NASA cR—1T15 00T

NASA-CR-175067
19860015886

A Reproduced Copy

Reproduced for NASA
by the
NASA Sscientific and Technical Information” Facility

" LIBRARY POPY
NOV 2 9 1990

LANGLEY RESE e ~IER
LIBRARY N
HAMPTON, VIRGINIA

EFNo 672 Aug 65 '
< N




P

BEEE

i

o

&

v

[
-
o~
<0
own
(SN
(}]

w| =
O
& -

&
15
1=
=]
L
-

General Elec
¥TIS HC AlO/NP

TURBOPAN
DY ¢

ail

PRESSOR STU

S0P
202 p AV

(

Unclas

63,07 0100091

.

' 75 ety
s i g TR

2g94E

Jas

F




"" Is‘;._ t.*&r
'—,"La.u.}‘ 1_3

. s :,
s ‘."‘\. Pt ‘.x).;t‘:&ku” *‘*.:;‘x&

Nationsl Aeronautics and
Space Acministration

Turbofan Aft Duct _- ol
Suppressor Study |

BRL Y LN RS

<

R.E. Motsinger M.C. Joshi p
G.H. Fiske . R.E. Kraft )
General Electric Company Douglas Aircraft Company

prepared for

National Aeronautics and Space Administration
Lewis Research Center
21000 Brookpark Road
Cleveland, Ohlo 44135

Contract NAS3-22766



. e e s v
RPN SLAPNE I 0. W TR

b Vo

1. Report MHo.
RASA CR173067

2. Government Accmmon No.

3. Recipiowts Catalog Mo, °

& Titte and Subtive

§. Report Dete

AFT DUCT SUPPRESSOR STUDY S, Porforming Oresn Code

1. Authoris)

&. Pertorming Orgarmzation Report No.
A.A. Syed, R.Z. Motsinger, G.H. Fisks, M.C. Joshi, R.E. Kraft REIAEBS66
10. Work Unit No. -

8. Performing Organizstion Neme and Address
General Zlectric Company
Alreraft Engine Business Croup
1 Neunaan Vay
Cincinnati, Ohio 43215

12. Soovunriosg Agency Neme and Address

RASA Lsavis Resesrch Center
21000 Brookpark Rosd
Cleveland, Ohio 44133
15 Supplementary Nows =Y
Progran Manager: B. Clark ey
NASA Levis Resesrch Center i
— 21000 Brookpark Road £
: Cleveland, Ohio 44135 e
38 Abstract
Suppressions due to acoustic trestment in the snoular exhaust duct of a model fan have bdeen
theoretically predicted and compared with measured suppressions. The predictions are based on
the modal anslysis of sound propagation in & straight snoular flowv duct with ‘segmented traatment.
Modal distridutions of the fan noise source (fan-stator interaction only) were measured using in-
duct modal probes. The flow profiles were also measured in the vicinity of the modal probes. The
ic imped of the single-degree-of-freedom treatment was seasured in the presence of
grazing flov. The messured values of mode distribution of the fan noise source, the flow velocity
profile and the ic impeds of the trestment in the duct ware used as inmput to the prediction
progras. Ths predicted suppressions, under the assumption of uniform flow in the duct, cowpsred
well with the suppressiocas messured in the duct for all test conditions.

The interaction wodes generated by the rotor-stator interaction spanned s cut-off ratio range
from nearly 1 to 7.

The modal probe dara and & users’ guide to the computer programs are svailable as separate .
publicacions.

11. Coneract or Grame No.
KAS3-22766

13. Typs of Report sng Pwriod Covered
Contract Report

14. Sponeoring Agency Code N

i
i
!

17. Key Words {Suggmted by Authoris)) 18. Diswridbutson Statement .
Tan exhaust duct poise suppressioa -
Acoustic prepsgation in segmented smnular ducts Unclaseified ~ Unlimited
Acoustic spinning mode sessureseat .
In~situ acoustic ispedance measuresent

T Security Cemsif. (of L regee
Unclassified

20. Secanity Camit. (01 thes page! 21, No. of Pages 2. Prics®
Unclassified 188

* For sale by the tatoma! Techical laformation Service, Sprngheld. Viegiaa 22161 !

NASA-C-168 (Rev. 10-75)



Pk e t
St Wi~ P V2,
P IN A LA RS STy v o

o AR

TABLE OF CONTENTS
Section Page
List of Figures il
List of Tables ix
List of Symbols and Definitions xi
1.0 SUMMARY 1 )
2.0 INTRODUCTION 3 !
|
3.0 OBJECTIVES 9 i
v {
4.0 THEORETICAL CONSIDERATIONS 11 .
4.1 Wave-Field Theory 11 1
—
A.1.1 Sound Propagation In Annular Ducts With Flow 11 l
4.1.2 Modal Anslysis for Segmented Duct 19
4.1.3 Nozzle Reflection Coefficient 29
4.2 Mathematical Details of Modal Decosposition 3 “
4.3 The In-Situ Impedance Measurement Technique 37 i
S.O‘UPMPMHDRSSULIS Al ‘
S.1 Test Apparatus . A2 ‘
5.1.1 Test Facility 42
$.1.2 PFan Vehicle A8 H
5.1.3 Aerodynamic Instrumentation 50
5.1.4 Acoustic “Mode™ Probes 50
5.2 %hi.cic Asro-Acoustic Results 59
5.2.1 Selection of Fan Speed Points 59
$.2.2 Fan Performance 60
5.2.3 Test Section Aerodynsmic Data 63
S.2.4 Acoustic Dats 67
5.3 Acoustic rrut;nnt Impedance 88
' $.3.1 Treataent Design 92
— 5.3.2 In-Situ Impedance Measurements 95
5.3.3 Plunker Measurements on the Treatment Sections
of the Aft Duct 109




S 1»“} #‘J?_g"'f‘ s #“" '*‘5"! s 5%,

= V525 ) TN ¥
e S Wa'.? 3

TABLE OF CONTEWTS (Concluded)

Section ' Page
6.0 THEORY-EXPERIMENT COMPARISON 121
6.1 Input to Prediction Program 121 .
6.2 In-Duct Suppressions 122
6.3 Effects of Sheared Flow ' 136
6.4 Sensitivity of Suppression to Treatment Impedance 138 -
6.5 Far Pield Suppression 139 .
6.6 Nozzle Reflection Characteristics 145
6.7 Node Shapes and Equivalent Impedance 146
6.8 Effect of Aft-Duct Treatment on Fan Noise Generation 156
7.0 CONCLUDING REMARXS 163 EE
REFERENCES 165 K
APPENDIX A - SCATTER IN MODAL COEFFICIENT FILES 169 ;
/,\ j

APPENDIX B - AN ASSESSMENT OF ERRORS IN THE IN-SITU MEASUREMENTS T
OF THE ACOUSTIC IMPEDANCE 171

APPENDIX C - REIGENVALUE EQUATIONS 179

ii



4.1

“2

"3

5.1

5.2
5.3

5.4

5.5

5.6

5.7

5.8

5‘9

5.10

S5.11a

5.11bt

5.12

5.13

Iitle
The Annular Duct Geometry

Plane and Section Designation Convention for Two Adjacent
Duct Trestment Segments

Stacked System Matrix Equation for Three-Segment Duct

Schematic of the Genersl Electric-Schenectady Anechoic
Chamber, Fan Exhaust Test Configuration

Instaslled Test Vehicle in the Exhsust Mode

Schematic Disgram of the Test Vehielobstmdns Rotor S5 as
Operated in the Exhaust Mode

Kiel Probe Data at the Inlet to the Fan. Circumferential
Variation of the Mean Axial Flow Mach Nunber and Pressure
Ratio (Py/P,) at Three Radlal Locations

Rotor S5 Cross Section

Schematic Diagraa of the Fan Exhsust Duct Showing Instrumen-
tation Locations for Asrodynamic Measurssents

Schematic Disgram Showing the Radial Locations of the Mode
Probes and tha Axial Separations Between the Acoustic
Pressure Transducers on Each Axial Probe

Photograph Showing Two Axial Frobes Mounted on a Radial
Strut

Photograph of a Complete Set of ‘“Mode Probes” Showing the
Circumfersntial Traversing Actuator 21d Axial Probes at
Four Radisl Locstions Mounted on Two Dismetrically Opposed

Radisl Struts

A Schematic Disgram of the Data Acquisition and Analysis
Systea Used in the Modal Neasurements

mntm Map for the Rotrr 55

Data Points Determined From the Upstresm and Downstresa .
Locations for This Program at 7600 Physical RPM

Radiasl Profiles of the Msan Axial Flow Mach Number Measured
st the Same Circumferential Locstion; 7600 rpm

Circumferential Variations of the Mean Axial Flow Mach
Rumber at 67.3 m (2.65 Inch) From the Outer Wall; 7600 rpa

i1

20

21

28

A4

45
46
47
49

51

54

S5

56

S8
61

62
64

65

© e mtsememena.




i‘

5.14 Circunferential Variations of the Nesn Axial Flow Mach -
Vllnbor at 1016-(401neh)h'ﬂtb0ut‘rﬂa11' 7600 rpm 66
5.15 ci.rcunfomthl Vnciatiom of th Mean Axinl Flow Mach ) .
m:,tsas-(zsmh)rmth.mtxml. 7600 rpa 68
5.16 Radial Profiles of the Mesn Axisl Flow Mach Nusber -
Neasured in the vpctrul Location at 7600 and 6700 rpm
Values - 69
5.17  Rsdial Profiles of the Mean Axial Flow Mach Rumber - 5,
mmmmmmmmunoomnoom Yy
Values _ 70
5:18 - A Typical Comparison of Eadial Profiles of Nean Axial
Tlow Mach Number Obtained by a Boundary Layer Probe and
a Traversing Pitot-Tube 7 :
N -i{\.
" 5.19a ¥odal Coefficient Amplitudes Messured at the Upstream i f
and the Downstream Locstions in the Hardwall Configura-
tion; 7600 rpm, 1900 Hz 74 %
5.19d Phase Values Corresponding to the Amplitude of Modal '_.?";
Coefficients in Figure 5.1%a; 7600 rpm, 1900 Hz 15 ‘g
5.208  Modal Coefficient Amplitudes at the Upstresa and Down- 55::
stresm Locations in the Trested Coafigurstion; 7600 rpm, "‘:{

1900 Hz 76

5.20d Phase Vlll;“ Corresponding to the implitudes of Modal
Coefficlents in Figure 5.20a; 7600 rpm, 1900 Hz 17

5.21a Modal Coefficient Amplitudes at the Upstresa and the
Downstress Locations in the Hardwll Comfiguration;

6000 rpm, 1500 Hz 18 R
5.21b Phase Values Cortesponding to the Amplitude of .Sodal
Coefficients in Pigure 5.21s; 6000 rpm, 1500 Hz 79 Bt

S.22a Bodsal Coefficient Amplitudes NMeasured at the Upstream
and the Downstresa Locations in the Treated Ooufizuu
tion; 6000 rpm, 1500 Hz - 80 .

$.22» Phase Values Corresponding to the Amplitudes of the
Modal Coefficients in Figure 5.22a; 6000 rpm, 1500 Hz 81

77 S.23a  Modal Coefficient Amplitudes Measured in the Upstresa
and the Downstream Locations 1n the Hardwall Configura-
tion; 4000 rpm, 1000 Hz 82

iv




5.23b

$.24a

5.240

5.25
5.26
5.27

5.28

5:291

5.29

e

LT EEGY

HiE

Phase Vuluu c::mspondi.ng to th. !lodal Coefficients in
FPigure 5.23s; 4000 rpm, 1000 Hz

Modsal Coefficient Amplitudes Messursd in the Upstream and

the Downstresa Locations in the Trsated Couﬁ;untlon
4000 rpm, 1000 Hz

Phase Values Corresponding to thc Nodal Coefficients
i.n Figure S.24a; 4000 rpm, 1000 Hz

NModsl Coefficient Ampiitudes of Forward (Downstresa)
Propsgating Modes Messured at the Upstresa Location;
7600 rpm, 1900 Hz

Plots of tho Tar !iold (Marrow Band) Sound Pressure

Level (SPL 4B) Against Microphone Angular Posit on
Relative to the Nozzle Axis for Hardwall and Treated

Configurations at 7600 rpm (1900 Hz)

Plots of the Far Field (Narrow Band) SPL Against ‘
Microphone Angular Position Relative to Nozzle Axis for
Hardwall snd Treated Configurations at 6000 Hz (1500 Hz)

Plots of the Far Field (Narrow Band) SPL Against Micro-
phone ‘Angular Position Relative to ¥ozzle Axis for the
Hardwall and Treated Configurations st 4000 rpm -
(1000 Hz)

Scheastic Diagram of the Acoustic Treatment Used in
the Treated Segment of the Aft Duct

Schematic Diagram Showing the Acoustic Treatment in the
Straight Annular Part of the Fan Exhsust Duct

Schematic Diagram of the Appsratus Used for In-Situ Im-
pedance Measurements in the Grazing Flow Duct

Schematic Diagram of the Data Acquisition and Anaiytis
Hardvare Used in the In-Situ Impedance Measurements

Photograph of the Inner TIreatment Seztion of the
Acousticsally Treated Segment of the Aft Duct

Experimental Arrangement Used in the In-Situ Impedance
Msasurements on the Outer and the Inner Trestment

Sections of the Aft Duct
In-Situ Impedance Messurements at Six Different Circum-

ferential Locations on the Outer Trestaent Section of the

Aft Duct

:qi?%& i {

83

84

85

87

89

91

93

94

96

97

100

101-103

ey




5.35

5.36

5.37g,
h and j

s.aa

5.39%

5.3%

5.40

S.Ala

5.41b

5.‘2

5.43

6.2

‘.3

e e

R LA

" LIST OF FIGUEES (Continues)

-

Auto Correlation Spectrs of the Acoustic Signals in the
In-Situ Measurement of Cavity A of Figure 3.34

'The Coberence of Two Signals of Pigurs 5.35 and the

Phase Difference (¢ - ¢p) as Functions of
Frequency .

In-Situ Measurements at Three Different Circumferential
Locations on the Inner Trestment Section N

Incresse in Acoustic Resistance With Sound Pressure Lavel
(SPL, 4B) of the Discrets Acoustic 8ignal; No-Flow

Incresase in Acoustic Resistance With the Mesn Flow Mach
Bumber in the Gmi.ng Flow Duct

Increase in the Acoustic R.nctancc Hith the Mean Flow
Mach Rmber in the Grazing Flow Duct :

Auto Comhuon Spectra of the Face Sheet Signal A
and Backwall 8ignal B During an In-3itu Impedance
Messurement st M = 0.4

Schematic Diagram of the Acoustic Plunker Placed Against
the Surface of a Flat Treatment Panel

Sc!u_utlc Diagraa of a Normal Impedance Tube

Inpodince Survey of the Outer-Treated Section of the
Aft Duct Based on 60 Different Plunker Keasurements Over

Its Surface

Impedance Survey of the Inner Treated Section of the
Aft Duct Based on 30 Different Measurements Over Its

surfacs

Measured and Predicted Complex Mode Amplitudes at the

Downstream Plane - Forwsrd Propagsating Modes - 1000 Hz,
As-l, M= 0.21, Uniform Flow, Soft Wall

Measured and Predicted Complex Mode Amplitudes at the
Downstresm Plane - Forward Propageting Modes - 1500 Hz,
As-]l,N= .32, Uniform Flow, Soft Wall

Measured snd Predicted Complex Mc Amplitudes st the

Downstream Plane - Forward Propagating Modes - 1900 Hz,
A=-1, M=0.4, Uniform Flow, Soft Wall

vi

Nk E’fﬂiﬁ@( ﬁm‘ﬂﬁ,ﬁ%“ PR T

104

104
105-106
108
110

111

112

114

114

117

118

124

125

126

AR

bt .- <. {4




g

6.4

6.5

6.6

6.1

6.8

6.9

6.10

6.11

6.12

6.13

6.14

6.15

6.16

e T R PR

Messured snd Predicted Complex Mode Amplitudes st the
Dowmstream Plane - Forward Propagating Modes - 1900 Mz,
A=7, M= 0.4, Uniform Flow, Soft Wsll

Massured anu Pradicted Complex Mode "Anput.udu at the
Upstream Plane - Backward Propsgsting Modes - 1000 Hz,

Measurcd and Predicted Complex Mode Amplitudes at the
Upstresm Plane - Backward Propagating Modes - 1500 Hz,
a=-l, = .32, Uniform Flow, Soft Wall |

Measured snd Predicted Complex Mode Amplitudes at the
Upstresm Plane - Backward Propagating Modes -~ 1900 He,
me-=-1, = .4, Uniform Flow, Soft Wall

Messured and Pmdi.cf.ed Complex Node Amplitudes at the
Upstresm Plane - Backward Propagating Modes, 1900 Hz,
ms7, 8= 0.4, Uniform Flow, Soft HWall

‘Predicted Mode Distributions at Segment End Planes -
1000 Hz, a = ~1, ¥ = 0.21

Mode Distribution at Segment End Planes - 1900 Hz,
a=7, M=0.4

Sensitivity of Suppression to Treatment Resistance and
Reactance - 1000 Hz; m = -1, n = 0,1,2,3; M = .21 Sheared

Flow

Sensitivity of Suppression to Treatment Impedance -
1500 Hz; a = -1; n = 0,1,2,3; M = ,32; Shesred Flow

Sensitivity of Suppression to Treatment Resistance
and Resctance - 1900 Hz; m = -1, n = 0,1,2,3; M = .4;
Sheared Flow

Comparison of the Uniform Plow Rigenfunction With the
Actusal Acoustic Mode Shape in Hardwall Duct - 1900 Hez,
m=7,n0n=0, M, = .37, § = 0.02, Forward Propagation

Comparison of the Uniform Flow Eigenfunction With the
Actual Acoustic Mode Shape in Hardwall Duct - £ = 1900 Hz,
m=7,n=0, M4, = .37, §* = .02, Backward Propsgation

Comparison of the Uniform Flow Eigenfunction With the
Actual Acoustic Mode Shape in the Treated Duct - 1900 Hz,
a=7,n=0, My = .37, §* = .02, { = (.51 - .55%),

Yorward Propagation
vili

130

131

132

134

135

141

142

143

148

150

151

e b s it




6.17

6.18

6.19

6.20

6.21

6.22

6.23

Al

Bl

B2

LIST Q¥ FIGURES (Concluded)

Title

Comparison of the Uniform Flow Eigenfunction With the
Actusl Acoustic Mode Shape in the Treated Duct - 1900 Hz,
m=7,n=0, Mg = .37, 8% = 0.02, { = (.51 ~ .551),
Backward Propagation

Comparison of the Uniform Flow Rigenfunction Based on the
Equivalent Impedance With Actual Mode Shape in the Treated
Duct - £ =1900 Hz, m =« 7, n = 0, M = .37, §* = .02,

NEX = 7, { = (.51 - .551), Forward Propagstion

Comparison of the Uniform Flow Eigenfunction Based on the
Equivalent Impedance With the Actual Mode Shape in the
Trested Duct - 1900 Hz, m -7, n = 0, ¥ =» .37, &% = .02,
X =7, = (.51 -~ .551), Backward Propagation

Complex Mode Amplitudes and Phase Values at Upstream
Plane - 1000 Hz, m = -1, ¥ = .21, Uniform Flow, Forward
Propagation

Complex Mode Amplitudes and Phase Values at the Upstreanm
Plane - 1500 Hz, a = =1, M = .32, Uniform Flow, Forward
Propagation

Complex Mode Amplitudes and Phase Valuss at the Upstream
Plane - 1900 Hz, m = =1, M = 0.4, Uniform Flow, Forward
Propagation

Complex Mode Amplitude and Phagse Values at the Upstrean
Plane - 1900 iz, m = 7, M = 0.4, Uniform Flow, Forward
Propagation .

Scatter in the Modal Data Due to Probe Elimination at the
Downstream Measurement Location

Typical Calibration of the Two Accustic Transducers
Used in the In-Situ Measurements

Autospsctra of the Signals Used in the Calibdration of
Figure Bl

wiii

152

154
157
158 ‘
159

160
170
175

1277

e
bt

5

!

Yy el

e gl

WAL




5.1
5.2

5.3
5.4

5.5

5.6

6.1
6.2
6.3
6.4
6.5

Bl

B2

LIST OF TABLES

Title
Far Field Microphone Distances and Angles
Rotor 55 Design Characteristics

Acoustic Modes Generated by Rotor 55 With an Eight Vane
Stator With Associated Cut-Off Frequencies and Ratios

Comparison of Computed Propagating Energy Flux, Upstream
and Downstream, for Hardwall Test Section

Index of FPigures Showing Modal Amplitudes and Phasges

Sound Power Levels From Far Fleld Data (Power Spectrum
Bandwidth = 4 Hz)

Average Normal Impedance of the Acoustic Treatment Hard-
ware (OASPL = 140 dB)

Comparison of Measured Suppressions with Theoretical
Predictions

Comparison of Measured and Predicted In-Duct Suppressions
Based on Sheared Flow Mode Coefficients

Sensitivity of Predicted Suppressions to Treatment
Impedance

Comparison of In-Duct Suppressions with PWL Suppressions
_From Far-Field Data

Nozzle Reflection Coefficients (From Hardwall and
Treatment Case Data)

In-Situ Measurements - Estimated Errors in the Measured
Imzpedance Due to Errors in the Thickness (d) and
Tecperature (T)

Expaected Errors in the Measuired Impedance Due to Ecrrors
in the Measured Transfer Function (Hyp) ana Phase
Difference (4AB)

43

48
60

72

73

88
118
123
137
140
144

147

1713

178




This Page Intentionally Left Blank



LIST OF SYMBOLS AWND DEFIWITIONS

Except when otherwise defined in the text, the following nomenclature is uged
in this report.

complex mode amplitude

speed of sound

core thickness of the acoustic treataent

acoustic energy

frequency

duct height

transfer function of two acoustic signals at locations x and y
= /-1

(1) unit matrix

acoustic intensity

wa::ﬂnuﬂnﬂbg
o

free space wave nunber
radial wave uumber
circunferential wave mumber
axial wave number (propagaticn constant)
segment length

spinning mode order

mesn flow Mach number
radial mode order

nvaber of segments

acoustic pressure

radial eigenfunction

radial coordinate
resistance of treatment
tenperature

K X X -
n

o

axial azoustic velocity
resctance of treatzent

N M < H wn JU v " 3 X B %

axial cooruinate
(R] admittance interface reflection matcix
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Sysbols (Continued)

is) stacked system matrix o s

4 4] sdmittance interface transmission matrix . S

(41} uniform section transmission matrix ' L i

{Q} acoustic source wvector 1

{a} scoustic mode vector -

) 1o 4 Index n in the boundary layer velocity profile. Thus, WEX = 7 is .
for the 1/7th power bcnadaty' lay nloeitj profile. i

) angular location in the cylindrical polar coordinate systea o

™ sngular fraquency 2v f£/¢ P

g duct wall scoustic admittance : :

™ complex dimensionless eigenvalue tr.rz. where T, is the :

outer wsll radius o

é Dirsc delta ’ %‘7

4 duct wall scoustic impedance S

n Hf/csi#/\ = non~dimsnsional frequency " 5;

" K/k = non-dimensional axial wave mumber - '

A vavelength A

poc characteristic izpedance of medium ;

P, dengity of air in the duct 1

(3).(K)  duct segment designation 4

3-3. 3. :

k, kel duct plana designation

» spinning mode order :

n radial sode order !

S “scurce” plane

Tz “tetmination” plane

z axial direction T

+ forvard propagation ‘

- backward propagstion )
complex coajugate

eq equivalent
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1.0 SUMMARY : : o :
Sound suppressions due to acoustically absorptive treatment in the 2
annular exhasust duct of a model fan have been theorstically predicted and *
compared with messurements. . ﬂ
The predictions were based on the modal snalysis of sound propagation ’:
in a straight snoular fan exhaust duct with axislly segmented treatment. .
Nesasured values of ths mode distribution of the fan noise source (rotor-stator
interaction source only) and of the acoustic impedance of the treated segment 2]
in the duct were used as input to the prediction program. The predicted Fgf
suppressions obtained with the assumption of uniform flow (no radial or -
circunferential shear in the flow) comparsd well with the measured in-duct g
/\ suppressions for all test conditions. S

T

NMeasurements of the acoustic modes were made on s fan test model

-+ .
-
==

installed in sn snechoic chamber at GCeneral Electric Company's Corporate s
Research and Development Center in Schenectady, New York. The fan exhsust 3
duct was snnular in cross section with a hub-to-tip ratio of 0.5. 1It ‘“-g
consisted of three axial segments. Acoustic mode probes wers located in the {tﬁ

Nl

first and the third segments which were hard walled. Initial tests were
conducted with a hard wall second segment. Later msasurements were made with
acoustically absorptive inner and outer walls in the second segment. The
suppTession of sound due to the treated segment was determined from these data
by computing the difference between the acoustic energy flux at the upstrean
snd the downstream msasursment locations. The quality of the measured modal
dats was very good. The acoustic field in the duct at the frequency of
intersst was observed to be stationary over the periods of the modal
messuresents. This ensured asccurate measuresent of the modal amplituds and ;
phase datas. PFan speeds for the tests were chosen 30 that the modes generated '
by the fan-stator interaction spanned a cut--off ratio range from just over cne _
to ssven.

-Yn"_
1Y WA

. :‘~‘: mf “\\AJ | ¢
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The scoustically absorbing wall segments consisted of single-degree-
of-freedom (SDOF) trestment with linear charascteristics. The measursments of
the normal acoustic impedance of the treatment were carried out in General
Electric Company's Acoustic Laboratory st Evendale, Ohio. These included
measurements under no-flow conditions on the treatment hardware and under
grazing flow conditions on a sample of the treatment.

A The modal probe data and s users’ guide to the computer programs are
available as separate publications (see list of references).
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Acoustically absorptive treatment in asircraft mino. ducts is an
essential part of the overall sircraft nolse reduction effort. With the
incressed emphasis on energy efficiency, it »_h necessary to maximize the

s sffectiveness of the trestment. Duct treatments must be designed to suppress
" specific noise sources in short ducts. By maximizing the treatment
. effectiveness, s reduction in the treatnent length required to achieve a given

oversll engine noise level can be realized. This reduction translates into
reduced fan reverser length required and, consequently, results in lower
installed engine weight and higher performance conzistent with the desired
goal of energy efficient noise reduction. 1In order to achieve this goal,
snalytical trestment design must be made an integral part of the advanced
energy efficient noise reduction technology.

Recognizing the importance of spinnins modes in the design of the
scoustic treatment, several studies have been conducted to investigate the
propagation of scoustic modes in axi-symmetric ducts. These studies, however,
are limited to semi-infinite ducts with uniform wall ixmpedance. Zorunski
(Refersnce 1) developed an analysis to account for the axial impedance
changes. This analysis also included both the upstream and the downstream .
travelling modes. Kraft, et. al., (Reference 2) messured the acoustic modal
distribution in 2 laboratory modsl inlet duct and designed and tested a
treatment to verify Zorumski's analysis.

This report contains the results of a study on the propagation of
acoustic modes in an snnular exhsust duct. It involved the development of a
set of computer programs based on the modal analysis (Reference 3) of sound
propsgation to predict in-duct suppression due to axially segmented acoustic
treatasnt. It also involved sn experimentsal program designed to determine
whether the analysis cspability was sufficient to describe the physics in
turbofan aft duct suppressors. Although simplified, the experiment was
designed to contain the first-order physical effects which wers thought to
govern the far field radiation lttcnuatlog due to an exhsust duct suppressor.




As the experisent was intended to:verify the sound propagation theory in a
realistic turbof.n uhauit duet. 1t containod tho fouov!.ng futum:

A

1. A realistic fan stage (NASA Lewis model fsn—-rotor 53) elpable of -

- producing well-defined spinning modes. ~ = - o
‘2. An exhaust nozzle with a realistic contour snd contraction ratio. -
3. A straight snnular section exhsust duct to model the simplified
sound propsgation analysis. ) @
A. A uniform, linear trestment design to minimize impedance
sensitivity to the operating conditions of the text vehicle.

Over the three fan speeds tested, spinning modes were generated with
cut-off ratios ranging between just over 1 to 7. The scoustic measurements
involved the measurement of (a) modal coefficients upstream and downstrean of
a treated segment in the exhaust duct, (b) the aft radiszted acoustic far
field, and (c) the acoustic impedance of the treatmsnt used in the af.t duct.

The test vehicle was mounted in an anechoic chaaber in order to measure
the far field radisted noise under free field conditions.

The measurement of the acoustic impedance involved the use of the in-
situ method (References 4, 5, 6) and of the Accustic Plunker (Reference 7), a
non-destructive portsble transducer developed by the General Electric Company
to measure the normal acoustic impedance of finished treatment panels. A
total of 90 measurements on both the inner and the ocuter treatment sections
were made with the Plunker to establish that the normal acoustic impedance of
the treatzent was uniform over the sres of thase sections snd that both the
inner and the outer surfaces had equal ch within prescribed
manufscturing tolerances.

The theory of sound propagation in a uniform duect with fluid flow and
its extension to ducts with axial impedance segmentation is described in
Section 4.1. Section 4.2 deals with the theoretical aspects of the
computation of the modal coefficients from the mode prodbe dats and the
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thoorotiuuy dcunlnod mode oizoufunetim and axisl wave m.labou in the
hardwall upcnt of the duct. The probln has boea emidend for the uniform
flow and the radhlly ‘sheared’ flov cases. It involves the solution of s set
of linear simultsneous equations for the ccuplﬁ'ibdal coofficicnu.ib In the
case of uniform flow the eigenfunction of a downstresm propagating (a.n) mode
is identical to that of the upstream propagating mode cf the same order. This
allows decoupling of the problem which makes the solution simpler in that
smaller size matrix cquation: have to be solved. In the case of radially
sheared flow, the eigmfunctim of the upstream and the downstream
propagating modes of the same (m,n) order are not identical which means that a
much bigger size matrix equation has to be handled. As the sensitivity of
matrix solutions to small input errors incresses with the size of the matrix,
redundant measuremsnts were included in the analysis giving a "'lmt squares
£it™ type of solution from the available data.

The theory of the in situ impedance measurement technique is described
in Section 4.3. This method assumes that the trestment is point rescting, and
there is no transmission of sound through the walls of the adjacent cavities.
The apund field inside the cavity is assumed to consist of plane waves only.
The method employs the complex ratio ¢f two acoustic originals--one at the
surface of the treatment snd the other at a known location in the cavity
(usually at the hard back wall). For this reason it has often been referred
to as the '2-nmicrophone method.' An error analysis of the technique is
included in Appendix B. ’

The description of the experimental apparatus and s selection of
representative test data are included in Section 5. The test vehicle was
mounted in the Asroscoustic Anechoic Facility in the General Electric
Corporate Research and Development Center, Schenectady, New York. The airflow
and noise source consisted of the 15 bladed NASA Lewis 0.504 m dismeter fan
designated as Rotor 55. IFrom the original eleven outlet guide vane set, eight
vanes were used at a spacing of 0.5 rotor tip chord length from the rotor to
generate a rotor stator interaction tone at levels sppreciably higher then
noise produced by other mschanisms. To prevent rotor turbulence noise
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nmuuon. a wtbuhuco control structurs m heorpontod i.n the m.t duct
of the fan. The snnulsr flow path of the fau cduust duct emhm of two
hardwall sections whers in-duct acoustic probu wers located. . tx'uted

section snd s nozzle termination which was representative of typiul cnxino
nozzles. The acoustic measurement in the duct involved circumferential
traversing of an array of pressure tmsduccrs through 360 degrees. sisnals
were recorded at 18 degree intervals and then mlyzod. In ordor to ensure
stationarity of the acoustic fleld over the time of recording the signsls from
the two arrays (of twelve tranducers esch) used in the messurement, the fan
speed was maintained at a constant value during s test.

Asrodynamic messurements were made to determine the velocity profile st
each of the in-duct probe locations. This information was necessary for the
calculation of the axial wave numbers and radial mods shapes (eigenfunc-
tions). 1Instrumentation included: three total pressure and total
temperatura rakes, each with five radial stations. In addition, two pitot
tubes which could traverse radislly and circumferentially and sixteen static
pressure taps mounted in both imner and cuter walls were esployed. All
asrodynanic prodbes and rakes wers removed during acoustic tests.

The effects of grazing flow and of sound intensity on the impetance of
the treatment were investigated using laboratory samples constructed from the
same materials used in the construction of the annular duct hardware. Steady
flow resistance measurements wers made first after removing the flexcore (but
leaving the bonding agent intact). The sample was then instrumented for in-
situ impedance messurements in the Grazing Flow Duct using a thick walled
eylindrical cavity to easurs local reaction aspect of the experiment.

The theory-experiment chack is fully discussed in Section 6, snd the
major conclusions drawn from this work are listed in Section 7. The exhsust
duct suppression prediction program (Reference 8) based on the modal anslysis
was used to predict the suppression due to the treatment in the exhsust duct
at three fan speeds. The duct was modelled as a three segment straight
annular duct with the treated segment placed between the two hardwall




icmu‘. Mode coefficients based on the assumption of uniform flow through
the duct were first obtained from the in-duct measurements. The mode
coefficients of the forward (downstresm) traveling modes at the upstream
measurement plane (source plane) and of the backward (upstresa) travelius.
modes at the downstreanm measurement plane (termination plane) were used to
specify the source and the termination matrices.- With these parameters and
the knowledge of the impedance of the trsated segment, the duct geometry, the
flow conditions and the spinning mode order nuaber, the program (Reference 8)
calculates the eigenvalues, the axial propagation constants (both forward and
backward), the uniform section transmission matrices for each segment and the
reflection and transmission matrices of the segment interfaces. The program
then sets up the stacked system matrix equation and solves it to ubtain the
forward and backward complex mode coefficients in each segment and the modal
energy flux at each plane. The net energy flux at esch plane and the overall
sound power level (PWL) suppression are then cslculated. Suppressions
predicted in this manner agreed well with the suppressions obtained from the
in-duct measurements.

The sensitivity of the predicted suppression to the treatment impedance
values was slso exaained by varying both the resistance and the reactance of
the input to the prediction program. The predicted suppression was found to
be more sensitive to variations in reactance, particularly at the maximum fan
speed tested (1900 Hz) when a variation of 0.1 pc in reactance resulted in
as much as 4 dB change in suppression.

Predictions wers slso made using the sheared flow mode coefficients.
These did not compare as well with the measured values as those obtained with
the uniforn flow mode coefficients. This is considered to be due to a
significant ene:gy mismatch that occurs at the segment interfaces when using
the sheared flow option in the prediction routines. This problem has not been
resolved.

Based on the theory experiment check presented in Section 6, it can be
concluded that the modal analysis for sound propagation in segmented ducts can




be uud to predict the m-&;ct mppmslon due to uousueauy absorptivo
treatment in the othct. duct of a turbofan. The nodtl. di.ctribuuou of the
acoustic source md the roncctl.on chatactcristies of tho duct tcnlnation ate
muired for the prodi.ction. They may be obtained from uuumts or from

analytical methods.

'rhoiu_:ouiiie data from the mode probes in terms of the une_u- amplitude
and phase messured at defined (z, r, ) locations in the hardwall segments
of the aft duct sre included in the data report (Referencs 9).

SRR O L AP

)
3V P

WAL
£
Lo
S .
o

R
—_—

[FEMUAINS. T )

N5

\
. v'.bs‘y‘(g '
1 ety




E PP P . B TR TN W ia 3 S g SR 1 P2
R N N RN, 3 ¥ Lt Lo ey

3.0 QOBJECTIVES

The objectives of the work reported in this report are:

1.

Development of the analytical tools required for rapid and cost
effective evaluation of acoustic trestment designs for fan exhaust
ducts using modal propagation anslysis.

Provide experimental substantiation of the above analytical tools
in a reslistic turbofan exhsust duct employing a model fan stage
and a reslistic exhsust nozzle.

Study the effect of the selective reflection by the nozzle on the
far field suppression.
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Iﬁ this uct:loﬁ of the riport,' tl::"thio:;iilcal -56.1 of- thc laeoustic
wave propsgation in sn acoustically lined cylindricsl duct of uniform cross
section carrying radially sheared flow and its extension to axisl segmentation
of tha treatment is described.  This theory is the basis of the computer
prograns described in Reference 8. In addition, the theorstical bases of the
co-puuum used in the determination of the modsl coefficients from the mode
probe ‘dats obtained in the hardwall segments of tho fan exhsust duct and of
the in-situ impedance measurement technique are ducribod

4.1  WAVE-FIELD THEORY

The prediction of suppression of sound due to trestment in the exhaust
duct is based on a theoretical analysis of sound propagation in axially
segmented annular ducts (Reference 3). Propagation in the duct is considered
in terms of the treatment and the presence of dboth hardwall and tmtcd.
segments h' the duct are incorporated in the snalysis by considering the duct
to be axially segmented and by allowing propagation of modes in both forward
and backward directions. Reflection and redistribution of scoustic energy at
segment interfaces and at the exhaust nozzle are slso considered. The theory
of sound propagation in a uniform duct with flow and its extension to ducts
with axial impedance segmentation are described in the following paragraphs.

4.1.1 SOUND PROPAGATION IN ANNULAR DUCTS WITH FLOW

The propagation ¢ sound in a duct carrying uniform flow is governed by
the convected wave equation

2
A [ a
vp - 2 (at v, az) P (4.1)

wvhere vz is the mean flow velocity in the axial direction, vz is the
Laplacian cperator and p is the acoustic pressure. To Jolve this equation by

PRECEDING PAGE BLARNKX NOT FiLL5D
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the separation of variables, sssume that the lgmtle pressure can be
vepresented in cylindrical coordinates (Figure 4.1) as

p(r,0,z,t) = Pr(r”e(é) .mfht

(4.2)

This reduces tihe wave eguation to two ordinary differential equations, namely . ;
¥

| 2 - * 1‘51

a’p R

'—29' = -k: Pe (4.3) Rt

40 ‘ . Sk

and
2 2
1_2:+1:‘&+(,z_“_6)p -0 )
— &_z r dr r rz r
with -
2a-w)) + 20k + a2ad - 0 (4.5)

k is the wave number in free space and kt.ke. and X are the wave nimbers
in the radisl, circunferential, and axial directlions respectively. M is the

mean flow Mach mumber (equal to vzlc).

Equation (4.3) has s solution of the fom

Po(® = C o1 (4.6
where values of ke are restricted to integers sinrce the coordinate 0 is f
periodic with period 2v and the pressure must be single valued. Physically

the integral values of ke. to be denoted by m, represent circumferential

mode orders. If the duct contains radial splitters that are lined, ke may
be complex.

12
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"~ Rquation (4.4) ‘with koanl is the standard Bessel equation and has
the solution T E I -

. P(F) = J (k) +C Y (k) 4.7

where J.md L are Bessel functions (of order m) of the first and second
kind respectively. The acoustic admittance boundary condition that equation
(A.7Y must u‘t":i.sfy'.at the duct walls can be expressed in terms of the

cc ::.nuity of particle displacement as

(4.8)

and

e

dar

X 2
= -1kﬂz (1 “x !) Pr (A.9)

t"tz t‘lt'z

vhere Bl'md 8, are the specific scoustic adnittance of the inner wall st
radius Ty and the outer wall at radius T, Substitution of equation

(4.7) into equations (4.8) and (4.9)_ yields a set of two simultaneous
transcendental complex equations which must be solved for k_ and cn" For

a ziven circumferential mode order m, these equations have a sequence of roots
(krrz) which respresent the eigenvalues for a sequence of radisl modes.

The functions p r(r) obtained from equation (4.7) represent the corresponding
eigenfunctions. Setting kr T,=T rllrz = p and eliminating cn

from the simultaneous equations obtained by the substitution of equation (4.7)
into equations (4.8) and (4.9), we get a single squation for the eigenvalue of
the form F (Y) = 0 (see Appendix C).

The eigenvalues can be obtained by solving this equation using the
second order Newton-Raphson iteration formula

13

¢

[EREOR R S v
o i it Sk 0D

Lok

CI V.

-
PSR Y

Lheixity,

s

3 TP

a



*
¥ z !
- [ iy X *%’M-u PPy h e —————, U
" e adiAe T e < P b e b . I, > S
S s f’?"—“"@h-if IR & TR DI BT i Ph ...
e 5 : et

2Py ) vy (4.10)

Yia® Y - 3

wvhere v - “he initisl (guessed) value of the root and Yia is the
iterated vaiue of the root. The prizes denote differentiation with respect to
the argument. This formula is repeatedly applied until successive iterations

give roots (eigenvalues) whose sbsolute values differ by less than 107,

The accurate snd reliable Jetermination of these eigenvalues is a
critical part of the calculation of sound propagation in ducts. The ability
of the solution procedurs to converge to the correct sequence of eigenvalues
depends critically upon the initial value of eath root at the start of the
iteration process. In order to assure convergence, the iteration is performed
in several steps ss indicated below.

Rectangular duct hardwall eigenvalues are used as starting values and
the radius ratio is slowly decreased from unity to the annular duct radius
ratio in order to obtain annular duct hardwall eigenvalues. The latter are
used as starting values to obtain the eigenvalues for the case of hard outer

.wall and inner wall of admittance Bl' This is done Dy slowly incrementing

the inner wall admittance magnitude from zero to IBll and iterating along
the line of constant phase of 81. Using the new eigenvalues as the
starting values and slowly incrementing the cuter wall admittance magnitude
from zero to |82| (along the line of constant phase of Bz) the )
eigenvalue for the mnnular duct with irner wall admittance equal to Bl and

outer wall admittance equal to Bz are deterained.

When the inner and outsr wall admittances are equal, the two step
process described abova to obtain softwall eigenvslues from hardwall
aigenvalues reduces to a single step process. In this case the inner and
cuter wall admittance magnitudes are incremeutel sizultaneously and equally in
small steps from O to |B'| vhere B is the admittance of both walls.

14
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The same iteration procedure is used while the flow Nach mumber is
incressed in small steps from zero to M in order to obtain the lined annular
duct eigenvalues in the presence of uniform flow.

This careful step-by-step iteration process provides a reasonadbly
relisble eigenvalue routine. Howevsr, the method is not totally infallible
and occasionslly cases of missed modes or modes found more than once are
encountered.

An slternate method to determine the eigenvalues is used for cases for
which the iteration process is not successful. In this method the eigenvalue
equation is set up as a differential equation of the form (see Appendix C for
details of the eigenvalue equation)

&, p(m,xr

;4B .
ax 2.3.7.3)“ ' (4.11)

where x is an independent paTsmater in the equation. To obtain the
sigenvalues corresponding to wall adnittance B' (for doth inner and outer
walls), equation (4.11) is integrated, using Runge-Xutta method, from x = 0.
The step size (4x) in the integration process is kept small to obtain good
sccuracy. TYurthermore, in order to minimize the srror sccumulated in the
integration process, s second order Newton-Raphson itsration of the eigenvalue
is performed at each step. Use of this eigenvalue solution prucedure in
combination with the original iterative procedure improves the reliability of
the sigenvalue solutica especially in identifying s mode that could have been
nissed by the itsrative procedurs.

After the soft-wall eigenvalues have been detsrmined, the axisl wave
nunber K can be computed from

2

x
ne -Q - £
K, Jl a -« (4) (4.12)
x 1-w
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In the case of a hard wall duct (31-32-0). wvhen the expression under

the radical becomes negative, K becomes complex and csuses the mode under
consideration to decay exponentislly. Under such conditions the mode cannot
transport any acoustic energy. The cut-on frequency £* for a mode can thus be

defined by setting
k* = tr4142

, | ; 5
and obtaining fx = 91—271:1:!—' Iz (4.13)

3
'

The cut-off i’ltl.o €, which is the ratio of the modal frequency to the cut-on
frequency of the mode, is given by

"L i, N

(4.14)
£x Y,["‘ 2

whers the frequency parsmstsr . A mods is considered cut off for
t<1 but will be propagating when §>1. The definition for the cut-off
ratio as given in equation (4.14) is valid for s mtahgulsr duct of height
T, if v is replaced by the rectangular duct eigenvalue k’r , and for a
eylindrical duct of radius T, with y equal to kr £,.

The effects of sheared flow on the wave propagation are evaluated by
assuring that the boundary layers at the duct walls are sufficiently thin so
that the predominant- part of the scoustic energy flux takes place in the
uniform flow region. In this case the solution to the differentisl equation
for scoustic pressurs in the presence of shear layers is spproximated by
choosing the eigenfunctions to be of the same form as in the uniform flow case
(i.e., equation (4.7), with eigenvalues modified by the effects of the
boundary layers. To obtain the eigenvalues in the presence of wall boundary
layers, the squation governing the radisl variastion of acoustic pressure, i.e.,

2

dPr ldp 2x d!dp 2 -2
PR trati e “,-3 P.=0  (4.15)
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(vhare « = K/k = non-di.muonii propagation constant) is rewritten as two
similtaneous first order differentisl equations, namely - '

2

da | _ 1, 2c dM .2 m
ac * ~¢ * 16 a0’ — O - PFe
snd _r=gq (4.16)

and solved numerically by a combination of Runge-Kutta integration and
levton-‘hphsong iteration as outiined below.

The no-flow softwall annular duct eigenvalue (y = kr rz) and the
corresponding propsgation constant x = K/k, as calculated from equation
(4.12), are used as the initial estimates. At the inner wall is assigned
a value equal to the uniform flow eigenfunction value and the inner wall
boundary condition equation (4.8) is used to calculate q = dprldr. These
values of and q provide the initial values to integrate equations (4.16)
by Runge-Kutis method across the annulus to obtain pr and q at the outer
wall. The values of Pr and q at the outer wall are used to calculate the
sdmittance

B s —mI—— A (4.17)

ik(1-Mx)2p_ | o=r
r 2

If this value ¢iffers from the specified admittance Bz. then the
process must be respeated with a new value of v until the condition
B-Bz is satisflied. This is done by second order Newton-Raphson _
iteration. 3y setting the difference B—Bz squal to F (Y) a revised
eigenvalue is defined as

PP (Y)
2(P* (12 - PP (Y

Y- (4.18)

17

SR AR A SN

LT
W7 S A S

PR ‘\'.“.',“.,:
PRRS TS |5 v

[

e -

LN

Saent it ! ﬁi..\:-u.“

Y

[P
i .
RO ) 1



LR P B AR n | s ke ST e rms ek e i s L

whers F' (y) = dF/dy and P (y) = d°F/dy’ are obtalned by . . .

perforaing Runge-Kutte integration of cquation: -(4.16) vith Y :t € ud

¥ t ic as initial estimates for the eigenvalue. The iteration process

is repeated until an eigenvalue that satisfies the outer wall admittance
boundsry condition is obtained. This prbceduro can be used with any arbitrary
boundary layer flow profile by appropriately ipoclfyins the Mach numbor
gradients di/dr. The linear or the one-seventh power law boundary lsyer

profiles are used for most calculations.

In order to obtaln good sccuracy of the integration process, a varieble
step size is used. Logarithmically speaced steps for the power law profile
) .
provide smaller steps in the region of high velocity gradient.

Baving determined the eigenvalues and oisonfunctlohs. the genaral
solution for acoustic pressure is constructed in terms of a series

representation utilizing the eigenfunctions, i.s.,

p(r,0,2) -g;[.\m pe (¢) x

(4.19)

where the susmation is done over all spinning mode orders m snd radial node
orders n. As discussed before, the radial variation can be represented by the
eigeafunction form of equation (4.7). kr.m and ! sre the eigenvalue
(divided by £, ) and tho axial propagation coastant rospoctivoly for the

(m.2) mode. A is dui;natod the mode coefficient and is normally
determined by uln; the orthogonality property of the eigenfunctions.
Unfortunately, the eigenfunctions in the csse of wave propegstion in ducts
witd flow sre not orthogonal in the usual Sturm-Liouville sense. A
generalized definition of orthogonality developed by Kraft and Wells

(Referencs 10) can, however, be used to evaluate the mode coefficients.
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| 4.1.2 MODAL AFALYSIS FOR SEGMENTED DUCT

The solution for wave propagation in a duct with multiple trestment
elements utilizes s transfer mstrix principle (References 1 snd 2) to connect
the solution st one end of the duct with the other. The duct is sssumed to be
composed of axially uniform sections which adjoin at planss whare s
discontinuity in wall sdmittance ocurs (Pigure 4.1). Modal reflections and
redistributions at admittance discontinuity plsnes and the consequent
existence of forward snd backward traveling waves in the uniform sections are
taken into acceunt in the solution. .

Based on the modal expansion of equation (4.19) the scoustic prassure
at an arbitrary axial posi.tion z in section J (see YTigure 4.2) in the presence
of forward and backward traveling waves 1s given by .

()
&) Lt ] e it g, )
P (r,0,2) an A e mn -1 P (e)’r (k:('” )
n n m

=-(J) '
-ix (z,~2)
~(§), “=n 3 ~(3)
A Py (0)p. (& ) .
: % n m (4.20)

When the duct and liner geometries are axisymaetric, the spinning modes are
not coupled. The analysis can then be simplified by restricting attention to
ons spinning mode order (m), i.e.,

>~

27 r.0.2) « Pg (8 1 g"“"’ x
} |

+J)
-z, L)
ix 310 G

- p.(
. a Ta
~(J)
-iK (z,-2)
+ A;('” e ° 3 P (k;('” r)
n n (4.21)
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where the spinning order subscript n has been dropped from A, K and k_ for
brevity. 1In equations (4.20) and (4.21) the lower case superscripts are used
_ to indicate values at duct sdmittance discontinuity planes while the upper
case superscripts indicats values in uniform duct sections. The plus (+) and
. minus (-) superscripts indicate forward and backwsrd propagstion
respectively. A completely analogous equation holds in section X and other
sections of the duct.

In sny uniform section of the duct, since esch mode propagstes
independently, the mode coefficients at the end plancs of the section ace
related by the axial propagation constant snd the section length. Thus, for
the radial mode n,

+(J) L

ix |

A +(3) - A +(j-1) e O
n n

and , : (4.22)

4 .
=-(3-1) _ (P n J
A A e _

By representing the mode coefficients for t.e radial modes as elements of a
column matrix, the above equations can be written in the following matrix form

{fu)} - [‘t,+(j>.+(j-1> { p(:l'l)} (4.232)

—

for forward propagation, snd

{‘.(3-1)} . [;-(j-n.-(j) { ‘-U)} (4.23b)
N
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for backward propsgation. Here [ U ] is the uniform section transmission’
matrix, with elements

1t ()
PR E VL A
s sn
(4.24)

A 2oz, )

LSS ) I I3

Lcro:'s cn axial acdmittance discontinuity, such as that from plane j to
plane k, solutions with different eigenfunction bases are related by requiring
the icoustlc;: pressuce and the axial component of acoustic velocity to remsin
continuous across the discontinuity. The pressurs continuity condition

| ‘p(r. zj) = p(r, zk) (4.25)
is written, using the modal axpansion of presssure, in the matri: form
T ) T
SO {p-m A
-{p-'-(K)} AR+ 1) ] =)
where the superscript T represents the transpose of 3 column matrix. The
axial acoustic velocity is expressed in terms of the acoustic pressure (using
the momentum equation) as
K .
v (r) =« ——2—r p_ (1) 4.27)
z, poc(k-!! !n) T,
so that the velocity continuity equation
vz(r.zj) = vz(r.zk) ' (4.28)
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T A
{pﬂJ)} [}:(J)\] { A+(J)}
T 1 (
~(J) -(J) -(3)
+ {p } Bz \ %A }
. 3¢
- {p"’“’} 8y QJ {A+(k)}
T 1
+ %p.(x) } s (K) %A-(k)} (4.29)
£ N

where [ B, ] is the axial admittance matrix with elements

3
1

8 (a,n) « & _x;i”___ (4.30)
z m oy xn<|»(.1) |

After some lengthy matrix a.lgobn equations (4.26) and (4.29) can bde
solved to obtain

{A-*(k)} ) [T+(k).,+(j)} {A+<3>} . [ xﬂk).-(k)} {A-(k)} .“.31,

and

{A-(j)} - [T-(J).-(k)] {A'(k)} + [x“”**‘-"’]{i”“’} (4.32)

vhere [T] and [R] represent the transaission and reflection matrices for the
admittance discontinuity plane under consideration. The determination of [T)
and [R] matrices requires several matrix algebraic operations as shown in the
following equations :
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-1

+(K) ,+(3) +(K) ,+(K) +(K),+(J)
{r ] = [Bl ] IBI 1
with
mI(K).+(J)l - [G11[6+(x).+(3)) - [G+(l).+(3)l[ B:(J)]
-1
and
v 4
G"'(")"(J)(n.l) _f? rp l,:1»(!) e ) x
: . a \ 'n
i 1
+(J}
P, (k, r)dr (4.33)
n n )

where Pe is the eigenfunction represented in equation (4.7). Similar
equations hold for other transmission and reflection matrix elements. Since
the eigenfun:tions are exprsssed in terms of the Bessel functions of the first
and second kind, calculation of the reflection and transaission matrix
elements requires the evaluation of the integrals of the products of tﬁc

Bessel functions.

Equations (4.233) and (4.23b), involving the uniform section matrix
{U], along with equations (4.31) end (4.32), involving the transmission matrix
{T] and the reflection matrix [R], when written for each uniform section snd
discontinuity in the duct, are sufficient to relate the forweard and backward
wave solutions st cne end of the duct with those at the other. Use of this
method to calculste the propagation of waves in a lsboratory exhaust duct of
finite length would require specification of the axial admittances at the end
planes to establish the transmission and reflection matrices. (The axial
admittance at the duct terminstion depends on the method of flenging the duct
and the location of the boundaries in the free field. It is further
complicated by the nonuniform exhaust flow field. At the source location, the
axial sdnittance must be related to the internal impedance of the source.} An
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alternate .ppmeh is to choose the two end planes at srbitrary stacions in
hardwall sections of the duct upstresm and downstresm of trested sections and
specify the overall modal participation (i.e., the sum of the forward and
backward traveling waves) at these planes. The modal participation can bde
obtained from in-duct modal measurements.

The equation which relates the forward and backward modal vectors in
the source plane is

R IS R

and at the termination plane is

i

Fe] o) - roeo] oo} - fo] s

where

[Rsl = reflection matrix at source plane
(!!] = reflection matrix at termination plane
[{1] = unit matrix

and [Qs} and [Qr} are the generalized source and termination
vectors. If, as suggested above, the source and termination planes are chosen
as planes in hardwall sections of the duct then

-~

(R.l = =[I] = [Rr] (4.36)

and the source and termination vectors become the sum of the forward and
backward waves which can be cbtained from measurement for input to the
program. Equations (4.34) and (4.35) along with equations (4.23a), (4.23b)
for each unifora adaittance section of the duct and equations (4.31) and
(4.32) for esch axial admittance discontinuity form a completely determined
system. This system of equations is written as a stacked systea matrix
equation
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(s1 {a} = (@) ' - (4.37)
where {S) is the siaék.d systea mtfrix and [Q] is the generalized source

vector. Equstion (4.;7)!.13.00160'4 by a double-back substitution routine to
obtain i - '

{a} = 1317 q} _ (4.38)
The stacked systea utrix is show:n in Figure 4.3 for a three segment duct.

Equations (‘.34) and (4.35), along with (4.36), cannot be used for the

source and teéraination élmu when the duct walls at these planes are lined or

when the presence of boundary layer is to be considered. Under these
conditions, the eigenvalues of the forward and backward modes are different
and the forward and backward mode coefficients cannot, therefore, be added
simply to obtain the complex pressure field. A’up&rition of forward and
backward traveling mcdes at the source and termination plsnes can, however, be
obtained experimentally. This will define the =ode content incident from the
source, i.e., the forward traveling mode coefficients at Plsne 1,

[Q;]. and the mode content reflected from the nozzle; i.e., the

backward traveling mode coefficients at Plane 6, [o;}. The stacked

system matrix equation shown in Pigure 4.3 can then be modified by setting
[Bg) = 0 = [R_] and substituting {Qg) and (Q[} for

{Qs] and [Q‘I}' respectively. Thus, by using the messured forward
traveling mode distribution at Plane 1; i.e., {Q;] and the backward
traveling mode distribution on Plane 6; i.e., (0;]. the stacked
system matrix (Equation 4.37) can be solved for the forward and backward mode
coefficients at all pimu.

Once the modal solution vector {A} is obtained, the scoustic energy
(xz) at the end planes of sll segments is obtained from the following
expression of the axial acoustic intensity due to Cantrell and Hart
(Reference 11)
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Figure 4.3. Stacked System Matrix Equation for Three-Segment Duct
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L J- = ]
1, (c.2) = (10%) Ba fpv.) + TP+ WY . (4.39)

T2
!z (z) = 2¢ f Iz(r.z) rdr (§.40)

5

The ensrgies at the first and the last planes in t.ho| np-n-ud duct can bde
used to calculate the total attenuation dus to the treatment in the duct.

4.1.3 NOZZLE REFLECTION CCEFFICIENT

If the termination plane of the fan duct snalytical model is
cepresented by a plane in the hard wall section of the duct right at the
entrance to the nozzle, the stacked matrix (8] of the stacked system equation
(4.37) can de cospletely determined only if the nozzle reflection matrix
ll,l is specified. The matrix ll:l relates the backward propagating wave
Just upstreanm of the nozzle (and édue to reflection from the nozzle) to the
forward propasating wave at the sams location by the relationm.

%

¥o theory adequate for the purposes of this study is currently available for
the prediction of the nozzle reflection coefficients for multimodal
propagation. [l!l can, however, be determined experimentally.

(4.41)

the experiwmental determinstion of the nozzle reflection mstrix (ltl
csn de complicated due to the fact that the axisymmetric nozzle contraction
causes 8 scattering of acoustic modes smong radial modes of the sase spinning
mode order, 1.e., 2 mode incident onto the nozzle can de reflected as a
conbination of several modes. The difficulty in determining the elements of



" the nfloctlon matrix in the presence of cross-mode mturin; among mlti.plo ]

-odu 1ies in the determination of the off~disgonal um Sntratin; forward
and backward modes upstresm of the nozzle gives a mta of n equations (for n
inodu) in the form of equation 4.41 in which the reflection coefficient matrix
[l!l is unknown; i.e., there are n equations in u unknm One
hypothetical method of determining the nozzle reflection matrix would be to
generate a radial mode in isolation which, upon incidence to the nozzle, is
scattered as a distribution of radial modes. The reflection coefficients for
the incident mode, i.s., R 1’ nz' n . « » @Gtc., can then be

determined from the fomd—bachnrd -odal separation of the complex pressure
profile measured just upstresa of the nozzle. Each -:!»do, in turn, would have
to be generated individually. It is, however, impossible to generate an
isolated radial mode in a fan-duct systea.

An alternate spproach is to use the measured complex pressure profile
at a station just upstresm of the nozzle for several different distributions
of the incident modes and separate the forward and backward mode
coefficients. The measuresents made for esch distribution of incident modes
will produce sn independent equstion, provided that these incident
distributions sre not linesrly related. If a totsl of n modes are
participating in the propsgation and scattering phenomens, n different
distritutions of incident modes must be generated. This can be achieved by
introducing axisymmetric phasing efiects in the duct system, i.e., varying
treatzent length, using liners of unequal admittance on opposite duct walls,
using mode-scattering obstacles, Helmholtz cavities, etc., to alter the scurce
rsdisl mode distribution. For esch distribution of incident aodes, n
equations represented by a matrix equation like equation (4.41) is obtained,
so that for n different distributions of incident modes n x n equations will
be odtained which can be solved for the n x n elements of the reflection
matrix [n.r]. To solve these equations, it is required that the incident
modal distributions are not equal or linearly related, to avoid mmerical
problems caused by determinants with two proportionsl rows or columns.
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When the nozzle reflection matrix il dotomincd as suuutod abon.
Equation (4.41) can be written as o S -

[y

Equation 4.42 can then be used to replece Equation 4.35 so that the stacked
system matrix equation in Pigure 4.3 will have {Qr}-o. Then, with

(4.42)

(R ] set to zero, the matrix equation can be solved upon specification of
thc forward traveling sourcs vector [Q }. As discussed before, the
source vector is specified by the nounred separation of forward and backward

modes just downstresam of the fan plane. :

It should again be mentioned that in the case of an annuler exhaust
duct-nozzle system where spinning modes propagate, scattering of modes by the
nozzle can be assumed to occur among radial modes only if the nozzle retains
the axisymmetry of *%e duct. )

4.2 : D OF MODAL D! SITION

-

) Starting with the equation that describes the pressure field in a duct
with flow,

¥ ix* z
P(r, 6, 2, t) = E Z ) ¢« ™
m=-N n *
-ix" 2z
- - 7mn i (mO-wt)
+ A.npr.n(r) ™ ]l e (4.43)

consider measurement of the scoustic pressure ssplitude and phase (relative to
1(0 = ¥t),  the messurement is made at o number of
circumferential positions, Oj =(jw/¥), j=0,1,2...,(2M4-1),

a reference signal e

where M = M + 1. Applying the discrete Fourier transform [Refersnce 4] to the

£ XY
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messurenents, \n obtain the order m coefficient of the msasured
circumferential pressure distcribution (for fixed values of r and z)

-1

- - 1— ~ - o~

Pplr, 2) 5 z plr, 6, 2) si(imr/H) (4.44)
J=0

]
¥

-.O.t 1' csey t N

Applying the discrete Fourier transform to equation (4.43) and comparing with
equation (4.44), we obtain

¥ . . 1t _2)
Z A p. (o)e
=T
n=0
_ . 1(-1:;‘ z) -
. . + Amprm(r) e D pu(r.z) (4.45)

The radial and axial mode separation will be considered next. When the radial

mode shapes, p:(r) and pr' (r) are equal, then the radial mode s'eparati.on can

mn mn
be obtained by measuring pm(r. z) at (N + 1) values of r, for & fixed z. The

results are then used to form the following matrix equtign

AXx=28 , (4.46a)
wvhere
P, (r)) pp () .. p_ (r)
@o ml aN
P, (r2) . . . -
. 4
’ A= . . . . : (4.46b)
P, (Ty,,) . . P, (T.,)
T, M1 Ty ¥l

Ca ke
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R R 2 o ‘»_3}\; 2 3“‘:’2 m‘“‘“" 'A’""’ﬂ"ﬁ;ﬁi\tiﬁ: A

+ -
ix z -1k z :
+ mo - B0 1
AIO [ ] + A e
- 1
+ -
ik .z -ik .z
+ ml - al
) » LR + A, e
X = . . ' (4.46¢)
+
N .u‘nsz . A e
mN i
and '
[ Pl 2) \
—
Pplrys 2) ‘> i
! - < .
. . (4.46d)
\ PalTasrr 2
This satrix equation is then solved for the unknown vector, x. BNote that the
value of x is a function of the axial coordinate, z.
To separate the order (m, n) forward and backward propagating modes,
the circumferential and radial mode separation described above is performed at
two axial locations, 2, and z, Denoting the components of x
corresponding to the (m, n) aodc by X (11) aad X (zz). the following
matrix can be formed for the desired unknowns A and ‘m’
Bx=>% (A.A72)

33



m . T, [

B ¢ ¢
B = + - (4.470)
1kn zz ik 22
L ‘
[+
Ann _
= 1 o (4.47¢)
A
.
and
x_n(zl) 3
2 - < R (‘.‘76)
xm(zz)
\
This matrix equation can be solved explicitly, with the results
-ix*
+ e '“tx () -X (3) oiXpn82)
AL - Pe— ‘ (4.482)
ik +k )z
1-¢ ™ =
and
- +
-1k 2 ik’ az
mn 2 m
_ e [xm(zz) - ng(zl) e |
A - + - (4.48b)
= l(km + km)Az
l1-e0
”
whare
Az = zz - :1 (4.48c)

If we exaaine the uncertainties in the msur-.nt ot A and A;n
see that it is sensitive to the factor (1 - eos(k + k Jaz} 1n the denomi-
nator. In order to avoid this prodlea, two thlnsa can bo done. TFirst, careful
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spacing can be chosen such that ((k; + X_)az] does not equal an integral
multiple of 2v. Secondly, redundant measurements can be introduced, which -
will significantly improve the modal decomposition accuracy. The procedure for
using redundant dats to effect a least squares matrix solution will now be ex-
plained. Consider the genersl matrix equation

RE=g ‘ . (4.49)

Here D is a square matrix of order q whose elements may be complex. £ is
the vector containing q complex unknowns, and g is the (complex) input data
vector of order q. TYor matrices D, whose dotomlnanl': is non zero, there is s
unique solution for £. However, when o is determined from experimental
measursnents, small measurement errors may lead to significant inaccurscies
in E. '

To increase the accuracy in the calculation of E, additional
independent measurements may be added to the system. Assume that s additicnal
independent measureasnts are asdded to the system. The size of the matrix D is
then:-(q + 8) by q, and g is of order (q + 8), while £ remains of order q.

The systeam is now overdetermined, and no exact solution for E is possible.
The spproach used is then to define the remainder Y, where

Y=DE-g _ (4.50)

We now search for the value of § which minimizes the magnitude of y.
Noting that y is complex, we define thas magnitude squared of y by v,
there T

Y = YgY*y = Dyy DAy 58
(4.51)
- °i. Dikt‘k - Du EJ 6*1 + cic*,.
whers the * denotes the cowlea_: conjugate. We now minimize y by setting
ay/azi and h/é;*i equal to zero. The resulting equations can be
written in matrix form as
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n*’ R i_ - n*’ g (4.52)

 whers T indicates the transpose. Equation (4.52) is the generalization of the
least-squares fit for matrix equations, snd can be spplied to either equations
(4.46a) or (4.47a). - ’ -

Por ducts with sheared flow, P:.‘(r) and P;-;(r) are not
identical. Under these conditions, the radial snd axial mode separation
cannot be decoupled in the manner discussed sbove, but mist be carried cut
simultaneocusly. With only two axial locations, this would lead to inverting a
matrix of the order 2 (N + 1) as opposed to order (N + 1) when decoupling wuas
possidble (X = q + 8). As the sensitivity of matrix solutions to small input
errors incresses with sn incresse of matrix size, redundant messurements
should be used in this case also. The resulting matrix equation is

C* Cas=Cx ¢ (A.53a)
where -
&4 - o+ . -
ik =z -ik =z ik .z -ik =z
ptrpe ™1 pT(rpe ™t ptrpe M1 oL op T(rpe W1
al aN
Tao mo
+ - -
ik 2 ~ik_ 2 ~{k
+ mo* 2 - mo*~ 2 - mNZ2
p, (zr;)e p, (ry)e e . P_ (xry)e
T 1 r-c 1 . t-N 1
T WL ' - ik
p, (ry)e p,. (r))e . e p. (ry)e
Two ! Fpo 1 roy !
C= + (r )e"k:ozl
- pr-o 2 ) ) ) )
+ -
ik =z . 1k
+ =0 3 - IN23
P (r..,)e .ee . . P ( de
L l'm Ml r-ut]+1 _
(4.53b)
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g= < S (4.53¢)

and

Py (rl. :2)
Pp ("'1’ zs)
g=Q Py rp ) 3 (4.53d)

Py (Tga %)

As beforse, the * denotes the complex conjugate tnd T implies the transpose of
the matrix. . :

4.3

The In-Situ method (References 4, 5, 6) has been used for the
measurement of the Normal Acoustic Impedance of locally rescting treatment
panels. Dun‘ and Kool and Sarlns used this technique on single degree of

froedom (SDOF) panels while Zax:dtm:-scn6 measured the impedance of 2 degrees

of freedom (2DOF) samples using this method. Zandbergen, et. al..u also

measured the impedance of the inlet acoustic trestment of a Fokker F28
aircraft power plant during flight.

The theory of this method is illustrated here for an SDOF liner. The
sketch below shows a single cavity with an scoustically hard dbackwall at x = o
and 8 porous face shest at x = 4. The walls of the cavity are assumed to de
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- rigid so that no transmission of sound between cavities is allowed. The width
of the cavity is sufficiently small to allow only plane wave propagation
between the backwall and the face shest.

e e Bl 1

LI I |

The acoustic pressure at any position x in the cavity and frequency f
is given by '

i(at + 03)

p(x,f) = P,® Cos (kx) (4.54)

wvhere k is the acoustic wave number w/c, ¢ is the speed of sound in the air
£filling the cavity and the space outside it, v = 2¢f and i = v-1.

The acoustic particle velocity u in the x direction is related to the
acoustic pressure by the linearized momentum equation:

3 un « 2 g (4.55)

where p is the density of the air.

From equations (4.54) and 4.55)

1t + ¢)
ulx,£) = -3 Snx) o o B
pe o
- i 'ﬂgc&’- PgE) (4.56)
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i(ut + 03)
where PB“) ol X » the acoustic pressure at the dack wall.
It is assumed that the acoustic particle velocity is continuous across

the thin porous face sheet. That is

ub(e) = ug(f) = -1 ’12-99-’- Pg(E) (4.57)

Thus the normal impedance at the face sheet is given by

P, (f) . Polf)
‘L(f) = 'A:— = -1 cosec (kd) 'A(T) (4.58)
—uy(£)pe Py

where pA(E) is the scoustic signal at the surface of the face sheet just
outside the cavity.

As illustrated by Equation (4.58), the In-Situ method requires the
measurepent of the complex ratio of two acoustic signals. For this reason, it
is often referred to as the Two Microphone Method.

In the presence of grazing flow, the face sheet transducer signal
PA“) may contain flow noisze which may be regarded as random in nature and
uncorrelated with the acoustic signal. In order to remove this contamination
of the face shest signal, Equation (4.58) is modified to

C‘(f) s =1 cosec(kd) . Bu(f) (4.59)

where

Hyp(£) = p, (£)p*(£) / py(f)py*(£), the time averaged complex
treasfer function of the two signals at locations A and B.
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This section describes the critical experiment conducted to obtain the
data necessary to test the validity of the theory described in Section 4.1.
This experiment consisted of measurement of the necessary information required
to calculate the suppression achieved by an acoustically treated section in
the exhsust duct of a fan vehicle.

The vehicle was designed for a strong blade-vane interaction tone,
making use of Rotor 55 with only 8 outlet guide vanes closely spaced against
the 15 bladed rotor. An inlet turbulence control structure was incorporated
into the anechoic-chamber test facility so as to reduce the production of
other acoustic modes. '

The treatment section was designed to be as linear as possidle in order
to establish the value of the wall admittance with minimum uncertainty.
Impedance measurements were made on the actual treatment panels used in the
test vehicle. Laboratory messurements were made to determine quantitatively
the effects of flow velocity and sound pressure level upon the acoustic
impedance. ' ’

Acoustic "Mode™ probes were incorporated upstresa and downstream of the
treated section (of- the fan exhsust duct) to establish the scoustic modes
propagating in both directions at two axial cross-sectional planes, one
upstresaa and the other downstream of the treated section. These probes were
designed to measure the modes sxpected for the vane-bladc intcraction as well
as all other cut-on modes at the tone frequency of the rotor blades.

Astodynamic measurements were made at the same axial planes (by the
same probe actuators) to establish the mean flow profiles, both radially and
eircumferentially, and to determine the boundary layer profiles incident upon
and leaving the trested sections.

The data froa the scoustic probes were used in conjunction with the
serodynaaic measurements to establish the composition of the amplitudes and
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relative phases of the scoustic lodu for use in t!n mlyt.lul. prediction of
the scoustic suppression of the tmtod uctlon. u discussed in the section,

*Theory-Experiment Comparison”™.
5.1 IEST APPARATUS

5.1.1 TEST FACILITY

The vehicle was tested in an snechcic-chamber 10.668 m wide by 7.62 m
long by 3.048 m high, messured from the tips of the foam wedges. The wedges,
+71 m deep polyurethsne foam, provide less than +1 4B standing wave ratio -
down to 200 Hz. Far-field noise measurements were uzdo by an array of twelve,
6.35m-dismeter, far-fleld microphones (BE&K 4125) lccated on a 5.182 m radius
arc. The microphones were arranged at 10° intervals from 20° to 110° relative
to the fan exhaust. Table 5.1 summarizes the positions relative to the -
nozzle. Calidbration was by piston phone, B&K MHodel 4220, prior to each
far-field measurement. '

The far field microphone levels were recorded on a Sangamo Sabre IV
tape recorder st 152 cm per second (60 ips) tspe speed. Power spectra were
generated by processing the microphone signals through an HP 5451C Fourier
analyzer systea. Power spectrum leveis at blade passing frequency were
intc;rateq for overall scoustic power levels. Fan operation was stabilized to
steady state befors initiating any data recording.

The fan was driven in the exhaust mode as shown in Figure £.1. Pigure
$.2 shows Rotor S5 as it was installed in the chamber. The sir is inducted
through a vertical stack and turned through 90° as illustrated in Figure 5.3;
an inlet tucrbulence control device was included.

The effectiveness of the 90° turn at the base of the vertical inlet
stack and the ICS structure was determined. Kiel .probc data are shown in
Pigure 5.4. Losses across the ICS and the flow contcuring were found to de
small, and varied by less than 0.5% at sny location except at the top of the
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Table 5.1.

Relative to Fan

Distance Angle
. Meters Dexrees

5.18 - 20

] 5.18 30
5.18 A0

5.18 50

5.18 60

5.18 70

- 5.18 80
5.18 90

5.18 100

5.18 110

Par Field Microphone Distances and Angles

43

Relative tc Nozzle

Distance

Meters
3.54
3.73

3.97

- 4.87
5.18
5.49
5.77

6.04

Angle
rees

36
44
57
69
80
90
100
109
118

126
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Figure 5.3. Schematic Diagram of the Test Vehicle Showing Rotor 55 as
Operated in the Exhaust Mode
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duct towards the outer wall. Mach mmbers were calculated by using static
pressures that corresponded to the weighted average of the two closest static
wall tsps. The flow wvas uniform at the measurement locations. The only point
of significant variation is at the top of the duct towards the outer wall
where the flow is about 3% above the mean.

5.1.2 FAN VEHICLE

The vehicle used in this program was the NASA Lewis Research Center fan
Rotor S5 modified for this program to a close-spaced rotor-0GV configuration
as shown in Figure 5.5. Rather than the original eleven outlet guide vane set
spaced at 1.5 chord length eight vanes were used st a spacing of 0.5 rotor tip
chord length. The annulsr exhsust duct consisted of two hardwall sections
where in-duct acoustic probes were located, a trested section, and a nozzle
termination. Test variations included a Lardwall section in place of the
treated section.

Pertinent design characteristics of the vehicle are sxniarized in
Table S.2.

Table 5.2. Rotor 55 Design Characteristics

Fan Dismeter....ccccvccvccccccnconse 50.8 em (20 in.)
Radius Retio.....cccecueiienccnnnass 0.46

Bumber of Fan Blades.......... esess 15

Inlet Guide Vanes...... caeeses +ss0. None

Wumber of Stators.....ccccecvcereee 8
Design Tip Speed (100%) E/V9).... 213 m/sec (700 fps)
Design Fan Speed (100% N/v9)..... 8021 rpm

Weight Plow.....ccccccecescancssccce 27.0 kg/gec (59.5 ldr/sec)
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5.1.3 AERODYNAMIC INSTRUMENTATION

Velocity profile Mu wers made both upstream and downstrean of
the trsataent section by means of two traversing pitot tubes (radial and
circumferential traverse), three total-pressurs (and total-temperature) pitot
tubes each with five radial locations, and sixteen wall static taps. Boundary
layer profiles were determined at both locstions, up and downstream, by means
of two radially traversing boundary layer probes in conjunction with the
sixteen wall static taps.

All ssrodynsaic instrumentation information concerning type and
locstion is summarized in Figura 5.6.

Pressure data were i.'dividually sampled through two 48 channel
scanivalve systems. Temperature data were sampled though an HP scanner and
digital voltamster. The data reduction prograa included corrections for
compressible flow, taking into account specific heat variation with
temperature and humidity.

5.1.4 ACOUSTIC "NMODE" PROBES
In genersl, to determine modal coefficients the in-duct sound field

needs to be determined. The easiest quantity to measure . in a duct is the
acoustic pressure, which for rotor/stator interaction can be written as

. e
Br, 0,z t) = ) 3 [ALpl(r)e
- ns=0

-ix_ z o
. ‘;P;(r) . =n 1 .i(‘—ﬂt) (5.1)

PRECEDING PAGE BLARK NOT Fit3+:0
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Figure 5.6, Schematic Diagram of the Fan Exhaust Duct Showing Instrumentation Locations
for Aerodynamic Measurements
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m. upnni.on is a coluuon of the eonmt.d wave equstion using separstion
of variables. nonthoco-plcxmtantsA-‘mdA are the modal
coefficients of the tomrd _and backward propagating (m, n) modes. Pen (r)
and K are the udm nodo ctwpo fmtim and axial wave numbers, with the
luponetipts + and - eomspondl.ng to forward and backward propagation,
respectively. The other nt_iablu srer, 0, z, t, and v, which refer to
radial location, sngular locstion, axial location, time, and dlade passing

angular fregquency, ros_spoetlyuly. o

Determination of the complex modal coefficients (amplitude and phasge)
requires that the complex pressurs (amplitude and phase) be measured. In the
case where primarily coherent noise is present, as was the case here, the
signal processing technique of phase averaging can be used [Reference 13].
This signal processing technique selects from a given input signal only that
portion wvhich is coherent with a specified refercnce signal, and the random or
noncoherent portion of the input signal is ignored (average approaches zero).
A phase lock amplifier, which uses this technique, can be used to measure
in-duct acoustic pressure amplitude and phase.

In the case of unifora flow in either cylindrical or annular ducts with
hard walls, the radial mode shapes are Bessel functions of the radial order n,
the circuaferentisl mode order a, and of argument (k r). Also the forward
and “ackward propagating values p (t) and p (r) are equal When radislly
sheared flow is present, then the ndm mode shape is also a function of the
velocity profile, and forward and backward values pt(r) and p7(r) are not
equsl.

When pressure, radial mode shapes, axial wave mmbers, probe'position.
and bdlade passing fequency are all known, the modal coefficients are
daternined by the discrete Fourier transform and matrix manipulation. The
details of this modal decomposition sre discussed in Section 4.2. An
important limitation of this process is thit the use of only two axial
measurenent positions can lead to large measurement insccuracies [References
14, 15). As is shown in Section 4.2, a third axial measurement position
significantly improves the modal decomposition accuracy.
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) Two in-duct mode probe arrays were designed and fabricated so that.v all

cut-on circumferential and radial modes including forward and backward
propagating modes, could be determined. A sketch of the probe design and
geometry 1is given in Figure 5.7. Each array consisted of four radially
loéated probes, each probe included three axial Xulite pressure transducers,
in order to provide a redundant measurement at each radial locaticn. Two
probss mounted to a strut are shown in Figure 5.8. BEach probe had three slots
containing recessed Xulite transducers (Model LQ-080-5). Rach transducer is
connected by five wires (0.13 mm diameter) routed through the probe shell and
grooves in the support struts. Both the prode and strut were made as small as
possible based on transducer size and on the acoustic considerations discussed
below. The Rulite model used was chosen not only becsuse of its small size
(1.29 ma on each side) but also because of its linearity, stability, and
relatively high cmltiéity. Each array was mounted on a circumferential
traversing actuator, as can be seen in Figure 5.9.

Disturbance of the sound field due to the presenc. of the strut and
probe was of primary concern. Probe scattering can alter the transducer
readings significantly when an acoustic wave is tuvelln;' in a direction
perpendicular to the probe axis. This scattering problea has been previously
' considered [Refersnce 16]. Also, scattering effects from the strut arise both
from the blocking of the acoustic motion by the body surface and from the mean
flow nonuniformity due to the strut thickness. This problem was treated using
the Taylor transformation [Refersnce 17), which reduces the low Mach number
problem to an equivalent stationsry medium problem. Based on an analysis
using that spproach, the probe diameter was selected to be 4.76 mm and the
strut thickness 6.35 mm. With these values the error in phase measurement was
expected to be less than 4.5° gand in magnitude, less than 1.0%.

Vortex shedding off the probe support strut was considered, and s

thicimess of 6.35 mm was selected to assure that the frequency was at least
twice the blade-passing-frequency.
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Figure 5.7. Schematic Diagram Showing the Radial Locations of the Mode Probes and the
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Figure 5.8. Photograph Showirg Two Axial Probes Mounted on a Radial Strut
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Two Dismetrically Opposed Radial Struts
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The probe and cupporting ‘strut wers duisnod to withstand the stress at
velocities in excess of 0.4 Mach mumber and to withstand regular handling
during calibration of the prodes. 1In order to meet these requirenments the
machine screws and the probe shell were udo of tempered 403 SS with a yield

. strength of 150,000 psi. The natursl frequcnciu of the probe and strut were
determined to be well out of range of blade passing frequency.

A schematic of the measurement system is given in Pigure 5.10. Data
acquisition was controlled by sn HP 1000 computer that sampled pressure and
temperature data, and stored in-duct scoustic phase and magnitude
messureaents. Two microprocessors assisted in this task under direction of
the HP 1000. One microprocessor controlled the actuator and directed a
multi-channel scanning amplifier (GR 1566) to sample each mode probe
transducer signal through a phase-lock amplifier (Brookdeal Model Ortholoc-SC
| 95053 . The phase-lock amplifier passes only that portion of the signal which
is coherent with the blade passing frequency. The blads passing frequency was
msasured by optically sensing the nassage of each blade tip to trigger a
square wave generator. Both the phase and the magnitude of the coherent
portion of the mode probe signdl were determined in this manner. The second
microprocessor controlled the operation of the phase-lock amplifier and
transferred phase quadrant information to the HP 1000. The HP 1000 also
spplied cslidration corrections. The acoustic signals were recorded on s
Sangamo IV tape recorder.

G RTINS o T
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The mode probes were rotated in 18° increments around the entire

] circumference of the duct, so that data wers measured at 20 circumferential
: positions for each test point. After a test point was completely surveyed,
the data files of phase and magnituds measuremsents were supplied to the
computer program which then calculated the individual modal coefficients,
using the msthod for rodal decomposition described in Section 4.

The probes weru calibrated for doth megnitude and phase. The
calibration included all wiring and support equipment up to the phase lock
amplifier. The probes were calibrated by mounting each probe in an impedance
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tube in the same axisl plane as a previously calibrated 6.35 ma (0.25 in.)
Bruel snd Kjser model 4135 microphone and then using a spesker at the other
end of tas tube to generste s plane wave at blade passing frequency. Because
only s plane vave was genersted, the calibration was valid for both level and
phase. Wuith the spesker set at a fixed level, the magnituds of each
transducer as read with the phase lock amplifier was matched by use of _
wvariadle gain smplifiers for each transducer. Any dl:fcmcc in phage between
esch transducer sad the microphone was recorded and included as s correction
in the data reduction progras.

The rotary actuator was used to locate the modal probes
circunferentially. The actuator consists of s stationary section and s
rotating section. The stationary section, mounted on the adjacent ducting, -
providss the support for the motor drive, opticsal locating devices, and
transducer wirs guides. The rotating section, actuated by a motor driven
chain, contains the probes. As can be seen in Figure 5.9, the transducer
wires feed over a rotating disk and wrap around the rotating section of the
sctustor as it moves. A microprocessor for each actuator controls the motor
to drive the rotating section to a predetermined location. The location is
deternined by a rotary optical encoder (Teledyns Gurley Model 862S). Although
the microprocessor controls the actuator, a visusl check and manusl adjustaent
of the angular location of the NMode Probe was carried out.

S.2  YEHIGLE AERO-ACOUSTIC RESULTS

This section presents the results of the vehicle testing, including:
asrodynaaic parameters, msasured modal aaplitudes, and farfield acoustic
data. Rssults from msasuremsats of the treatment impedance, both staticslly
and with grazing sound and flow, are presented in the following section (5.3).

$.2.1 SELECTION OF FAN SPEED MINTS

The fan wvas opersted at three speed points in order to vary the cut-off
ratio of the blade-vane-intersction tones. It was varied frca s minimm value
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near unity (near cut-off) to a relatively high maximum value, over seven, so
ss to have a range of values Detween these two extremes that would provide
experimental data for & severs test of the validity of the analytic method
presented in Section 4. The interaction-tone modes were established by the 8
outlet guide vanes chosen for the 15 bladed rotor: ' i : .

.-utu;k-o. 1. 2-...
The cut-off ratios (defined as the frequency divided dy the hardwall cut-off

frequency of the mode) for the propagating interaction modes at the speed
settings selected are summarized in Table 5.3.

Table 5.3. Accustic Modes Generated by Rotor 55 With sn Right Vane
Stator With Associated Cut-Off Frequencies and Ratios

Cut-~ Hardwall Cut-Off Ratios at:

off 1900 Hz 1500 Hz 1000 Hz
Node Freq. (7600 rpm) (6000 rpm) (A000 rpm)
(Bg)
-1, 0 270 7.04 5.56 3.70
-1, 1 1305 1.46 1.15 -—
7. 0 1695 1.12 -— -

5.2.2 PYAX PERFORMANCE

The oparating map for Rotor 55 is shown in Figure S.1la. The data in
this plot shows the repeatability of ths pesrformance when three different vane
designs were used under the QCSEE Prograa [Reference 18]. In the current
program, the serodynsmic data incorporated for use in determining the flow
field into and from the test section was used to obtain an spproximate
confirmation that the flow from the fan stage was representstive of a typical
fan vehicle. The test section aerodynamic data ars presented snd discussed in
the next section (5.2.3). Dats points determined from the upstream and the
downstress locations are shown in Figure 5.11b, for a fan speed of 7600 rpa
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(95%). As noted on the figure, the two locations gave different values; this
was becsuse of the radial velocity profiles used (ses Figurc 5.12) which made
the result dependent upon the particular circumferential location of the
instrumentation. These data were concluded to be sufficient for the purposes
needed, that is: the modified fan assembly was sufficiently close to design
values of pressure-ratio snd air-flow-rats to be a representative turbofan

- noise and airflow source.

As an interesting sidelight, these same type of data in the original
fan buildup assembly, revealed serious deficiencies that were traced to
insdvertsnt misalignment of the outlet-guide-vane angles. This condition was
detected and corrected, thareby resulting in the successful measurement of the
scoustic modal amplitudes and phases as described in the theory-experiment
comparison (Section 6).

$.2.3 TEST SECTION AERODYNAMIC DATA

Typical radial velocity profiles at the upstream and downstream
locations are shown in PFigure 5.12; these profiles wers determined by the
traversing bomdary-iayor rakses which were restricted to a single
circumferential position. There was sufficient difference in the mean values
of velocities to cause concern about the validity of the data.

Thersfore, circumfersntial traverses were then slso made with the
results shown in Figures 5.13 and S5.14, at radial insertion depths of .067
and .102 m, respectively. These data reveal periodic velocity defects around

the circumference. At the upstream stztion the peaks and valleys show a
circunferentisl offset between the two radii. The defects also shift in the
circunferentisl direction as they move downstresm.

Swirling wakes off the outlet guide vanes were the cause. The
mixing-out of these defects resulted in the more uniform circumferentiasl .
profile at the downstreaam location. The particular circumferential location
chosen for the radial profile measurement was responsible for the discrepancy
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initially of concern in Figure 5.12. Finer resolution of the two
circumferential traverses is shown in Figure 5.15 which reveals that there
were no smaller scale defects.

The circumferential velocity non-uniformity is of concern becsuse the
theory of Section 4 only accounts for radial velocity gradients. Averaged
Mach nuxbers were used for cslculation of axial wave mumbers and radial node

shapes.

Most serodynamic meas.ciments were made at 7600 rpm, although enough at
6700 rpm and 2800 rpm were mi:: to assure that the fan performance matched
previous tests (Figure 5.11b). Pigures 5.16 and 5.17 show the similarity of
the profilo.s both upstream and downstream at 7600 rpm snd 6700 rpm.

During acoustic runs, 8ll probes were removed from the airstream. Wall
static taps and rscessed boundary-layer probes weres monitored to assure that
the flow field was the same during the acoustic Dessurements as with the more
thorough ui-odynnic surveys. Figure 5.18 shows a typical comparison between
the results from the boundary layer probe and earlier results with a
traversing pitot tube. : '

5.2.4 ACQUSTIC DATA

This section presents the results of the acoustic modal measurements in
the test section, at both upstream and downstresm locations; measurements were
made at each of the three fan speeds for the test section with the treatnment
in place and with the trestzent replaced by a hardwall (zero admittance).

Modal Messurement Results

For the hardwall case, the results from the two separate mode protes
(upstream and downstream location) provided s quantitative measure of the
effect of the non-uniformity of the circumferential flow profile (e.g., per
Figures 5.13 and 5.14) and of the nozzle reflections upon the resolution of
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the modal coefficients. A typical result of this check is summarized in Table
5.4 in terms of the relatiwe forward propagating energy (¢B). The table shows
two cases, one considering only cut-on modes in the modal coefficient
determination and the other considering, in addition, cut-off modes up through
m = 9 circumferential modes (maximum obtainable from 20 circumfacential
measurement locations) and m = 3 radial modes (maximum obtainable from four
radial measurement locatioms).

Table 5.4. Comparison of Computed Propagating Energy Flux,
Upstream and Downstream, for Hardwall Test Section

Blade Relatjve Enerzy Flux* (dB)
Fan Passing Mode Allowine Allowing

Speed freq. Index Cut-off Cut-on Cut-on and
_(RPW) (Hz) (¥.n) __ Batio only Cut-off

o 7600 1900 -1,0 7.04 1.2 2.1

3 -1,1 1.46 0.8 0.1

Eas 7,0 1.12 0.1 0.5

6000 1500 -1,0 5.56 0.4 0.2

3 -1,1 1.15 0.7 0.3

;, 4000 1000 -1,0 3.70 2.3 3.4

vt

5" *Relative energy flux is the difference between energy flux measured

?; upstresm and thst measured downstreaa. '

The agreement, in gemeral, is very good at the two higher fan speeds,
and within about 3 dB at the lowest speed; the agreement is best for the modes
nearest cut-off. (Further discussion of the effects of flow on acoustic
pressure profiles ratio modal components is given in the theory/experinent
comparison, Section €).

The results of the mofal decomposition (using .aximm values of m and
n of 9 and 3, respectively, and eigenvalues for uniform flow with thin

boundary layer) are presented in Figures 5.19 through 5.24. The cases are
1isted in Table S5.5.
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Table 5.5.

Index of Figures Showing Modal Amplitudes and Phases

Figure Case Modal
Number Freq. (Hz) Test Section Definition
5.1% 1500 Hardwall Amplitude
5.1%b 1900 Hsrdwvall Phase
5.20a 1900 Treated Anplitude
5.20b 1500 Treated Phase
5.21a 1500 Hardvsll Amplitude
5.21b 1500 Hardwall Phase
' S5.22a 1500 Treated Amplitude
T 5.22) 1500 Treated Phase
5.23a 1000 Hardwall Amplitude
5.23b 1000 Hardwall Phase
5.24a 1000 Treated Amplitude
5.24b 1000 Treated Phase
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The figures show the modes expected from rotor/stator interaction,
a..hough other modes are present also. For the 1500 Hz case only the (-1, 0)
and (-1, 1) should be vresent. Figure 5.21a shows these modes were indeed
measured but thers was slso a strong (-5, 0) mode. This would be possible if
the inlet flow were not uniform, and may in fact be the result of interaction
between the one high velocity zone near the top of the duszt (Figure 5.4) aad
the fan. The fact that this mode is so strong is due to the fact it is just
cut-on. Also becsuse it is just cut-on it exhibits large reflections. whicen
may explain its drop in level from upstream to downstresm. 1In other cases the
expected rotor/stator modes were stronger. For example, the forward
propagating (7, 0) mode was about 7 dB stronger than any otker mode in the
19C0 Hz hardwall case.

Figure 5.22a (1500 Hz) is a typical case with treatment. As expected,
the upstream forward propagating coefficlients are about the same as in the
hardwall cu'n, but the downstream coefficients are lower, dua to the
treatment. Figures 5.20 and 5.24 show gimilar results for the 1900 Hz and
1000 Hz cases. As is evident, the tresatment proved to be optimally desigred
for 1900 Hz. As expect.d, in the 1900 Kz case the (7, 0) mode which is just
cut-on 13 the dominant mode, slthough in the 1000 Hz case the (-1. 1) mode
which also is just cut-on is weak and the (1, 0) mode dominates.

Treatment was expected to have no effect ot the upstrean fom-d
propagating modal coefficients. Figure 5.25 shows thes effects of troatme:zt
and temperature ov these coefficients. Run A66 was a 7600 rym hardwall case. -
Bun A67 was the same as A66 except fcr the fact the upstream and downstremm
nodal instrumentation was switched. When run A57 was carrisc ou: the outside
temperature was lower and because of this ténpcrature change the (7, 0) mode
is less cut-on for A§6 and therefore strongec. while the other moles are in
relatively good agreement. Run A71 wvas the 7600 rpa trestment run with
temperatures sinilar to A67 and it shows good agreement with the hardwall
cases except the AS6 (7, 0) mode as would be expected. It should be noted
that the A67 dowmstream coefficients did not make sense and as far as can be
determinad the only possible causc was calibration drift. Run A67 was the
only run where the probes were not calibrated the day of the run and the
downstream probes had a different set .. calibration trim potentiocmeters.
This could explain why the upstream probes still gave good resu.ts.
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In genersl, the differences between carrying out the modsal
decomposition using sheared flow values of pr.-‘ and x_‘ or unifora values
wers small, although the 1000 Hz case did show a differsnce of 1.5 ¢B in the
(-1, 0) mode. The same could be said whether the modal decomposition was
solved for cut-on modes only or for all modes. '

Far-Field Nessurement Resylts

Table 5.6 shows the sound power levels for both hardwall and treatment
cases along with the resultant suppression at esch running speed. The
integration for ascoustic power level was done using the nozzle exhaust as the
scoustic source and the revised distances and angles from Tsble S5.1.

Table 5.6. Sound Power Levels Frca Far Field Data
(Power Spectrum Bandwidth = 4 Hz)

Blade
Passing
Treq. PWL (dB) PUWL (4B) Treataent
SHg)  Hepdwall Trestment  Syppression
1000 120.0 118.8 1.2
1500 129.2 125.0 4.2
1900 126.8 116.6 10.2

Figures 5.26 through 5.28 show the directivity patterns of the narrow
band SPLs. The lack of suppression in the 30° aicrophone position could well
be the result of the directivity shifting, wvhich would be expected. 1In
general, the SPL at blade passing frequency was 5 to 10 4B higher than its
harmonics for 7600 rym and 6000 rpm, while for 4000 rp= the difference was at
least 15 4B.

In the theory experiment check of Section 6, an accurately determined
value of the acoustic impedance of the treatment sections was required.
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Although the trestment was designad to be linesr, measuremants were carried

 out to establish the effects of sound intensity variation snd grazing flow.

In addition a cosprehensive survey of ths impedance was made over the surface

of both the inner and the outer treatment sections to ensure that (a) the

scoustic impedance of the two surfaces was equal snd (b) the trestment

impedance was unifora over the entire surface. The details of the design of :
the treatment, the messurement tscimiques and spparatus used and impedance

dats obtained are presented below. )

5.3.1 TREATHMENT DESIGH

The scoustic treatment was designed to be locally rescting and to have
equal irpedance on the inner snd the cuter walls of the treated section of the
aft duct. A single degree of freedom (SDOF) design was chosen consisting of a
25.4 mm thick Plex Core bonded to a 1.143 mm porous face sheet and the wooden
back wall of the treatment gsections. The Plex Core used is made from 0.063 mm
thick aluminum shest. The geometry of the cells is illustrated in Pigure
5.29a.

The face sheet consisted of a 200 x 400 wire mesh bonded onto a 30%
porosity sluminum perforate (.83 mm hole size) sheet. The purpose of the wire
mesh was to msze the trestment linear; that is, the effects of flow and sound
intensity on the impedance of the trestment wers expected to be smsll as a -
consequence of the wire mash.

From previous experience of the blocksge due to bonding the core to
face sheats, the resistance of the trsatment was expected to be approximately
1.0 pc (= 41.6 cgs Rayls). The resistance actuslly measured on the
finished trestment sections and on the laboratory samples was spproximately
0.5 pe.

The geometry of the treated segment of the aft duct is schematically
shown in Pigure 5.29b.
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5.3.2 IN-SITU INPEDANCE MEASUREMENTS
o Messurement Avperstus

The effects of grazisg flow and sound intensity were studied in the -
Grazing Flow Duct using a ssmple of the face sheet of the trestment. The
semple was prepared using the same meterials and proeidnéu as used in the
menufacture of the trestment sections for the aft duct.  The Flex Core was
resoved while ensuring that the blockage of the face sheet due to tie bonding
resin was preserved on the sample. A steady (dc) flow measurement o the
ssmple wss made prior ts its pnpctnglol for In-:ltu_ﬁdﬁr‘.nts.

Figure 5.30 shows the test sample. The civlti consists of a thick
brass cylinder with inside dismeter of 17.78 ma.  The depth of the cavity
could be varied between 25.4 mm and 45.72 mm. Endevco pressure transducers
(Model 8514-10) were used to measure the ieoutie signals st the face sheet
and the beck wall. These transducers are of 1.587 msm dismeter. The range of

_these 1s 0-68950 pascals (0-10 psi) with a sensitivity of .004569 & .0013

aV/pascal (31.5 £ 9.0 nwpnl)._ The size and the sensitivity of these

‘transducers made them suitable for the In-Situ messurements.

Pigure 5.31 shows the dats acquisition and analysis hardware used in
the messurements. 7The signals from the transducers were amplified by
Tektronix amplifiers (Model AN 502). These sre DC-coupled differential
aaplifiers with good common-mode rejection capabilities (rejection ratio of S0
dB DC to 50 kHz) end high gaia for low voltage messursments. The amplified
signals were sampled and analyzed by the Time Dats Analysis system based on o
12 bit, 2 chennel A to D comverters and s DEC PDP 1135 minicomputer. The A to
D converter of the Time Dats Anslysis system has emplifiers and entialiesing
filters for each dats channel which can be selected through software. This
ensures that spectral informstion is uncontaminated by higher frequency signal
and that the best use of the dynamic range of the A to D converter is made.
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Figure 35.30. Schematic Diagram of the
in the Grzzing Flow Duct

17.78 mm INSIDE
DIAMETER BRASS TUBE
SEAL

Apparatus Used for In-Situ Inpedance Measuremerts
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In-Situ impedance measurements were also ‘made on the treatment sections
- peior to their installation in the wvehicle. The outer treatment section was
made up from six circumferential segments and the inner section was made up

from three segments (see Figure 5.32). A single In-Situ measurement was made
in each segment. The purpose of these measurements was to estadblish an
averaged impedance velus (without grazing flow) for the treatment to be tested
in the aft duct. The experimental arrangesent used in these measurements is
shown in Pigure S$S.33. Broadband noise was used for these messurementz. The
measurements on the inner section were done using a sempling rate of 12,800 Hz
and & bandwidth of 12.5 Hz while those on the outer section wers carried out
with a ssmpling rate of 25,600 Hz and band width of 50 Hz.

® e eated Sectijons of the Aft Duct - No Flow

Resistances and reactances from the messurements on the outer treatment
section are presented in Figure 5.34. The narrowband spectra of the signzls
measured at the face sheet and the back wall of the cavity at locstion A nre'
shown in Pigure $.3S. ‘ ’

The coherence of the two signals and the phase difference between them
is shown in Pigure 5.36. '

The quality of the data in Figures 5.35 and 5.36 is typicsl of these
messurements.

With the excertion of the impedance measured at cavity E, these
messurements look good. They show that tho resistance varies by s small
amount betwsen these cavities. For exsmple at 1900 Hz, the resistance
measured at cavity A is 0.48 pc while that messured at cavity B is .67 pc.

As the inner treatmert section is made up of three circumferential

segments, only three In-Situ measurements were made on it. The dats from
these messurements is shown in Figures 3.37. The reactances do not vary from
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Pigure 5.32. Photograph of the Inner Treatment Section of the Acoustically Treated
Seguent of the Aft Duct
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point to péint.'bnt the resistance st cavity c is sppreciably higher than at
cavities a oé b. This observation raised the question as to how .
representative the measurements at a, b and c were of the impedance of the
panels on which they were located. There was a need to make several '
sdditionsl measurements to get & good statistical messure of the averaged
impedance value of the trestment and the standard deviation from ii. To do
this by the In-Situ method would be tedious and time consuming. Consequently
it was decided to carry out a comprehensive survey of the trestment impedance
using the Acoustic Plunker (See 5.3.3). It should be noted however that at
any point the acoustic resistance measured by the In-8itu method is virtually
constant between 1000 Hz and 2000 Hz, the range of interest in this study.

e Impedance Measurements in the Grazing Flow Duct (GID)

These messurenents were carried out on a laboratory ssmple of the
treatment. First the effects of sound intensity were measured without grazing
flow. Then the effects of grazing flow on the impedance wers measured. It
was assumed that the correlations obtained from these msasursments would
accurttely represent the grazing flow and sound intensity effects cccurring on
the treatment in the aft dﬁct during model measurements.

) und engit

Pigure 5.38 shows the incresse hi acoustic resistance ralative to the
value measured at 125 dB plotted against the sound pressure level at the three
frequencies of interest. At 1000 Hz, the effect of incressing SPL on the
acoustic resistance was much lower than that messured at 1500 Hz and 1900 Hz.
Negligible effects of sound intensity changes were observed on the reactance
of the sample.

The above dats was obtained with discrete frequency sovnd field in the
duct.
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Figure 5.38. Increase in Acoustic Resistance With Sound Pressure Level (SPL, dB) of the
Discrete Acoustic Signal; No-Flow \
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A cavity depth of 4.572 cu instead of 2.54 cm was chosen for these
measurements becsuse sn error analysis (see Appendix B) had shown that the
ugﬁitudo of the error in the msasured mhta'neomldd‘cpcndontho'
magnitude of impedance at the fuquency of interest. By incressing the cavity
depth, the magnitude of the reactance of the sample wes reduced significantly
between 1000 Hz and 2000 Hz to yield mors sccurste msssurements of the
scoustic resistance in this frequency range. It was assumed that the
resctance of the cavity did not influence the effects of gu.zln; flow on the
lump impedsance of the porous face sheet.

The effects of grazing flow on the resistance of the sample are shown
in Pigure 5.39a. As expected, the increase in the resistance with increasing
mesn flow Mach number is roughly the szae at thes three frequencies of
interest. The datas correspond to roughly 140 dB (CASPL) at the surface of the
sample.

Figure 5.39b shows the corresponding plots of resctance against the
mesn flow Mach number.

Pigure 5.40 shows typical narrowband spectra of the signals sensed dy
the transducers at the face shest and the back wall of the cavity at Mach 0.4.

The effect of sound intensity on the impedance in the presence of
grazing flow was found to be much less than that measured under no flow
conditions. 1In view of this the sound intensity effects under test conditions
in the aft duct may be neglected. 7

5.3.3 PLUNKER MEASUREMENTS ON THE TREATMENT SECTIOES OF THE AFT DUCT
As a considerable amount of variation in the impedance of the treatment
sections was revealed by the In-Situ measurements (as illustrated in Section

5.3.2). A much larger number of impedance measurements on these sections was
made using the Accustic Plunker which is described below.
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The Acoustic Plunker [Reference 7] is a transducer developed by the
Generzl Electric Comapany for the measurement of the normal acoustic impedance
of fir: “:... treatment panels. It is a portable and nondestructive device. It
has to be calibrated to measure the normal impedance of treatment panels of a
- particular design. It has sufficient sensitivity to measure small variations
of the normsl impedance on a given panel at a given OASPL as well as to sense
N impedance changes with sound intensity. :

The Plunker is schematically illustrated in Pigure 5.41a. It consists
of a tube of circular cross section. The walls of the tube are acoustically
hard and smooth. A sound source is located at one end of the tube. The other
end is ‘placed against the surface of the treataent panel such that the tube is
at right sngles to the surface. The rubber flinge is designed to nlniniz_e .
sound leakage. The diameter of the Plurker tube is such that over the
frequency range of interest, only plane waves can propagate in it. Two ;
transducers located at distances X and x, from the treatment surface ;
sense the stationary sound field in the Plunker tube. The signals from the J

Plunker transducers are analyzed to yield the time averaged values of the

conplex transfer function:

% )
}121(.‘.) = Pz(f) Pl(f) / Pl(f) Pl(f) (5.2)

The gpparent impeda.ce measured by the Plunker using the adove transfer

func.ion is given by:

{sinCiex,) - H,, (£)Sin0ox )}

C (f) = -1 (5.3)
P {Cos(icx,) - H,, (£)CO8Cxy) }

If a saxple of the treatment is cut out of the panel at the location where the

plunker measurement Cp(f) is made and its normal impedance {(f) is

. measured in the Impedance Tube schematically illustrated in Pigure 5.41b, then
T the calibration of the Plunker is computed frcm the above data 23 follows:

(e _
B 6 | (5.4)
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Figure 5.41b. Schematic Diagram of a Normsl Impedance Tube
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The calibration of the Plunker as defined above for a given design of
treatment is needed becsuse the apparent impedance Cp(t) messured by the
Plunker is different from the Impedance Tube data for the following reasons:

1. The absorber volume behind the panel surface in the Plunker

measurement is significantly larger than in the equivalent
impedance Tube measurement.

2. Some sound leakage may occur due to imperfect sesl de: :en the
Plunker and the panel surface due to the curvature of tha trestment
surface. The effect of this leakage can be calibrated out only if
the Plunker axis is always perfectly normal to the surface and that
the radius of curvature of the surface is constant everywhere.

3. There may be transaission of sound in the core of the panel at
right angles to the sound field in the tube due to

(a) non rigid cavity walls
(b) drainsge holes between cavities
(c) imperfect bonding of core to the face sheet and back wall.

Once the ca}lbration Ep(f) for a particular panel desizn is
obtained in the manner-described above, the normal impedance of any other
panel of that design can be measured by simply measuring Cp(f) with the
Plunker and then mltiplyins it with EP(f).

As it was not desirable to cut out a sample from the treatment sections
for the aft duct, the Plunker calibration was carried out using an In-8itu
measurement of impedance. It was established that this neasurement was
similar to an Impedance Tube messurement on a lsboratory sample of the
treatment. The inside diamater of the Plunker tube used in these measurements
was 17.78 sa. This size was ragarded sufficiently large to give s messurement
of impedance on a statistically significant area of the panel. It was also
sufficiently small compared to the radius of curvature of the trestment
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surfaces which could be regarded essentislly flat over the ares of the tube.
It also ensured minimm leskage of sound between the Plunker and the face
sheet due to imperfect seal caused by the curvature of the trestment surface.
Separate cslibrations of the Plunker were required for the outer snd the inner
sections due to significant differences in the curvatures of their surfaces
which affected the extent of leakage between the plunker and the trestment
surface.

On esch of the six segments of the outer and the three segments of the
inner treatment sectious, at least ten impedance measurements were obtained
with the Plunker. During each measurement the plunker was simply placed on
the location. Apart from its own weight, no additional pressure was applied.
Care was taken that the sxis of the plunker was normal to the surface of the
trestaent. Because of the curvature of the treatment surface the leakage of
sound was a8 problem. A very small tilting of the axis of the Plunker from the
normal caused significant legkage. This problem was particulearly severe in
the csse of the inner treatment section. This leakage of sound affected the
sccuracy of the impedance data at lower frequencies (below 1500 Hz).

Figure 5.42 shows the results of the impedance survey of the outer
treatment section. It is based on sixty different measurements. The standard
devistion of the impedance data is quite small at 1500 Hz and 1900 Hz but at
1000 Hz the doviation in the data is much larger due to reasons mentioned
sbove.

Pigure 5.43 shows the results of the Plunker measurement on the inner
section. As expected, the standard deviation of the resistance values
m™aasured on the inner section is iarger than that on the outer section.
Moreover the resistanze values below 1500 Hz are lower than expected due to
sound leakage.

" Plunker measurements also confirmed that the In-Situ messurement on
cavity J of the inner trestment section is representative of the hpédmca of
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TABLE 5.7

Average Normal Impedance of the Acoustic
Treatunent Hardware
(OASPL = 140 dB)

Frequency Resistance Reactance
Hz (oc) (oc)
1000 .51 -1.82
1500 .51 - =1.0
1900 .51 | - .55

Sesttonce (pe)

-8.0‘ 2 3 e
Proguasy, Ms

Figure 5.43. Inpednnce Survey of the Inner Treated Section of the Aft Duct
Based on 30 Different Measurements Over Its Surface
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the entire panel and is midway between the In-8itu measurement results on
cavities H and J. The Plunker results show lower frequency dependence than
the In-8itu dsts.

In the light of the Plunker messurements the following conclusions may
be drawn.

1. The averaged impedance of the outer treatment section is
spproximately equal to that of the inner section.

2. The trestment impedance is uniform over the cnti:e surface within
the 11-11:83 of manufacturing tolerances.

It was decided that the averaged acoustic impedance values obtained by
the Plunker at the frequencies of interest should be used in the '
theory-experiment check. These values are presented in Table S.7. The
In~8itu measurements had shown that the resistance of the trestment was
essentially constant between 1000 Hz and 2000 Hz. In view of this, the
resistance at 1000 Hz was assumed to be the sams as that at 1500 Hz. It
should also be noted that the Plunker measurements were obtained with an OASPL
of 140 dB (approximately) at the trestment surface. As the in-duct sound
levels during the tests at Schenectady were significantly lower, appropriate
corrections to the resistance values would be required.- In addition
corrections should be made for the effects of grazing flow. The following
approsch is suggested: Using ths sound intensity correlation of Figure 5.38
and the average impedance at 140 dB from Table 5.7, the no-flow resistance at
130 4B is spproximatey 0.44 pc. To this should be added the grazing flow
effect from Figure 5.39%a. The reactance values of Table 5.7 should only de
corrected for flow effects using Figure 5.39b. ’
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The annular rhct_mpmslon prediction prograa based on the modsl - -
analysis described in Section 4.1 was used to predict the suppression due to
the treatment in the Rotor-55 exhaust duct for all three test EPMs. The
thcoriuul predictions are compared with the measurements in this section.
The physical phenomenon of propagation in segmented ducts is discussed with
reference to this the_ory-cxpcd.uat comparison.

6.1 mmm_w . B

The exhaust duct was modeled as a three segment straight snnular duct
with the trested segmint placed between two hartwall segments. The lengths of
the hardwall segments were taken to be the distances of the mode measurement
planes from the treated segment. The effective length of the trested segment
was found to be 0.23 meters (L/H = 1.8) after accounting for the hole blockage
at segment ends and treatasnt panel interfaces.

The principal input parassters for the pmm are the duct geomstry,
the mean flow conditions, the ascoustic frequoncy. th. inner and outer wall
impedances (or admittances) for all segments, the spinning mode order, the
radisl mods distribution of the scoustic source and the reflection
charscteristics of the duct terminstion. The mode coefficients of the forward
traveling modes messured at the upstrean pim (or the "source™ plane) and the
mode coefficients of the backward traveling modes messured at the downstrean
plane (or the "termination™ plane) were used to specify (Q } and
(Qt) respectively. As mentioned in Section 4.1.2 this rcquitod that
(n ] =0 [er For the blad: passage frequencies corresponding to tbe
rotor EPMs in the test, a maximm of two radial modes (i.e., n=0 snd nsl) were
sxpected to be cut-on in the hardwall segment of the duct. While utilizing
the prediction program, however, a minimm of four radial modes (i.e., n=0, 1,
2, 3) were considered to participate in the transmission and redistribution of
scoustic energy in the duct. The acoustic impedance of the treatment in the
duct was initially sssumed to be equal to the average tioml impedance
measured in the absence of flow using the acoustic Plunker (Section 5.3.3).

PRECEDMG PAGE BLANK NOT FiiD
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With these input parsmsters the program cslculates the eigenvalues, the
sxial propagation constants (for both forwerd and backward prcp'mti.ng modes),
the uniform section transaission matrices for esch duct segment, and the
reflection and transmission matrices of the segment interfaces. The program
then sets up the stacked system mairix equation and solves it to obtain the
forward and backward complex mode coefficients and modal energy fluxes at each
plane. The net energy flux at esch plane and the overall PWL suppression are
then calculated.

6.2  IE-DUCT SUPPRESSIONS
Mode coofﬁ.ci&nts obtained from the in-duct measurements and based on

the assumption of uniform mesn flow in the duct were first used in the
predictions. ’

Table 6.1 lists the measured and predicted in-duct suppressions for the
fan-stator interaction modes at the three blade passage frequencies
corresponding to the test conditions. These suppression values represent the
difference in the forward energy fluxes between the downstresm and upstreanm
measurement planes. The effect of reflections from the nozzle is taken into
sccount by specifying the backward traveling mode coefficients at the
downstrean plane. The predicted suppressions can be seen to dbe in good
agreement with the measured suppressions for sll three fraquencies and for
both spinning mode orders. The largest difference between the predicted and
measured suppressions is 2.7 dB which is not large compared to the measured
suppression of 16.8 dB at that condition. Wotice that six radial modes were
used in the prediction for m_= 7 case (for reasons discussed later in this
section) while only 4 radial modes were used for m = 0-1. '

The predicted and messured mode coefficient distributions of forward
propagating acoustic energy at the downstream plane are compared in Figures
6.1 throu;h 6.4 for the four cases listed in Table 6.1. The magnitude as well
as the phase of the measured mode coefficients can be seen to be in good
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Table 6.1. Comparison of Messured Suppressions With Theoretical Predictions

Uniform Plow

i
'

¥O. OF IN-DUCT SUPPRESSION, AdB
FREQUENCY SPINNING RADIAL TREATMENT

. _

£

1,000 -1 4 0.51-1.82% 2.18 1.40

1,500 . -1 A 0.51-1.001 3.72 4.29
1,900 -1 A 0.51-0.55i  16.83 14.10
1,900 7 6 0.51-0.551  22.587 24.32

123



1

(= 1,000 He MEASURED
= 1.0 O
M= 0.21 PREDICYED
UNIFORM FLow t =051 - 182
30
v ]
20]- '
{.
Amn
(dB) - 360 -
' +
” e
0 5 |7
0 1 2 " 0 0 1 2
RADIAL MODE ORDER ' RADIAL MODE ORDER

FPigure 6.1. Measured and Predicted Complex Mode Amplitudes at the Downstream Plane -
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Figure 6.3. Measured and Predicted Complex Mude Amplitudes at the Downstream Plane -
Forward Propagating Modes - 1900 Hz, m = -1, M = 0.4, Uniform Flow, Soft Wall
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Measured and Predicted Complex Mode Amplitudes at the Downstream Plane -
Forward Propagating Modes - 1900 Hz, m = 7, M = 0,4, Uniform Flow, Soft Wall
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- agreement with the predicted values for the cut-on modes. Porm = -1 at
1000 Hz and for m = 7 at 1900 Hz the higher order radial modes (n > 0) are
theoratically cut-off in the hardwall duct. This causes the predicted
smplitudes of these modes at the downstream location to be several dB lower
than the predicted amplitude of the first radial mode. The measurements also
show the smplitudes of the higher order modes to be at lmvt 10 4B lower than
the amplitude of the cut-on mode. The difference in the measured and
predicted values of the mode coefficients for cut-off modes will therefore
have only a small effect on the total suppression in the duct.

Figures 6.5 through 6.8 compare the predicted values of the mode
coefficients for the btackward traveling modes 4t the upstresa plane with the
corresponding measured values. The comparison for the backward traveling
modes is not as good as that for the forward traveling modes. FYor m = -1 at
1900 Hz (Pigure 6.7), the predicted mode amplitude for the second radial mode
(n=1) is much higher than the amplitude for the first radial mode (n=0). The
messurcments, however, show the n=0 mode to be slightly higher than the =l
node.

In utilizins the suppression prediction program, it is essential to
check that the total acoustic energy is conserved across segment interfaces.
The modal analysis requires the acoustic pressure and velocity at all radial
locations to be continuous across segment interfaces. However, the pressurss
(and consequently the velocities) on the two sides of the interface are
represented as expansions in sets of eigenfunctions which can be completely
different on either side. If the set of eigenfunctions used is not
sathematically complete, then E_he expansions, the pressure matching, and
consequently the acoustic energy matching, can be in error. For the first
three conditions listed in Table 6.1 the predicted acoustic ensrgy across the
segment interfaces in the rotor S5 duct was conserved within 0.1 dB. Por the
a = 7 mode at 1900 Hz, however, an anerﬁy mismatch of 2.5 4B was observed at
the downstream segment interface. This aismatch was reduced to 1.2 4B and 1.0

dB by including 6 and 8 radial modes respectively in the analysis. Assessment

of the effects of including radial modes of order higher than this was
prevented by limitations in the size of the computer program.
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- Pigure 6.9 shows the predicted mode coefficients (for both forward and

backward propegating modes) at the end planes of the hardwall and treated

_segments for m = -1 modes at 1000 Hz. At this frequency only the lowest order
. rsdial mode (n=0) is cut-on in the hardwall duct. Consequently the forward

propagating higher order modes (n > 0) at the "source” plane i.e., plane 1,
are suppressed to ﬁq low values at plane 2 just upstresm of the treated
segment. Downstresm of the hardwall/treatment interface i.e., at plane 3, the
mode coefficient distributions shown are required to match the energy at plane
2. UNotice that a combinstion of forwsrd modes n = 0, 1, 2 and backward modes
n =0, 1 at plane 3 in the treated segnent is able to match the energy carried
by the combination of forward mode n = 0 and backward modes'n = 0 snd n = 2 at
plane 2 in the hardwall segment. Thus a redistribution of mode coefficients
tskes place at the segment interface. This is due to the fact that the radial
profiles of acoustic pressure and velocity at the in'forfaco are expressed as a
summation of hardwall eigenfunctions at plare 2 and as a summation of softwall

" eigenfunctions at plane 3. A similar mode coefficient redistribution takes

place at the downstream treatment/hardwall interface.

For m = 7 at 1900 Hz most of the incident energy is contained in only
one radial mode (n = 0) that is close to cut-off (see Figure 6.10). This mode
has a cut-off ratio equal to 1.1. Upon incidence to the upstresm
hardwall/treatment interface this mode 1s reflected into several higher order
backward traveling modes. The backward modes at plane 2 in the hardwall can
be identified as due to reflection of forward modes at thi same plane and not
as redistribution of backward modes at plane 3 in the treated segaent because
the latter have near zero amplitudes as shown. Thus the acoustic energy
carried by the combination of the n = 0 forward mode and the bachnr; mcdes of
several higher orders in the hardwall segment must be matched dy distribution
of energy mostly in the forward modes in the trested segment. The backward
modes at plane 3 are small in amplitude becsuse of the high suppression in the
t-eatment. At the downstresm treatment/hardwall interface the reflection of
the n = 0 forward mode in the treated segment into several higher order
backward traveling modes \cnn be observed.
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It 1- felt tuat thic combinstion of h.lzh reflection cad wppuuion of
thc nesr cut-off aocde causes the problea of energy mismatch at segment
interfsces. The mismatch is reduced by including hl.;!wr order radial modes in
the mlyiic; Since these modes are “cut-off" they are highly tuppﬁuod even
in the hardwall segments of the duct. Their contribution to the total
acoustic energy at the "source™ and "terainstion™ planes is therefore
negligible and the in-Guct suppression bucd on the forward energies at these
planes does not e!unso -xeh. ' :

6.3  EFFECTS OF SHEARED FLOW

As mentioned in Section 5.2.3, the mean flow in the m’)tor 55 exhsust
duct was far from uniform. In addition to the radisl variation of velocity
due to the thick boundary layers at the duct walls, s periodic circumferential
varistion of the mesn velocity due to the persistent stator wakes was also
abserved. It is not possible to account for the circumferentisl variations in
the prediction of suppression without considerably modifying the analysis. An
attempt was, however, made to account for the thick boundary layers by using
the snalysis described earlier for thin boundary layers. Sheared flow
eigenvalues were determined by using the messured wvelocity profile in the
integration of the govemini differential equation across the duct snnulus.
The eigenvalues and the acoustic pressure mode shapes obtained during this
integration process were used to obtain the sheared flow mode coefficients
from the mode probe measuremeats. These mode coefficients were used in the
suppression prediction program to obtain estimates of the suppressions due to
the treatment in the duct.

iubh 6.2 compares the msasured in-duct suppressions with the
suppressions predicted using the shesred flow mode coefficients for the same
conditions as in Table 6.1. For the m = -1 mode at 1500 and 1900 Hz the two
suppression values can be seen to be in good egreement. Furthermore, the
measured values differ from the corresponding values in Table 6.1 by at most
3.2 dB. Por the spinning mode m = 7 at 1900 Hz the in-duct measured

suppression dased on the sheared flow mode coefficients is very similar to the-

measured suppression based on the unifora flow mode coefficients. The
predicied and the measured suppressions tased on the shesred flow mode
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Table 6.2. Comparison of Measured and Predicted In-Duct Suppressions
Based on Sheared Flow Mode Coefficients

FREQUENCY

SPINNING RADIAL  TREATMENT

WO. OF

IN-DUCT SUPPRESSION, AdBg

IMPEDAMCE MEASURED  PREDICTED

—(Hg) _ MODE (m) MODES

1,000
1,500
1,900

1,900

-1
-1
-1

7

4

4

4

0.51-1.82i 5.36 1.60

0.51-1.001 5.32 : 5.28

0.51-0.551 18.96 17.10

0.51-0.551 22.29 28.08
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coefficients for this case, however, do hot compare ss well as those based on.
the uniform flow mode coefficients. This is Sus to the large mismatch of
energy in the prediction routine at segment interfaces for the sheared flow

case. In fact even for the csses where the messurement and prediction agree

(i.e., m = -1 mode at 1500 Hz and 1900 Hz), the energy conservation at the
segment interfaces is off by up to 0.8 dB. It is believed that this is due to
the assumption in the analysis that the complex acoustic pressure profilé in
the duct in the presence of non-uniform flow can be expanded in t.rms of the
uniform flow eigenfunctions. This assumption is valid only for thin boundary
layers and caix introduce large errors in highly shesred flows. Purthermore
the expression for acoustic intensity (equation 4.39) is valid only for
unifora flow. :

In an attempt to improve the energy conservation at segment interfaces
in the presence of sheared flow, the program was modified so that the acoustic ' i
pressure made shapes generated numerically during the determination of sheared
flow eigenvalues are used in the modal analysis instead of the uniform £low
eigenfunctions. This modification did not introduce a consistent improvement
in the energy conservaticn at segment interfaces. It was, therefore, not

6.4 ENST or SSIOR TO TREA INPEDANCE

All the predicted suppressions presented so far are based on the

R A

average normal acoustic impedance of the treatment panels measured at 140 dB

in the absence of flow (see Section 5.3.3). Treatment impedance is known to

change due to the presence of flow (and boundary layer) over the treaiment and

also with changes in sound pressure level in the duct (sse References 19 and

4). Results of the experimental attempts to assess the flow and SPL effect on

the acoustic impedance of ths treatment used in Rotor-55 exhaust duct are

described in Section 5.3.2. The average SPL in the Rotor-55 exhaust duct was -
in the range 125-135 dB. This will cause the resistance of the treatment to

be lowered relative to the value at 140 dB. MNowever, the grazing flow over

the treatment will cause the resistance to increase. The treatment reactance
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was observed to become less negative due to the presence of flow. It was
estimated that the treatment resistance and reactance under the test
conditions will be within 0.1 pc of the average normal impedance values.

Table 6.3 (for uniform flow condition assumptions) shows that by varying the
treatment impedance within this limit the predicted in-duct suppression can bde
brought into excellent agreement with the measured suppression.

The sensitivity of the predicted suppression to the treatment impedance

was established by changing the resistance and reactance over a range of
"values close to the averaged measured value. The results for m = -1 mode in
the presence of shesred flow are plotted in Pigures 6.11, 6.12 and 6.13 for £
= 1000, 1500 and 1900 Hz respectively. At 1000 Hz the suppression is almost
equally sensitive to changes in resistance and reactance, varying by about 1
dB over 0.4 pc. At 1900 Hz the predicted suppression is extremely sensitive
to the reactance and even a change of 0.1 pc in reactance can change the
suppression by 4 dB. The sensitivity to resistance is not that high, but
grutor. than the sensitivity at 1000 and 1500 Hz. 1In Pigure 6.13 there is
also an indication of s 1oc31 pesk in the suppression curve at R = 0.45 pe.

6.5  PAR PIELD SUPPRESSION

The acoustic field radiated from the exhaust duct was measured in the
far field at all three rotor speeds for the two cases: a) all hardwall
gegments in the duct and b) one treatment segment in the luct. By integratirg
the SPL directivities (at the blade passage frequency) for the treated duct
and the hardwall duct and taking the difference we can obtsin a power level
(PWL) suppression due to the treatment. Table 6.4 lists the power level
suppressions and the uniform-flow in-duct suppressions for all three ™
frequencies. At 1000 Hz and 1500 Hz, m = ~1 is the only rotor-stator
interaction mode generated in the duct. At these frequencies significant
energy is carried by the (-1,0) mode. This mode is well cut-on at bdoth
frequencies and will have a peak lobe of radistion in a direction close to the
duct axis. The jet flow exhausting from the duct termination (i.e., nozzle),
however, will introduce refraction effects and cause the peak lobe to move
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Table 6.3. Sensitivity of Predicted Suppressions To Treatment Impedance ]
Uniform Flow
¥0. OF IB-DUCT SUPPRESSION, AdBg
FREQUENRCY SPINNING .
_(HZ) 1
1,000 -1 4 0.51-1.821 2.18 1.40 ‘
0.51-1.654 2.18 , 1.77 o
0.60-1.821 2.18 : 1.60 0
1,500 -1 4 0.51-1.001 3.72 ' 4.29 ®
0.40-1.001 3.72 3.73
1,990 2 A 0.51-0.55i  16.83 14.10 3!
0.51-0.451 16.83 16.71 .
0.60-0.55%1 '16.83 14.54 ;
g
2
L A
£
»
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Figure 6.11. Sensitivity of Suppression to Treatment Resistance and Reactance - 1000
Hz; m = -1, n= 0,1,2,3; H = ,21 Sheared Flow
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Figure 6.12, Sensitivity of Suppression to Treatment Impedance = 1500 Hz; m = =1; n =
0,1,2,3; M = ,32; Sheared Flow
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Table 6.4. Comparison of In-Duct Suppressions With PWL

]

]

3

C

Suppressions From Far-Field Data 3
3

i

Uniform Flow

~{Hz) HODE

44 R LD DATA o
1.000 "1

1,500 -1

1.9“ -1

1,900 7 . v . 10.3

s
.
-
b
. .-,.3
A
-
-

K
aw
LU

Ry

Wy
N A
R A

144

-
i
o
v
"
, +
1)
U
W
¢



I TN SR RS SR AN el I PSR IV 7915 1N P S e e T

away from the duct axis. Par-field messurements in the sector covering 20°
through 110° should be able to cspture the pesk lobe of radiation and PUL
suppressions based on far-field radiation pattern should dbe representative of
the in-duct suppression due to the trestment (assuming the reflection at the
nozzle to be of the ssme order for both hardwall snd trestment cases). In
Table 6.4, the PWL suppression (based on far-field dats) can be seen to be of
the same order as the in-duct mppmlion at 1000 and 1soo Hz.

At 1900 Hz, the interaction modes m = 0-1 and m = 7 coexist, with the
latter carrying a grester part of the energy. A good percent of this energy
is, however, reflected back into the duct at the nozzle terminstion.

Measurements in the downstresm hardwall section showed the backward energy in

the ms=7 modes to be only 4 4B below the forward energy. For the m = -1 modes
this difference was found to be nearly 10 dB. The (7,0) mode has a cut-off
ratio near 1.1 and s peak lobe of radiation slsost normal to the duct axis.
The refractive effects of the jet will move the peak lobe to even higher
angles. This can cause the far-field measurement field (20® thru 110°) to
miss part of the radiated energy. The a = -1 mode will, as in the case of
lower frequencies, radiate at = smaller angle to the duct axiz. The
multi-modal SWL suppression (from far-field data) is 10.3 4B compared to the
measured in-duct suppression values of 16.8 and 22.5 4B for the m = -1 and m =
7 modes respectively. Further examination of the csuses for the variations in
these numbers is required.

6.6  NOZZLE BEFLECTION CHARACTERISTICS

In Section 4.1.3 a method for measuring the reflection matrix of the
nozzle IR.I] was outlined. It was pointed out that all the elements of the
reflection matrix (including the off-diagonal terms representing the mode
scattering) can be determined by measuring the forward and backward mode
distributions just upstream of the nozzle for different distributions of the
incident modes. For the rotor-55 exhaust duct, in-duct messurements were made
with and without the trestment segments in the ducts. The mode distribution
incident to the nozzle for the all hardwall segment configuration is different
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from the mode distribution for the one treated segment configuration. Node
coefficients mesasured in these two cases can be used to solve equation 4.41
and deteraine four slements (namely !oo. 01' .'10 and lu) for the oo
nozzle reflection matrix. .The first subscript of R represents the radisl
mode order of ths reflected mode and thes second subseript refers to the -
radial mode order of the incident mode.

Table 6.5 lists the nozzle reflection matrix elements based on the
nmeasured mode coefficients in the rotor-55 exhsust duct. No clear trend is
svident from these numbers. Yor m = 7 modes at 1900 Ez, the reflection matrix
clcunttucnnbo.smtobcnryhi;h. This points to the strong n = 0
backward mode near tha nozzle for these conditions (Figure 6.10).

Theoretical prediction of the suppression due to treatment in the
exhsust duct required the inclusion of higher order radial modes (at least
four) in the analysis. This resulted in a nozzle reflection matrix with at
least 16 elements. The larger matrix camnot be calculated from the available
measurements. The nozzle reflection effects were therefors taken into account
by. setting [a,] = 0 and specifying the backward mode coefficient wector for
the "termination” vector ‘Qt}’

6.7  BODE SHAPES AND EQUIVALENT IMPEDANCE

The predicted in-duct suppressions using the measured mode coefficients
based on shesred flow eigenvalues and eigenfunctions were compared with the
measured suppressions in Section 6.3. The calculations on which thase
predictions were based showed discontinuity of total acoustic energy secross
segment interfaces. It is believed that this is Cus to the assumption in the
snalysis that the complex acoustic pressure profile in the duct in presence of
non-uniform flov can be expanded in terms of the uniform flow eigenfunctions.

Figure 6.14 shows a comparison of the acoustic pressure profile in the

presence of sheared flow in the hardwall segment of the duct with the uniform
flow eigenfunction shape based on the sheared flow eigenvalue. This and the
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¥ozzle Reflection Coefficients (From Hardwall and

- Table 6.5.
. . Trestment Case Data)
. Spinning ———Reflection Matrix Blements
rreq. Mode
(Hz) _ order FI0,0) _ RI(0.1) EI(1,0) RT(LY)
1000 -1 ~-0.635+0.5831 0.958-0.1111 - -0.0214+0.049% -0.723+0.5351
1500 -1 =0.909-0.1311 0.54440.525% -0.278+0.4691 0.13540.3191
1900 -1 0.544+0.4911 -0.3944+0.308f -0.628-0.151% 0.186+0.003%
1900 7 0.34440.282% -1.040-8.8631 -0.008-0.002%  0.379+0.599i
/-\
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Figure 6.14. Coamparison of the Uniform Flow Eigenfunction With the Actual :
Acoustic Mode Shape in Hardwall Duct ~ 1900 Hz, ma = 7, o = 0,
M, = .37, §* = 0.02, Forward Propagation
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following ti.vo ﬂ.;um (1.... i;uru 6.14 through 6.19) are for the m = 7
modes at 1900 Hz. The flov throu;h the duct is assumed to have boundu-y
layers with 2 percent thickness and one-seventh power lsw velocity profile.
The uniform flow eigenfurction for the hardwcll duct can be seen to be in
excellent sgreement with the “actual” prbscurq profile (obt.ined by numerical
integration).

For the lowest order mode (n=0) propagsting backward in the hardwall
segment (see Figure 6.15), the uniform flow eigenfunction accurately
represents the complex pressure profile in a region of the duct annulus away
from the walls. Near the inner wall it overpredicts the actusl scoustic
pressure while at the cuter wall it underpredicts. The differences are,
however, smsll.

In contrast to the hardwall seruent cases, the uniform flow
eigenfunctions in s treated segment are considerably different from the

"actual™ acoustic preasure profiles for both forward and backward propagating '

modes (see Figures 6.16 and 6.17). For the forward mode there is good
similarity between the two pressure prof_nu in the outer half portion of the
duct anmnulus. But near the inner wall even the shapes of the two prassure
profiles are different.

These figures show that the uniform flow eigenfunctions can be used to
represent the acoustic pm-uure profile in the hardwall gegment of a duct in
the presence of thin boundary layers at the walls. In treated segments with
sheared flow, however, the uniform flow eigenfunction representation of the
acoustic pressure profile is not accurste.

In an attempt to improve the representation of acoustic pressure
profile (in ducts carrying sheared flow) by uniform flow eigenfunctions the
concept of treating the boundary layer as equivalent wall impedance was
studied. As discussed in Section 4.1.1 the radial dependence of acoustic
pressure (pr) in an snnular duct carrying uniform flow is

pr(r) = J‘(krr) + CnY.(krr) (6.1)
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Figure 6.16. Comparison of the Uniform Flow Eigenfunction With the Actual

Acoustic Mode Shape in the Treated Duct - 1900 Hz, a = 7, n = 0,
Mp = .37, &% = 02, ¢ = (.51 - .551), Forvard Propagation
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Figure 6.17. Comparison of the Uniform Flow Eigenfunction With the Actual

Acoustic Mode Shape in the Treated Duct - 1900 Hz, m= 7, n = 0,
My, = .37, &* = 0.02, ¢ = (.51 - .551), Backward Propagation
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Figure 6.19. Comparison of the Unifora Flow Eigenfunction Based on the
Equivalent Impedance With the Actual Mode Shape in the Treated
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and satisfies the admittance boundary conditions at the walls

3P, = ikB (1-&8)2pr ' 6.2)
ar
r-ri r:rl
and
e - ix8 (1-;u)zpr (6.3)
r r-rz r-rz

These equations can be combined (by eliminating C,) and rearranged in the
forn.

ﬁ(m)z + A, (BKH) + 4, =0 (5.4)

where H is the duct height and Ll. Az and A3 are functions of the
eigenvalue, axial propagation constant, duct geometry and flow Mach number.
The eigenvalues calculated for the boundary layer cases can be used to
evaluate the coefficient A, A, snd A, and equation (6.4) can then be

3
solved to obtsin the equivalent uniform flow sdmittance, i.e.,

‘, 2
A, 2 YA - A,

B - (6.5)

eq 2A.kH

This value of the equivalent uniform flow admittance can then be used with the
uniform flow eigenvalues corresponding to it (or equivalently with the sheared
flow eigentalues corresponding to the actual wall admittance) and

(» - 18 krzA)J(kr)-(kr)J (k r,))

C == . mCe72) ~ o m ety (6.6
a (n - iB.q‘krzh) !n(krrz) - (k l._r.'z)Y n+1“‘:"'2’

with A = (1-xM) 2

in equation (6.1) to obtain the radial acoustic pressure profile.
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Figure 6.18 and 6.19 show compariscns of the actual mode shapes with
the uniform flow eigenfunctions based on the calculated equivalent inmpedance.
For the forward mode in the treated segment the uniform flow eigenfunction
based on the equivalent impedance is in good agreement with the acoustic
pressure profile. This is in contrast to the comparison of Figure 6.16. For
the bickward mode, however, the use of equivalent impedance does not improve
the representation of the acoustic pressure profile by the uniform flow
eigeafunctlon; Further investigation is needed to seek waysz of improving the
eigenfunction representation.

6.8 - oN on

Recent snalysis [Reference 20] on the generation of fan tones has
suggested that the fan noise characteristics (both mode distribution and
acoustic power) could change when the wall impedance of any sgection of the
duct (at or away from the fan plane) is changed. In the present study the
source characteristics were deterained from messurements in the duct. For the
prediction of the in-duct suppression the source characteristics obtained from
measurements with the treatment sections in place were used. The effects of
the duct treatment on the fan npise characteristics are thus taken into
account in the predicted suppressions.

By comparing the mode coefficients at the upstream messurement oiane
for the cases of the hardwall &uct and the duct with the treatment sections,
we should be able to ascsess the effect of the duct treatment on the fan noise
generation. The measured mode distributions of the fan noise in the hardwall
duct and in the duct with a trsatment section (downstream of the fan plane)
are shown in Pigures 6.20 thrugh 6.23 for the four test conditions of Table
6.1. The mode coefficients of the lowest order radial mode (n=0) for tte
m = -1 modes (Pigures 6.20, 6.21 and 6.22) in the case of the hardwall duct
differ by at most 2 4B from the mode coefficients in the presence of the
treatment in the duct. This suggests that the treatment in the exhaust duct
of the fan does not have a significant effect on the fan noise generation.
For the (7,0) mode (Figure §.23) the difference in mode coefficients is of the
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Figure 6.23. Complex Mode An.plitude and Phase Values at the Upstream Plane -
1900 He, m = 7, ¥ = 0.4, Unifora Flowv, Forward Propagation
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order of 5 dB. The differences in mode coefficients for the (7,1) end 7,2)
modes are also of the same order thus indicating a change in the ambient or
fan operating conditions.

It should be mentioned that the data for the hardwall duct and the duct
with the treatment section were obtained on different days and the operating
conditions were not identical (except for the fan rpm). The comparisons of
the mode coefficients in Pigures 6.20 through 6.23 are thus appropriaste for
qualitative snalysis only. UNotice that the trsatment in the duct was located
8 few duct heights downstream of the fan OGV plane and therefore may not have
s significant effect on the fan noise genoration;
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7.0 CONCLUDING REMARKS

Based on the theory-data comparisons presented above it can be
concluded that the modal analysis for sound propagation in segmented amular
ducts can be used to predict the in-duct suppression due to trestment in the
exhsust duct of s turbomschine. The modal distribution of the scoustic source
and the reflection characteristics of the duct termination are required for
the prediction. These can be obtained from messurements (at least in s
laboratory duct) or from anslytical methods.

The predicted values of the in-duct suppressions based on measured
source characteristics and treatment acoustic impedance were found to be in
good agreement with the measured suppressions. This is true in spite of the
presence of thick boundary layers and circumferential flow varistion in the
test duct, two effects not fully accounted for in the theory. The presence of
thick boundary layers did, however, cause numerical prodlems in the
calculations manifested as energy mismatches at duct segment interfaces. This
problea will require further investigation. The predicted suppression was
found to be quits sensitive to treatment impedance indicating the importance
of accurately determining this‘parmter.

The analysis should include at least two radial modes above those
theoretically “cut-on™ in the hardwall segment of the duct. This pernits a
valid expansion of the acoustic pressure in terms of the mode oi.genfun.ctions
and maintains conservation of acoustic energy across segment interfaces. More

modes may be required when a significant amount of energy is carried by a mode
that is close to cut-off.
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APPENDIX A
SCATTER IN MODAL COEFFICIENT FILES

Extensive work was done to determine the reliasbility of a particular
probe through the eliminz: ion Jf that probe in the modal decomposition scheme
and its subsequent effect on the results. This could be done by eliminating
one or two probes from the input data to the modal decomposition program and
solving for less radial mode orders. This was done for all probes and then
the modal coefficient files were examined for scatter. To determine the
degree of scatter, all modal coefficient files that were genersted without a
particular probe were combined and each mode had its sverage value and
standard deviation calculated. The reasoning was that if a probe was not
functioning properly its elimination from the data would result in reduced
scatter (lower standard deviation) assuming all the other probes were
functioning well. In the case where a probe was calibrated to read high as
was the case in the 7600 rpm hardwall run, this proved to be zn excellent mode
of detecting a bad probe. _Howcvor. in the case vhere a probe was slightly
miscalibrated or reading low, this method was not as effective. Por example,
in the case where a broken diaphragm gave no reading, as was the case in all
downstream treatment runs, the scatter was less by leaving out this probe but
only slightly less. FPFigure Al shows a comparison of scatter versus probe
elimination for these two cases. Since the degree of confidence in using this
method was low for low rsading probes, it was not utilized in these cases.

In summary, modal decomposition was carried out using all functioning
probes, except in the case of the 7600 rpm hardwall run. In that case, the
csuse of miscalidration was known before the scatter techniques were applied,
and the scatter techniques confirmed that fact. In the downstresm treatment
cazes the probe with the defective transducer was eliminated from modal
decomposition. That is, the scatter criteria was not used in the data
reduction process. ‘
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APPENDIX B
AN ASSESSMENT OF ERRORS IN THE IN-SITU MEASUREMENTS
OF THE ACOUSTIC IMPEDANCE

- .A. "T -‘Tﬂ‘“ Shest
|
|

Py (2) Signal at A

' Pp (2) Signal at B
l Honeycomb Core
B

. Acoustic Transducers

e ) cnm—{-

The skstch abore shows two transducers sensing signals at the surface
of the porous face sheet (A) and at the backwall of the cavity (B).

The Acoustic Impedance of the locally reacting SDOF panel in terms of
the two signals, its thickness 4 and the frequency f is given by

Z(f) = -1 H,, exp {i ¢n(f)l cosec(kd) (Bl1)

where ¥ = 2vf/c, ¢ is the speed of sound and

% % ;
Hyp oxp {1 ¢u(f)} = PA(f) PB“) / P’(f) PB(” (82)

The transfer function “AB(” and the phase difference Qm(f) are
obtair:¢ from the analysis of the two signals; cosec(dk) is computed from
specified values of the panel thickness 4, and temperature T in the cavity.
Pirst consider the error in tiie measured impedance due to errors in the values
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of 4 and T. It can be shown that an error in the impedsnce value “1(0 !
due to an error &§(kd) is given by j
)
sclcf) = (881 + 18&)

= =(R+iX) cot(kd) . &(kd) : (B3)

where ‘
4 a3t -

T is in °K and d is in millimeters.

It is clear from (B3) that the error scl(f) is zero when cot(kd) is
zero, that is, close to the tuning frequency of the SDOF panel. Sanple )

calculations of the expected errors in the measured 1mp'edauce of an SDOF panel
_due to errors in the specified thickness and temperature are presented in
Table Bl. The errors in the resistance and reactance values due to errors in
the temperaturu and thickness are quite large near the antiresonance frequency
given by ¢/24. Away from this frequency, these errors are quite small and may
be ignored. In practice the cavity thickness d may be measured with much
greater accuracy than specified in Table Bl. The accuruj of temperature may
be improved by accurate calibration of the thermocouples used in the
lagboratory.

The other sources of error in the measured impedance are errors
Juu(f) and “AB(” in the measurement of the transfer function and
the phase difference of the signals. These errors may be either of the bdias
type or of randoa type as discussed in Reference 22. These types of errors
may be ninimized by increasing the number of averages in the data analysis as
well as by reducing the bandwidth. However significant errors in the measured
values of HAB“) and Qn(f) may exist due to the following:

1. Transducers not flush with the surfaces at A sad B.

2. Leskages from the cavity other than through the porous sheet.
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Table Bl. In-Situ Measurements

e Estimated Errors in the Measured Impedances Due to
Errors in the Thickness (d) and Temperature (T)

® R=0.4pc, d=46.48mm, T = 294°K, &4 = 0.762 mm,

4T = 1.1°x
£, X, éRy ,, €R}ms 8X1,, X1y
Hz . pc m:‘l D‘g ncd ncr

250.0 -4.604 0.006 0.001 =0.07% -0.009
500.0 ~2.125 0.006 0.001 =0.033 -1.004
750.0 ~1.217 0.06 0.001 -0.017 ~2.002
1000.0 ~0.698 0.045 0.001 =0.009 -5.001
1250.0 -0.330 0.004 0.000 =0.003 -0.000
1500.0 ~1.031 0.003 0.000 -¢.000 =0.000

1750.0 0.236 0.001 0.000 0.001 0.000
2000.0 0.495 2.001 | -0.000 -0.002 | -0.000
2250.0 0.76¢ J.004 | -0.001 -0.008 -0.001
2500.0 1.073 ) -0.008 | -0.001 =0.023 -0.003
2750.0 1.459 | -0.015 | =-0.002 -0.053 =0.006
3000.0 2.019 | -0.024 | -0.003 0123 -0.014
. 3250.0 3.050 | -0.044 | -0.005 =0.337 -0.039
3500.0 6.273 | ~0.109 | -0.013 =1.716 -0.197

3750.0 ~27.150 0.580 0.067 .| =39.381 -$.532
4000.0 ~3.213 0.088 0.010 =0.706 ~0.081
4250.0 -1.233 0.648 0.005 ~0.147 -}.017
4500.0 ~0.425 0.021 0.004 -0.033 =0.004

4750.0 0.058 0.022 0.002 0.00) 0.000
5000.0 0.411 0.014 0.002 0.015 0.002
5250.0 0.702 0.008 0.001 0.0%4 -0.002
5500.0 0.967 0.002 0.000 0.004 0.000
5750.0 1.226 | <0.005} -0.001 -0.016 =0.002
6000.0 1.501 | -0.013 { -0.001 =0.049 ~0.006
6250.0 1.818 | -0.023 | -0.003 ~0.104 ~0.012

R, X: Nominal values of resistance and resctance

§R),, 8X1,: Errors in resistance/reactanc: due to error
' T ga (mm)

8R),, &X)y: Error in resistance/reactance due to error
éT (* K)




3. Inaccurscies in the eali.liution of transducers.
4. Inaccuracies due to insufficient signal-to-noise ratio.

Under conditions of grazing flow, the measurement of iapedsnce is found
to be extresely sensitive to the position of transducer A relstive to the
surface of the porous face shest. Experience showed that for accurate
ssasurenent tho face sheet transducer must be absolutely flush with it.
Leskages were eliminated by constructing s single cavity with hard walls.

Insccuracies in the calibrations of the transducers and insufficient
signal-to-noise ratio are the most significant sources of error in the
msasured ispedance. The czlibrations of the transducers, the associsted
signal conditioning equipment and the A to D converter of the data analysis
systea are required becsuse of significant differences in their response
characteristics. The method used for the calidration of the transducers, the
signal conditioning amplifiers and the analog-to-digital converters cousisted
of placing them at the end of a tube flush with a hard wsll terminstion and
exciting a brosdband scoustic signal at the other end. Under these
conditions, both the transducers were subjected to pisne wsve signals at all
frequencies up to the cut-on frequency of the (1,0) mode. The tranifer
function and the phase differencs measured under these conditions represented
the calibdbration to be used wten msasuring impedance. Clesrly, the accuracy of
this calibration wou!: depend on the signal-to-noise ratio during its
messurement. Pigure Bl shows the calibration of the transducer systes used in
the In-Situ measurssents in the Grazing Flow Duct. The relisdble part of this
data lies roughly between 600 Hz and 2800 Hz. At frequencles cutside this
range, signal-to-noise ratio is a problem. The difficulty lies in poor
coupling between the speaker and the tube at these frequencies and a
relatively high level of eslectronic-system noise. A way to eliminate this
problem would be to uss discrete frequency signals for calibrstionm.

Prom error analysis, it can de shown that the error 8(2 in the
msasured imgedsnce due to errors &8“ and “A.B is given by
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where R and X are the scoustic resistance and reactance values respectively of
the panel being tested. Table B2 shows ssmple calculations of the expected
errors in the measured impedance due to given errors in the measured phase
difference and the transfer function of the signals at A and B. A small error
in phase has little effect on the messured resctancs over the entire frequency
rsnge but gives rise to significant errors in the messured resistance at
frequencies where the reactance is lsrge. A small error in measured transfer
function gives rise to a small error in both the measured resistance and
reactance values.

Onrzthc frequency range of interest in this study, the errors in the
measured impedance due to errors in the mesasured values of H,,(f) and
’u(f) were considered to be insignificant.
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Table B2, Expected Errors in Measured Impedance Due to Errors
in the Measured Transfer Function (H,g) aod Phase Difference (¢AB)

e R= 0.4 pc

o $&9;3 = 0.025 radians (1.43°) error in phase difference
()

e &Hyp/Hpg = 0.05

f’ xv §R ] éX

Hz pc ocz:. gg.
250.0 -4 .604 -0.115 0.230
$00.0 -2.125 -0.053 0.106
750.0 -1.217 -0.030 0.061
1000.0 -0.698 -0.017 0.035
1250.0 -0.330 -0.008 0.016
1500.0 -0.031 -0.001 0.002
1750.0 0.236 0.006 0.012
2000.0 0.495 0.012 0.025
2250.0 0.766 0.019 0.038
2500.0 1.073 0.027 0.054
2750.0 1.459 0.036 0.073
3000.0 2.019 0.050 0.101
3250.0 3.0%0 0.076 0.153
3500.0 6.273 0.157 0.314
3750.0 -27.150 -0.679 -1.357
4000.0 -3.213 -0.080 -0.161
4250.0 -1.233 -0.031 -0.062
4500.0 «0.425 ~0.011 -0.021
4750.0 0.058 0.001 0.003
5000.0 0.511 0.010 0.021
$250.0 0.702 0.018 0.035
$500.0 0.967 0.024 0.048
$750.0 1.226 0.031 0.061
6000.0 . 1.501 0.038 0.075
6250.0 1.818 0.045 0.091

§Rzy, $X3¢% Errors due to S0ps

&Ry, $Xog: Errors due to $Rzp/Hpp
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APPENDIX C
. RIGERVALUE EQUATIONS

The complete form of the eigenvalue equation (referred to in Section

2 2
CY) = {?‘ a-o0?+ s 9‘1?"— + (BxH) 22 } T,

-y @1-0 m—;—-"--iam 1,

-~y (-0 {1 -0 +i8kHA © T,

-y a-oit -0

where 8 = acoustic admittance of the duct walls

Y = ks,

= r11r2

4 H= r2 - rl

I €1 Yo (0 - 3 Y, v

J. «y) ¥n+1 (v} - Jﬂ+1 () !. «Y)

o]
[}

3 * Jpa1 €y Y, (v) -3, () Yo N

'1" = Jud") le(n) - Jml(ﬁ) Ym_l(r)
K .2
A= (1~ X o)
7 20 - 02
Ty - O=X0
K )
X 1 - W

LY and r, ace the inner and outer wall rsdii
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4.1.1) for sound propagstion in a lined duct carrying uniform flow is

(Cc.1)

(C.2)

(c.3)

(C.4)

(c.s)

g e g




and J-( ) and !.( ) are Bessel functions of the first and

4\3cond kinds of order =n.
"~

As mentioned in Section 4.1.1, the eigenvalues can be detemins«; by a
Newton-Raphson iteration of Equstion (C.l).

Alternately, Bquation (C.1l) can be recast ss the differentisl equation

2 _
d4 _1|_)liaQ -0 2,2
I-D[ { 3 kHA + (kH) A28 Tl
(-1}
- (1l - c)ikna(rz - '1'3)] ax (C.6)

vhere

o-rl{ 2[ -1(1+'(2)]
:

+un:su-c)z[ <A+§A)+u]

+2 a2 AA + 35}
2
+1, { a-o2qd- B + 1mc - O [u -‘“1‘—"-0-] - (m;znz}

+'r {(1-() (Y - ) - M(I-C)[Ytq-u\(l-()] -C(Bk!!)zaz}

+ 'r‘ { (1- C)ZI(Y -1) +#4BKHA(L - 0X(C - 7) (c.7)

and 11. 1‘2. T., and 2‘ ars represented in Equations (C.4).

Bigenvalues can be obtained by integrating Equation (C.6). Any variation

of admittance (8) with recpect to the independent variable x can be pre-

scribed. Por a linear vaciation 8 = xs wvhere B is the wall :dn.ittance.
Equation (C.6) and (C.7) reduced to
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- .1 [ { mﬂ%‘ﬁ 8 kin + 2¢8_jan?a%x } 1,
+¥(1 - ©) 18 KHA(T, - ’3’] < s
and
. { o1 - 02 [aﬁ ) 2 ] 2fa,.m
D=1, = 2 ya s+ D | +isjaa - 0 [C(A+YA)+YA]x

+ 28 xH)2AA + 2n xz}

2

+7T

2 4

+

+ 7T

T, { (1 - 0%y? -0 - 18 kH(1 - ) [u+mu-c)] x - Z(8, xH) 242 2}
‘{

Q- C) m(y - 1) + 18 kHA(l -0 - )x } (C.9)

To find the_ softwall eigenvalues, Equation (C.8) must be integrated from
X =0 tox=1. The initial values for vy (at x = 0) are the hardwall
eigenvalues. -
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