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Modification of a Var ia t iona l  Objective Analysis Model f o r  New 

Equation8 f o r  Pressure Gradient and Vertical Velocity in t he  

Lover Troposphere and f o r  Spa t i a l  Resolution and Accuracy of 

Satell i te Data 

1. ln t roduct ion  

Beginning in late 1982, t he  NASA supported research t o  

extend and improve upon t h e  Achtemeier (1975) numerical 

v a r i a t i o n a l  ob jec t ive  ana lys i s  model t o  include observat ions from 

space based platforms f o r  t h e  diagnosis of cyclone scale weather 

systems. The goal of t h i s  research is a v a r i a t i o n a l  d a t a  

ass imi la t ion  method t h a t  incorporates as  dynamical cons t r a in t s  

t he  pr imi t ive  equations f o r  a moist, convectively unstable  

atmosphere and the  r a d i a t i v e  t ransfer  equation. Variables t o  be 

ad jus ted  include the  three-dimensional vector  wind, height ,  

temperature, and moisture from rawinsonde data, and cloud-wind 

vec tors ,  moisture, and radiance from sa te l l i t e  data.  This 

presents a formidable mathematical problem. In  order t o  

f a c i l i t a t e  thorough ana lys i s  of each of t he  model components, w e  

def ined four  v a r i a t i o n a l  models that  d iv ide  the  problem na tu ra l ly  

according t o  increasing complexity. The f irst of these 

v a r i a t i o n a l  models (MODEL I ) ,  which is  t h e  subjec t  of t h i s  

r epor t ,  contains  the  two nonlinear hor izonta l  momentum equations, 

t he  in tegra ted  cont inui ty  equation, and the  hydros t a t i c  equation. 

MODEL I i s  based upon Sasaki'e (1958, 1970) method of va r i a t iona l  



objective ana lys i s .  Problems associated with an i n t e r n a l l y  

consis tent  f i n i t e  d i f fe rence  method, a nonlinear hybrid 

terrain-following v e r t i c a l  coordinate, formulations f o r  t he  

pressure grad ien t  terms, formulations f o r  t he  ve loc i ty  tendency 

terms and the  development of a convergent so lu t ion  sequence a r e  

addressed with MODEL I .  

The t h e o r e t i c a l  development, coding f o r  numerical 

computation, and preliminary t e s t i n g  of MODEL 1 was completed by 

August, 1985. The r e s u l t s  of these tests ind ica ted  t h a t  before  

the  theore t ica l  complexity of t h e  model was increased by t h e  

inclusion of the energy equation as a f i f t h  dynamic cons t r a in t ,  

it was advisable t o  modify MODEL I ,  i f  necessary, a )  t o  improve 

t h e  way t h e  l a rge  nonmeteorological cont r ibu t ions  t o  t h e  pressure  

gradient  force  were reduced, b) t o  genera l ize  t h e  in tegra ted  

continuity equation, and c >  t o  introduce hor izonta l  v a r i a t i o n  in 

t h e  precision modulus weights f o r  t h e  observations. The r e s u l t s  

of our work on these  th ree  top ics  are the  subjec t  of t h i s  repor t .  

Section 2 eummarizes our work with t h e  r ede r iva t ion  and 

implementation of an improved hydros t a t i c  equation and pressure  

gradient fo rce  algorithm. This work was espec ia l ly  c r i t i c a l  t o  

t h e  success of t he  o v e r a l l  MODEL 1 development a f t e r  it was found 

t h a t  the  o r i g i n a l  der iva t ion  was in e r ro r .  A l l  cur ren t  and 

f u t u r e  publications including t h e  f i n a l  r epor t  (Achtemeier, 

etal.,  1 9 s )  present r e s u l t s  from t h e  corrected vers ion  of MODEL 

1. Section 3 introduces the  generalized in tegra ted  cont inui ty  
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equation and Section 4 presents  the progress toward 

f o r  the  horizontal  va r i a t ion  in the precis ion modulus weights. 

formulations 

2. Reformulation of t he  Hydrostatic Equation and t h e  Horizontal  

Pressure Gradient Force 

The motivation f o r  changing the  method f o r  removing t h e  

la rge  nomneteorological contributions by unlevel terrain in t h e  

hydros ta t ic  equation and in t he  horizontal  pressure grad ien t  

terms in the  nonlinear horizontal  momentum equations came about 

from a de ta i l ed  evaluation of the  MODEL I va r i a t iona l  ob jec t ive  

ana lys i s  model. We had found an anomously la rge  f i l l i n g  of a 

deep synoptic scale trough t h a t  was located Over the  Great Basin 

and Rocky Mountain highlands areas. Our analysis  of t he  

cont r ibu t ions  of the  individual cons t ra in ts  t o  the  f i n a l  f i e l d s  

of geopotent ia l  height did not  reveal t h a t  dynamic balancing o r  

f i l t e r i n g  inherent in the  model was the  cause f o r  the f i l l i n g .  

Preliminary ca lcu la t ions  indicated t h a t  a modification in a 

t e r r a i n  correct ion temperature" could r e a l i z e  a correct ion in 

the  pressure gradient  force which, when t r ans l a t ed  i n t o  the  

I# 

\ 

s p a t i a l  d i s t r ibu t ion  of geopotential height, was of t he  magnitude 

of t he  f i l l i n g  of the  synoptic scale trough. Further 

inves t iga t ion  revealed t h a t  the  algorithm appeared t o  be cor rec t  

in d i f f e r e n t i a l  form. f o r  pressure surfaces but there  was doubt 

about whether it was v a l i d  in difference form on sigma surfaces.  

3 



Given the  uncertainities in t h e  o r i g i n a l  formulations, it 

was decided t o  reder ive  the  hydros ta t ic  equation and t h e  pressure 

gradient  force  terms of t h e  hor izonta l  momentum equations t o  

remove t h e  orographic e f f e c t s  in a more rigorous fashion. This 

posed a major reprogramming e f f o r t  because 1) t h e  terms changed 

are important terms in the  v a r i a t i o n a l  adjustment and any major 

modifications in t h e i r  form would r e s u l t  in equally major 

modifications in t he  Euler-Lagrange equations, 2) t h e  terms are 

expreesed e x p l i c i t l y  in the  der iva t ions  t o  form a diagnostic 

adjustment equation f o r  t h e  geopotential  height through the  

reduction of t he  number of va r i ab le s  and t h e i r  modification would 

requi re  reder iva t ion  of t he  adjustment equation and introduce 

addi t iona l  complicating terms, and 3)  as described in  t h e  

paragraph below, these  terms determine t h e  form in which the  

i n i t i a l  data must enter the  v a r i a t i o n a l  model. 

The procedure f o r  acquiring t h e  v a r i a t i o n a l l y  ad jus tab le  

p a r t  of t h e  thermodynamic va r i ab le s  once they have been 

interpolated i n t o  t h e  sigma coordinates f i r s t  r equ i r e s  t h a t  a l l  

var iab les  be nondimensionalized. Second, w e  remove a hydros ta t ic  

component t h a t  includes much of t he  v e r t i c a l  v a r i a t i o n s  of t h e  

lower coordinate sur face  due t o  v a r i a b l e  topography. Third, a 

hydrostatic reference atmosphere is removed and f i n a l l y ,  t h e  

residual f i e l d s  are mul t ip l ied  by t h e  r a t i o  of t he  Bossby number 

t o  the Froud number t o  bring them i n t o  compat ib i l i ty  with t h e  

nondhenaionalized dynamic equations. The v a r i a t i o n a l  

adjustments are ca r r i ed  out 011 these  r e s idua l  va r i ab le s .  

4 



Several formulations were made t o  achieve t h e  requirements 

of the  second step.  Ln order t o  minimize the  reprogramming 

tasks ,  we sought formulations t h a t  did not  change t h e  forms of 

t he  major terms nor introduce nonconstant coef f i c i e n t s .  These 

formulations are summarized below. 

a >  No removal of topographic e f f ec t s  

The f i r s t  approach a t  correct ing the  formulations f o r  the  

removal of the  nonmeteorological contr ibut ion t o  t h e  geopotent ia l  

he ights  by the  underlying coordinate surface was t o  not  remove 

than. The programs f o r  processing t h e  i n i t i a l  d a t a  were modified 

so t h a t  there  was no removal of a t e r r a i n  component from t h e  

init ial  da ta .  Several addi t ional  modifications t o  MODEL 1 were 

necessary t o  maintain compatibil i ty.  Fig. l a  shows the  heights  

of t h e  lower coordinate surface a t  1200 GMT 10 Apri l  1979 with 

t h e  l a r g e  contr ibut ion by unlevel t e r r a i n  included. The f i g u r e  

shows mostly the  va r i a t ion  of height due t o  e leva t ion .  The 

Appalachian highlands and the  Mississippi Valley are v i s i b l e  in 

t h e  east and the  western highlands a r e  v i s i b l e  over Colorado and 

Utah. The smoothed e leva t ions ,  which extend t o  about 1600 m, do 

no t  reso lve  the  higher mountain ranges. Fig. l b  shows only t he  

meteorological heights  as  they appear on the  1000 mb surface.  A 

low about 100 m deep is  located over Colorado. This 

meteorological system is an order of magnitude smaller than the  

t e r r a i n  height.  Lf the  la t ter  is not  balanced by t h e  pressure 

f i e l d  which is  p a r t  of the  second term of the pressure gradient  
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fo rc r  a s  it appears in terrain fol loving coordinates ,  

conriderable e r r o r  can be introduced i n t o  the  ad jur ted  height  

gradients  and, through the  so lu t ion  of t he  dynamic c o n r t r a i n t r ,  

introduced i n t o  the  wind f i e l d .  

Our ca lcu la t ion r  show t h a t  t he  height  f i e l d  in Pig. l a  i r  

mottly balanced by the  prercrure f i e l d  (no t  ehown) through aecond 

term of the prer rure  grad ien t  force.  However, t h e  v a r i a t i o n a l  

equations separa te  there  term and bui ld  t h e  l a rge  

nonmeteorological heightr  i n t o  t h e  solut ion.  Upon nmning MODEL 

I ,  we found t h a t  the  c y c l i c a l  adjurtmeut requence d id  not 

converge t o  a solut ion.  I t  is imperative the re fo re  t h a t  t h e  

t e r r a in  e f f e c t s  be separated from the  height  adjurtmentr ab W 8 8  

o r ig ina l ly  attempted. 

b) Removal of the  Noameteorological Hydrostatic Componcnt: 

Method A 

Assume t h a t  observationr of temperature and height  have been 

gridded onto the  nonl inear  sigma coordinate  surface8 and 

nondimeusionalked according t o  c l a s r i c a l  scale theory. Asrune 

alro t h a t  t he  p re r ru re  har been determined in a manner t h a t  i r  

conr i s ten t  with the heights  and temperatures. The nondimeneional 

hydroatatic equation is 

where the  subscr ip t ,  w, i d e n t i f i e r  t he  whole o r  t o t a l  

untrcmsfotmed var iable .  We p a r t i t i o n  t h e  nonmeteorological 
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component through the  de f in i t i ons  f o r  height  and pressure,  

&= @d $7 and P, PT + P where the subscr ip t ,  T, 

i dan t i f  i ts the  t e r r a i n  contribution. 

vid. ,  

The hydrostat ic  equation is 

then 

where 

Equation (2) is i d e n t i c a l  in form t o  the  o r i g i n a l  version in 

MODEL I. The coe f f i c i en t  y is  hor izonta l ly  va r i an t  however, and 

t h i s  increases  the  complexity of t he  MODEL I equations the  over 

o r  i g  h a 1  derivat ion.  

I f  w e  assign the  pressure fo r  the  lowest th ree  layers  t o  be 

800, 900, and 1000 mb, respect ively,  then the remaining p a r t i t i o n  

va r i ab le s  may be determined by s e t t i n g  @ = 0 and solving f o r  the  

t e r r a i n  height  with the i n i t i a l ,  unadjusted temperature f o r  Tw. 

Then w e  remove the  reference atmosphere f o r  each sigma 

I 

- 
level by 

subscr ip t ,  B, r e f e r s  t o  the  reference atmosphere. Subs t i tu t ion  

i n t o  (2)  leaves 

d 

We a l s o  r equ i r e  t h a t  Ta be found through 
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Thm tho hydror ta t ic  equation f o r  t h e  adjuutable  meteorological 

r e r i d r u l  is 

= o  34 
aa - + ywT + B (7) 

I I 
where * p +rTn. Note t h a t  though 8 war set t o  zero in 

order  t o  obtain t h e  t e r r a i n  height ,  it w i l l  not  be zero once t h e  

intial  temperature hau been replaced by the  v a r i a t i o n a l  

correction. 

Fig. IC show8 t h e  he ight r  on the  1000 mb equivalent  

prerrure  sur face  a f t e r  t he  removal of the  terrain cont r ibu t ion  by 

Method A. la  

har been removed, t he  uua of Method A i r  uuderirable  f o r  t h e  

following reasons. F i r r t ,  Method A removed too much height from 

t h e  area. of high elevat ion,  ie., it ovcrer t inuted t h e  depth of 

t h e  low center  over Colorado in compariron with the  ac tua l  

heightr of t he  1000 mb sur face  (Fig. l b ) .  The mean l aye r  

temperature uued f o r  t he  ca l cu la t ion  of t he  thickness between 

700-1000 mb was estimated by the  mean l ayer  temperature between 

700 mb and t h e  prer rure  of t h e  l o v e r t  sigma sur face  (810 mb a t  

t h e  highert  e leva t ion) .  Use of t h iu  r e l a t i v e l y  cold temperature 

in t he  hyprometric equation mdereut imatcs  the  thickncsr  of t he  

layer  which, whcn subtracted from the  heights  a t  700 mb, should 

underestimate the depth of t he  low a t  1000 mb. Thuu Method A may 

have overertimated the  depth of t he  low by as  much as 120 meters. 

Although the la rge  height  anomaly present  in Fig. 



Second, rcale a n d y 8 i 8  of the term of ( 7 )  revealed t h a t  the  

v a r i a t i o n a l  adjurtment of t h e  temperature in t he  second term of 

(4) war equal in magnitude t o  the  cor rec t ion  of the  second term 

of ( 7 ) .  Thur (71, mitten in the form t h a t  can be mort e a r i l y  

adapted i n t o  MODEL I ,  doer not guarantee convergence of the  

oolut ion requence. Indeed we found convergence only when t h e  

temperature in the  second term of ( 4 )  war held l e f t  unadjusted. 

c )  Removal of the  No~nneteorological Hydrortat ic  Component: 

Method B 

A8 in Method A, Method B begin8 with the  nondi~nenrional 

hydro r t a t i c  equation va l id  f o r  the whole o r  t o t a l  thermodynamic 

va r i ab le r ,  

We def ine  the  meteorological and t e r r a i n  p a r t i t i o n s  of t h e  height  

and presrure  a8 before, k& and pw = pT + p, and 

a u b r t i t u t e  i n t o  (8) t h i r  t h e  expanding t h e  logarithmic term 

aleo. The r e r u l t i n g  hydros ta t ic  equation is 

- a% + yT, + 6' = 0, au 

where 
3 In 

Y'- aa J 

In t h i r  formulation, is horizontal ly  invar ian t  and thuo 

9 



r a t a i n r  t h e  r impl i f ied  form of t h e  hydro r t a t i c  equation ar it 

appearad in t h e  o r i g i n a l  de r iva t ion  of MODEL 1. We again def ine  

p = 800, 900, 1000 mb ar equivalent p re r ru re  sur facer  ar a 

d i s t i n c t i o n  between the  heights obtained by Method B and t h e  

heights of t h e  o r i g i n a l  prersure  sur facer  ar obtained d i r e c t l y  

from t h e  obrervationr. g e t  

qR, the reference atmorphere nuy be removed subjec t  t o  t h e  

condition t h a t  

I f  0 ir  averaged over e8ch l aye r  t o  

- a@R + yTR = 0, 
a 0  

if 0 - 0 + + and TW = y’ +T. Then (9 )  reducer t o  

where, upon v a r i a t i o n a l  adjurtments f o r  height and temperature, 

fl taker t h e  form 

The advantages of Method B are t h a t  v is hor i zon ta l ly  

invarisnt  and t h a t  scale ana lys i s  reveals t h a t  t h e  adjustment 

term. of (14) a r e  a t  least an order of magnitude smaller than the  

second term of (13). Thur (13) w i l l  no t  impede t h e  convergence 

of t he  so lu t ion  sequence of MODEL I. The d i f f i c u l t y  with Method 

B is  t h a t  t h e  t o t a l  and equivalent prersures  appear as 

undi f fe ren t ia ted  coef f ic ien ts .  Thus the  accuracy of (14) and 

hence (13) is c r i t i c a l l y  dependent upon a method t o  determine a 

representa t ive  pressure f o r  each sigma layer .  After some 

10 



expe rken ta t ion ,  it W.8 found t h a t  an accura te  r ep re ren ta t ive  

p re r ru re  w a 8  given by t h e  average of t h e  arithmetic mean plus  

twice t h e  geometric me-, 

Pig. I d  shovr the  height  of t h e  1000 mb equivalent  p re r ru re  

sur face  after the  appl ica t ion  of Method B. The reremblolrce of 

a l l  fea ture8  t o  the  height. of the ac tua l  1000 mb surface (Pig. 

l b )  evident u c e p t  f o r  t he  smaller c e n t r a l  height  of t h e  low 

center over Colorado. The underertimation of t h i r  f e a t u r e  war 

expected becaure of the  cold layer thicknessea the re  a8 described 

i n  reference t o  Method A. Since we have merely pa r t i t i oned  t h e  

height#,  not  neglected height  terms, t h e  remaining height8 t h a t  

make up t h e  d i f fe rence  in t h e  heights between Fig. Id  and Fig. 

l b  must be contained in the  residual  term. Method B was adopted 

f o r  t h e  hydros ta t ic  cons t r a in t  in MODEL I. 

i r  

Once the  t e r r a i n  and meteorological va r i ab le r  have been 

pa r t i t i oned  through the  hydror ta t ic  equation, it is a simple 

matter t o  ca l cu la t e  the prer rure  gradient  fo rce  te rm of the  

hor izonta l  momentum equations. The nondhenr iona l  pressure 

grad ien t  term in the  x-d i rcc t ion  is given by 

. 
where the  superscr ip t ,  x, h p l i c r  t h a t  the temperature ha8 been 

averaged over the  in t e rva l  of d i f f e ren t i a t ion .  Pa r t i t i on ing  of 

t h e  height8 and preseures leaves 

11 



Wo note t h a t  before the pa r t i t i on ing ,  the  height of t he  lover 

coordinate rurface war e n t i r e l y  nonmeteorological by the 

def in i t ion  of the terrain-following v e r t i c a l  coordinate. The 

prerrure  term contained both the  t e r r a i n  and meteorological 

contr ibut ionr  t o  the  prer rure  grad ien t  force.  The pa r t i t i on ing  

har forced part of the  meteorological prer rure  i n t o  the  he ight r  

a r  ) p / > x  = 0 and a l r o  i n t o  6 ,  through pT in (11). 

Therefore, the  prer rure  grad ien t  i o  no t  given t o t a l l y  by the 

f i r r t  term of ( 1 7 )  or i r  evident by the  d i f fe rencar  t he  

height analyrer  in Figr. l b  and Id, but by the  f i r s t  term plus  

elcmcntr of t h e  eecond and t h i r d  term. The pa r t i t i on ing  is no t  

a coordinate tranoforaution, hence the  term equivalent p re r ru re  

ourface, nor i r  it a per fec t  eeparation of t he  t e r r a i n  from the  

meteorological prer rure  gradient.  I t  i e  only a method t o  reduce 

the  large nonmeteorological component between the  o r i g i n a l  

presrure  gradient termr. 

between 

Introduction of the  reference atmorphere and appl ica t ion  of 

s ca l e  ana lys i s  modifier (17) a s  follows, 

PGX = - + nx , ax 

where 

The temperature in t h e  f i r s t  term of (19) is subject  t o  the  

va r i a t iona l  adjustment. Since the  remaining terms a r e  determined 

from ini t ia l  var iab ler  and held f ixed ,  w e  may rewrite n, as  

12 



to  g ive  tho remaining meteorological part  of the  hor izonta l  

p re r ru re  gradient  force.  

3 .  Generalization of t h e  Integrated Continuity Equation 

The t r rnrformation of t h e  continuity equation from prerrure 

c o o r d h t e r  i n t o  the  nonlinear rigma coordinates involved a 

cor rec t ion  term that  i r  the  v e r t i c a l  ve loc i ty  mult ipl ied by a 

coe f f i c i en t  t h a t  i r  a nonlinear function of rigma. This 

coe f f i c i en t  appears ar an in tegra l  upon the  ro lu t ioo  of t h e  

in tegra ted  cont inui ty  equation f o r  the  v e r t i c a l  velocity.  An 

exact ro lu t ion  of t he  in t eg ra l  war not  obtained a t  the t i m e  t h e  

v a r i a t i o n a l  model war being coded. Our attempts t o  approximate a 

ro lu t ion  by averaging f a i l e d  brcaure of the highly nonl inear  

r e l a t ion rh ip  betveen prer rure  and rigma. Rather than hold up t h e  

model development wi th  attempt8 t o  approximate t h i r  term, it war 

decided t o  ret the  term equal t o  one and proceed. The r e r u l t  war 

t h a t  packing of the sigma coordinate eurfacer over e levated 

t e r r a i n  war not  taken i n t o  account in the  ca lcu la t ion  of v e r t i c a l  

ve loc i t i e s .  Low level divergencer were accorded too much weight 

i n  the  in tegra t ion  and subsequent adjurtment of the  cont inui ty  

equation. 

We now know t h a t  an exact rolut ion f o r  the  in t eg ra l  can be 

obtained if the in tegra t ion  is taken over the prer rure  i n t e r v a l  

betveen rigma layerr .  We thur proceed t o  genera l ize  the  

in tegra ted  cont inui ty  equation. The equation of cont inui ty  in 
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nonlheu rigma coordin8ter i r  

aU av a5 
ax ay aa 

. 
- + - + - + q l U + F  = 0, 

where 

In addition, 

-2[J - a (p-p*> 1 
> I 

41 -2 
J 

and 

3 J~ [ ~ ~ J ( P - P * )  J 
31 (P-P") 

J 
J2 q2 (Ps-P*)4 

where 

a = ~ * / ( P * - P J  , 
and 

i f  
-3 

11 (P,-P"> . p s - p u  6 = [l-a*(- 
P *-Pu 

The de f in i t i ons  of the  various symbols are as follows. 

Ws dp,/dt is the  v e r t i c a l  ve loc i ty  in pressure  c o o r d h 8 t a s  

along t h e  lower sigma coordin8te surface,  R1 = 0.1, K is t he  

va r i ab le  p a r t  of the  nondimensionalked Lambert conformal map 

scale fac tor ,  p, is t h e  surface pressure,  pu is the  

pressure a t  t h e  top of t he  analysis domain, and p* = 700 mb is 

t h e  prerrure  a t  a reference sigma level, r*, def ined f o r  t he  

nonlinear sigma coordinate system. Refer t o  Achtcmeier, etal., 

14 



19a) f o r  a more complete description of t he  dynmnical 

conrtr8htr m d  t h e  rigma coordinate rpstem. 

When solved f o r  t h e  v e r t i c a l  ve loc i ty ,  (21) taker t h e  

fo l lov ing  form, 

where 

and 

We seek t h e  ro lu t ion  of t h e  integral term Q. Upon conversion t o  

an i n t e g r a l  over prer rure ,  t h e  exponent of ( 3 0 )  become. 

From t h e  d e f i n i t i o n  of t he  sigma coordinate, 

0 = B(p-p*I3 + a(P-p,) ) 

t h e  der iva t ive ,  dQ/dp, is found t o  be equal t o  

Combining (33) with q1 in (23) and in t eg ra t ing  over p re r ru re  

g i v e r  

15 



Becauro the  term, Q, i r  8 var i ab le  c o e f f i c i e n t  t h a t  

mul t ip l ie r  the  hor izonta l  divergence, it csurer  the  in t roduct ion  

of sddi t ional  tarnu in t h e  Euler-Lagrurge equations f o r  t h e  

va r i a t iona l  adjurtment model. There t e rw incresre t h e  

complexity of t h e  d i sguor t i c  equation f o r  t he  sdjurtment ve loc i ty  

potent ia l .  Therefore, t h e  Euler-Lagrange equationr vhich a t e  

affected by t he  g e n e r s l b s t i o n  of (28) are rederived. All new 

term are introduced i n t o  the  equationr in s m-er conai r ten t  

v i t h  the  v e r t i c a l l y  r t sggsrd  g r i d  of t he  v a r i a t i o n a l  model. Then 

the va r i s t i ona l  model i r  rerun and s e e r i e r  of t a r t s  conducted t o  

ver i fy  t h e  coding of the formulation snd determine hav t h e  

correct ion term h p a c t r  upon the  v e r t i c s l  veloci ty .  

ra, 



I 

maltiplier with (36) giver the following term in the adjurtment 

equations for u, V, snd U'* 

Upon h r p e c t i m  of the term8 of there equationr, it becomer 

apparent 

of sigma. Therefore we can combine both into a nev Lagrangian 

mu1 t i p  1 ier , 

th8t neither h3 nor the integral of Q is  a function 

The variatiour on u, v ,  and 6' (eqo. (371, (381, and (39)) 

17 



simplify to 

* A, 

These modifications are inserted into the f u l l  

Euler-Lagranga equationr that contain reference to )I3. The 

Euler-Logrange equations for u and v are 

rc 
SI1u - Xjx + X2 + F1 0 > 

rL 
- X 1 + F 2  = O J - x3y 

(44)  

18 



The Euler-hgrmge equatiou for 0‘ i r  

In addition, the integrated continuity equation i r  

p‘ 0 Q(uX+v Y ) do +-; + I?, * 0 1 
0 

( 5 0 )  

19 



Variabler are eliminated t o  produce a diagnortic aquation in 

& Dividing (44) a d  (6) by and reformulating ar 

componentr of the divergence giver 

I 20 

1 *  1 v - (- X ) + [- (-A1 + F2)Iy  = 0 , 
x n1 3Y Y n1 

Then (52) and (53) combine into the divergence and after 

integration over aome interval &, become 

Now i s  eliminated from (49) and (50) so that * 

0 

A di.gnortic equation in is  obtained upon e l h i n a t i o n  of the 

integrated divergence through combining ( 54) and ( 55) : 
* 

* r1 do) + ( A *  r1 9 - + F1O 
0 I1 3y 0 r[l y1 Q do 

X 
0 

(A3x 
0 

0 
where 

7 '  
E3 (-Al+ F 11 1 Q do - - + F  ( A 2  + F ) ]  + 

F 1 O  rIl 2 Y  *2 1 x 
0 



We a180 note t h a t  severa l  termr of ( 5 6 )  obey an i den t i ty  (Eq.(48)  

in Achtemeier e t  a l . ,  1986) .  Therefore ( 5 6 )  transform8 i n t o  the 

t ~ ~ - d i m a n r i o n a l  second-order e l l i p t i c  partial  d i f f e r e n t i a l  

equation with oon-conrturt coeff ic ient8 given by 

In t he  went t h a t  i a  horizontally invar ian t ,  (58) f u r t h e r  

s impl i f i e r  t o  

= o  2 *  r1 <e) do V. X3 - - '3 
+ F1O "Iu1 Q do 

U 5 
0 

U 
0 

Model I war rerun w i t h  Q ca lcu la ted  from t h e  above 

development and compared w i t h  Q4.0 f o r  a l l  levels .  Fig. 2 

rhawr the  v e r t i c a l  ve loc i t i e s  a t  l eve l  3 (700 mb). There is 

found an approximate 50 percent reduction in the  v e r t i c a l  

ve loc i ty  fo r  the aua lyr i r  where var iable  layer  thickness is a 

f a c t o r ,  the reduction having been made over the higher e levat ion 

a reas  w e n t  of the Great Plain.. For example, a g rea t e r  than 4 cm 

sac center  of r i s i n g  motion f o r  t h e  Q-1.0 analysis  (Fig.  -1 

21 



2.) h u  been reduced t o  s l i g h t l y  g r e a t e r  t h m  2 cm 

t h e  ana lyr i r  with va r i ab le  Q (Fig 2b) Elsewhere Over lower 

elevat ionr  the  impact of t h e  layer  th ickner r  i r  much smaller. 

sec f o r  

4. Impact of Horizontal Variation of Prec is ion  Moduli 

As  a simplifying f a c t o r  in t h e  der iva t ion  of t he  MODEL 1 

var i a t iona l  ana lys i s ,  we made the  prec is ion  moduli t h a t  weight 

t h e  observations functions of height only. This is a reasonable 

assumption as long as t h e  da t a  are r e l a t i v e l y  evenly d i s t r i b u t e d  

over the ana lya is  domain and t h e  da t a  q u a l i t y  are hor i zon ta l ly  

invariant. The TIROS-N data v i o l a t a r  t he  assumption on both 

countr. The TIBOS-N da ta  w e  a r e  u r h g  f o r  t h e  10 April  1979 

model v e r i f i c a t i o n  case s tud ie s  conta inr  l a r g e  gap8 which are of 

regional scale. The method f o r  ob jec t ive  gridding of t h e  da t a  

f i l l s  the gaps by in t e rpo la t ion  from surrounding data. The 

r e su l t i ng  temperature f i e l d s  a r e  only approximate in t he re  area8 

and can be s i g n i f i c a n t l y  in e r r o r  i f  t h e  da t a  gaps coincide with 

temperature maxima o r  m i n i m a .  Our analys is  of 12 GMT 10 Apr i l  

197 9 was such a case. 

Model I was designed f o r  hor izonta l ly  v a r i a n t  weights. No 

reder iva t ionr  were necersary f o r  t h i s  p a r t  of t he  study. We 

began s e n r i t i v i t y  s t u d i e s  with the  ve loc i ty  adjustment po ten t i a l  

equation number (58) The prec is ion  modulus weight8 were allowed 

t o  vary over f i v e  orders  of magnitude giving adjurtments t h a t  

ranged from 100 percent r e s t o r a t i o n  of t h e  ho r i zon ta l  

divergence t o  100 percent r ea to ra t ion  of t h e  i n i t i a l  

veloc i t y  

v e r t i c a l  

22 
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veloc i ty .  The weight8 were d io t r ibu ted  wer a number of 

g e a r e t r i c a l  p a t t e r n r  in order  t o  determine tha condition8 which’ 

v i o l a t e  the  a t a b i l i t y  c r i t e r i a  f o r  (58) The r e r u l t r  t o  da t e  a r e  

too  preliminary t o  r epor t  upon a t  t h i r  t i m e  however, ea r ly  

ind ica t ion8  a r e  t h a t ,  in some of t h e  care8 we t u t e d ,  t h e  ure of 

t h e  f i v e  order of magnitude va r i a t ion  in t h e  weightr, wen though 

r a t i r f y i n g  s t a b i l i t y  c r i t e r i a ,  can produce g r e a t l y  exaggerated 

hor izonta l  ve loc i ty  field.. 
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a b 

C d 

Figure 1. Haightr of t he  laver coordinstc rur fsce  f o r  MODEL I a t  
1200 GMT 10 Apri l  1979, s ) t h e  unlevel t e r r a i n  included, b) the  
metcorologicd hcightr  sa they sppear  on the  1000 mb sur fsce ,  c )  
t he  heightr on the  1000 mb equivalent presrure  surface a f t e r  the  
removsl of the terrain contribution by Method A, and d )  the  
height  of t h e  1000 mb equivalent prer rure  surface a f t e r  t h e  
appl ica t ion  of Method B. 
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Pigurr 2, The vertical velocit ies  a t  level 3 (700 mb), 1200 
10- April 1979 for a) for the Q = l . O  analysis and-b) for the 
malyair with variable Q , 
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