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Abstract 

A c r i t e r i o n  f o r  the onset o f  vortex breakdown i s  proposed. Based upon 

previous experimental, computational, a n d  t heo re t i ca l  s tud ie s ,  an appropriately 

defined local Rossby number i s  used t o  de l fnea te  the region where breakdown 

occurs. In addition, new numerical r e su l t s  a r e  presented which fur ther  val idate  

t h i s  c r i t e r i o n .  A number of previous theore t ica l  s tud ies  concentrating on 

i n v i  sc i  d standi ng-wave analyses for  t r a i  1 i n g  wi n g - t i  p vor t i  ces are  rev? ewed a n d  

re in te rpre ted  i n  terms of the Rossby number c r i t e r i o n .  Consistent w i t h  previous 

s tud ie s ,  the physical basis for the onset of breakdown i s  i den t i f i ed  as the 

a b i l i t y  of  the f l ow  t o  sustain such waves. Previous computational r e su l t s  are  

reviewed and re-evaluated in terms of t h e  proposed breakdown c r i t e r ion .  As a 

r e s u l t ,  the cause o f  breakdown occurring near the inflow computational boundary, 

common' t o  several numerical s tudies ,  1 s  i d e n t i f i e d .  F ina l ly ,  previous 

experimental s tudies  of vortex breakdown f o r  both leading edge and t r a i l i n g  

wing-tip vort ices  are reviewed and quant l f ied i n  terms of the Rossby number 

c r i  t e r i  on. 
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1. Introduction 

Vortices can be generated i n  many ways. Of spec i f i c  i n t e r e s t  a re  vor t ices  

generated by a f i n i t e  p la te  or sharp-edged body a t  a non-zero angle of a t tack .  

These vort ices  are often highly s tab le  s t ruc tures  character ized by a s t r o n g  

axial  flow. Other examples o f  vor t i ces  w i t h  a s t r o n g  axial  veloci ty  component 

include tornadoes and waterspouts, intake vor t ices ,  and  swirling flow in pipes 

and tubes. 

Leading-edge vor t ices  shed from a de l ta  wing induce a velocity f i e l d  t h a t  

r e su l t s  i n  increased l i f t  and s t a b i l i t y  o f  the wing .  However, under c e r t a i n  

conditions related to  the angle o f  attack of the wing ,  these vor t ices  can 

undergo a sudden and d r a s t i c  change in s t ruc ture  known as vortex breakdown. 

This breakdown can adversely a1 t e r  t h e  aerodynamic c h a r a c t e r i s t i c s  of the  

w i n g .  

t i p  vor t ices ,  which i s  des i rab le  because these vor t ices  represent a hazard t o  

smaller a i r c r a f t  i n  areas of dense a i r  t r a f f i c .  The fundamental d i f fe rence  

between these two c lasses  of vort ices  1 i e s  i n  t h e i r  c i  rcumferenti a1 veloci ty  

A similar  vortex bursting phenomena has been observed f o r  t r a i l i n g  w i n g -  

d i s t r ibu t ions .  

veloci ty  p ro f i l e  o f  the w i n g - t i p  vortex behaves l i k e  the two-dimensional 

Burgers' vortex; whereas Hal 1 has shown t h a t  the circumferential  veloci ty  

d i s t r ibu t ion  o f  the leading-edge vortex can be approximated using the concept o f  

a viscous subcore very near the axis surrounded by an inviscid ro ta t iona l  

conical flow region. Thus, the r a d i a l  gradients of the circumferential  velocity 

near the axis  o f  the leading-edge vortices are much larger than those of the 

wi n g - t i  p vortices.  

Far downstream, as was shown by Batchelor, '  the circumferential  

The a b i l i t y  t o  control these vortical s t ruc tures  i s  an important and act ive 

area of research. For example, i t  i s  desirable  t o  delay the process over a 

de l t a  w i n g  and accelerate  i t  for  t r a i l i n g - t i p  vort ices .  Unfortunately, a 
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comprehensive scheme t o  descr ibe  the  breJkdown process z i d  the parameters 

e f f e c t i n g  i t  i s  p r e s e n t l y  l ack ing ,  a1 though severa l  t h e o r i e s  have been proposed. 

Vortex breakdown was f i r s t  observed e x p e r i m e n t a l l y  by Peckham and 

A t k i n ~ o n . ~  They observed t h a t  v o r t i c e s  shed from a d e l t a  wing a t  h igh  angles of 

a t t a c k  appeared t o  " b e l l  out'' and d i s s i p a t e  severa l  co re  diameters downstream 

f rom t h e  t r a i l i n g  edge o f  t h e  wing. 

observed i n  s w i r l i n g  f lows i n  s t r a i g h t  pipes, nozz les  and d i f f u s e r s ,  combustion 

chambers, and tornadoes. 

e ~ p e r i m e n t a l l y , ~  ranging from a m i l d  " s p i r a l "  t ype  t o  a s t rong  "bubble" t ype  

breakdown. Observations i n  the  e a r l y  1960's spur red  cons ide rab le  e f f o r t  t o  

S i  nce then, v o r t e x  breakdown has been 

Seven types o f  breakdown have been i d e n t i  f i ed 

develop a th ,eoret ica l  exp lana t ion  f o r  t he  v o r t e x  breakdown phenomena. Three 

d i f f e r e n t  classes of phenomena have been suggested as t h e  cause or  exp lana t ion  

o f  breakdown. These are: (1) the concept o f  a c r i t i c a l  ~ t a t e , ~ - ~  ( 2 )  analogy 

t o  boundary-layer ~ e p a r a t i o n , ' ~ ~  ( 3 )  hydrodynamic i n s t a b i l i t y .  10-12 

The c r i t i c a l  s t a t e  theo ry  i s  based upon the  p o s s i b i l i t y  t h a t  a columnar 

The superc r i  t i c a l  s t a t e  has v o r t e x  can support axisymmetric s tand ing  waves. 

l o w - s w i r l  v e l o c i t i e s  and the  f l o w  i s  unable t o  support  these waves. S u b c r i t i c a l  

f l o w s  have h igh-swi r l  v e l o c i t i e s  and a r e  a b l e  t o  suppor t  waves. 

breakdown can be thought o f  as the  a b i l f t y  o f  t h e  f l o w  t o  s u s t a i n  s taxd ing  

Vortex 

waves. 

2 I n  Hal 1 s theory,  t h e  breakdown phenomena i s  taken t o  correspond t o  a 

f a i l u r e  o f  the q u a s i - c y l i n d r i c a l  approximat ion.  The idea  be ing  t h a t  when 

s t r e a m i s e  gradients i n  t h e  w r t e x  become l a r g e  the  quasi -cy? i n d r i c a ?  

approx imat ion  must f a i l ,  thus s i g n a l i n g  breakdown. 

analogous t o  the f a i l u r e  o f  t h e  boundary- layer equat ions  which s i g n a l s  an 

impending separation. 

Th is  i s  cons idered t o  be 

S t a b i l i t y  theory o n l y  a l l ows  one t o  f n v e s t i g a t e  t h e  a m p l i f i c a t i o n  o r  decay 
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o f  i n f i  n i  tesrnal l y  sinal 1 d i  sturbances imposed on the  base v o r t e x  f low.  Breakdown 

i s  then assumed t o  be analogous t o  l a m i n a r - t u r b u l e n t  t r a n s i t i o n .  O f  course, as 

po in ted  ou t  by Leibovich,13 breakdown can occur w i t h  1 i t t l e  s i g n  o f  i n s t a b i l i t y  

and a vo r tex  f l o w  may become uns tab le  and n o t  undergo breakdown. 

The purpose of t h i s  paper i s  t o  show t h a t  t he  e x i s t e n c e  o f  a c r i t i c a l  

c o n d i t i o n  f o r  vo r tex  breakdown can be descr ibed i n  terms o f  a fundamental l o c a l  

f l o w  parameter. A common idea among several  p rev ious  t h e o r e t i c a l  s t u d i e s  w i l l  

be i d e n t i f i e d  and an analogy t o  t h e  ideas o f  Tay lo r14  concern ing  t h e  s t a b i l i t y  

o f  Couette f l ow  w i l l  be noted. The i d e n t i f i c a t i o n  o f  t he  Rossby number as the  

key parameter w i l l  be discussed and i t s  c l o s e  r e l a t i o n s h i p  w i t h  t h e  ideas  s e t  

f o r t h  i n  previous s tud ies  by o the rs  i s  examined. F i n a l l y ,  t h e  Rossby number 

c r i t e r i o n  w i l l  be a p p l i e d  t o  p rev ious  computa t iona l  and exper imenta l  r e s u l t s  and 

the  numerical r e s u l t s  o f  the present  i n v e s t i g a t o r s .  

2. Previous Theoretical Resul ts 

Throughout the remainder o f  t h i s  paper we use a c y l i n d r i c a l  p o l a r  

c o o r d i n a t e  system, ( r ,  e, z ) ,  and corresponding v e l o c i t y  components, U i n  the 

r a d i a l  ( r )  d i r e c t i o n ,  V i n  the  c i r c u m f e r e n t i a l  ( e )  d i r e c t i o n ,  and W i n  t h e  

a x i a l  ( z )  d i r e c t i o n .  I n  d i s c u s s i n g  previous work, we adopt t h e  ( r ,  e, z) 

convent ion.  

Squire8 appears t o  be the  f i r s t  t o  have performed a t h e o r e t i c a l  a n a l y s i s  o f  

vo r tex  breakdown. He suggested that  i f  s tand ing  waves were a b l e  t o  e x i s t  on a 

v o r t e x  core  then m a l  1 d is tu rbances ,  p resent  downstream, c o u l d  propagate 

upstream and cause breakdown. 

on t h e  s t a b i l i t y  of c i r c u l a r  Couctte f low. 

was performed t o  a s c e r t a i n  the a b i l i t y  o f  t h e  base f l o w  t o  suppor t  axisymmetric 

standing-wave disturbances. I n  a l l  o f  t h e  cases s tud ied ,  S q u i r e  assumed t h a t  

t h e  v o r t e x  f low was i n v i s c i d  and axisymmetric. He then sought t o  determine 

14 This i s  analogous t o  t h e  e a r l i e r  work o f  Tay lo r  

There, a l i n e a r  s t a b i l i t y  ana lys i s  
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cond i t i ons  under which an i n v i s c i d ,  a x i  symnctr ic ,  steady p e r t u r b a t i o n  t o  t h e  

f low cou ld  ex i s t .  Th is  c o n d i t i o n ,  which was necessary f o r  t he  ex i s tence  of  a 

s tanding wave, was taken t o  mark the t r a n s i t i o n  between s u b c r i t i c a l  and 

s u p e r c r i t i c a l  s ta tes .  Two o f  t he  cases s t u d i e d  by Squi re a re  r e l e v a n t  t o  the  

present  study. 

I n  the f i r s t  case W was taken t o  be a constant .  V was taken t o  be t h a t  o f  

a s o l i d  body r o t a t i o n  i n s i d e  a core o f  u n i t  rad ius  and t h a t  o f  a p o t e n t i a l  

vo r tex  outside. T h a t  i s  

V = V o r  O S  r\c 1 

V = V o / r  r > , l  (1) 

w i t h  Vo a constant.  

parameter, "k" the r a t i o  o f  t he  maximum s w i r l  speed t o  the  a x i a l  speed, had t o  

He found t h a t  f o r  s tand ing  waves t o  e x i s t  a s w i r l  

s a t i s f y  a c r i t e r i o n  

k = Vmax/W >, 1.20 ( 2  1 

When k = 1.20 the wave i s  i n f i n i t e l y  l ong  b u t  has a f i n i t e  wavelength f o r  

k > 1.20. 

I n  the second case W was a l s o  taken t o  be a constant ,  b u t  

w i t h  Vo a nondimensional parameter. 

c o n d i t i o n  on the s w i r l  parameter "k" f o r  t he  ex is tence of  a s tand ing  wave. The 

c o n d i t i o n  was 

Again, Squi re found t h a t  t he re  was a 

k = Vmax/w >/ 1.00, 

VmaX = 0.638 V, (5) 

( 4 )  

where we note t h a t  

5 Benjamin examined t h i s  phenomena from a d i f f e r e n t  p o i n t  o f  view. He 
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considered vo r tex  breakdown t o  be a f i n i t e  t r a n s i t i o n  between two dynamical ly  

conjugate s t a t e s  of flow. There i s  s u b c r i t f c a l  f low, wh ich  i s  d e f i n e d  as the 

s t a t e  t h a t  i s  a b l e  t o  support  standing waves, and a con juga te  s u p e r c r i t i c a l  f l o w  

which i s  unable t o  suppor t  standing waves. I n  t h i s  c o n t e x t  t he  work o f  Squi re 

g ives a c o n d i t i o n  mark ing the i n te r face  between these two s t a t e s .  As i n  the  

work o f  Squire,  a u n i v e r s a l  c h a r a c t e r i s t i c  parameter was d e f i n e d  which 

de l ineates  the  c r i t i c a l  reg ions o f  the  f low.  Th is  parameter,  denoted by N, i s  

t h e  r a t i o  o f  t h e  abso lu te  phase v e l o c i t i e s  o f  l o n g  wavelength waves which 

propogate i n  t h e  a x i a l  d i r e c t i o n ,  i.e., 

c, + c - 
N =  C , F  - 

Here C+ and C- a r e  the  phase v e l o c i t i e s  o f  t h e  waves wh ich  propogate w i t h  and 

aga ins t  t h e  f low,  r e s p e c t i v e l y .  

and f o r  N < 1, s u b c r i t i c a l .  

For N > 1 the  f low c o n d i t i o n s  are  s u p e r c r i t i c a l  

Benjamin a p p l i e d  t h i s  theory t o  a s p e c i f i c  v o r t e x  f l ow ,  d e f i n e d  by W a 

cons tan t  and 

V = V o r  O c r d l  

V = V o / r  l \ < r \ < R  ( 7 )  

I f  R + -, t h i s  i s  j u s t  the  combined vortex s t u d i e d  by Squ i re .  Benjamin found 

t h a t  the  c r i t i c a l  c o n d i t i o n  was o f  the same form as S q u i r e ' s  

V m a X F I  = constant (8 )  

The p r e c i s e  va lue o f  t h e  constant  depends on t h e  va lue  of  R b u t  l i e s  between 

1.92 when R = 1 and 1.20 when R = -. Thus Benjamin, a l t hough  s t a r t i n g  f rom a 

d i f f e r e n t  pe rspec t i ve ,  a r r i v e d  a t  the  same c r i t i c a l  c o n d i t i o n  f o r  a combined 

vor tex  as d i d  Squi re.  

As a v a r i a t i o n  of the  phase ve loc f t y  c r i t e r i o n  of  Benjamin, Tsai  and 
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I 
1 Widnall’’ examined a g r o u p  velocity c r i t e r i o n  which follows more d i r ec t ly  from I 

the view t h a t  the breakdown occurs due t o  a wave trapping mechanism.16 Their 

investigation was o f  swirling pipe flows where the radial  a n d  axial veloci ty  

d is t r ibu t ions  can both  be f i t  t o  exponential p ro f i l e s .  

squares f i t  of Garg and Leibovich” t o  ca lcu la te  the dispersion re la t ion  from 

I 
They used the l e a s t  

s t a b i l i t y  of 

disturbances 

Their analys 

existence of 

resu l t s  w i t h  

containing a 

1 inear para1 le1 s tab i l  i t y  theory. 

various flow profi les  was then calculated.  

breakdown the group velocity of b o t h  the symmetric and  asymmetric modes was 

directed downstream. Even though t h e i r  c r i  t i c a l i t y  condition of zero g r o u p  

velocity proved an accurate guide for the various types of breakdown, they were 

unable t o  es tabl ish a re la t ionship between vortex breakdown and  wave trapping. 

The g roup  velocity associated w i t h  the 

The r e s u l t s  showed t h a t  upstream of 

Final ly  t o  complete th i s  brief review of previous theore t ica l  s tud ies ,  a 

recent paper by I t o ,  Suematsu, and  Hayase18 i s  considered. 

s ta t ionary a n d  unsteady vortex breakdown were examined. They considered the 

There, b o t h  

a columnar vortex t o  small amplitude disturbances.  The 

can be axisymmetric as well as asymmetric a n d  steady or unsteady. 

s yie lds  a c r i t e r ion  f o r  breakdown from the requirement f o r  the 

solutions to  the i r  disturbance equations. 

those of Benjamin for  the same case of a f i n i t e - r ad ius  pipe 

ri gi d-body rotat ion gives the same c r i  t e r i  on fo r  breakdown. The 

A comparison of these 

important  aspect of the I t o  e t  a l l 8  work l i e s  in t h e i r  i n t e rp re t ive  c r i t e r i o n .  

Their non-dimensionalization leads t o  the Rossby number as the relevant 

parameter. For example, i n  the case of swirling pipe flow consis t ing of a so l id  

body ro ta t ion ,  the relevant scales  are  the axial  velocity W, pipe radius r and  

constant angular velocity of the flow, n . 

1 

* 

I t  i s  advantageous to  summarize t h i s  section by placing these theoret ical  

analyses in to  perspective. As has been shown there i s  quant i ta t ive  agreement 
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among the r e su l t s  of SquireY8 Benjamin,' and  I t o  e t  a l l 8  f o r  the various t e s t  

problems t h a t  have been examined. 

e i t h e r  the scope of t h e  analysis ( l i nea r ,  p a r a l l e l ,  i nv i sc id )  or the narrow 

c l a s s  of flows t h a t  have been considered. 

the calculat ion of group velocity i s  an added task.  

f e a s i b l e  in engineering applications where a c r i t e r i o n  based solely on mean 

quanti t i e s  may be necessary. Nevertheless, these analyses indicate t h a t  a 

c r i t e r i o n  for  vortex breakdown i s  available.  I n  sect ion 4, t h i s  Rossby number 

c r i t e r i o n  i s  applied t o  a variety of computational and experimental, confined 

a n d  unconfined flows and  i t s  range o f  app l i cab i l i t y  i s  examined. 

before proceeding w i t h  th is  analysis i t  i s  i n s t ruc t ive  t o  examine the large 

number of computational studies which have been performed. 

These analyses have been constrained by 

I n  the study of Tsai and Widnall, 15 

This i s  generally n o t  

However, 

3. Previous kmeri cal Studies 

Numerical simulations of vortex breakdown a b o u n d .  In a l l  these cases 

the  flows were r e s t r i c t ed  t o  have axial symmetry and  a r e l a t ive ly  low range of 

Reynolds numbers. I n  general, geometries and boundary conditions were chosen t o  

r e f l e c t  experimentally observed flows. The purpose o f  the computational 

experiments was t o  obtain information concerning the s t ruc tu re  of the breakdown 

region and  the various parameters affect ing i t s  development. A possible 

c r i t i c i s m  of these numerical experiments i s  t h a t  when breakdown occurs, i t  

invar iab ly  does so within a few core dfameters of the inflow plane. Due t o  the 

ex is tence  of an inflow boundary layer Inherent i n  a l l  numerical calculat ions of 

t h i s  type the r e su l t s  in this region must be suspect. 

by Lei b ~ v i c h , ' ~  b u t  has continued t o  plague subsequent numerical r e su l t s .  

T h i s  has been pointed o u t  

Grabowski and Berger21 solved t h c  steady axi symmetric Navier-Stokes 

equations f o r  a f r ee  vortex approximatcd by a two parameter family o f  assumed 

inflow velocity dis t r ibut ions.  These were the polynomial prof i les  given by 
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I MagerZ5 i n  his integral  analysis,  embedded i n  an i r r o t a t i o n a l  flow. The 

equations of motion were writ ten i n  terms of s t r e t ched  coordinates i n  the radial  

and axial directions.  The conditions a(Ur)/ar = 0,  V = const/R and W = 1 were 

chosen a t  the radial boundary, R .  A t  inflow, a parameter, a, allows for  wake- 

l i k e  or j e t - l i ke  axial velocity p ro f i l e s .  The a r t i f i c a l  compressibi l i ty  

technique was used t o  solve the equations of motion. Solut ions were obtained 

which were charac te r i s t ic  of vortex breakdown f o r  Reynolds numbers based on 

axial  velocity and cha rac t e r i s t i c  core radius, up  t o  200. These solut ions were 

obtained w i t h  inflow conditions tha t  were, i n  many cases ,  subc r i t i ca l .  The 

r e s u l t s  indicate t h a t  breakdown i s  enhanced by increas ing  the swir l ,  and i s  

re1 a t i  vely Reynol d s  number independent. 

Kopecky and Torrance” considered axi symmetric swi rl i n g  flow through a 

cyl indrical  t u b e .  This d is t r ibu t ion  of swirl veloci ty  a t  inflow behaves as  a 

s o l i d  body near the ax is  a n d  a potential  vortex away from the ax i s ,  representing 

a solut ion t o  the Navier-Stokes equations for  the l i m i t i n g  case of Reynolds 

number approaching in f in i ty .  A parametric study was performed w i t h  Reynolds 

numbers, based on axial velocity a t  the outer computational boundary and tube 

radius ,  ranging from 50 to  500; and swirl r a t i o s  from 0.4 t o  10. The 

I development of a recirculat ion zone was demonstrated as  the swirl was increased ~ 

f o r  fixed Reynolds number and viscous core diameter. Similar r e s u l t s  were 

obtained when the core diameter and swirl r a t i o  were fixed while the Reynolds 

number was increased. I n  a l l  cases,  the breakdown appeared t o  form very near 

the i n f l  ow boundary. 
20 A l l  of the numerical work completed a f t e r  t h a t  of Kopecky and Torrance, 

and Grabowski and BergerZ1 appears redundant. The authors repor t  breakdown near 

o r  a t  the inflow plane, which appears t o  be the g r e a t e s t  shortcoming of a l l  

these r e su l t s .  The var ia t ion of the breakdown behavior t o  changes i n  Reynolds 
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number, s w i r l  and a x i a l  v e l o c i t y  i s  s i m i l a r .  I n  a d d i t i o n ,  t h e  assumption o f  

a x i  a1 symmetry 1 i m i  t s  t he  useful ness o f  t h e  r e s u l  t s .  These d i sc repanc ies  must 

and be reso lved  be fo re  the r e l a t i o n s h i p  between n u m e r i c a l l y  generated breakdown 

t h a t  observed exper imenta l l y  can be accu ra te l y  evaluated. 

4. Breakdown Criterion 

It i s  apparent from prev ious  t h e o r e t i c a l  work t h a t  a c r i t i c a l i t y  cond i  i o n  

can be e s t a b l i s h e d  fo r  the  onset of breakdown. However, f rom an examinat ion  o f  

t h e  computat ional  s tud ies  t h a t  have been performed and the  exper imenta l  s t u d i e s  

t o  be reviewed i n  t h i s  sect ion,  i t  appears t h a t  no such c r i t e r i o n  has been 

s y s t e m a t i c a l l y  app l i ed  t o  the  var ious  r e s u l t s .  

suspec t  due t o  the breakdown occu r r i ng  very  c l o s e  t o  the  i n f l o w  boundary. 

i n t e n t  i n  t h i s  sec t ion  i s  t o  show t h a t  an a p p r o p r i a t e l y  d e f i n e d  l o c a l  Rossby 

number can be used t o  determine t h e  c r i t i c a l i t y  o f ' t h e  f l ow .  T h i s  cho ice  i s  

mo t i va ted  by the  f a c t  t h a t  both the  Squire8 and Benjamin5 s t u d i e s  can be 

r e i n t e r p r e t e d  i n  terms o f  t h i s  parameter and t h e  recen t  work o f  I t o  e t  a l l 8  

e x p l i c i t l y  expresses the  r e s u l t  i n  terms o f  a Rossby number. 

I n  general ,  t h e  computat ions a r e  

The 

The Rossby number m s t  be de f ined i n  a c o n s i s t e n t  manner w i t h  r e s p e c t  t o  

t h e  bas i c  t ype  o f  vo r tex  f l o w  be ing  considered. I t i s  d e f i n e d  as 

w 
r n  

R o =  7 

where W, r* and n represent  a c h a r a c t e r i s t i c  v e l o c i t y ,  l eng th ,  and r o t a t i o n  

r a t e ,  r e s p e c t i v e l y .  For the v e l o c i t y  p r o f i l e s  c o n s i s t e n t  w i t h  s w i r l i n g  f lows, 

l e a d i n g  edge, and t r a i l i n g  w i n g - t i p  v o r t i c e s  we de f ine  r* as the  r a d i a l  d i s tance  

a t  which t h e  s w i r l  v e l o c i t y  i s  a maximum. 

i s  a c h a r a c t e r i s t i c  viscous l e n g t h  scale a p p r o p r i a t e  f o r  s w i r l i n g  f lows.  

r e p r e s e n t s  the  a x i a l  v e l o c i t y  a t  r*. 

As p o i n t e d  o u t  by Leibovich,13 t h i s  

W 

Thls t s  j u s t i f i e d  by t h e  f a c t  t h a t  i t  i s  a 
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consis tent  ve loc i ty  scale for both uni form a n d  r a d i a l l y  v a r y i n g  axial velocity 

prof i 

r n. 

ro t a  t 

t o  be 

of ten 

* 

Where 

es ,  and  i t  i s  a lso consis tent  with the "swirl veloci ty  sca le"  implied by 

A charac te r i s t ic  property of t r a i l i n g  wing-tip vor t ices  i s  the sol id  body 

on occurring near the vortex center l ine .  This ro ta t ion  r a t e  i s  considered 

the charac te r i s t ic  r a t e ,  n, of the vortex. The wing-tip vort ices  are 

described i n  terms of the two-dimensional Burgers' vortex given as 
V(r) = K ( 1  - exp (-a r 2 / 2 v ) )  

a i s  an adjustable constant associated with the core s i z e ,  v i s  the 

kinematic viscosity,  and K i s  proportional t o  the c i r cu la t ion .  Here, n i s  

taken as the l imit  o f  V/r as r + 0, i . e . ,  
V aK 
r -2v n = lim ( - ) - 

r + O  

The charac te r i s t ic  length i s  taken as 
2v r* = - 
a (12 )  

which turns out t o  be close to  the r a d i u s  of maxfmun swirl veloci ty .  For the 

case of the combined vortex considered by Squire' and Benjamin5 the 

cha rac t e r i s t i c  radius,  r*, i s  1. Note t h a t  the parameter "k" given by Squire 

f o r  the combined vortex i s  the inverse of the Rossby number, since the 

cha rac t e r i s t i c  ra te  of rotat ion i s  given by the so l id  body ro ta t ion  of the 

vortex core, V,. 

Figure 1 i s  a p l o t  of the Rossby number versus Reynolds number for  a 

var ie ty  of computational and  experimental s tud ies  of swir l ing flows and t r a i l i n g  

w i n g - t i p  vortices. Throughout the f igure,  the open symbols denote no breakdown 

'I 
I 
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and the sol id  symbols denote breakdown. For these computational and  confined 

experimental s tudies ,  breakdown i s  deft ned a s  stagnation of the axial  veloci ty  

on the axis.  For the unconfined experimental studies, breakdown i s  defined as  a 

rapid expansion of the core coupled with a s t rong deceleration of the axial  

veloci ty .  

s ca l e  r* and the axial velocity W a t  the radius  r*. 

associated w i t h  such flows i s  the Eckman number, or a " ro ta t iona l"  Reynolds 

number b u t  i n  th i s  context i t  i s  not an  independent parameter. I t  i s ,  of 

course, apparent t h a t  the Rossby number parameter is  expressible i n  terms of the 

l e s s  fundamental swirl r a t i o  parameter i f  the  chosen cha rac t e r i s t i c  v e l o c i t i e s  

a re  consis tent  w i t h  the Rossby number de f in i t i on .  For example, i n  the  combined 

vortex nr i s  equal t o  Vmax;  whereas, f o r  Burger's vortex, and vor t ices  i n  

general, nr i s  not equal t o  Vmax .  The data i n  the f igure show t h a t  the 

Computational work t o  date has been performed a t  re la t ive ly  low Reynolds numbers 

compared t o  the experimental s tud ies .  Since the resu l t s  a re  Reynolds number 

dependent i n  the range o f  computational t e s t  cases, d i rec t  appl icat ion of 

inviscid theory i n  th i s  range i s  invalid.  

The authors have performed numerlcal calculat ions u s i n g  a numerical 

algorithm for  which an axisymmetry condition i s  not a prerequis i te  f o r  

sol u t i  on. The a1 gor i  t h m  i s  the three-dimensi onal extension of the ea r l  i e r  work 

of Gatski, Grosch, and Rose,27 u s i n g  vort ic i ty-veloci ty  variables and a compact 

d i scre t iza t ion  of the Navier-Stokes equations. 

the numerical study o f  the breakdown phenomena for  a variety of flow condi t ions 

and parameters forms a pa r t  of the doctoral d i sser ta t ion  of R.  E. Spal l .  For a 

Reynolds number of 200 and a Rossby number of 0.5, breakdown occurred a t  the 

inflow plane. 

decrease i n  axial velocity occurs near Inflow, b u t  does not r e s u l t  i n  

The Reynolds number i s  defined here i n  terms of the viscous length 

A t h i r d  parameter 

* 
* 

Application of this a1 gorithm t o  

For the same Reynolds number and a Rossby number of 0.72, a 
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breakdown. In a d d i t i o n ,  f o r  a Reynolds number of  50 and Rossby number of 0.5, 

breakdown occurred a t  i n f l o w .  

The experimental s tud ies  have been conducted f o r  bo th  c o n f i n e d  and 

unconf ined f l o w s  a t  h ighe r  Reynolds number. F igu re  1 shows t h e  r e s u l t s  f o r  t h e  

conf ined f lows o f  Garg and Leibov ich”  which a r e  c h a r a c t e r i s t i c  o f  the w i n g - t i p  

c lass  o f  vo r t i ces .  Since the  data was f i t  t o  Burgers ’  vor tex ,  t h e  Rossby number 

i s  e a s i l y  obtained. Here the  Reynolds numbers ranged from 1288 t o  2150. The 

data p o i n t s  represent ing  the bubble form o f  breakdown are  taken approx imate ly  21  

cm upstream from the breakdown p o i n t  and w i t h i n  6 cm of t he  beg inn ing  o f  the  

d i ve rgen t  sec t ion  o f  the duct. 

study of Uchida and Nakamura.28 

breakdown occur r ing  a t  a Rossby number o f  0.64. The data p o i n t  f rom Singh and 

Ubero iZ6 i s  f o r  an unconf ined t r a i l i n g  w i n g - t i p  vor tex  o f  a l am ina r  f low wing. 

I n  t h i s  case the minimum a x i a l  v e l o c i t y  r a p i d l y  decreases t o  0.3 W , which 

suggests vortexbreak down. 

A s i n g l e  s e t  o f  data was a v a i l a b l e  f r o m  the  

Th is  i s  a con f i ned  f l o w  w i t h  axisymmetr ic 

a0 

The po in ts  rep resen t ing  the s p i r a l  form are  taken near t h e  f r o n t  o f  the 

bubble b u t  occur f u r t h e r  downstream ( - 15 cm). Here, the data show a drop i n  

Rossby number as the breakdown p o i n t  i s  reached. Note the s p i r a l  form o f  

breakdown seems t o  occur a t  a h igher  Rossby number than the  bubb le  form. This  

i s  n o t  s u r p r i s i n g  s ince  the s t a b i l f t y  mechanisms respons ib le  f o r  t h i s  type  o f  

breakdown are d i f f e r e n t  than the bubble- type breakdown. 

c r i t i c a l  Rossby number is apparent ly  needed as a t h r e s h o l d  va lue  f o r  the onset  

o f  t he  s p i r a l  form o f  breakdown. 

Thus, a new h ighe r  

F i g u r e  2 d isp lays  the  r e l a t i o n s h i p  between Rossby number and Reynolds 

number f o r  the leading-edge c lass  o f  v o r t i c e s .  The exper imenta l  data was 

ob ta ined from repor t s  by h e n  and Peake,29 A n d e r ~ , ~ ’  and Verhaagen and 

K r u i  s b r i  nk .31 Once agaf n open symbols denote no breakdown and c l  osed symbol s 

denote breakdown. 
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I n  the study o f  Owen and Peake," a x i a l  core b lowing  was in t roduced  i n t o  

v o r t i c e s  shed from d e l t a  wings i n  order  t o  study i t s  e f f e c t  on breakdown. The 

symbols i n  F igure  2 rep resen t ing  t h i s  data a r e  v a r i a t i o n s  based on a b lowing  

L L a t  f i x e d  streamwise s t a t i o n s  = 3 and = 4 ( c  i s  the  chord 
* c o e f f i c i e n t ,  

l e n g t h  o f  the d e l t a  wing).  As C increases, the corresponding a x i a l  v e l o c i t y  

inc reases  and the  Rossby number increases pas t  c r i t i c a l .  They s t a t e  t h a t  
u 

breakdown occurs f o r  the case C = 0.0, w h i l e  f o r  C = 0.05 and 0.12 the  f l o w  

i s  s t a b i l i z e d  and no breakdown occurs. 
u u 

For the study of A n d e r ~ , ~ '  t he  v a r i a t i o n  

of the  data i n  F igu re  2 i s  parameter ized by the angle of  a t t a c k  o f  t he  d e l t a  

wing. The r e s u l t s  f o r  the  t w o  angles o f  a t tack ,  a = 19.3" and a = 28.9",  a t  

e s s e n t i a l l y  the same downstream l o c a t i o n ,  a re  shown i n  the  f i g u r e .  As shown t h e  

h i g h e r  angle o f  a t tack  causes breakdown t o  occur c l o s e r  t o  the  wing l e a d i n g  

edge. 

suppor t  and v a l i d a t e  the development o f  mathematical models. They r e p o r t  t h a t  

Verbaagen and K r u i s b r i n k 3 1  measured the  f low p r o p e r t i e s  o f  the  core t o  

no breakdown occurred. It i s  impor tan t  t o  note t h a t  f o r  t h i s  c l a s s  o f  v o r t i c e s ,  

as w e l l  as f o r  the  t r a i l i n g  w i n g - t i p  vo r t i ces ,  the Reynolds number range over 

which the  Rossby number c r i t e r i o n  holds i s  s i g n i f i c a n t .  

Although the  data i s  sparse and the eva lua t i on  of  t h e  Rossby number 

approximate, one may conclude t h a t  vor tex breakdown f o r  1 eading-edge v o r t i c e s  

occurs a t  a h igher  Rossby number than f o r  t r a i l i n g  w i n g - t i p  v o r t i c e s .  

be due t o  the f a c t  t h a t  t he  s w i r l  v e l o c i t y  p r o f i l e s  a re  of a d i f f e r e n t  type. 

F a r  downstream, the  f l ow  o u t s i d e  the core o f  a t r a i l i n g  w i n g - t i p  v o r t e x  i s  

nea r l y  i r r o t a t i o n a l .  For  a leading-edge vor tex,  the  f l o w  a t  the  edge o f  t h e  

c o r e  i s  r o t a t i o n a l  and n e a r l y  i n v i s c i d .  I n  add i t i on ,  t he  leading-edge v o r t e x  

con ta ins  a narrow viscous subcore where the  r a d i a l  g rad ien ts  o f  t h e  

c i r c u m f e r e n t i a l  v e l o c i t y  a r e  extremely l a rge .  I n  c o n t r a s t ,  t he  w i n g - t i p  vor tex  

approaches a s o l i d  body r o t a t i o n  a s  the a x i s  f s  approached. 

Th is  may 

Upstream o f  
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breakdown b o t h  type vortices can generally be approximated as q u a s i -  

cy1 indr ica l .  

solutions t o  prof i les  applicable t o  leading-edge vor t ices .  If these were 

avai lable ,  an analyt ic  Rossby number c r f t e r ion  could be obtained. 

experimental resu l t s ,  i t  should be near unity.  

The authors can find no analyses t h a t  seeks standing-wave 

Based on 

5. Conclusions 

The resu l t s  shown i n  Figure I make i t  apparent t h a t  experimentally,  

ana ly t ica l ly ,  and computational l y ,  the c r i t i c a l  Rossby number f o r  the symmetric 

form of t r a i l i n g  wing-tip vortex breakdown for  Reynolds numbers grea te r  than 50 

i s  a b o u t  0.65. For lower Reynolds numbers, the value of the c r i t i c a l  Rossby 

number i s  lowered, undoubtedly due t o  the increased damping e f f e c t s  of viscosi ty  

on the wave motions. 

Figure 1 sheds l i g h t  on the proper way t o  perform computational 

experiments. 

than the c r i t i c a l  value. 

near the inflow thus precluding breakdown. A mechanism, e i t h e r  inherent i n  the 

dynamics of the flow or external ly  imposed, must then modify the local Rossby 

number as the flow evolves i n  the streamwise d i rec t ion .  For example, the decay 

of  a j e t - l i k e  axial flow due t o  viscosi ty  or  the imposition of an adverse 

pressure gradient m i g h t  be su f f i c i en t  t o  lower the local Rossby number. 

the c r i t  cal condition i s  achieved the poss ib i l i t y  of wave-like so lu t ions  

a r i ses .  

location I f ,  on the other hand, the Rossby number a t  inflow i s  l e s s  than the 

c r i t i c a l  value, axisymmetric waves can be expected t o  propogate t o  the inflow 

boundary. Here, the velocity prof i les  are  f ixed,  t h u s  act ing as an " a r t i f i c a l "  

c r i t i c a l  condition. Thus breakdown occurs a t  th is  point.  

The inflow p ro f i l e  should correspond t o  a Rossby number greater  

T h i s  prevents the possi b i l  i ty  of wave-1 i ke solut ions 

Once 

One would expect a wave propogating upstream t o  become trapped a t  t h i s  

This scenario for  numerical computations corresponds t o  the way i n  which 
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experiments conducted i n  tubes have been ca r r i ed  out.  A supe rc r i t i ca l  flow i s  

drawn towards c r i t i c a l  as i t  evolves downstream due t o  the  s l i g h t  expansion of 

the tube. A t  the c r i t i c a l  s t a t ion ,  breakdown occurs. 

The theore t ica l  analysis  of Squfre, Benjamin and I t o  e t  a? reduce t o  a 

c r i t e r ion  fo r  the existence of axisymmetric standing waves based on a Rossby 

number. The exponential p ro f i l e ,  (Eq. ( l o ) ,  which most c lose ly  models 

experimental flows, y i e l d s  a c r i t i c a l  Rossby number of 0.64. T h i s  value i s  

shown as a dashed l i n e  i n  Figure 1. The experimental data of Garg and 

Liebovich,17 in te rpre ted  i n  terms o f  a Rossby number, shows t h a t  the bubble form 

of breakdown occurs when the local Rossby number f a l l s  i n  the  range of 0.63 t o  

0.67, 

fa1 1 s 

bel ow 

exper 

whereas the sp i ra l  form of breakdown occurs when the local  Rossby number 

t o  0.7. From the avai lable  data, the local  Rossby number was i n i t i a l l y  

0.7 for  the cases involving the bubble-type breakdown. Numerical 

ments reveal a high Reynolds number l i m i t  (Re > 50) of about Ro = 0.6 for 

breakdown to  occur. For lower Reynolds numbers, a lower Rossby number i s  

requi red t o  i n i  t i  a t e  breakdown. 

The s i tua t ion  i s  l e s s  c l ea r  for  the c l a s s  o f  leading-edge vort ices  of 

Figure 2. 

d i f f i c u l t  t o  c a s t  i n  terms of the Rossby number and Reynolds number. However, 

the data t h a t  i s  shown was obtained from a more diverse  parameter base. For 

example, i n  the study of Owen and Peake,*' core  blowing was the  variable 

parameter and i n  the study of A n d e r ~ , ~ '  angle of a t tack was the relevant 

variable parameter; nevertheless,  i n  b o t h  cases ,  the  avai 1 ab1 e data was 

consis tent  w i t h  the concept of a Rossby number c r i t e r i o n .  

In this  case the data i s  sparse and, when obtainable ,  i t  i s  more 

I t  i s  apparent from the r e su l t s  o f  t h i s  paper t h a t  re ta rd ing  or  precluding 

vortex breakdown i s  a pract ical  and viable objec t ive .  

vortex c h a r a c t e r i s t i c s  can be accomplished by either reducing the charac te r i s t ic  

T h i s  a l t e r i n g  of the 
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ro ta t ion  ra te  of the vortex or enhancing the streamwise ve loc i ty .  The ro ta t ion  

r a t e  can be reduced, for example, by imposing t ransverse pressure gradients ,  or 

the streanwise velocity can be enhanced by imposing streanwise pressure 

gradients .  In e i ther  approach the e f f ec t ive  measure i s  the Rossby number. 
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F i  gure Captions 

F igu re  1. Rossby Number Dependence o f  Wing-Tip V o r t i c e s .  

F i g u r e  2. Rossby Number Dependence o f  Leadi  ng-Edge Vor t i ces .  



20 

r r  

I 

I I  
u u  

u i  

- 6  

0 

U 

0 

o n o a a  

I 
t 
1 
I 

I 
I 

I 
I 

1 

I *  

P 

P 
t 
I 

I ‘.\s,_. 
I 



2 1  

- 

N 
0 

L n  
1 1 5 I I I I 1 i I I 0 

4 I 

M 

II 

NI U 

* 
w 
Y 

W e 
cd 

z 
W 
5 
0 

a 

0 

N 
1 

0 

II 

a u 

E U 

I n  
0 

3 

I I  

\'O 3. 

po 
0 

0 
. 

II 

I 
u 0 
I 

1 1 0 0 



Standard Bibliographic Page 

1. Report No. NASA C R - 1 7 8 2 3 2  
ICASE Report No. 87-3 

2. Government Accession No. 

7 .  Author(s) 

R. E. SpaL1, T. 8.  Gatski, C. E. Grosch 

17. Key Words (Suggested by Authors(s)) 

~~ 

3. Performing Organization Name and Address 
Institute for Computer Applications in Science 

Mail Stop 132C, NASA Langley Research Center 
Hampton, VA 23665-5225 

and Engineering 

12. Sponsoring Agency Name and Address 

18. Distribution Statement 

National Aeronautics and Space Administration 
Washington, D.C. 20546 

15. Supplementary Notes 

19. Security Classif.(of this report) 
Unclassified 

Langley Technical Monitor: 
J. C, South 

20. Security Classif.(of this page) 21. No. of Pages 22. Price 
Unclassified 23 A 0 2  

Submitted 

3. Recipient’s Catalog No. 

5. Report Date 

January 1987 
6. Performing Organization Code 

8. Performing Organization Report No. 

87-3 
10. Work Unit No. 

11. Contract or Grant No. 
N A S l - 1 8 1 0 7  

13. Type of Report and Period Covered 

tot- RPport 
14. Sponsoring Agency Code 

1 
A 

to Physics of Fluids 

F i n a l  Report 
16. Abstract 

A criterion for the onset of vortex breakdown is proposed. Based upon 
previous experimental, computational, and theoretical studies, an appropriately 
defined local Rossby number is used to delineate the region where breakdown 
occurs. In addition, new numerical results are presented which further validate 
this criterion. A number of previous theoretical studies concentrating on 
inviscid standing-wave analyses for trailing wing-tip vortices are reviewed and 
reinterpreted in terms of the Rossby number criterion. Consistent with previous 
studies, the physical basis for the onset of breakdwon is identified as the 
ability of the flow to sustain such waves. Previous computational results are 
reviewed and re-evaluated in terms of the proposed breakdown criterion. As a 
result, the cause of breakdown occurring near the inflow computational boundary, 
common to several numerical studies, is identified. Finally, previous 
experimental studies of vortex-breakdown for both leading edge and trailing 
wing-tip vortices are reviewed and quantified in terms of the Rossby number 
criterion. 

vortex breakdown, hydrodynamic 
ins t abi 1 it y , Ross by number 

34 - Fluid Mechanics and Heat 
Transfer 

Unclassified - unlimited 

For sale by the National Technical Information Service, Springfield, Virginia 22161 
NASA-Langley, 1987 


