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ERRATA AND ADDENDA 

P I  ease rep1 ace pages 8 and 9 w i t h  t h e  a t tached  r e v i s e d  vers ions .  

I n  t h e  o r i g i n a l  page 9 t h e  remarks concern ing i n t e g r a t i o n  o f  dv, and 
d v Q  were  i n a d v e r t e n t  and i n c o r r e c t .  V a l i d  i n t e g r a t i o n s  apply  on l y  t o  t h e  
Ca r tes i an  forms du, dv, dw as se t  f o r t h  i n  E q .  ( l a )  o f  t h e  new page 8, The 
components  dv r  and d v 4  i n  c y l i n d r i c a l  p c l a r s  serve o n l y  t o  d e l i n e a t e  t h e  
t r a n s f e r  f u n c t i o n s  o f  t h e  s h o c k - i n t e r a c t i o n  process i n  s imp les t  form. I n  
t h e  r e v i s i o n ,  t h e  o p p o r t u n i t y  has Seen taken  t o  expand page 8 by p r o v i d i n g  
eqii lat ions t h a t ,  hopeful  l y ,  c l a r i f y  t h e  verba l  statements.  

Page 5. D e f i n i t i o n s  o f :  

K: I n  more convent iona l  n o t a t i o n  "9" would be rep laced by " 8  + - 
~ ' 2 " :  see remarks below r e  d e f i n i t i o n  o f  8. 

r 4, X :  De le te  " o f  f i e l d  p o i n t " .  [Refers t o  components o f  - K and 
dZ - d e s c r i b i n g  shear wave (F i gs .  1, 2) .1 

8: 8 i s  t h e  p o l a r  angle  o f  t h e  v e l o c i t y  vec to rs ,  p r o p o r t i o n a l  t o  
dZ, i n  t h e  shear wave, F ig .  1. The p o l a r  angle  o f  t h e  wavenumber 
v e c t o r  - K, normal t o  t h i s  t r ansve rse  wave, i s  8 + x/2.  

May 21, 1986 



Acknowl edaements 

Suppor t  a t  t h e  U n i v e r s i t y  o f  To ron to  was a ided  by a g r a n t  f rom t h e  
N a t u r a l  Sciences and E n g i n e e r i n g  Research Counc i l  of Canada and a t  t h e  NASA 
Lang ley  Research Center  by t e n u r e  as a D i s t i n g u i s h e d  Research Assoc ia te .  



Abs t rac t  

Th is  work i s  a  smal l  ex tens ion  o f  our NACA s t ud ies  o f  t h e  e a r l y  f i f t i e s  
t h a t  p r e d i c t e d  amp1 i f i c a t i o n  of tu rbu lence  on pass ing th rough  a shock wave 
(observed f o r  t u r b u l e n t  boundary l a y e r s ) ,  as w e l l  as t h e  genera t ion  o f  
i n t e n s e  no ise  (observed f o r  supersonic j e t s ) .  The f i r s t  so lved t h e  bas ic  
gasdynamics problem o f  t h e  i n t e r a c t i o n  o f  an i n f i n i t e  p lanar  shock w i t h  a  
s i  ng l  e  three-d imensional  spectrum component of tu rbu lence  (an obl  i que  
s i n u s o i d a l  "shear wave"). The second developed t h e  comprehensive 3D 
spectrum a n a l y s i s  necessary t o  gene ra l i ze  t h e  scenar io  t o  t h e  i n t e r a c t i o n  o f  
a  shock wave w i t h  convected homogeneous tu rbu lence .  Nurneri c a l  c a l c u l a t i o n s  
were c a r r i e d  ou t  t o  y i e l d  curves (vs. Mach number) o f  rms sound pressure,  
temperature f l u c t u a t i o n ,  and two components o f  t u r b u l e n t  v e l o c i t y  downstream 
o f  t h e  shock, f o r  two cases o f  preshock tu rbu lence .  The present  numerical  
s tudy reproduces these f o r  one case and p rov ides  i n  a d d i t i o n  t h e i r  
one-dimensi onal power spec t ra  (vs. wavenumber o r  f requency) .  Ra t ios  of t h e  
severa l  postshock spec t ra  t o  t h e  1 ongi t u d i  na l  preshock t u rbu lence  spectrum 
(ID) have been computed f o r  a  wide range o f  Mach numbers; curves vs. 
wavenumber a re  presented f o r  two scenar ios  o f  preshock tu rbu lence :  i s o t r o p y  
and axisymmetry, bo th  based on t h e  von Karman 3D spectrum. 
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Nomencl a t u r e  

- 
a = 1.3390, pure number 

r., N 

B = 55/18m, pure number 

C p  C = pre-  and postshock sound speeds, r e s p e c t i v e l y  

C* = c r i t i c a l  sound speed 

IAC = f l u x  o f  acous t i c  energy f rom u n i t  shock area 

lTUWB = f l u x o f  preshock t u rbu lence  k i n e t i c e n e r g y i n t o u n i t  s h o c k a r e a  

K - = nondimensional wavenumber v e c t o r  (K1, K2$  K3  o r  K, 8, 9, F ig .  1; 
a l s o  K,, K1, 8, Fig.  2)  

N 

k - = K/aL, ac tua l  wavenumber v e c t o r  

L = l o n g i t u d i n a l  s ca le  o f  t u rbu lence  

i ? i l ~  = UA/cA, preshock Mach number 

M~ = U/c, postshock Mach number 

P = t r a n s f e r  f u n c t i o n  r e l a t i n g  dp" t o  du 

P = ambient p ressure  

P ~ I  = p ressure  p e r t u r b a t i o n  

T = t r a n s f e r  f u n c t i o n  re1 a t i n g  d % ' t o  du 

I = ambient temperature 

r, 6, X 1  = c y l i n d r i c a l  coord ina tes  o f  f i e l d  p o i n t  

U A S  U = pre-  and postshock stream v e l o c i t y ,  r e s p e c t i v e l y  

u, v, w = nondimensional components o f  v e l o c i t y  p e r t u r b a t i o n  i n  d i  r e c t i o n s  
X X2,  X 3 9  r e s p e c t i v e l y  ( ac tua l  components/c*) 

X - = nondimensional f i e l d  p o i n t  v e c t o r  (XI, X2, X 3 ,  F ig .  1, o r  X1, r, 
9, F ig .  2). X 1  i s  1 shock 

X - = - XaL, ac tua l  f i e l d  p o i n t  v e c t o r  
.-" 
X = t r a n s f e r  f u n c t i o n  r e l a t i n g  du' t o  du 

P-2 

\r" = t r a n s f e r  f u n c t i o n  r e l a t i n g  dv; t o  dvr 



Zo  = (complex)  wave a m p l i t u d e  a s s o c i a t e d  w i t h  o = u,r, 4, z\  pb' 
e t c .  

Y = r a t i o  o f  s p e c i f i c  h e a t s  ( t a k e n  as 1.4) 

8 = p o l a r  a n g l e  ( F i g s .  1-3)  

'c r = c r i t i c a l  a n g l e  s e p a r a t i n g  evanescent  and nonevanescent p r e s s u r e  
waves 

PA, p = f l u i d  d e n s i t y  upstream and downstream o f  shock, r e s p e c t i v e l y  

T' = t e m p e r a t u r e  p e r t u r b a t i o n  

4) = az imuth  a n g l e  ( F i g s ,  1, 2 )  

@o = one-dimensi  onal  ( I D )  s p e c t r a l  d e n s i t y  a s s o c i a t e d  w i t h  
o = U, V ,  U '  , T ' ,  p", e t c .  

u) = r a d i a n  f requency  ( 2  n x f  requency) 

Note:  s u p e r s c r i p t  A s i g n i f i e s  a c t u a l  d imens iona l  q u a n t i t y .  



INTRODUCTION 

A n a l y t i c a l  s t ud ies  o f  three-d imensional  d i s tu rbances  convected through 
- and i n t  r a c t i n g  w i t h  - a shock wave seem t o  have commenced i n  t h e  e a r l y  
1 9 5 0 ' ~ . ~ - '  The d i s t u r b a n c e s  were waves of ( 1 )  v o r t i c i t y ,  (2 )  ent ropy,  o r  
( 3 )  sound ; they  were i n  t h e  form o f  o b l i q u e  p lanar ,  u s u a l l y  s i  nuso ida l  , 
pa t t e rns .  Any one such wave encoun te r ing  t h e  shock would genera e  a  1 t h r e e  
k i n d s  on he  downs t ream s i d e .  It was p o i n t e d  o u t  by R ibne r f  9 ~ 3 '  and by 
B a t c h e l  o r S  t h a t  t h e  v o r t  i c i  t y  waves ( c a l l  ed t h e r e i n  "shear waves") were 
three-d imensional  F o u r i e r  components o f  a r b i t r a r y  incompress ib le  f lows,  
e.g., weak tu rbu lence .  (See a1 so ~ o y a l  .8) 

The i n i t i a l  pape rs  t r e a t e d  t h e  i n t e r a c t i o n  o f  i n d i v i d u a l  waves o f  
a r b i t r a r y  i n c l i n a t i o n  w i t h  an i n f i n i t e  p lane  shock ; analyses were 
l i n e a r i  z e d  i n  t e r m s  o f  wave a m p l i t u d e .  A  l a t e r  d e v e l o p e d  t h e  
comprehensive 3D spectrum a n a l y s i s  necessary t o  descr ibe  t h e  i n t e r a c t i o n  o f  
t u rbu lence  w i t h  a  shock; t h e  e a r l i e r  s ingle-wave r e s u l t s  were t h e  " b u i l d i n g  
blocks". Numerical c a l c u l a t i o n s  were c a r r i e d  ou t  f o r  rms va lues o f  
t u r b u l e n c e  v e l o c i t y  components ,  t e m p e r a t u r e ,  and p r e s s u r e  ( sound )  
f l u c t u a t i o n s  downst ream o f  t h e  shock, assuming e i t h e r  i s o t r o p i c  o r  
a x i  symmetric preshock tu rbu lence .  The p l o t t e d  c u m  es showed t h a t  v e l o c i t y  
components o f  t h e  post-shock t u rbu lence  would be a m p l i f i e d  as much as 45% 
re1  a t i v e  t o  preshock l e v e l s .  Recent measurements do d i s p l a y  t h e  phenomenon 
of a m p l i f i c a t i o n  (e.g., Refs. 9, 10).  

The c a l c u l a t i o n  o f  such t u rbu lence  a m p l i f i c a t i o n  on p  f l s l g e  th rough  a  
s h o c k  h a s  r e c e i v e d  renewed a t t e n t i o n  i n  r e c e n t  y e a r s .  - The t e r m  
tu rbu lence  i n  t h i s  con tex t  i s ,  however, a  misnomer: these  papers have 
reve r t ed  t o  d e a l i n g  w i t h  a  s i n g l e  30 spec t ra l  component o f  tu rbu lence .  They 
o v e r s i m p l i f y  i n  i n t e r p r e t i n g  t h e  s ingle-wave r e s u l t s  as r e p r e s e n t a t i v e  o f  
t h e  broa c t rum o f  waves c o n s t i t u t i n g  turbu lence.  On t h e  o t h e r  hand, two 
o f  them " S q g  p i o n e e r  i n  t h e  a p p l i c a t i o n  o f  n u m e r i c a l  i n t e g r a t i o n  o f  t h e  
Eul e r  equat ions t o  t h e  s i  ngle-wave shock- i  n t e r a c t i o n  problem. By copi  ng 
w i t h  n o n l i n e a r i t y  t hey  t e s t  t h e  range o f  a p p l i c a b i l i t y  o f  t h e  r e s u l t s  o f  t h e  
1 i near ana l ys i s .  

Some o t h e r  s t u d i e s  based on t h e  same f l u i d  dynamics, bu t  q u i t e  d i s t i n c t  
i n  o r i e n t a t i o n ,  may be noted. These r e l a t e  t o  t h e  passage o f  a  columnar 
v o r t e x  broads ide th rough  a  p l ana r  shock wave: a  c y l i n d r i c a l  sound wave 
appears on t h e  downstream s ide,  p a r t l y  c u t  o f f  by t h e  shock, as w e l l  as a  
mo~d i f i ed  vo r t ex .  The single-wave ( s i n g l e  F o u r i e r  component) r e s u l t s  o f ,  
e,g. ,  Ref, an serve as t h e  " b u i l d i n g  b locks"  t o  compute t h i s  sound wave 
i n  d e t a i l .  1':15 Unl i ke t h e  shock- turbu lence i n t e r a c t i o n  problem, which i s  
s t o c h a s t i c ,  t h ' s  p  nomenon i s  d e t e r m i n i s t i c  (and i s  more r e a d i l y  v e r i f i a b l e  
by e x p e r i m e n t  l6 ") . Never the less , t h e  unde r l y i ng  a n a l y t i c a l  framework i s  
t h e  same. Both problems have been cons idered re l evan t  t o  t h e  genera t ion  o f  
"shock no ise"  

6b15 ,I8 rbu lence  pass ing th rough  t h e  shock p a t t e r n  o f  a  
supersonic  j e t .  

It appears t hen  t h a t ,  d e s p i t e  o t h e r  r e s u l t s  both o l d  and new, t h e  on l y  
genuine c a l c u l a t i o n s  o f  t u rbu lence  i n t e r a c t i n g  w i t h  a  shock wave a re  those 
o f  t h e  e a r l y  re fe rence  6. But these, as noted above, have been l i m i t e d  t o  
rms va lues  o f  t h e  r e l e v a n t  d is tu rbances  : t h e r e  a re  no computed spect ra .  
The p resen t  s tudy i s  an ex tens ion  o f  t h a t  paper ( i n  a  v e r y  l i m i t e d  sense); 



i t seeks t o  p rov i de  t h e  one-dimensional power spec t ra  (vs .  wave number o r  
f requency)  o f  v e l o c i t y ,  temperature,  and p ressure  p e r t u r b a t i o n s ,  and o f  t h e  
a c o u s t i c  energy f l u x  emanating f rom t h e  shock. The procedure i s  one of 
numer ica l  i n t e g r a t i o n  o f  t h e  cor responding 3D spect ra .  These a re  adapted 
f rom Ref. 6, w i t h  t h e  3D spectrum o f  t h e  preshock tu rbu lence  spec i f i ed .  

SHOCK-TURBULENCE INTERACTION 

T rans fe r  Func t ions  Connect i  ng F o u r i e r  Components ( D e t e r m i n i s t i c )  

A snapshot o f  an a r b i t r a r y  f l o w  f i e l d  may be represented by a Fou r i e r -  
S t i e l  t j e s  i n t e g r a l  i n  t h r e e  dimensions, as 

Th i s  i n t e g r a l  i s  e f f e c t i v e l y  a  supe rpos i t i on  o f  p lane s i nuso ida l  waves wl'th 
wavenumber K normal t o  t h e  planes o f  cons tan t  phase; v a r i a t i o n  o f  M imp1 i e s  
a  d i s t r i b u t T o n  o f  wavelengths and o r i e n t a t i o n s .  We can app ly  t h i s  Tormad t o  
weak, e s s e n t i a l  l y  " f r ozen "  t u rbu lence  (a  p a t t e r n  w i t h  negl i g i  b l e  t ime  
dependence) ; t h i s  w i  l 1 behave almost incompress ib ly  , governed by 

even though convected a t  h i gh  speed, App ly ing  t h i s  c o n s t r a i n t  t o  ( l a )  shows 
t h a t  t h e  amp l i tude  dZ - and wave number - K a re  o r thogona l :  

Thus an i n d i v i d u a l  wave i s  t ransverse ;  i t  may be i n t e r p r e t e d  p h y s i c a l l y  as 
an o b l i q u e  s i n u s o i d a l  wave o f  shear ing  mot ion  ( F i g .  1). 

Such a  wave, when convected i n t o  a  s  ock, i n t e r a c t s  i n  a  p l -ed ic tab le  
f a s h i o n  a c c o r d i n g  t o  l i n e a r  t h e o r y :  a  " r e f r a c t e d '  shea r  wave, a  
superposed en t ropy  wave, and a  p ressure  wave emerge on t h e  downstream s ide .  
I f  t h e  i n i t i a l  p a t t e r n  o f  waves (upstream tu rbu lence )  i s  k17own o n l y  
s t a t i s t i c a l  l y ,  then  t h e  downstream p a t t e r n  (mod i f i ed  tu rbu lence ,  ent ropy 
"spott iness", and no i se )  can he determined s t a t i s t i c a l l y .  That i s ,  spect ra ,  
c o r r e l  a t  i ons , and mean square va l  ues can be c a l  c u l  ated. 

To t h i s  end, we i n c o r p o r a t e d  t h e  d e t e r m i n i s t i c  s inglg-wave r e l a t i o n s  1 

i n t o  a  comprehensive spectrum a n a l y s i s  i n  t h r e e  dimensions f o r  homogeneous 
tu rbu lence .  A b r i e f  account o f  r e l e v a n t  p a r t s  o f  t h e  developmenl; i s  g j v e n  
below. The phys i ca l  q u a n t i t i e s  a re  normal ized so as t o  be nondimensional: 

U, V, W, e t c .  = v e l o c i t y  componen ts / c r i t i ca l  so%nd speed, c* 
p" = pressure per tu rba t ion /amb ien t ,  P A 

T' = t e q e r a t u r e  p e r t u r b a t i  on/ambi e n t  , T 

(Bu t  a d d i t i o n  o f  a s u p e r s c r i p t  A t o  u, p", T', etc., removes t h e  nosmal iza- 
t i o n . )  ,--.-- . --, 



I t  w i l l  be convenient t o  re-express t h e  v e l o c i t y  f i e l d  of an i n c i d e n t  
shear  wave (F ig .  1) i n  c y l i n d r i c a l  coord ina tes  as (see a l s o  F ig .  2 where t h e  
wave i s  viewed edge-on) 

du = dZ, exp ( i  - K-X) - 

dv, = dZ, e x p ( i  - K-X) - 

dvm = dZm exp ( i  - KeX) - 

where du i s  p a r a l l e l  t o  XI (normal t o  t h e  shock), dvr i s  p a r a l l e l  t o  r, and 
dv+ i s  perpend icu la r  t o  r and XI i n  t h e  d i r e c t i o n  of i nc reas ing  +. The 
planes o f  cons tan t  phase K e X  - (=  - k-x ,  - see below) = constant  make an angle 8 
w i t h  t h e  X1 ax i s .  The wave number K and p o s i t i o n  vec to r  X are non- 
d imensional ;  t hey  a re  formed f rom t h e i r  d jmensional  coun te rpar ts  7T - and - x as 

K = kZL; L  = tu rbu lence  l o n g i t u d i n a l  sca le  - - 
( 3 )  

X = x/ZL; 8 = pure number - - 

r e s p e c t i v e l y .  

F i g u r e  3 shows t h e  r e s u l t s  o f  t he  encounter o f  t h e  i n c i d e n t  wave, Eq. 
(21,  w i t h  t h e  shock. The t h r e e  waves t h a t  appear on t h e  downstream s ide  
a r e :  

r e f r a c t e d  shear wave, w i t h  components: - 

d u ' =  d Z 1 ( K ' ) e x p ( i  u - - K' 2); dZ; = XdZu 

dv: =dZi(K- ' )exp( i  - K ' s i ) ;  dZC =?'dZ, 

dvb = dZb(K ' )exp( i  &' OX); dZb = dZ4 

en t ropy  wave, a l i gned  w i t h  r e f r a c t e d  shear wave: 

d't' = dZ\ (K1)exp( i  - - K' ex); - dZ\ = TdZu 

so~ ind  wave: 

dp" = d Z i ( K u ) e x p ( i  - - K" *A); dZi; = PdZu (6) 

The planes o f  constant  phase K '  - X  = constant  and K " * X  = constant  make angles 
0 '  and 8" ,  r e s p e c t i v e l y ,  wiFh The XI ax i s  o r  shTck-normal (F ig .  3) .  These 
angles are f unc t i ons  o f  t h e  angle 8 o f  t h e  i n c i d e n t  wave (and o f  t he  Mach 



n u m b e r ) .  F o r  101 i n  t h e  r a n g e  f r o m  m r P t o  a  c r i t i c a l  v a l u e  QCr ,  t h e  
p r e s s u r e  wave decays e x p o n e n t i a l l y  w i t h  d i s t a n c e  f rom t h e  shock ( i n  
p r o p o r t i o n  t o  wave number): such waves a r e  c a l l e d  evanescent. For 181 i n  
t h e  r a n g e  f r o m  0,, t o  n / 2  t h e  wave  shows  n o  d e c a y  a n d  i s  c a l l e d  
nonevanescent h e r e i n  . 

The r i g h t  hand s e t  of equa t ions  r e l a t e s  t h e  r e s p e c t i v e  ampl i tudes o f  
t h e  downs t ream waves w i t h  those  o f  t h e  i n i t i a l  shear wave components, dZ,, 

,-4 ,-4 

dZr ,  dZm. The t r a n s f e r  f u n c t i o n s  X, Y, T, and P a re  a l l  dependent on t h e  
i n c i d e n t  wave ang le  0, as w e l l  as Mach number M; t h e y  a r e  t h e  r e s u l t s  o f  a  
gasdynamic a n a l y s i s  c a r r i e d  o u t  i n  Ref. 1. F u n c t i o n a l  express ions,  taken o r  
adapted the re f rom,  a r e  g iven  i n  Appendix A h e r e i n .  The t r a n s f e r  f u n c t i o n s  
a r e  q u i t e  d i f f e r e n t  i n  t h e  regimes 0 t o  8, and OCr t o  n/2; i n  p a r t i c u l a r ,  
t h e  form o f  P d i c t a t e s  evanescence i n  t h e  former and nonevanescence i n  t h e  
l a t t e r .  

Three-Dimensional and One-Dimensional Power Spect ra  ( S t o c h a s t i c )  

For a p p l i c a t i o n  t o  a  s t o c h a s t i c  f i e l d  such as t u r b u l e n c e  i t  i s  
necessary  t o  go over  t o  s t a t i s t i c a l  r e l a t i o n s .  I f  we form an ensemble 
avera e  f o r  waves o f  d i f f e r e n t  wave numbers K  and K i n  r e s p e c t i v e  ranges d 3 ~  f - - *- 

and d  - K i t  i s  e a s i l y  proved t h a t  

i f t h e  t u r b u l e n c e  i s  homogeneous. 8919 The q u a n t i t y  [uu] i s  a  s p e c i a l  sj,rnbol - 
f o r  t h e  t h r e e - d i m e n s i o n a l  s p e c t r a l  d e n s i t y  o f  u 2  i n  wave number space K. 
The v a n i s h i n g  o f  6 ( ~ - K )  - - f o r  K f K  i m p l i e s  t h a t  waves o f  d i f f e r e n t  
wavelengths o r  i n c l i n a t i o n s  ( s i n c e  - K and - K a r e  v e c t o r s )  a re  s t a t i s t i c a l l y  
independent.  

The i n t e g r a l  o f  ( 7 )  over - K-space may be w r i t t e n ,  by v i r t u e  o f  t h e  
8 - f u n c t i  on, 

dZ u (K )dZ i (K)  - = [uu] d 3 ~  - 

I n  s i m i l a r  f a s h i o n  we can deve lop co r respond ing  express ions f o r  t h e  3%) 
s p e c t r a  [ u f u " ,  [ T ' T ' ] ,  [ p " p " ] ,  e t c ,  The i n t e g r a l  o f  ( 8 )  over  K-space i s  - - - 
u2, t h a t  o f  [ T I T ' ]  over K'-space i s  T '  2 9  and so on. 

A p p l i c a t i o n  o f  these  procedures t o  ( 4 )  t o  (6 )  l eads  t o 6  



where t h e  i n t e g r a t i o n  l i m i t s  a r e  -+ i n  K l ,  K2, K3,  e t c .  

We s h a l l  l i m i t  a t t e n t i o n  t o  ax i symmet r i c  t u r b u l e n c e ,  w i t h  main emphasis 
on t h e  s p e c i a l  case o f  i s o t r o p y .  T h i s  and t h e  ax 'symmetry o f  t h e  shock 
i n t e r a c t i o n  p r o c e s s  l e d  us i n  t h e  e a r l i e r  m a t e r i a l k  t o  employ c y l i n d r i c a l  
c o o r d i n a t e s .  I n  t h e s e  c o o r d i n a t e s ,  

A f i r s t  i n t e g r a t i o n  w i t h  r e s p e c t  t o  d4 t h e n  y i e l d s  a f a c t o r  2n, so t h a t  

r e s p e c t i v e l y .  

The l a s t  e q u a l i t y  i n  each l i n e  d e f i n e s  a  one-dimensional  spectrum; 
t h e s e  a r e  exp l  i c i  t l y  : 



As fo rmu la ted ,  a l l  f o u r  spec t ra  a re  f u n c t i o n s  o f  t h e  upstream l o n g i t u d i n a l  
wave number K,. Th is  i s  convenient  and pu ts  them on a  common basis .  
Moreover, K, i< p r o p o r t i o n a l  t o  r a d i a n  f requency w i n  t h e  form 

[This f o l l o w s  from 

and t h e  d e f i n i t i o n ,  Eq. ( 3 ) ,  connec t ing  t h e  two k 's . ]  

Altho,ugh t h g  i n t e r a c t i o n  process o f  F ig .  3 conserves Kr bu t  n o t  K , 
(K, # K, f K ) ,  t h e  f r e q u e n c y  o i s  i n v a r i a n t  ( w  = w '  y d f .  
That i s ,  an observer perce ives  t h e  same f requency as each of t h e  wave 
p a t t e r n s  moves past .  Th is  i s ,  o f  course, a  necessary r e s u l t  f o r  a 
s t a t i s t i c a l l y  s teady process. A geometr ic  a n a l y s i s  f o r m a l l y  con f i rms  the  
i n v a r i a n c e  o f  w. 

I s o t r o p i c  Preshock Turbulence 

For e v a l u a t i o n  o f  t h e  1D spec t ra  o f  (11)  t h e  3D spectrum, [uu], o f  t h e  
i n p u t  t u rbu lence  must be s p e c i f i e d .  The von Karman spec t ra l  model ( ca l l ed  
ell i n  Ref. 20) i s  chosen; i n  our n o t a t i o n  i t  i s  

- B K , ~  
[uu] = u2 

2n [ l  + K12 + K ~ ~ ] ~ ~ / ~  

where t h e  l o n g i t u d i n a l  sca le  L o f  t h e  t u rbu lence  i s  i nco rpo ra ted  i n  K = kZL, 
The pure number ;i( i s  a  normalizing cons tan t  chosen so t h a t  



For  numerical  e v a l u a t i o n  of t h e  1D spec t ra  i t  w i l l  be convenient t o  
express t h e  c y l i n d r i c a l  wave number component Kr i n  terms o f  t h e  
l o n g i t u d i n a l  component K1 and t h e  p o l a r  angle  0. Th is  wi l l  rep lace  t h e  
i n f i n i t e  range i n  Kr by a  f i n i t e  range i n  8. It w i l l  a l s o  be e a s i e r  t o  
i n t e r p r e t  t h e  i n t e g r a l  i n  terms of t h e  geometry o f  F ig .  3. Compat ib ly w i t h  
Ref, 6 (Eq. 56) we pu t  (F igs.  1, 2 ) :  

K1 = -K s ine,  K 2  = K  cos8 cos@ 

I n s e r t i n g  (15) and (17) i n t o  (11)  g ives ,  a f t e r  some reduc t ion ,  t h e  f o l l o w i n g  
format  f o r  e v a l u a t i o n  o f  t h e  1D spec t ra :  

where 

and 

- 
i - - B n/ 2 - cos 38d 8  

u 2  p o Iri ' s i n3@[b '  + c o t  28] l7I6 

- 
f o r  i = u, u ' ,  T', p", ri = 1, X T, P. 

These express t h e  general  form t o  be numer i ca l l y  i n t e g r a t e d  f o r  t h e  shock- 
i n t e r a c t i o n  p roduc ts  i n  t h e  present  case; namely, i s o t r o p i c  preshock 
t u rbu lence  w i t h  s t a t i s t i c s  descr ibed  by t h e  von Karman 3D spectrum. 

One Dimensional S ~ e c t  r a  o f  v  and v  ' 
- 

The o n e - d i m e n s i o n a l  s p e c t r a  o f  7 and v 1  i n v o l v e  a  l e s s  s t r a i g h t -  
fo rward  d e r i v a t i o n .  The f o l l o w i n g  s e c t i o n  se t s  f o r t h  t h e  bas ic  equat ions 
and f i n a l  spect ra .  

- - 
F o r  i s o t r o p i c  and a x i s y m m e t r i c  t u r b u l e n c e ,  v 2  = w 2  upstream o f  t h e  - - 

shock and v '  = w' downstream o f  t h e  shock: t h e  r espec t i ve  1D spec t ra  have 
s i m i l a r  e q u a l i t i e s .  The corresponding 3D spect ra ,  [vv] and [ w w l g  [ v ' v ' ]  and 



[w ' w  ' 1, are  not  r e s p e c t i v e l y  equal , nor a re  t hey  a x i  symmetri c, The sums, 
however, can be shown t o  be ax isymmetr ic :  they  depend on Kr r a t h e r  than  
on K2. and K3 separa te ly .  T  ese sums on both s ides  o f  t h e  shoclc have a 
r e l a t i v e l y  s imple connect ion,  6 

[ v ' v ' ]  + [ w ' w ' j  = (IT1 - 1) t a n 2 @  [uu] + [vv]  + [ww], (19) 

where t h e  a n a l y t i c a l  form of t h e  t r a n s f e r  f u n c t i o n  7 i s  g i ven  i n  Appendix A 
here in .  

We now r e s t r i c t  ourse lves t o  t h e  spec ia l  case of i s o t r o p i c  preshock 
tu rbu lence ,  Then i n v o k i n g  t h e  c i t e d  e q u a l i t i e s  and t h e  axisymmetry of (19) 
and employing t h e  i n p u t  spectrum and methods o f  t h e  l a s t  s e c t i o n  leads to1 
t h e  d e s i r e d  lD-spec t ra  ( d e t a i l s  a re  g iven  i n  Appendix B). The r e s u l t s  are:  

,., 
$ # ( K 1 )  - $ ( K l )  - - - + B  j'/' ( I y I 2  - 1)cosOde = % ' ( K l )  (zl) - 0 - 

u 2  u  2K 1 s i n  3 ~ [ b ' +  c o t  20]17/6 u  

One-Dimensional Spectrum o f  Acous t i c  Energy, F l ux  

The l a s t  o f  equat ions (18)  g ives  t h e  1D spectrum of t h e  sound pressure 
generated downstream by t h e  passage o f  i s o t r o p i c  t u rbu lence  through a  shock, 
The connect ion t o  acous t i c  energy f l u x  i s  no t  t r i v i a l ,  as i n  t h e  case o f  
quas i -p lane y f ves  p ropaga t ing  th rough  s t i l l  a i r .  An a n a l y s i s  has been g iven 
b y  R i b n e r  i n v o k i n g  e n e r g y  f l o w  r e l a t i o n s  f o r  a m o v i n g  med ium 
( ~ 1  okh in t sev2 ' ) .  The i n t e g r a l  o f  Eq. (15)  o f  Ref. 21 reads, i n  t h e  present  
n o t a t i o n ,  

Th is  eva luates t h e  f l u x  o f  acous t i c  energy emanating f rom u n i t  area o f  t h e  
s h o c k .  S i n c e  o n l y  n o n e v a n e s c e n t  waves f i g u r e  i n  IAC, t h e  l i m i t s  o f  
i n t e g r a t i o n  correspond t o  t h a t  range. The r e s u l t  a f t e r  numerical  
i n t e g r a t i o n  i s  p l o t t e d  i n  Ref. 21. 

The q u a n t i t y  d p U 2 ( 0 )  can be i d e n t i f i e d  w i t h  t h e  i n t eg rand  ( i n c l u d i n g  
t h e  2' f a c t o r )  o f  t h e  l a s t  o f  Eqs. (11)  here in .  Hence t h e  f u r t h e r  
development l ead ing  t o  t h e  l a s t  of ~ q s .  ( 1 8 )  may be app l ied .  Th is  y i e l d s  
t h e  one-dimensional spectrum of t h i s  f l u x ,  sAC(~l), i n  t h e  form 



* 
A 

@ A C ( ~ ~ )  = 2  I x/2 I P ~  2 ( 1  + MlsinO")(M1 + s i n 0 " ) c o s 3 ~ 8  
C\ F-1 v c* MIK:TJ 2 

ITURB 'c r s i n 5 0  [b '  + ~ o t ~ 0 ] 1 ~ / ~  (23) 

when t h e  i n p u t  t u r b u l e n c e  has t h e  von Karman (3D) spectrum. T h i s  f l u x  has 
been r a t i o e d  t o  t h e  f l u x  o f  k i n e t i c  energy o f  t u r b u l e n c e  th rough  t h e  shock, 

(The - perhaps s u r p r i s i n g  - f a c t o r  5/2 r e s u l t s  f rom t h e  d e f i n i t i o n  

- - -  
and t h e  p o s t u l a t e d  i s o t r o p y ,  u 2  = v  = w2.) 

One-Dimensional S p e c t r a l  Ra t ios ;  Lack o f  Uniqueness ( A l i a s i n g )  

The component o f  t u r b u l e n t  v e l o c i t y  normal t o  t h e  shock - c a l l e d  u  
h e r e i n  - has a  c e n t r a l  r o l e  i n  t h e  a n a l y s i s .  The t h r e e  d imens iona l  - 
s p e c t  sum o f  u  g o v e r n s  t h e  s h o c k - i n t e r a c t i o n  e f f e c t s ,  and t h e  r e s u l t i n g  1 D  - 
s p e c t r a  a r e  c o n v e n i e n t l y  s c a l e d  t o  u 2 .  Suppose, however, t h a t  we s c a l e  

t h e s e  1D s p e c t r a  t o  t h e  1D spectrum o f  7: t h e n  t h i s  r a t i o  i n  each case may 
be regarded as a  s o r t  o f  power spectrum t r a n s f e r  f u n c t i o n ;  i t w i l l  be a  
f u n c t i o n  o f  K,. Up t o  t h i s  p o i n t  t h e s e  q u a n t i t i e s  have been eva lua ted  o n l y  
For  t h e  von karman 3D preshock spectrum, a  p a r t i c u l a r  case o f  i s o t r o p i c  
t u r b u l e n c e .  The q u e s t i o n  may now be asked, how much w i l l  t hese  s p e c t r a l  
r a t i o s  change w i t h  changes i n  t h e  preshock spectrum? 

Such changes w i l l  be exp lo red  i n  t h e  p r e s e n t  s e c t i o n .  They a r e  - 
e x p e c t e d  t o  be n o n z e r o  because  t h e  1 D  s p e c t r u m  o f  ;I ( i n  K1) does  n o t  
u n i q u e l y  de te rm ine  i t s  3D spectrum ( i n  K1, K2, K3)  on which t h e  shock 
i n t e r a c t i o n  depends. (The 3D spectrum, on t h e  o t h e r  hand, does u n i q u e l y  
d e t e r m i n e  t h e  1D spectrum as a  r e s u l t  of t h e  doub le  i n t e g r a t i o n  ove r  K2 and 
K3.) T h i s  l a c k  o f  uniqueness has been termed an a l i a s i n g  e f f e c t .  We s h a l l  
a p p l y  t h e  t e r m  as w e l l  t o  l a c k  o f  uniqueness i n  t h e  postshock/preshock 1D 
s p e c t r a l  r a t i  0s. 

A geomet r i c  i n t e r p r e t a t i o n  may be developed w i t h  t h e  a i d  o f  F ig .  2. 
The 30 spectrum of t u r b u l e n c e  i s  an aggregate  o f  waves l i k e  t h e  one shown 
w i t h  a  wide range o f  wavelengths 2x/K and ang les  0  (and 4 ) .  I f  @(K1) i s  t h e  
ID spectrum, t h e  d i f f e r e n t i a l  a(Kl)dK1 i s  a  nar row band o f  t h e s e  waves w i t h  
component wavelengths c l o s e  t o  2x/K1. It i s  e v i d e n t  t h a t  a  v a r i e t y  o f  wave 
i n c l i n a t i o n s  8  w i t h  a p p r o p r i a t e  wavelengths 2n;lK ( f u n c t i o n s  o f  8) c o u l d  be 



chosen t o  have t h i s  same x l -d i rec t ion  i n t e r c e p t  21r/K~. Thus t h e  3D \dave 
p a t t e r n  cor responding t o  @(Kl) i s  no t  unique. 

Axi symmet r i  c  Turbulence 

A convenient  example o f  a1 i a s i n q  changes i n  spec t ra l  r a t i o s  can be 
ob ta ined  by mod i f y i ng  t h e  preshock spectrum Lo change' i t  from f u l l  i s o t r o p y  - - -  - - -  
( v 2  = w2 = u2 )  t o  a x i a l  symmetry ( v 2 =  w 2 = /  u2) .  The c o n d i t i o n s  f o r  3D 
s p e c t r u m  t e n s o r  t o  be a n i  symmet r i c  have been d iscussed by Batchel  o r zg  and 
o thers ;  f o r  f u l l  g e n e r a l i t i  t hey  a re  v e r y  complex. ba ow ever, we a re  
concerned here w i t h  bu t  an example o f  axisymmetry. Th i s  can be obta ined 
f rom t h e  von Karman spectrum (a  p a r t i c u l a r  case o f  i s o t r o p i c  t u rbu lence )  by 
a  s imple m o d i f i c a t i o n :  we mere ly  m u l t i p l y  t h e  l o n g i t u d i n a l  spectrum [ u u l  
( t h e  on l y  one o f  concern he re i n )  by an a r b i t r a r y  non-negat ive f u n c t i o n  of 
wave ang le  8  ( o r  o f  K1/Kr = t an@) .  ( 8  i s  cons idered t o  be a  p o l a r  angle  
and i s  r e s t r i c t e d  t o  t h e  range 0 t o  n/2.) 

Th is  ax isymmetr ic  spectrum then  takes  t h e  form 

This  i s  j u s t i f i e d  by comparison w i t h  t h e  second o f  Eqs. (12)  

N 

[u  "'1 = 1x1 [uu] 

t h a t  r e l a t e s  t h e  postshock l o n g i t u d i n a l  spectrum, [ u ' u ' ] ,  t o  t h e  preshock 
v a l u e ,  [uu] ,  K b e i n g  t h e  t r a n s f e r  f u n c t i o n .  The re  b e i n g  no p r e f e r r e d  
d i r e c t i o n  i n  t h e  p lane o f  t h e  shock (1 t o  u ) ,  [ u ' u ' ]  must s u r e l y  be 
ax isymmetr ic .  But t h e  argument f o r  axisymmetry does no t  depend on t h e  
p a r t i c u l a r  form o f  t h e  f a c t o r  X: i t  cou ld  be an a r b i t r a r y  f u n c t i o n  o f  
Kl/Kr ( o r  of 0). 

For our  p a r t i c u l a r  example we s h a l l  t a k e  

[uuIAXI = [uu]cosN8, w i t h  N = 2  ( 2 8 )  

t o  desc r i be  t h e  3D ax isymmetr ic  preshock l o n g i t u d i n a l  spectrum i n  terms o f  
an i s o t r o p i c  form [uu]; s p e c i f i c a l l y ,  t h e  l a t t e r  i s  taken  as t h e  von Karman 
f o r m  t h a t  we have used t h r o u g h o u t .  F o r  t h i s  case t h e  10 spec t ra  
@ 1 ( K )  , 1 ( K )  , and @ N ( K  a r e  g iven  by Eqs. (12)  w i t h  an e x t r a  p a c t o r  
cos20 i n  t h e  in tegrands,  P 



RESULTS AND DISCUSSION 

I s o t r o p i c  Preshock Turbu lence 

RMS Values o f  Postshock Dis turbances,  and Noise i n  D e c i b e l s  

F i g u r e  4  g i v e s  t h e  v a r i a t i o n  w i t h  upstream Mach number o f  t h e  v a r i o u s  
shock i n t e r a c t i o n  p roduc ts  f o r  a  s p e c i f i c  s c e n a r i o :  t h e  preshock t u r b u l e n c e  
i s  i s o t r o p i c  w i t h  an i n t e n s i t y  of 1% of f r e e  stream. The curves d i s p l a y  rms 
p e r t u r b a t i o n s  o f  l o n g i t u d i n a l  v e l o c i t y  u  and l a t e r a l  v e l o c i t y  v  o r  w i n  
p e r c e n t  o f  i n i t i a l  s t ream v e l o c i t y ,  and o f  rms tempera tu re  and p ressure  
( n o i s e )  i n  p e r c e n t  o f  ambient. The f i g u r e  i s  adapted from F i g .  4  o f  Ref. 
6, The curves rep resen t ,  i n  e f f e c t ,  t h e  i n t e g r a l s  w i t h  respec t  t o  K1 o f  t h e  
r e s p e c t i v e  one-dimensional  spec t ra ;  t h a t  i s ,  t h e  i n t e g r a l s  d i s p l a y e d  i n  Eqs. 
(11). (The a c t u a l  procedure,  however, bypassed t h e  1D s p e c t r a  and employed 
o n l y  t h e  s p e c i f i c a t i o n  o f  preshock i s o t r o p y .  The r e s u l t s  a r e  independent o f  
t h e  preshock s p e c t r a ,  3D o r  l D ,  so l o n g  as t h e y  a re  c o n s i s t e n t  w i t h  
i s o t r o p y .  ) 

The a m p l i f i c a t i o n  o f  bo th  t h e  l o n g i t u d i n a l  and l a t e r a l  components o f  
t h e  postshock t u r b u l e n c e  i s  e v i d e n t ;  i t  reaches some 45%, as noted i n  t h e  
I n ' t r o d u c t i o n ,  f o r  t h e  l a t e r a l  component a t  h i g h  Mach number. The o t h e r  two 
curves i n  F ig .  4 r e f e r  t o  t h e  tempera tu re  and p r e s s u r e  f l u c t u a t i o n s ,  
r e s p e c t i v e l y .  (These a r e  bo th  s p a t i a l  and temporal  : rms va lues  a r e  t h e  
same f rom e i t h e r  p o i n t  o f  v iew.)  I n  f i r s t  o r d e r ,  t hese  a r e  absent f rom t h e  
p o s t u l a t e d  upst ream f l o w s  ( e x t r e m e l y  weak second o r d e r  p ressure  and 
i s e n t r o p i  c  tempera tu re  f l u c t u a t i o n s  a r e  assoc i  a t e d  w i t h  t h e  s p e c i f i e d  1% 
preshock t u r b u l e n c e )  . 

On an a c o u s t i c a l  b a s i s  t h e  p ressure  f l u c t u a t i o n  ( n o i s e )  generated by 
t h e  shock - tu rbu lence  i n t e r a c t i o n  i s  v e r y  i n t e n s e .  T h i s  i s  shown i n  F ig .  5, 
whlere t h e  n o i s e  l e v e l  i n  d e c i b e l s  co r respond ing  t o  F ig .  4  i s  p l o t t e d  vs.  
Mach number. (The d e f i n i t i o n  i s  

m" - dB = 20 loglo( p  /PREF); PREF = 2 x 1 0 - l o  atm 

when t h e  postshock ambient p ressure  i s  taken  as 1 atmosphere.) For  1% 
pr~eshock t u r b u l e n c e  t h e  postshock n o i s e  l e v e l  i s  p r e d i c t e d  t o  exceed 140 dB 
f o r  a l l  upstream Mach numbers above 1.05, 

F i  gure  6 d i  s p l  ays normal i zed (nondimensi  ona l  ) 1D power s p e c t r a  
c a l c u l a t e d  f rom t h e  equa t ions  presented h e r e i n  ; t h e  s c e n a r i o  i s  i s o t r o p i c  
t u r b u l e n c e ,  governed by t h e  von Karman 3D spectrum, b e i n g  convected by an 
blP = 1,25 f l o w  i n t o  a  normal shock. The s i x  s p e c t r a  are :  

A 
@u (~~117 1  o n g i t u d i  n a l  comonent o f  preshock t u r b u l e n c e  

4= 

Q u a  ( K ~ ) / ~  l o n g i t u d i n a l  component o f  postshock t u r b u l e n c e  



ST, ( K ~ ) / ? ~  temperature f l u c t u a t i o n  

18~1~ ( K ~ ) / ~ * I ~ = ~  p r e s s u r e  f l u c t u a t i o n  j u s t  downstream o f  shock (acous t i c  
near f i e l d )  

I\ 

[@p~(~1) /82 ]X .m p r e s s u r e  f l u c t u a t i o n  f a r  downstream o f  shock (acous t i c  
f a r  f i e l d )  

acous t i c  energy f l u x  emanating f rom shock 

The f i r s t  two  o f  t h e s e  a r e  n o r m a l i z e d  by 7, which i s  t h e  i n t e g r a l  ( f rom 
-- t o  i n  K1) o f  @ (K,) ( t hus  t h e  i n t e g r a l  o f  t h e  f i r s t  i s  u n i t y ) ,  The 
n e x t  t h r e e  a re  norm$Yized by one o r  t h e  o the r  o f  (ambient tempera tu re )2  and 
( a m b i e n t  p r e s s u r e )  . F i n a l l y ,  6AC i s  n o r m a l i z e d  by  t h e  f l u x  of k i n e t i c  
energy o f  preshock tu rbu lence  f l o w i n g  i n t o  t h e  shock. The s u p e r s c r i p t  
s i g n i f i e s  a  d i m e n s i o n a l  v a l u e ,  u n s u p e r s c r i p t e d  f o r m s  h a v i n g  been 
nondimensi onal  i zed a t  t h e  ou t se t  of t h e  a n a l y s i  s. 

The p ressure  f i e l d  ( no i se )  decays from an ext remely  h i gh  va lue  , jus t  
downstream o f  t h e  shock (X=O) t o  an asymptot ic  lower  v a l u e  - s t i l l  !,rery 
i n t e n s e  a c o u s t i c a l l y  - f a r  downstream (X=-). F i gu re  6 shows a  major 
d i f f e r e n c e  i n  t h e i r  s p e c t r a l  con ten t :  t h e  X-0 near f i e l d  i s  dominated by - 5 / 3 
l ow f r e q u e n c i e s ,  d e c a y i n g  a s y m p t o t i c a l l y  l i k e  K1 beyond K1-3. The X=w 
f a r  f i e l d  i s  v e r y  d e f i c i e n t  i n  low f requenc ies ;  on a  l i n e a r  sca le  i t  has a 
be l l -shaped spectrum, peaking near K1=l, bu t  w i t h  t h e  same asymptot ic  decay 

- 5 / 3  
( t h e  Kolmogorov K1 1 aw) beyond K  13. 

One-Dimensional Spect ra  and Postshock/Preshock Spec t ra l  Ra t i os  

F i gu re  6 a p p l i e s  f o r  M=1.25; a  s e r i e s  o f  such f i g u r e s  cou ld  be 
presented f o r  a  wide range o f  Mach numbers. A much nea te r  a l t e r n a t i v e ,  - 

however ,  i s  t o  r a t i o  each o f  these  spec t ra  a t  each v a l u e  o f  K1 t o  t h e  9 , /u  
spectrum. Th is  r a t i o ,  as has been mentioned e a r l i e r ,  cou ld  be regarded as a 
s o r t  o f  t r a n s f e r  f u n c t i o n  connect ing t h e  r a t i o e d  p a i r  o f  spect ra .  I n  t h i s  
format  t h e  v a r i a t i o n  w i t h  Mach number can be d iscerned  much more 
sys temat i ca l  l y .  

F i g u r e  7 p resen ts  such spec t ra l  r a t i o s :  i t  r e l a t e s  t h e  postshock t o  
t h e  p r e s h o c k  1  o n g i t  u d i n a l  component o f  t u rbu lence  ( t h e  7 d i v i s o r s  cancel ) 
f o r  a  s e r i e s  o f  Mach numbers, M. For convenience t h e  curves a re  normal ized 
by f a c t o r s  Z ( M )  ( t a b u l a t e d  on t h e  f i g u r e )  t o  f o r c e  agreement w i t h  t h e  F1=1,25 
cu rve  a t  K1=l; t h i s  makes t h e  f a m i l y  o f  curves much more compact, It i s  
seen t h a t  i n c r e a s i n g  Mach number enhances t h e  low f requenc ies  o f  t h e  
l o n g i t u d i n a l  component o f  t h e  postshock tu rbu lence .  

F i gu re  8 g ives  t h e  cor responding s p e c t r a l  r a t i o s  re1 a t i  ng postshock 
1 a t e r a l  component of tu rbu lence  t o  preshock l o n g i t u d i n a l  component. I-lere 
t h e  behav iour  i s  t h e  reverse  o f  t h a t  i n  Fig.  7: i n c r e a s i n g  Mach number f o r  
t h e  most p a r t  decreases t h e  low frequency content .  



F i g u r e  9 g ives  t h e  s p e c t r a l  r a t i o s  r e l a t i n g  postshock temperature 
f l  u c t u a t i o n  ( a r i s i n g  f rom ent ropy " spo t t i ness "  generated a t  t h e  shock) t o  
preshock l o n g i t u d i n a l  component of tu rbu lence .  It i s  ev iden t  t h a t  t h e  low 
f requenc ies  i n  t h e  temperature f i e l d  a re  somewhat enhanced compared w i t h  
those  of t h e  t u rbu lence  f i e l d .  The v a r i a t i o n  i s  not,  however, monotonic 
w i t h  Mach number: t h e r e  i s  a  f o l d o v e r  o f  t h e  curves w i t h  i nc reas ing  M. 

F igures  10 and 11 g i v e  t h e  s p e c t r a l  r a t i o s  r e l a t i n g  t h e  near f i e l d  and 
f a r  f i e l d  p ressure  f l u c t u a t i o n s  ( no i se ) ,  r espec t i ve l y ,  t o  t h e  l o n g i t u d i n a l  
co~mponent o f  t h e  preshock tu rbu lence .  The two f a m i l i e s  o f  curves a re  
c l e a r l y  v e r y  d i f f e r e n t .  Moving on, F ig .  12 d i s p l a y s  t h e  spec t ra l  r a t i o s  
connec t ing  t h e  acous t i c  energy f l u x  em i t t ed  by t h e  shock on t h e  downstream 
s i d e  t o ,  again, t h e  l o n g i t u d i n a l  component o f  preshock turbu lence.  One 
notes t h e  marked q u a l i t a t i v e  s i m i l a r i t y  w i t h  F ig .  11. Th is  i s  not  
s lerpr i  s ing,  s ince  acous t i c  energy f l u x  and f a r - f i e l d  mean square pressure 
f l u c t u a t i o n  a re  c l o s e l y  r e l a ted .  For a  medium a t  r e s t  t h e  two a re  e x a c t l y  
p r ~ o y o r t i o n a  whereas i n  t h e  postshock f l o w  t hey  d i f f e r  as descr ibed by 
B lokh in tsev"  f o r  a  moving medium. 

Axisvmmetr ic Preshock Turbulence 

Postshock/Preshock Spec t ra l  Ra t ios ;  A1 i a s i  ng E f f e c t  

Ca l cu l a t i ons  p a r a l l e l  t o  some of those p e r t a i n i n g  t o  Figs,  7 t o  12 
( i s o t r o p i c  tu rbu lence ,  von Karman spectrum) have been c a r r i e d  ou t  f o r  a  
s p e c i f i e d  a x i  symmet r i  c  preshock tu rbu lence .  As descr ibed  i n  t h e  re1 ev an t  
e a r l i e r  sec t i on ,  t h e  two 3D preshock l o n g i t u d i n a l  spec t ra  a re  r e l a t e d  by Eq. 
(28) * 

F i gu re  13 g ives  t h e  1D s p e c t r a l  r a t i o  o f  postshock t o  preshock 
l o n g i t u d i n a l  component o f  t u rbu lence  f o r  t h e  ax i  symmetri c  preshock 
t u rbu lence  s p e c d i f i e d  above, when [uu] i s  t h e  von Karman spectrum (see, 

e  .g . . Ref .  20 ) . A1 so  p l o t t e d  i s  t h e  1D spectrum m u / 7  of t h e  l o n g i t u d i n a l  
component of t h e  preshock tu rbu lence .  (Norma l i za t ion  of Qu i s  by t h e  same - - 
u 2  as f o r  F i g s .  7-12,  n o t  by uiXI.) Compar ison w i t h  F ig .  6 ( i s o t r o p i c  - 
t u r b u l e n c e )  shows t h a t  t h e  two  s p e c t r a  o f  mu / u 2  a r e  v a s t l y  d i f f e r e n t .  
Never the less,  t h e  spec t ra l  r a t i o s  o f  F ig .  7 ( i s o t r o p i c  t u rbu lence )  and F ig ,  
13 (ax isymmetr i  c  t u rbu lence )  a re  qua1 i t a t i v e l y  r a t h e r  s i m i l a r ,  a1 though 
q u a n t i t a t i v e l y  d i f f e r e n t .  The s p e c t r a l  r a t i o s  are,  i n  f a c t ,  ve r y  much l e s s  
d i s s i m i l a r  than  t h e  spec t ra  o f  t h e  two k i nds  o f  turbu lence.  Th is  p rope r t y  
p o i n t s  up t h e  u t i l i t y  o f  t h e  1 D  s p e c t r a l  r a t i o  i n  d e s c r i b i n g  
shock- turbu lence i n t e r a c t i o n  e f f e c t s .  

The f a c t  t h a t  t h e  spec t ra l  r a t i o s  do change (a l though  not  r a d i c a l l y )  
w i t h  marked changes i n  t h e  3D spectrum o f  t h e  preshock t u rbu lence  i s  a  
consequence o f  t h e  a l i a s i n g  e f f e c t  d iscussed e a r l i e r .  Comparison o f  F igs,  7 
and 13 g ives  a  measure, f o r  a  p a r t i c u l a r  p a i r  o f  cases, o f  t h i s  a l i a s i n g  
e f f e c t  . 

F igu re  14 g ives  t h e  s p e c t r a l  r a t i o  r e l a t i n g  postshock temperature 
f l  u c t u a t i  on t o  preshock 1 o n g i t u d i  na l  component o f  turbu lence.  Th is  f i g u r e  
(ax isymmetr ic  preshock t u rbu lence )  i s  t o  be compared w i t h  F ig .  9 ( i s o t r o p i c  



tu rbu lence)  . Again, t h e  se ts  of spec t ra l  r a t i o s  are q u a l i t a t i v e l y  general l y  
s i m i l a r .  The d i f f e r e n c e s  (a1 i a s i n g  e f f e c t )  a r e  g rea te r  than  those between 
F igs.  7 and 13. 

F i n a l l y ,  F ig .  15 g ives t h e  spec t ra l  r a t i o  r e l a t i n g  t h e  f a r  f i e l d  (X=m) 

pressure f l u c t u a t i o n s  (no ise)  t o  t h e  l o n g i t u d i n a l  component o f  preshock 
turbu lence.  Th is  f i g u r e  (ax isymmetr ic  preshock tu rbu lence)  i s  t o  be 
compared w i t h  Fig.  11 ( i s o t r o p i c  preshock tu rbu lence)  . The same s o r t  o f  
q u a l i t a t i v e  s i m i l a r i t y  i s  found between Figs.  9 and 14. The f i r s t  glance 
impress ion o f  t h e  s i m i l a r i t y  i s ,  however, a b i t  mis leading,  e.g., f o r  Kc1 i t  
i s  t he  M=1.01 curve o f  F ig .  11 t h a t  i s  v e r y  s i m i l a r  t o  t h e  F.1=1.05 curve of 
F ig .  15. 

These t h r e e  f i gu res ,  taken toge ther ,  g i v e  some idea o f  t he  changes i n  
spec t ra l  r a t i o  ( t h e  a l i a s i n g  e f f e c t )  due t o  changes i n  t he  30 spectrum of 
t h e  preshock turbu lence.  But t h i s  one comparat ive example o f  ax i  syrnrnet.ric 
vs .  i s o t r o p i c  t u rbu lence  h a r d l y  q u a n t i f i e s  t h e  e f f e c t .  



APPENDIX A  

GENERAL RELATIONS AND TRANSFER FUNCTIONS 

The upstream Mach number M and t h e  i n c i d e n t  wave i n c l i n a t i o n  8 (F igs .  
1 - 3 )  a r e  s p e c i f i e d .  These d i c t a t e  a  v i r t u a l  Mach number 8. A  number o f  
g e n e r a l  r e l a t i o n s  a r e  i n d e p e n d e n t  o f  t h e  m a g n i t u d e  o f  U; t h e  remainder,  
n o t a b l y  t h e  t r a n s f e r  f u n c t i o n s ,  t a k e  d i f f e r e n t  f u n c t i o n a l  forms, depending 
on w h e t h e r  W<1 o r  >1. The r a t i o  o f  s p e c i f i c  hea ts  v i s  taken  as 1.4. (Fo r  
fo rmu las  i n  te rms o f  y see Ref. 6.) 

General Re1 a t i o n s  

= s p e c i f i e d  

= 6 ~ ~ / ( ~ ~ + 5 )  

= ~ ( ~ * + 5 ) / ( 7 ~ ~ - 1 )  

= s p e c i f i e d  

= t a n - l  (mtane) 

= M l/cos 8' 

= 1-112 

M 12tan 8 '  
= - t a n - l [  ] f o r  i j  < 1 

p2 

= 8' - C1 f o r  i > 1 

T r a n s f e r  F u n c t i o n s  

These a r e  d e f i n e d  i n  terms of f u n c t i o n s  o f  o t h e r  func t ions .  For  
numer i ca l  c a l c u l a t i o n  t h e  sequence shou ld  be i n  r e v e r s e  o r d e r  t o  t h e  
l i s t i n g .  The r e l a t i v e  ease of programming b e l i e s  an appearance o f  
compl e x i  t y  . 



P = No Change 

II - - ( C O S ~ )  J C % ~  2 e-K,Xp,'~2 II - - coses i  n p  

B 
C 

m mcos 0" 

T = J (a tan0-1 )  + ( b t a n  0) T = N.C., w i t h  b  = 0 

i SS 
= [Scos 9  "cos 9  Je 

- 
X = N.C. 

- 
i 6s 

- 
Y = [ S s i n 0 ' / s i n 9 J e  Y = N.C. 

S  = N.C., w i t h  B = 0 

A = N.C. 

c = D>//m - F "  c = N.C. 

a/m = (CE + D F ) / ( c ~ +  D * )  

b/m = (CF - D E ) / ( c ~  + D2) 

a/rn = (C'  + G F ' ) / ( E ' + G D n )  

b/m = O  

C = (116 + 2m/3)tane8 C "  = m/3 - 2[1 + (m-1)cos 2e8 1 

- (1/2) [ (m-1) 2+(m-l) /1.2]s in28'  

D  = D'PW/P2 D  = Not used 

D o  = (m-1)[1 + (m- l ) cos20 ' ]  D "  = N.C. 



F = ~ ' 8 ~ 1 8 ~  

F "  = ( m - l ) s i n 2 0 1  

G = Not used 

F  = Not used 

F"  = N.C. 

G = -tanO" 

Note: E r r o r s  have been found i n  one o r  t h e  o t h e r  o f  t h e  two v e r s i o n s  o f  
Ref. 6 f rom which t h e  above a r e  t a k e n  o r  d e r i v e d ;  t h e s e  occur  i n  severa l  
equa t ions  and i n  t h e  l i s t  o f  symbols. Those t h a t  a r e  a p p l i c a b l e  have been 
c o r r e c t e d .  Some o t h e r  e r r a t a  a r e  c o r r e c t e d  i n  Appendix D h e r e i n .  

APPENDIX B  

- 
ONE-DIFIENSIONAL SPECTRA OF 7 AND v  ' 

The s t a r t i n g  p o i n t  i s  Eq. (19 ) :  

{ [ v ' v ' ]  + [w1w'] }d3K - = ( 1 Y l 2  - 1) [uu] t a n 2 0  d3K - 

+ {[vv 1 + [ww] )d 3~ - 

I n v o k i n g  t h e  axisymmetry, we may i n t e g r a t e  as i n  Eqs. (11) and ( 1 2 ) :  

m w -  

2% I o {v 'v  '1 + [ w ' w ' l } k , d ~ ~  = 2 n  ( I Y 1 2-1) [uu] t a n 2 0  K ~ ~ K ,  
0 

m 

+ 2 n  1 {[vv] + [ W W ] } K ~ ~ K ,  
0 

( B 1 )  

The 1 e f t -hand  s i d e  i s  t h e  sum o f  $ I (K1) and @ I (K J )  ; t h e y  a r e  equal ,  even 
though t h e i r  r e s p e c t i v e  i n t e g r a n d s  a r e  no t .   is imp1 i e s  

A p p l y i n g  t h e  same argument t o  t h e  r i g h t - h a n d  s i d e  shows t h a t  t h e  second 
i n t e g r a l  may be i n t e r p r e t e d  as 2$(K1) = 2G&(K1). 



I s o t r o ~ i c  Turbu lence 

I f  we d e s i g n a t e  u, v, w  as ql, q2, q3, t h e n  t h e  genera l  s p e c t r a l  form 
f o r  i s o t r o p i c  t u r b u l e n c e  i s : '  

[ q - q  .] = E(K) (K2bij - KiKj) 
4nK4 

We t a k e  E ( K ) / ~ x K ~  t o  have t h e  von Karman fo rm 

Then, a f t e r  a  1  i t t l e  m a n i p u l a t i o n ,  

N- 

- B U 2  [uu] - - K r 2  
2.n [1+K 1 2 + ~ r  2] l7I6 

N -  

B u 2  2K12 + Kr2 [vv]  + [ww] = - 
2n [ 1 + ~  1 2 + ~ r  2] 1716 

where Kr2 = K~~ + K ~ ~ .  I n s e r t i o n  i n t o  (82)  t h e n  y i e l d s  

I n v o k i n g  p o l a r  c o o r d i n a t e s  i n  t h e  f o r m  o f  Eq. (17) y i e l d s :  



- - 
av(K1) = aW(K1) = B u2  jnlZ (2+cot20)cos0 de  

2K15/3 ' s i n  30[b1+cot 2 ~ ] 1 7 / 6  

,., 
where b '  = (1+K12)/K 2, and Y i s  de f i ned  i n  Appendix A. Equat ions (B9)  and 
(B10) a re  t h e  des i r e$  one dimensional  i n t e g r a l s  [ c i t e d  as (20) and (21) ,  
r e s p e c t i v e l y ,  i n  t h e  main t e x t ] .  

APPENDIX C 

OBLIQUE SHOCKS 

The a n a l y s i s  and r e s u l t s ,  cn a  wavenumber bas is ,  may be a p p l i e d  t o  
o b l i q u e  shocks by t h e  usual  procedure.  The equ i va l en t  normal shock 
t r a n s f o r m a t i o n  

i s  made, where M o  i s  t h e  upstream Mach number, and (1, i s  t h e  ob l i que  angle  
between t h e  shock normal and t h e  upstream f l o w  d i r e c t i o n .  I n  F igs.  4  and 5, 
t h e  des igna t i on  "1% preshock t u rbu lence "  i s  now t o  be i n t e r p r e t e d  as 
" (coos$)% preshock tu rbu lence" .  

The i n t e r p r e t a t i o n  o f  a l l  f i g u r e s  i n  terms o f  wavenumber K1 i s  
una l t e red ,  except f o r  F ig .  12 ( acous t i c  energy f l u x ) .  That f i g u r e  i s  
i n a p p l i c a b l e  t o  o b l i q u e  shocks: t h e  s t r u c t u r e  o f  t h e  u n d e r l y i n g  equat ions 
(22)  and (23) i s  changed, and no s imple p r o p o r t i o n a l i t y  w i l l  serve. 

The p r o p o r t i o n a l  i t y  o f  K1 t o  f requency, however, does no t  c a r r y  over t o  

t h e  o b l i q u e  shock case:* equat ions (13)  and (14)  a re  i n a p p l i c a b l e .  I f  Kl 
i s  t h e  component wavenumber a long  t h e  stream v e l o c i t y  Uo, then t h e  two 
equat ions a re  rep laced  by 

*An excep t ion  i s  t h e  case of $(K1) f o r  i s o t r o p i c  preshock tu rbu lence .  



and 

r e s p e c t i v e l y .  Thus Kl t a k e s  ove r  t h e  r o l e  o f  K1 (and U o  t h e  r o l e  o f  UA) 

N 

I t  f o l l o w s  t h a t  1D s p e c t r a  i n  t e r m s  o f  K  , r a t h e r  t h a n  K , a r e  
e q u i v a l e n t  t o  f requency s p e c t r a  i n  t h e  o b l i q u e  shock case. Th is  implies a 
c o o r d i n a t e  a x i s  r o t a t i o n  o f  amount J, about  t h e  O X 3  a x i s :  

w i t h  i n v e r s e  

A1 so s p h e r i c a l  p o l a r  and c y l  i n d r i c a l  c o o r d i n a t e s  a r e  d e f i n e d  about  t he  
N N 

K1-axis, s i m i l a r  t o  (17) ;  t h u s  ( s i n c e  t h e  magni tude K  = K), 

I n  o r d e r  t o  o b t a i n  t h e  v a r i o u s  1D s p e c t r a  i n  terms o f  r a t h e r  than  
N N N 

K1, Eq. ( 1 2 )  m u s t  be r e w r i t t e n  w i t h  Kr and ( i m p l i c i t l y )  @, 0 r e p l a c i n g  K,, 



Q, 8, r e s p e c t i v e l y .  A l s o  t h e  f a c t o r  276 must be rep laced  by an i n t e g r a t i o n  - - 
o v e r  d + ;  t h i s  i s  r e q u i r e d  s i n c e  t h e  t r a n s f e r  f u n c t i o n s  /ri 1 depend on b o t h  @ 

N N 

and 8, n o t  0  a lone.  S ta ted  o the rw ise ,  t h e  /ri I a r e  ax i symmet r i c  r e l a t i v e  t o  
t h e  shock normal d i r e c t i o n  (a long  which K, i s  measured), b u t  n o t  

ax i symmet r i c  r e l a t i v e  t o  t h e  ob l  ique-shock f l o w  d ' i r e c t i o n  ( a l o n g  which r1 i s  
measured). The 1D s p e c t r a  a r e  t h u s  

Because o f  t h e  p o s t u l a t e d  i s o t r o p y  o f  t h e  preshock t u r b u l e n c e ,  [uu] has t h e  
same form i n  t h e  r o t a t e d  r e f e r e n c e  frarne as i n  t h e  o r i g i n a l  frame. Thus i t  

N N 

t a k e s  t h e  fo rm ( 1 5 ) ,  b u t  w i t h  K  , K  r e p l a c i n g  K1, K, r e s p e c t i v e l y .  Then, 
w i t h  t h e  use o f  Eqs. (C6) and ( ~ 7 f ,  t h e  e x p l i c i t  fo rm o f  t h e  1D s p e c t r a  i s  

N - 27.6 - 4 2  - - 
@i(Ki)= B I 3 l r i12 - 

cos 38d 0  
- 5 / 3  N N " 17/6 ( c 9 )  

u 2  K  o 2n o s i n  50[b' + c o t  
1 

N - 
where  /ril = I r i I ( 8 )  i s  d e f i n e d  i n  Eq. (18 ) ,  b '  = ( 1  + K ~ ~ ) / K ~ ~ ,  and t h e  
a n g l e  8  i s  e v a l u a t e d  f rom 

w i t h  

Equat ion (C9), w i t h  (C10) and ( C l l ) ,  e v a l u a t e s  t h e  1D s p e c t r a  i n  t h e  
form o f  a  doub le  i n t e g r a l .  Thus two numer i ca l  quadra tu res  a r e  r e q u i r e d  ( i n  

?., 

@ and 8) f o r  t h e  o b l i q u e  shock case. By c o n t r a s t ,  o n l y  a  s i n g l e  numer ica l  
q u a d r a t u r e  was r e q u i r e d  ( i n  8) f o r  t h e  normal shock case, 



APPENDIX D 

CORRECTIONS TO THE BASIC REFERENCE, RIBNER ( 1 9 5 4 ) ~  

The c o r r e c t e d  equa t ions  a r e :  

- - 
' 2  = j I S ( 2 s i n 2 e 1  - s i n 2 0  

v I 2  + w [uu] dk + 7 + 3 - 
cos 20 

(54) 

C o r r e c t i o n s  t o  t h e  d e f i n i t i o n s  i n  Tab le  A (Symbols) a r e :  

T  M u l t i p l y  by -1 

T For ein*i2 read  e- imn;/2 

There a r e  a  number o f  o t h e r  t ypos  t h a t  a r e  e i t h e r  t r i v i a l  o r  s e l f - e v i d e n t .  
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F I G .  1 PERSPECTIVE VIEW OF SHEAR WAVE (3D SPECTRAL COFIPONENT OF 
TURBULENCE) I N  R E L A T I O N  TO REFERENCE FRAME. NOTE THAT dZ - I S  NOT I N  
GENERAL I N  THE PLANE OF - K AND - U. 

FIG.  2 PROJECTIVE VIEW OF SHEAR HAVE I N  R E L A T I O N  TO REFERENCE FRAME. 



SHOCK 

FIG.  3 INTERACTION OF SHEAR WAVE WITH SHOCK: VIEW I N  X1, r-PLANE, 



UPSTREAM MACH NUMBER, M 

FIG.  4 A M P L I F I E D  TURBULENCE AND OTHER DISTURBANCES PRODUCED DOWNSTREAFI OF 
SHOCK BY INTERACTION WITH ISOTROPIC TURBULENCE. PRESHOCK 
TURBULENCE I N T E N S I T Y  1%. RMS VELOCIT IES I N  PERCENT OF I N I T I A L  
STREAM VELOCITY; RMS TEMPERATURE AND PRESSURE (NOISE)  I N  PERCENT OF 
AFlRIENT. 
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FIG.  5 NOISE GENERATED BY SHOCK-TURBULENCE INTERACTION ( ISOTROPIC 
TURBULENCE) ON A DECIBEL SCALE. POSTSHOCK APIBIENT PRESSURE, 
1 ATFI. 



F I G .  6 NORMALIZED 1 D  POWER SPECTRA OF THE SHOCK- INTERACTION PRODUCTS UHOSE - 
RMS VALUES ARE G I V E N  I N  F I G .  4 (EXCEPT $ l / u 2 )  PLUS TWO OTHERS (SEE 

T E X T ) .  MACH NUMBER M = 1.25 ONLY. 

F I G .  7 R A T I O  OF 1D SPECTRA FOR I S O T R O P I C  PRESHOCK TURBULENCE: POSTSHOCK 
L O N G I T U D I N A L  COMPONENT/PKESHOCK L O N G I T U D I N A L  COMPONENT. 



FIG,  8 RATIO OF 1D SPECTRA FOR ISOTROPIC PRESHOCK TURBULENCE: POSTSHOCK 
LATERAL COFIPONENT/PKESHOCK LONGITUDINAL COPIPONENT. 

F IG.  9 R A T I O  OF 1D SPECTRA FOR ISOTROPIC PRESHOCK TURBULENCE: POSTSHOCK 
TEMPERATURE FLUCTUATII)N/PRESHOCK LONGITUDINAL COMPONENT OF 
TURBULENCE (BOTH NORPIALIZED) . 



F I G .  10 R A T I O  OF I D  SPECTRA FOR I S O T R O P I C  PRESHOCK TURRULENCE: 
"NEAR F I E L D "  N O I S E  (X  = O)/PRESHOCK L O N G I T U D I N A L  COMPONENT OF 
TURBULENCE (BOTH NORNAL I Z E D )  . 

F I G .  11 R A T I O  OF 1 D  SPECTRA FOR I S O T R O P I C  PRESHOCK TIIRBULENCE: POSTSHOCK 
"FAR F I E L D "  N O I S E  (X  = m)/PRESHOCK LONGTUDINAL COMPONENT OF 
TURBULENCE (BOTH NORMALIZED)  . 



F I G .  12 R A T I O  OF 10 SPECTRA FOR I S O T R O P I C  PRESHOCK TURBULENCE:  POSTSHOCK 
A C O U S T I C  ENERGY F L U X  ( N O R M A L I Z E D  BY PRESHOCK TURBULENCE ENERGY 
FLUX) /PRESHOCK L O N G I T U D I N A L  COMPONENT OF TURBULENCE ( N O R M A L I Z E D  B Y  
FIEAN SUARE VALUE) .  

F I G .  13 R A T I O  OF I D  SPECTRA FOR AX ISYF IMETRIC  PRESHOCK TIJRRIJLENCE: 
POSTSHOCK L O N G I T U D I N A L  COFIPONENT/PRESHOCK L O N G I T U D I N A L  COMPONENT. 



F I G .  1 4  R A T I O  OF 1 D  SPECTRA FOR AXISYMMETRIC PRESHOCK TURRULENCE: 
POSTSHOCK TEPIPERATURE FLUCTUATION/PRESHOCK L O N G I T U D I N A L  COP7PONENT 
OF TURBlJLENCE (BOTH NORMALIZED) .  

F I G .  1 5  R A T I O  OF 1 D  SPECTRA FOR AXISYMMETRIC PRESHOCK TURBULENCE: 
POSTSHOCK "FAR F I E L D " N 0 I S E  ( X  = m)/PRESHOCK L O N G I T U D I N A L  
COMPONEI\JT OF TURRULENCE (BOTH NORF.1ALIZED). 




