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Experience has shown t h a t  t h e  emp i r i ca l  Minnaer t  f u n c t i o n  i s  a  very  
use fu l  approx imat i  on t o  r e a l  photometr ic  behav io r  near o p p o s i t i o n  (phase 
angle a = 0°), b u t  t h a t  i n  general i t  cannot accu ra te l y  model photometr ic  
scans across t h e  face o f  even a  homogeneous p lane t  a t  h i ghe r  phase angles 
(see f o r  exampl e  Goguen, 1981), Given recen t  work on f i t t i n g  t h e  r i go rous  
Hapke pho tomet r i c  f u n c t i o n  t o  Voyager da ta  f o r  10 (S imone l l i  and Veverka, 
1986), we can t e s t  t o  what degree t h e  Minnaer t  f u n c t i o n  breaks down i n  t h e  
case o f  I o n i a n  m a t e r i a l s  by comparing pho tomet r i c  scans produced by t h e  two 
approaches, 

At phase angles a = 2, 10, 30, 60, and 90°, we have computed scans o f  
t h e  r e f l  ec tance a1 ong t h e  pho tomet r i c  equator  (pho tomet r i c  1  a t i t u d e  Y = 0°) 
and m i r r o r  mer id ian  (pho tomet r i c  1  ongi  tude  w = a/2) t h a t  would be expected 
f o r  a  homogeneous p lane t  whose sur face obeys Hapke's 1  aw (Hapke, 1981, 
1984). We use values o f  t h e  Hapke parameters Go, h, g, and 8 de r i ved  f o r  
I o  by Simonel l  i and Veverka (1986) i n  bo th  t h e  Voyager narrow-angle camera 
v i o l e t  f i l t e r  ( A  -0.42 m) and orange f i l t e r  ( A  -0.59 pm), Each ca lcu-  
l a t e d  Hapke scan i s  compared w i t h  t he  corresponding scan p r e d i c t e d  by 
M i  nnaer t  ' s  1  aw f o r  va r ious  val ues o f  t h e  M i  nnaer t  1  imb-darkeni ng parameter 
k. For a  Minnaer t  scan a t  a  p a r t i c u l a r  k ,  we a r b i t r a r i l y  choose t h e  va lue  
o f  t h e  r e f l e c t a n c e  parameter B o  so t h a t  t h e  Minnaert  and Hapke scans co in -  
c i d e  a t  t h e  so-ca l led  "specular  p o i n t  ," t h e  p o i n t  where t h e  pho tomet r i c  
equator  and m i  r r o r  mer id ian  i n t e r s e c t  (I = 0°, w = a/2). The v i o l  e t - f i l  t e r  
photometr ic  scans t h a t  r e s u l t  f rom t h i s  process a re  shown i n  Figs. 1 and 2; 
o r a n g e - f i l  t e r  r e s u l t s  are qua1 i t a t i v e l y  s i m i l a r  and a re  no t  d isp layed,  

Figure 1, Scans a t  
va r i ous  phase angl es 
i l l u s t r a t i n g  how t h e  , 
r e f l  ectance I / F  v a r i e s  : 
along t he  pho tomet r i c  - 
equator.  The s o l i d  
curve shown a t  each 
phase angl e  represents  
a  scan p red i c ted  by t h e  
Hapke f unc t i on ,  us ing  
va l  ues o f  t h e  Hapke parameters 
d e r i v e d  by Simonell i and 
Veverka (1986) f rom d i s k -  
i n t e g r a t e d  observa t ions  o f  
10 i n  t h e  Voyager v i o l e t  
f i l t e r :  = 0.68, h  = 0.24, 
g  = -0.14, and 3 = 25". 
The dashed curves shown 
a t  each phase angle a re  
scans p red i c ted  by t h e  
Minnaer t  f u n c t i o n  f o r  t h e  Photomelr~c Longtuda b g r e n )  

var ious  i n d i c a t e d  values o f  the  1  imb-darkening parameter k; f o r  each 
dashed curve, t h e  va lue o f  B o  has been chosen so t h a t  t h e  curve co inc ides  
w i t h  t he  Hapke scan a t  t h e  specular  p o i n t  (see t e x t ) .  



It i s  apparent t h a t  t h e  M i  nnaer t  1  aw does n o t  match "exac t l y "  Hapke 
scans a t  any o f  t h e  phase angles shown, even a = 2'. Yet our  p l o t s  demon- 
s t r a t e  t h a t  a t  l e a s t  i n  t h e  case o f  10, t h e  Minnaer t  1 aw i s  a  use fu l  empir-  
i c a l  t o o l .  The Minnaer t  scans d e v i a t e  most s t r o n g l y  from " rea l  " (Hapke) 
behav io r  c l o s e  t o  t h e  l i m b  of our  hypo the t i ca l  p l ane t ,  i .e., near photo- 
m e t r i c  l a t i t u d e  BOO o r  photometr ic  l o n g i t u d e  +90°. However, as d i s tances  
a long t h e  p ro jec ted  d i s k  o f  a  p l a n e t  v i s i b l e  t o  an observer  go as t h e  s i n e  
o f  t h e  pho tomet r i c  angles, when compi l ing  photometr ic  i n f o r m a t i o n  most o f  
t h e  use fu l  da ta  come f rom areas w i t h i n  = 60' o f  t h e  sub-observer po in t .  
F igure  1 shows t h a t  a long t h e  pho tomet r i c  equator,  t h e  Minnaer t  d e s c r i p t i o n  
doesn ' t  break down severe ly  u n t i l  w = E > 70°, which corresponds t o  x  > 
0.94, where x  i s  a  l i n e a r  sca le  f rom x  = 0 a t  t h e  cen te r  o f  t h e  p r o j e c t e d  
d i s k  t o  x  = 1 a t  t h e  l imb ,  and E i s  t h e  emission angle, Thus t h e  Minnaer t  
f u n c t i o n  breaks down most n o t i c e a b l y  a t  geometr ies which o r d i  n a r i  1  y  
c o n t r i b u t e  l e a s t  t o  observa t iona l  da ta  sets.  

We a l s o  no te  t h a t  i n  t he  case o f  10, t h e  Minnaer t  d e s c r i p t i o n  i s  use- 
f u l  no t  o n l y  a t  small phase angl es, b u t  throughout  t h e  range o f  u cons ider -  
ed here. Figs.  1 and 2 suggest t h a t  t h e  Minnaert  f u n c t i o n  i s  as good an 
approx imat ion a t  a = 90° as a t  a = 2'; i.e., i t  seems ab le  t o  match t h e  
Hapke scans t o  about t h e  same l e v e l  o f  approx imat ion a t  a l l  phase angles. 

Figure 2. Same as 
F ig .  1, b u t  f o r  
scans a long t h e  
m i  r r o r  me r i d i  an. 

There i s  o n l y  one respect  i n  which t he  Minnaert  approximat ion worsens 
a t  h igh a: i t  appears t h a t  s l i g h t l y  d i f f e r e n t  values o f  k  a re  needed t o  
descr ibe  scans across t h e  face o f  a  p l  anet i n  d i f f e r e n t  d i  r ec t i ons .  
S p e c i f i c a l l y ,  as t he  phase angle increases,  t he  va lue  o f  k  t h a t  bes t  
matches behavior  along t he  photometr ic  equator i s  more 1  i k e l y  t o  d i f f e r  



f rom t h e  k t h a t  r e s u l t s  a long t h e  m i r r o r  mer id ian,  For example, i f  we com- 
pare t h e  a = 60' scans f o r  t h e  v i o l  e t  f i l t e r  i n  Figs.  1 and 2, we f i n d  k a 

0,9 a long t h e  photometr ic  equator,  b u t  k 0,8 a long t h e  m i r r o r  meridian. 
Th is  v a r i a t i o n  i n  k w i t h  scan azimuth has a1 ready been discussed by Goguen 
(1981) i n  another  context .  It i s  notewor thy t h a t  f o r  10 t h e  e f f e c t  i s  n o t  
se r ious  f o r  moderate phase angles ( a  < 60"). 

I n  summary, our  work w i t h  10 da ta  i n d i c a t e s  t h a t  t h e  emp i r i ca l  
Minnaer t  f u n c t i o n ,  w h i l e  n o t  a p e r f e c t  model o f  r ea l  photometr ic  behavior ,  
does p rov ide  a very use fu l  pa rame te r i za t i on  o f  l i m b  darkening a t  phase 
s e s  ou t  t o  90°, and i s  e s p e c i a l l y  use fu l  near o p p o s i t i o n  (c f . ,  McEwen 
and Soderbl om, 1984; C l  ancy and Danie l  son, 1981), Those who work w i t h  t h e  
Minnaert  law, however, must bear i n  mind t h e  major 1 i m i t a t i o n  i nhe ren t  i n  
t h i s  empi r i c a l  f u n c t i o n :  M i  nnaer t  parameters a re  unspec i f i ed  f unc t i ons  o f  
t h e  phase angle.  While Bo(a)  f o r  a s p e c i f i c  m a t e r i a l  t y p i c a l l y  drops w i t h  
i nc reas ing  a, and k ( a )  g e n e r a l l y  increases toward h i g h e r  phase angles (a 
t r e n d  seen i n  Figs.  1 and 2, as we l l  as i n  H a r r i s ,  1961; Goguen, 1981; and 
McEwen and Soderblom, 1984), t h e  determi n a t i o n  o f  a m a t e r i a l  ' s  Bo and k a t  
one a p rov ides  no d i r e c t  i n f o r m a t i o n  as t o  t h e  values o f  these parameters 
a t  o the r  phase angl es. 
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