure, also have a

value of O. This matches the boundary conditions.

Fig. 5.16 illustrates the _ stress contours for a
xy

quasi-isotropic laminate. Again, since the magnitudes are

smaller when compared to _he o contour plot, the contourY

interval is 0.50. The most important feature shown in this

figure is the fact that the highest values of the shear

stress occur near the 8 = 45° position at each hole. In

addition, the top hole shows a slightly higher value of

shear stress than does the bottom hole. The free edges have

a value of 0 as does the net-section point on the edge of

each hole. These values must have a zero magnitude to match

the boundary conditions.

The Oy stress contours for a cross-ply laminate are

shown in Fig. 5.17. With this laminate type the stress
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concentrations at the hole edge as well as the stress

gradients are much higher when compared to the quasi-

isotropic case. This figure also shows that the far-field

contour value of 1.0 is much narrower. This illustrates the

high influence of the holes in this laminate type.

Fig. 5.18 shows the ox contours for the cross-ply

laminate. The main features in this figure are the values

of the stress contours directly below each hole. The

magnitudes approach 2.0 at the top hole and 3.0 at the

bottom hole. The higher value at the lower hole can be

linked to an unloading phenomena at the top hole caused by

the bypass load which will be reacted at the lower hole.

The shear stress contours for a cross-ply laminate are

given in Fig. 5.19. Again, the most prominent feature is

the location the maximum values which occur at the 8 = 45o

location at each hole. The top hole has a slightly higher

value of shear stress. This was also seen in the quasi-

isotropic laminate. The centerline and free edges are

stress free and show a contour value of 0 to reflect this.

Fig. 5.20 shows the Oy contours for an angle-ply

laminate. The magnitudes of the stress concentrations at

the net-section region at each hole are lower than both the

cross-ply and the quasi-isotropic laminates. The bearing

stress contours are about same as was shown for the quasi-

isotropic case, as was the wide dispersion of the far-field
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1.0 contour.

The ax stress contours for the angle-ply laminate are

given in Fig. 5.21. Again, the magnitudes are much lower

when compared to the ay contours. The net-section region at

both holes and the free edges show a value of O. Also, the

far-field region shows the 0 contour. This illustrates the

uniaxial stress state in this region.

Fig. 5.22 shows the shear stress contours for an angle-

ply laminate. As was shown earlier in the other two

laminates, the highest contour magnitudes occur near the 8 =

45o region at both holes. Also, the top hole shows a higher

value of the shear stress than the bottom hole. This again

shows the superposition effect on the stresses at the top

hole.
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Fig. 5.21 ox Stress Contours for an Angle-Ply Laminate.
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CHAPTER 6

TUTORIAL ON LOAD PROPORTIONINGALGORITHM

AND BASELINE CASE DISCUSSION

Tutorial

Prior to the discussion of any results, a short

tutorial will be presented to acquaint the reader with the

algorithm used to determine the best load ratio for a

particular case. The tutorial will also acquaint the reader

with the format of the figures used. The figures which

follow in this discussion are not necessarily associated

with any particular geometry. The figures are for a quasi-

isotropic laminate, however. The figures are only used as

being typical of figures to be encountered later.

Fig. 6.1 represents the variation of the quantity F,

defined in the Yamada-Sun failure criteria of Eqn. 3.11, as

a function of position around the holes. These values of F

have been normalized with respect to the maximum value of F

at either of the two holes. This joint is loaded so that

equal load is reacted by both the top and bottom holes.

This is the 50-50 case as referred to earlier. The upper

portion of Fig. 6.1 shows the values of F for the top hole

of the joint while the lower portion of the figure shows F

values around the lower hole. Recall that the Yamada-Sun

failure criteria is applied on a lamina-by-lamina basis.

Since by classical lamination theory all lamina at a

85
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particular fiber orientation experience the same stress,

independent of location through the thickness of the

laminate, there are four F vs. 8 relations, or curves, on

each portion of the figure. Each curve corresponds to the

criterion applied to a lamina with a particular fiber

orientation. The total load applied in Fig. 6.1 is such

that in some lamina at some location around either of the

top or bottom holes, F = I. According to the failure

criterion, failure has occurred at this load level, at this

particular circumferential location, in this particular

lamina. Failure near 8 = 0° corresponds to failure beneath

the hole in a bearing failure mode. Failure near 8 = 90o

indicates net-section tensile failure mode. At other

locations the failure is considered a shearout failure mode.

Using this criteria, the joint of Fig. 6.1 fails in net-

section tension at the top hole. Failure is in the 90o

lamina, the lamina with the fibers aligned with the load.

The actual load to cause F to be 1 at the net-section of the

top hole is indicated on the top figure. In this case it is

133 ksi, i.e. P/DH = 133 ksi.

The next highest value of F is 0.83 and it occurs at

the bottom hole at 8 = 0°. If failure at the top hole could

be prevented and the load increased, failure would occur at

the bottom hole in bearing at a load of P/DH =

(1/0.83)(133)=160 ksi. These values of P/DH associated with
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top hole and bottom hole failure are important. They will

be used shortly.

If the percent of total joint load reacted by the top

hole is varied to, say, 40_ and then to 30_ (the bottom hole

reacting 60_ and 70_ respectively) and the failure criteria

is applied to these two load cases, two additional sets of

plots similar to Fig. 6.1 are generated. These are shown in

Figs. 6.2 and 6.3. In each case there is a load to cause

failure at the top hole and a load to cause failure at the

bottom hole. If the top hole and bottom hole failure loads

for these three cases are plotted as a function of the load

ratio, Fig. 6.4 is generated. In this figure the loads

associated with top hole failure are connected with a line

and the loads associated with bottom hole failure are

connected with another line. The open symbols are the

failure loads generated for the three cases, circles for the

top hole, triangles for the bottom hole. Note that there is

a letter is adjacent to each symbol. This letter indicates

the mode of failure predicted. It is important to note here

that the failure loads shown in some portions of the figure

are physically unattainable. This is demonstrated by

realizing that once failure has occurred at a particular

hole, the joint cannot sustain any additional load. Fig.

6.5 shows physical bounds of the joint load. The locus

representing the maximum value of attainable load at any
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particular percent of load on the top hole is indicated by

tic marks.

From Fig. 6.4 it is obvious how the load proportion to

cause failure at the top hole and bottom hole at the same

value of P/DH is determined. At the location where the

locus of the bottom hole failures crosses the locus of the

top hole failures, simultaneous failure occurs. This is at

the apex of the maximum load locus and thus the failure load

associated with this load proportion is higher than the

failure load associated with any other load proportion. For

the joint being discussed, having 42_ of the total load on

the top hole and 58_ on the bottom hole results in the

highest failure load for that joint. As a check, the stress

analysis and application of the failure criteria is applied

to the 42-58 load case. Fig. 6.6 shows the variation of

the values of F around the holes. It is clear F is now

equal to unity at two locations. The failure value of P/DH

associated with this load proportion, 140 KSI, is indicated

on the figure. For this hypothetical case, it is seen there

is a 5.3_ increase in load capacity.

Baseline Case Description

Prior to a general discussion of the effects of load

proportioning, joint geometry, and laminate elastic

properties on the joint capacity, an in-depth discussion of

a baseline geometry for each specific laminate will be
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presented. The baseline case will be a plate with a width

to hole diameter ratio, W/D, of 5, an edge distance to hole

diameter ratio, E/D, of 3, and a hole spacing to hole

diameter ratio, G/D, of 3. 2wo different hole diameters

will be discussed with each baseline case. This will permit

a close examination of the hole size influence on joint

capacity, and also its effect on the optimum load ratio.

The first stacking sequence addressed is a quasi-

isotropic layup. This geometry and stacking sequence are

typical of current designs in many structural applications.

Figs. 6.7a and 6.7b show the value of F around the hole for

the baseline quasi-isotropic case when a 1/2 in. diameter

hole is used. The maximum load of this joint with the 50-50

load ratio is about 133 ksi. This load produces failure in

the 90 degree ply (fiber tension failure) at the net-section

portion of the top hole. The other plies at the top hole

are at about 80 percent of their capacity, each at a

different location around the hole. Fig. 6.7b shows that at

the bottom hole the 90 degree ply is the closest to failure,

in bearing (fiber compression). None of the plies at the

bottom hole are at their maximum capacity. Conducting a

stress and failure analysis for the 40-60 and 30-70 load

ratios, the dashed loci on Fig. 6.8 are generated, one

representing failure at the top hole, the other representing

failure at the bottom hole. The open circles are associated
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with the top hole while the open triangles represent the

bottom hole. These dashed loci intersect when the percent

load on the top hole is 42_. This load proportion results

in the highest failure load. When the 42-58 ratio is used,

the maximum load capacity of the joint increases to 140 ksi.

Figs. 6.7c and d show the characteristics of the failure

locus at the 42-58 load proportion. The 140 ksi load

translates into an increase of 5.3_ in joint capacity. With

the 42-58 load proportion, the value of F at both the top

and bottom holes is unity in the 90 degree ply. The top

hole shows a failure mode of net-section tension while the

lower hole shows a bearing failure in the same ply. This

difference in failure modes at the two holes is explained by

realizing that the force reacted by the lower hole produces

a tensile stress at the net-section of the top hole. This

adds to the tensile stress at the top hole produced by the

load being reacted at the top hole. This superposition of

stresses is what causes a net-section failure at the top

hole in what otherwise might be a bearing failure mode. At

the lower hole there is no bypass stress to add to the net-

section stresses. The bearing stress plays the dominant

role in failure at the lower hole.

It is interesting to note that for this particular case

the basic characteristics of Yamada-Sun criteria around each

hole is independent of the load proportion. Though the peak
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values of F depends on the load proportion, the basic shapes

of the criteria as a function of location around the hole

are unaffected by load proportion. This indicates the two

holes are acting independently, with little interaction of

the stress fields.

Fig. 6.9a and 6.9b show the variation of F around the

holes for a 50-50 load proportion and the quasi-isotropic

baseline geometry when a 1/4 in. diameter hole is used. For

this situation failure is predicted in the 90 degree ply at

the net-section region of the top hole. The maximum load is

163 ksi. This load is much higher than the 133 ksi capacity

of the 1/2 in. diameter case for the 50-50 load ratio. This

demonstrates the well observed hole size effect. As

expected, all the other plies are at less than capacity.

Fig. 6.9b shows all plies of the lower hole to be working at

less than 60_ of capacity. This means that a larger portion

of the load needs to be shifted to the lower hole than was

the case for the 1/2 in. diameter hole. The 40-60 and

30-70 load ratio failure characteristics are shown in the

solid symbols of Fig. 6.8. The intersection of the top and

bottom failure curves occurs when the percent load on the

hole is 37_. The variation of F around the two holes for

the 37-63 ratio is shown in Fig. 6.9c and 6.9d. The maximum

joint load at this optimum ratio is 172 ksi, an increase of

roughly 6_. Table 6.1 summarizes the important data for the
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Table 6.1 Results For Quasi-IsotropicLaminates

CASE f GEOMETRY I MAXIMUM LOAD I OPTIMUM I CAPACITY
NO. I W/D E/D G/D D I 50-50 OPT. I LOAD RATIO I DECREASE

I (in') I (ksi) (ksi) I (_) I (_)

1 I 5 3 3 1/2 I 133 140 I 42 I i.00

2 I 5 3/2 3 1/2 I 130 135 I 39 I O.96

3 J 5 3 3/2 1/2 J 121 130 J 38 J 0.93

4 I 3 3 3 1/2 I 92 102 J 18 I 0.73

5 5 3 3 1/4 160 168 37 i.00

6 5 3/2 3 1/4 158 168 37 1.00

7 5 3 3/2 1/4 145 160 33 O.95

8 3 3 3 1/4 109 121 17 O.72

9 I 5 3/2 3/2 1/2 114 121 35 I 0.86

i0 I 3 3 3/2 1/2 90 99 18 I 0.71

ii I 3 3/2 3 1/2 91 98 I 25 I 0.70

i2 I 3 3/2 3/2 1/2 86 99 I 24 I 0.71

13 I 5 3/2 3/2 1/4 138 156 26 0.93

14 I 3 3 3/2 1/4 106 119 9 0.71

15 I 3 3/2 3 1/4 109 116 25 0.69

16 J 3 3/2 3/2 1/4 I 102 119 18 0.71

]
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baseline quasi-isotropic laminate, in addition to other

quasi-isotropic cases to be discussed. In Table 6.1 the

baseline geometry is listed as case 1 for a hole diameter of

1/2 in. and case 5 for a hole diameter of 1/4 in. Table 6.1

indicates the maximum load for the 50-50 load case and for

the optimum load ratio. Table 6.1 also includes a column

labeled "CAPACITY DECREASE" This will be defined shortly.

The next laminate configuration addressed is a cross-

ply layup. While this particular laminate is not often

used, it provides a good case study of failure

characteristics. Fig. 6.10a and 6.10b show the variation of

F for both ply orientations around the top and bottom holes.

Note that for this laminate the value of F at both the top

and bottom holes appears to be at unity in both plies at the

same location around the holes. This means that the 50-50

load ratio is very close to the optimum load ratio for this

particular geometry. This is verified in Fig. 6.11. Fig.

6.11 shows the failure characteristics of the laminate as a

function of percent load on the top hole. The optimum load

ratio of 47-53 is very close to the 50-50 ratio. This

translates to a small increase in maximum load capacity.

Specifically, the load capacity increases from 80 ksi to 84

ksi or about 3.8 percent. One important difference in this

laminate compared to the quasi-isotropic laminate is that

the mode of failure is shearout at both holes. For the
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quasi-isotropic case the top hole failed in net-section

tension and the bottom hole failed in bearing. In addition,

for the cross-ply the plies at both orientations fail. This

is in contrast to the quasi-isotropic laminate where the 90

degree ply usually governed laminate failure at each hole.

This case is shown as case 1 in Table 6.2.

The 1/4 in. diameter hole, case 5 in Table 6.2, for the

cross-ply laminate is quite similar in all respects to the

1/2 in. diameter hole case. The variation of F with

location around each hole in each ply is shown in Fig.

6.12a-6.12d. The variation of failure load with load

proportion is shown as solid lines in Fig. 6.11. The mode

of failure, the pattern of the F value variation, the

optimum load ratio, and the small increase in maximum load

capacity is nearly identical. With a 50-50 load proportion

the joint with 1/4 in. diameter hole fails at 99 ksi. At

the optimum ratio, the failure load is 106 ksi. There is an

increase in the joint capacity when comparing the 1/4 and

1/2 in. cases. This is again due to the hole-size effect on

strength. Table 6.2 summarizes the information for this

baseline cross-ply case, as well as data to be discussed.

The third laminate in the baseline study is a 45 degree

angle-ply layup. Figs. 6.13a and 6.13b show the variation

of F in each ply, around each hole. As can be seen, with

the 50-50 load ratio both ply orientations fail at the net-
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Table 6.2 Results for Cross-Ply Laminates.

CASE I GEOMETRY I MAXIMUM LOAD I OPTIMUM I CAPACITY "
NO. I W/D E/D G/D D I 50-50 OPT. J LOAD RATIO J DECREASE

I (in.) I (ksi) (ksi) I (_) I (_)

1 J 5 3 3 1/2 I 80 83 I 47 1.00

2 I 5 3/2 3 1/2 I 68 73 I 53 0.88

3 I 5 3 3/2 1/2 I 60 73 I 41 0.88

4 J 3 3 3 1/2 I 73 78 I 46 0.94

5 I 5 3 3 1/4 99 106 I 47 1.00

6 I 5 3/2 3 1/4 84 92 I 54 0.87

7 I 5 3 3/2 1/4 68 88 I 39 0.83

8 I 3 3 3 1/4 91 97 I 45 0.92

9 I 5 3/2 3/2 1/2 I 60 63 47 0.76

i0 J 3 3 3/2 1/2 I 59 70 42 0.83

ii I 3 3/2 3 1/2 I 68 70 52 0.83

12 I 3 3/2 3/2 1/2 I 59 62 47 0.75

13 I 5 3/2 3/2 1/4 J 70 75 45 0.71

14 I 3 3 3/2 1/4 I 68 83 39 0.78

15 I 3 3/2 3 1/4 I 83 86 52 O.81

16 J 3 3/2 3/2 1/4 I 68 73 46 0.69



107

O - O _GREE A - 90 DEGREE

o PrAIL /OH = 99 KSI o P,A,L/OH = 106 KSI

• A •

• O

A • A

•- A_ _ •_
¢A

F
• A 0 •

0
0 00

0
O •0 O

_ o _ e
_ o

o 3
o S LOP"HOLE 50-50 LORDING o o TOP HOLE OPTIHUH LORDIN_

sb 6b 9b _! sb 6b 9b
a c

:,% - ..o,
6 o •

• o •
A

0 BOTTOM HOLE 50-50 LORDING BOTTOM HOLE OPTIMUM LOADING
• 0

ab eb 9h _I sb eb 9b
THETA {DEGREE_ THETA {DEGREES}

b d

Fig. 6.12 F vs. 8 for a Cross-Ply Laminate,
W/D=5, E/D=3, G/D=3, D=I/4.



108

e - .qS DEGREE A - -_5 DEGREE

O

:-P,ex= /0H = 69 KS _-P,ezL /OH = 71 KSI_
O

eA

m _A OA

A

• ea

e _ AI_

F £ "
e& I

=P _ I e. •

eA • Ae

• e '9 e •
ee e e e

o TOP HOLE 50-50 LORDING TOP HOLE OPTIMUM LORDINGe-,

_0 sb Bb Qb = sb sb gb8
C

o

--_

a, Q
€O 0

• _a

i F _,, o" oA

o _ _

eepe e_

o BOTTOMHOLE 50-50 LORDING BOTTOMHOLE OPTIMUM LORDING

_b _b _b %= _b 6b 9_o
THETR {DEGREES) THETR (DEGREES)

b d

Fig. 6.13 F vs. O for an Angle-Ply Laminate,
W/D=5, E/D=3, G/D=3, D=I/2.



109

section of the top hole. The bottom hole figure shows the

failure mode to be tending to a net-section failure mode.

However the lower hole is only at about 70_ of its capacity.

Fig. 6.14 shows the failure characteristics of the joint as

a function of load proportion. The 1/2 in. case, indicated

as case 1 in Table 6.3, shows an optimum load ratio of

43-57. This ratio results in the variation of F around the

hole as shown in Fig. 6.13c and 6.13d. Here it is seen that

the top hole failure mode remained the same. There was a

small increase in joint capacity, increasing from 69 ksi to

71 ksi, or about 2.9 percent. With the optimum load

proportion, the lower hole has changed from a net-section

failure to a bearing failure mode. This is seen by

observing that the maximum value of F at the bottom hole is

at 8 = 0°. At the 50-50 load ratio, the maximum value of F

there occurred at 8 = 90o.

The variation of F with 8 for the 1/4 in. diameter

hole, case 5 in Table 6.3, is shown in Fig. 6.15a-6.15d.

The general shape of these variations are very similar to

the 1/2 in. hole case. Referring to Fig. 6.14, the optimum

load ratio, however, is quite different for this smaller

hole. The maximum joint capacity occurs when the first hole

carries only 32_ of the total load. The optimum load ratio

results in an increase of the joint maximum capacity from 75

ksi at the 50-50 load ratio to 83 ksi at the preferred ratio
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Table 6.3 Results for Angle-Ply Laminates.

CASE I GEOMETRY I MAXIMUM LOAD I OPTIMUM I CAPACITY
NO. I W/D E/D G/D D I 50-50 OPT. I LOAD RATIO I DECREASE

I (in.) I (ksi) (ksi) I (_) I (_)

1 I 5 3 3 1/2 I 69 71 I 43 I 1.00

2 I 5 3/2 3 1/2 I 70 70 I 50 I 0.99

3 I 5 3 3/2 1/2 I 64 66 I 44 I 0.93

4 I 3 3 3 1/2 I 44 49 I 18 I 0.69

5 I 5 3 3 1/4 75 83 I 32 I 1.00

6 I 5 3/2 3 1/4 77 80 I 42 I 0.96

7 I 5 3 3/2 1/4 74 78 I 30 I 0.94

8 l 3 3 3 i/4 48 54 l i8 J 0.65

9 5 3/2 3/2 1/2 I 60 60 I 50 0.85

I0 3 3 3/2 1/2 I 42 46 17 0.65

II 3 3/2 3 1/2 44 46 22 0.65

12 "3 3/2 3/2 1/2 42 45 23 0.63

13 I 5 3/2 3/2 1/4 66 68 38 0.82

14 I 3 3 3/2 1/4 48 52 I0 0.63

15 I 3 3/2 3 1/4 48 52 26 0.63

16 I 3 3/2 3/2 1/4 I 46 53 20 0.64
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of 32-68, an increase of I0.7_. Table 6.3 summarizes these

and other results for the angle-ply case.

Before proceeding further, it is important to determine

the significance of the results obtained so far. From the

results, it appears that for the baseline geometry, the load

capacity of a quasi-isotropic joint can be increased by

5-6_, depending on hole diameter, if a load ratio other than

50-50 is used. For the cross-ply laminate, a load ratio of

47-53 results in about a 4_ increase in capacity. For the

angle-ply laminate, the increase in capacity is from 3_ and

II_, for the 1/2 in. and 1/4 in. diameter holes,

respectively. In no case does the number represent a large

increase in capacity. Why? This is due primarily to the

insensitivity of the top hole failure load to load

proportion. This is evidenced by the shallow slope of the

top hole failure characteristic vs. load proportion in each

of the three figures, Figs. 6.8, 6.11, 6.14. Based on these

findings, it can be said that for the baseline cases, the

redistribution of load between the two holes leads to

minimal increases in joint efficiency. Whether or not this

is the case for other joint geometries is discussed next.
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Geometric Comparisons

To assess the impact of differing geometries on the

maximum joint load and on the optimum load proportion, a

comparison of the previously discussed baseline case, W/D =

5, E/D = 3, and G/D = 3, with other geometric configurations

will be made. This comparison will vary one of the

geometric variables and contrast the results to the baseline

case. Then another variable will be changed and the results

compared again. This variation of parameters will be done

until the influence of each particular geometric parameter

on the joint load and optimum load ratio has been examined.

With three geometric parameters, this comparison results in

many different cases to compare with the original baseline

case. In addition, two hole sizes are considered. This

comparison will be carried out for the three laminates

included in this study. The study of the influence of joint

geometry on the the optimum failure load is important

because changes in geometry translate into changes in the

amount of material in a joint, and hence changes in weight.

If load capacity drops only a slight amount for a

significant decrease in joint weight, the design with

smaller load capacity could be warranted.

Quasi-Isotropic Laminates

Recall that Fig. 6.8 showed the failure load

characteristics for 1/2 in. and 1/4 in. diameter holes for
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the baseline geometry of W/D = 5, E/D = 3, and G/D = 3 for

the quasi-isotropic laminate. Fig. 6.16 shows the failure

load characteristics for the case where the end distance E/D

has been shortened by a factor of two, i.e., W/D = 5, E/D =

3/2, and G/D = 3. This is case 2 in Table 6.1. Comparing

the 1/2 in. diameter hole cases (dashed lines) in Figs. 6.8

and 6.16 it is clear that the optimum load ratio shifts from

42-58 to 39-61 as end distance shortens. However the

maximum joint load remains about the same, namely 135 ksi.

Also, the mode of failure remains the same for both cases,

tension at the top hole and bearing at the bottom hole. For

the 1/4 in. diameter hole case (solid lines) the optimum

load ratio stays the same, 37-63 for both cases. Also the

maximum joint load is the same, 168 ksi. One important

change, however, is the change in failure mode. In the

baseline case with E/D = 3, the mode of failure at the

bottom hole is bearing. However, when the edge distance

ratio E/D is shortened to 3/2, the failure mode shifts from

bearing to net-section tension at the bottom hole.

The second case of differing geometry is shown in Fig.

6.17. This figure shows the failure load characteristics

for the case where the two holes are closer together than

the baseline geometry, namely, W/D = 5, E/D = 3, G/D =3/2.

This is case 3 in Table 6.1. Comparing the 1/2 in. diameter

case of the baseline geometry, Fig. 6.8, with this altered
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geometry it is clear that the optimum load ratio is shifted

from 42-58 to 38-62 due to moving the holes closer together.

In addition, the failure load is reduced from 135 ksi to

about 130 ksi. These changes are fairly small in magnitude

and would not warrant attention in the design stage. The

failure mode for baseline and closer hole geometric

configurations is the same at both holes.

Examining the influence of the hole being closer

together in the 1/4 in. diameter hole, case 7 of Table 6.1,

a shift in the optimum load ratio from 37-63 to 33-67 and a

slight decrease in maximum joint load from 167 ksi to 162

ksi is observed. As in the 1/2 in. case, the failure modes

remain unaffected by this change in geometry.

The final geometry variation, case 4 of Table 6.1, is

the reduction of the joint width from W/D = 5 to W/D = 3,

the other variables being E/D = 3, and G/D = 3. This

results in a much narrower joint. Fig. 6.18 shows the

failure load characteristics for this case of W/D = 3, E/D =

3, and G/D = 3. Compared to the baseline case of W/D = 5,

E/D = 3, G/D = 3, Fig. 6.8, some dramatic differences can be

observed. In the 1/2 in. diameter case the optimum load

ratio has dropped from 42-58 to 18-82. This represents a

large reduction of load being reacted at the top hole. Also

compared to the baseline case, the maximum joint load is

reduced from 140 ksi to 102 ksi. The failure mode is the
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same for both the baseline and narrower joint cases, net-

section tension at the top hole and bearing at the bottom

hole. The 1/4 in. diameter hole also suggests large changes

in the optimum load ratio due to changing joint width,

changing from 37-63 to 17-83. The maximum joint load is

reduced from 168 ksi to about 121 ksi. In addition, there

is a shift in the failure mode at the bottom hole. The

shift is from bearing in the baseline case to net-tension in

the case where the width is reduced to W/D = 3.

The three comparisons just discussed were made to show

the influence of a particular geometric parameter on failure

load, optimum load ratio, and mode of failure of quasi-

isotropic laminates. Table 6.1 can be used to quickly

assess the effects of these changes. Table 6.1, and also

Tables 6.2 and 6.3, show a column labeled CAPACITY DECREASE.

This is the optimum load for a particular set of geometric

parameters and a particular hole size, divided by the

optimum load for the baseline case, with the same hole size.

For example, the 0.73 in case 4 of Table 6.1 is the optimum

load of 102 ksi divided by the 140 ksi optimum load for a

joint with 1/2 in. diameter holes, case i. Likewise, the

0.72 of case 8 is the result of computations for the 1/4 in.

diameter hole, i.e., 121/168 = 0.72.

Before considering the influence of the parametric

changes on the other two laminates it is important to
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summarize the influence of these geometric changes on load

capacity and optimum load ratio for the quasi-isotropic

laminate.

Shortening the end distance does little to influence

the optimum load ratio or the optimum load capacity.

Because it is slightly shorter, this geometric change

results in a sightly lighter joint. The change in failure

mode, relative to the baseline case, at the bottom hole from

bearing to tension for the 1/4 in. hole diameter case is not

considered significant.

Moving the holes closer together lowers joint capacity

more than shortening end distances. This is because the

stresses around one hole are influenced by the proximity of

the other hole. This situation should be avoided unless the

weight savings from the shorter joint offsets the decreased

capacity.

Using a narrower joint greatly alters the situation

relative to the baseline case. For both hole sizes capacity

is reduced a significant amount. For the narrower joint,

the failure locus of the top hole moves downward and thus

intersects the locus of the bottom hole at a much lower load

proportion and also at a much lower failure load. In

addition, the failure locus of the bottom hole drops some.

It is clear that the closeness of the hole to the edge of

the joint is responsible for this behavior.
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Cross-ply Laminates

Fig. 6.11 showed the failure characteristics for the

baseline geometry of W/D = 5, E/D = 3, and G/D = 3 for the

cross-ply laminate. For both hole diameter cases the

optimum load ratio was 47-53. Also, the mode of failure at

both hole locations was shearout. Fig. 6.19 shows the

failure characteristics for cross-ply joints with shorter

end distances, i.e. W/D = 5, E/D = 3/2, and G/D = 3. This

is case 2 in Table 6.2. It can be seen that for both the

1/2 and 1/4 in. diameter holes the optimum load ratio occurs

when the first hole is loaded more than the second hole!

The failure modes are also shearout for both holes. The

failure load for the 1/2 in. hole in the baseline geometry

case at the optimum load ratio is about 82 ksi. In the case

where the E/D ratio is 3/2, the maximum joint strength at

the optimum load ratio is 73 ksi, a decrease in capacity.

For this case the optimum load ratio occurs at 53-47.

For the 1/4 in. holes the baseline case yields a joint

strength at the optimum load ratio of 106 ksi while the E/D

= 3/2 (case 6 of Table 6.2) yields a value of 92 ksi.

Shearout is the failure mode. For this shorter joint the

optimum load proportion is 54-46.

Fig. 6.20 illustrates the result on the failure

characteristics of the cross-ply laminate of changing the

hole spacing ratio, G/D, to 3/2. In the 1/2 in. case the
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optimum load ratio is 41-59 compared to 47-53 for the

baseline case. The maximum joint load at the optimum load

ratio decreases from 83 ksi in the baseline case to 73 ksi

for the G/D = 3/2 case. The joint with a 1/4 in. diameter

hole shows a reduction from 106 ksi in the baseline case to

about 88 ksi for this value of G/D. Again, for all

situations the mode of failure is shearout.

Fig. 6.21 illustrates the effect of narrowing the

cross-ply joint from a W/D = 5 to a W/D = 3. Recall, this

reduction of joint width resulted in significantly less

strength for the quasi-isotropic case. In the case of the

cross-ply we see similar results but the reduction is

somewhat less. As seen in Fig. 6.11, the baseline case

showed the optimum load ratio for both the 1/2 and 1/4 in.

holes to be about 47_. The W/D = 3 case yields similar

results, the optimum ratios being 45_ and 46_, respectively

for the 1/2 in. and 1/4 in. diameter holes. The baseline

case has a maximum joint strength for the 1/2 in. hole of

about 83 ksi and the narrowed geometry has about a 73 ksi

strength. Similarly the 1/4 in. hole with W/D = 5 and W/D =

3 have joint strengths of 106 ksi and 88 ksi, respectively.

The failure modes for all load ratios is again, shearout.

Before proceeding to the third laminate, the influences

- of these geometric changes on the cross-ply joints should be

summarized. Table 6.2 summarizes information for this
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cross-ply case, particularly the capacity decrease.

Compared to the baseline case, shortening the end

- distance in the cross-ply joint decreases the optimum load

capacity. From Fig. 6.19 it can be seen that the decreased

capacity is due to a weaker second hole. The failure loci

for the top holes are about the same for both the E/D = 3

and E/D = 3/2 cases (Figs. 6.11 and 6.19). However, the

failure loci for the bottom holes drop significantly when

E/D changes from 3 to 3/2. This drop results in lower load

capacity.

Moving the holes closer together does not influence the

failure locus of the bottom hole, for either the 1/2 in. or

1/4 in. diameter holes. However, for both the 1/2 in. and

1/4 in. diameter holes, the failure locus of the top hole is

lowered by moving the holes closer together. As a result

both the load proportion and the optimum load decrease

relative to the baseline case.

Making the joint narrower decreases capacity. However,

compared to the effect of narrowing a quasi-isotropic joint,

narrowing a cross-ply joint does not have as dramatic an

effect. This is because the cross-ply joint fails in the

shear-out mode. For this mode, interaction with the sides

of the joint is not important as it is with net-section

- tension, the mode that controls failure of the quasi-

isotropic joint.
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Angle-ply Laminates

Fig. 6.14 showed the failure loci for the baseline

geometry for the angle-ply laminate used in this study.

Comparison of this baseline case to the case with E/D = 3/2,

W/D = 5, G/D = 3, shown in Fig. 6.22, shows a change in the

optimum load ratio to 50-50 for the 1/2 in. diameter hole

and to 42-58 for the 1/4 in. diameter hole. The modes of

failure are the same as in the baseline case for both 1/2

in. and 1/4 in. diameter holes, net-tension occurring at the

top hole and bearing failure at the bottom hole. The

optimum load for the 1/2 in. diameter hole is basically

unaffected by shortening the end of the joint. The load

capacity for the 1/4 in. diameter hole case decreases by 4_

by shortening the joint.

The failure loci for the case with G/D = 3/2 are shown

in Fig. 6.23. The optimum load ratio for the 1/2 in. hole

(case 3 in Table 6.3) is 44-56. This is nearly the same as

the baseline value of 43-57. The 1/4 in. hole loci yield a

value of 30-70 for the optimum load ratio. Again, this

compares closely with the 32-68 ratio of the baseline case.

The failure modes for the holes closer together are the

same as the baseline case, net-tension at the top hole and

bearing at the bottom hole. The maximum joint load for the

1/2 in. hole at the optimum load ratios decreases from 70

ksi for the baseline case to 66 ksi for the G/D = 3/2
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case. The 1/4 in. hole yields a similar decrease in load

from 83 ksi to 78 ksi. These reflect a 6 and 7% decrease in

load, respectively.

The effect of narrowing the angle-ply joint is shown in

Fig. 6.24. For the 1/2 in. hole (case 4 of Table 6.3) the

optimum load ratio is drastically reduced from the 43-57 for

the baseline case to a load ratio of 18-82 for the narrower

joint. Similarly for the 1/4 hole in. hole the load ratio

is reduced from 32-68 to 18-82. In both cases the load

capacity is significantly reduced. In addition, the mode of

failure changes at the bottom hole to a net-tension mode.

This is an expected result since the plate width is much

narrower and the amount of material at net section is

significantly reduced, thus increasing the tensile stress

values. Narrowing the joint decreases the optimum failure

load from 71 ksi for the 1/2 in. baseline case to 48 ksi.

For the 1/4 in. hole narrowing the joint decreases the

capacity from 83 ksi in the baseline case to 53 ksi for the

case where W/D = 3.

Influence of Combined Geometric Variations

The previous text covered the effects of a variation of

the geometry parameters. However, each of these parameters

was varied independently and the ramifications due to a

specific geometric parameter were addressed. It is obvious

more than one parameter can be varied at one time. To fully
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cover all of the combinations of the geometric parameter

variations would entail many more comparisons, some of which

- would be repetitive. Therefore, the rest of this chapter

will deal with only the geometric combinations which yield

peculiar results for a particular laminate. The tables

summarize the important information for all combinations

studied.

Quasi-Isotropic Laminates

The influence of a shorter edge distance, E/D = 3/2,

when used with a narrow, W/D = 3, joint is apparent in Fig.

6.25. The overall joint capacity is not changed relative to

the 50-50 case to any great extent. However, the optimum

load ratio is reduced to about 25-75. This points out the

fact that with this geometric configuration, the joint

reacts most of the load at the top hole. In order to

improve joint efficiency, a high proportion of the total

joint load needs to be reacted at the lower hole. In

addition, the mode of failure has an influence on the

magnitude of the optimum lower hole load. Fig. 6.25 shows

that for the 1/4 in. diameter hole case, the top hole hole

is failing in a net-section tensile mode. This is usual for

this laminate. However, the bottom hole has made a

transition from a bearing mode to a tensile-bearing failure

mode. This clearly shows the influence of reducing the end

distance. The reduction induces a tensile failure mode at
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the bottom hole.

The geometric factor which has the largest impact on

- overall joint capacity for the quasi-isotropic laminate is

the W/D ratio. For both hole diameters, the narrower joint

showed a marked decrease in load capacity. In addition, for

the 1/4 in. diameter case, a narrower joint induced a change

in failure mode at the bottom hole from bearing to net-

section tension. This influence did not show up in the 1/2

in. diameter hole case.

Cross-Ply Laminates

In contrast to the quasi-isotropic laminate, the major

influence on load capacity was not the W/D ratio but rather

shortening the end distance, or reducing the hole spacing,

or a combination of both. When these two parameters were

changed, there was a large decrease in joint capacity. This

illustrates again the interaction of the mode of failure

with the geometric parameters. This laminate fails in a

shearout mode in all cases. When the holes are moved closer

together, the interacting stress fields will have a large

influence on the shearout stresses. Likewise, when the end

distance is shortened, the amount of material to dissipate

the shearout stress is reduced, thus increasing the

importance of this mode of failure. When the joint width is

narrower, the influence on joint capacity is rather small.

This reinforces the observation that the shearout stresses
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and the mode of failure associated with them are

concentrated in a region near the holes and they do not

extend toward the edges of the plate.

For the cross-ply case one geometry, W/D = 3, E/D =

3/2, and G/D = 3 shown as cases II, 15 in Table 6.2,

indicated that for maximum joint performance the top hole

should react a higher portion of the load than _the bottom

hole. This is illustrated in Fig. 6.26.

Angle Ply Laminates

When compared to the quasi-isotropic cases this

laminate showed similar failure modes. Like the quasi-

isotropic case, the major geometric parameter in terms of

influence on joint capacity and optimum load ratio was the

W/D ratio. The most extreme of these was the case where W/D

=3, E/D = 3, and G/D = 3/2, as shown in Fig. 6.27. The 1/4

in. diameter hole, case 14, indicated that a load ratio of

10-90 should be used for maximum joint capacity. The load

ratio for the 1/2 in. case was found to be 17-83. These are

rather extreme values and indicate the great influence of

geometry on the optimum load ratio.

Comments on the Failure Criteria

The failure analysis of these three laminates was based

on the Yamada-Sun failure criteria. As was pointed out

earlier, this criteria assumes that the 02 stress has little

influence on the ultimate failure of the laminate. To
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address this assumption, a short study was conducted to

compare the Yamada-Sun with two other criteria. One of

° these other two criteria is a Yamada-Sun-like criteria with

a 02 term included. The other is a maximum stress criteria.

Appendix A contains the results of this study as well as a

brief explanation of the details of this analysis.

The failure characteristics vs. load ratio and also the

Yamada-Sun values for each laminate are available in ref.

31. For the sake of brevity, these are not included here.



CHAPTER 7

SUMMARY AND CONCLUSIONS

The major phases of this study can be categorized into

four major areas:

I) A literature review was conducted to

determine the extent of work previously done to

investigate the stress state in one and two-hole

bolted joints. The scope of this review was limited

to applications which had a direct bearing on the main

thrust of this study.

2) Finite-element analyses of a single-hole pin-

loaded plate were conducted. This was considered as a

validation step for the finite-element model used in

this study and also to briefly acquaint the reader

with the stress states around a loaded hole in a

orthotropic plate. These results were compared to

previous work.

3) Finite-element studies were made to examine a

two-hole bolted joint. Some of these results were

compared with work performed by another investigator.

Since many of the results presented from this phase of

the study do not seem to be available elsewhere, this

work represents a contribution to the literature.

140
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4) A 'graphical' optimizing algorithm was

implemented to find the load proportion which resulted

in maximum load capacity. Implicit in the algorithm

was a failure criteria, specifically the Yamada-Sun

criteria, used in conjunction with the idea of a

characteristic curve.

5) The load proportion that resulted in the

maximum capacity was found for three laminates and for

variations in the important geometric parameters.

From the last phase of the study, it can be concluded

that,

I) In general, to achieve the maximum joint

capacity of a two-hole joint, 50_ of the load should

not be reacted at each hole. For most cases, the

lower hole should react a higher percentage of the

total load than the top hole.

2) The percentage of load to react at each hole

is highly dependent on both geometry and laminate

elastic properties.

3) Although the optimum load ratio can differ

from the standard 50-50 to as much as 9-91, the gain

in using the optimum load ratio is quite small,
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usually only 5-i0Z. In a few cases a capacity

increase of 15-29 Z is indicated.

4) The mode of failure is influenced by both the

laminate elastic properties and the geometry of the

joint.

Although this study has addressed and answered some

important questions about joint behavior, there are some

avenues where further work would be important for

advancements in the state of the art of bolted composite

joints.

i) Conduct experimental investigations to verify

the current stress predictions. These tests would

also confirm the findings of the study if the

strengths determined experimentally did not vary

outside normal experimental scatter, reinforcing the

fact that most cases indicate little gain in overall

joint capacity.

2) Investigate other laminates and geometries

which indicate a larger payoff for the load tailoring

concept.
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Appendix A

FAILURE CRITERIA ANALYSIS

Every failure criteria used for determination of the

failure of a composite material incorporates assumptions

regarding material behavior. The Yamada-Sun criteria [27]

is no exception. As mentioned in Chapter 3, this criteria

assumes that the 02 stress is not important in determination

of the final failure load. Chang et al [25] have used this

criteria successfully in strength determination of single-

and double-hole joints. This appendix will verify the

validity of the Yamada-Sun assumption.

Three failure criteria were used to study failure in

two geometric configurations for three laminates. A unit

loading with a load proportion of 50-50 was used. These

criteria included the Yamada-Sun criteria, which is denoted

as F in the following figures, the Maximum Stress criteria,

represented as H in the figures, and a Yamada-Sun-like

criteria with a 02 term included, denoted as G in the

figures. This new term is the 02 stress divided by a

strength value denoted as Y. This is the strength of a

unidirectional laminate when loaded perpendicular to the

fiber direction. In the absence of any specific data for

this value, the value of the cross-ply shear strength,

S0/90, is used. This strength value is fairly close in

magnitude to the matrix direction in-situ strength, y.
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Specifically, the three criteria are

2 _12 2(1F = +

S0/90 (A.I)

2 2 2

O = + +

(A.2)

(A.3)

The first geometric configuration is the baseline case,

W/D=5, E/D=3, W/D=3, and D=I/2. Fig. A.I shows the three

criteria plotted as a function of the location around the

top hole of a quasi-isotropic laminate. This figure shows

F, G, and H values in each lamina. As can be seen, in the

0°, +45 °, and -45 ° plies there is a moderate discrepency

between these criteria. There is some correlation, however,

at the bearing and net-section regions around the hole.

However, when examining the 90o ply, all three criteria

coincide at both the net-section and bearing portion of the

hole. It is important to keep in mind that the 90o ply

corresponds to fibers in the direction of applied load.

Recall that this particular case failed in net-section

tension mode in both the experiment and finite-element model

predictions. This is verified here by noting that the

maximum value of F, G, and H occurs at the net-section
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region of the hole in the 90° ply. This maximum value also

occurs in the 0° ply at the net-section region. However, it

is not practical to use the 0° ply as a reference for total

laminate failure since a net-section failure would require

fiber failure.

In Fig. A.2, the F, G, and H values are shown at the

bottom hole for the same geometry and laminate. Note that

again, the 90o ply shows a maximum value for all three.

This time the maximum occurs at the bearing region of the

hole. This was shown earlier in Chapter 6. All three of

the criteria coincide at 8 = 0° in this ply. That is

because this ply is the key ply to laminate failure.

Fig. A.3 shows the three criteria values at the top

hole for a cross-ply laminate with the baseline geometry.

One immediately notices that the Maximum Stress criteria (H)

is nearly zero at the top hole. The F and G criteria,

however, each have their maximums occurring near the 45o

region around the hole in the 0° ply. A similar occurence

can be seen the 90o ply also. This indicates that for this

laminate, the _12 term is important and a2 is not. Recall

again, that the results shown in Chapter 6 indcated that

this case failed in a shearout mode. Fig. A.4 shows very

similar behavior for the bottom hole. A similar conclusion

can be drawn that both the F and G criteria are appropriate

to use for failure prediction. However, the a2 term
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contributes nothing.

Fig. A.5 illustrates results for the angle-ply laminate

and the baseline geometry case. As was seen before, the F

and G criteria agree on the maximum load and the mode of

" failure. The failure mode is indicated as net-section

tension by the location of either the maximum F or G values.

Similar results are seen for both plies. Fig. A.6 shows

these same results for the bottom hole. Here again, the F

and G criteria indicate maximum values at the bearing region

of the hole. The Maximum Stress criteria does not

accurately predict failure for this case. The other two

criteria however, correspond almost exactly. This indicates

that the effect of the 02 term is quite small in relation to

the _12 term.

The other geometry addressed in this analysis of

failure criteria was the case where W/D=3, E/D=3/2, G/D=3/2,

and D=I/2. This geometry was thought to provide an extreme

case in relation to the baseline geometry. If the Yamada-

Sun criteria proved to be appropriate for this geometry,

then it would be fairly safe to assume that geometric cases

in between these two would also be correctly predicted.

Fig. A.7 shows the F, G, and H criteria each ply in a quasi-

isotropic laminate at the top hole. As was the case in fig.

A.I, all three criteria coincide at the net-section region

in the key ply in the laminate, namely, the 90° layer. This
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indicates that the dominant term in the determination of

failure for this case is the °l term.

Fig. A.8 shows these values for the same laminate at

the bottom hole. In this case, the G criteria shows a

slightly higher value at the maximum than the F criteria.

This occurs in the -450 and 90o plies. Although the mode of

failure is predicted to be the same by all three criteria,

the inclusion of the a2 term would lower the failure

strength by about 9_.

Figs. A.9 and A.10 show the results for a cross-ply

laminate at the top and bottom holes respectively. The

results are similar to the situation observed in the

baseline geometry case. Both the F and G criteria agree on

their maximum values and would predict the same failure

load. This indicates that the °2 term is not important in
this case.

Figs. A.II and A.12 show results for an angle-ply

laminate at the top and bottom holes. Again, the results

are nearly the same as for the baseline geometry. The H

criteria is definitely not appropriate for failure

prediction in this case. The F and G criteria predict the

nearly the same failure load and also match with the failure

mode prediction. This prediction is similar to results in

Chapter 6.
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