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Abstract 

Hodffi cat ions that a 11 ow for more accu rate 
modeling of flow fields when strong shocks are 
present have been made to three dimensional 
transonic small disturbance (TSD) potential 
theory. In addition, Engquist-Osher type
dependent differencing was incorporated into the 
solution algorithm. The modified theory was 
imp I emented and tested in the XTRAN3S computer 
code. Steady flows over a rectangular wing with 
a constant NACA 0012 airfofl sect~on and an 
aspect rat i 0 of 12 were ca I cu I ated for 
freest ream Mach numbers (H.) of 0.B2, 0.84, 
and 0.86. Comparisons between results obtained 
using the modffied and unmodified TSD theories 
are presented along with results from a three 
dimensional Euler code. Nonunique solutions in 
three dimensions are shown to appear for the 
rectangular wing as aspect ratio increases. 
Steady and unsteady results are shown for the 
RAE ta 11 plane model at H. = 0.90. Compa ri sons 
are made between calculations using unmOdified 
theory, modified theory and between experimental 
data. 
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Nomenclature 

critical speed of sound 
M.;l 
wing aspect ratio 
2H.,,' 
semispan 
wing lift coefficient 
pressure coefficient 
entropy generated pressure 
coeffi ci ent 
unsteady pressure coefficient 
first harmonic of Cp 
reference chord 
constant volume specific heat 
1 - M..:l 
instantaneous wing surface 
position 
flux terms in equations 1-5 
-1/2 (y+I)M.;l (NASA Ames) 
-1/2 l3 - (2_y)H.L JM.L (NLR) 
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H. 
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t 
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U. 
u 
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a 
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6. 
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Subscripts 

-1/2 (y_3)M.2 (NASA Ames) 
-1/2 H.l (NLR) 
- (y_l)H.l (NASA Ames) 
- M.l (NLR) 
reduced frequency (wcr/2U.) 
free stream Mach number 
nondimensionalized critical speed 
of sound 
nondimensionalized time in units 
of chords of travel 
ratio of normal velocity down
stream of shock to normal 
velocity upstream of shock 
free stream velocity 
streamwise perturbation velocity 
streamwise, spanwise, and ver
tical distance nondimensionalized 
by reference chord 
angle of attack 
ratio of specific heats 
jump in quantity 
fraction of semispan 
small disturbance velocity 
potential 
angular.frequency, 2w.Frequency 

• free stream conditions 
R. section lift 
L lower surface 
U upper surface 
tip wing tip 

Superscripts 

* sonic value 

Introduction 

When shock waves appear in flow fields, 
aerodynamic loads· predicted using potential flow 
theory can be grossly inaccurate or even 
multivalued. The problem of nonuniqueness of 
full potential solutions was first discussed by 
Stei nhoff and Jameson 1. They found numeri ca 1 
evidence that it may be a property of the 
partial differential equation that describes the 
flow field. In two dimensions, potential flow 
theory can produce IIlIltiple (nonunique) steady 
state solutions for a fixed angle of attack and 
free stream Mach number. Three steady flows can 
exist, each satisfying the flow equations and 
the associ ated boundary condi t ions. Thi s 
phenomenon occurs only when strong embedded 
shocks are present. Further research on the. 



nonuniqueness of full potential solutions was 
done by Salas and Gumbert' who demonstrated that 

"the problem was not confined to a particular 
airfoil or flow condition. Later, Williams, 
Bland, and Edwards J showed that two dimensional 
transonic small disturbance theory also produces 
multiple solutions. T11is characteristic is a 
result of the assumptions of isentropic and 
i rrotat i ona 1 f1 ow made when reduci ng the Eu 1 er 
equat ions to the potent 14 1 flow equat ions. 
T11ere have been no reported cases of I1l.I 1 tip 1 e 
solutions obtained when solving the Euler 
equations. 

Because of the above problems, . any 
structural analysis carried out using loads 
predi cted us i ng TSD theory cannot be cons i dered 
reliable. The inaccuracy in the TSD theory is 
due to the way in which the computed shock waves 
are modeled. Classical TSD theory does not 
model the jump in entropy that a fluid particle 
experiences as it passes through a shock wave, 
and cal cul ated shocks can have the wrong 
strength and the wrong location. 

Fuglsang and Williams~ addressed the 
problem of I1l.Iltiple solutions in 2-D TSD theory 
by mak i n9 changes to the flow equat ions. They 
did this by modifying the streamwise flux (to 
improve the shock jump conditions), modeling the 
effects of the increased entropy by calculating 
the entropy jump through shocks and convecti ng 
it downstream, and corrected the pressure 
coeffi ci ent to take into account the effects of 
entropy. T11e modifications were implemented and 
tested in the XTRANZL:' code. The resulting 
method gave results that were in much better 
agreement with Euler solutions than calculations 
made with the unmodified TSD theory. 

The purpose of this paper is to extend 
these nonisentropi c modifi cati ons to three 
dimensional TSD theory. T11ey have been 
implemented and tested in the XTRAN3S finite 
difference computer cOde b

• The incorporation of 
these modifications into XTRAN3S, as will be 
shown, permits a more realistic modeling of 
transonic flow fields. 

Governing Equations 

The flow equation currently 
XTRAN3S is 

where 

f 1=E'X+ F'/+G'/ 
f2 = 'y + H'x'y 

f3 .. 'z 

solved in 

(1) 

(2) 

(3) 

(4) 

(5) 

2 

The constants A, B, and E are defined as 

A M 2 .. 
B 2M 2 .. (6) 

The constants F ,I., and H depend on the 
assumptions made in deriving the flow equation. 
In the current effort, two separate sets were 
used. T11e fi rst set, known as the NASA/Ames 
coefficients / • is 

F -1/2 (y+1)M 2 .. 
G = 1/2 (y-3)M} 

H = - (y-l)M} 

(7) 

These coefficients are obtained when the 
unsteady TSD equation is derived in a manner 
similar to the steady three dimensional equation 
developed by Lomax et al.'. The second set. or 
NLR coefficients.~ are 

G .. - 1/2 M .. 2 (8) 

These coefficients were obtained by deriving the 
unsteady TSD equation from the mass conservation 
equat i on ~. 

The boundary conditions imposed on the flow 
field are 

cp = 0 

'x+'t = 0 
.pz = 0 

, = 0 
Y 
A~z .. 0 
AC .. 0 

P 

far upstream 
far downstream 
far above & below wing 
far spanwise & at wing root 
along wake 
along wake 

( 9) 

(10) 

(11 ) 

(12) 

(13 ) 

(14 ) 

The condition that the flow be tangent to the 
wing surface is 

,; = f: + ft' 0 < x < 1. Y < Ytip' z = 0 (15 ) 

where + indicates the upper surface. and -
denotes the lower surface. The instantaneous 
wing surface position is given by f. 

Finite difference solutions of (1) are 
obtained using an alternating direction implicit 
(ADI) method. The ADI method is time accurate 
and requires one sweep in each of the coordinate 



directions to advance the solution one time 
increment. In XTRAN3S Version 1.5~ Murman_Cole J 

type-dependent di fferenci ng is used for fni xed 
flows. For reasons to be discussed later, 
Engquist-Osher'u differencing is implemented for 
the present study. 

TSn Modifications 

This section describes the modifications 
that were made to include nonisentropiC effects 
in TSD theory. These changes were first 
implemented for two-dimensional flows 4 • In the 
present study, they have been extended to three 
dimensions by applying them at each spanwise 
plane as though the flow in those planes was two 
dimensional. This technique still allows for 
the calculation of swept shocks. netails of the 
modifications are given below, although the 
method that is used is the same as that 
presented in Ref. 4. 

Modifi ed Fl ux 

The original streamwise flux, given by (3), 
has been replaced by 

( l/i) 

where 

* ~ 2(1 - M2) 
R a co 

= U ... = + 
(Y + 1 )M2 ... 

(17) 

V = 1 + 
u 

u/O + R) (18) 

* * R2 _ 1 
V V(u) = -2-R - (19) 

This new flux term is identical to that used in 
Ref. 4 except for the <p term whi ch is 
included to model spanwise dow effects. This 
replacement of (3) by (16) requires only a 
change in the streamwise sweep of the ADI 
method. 

Entropy Corrections 

When a fluid particle passes through a 
shock. its entropy increases abruptly and then 
remai ns constant unless another shock is 
encountered. The increase in entropy results in 
a pressure decrease proportional to the strength 
of the shock. This nondimensional pressure 
loss, Cps. is given by 

- 2t.s / Cv 
Cps = Y( Y-l )M} ( 20) 

where the entropy jump is found USing the 
Rankine-Hugoniot relationship. 

(21) 

where T is the ratio of the downstream to 

3 

upstream veloci~y nor~a1 to the shOCK. 

For lifting cases there will be d jump in 
the upper dnd lower surfa~e values of Cps. 
Assuming that this jump 1n Cps, 6C ps , is 
convected downstream at free stream speed, the 
following expression is obtained 

(22) 

Equation (22) is integrated to obtain 6Cps 
along the wake. The condition of continuous 
pressure across the wake then becomes 

~ a64> = 16c 
at + ax 2 ps 

Without the nonisentropic modifications, 
Cps = 0, and the usual condition 

~+~= 0 
at ax 

is obtained. 

(23) 

(24 ) 

Finally, the entropy generated pressure is 
added to the linear isentropic term 

C = C + C 
P PLinear ps 

(25) 

where 

C -2(<p
x 

+ <p
t

) 
PUnear 

(26) 

Engquist Osher Switching 

While testing the nonisentropic 
modifications it was found that solutions would 
sometimes converge with velocity overshoots 
immediately upstream of shock waves. Because 
the resulting spike in the pressure distribution 
occured only at the shock, the differencing 
method was changed. Usi ng Engqui st-Osher 
differencing eliminated the velocity overshoots 
upstream of shocks. Although not demonstrated 
in three dimensions, Engquist-Osher differencing 
has been shown to dissipate expansion shocks 
and to improve code stability~. 

Results and Discussions 

Flows past an infinite aspect ratio wing 
with a NACA 0012 section were calculated to 
determine if the 3-D method yields the 2-0 
solution for that case. For all such cases 
involving the NACA 0012 section the NLR 
coefficients were used. The effect of aspect 
ratio on the solution for a rectangular wing 
using a NACA 0012 ai rfoil section is presented. 
A wing of aspect ratio 12 was choosen for a 
parametric study - varying Mach number and angle 
of attack - to determi ne the effect s of the 
nonisentropic modifications. Comparisons with 
solutions of the 'Euler equations are shown. 
Comparisons of steady and unsteady results for 
the RAE tailplane model!' with experimental data 
are also shown. 



NACA 0012 

2-0 ·Results 

The two dimensional XTRAN3S results were 
obtained by calculating flow past an infinite 
aspect ratio rectangular wing. This study was 
performed in order to verHy that us i ng XTRAN3S 
in this manner produces the same multiple 
solutions as XTRAN2L.~ 

Figure 1 shows the pressure distribution on 
a NACA 0012 ai rfoil at M. = 0.84 and angle of 
attack a = 0°. Thi s Mach number and angl e of 
attack were chosen because these conditions are 
in the middle of the 2-0 nonuniqueness region 
for this airfoil. The three dimensional code 
is seen to produce the 2-0 nonunique solution. 
The solution has converged to steady state after 
being perturbed by a Gaussian pulse in angle of 
attack. The differences in the upper and lower 
shock locations cause the large lift associated 
with this case. 

The region of Mach numbers in which 
multiple solutions have been found to occur for 
the NACA 0012 ai rfoil is shown in Fig. 2. Two 
sets of results are shown, those from XTRAN2L 
and the 2-0 resul ts of XTRAN3S. Compa ri sons 
between these two curves show that for the NACA 
0012 airfoil the nonuniqueness regions predicted 
by the two codes are very similar. lJifferences 
in the two results can be attributed to 
differences in computati ona 1 gri ds, dHferenc
ing methods, and far field boundary conditions. 

Figure 3 shows lift-coefficient time 
histories that result from a Gaussian pulse in a 
of one-fourth degree at Mal = 0.84. The angl e 
of attack returns to zero by 150 chords of 
travel. The curve calculated using the 
unmodHi ed cod£' reaches a steady state value of 
0.45. ReplaCing the original streamwise flux, 
Eq. (3), with the modified flux of Eq. (16) 
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Fig. 1 Steady state pressure distribution for 
NACA 0012, M = .R4, a = n° us'ng XTRAN3S 
simulating 2-0 flow. 
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Fig. 2 Steady state 2-0 lift values for the 
NACA n012 at a = 0°. 
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Fig. 3 Lift time histories for the NACA n012 
using a pitch pulse, amplitude = 1/4°, 
M = .84 with XTRAN3S simulating 2-0 flow • 

causes the 1 Ht to converge to a va I ue of rJ.3. 
When the entropy corrections, Eqs. (22) - (25), 
are included with the modHied flux, the lift 
returns to zero after the pulse in angle of 
attack. These results are similar' to those 
obtained by Fuglsang and Williams.~ 

3-0 Results 

To examine the effects of finite aspect 
ratio on the flow solution, calculations were 
made for flow conditions at which multiple 
solutions exist in two dimensions. For this 
study a rectangular, AR = 12 wing with a NACA 
n012 airfoil section was used. Throughout this 

". 

.., 



discussion the above wing will be referred to as 
nWing A". 

Figure 4 shows lift histories for various 
aspect ratios using the same Gaussian pulse 
descr; bed earl i er at M .. = 0.84. These resul ts 
are from the unmodified XTRAN3S code. Increas
i ng the aspect rati 0 1 eads to nonzero 1 i ft
coefficients similar to those found in two 
di mens ions, though at lower aspect rat i os 
the lift returns to zero. Thus, nonunique 
solutions of the TSO potential equation can 
occur in three dimensional flow. 

Fi gure 5 shows the steady state 1i ft 
coeffi ci ent versus the inverse of the aspect 
ratio. The results for the rectangular wing 
with a NACA 0012 section at M. = 0.84 and 
a = 0° show that multiple solutions exist for 
aspectratios greater than about 20 for the 
unmodified code. Though wings of such' high 
aspect ratios are rare, these results 
demonstrate that 3-D potential flows have the 
same problems with multiple solutions as 2-0 
flows if the wing aspect ratio is large enough. 

.40 
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I 

/ 
.20 ~------- - ---

r- -- AR = 12 

, .......... ------ AR = 24 
--- AR=32 
--- AR = 48 .10 

" 
" 

" " , '-. 

o 
Time, chords 

Fig. 4 Lift time histories for the NACA 0012 
using a pitch pulse or various aspect 
ratio wings. 

The problem concerning the velocity 
overshoots when using Murman-Cole differencing 
is shown in Fig. 6. The cause of the overshoot 
is unknown although it was not encountered until 
the flux modifications were added to the XTRAN3S 
code. The overshoot occurs at various locations 
along the span. The use of Engquist-Osher 
differencing eliminated the problem as shown in 
Fi g. 7. 

Figures 8-14 illustrate t.he effect of the 
present modifications for an aspect ratio 12 

5 

.3 

.2 

.1 

o 

-.1 L-____ ~ __ ~~----~----~ 
o 

11 AR 

Fig. 5 Steady state lift coefficient versus 
aspect ratio for a rectangular wing with 
a NACA 0012 airfoil section at M & .A4, 
a = 0°. 
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Fig. 6 Steady state pressure distribution USing 
Murman-Cole switching. 

wing with a NACA 0012 section at M .. = 0.82, 
0.84, and 0.86. These Mach numbers were chosen 
b~cause of the 2-0 results shown in Fig. 2. 
Flgures B-10 are for M = 0.A2, which is outside 
of the 2-0 nonuniqueness region shown in Fig. 
2. Figure 8 shows a comparison of steady CL 
vs. a calculated using (1) unmodified XTRAN3S, 
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Fig. 7 Steady state pressure distribution using 
Engquist-Osher switching. 

1.0 o Original XTRAN3S code 
o Nonlsentroplc modifications 
o Euler code-FL057 

.2 

o 
a, deg 

Fig. 8 Total lift coefficient versus angle of 
attack for wing A at M = .R2. 

(2) modified XTRAN3S, and (3) the FL057MG Euler 
code. l! In th i s case, the mod1fi ed XTRAN3S 
results agree well with the Euler calculations 
at a = 1°. The lift curve slope calculated with 
the modif1ed XTRAH3S code had a value 
approximately half that calculated us1ng .the 
unmodified XTRAN3S. Figure 9 shows a compar1son 
of spanwise lift d1str1but10n at 1° angle of 
attack. The modified TSO theory shows excellent 
agreement with the Euler results except at the 
tip where the Euler code seems to have some 
difficulty, believed to be due to gridding near 
the tip. The corresponding comparison of the 
pressure distributions is shown in Fig. 10 for 
1° angle of attack. Only two lower. surface 
pressure distributions are shown S1nce the 
effects of the strong shock modi fi cat ions 
decrease toward the tip in the same manner as on 
the upper surface. The excellent agreement in 
spanwise load distribution is a result of the 
more accurate shock location. 
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Figures 11-13 show corresponding results 
for Moo = 0.134 which is in the middle of the 
nonuniqueness region shown in Fig. 2. At this 
higher Mach number, as shown in Fig. 11, the 
lift curve calculated with the original code has 
a very steep slope initially and then levels off 
(due to the shock reaching the trailing edge) • 
The nonisentropic modifications produce a nearly 
linear lift curve, as does the Euler code _ 
a lthough the agreement wi th the Eu 1 er code is 
not as good as at M~ = 0.82. 

Figures 12 and 13 show section lift 
distributions at a = 1° and 2° for M~ = O.R4. 
The present modifications greatly improve the 
agreement between TSD results and Euler results 
in a way similar to that shown in Fig. Q. 
Figure 13 also shows how the section lift from 
the unmodified code begins to diverge from the 
elliptical behavior exhibited by the Euler 
results. The divergence in total lift 
coefficient for the nonisentropiC and the Euler 
results as the angle of 'attack increases is 
believed to be due to assumptions of TSO theory 
(thin wing,small angle of attack) which are 
less valid as the angle of attack increases. 

When the Mach number is increased to 
0.86 unmodifi ed TSD theory predi cts the upper 
surface shock 1 ocat i on to be at the trail i ng 
edge for any significant angle of attack. 
Figure 14 shows that the total lift curve using 
the modified code is much more linear and closer 
to the Euler results although the 1Ht values 
are high. 

RAE 

The noni sentropi c theory was tested on the 
aspect ratio (AR = 2.41), tapered swept wing of 
the RAE tail plane model. 1", Theai rfoil used is 
approx1mate1y the NACA 64AOI0.2. In order to 
compare with results from Ref. 13, the NASA Ames 
coefficients were used along with the grid 
transformation used by Bennett 1J • 

1.0 

o Original XTRAN3S code 
.8 0 Non-Isentropic modifications 

o Euler code - FL057 

.6 

y/b 

Section lift coefficients versus 
semispan for wing A at M = .82, a = 1°. 

'. 
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Fig. 10 Steady state pressure distribution for wing A at H = .82. ~ ~ 1°. 

o Original XTRAN3S code 
1.0 o Nonlaentroplc modlflcatlona 1.0 

o Euler code-FL057 

.8 

.6 

.4 

.2 

a, deg 

Fig. 11 Total 11ft coefficient versus angle of 
attack for wing A at H = .84. 
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o Original XTRAN3S code 
o Non-isentropic modifications 

.8 o Euler code - FL057 

o .2 .4 .6 .8 1.0 

y/b 

Fig. 12 Section lift coefficients versus 
semispan for wing A at H = .84, a = 1°. 



1.0 o Original XTRAN3S code 
o Non-isentropic modifications 
o Euler code - FL051 

o .2 .4 1.0 

y/b 

Fig. 13 Section lift coefficients versus 
semispan for wing A at M •• 84, a ~ 2°. 

1.0 

o Original XTRAN3S code 
.8 0 Nonlsentroplc modifications 

o Euler code-FLO 57 

.6 

a, deg 

Fig. 14 Total lift coefficient versus angle of 
attack for wing A at M •• 86. 

Steady results for M • 0.90, a = _.3 0 with 
and without the non1sentrop1c modifications are 
shown in Fig. 15. As the tip of the wing is 
approached, the shock increases in strength and 
the nonisentropi c modifi cati ons have thei r 
largest effect. Because the angle of attack is 
small for this case, the entropy convection has 
1 itt 1 e effect whereas the new f1 ux causes the 
largest change in the results of Fig. 15. 

Unsteady results for the above case are 
shown in Fig. 16. For this case, the wing was 
osci 11 ated at 70 Hz about a = -.3° wi th an 
amplitude of .57°. The reduced frequency used 
was k •• 44. The center of rotation was 68 
percent chord. As these resul~s show the 
nonisentropic modifications result in a slight 
improvement in agreement with experimental 

8 

data. The effects are greatest near the tip. 
The effects of entropy convect 1 on is greater 
here because the amplitude of osc ill at ions is 
greater and creates a difference in shock 
strengths on the upper and lower surfaces. 

Conclusion 

Nonisentropic modifications to three 
dimensional transonic small .disturbance (TSD) 
theory have been formulated. The modifications 
were incorporated and tested in the 3-D TSD 
code, XTRAN3S, for flows past a rectangular NACA 
0012 wing of aspect ratio 12. A comparison of 
Eu 1 er sol ut ions and the results obta i ned us i ng 
the modified theory shows that a significant 
improvement was made in modeling the Euler 
solutions. One of the most noticeable 
improvements is the more accurate lift curve 
slope. Also discovered is the property of the 
unmodified .code to produce multiple solutions 
for wings of sufficiently large aspect ratios. 

The nOhisentropic modifications were also 
tested on RAE tail plane model for steady and 
unsteady flows. Comparisons of modified, 
unmodified, and experimental results showed that 
the modified results improved the agreement with 
experiment for both steady and unsteady results 
particularly near the tip where the shock is the 
strongest. 
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