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( I .  1 )  

I .  INTRODUC TION, 

au/at  + u au/ax + a a3u/ax3 = o I x E R , t > o , 

u(x+2n, t )  = u ( x , t )  , X E  lR , t >  0 , 

U(X,O) = U0(X)  , x E lR , 
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I 

method, Th is  i s  a sor t  of master question w h i c h  i s  r e c u r r e n t  i n  the  context  o f  numer ica l  

approximat ions by  the spectral method. In the case of  the K.d.V. equation, p a r t i c u l a r l y ,  t h i s  doubt 

has induced several authors to  introduce new pseudospectral methods w i t h  the aim of regaining the 

(presumably lost) exponential accuracy ( see again Canuto, Hussaini,  Quarteroni  and Zang [SI, 

sections 4.5 and 4.6 ) . I n  t h i s  paper, we prov ide  a precise mathematical answer to the above 

question, We prove tha t  the  genuine (non dealiased, non s k e w - s y m m e t r i c )  col location 

-pseudospectral method enjoys the same convergence propert ies as the Ga lerk in  method. 

I n  section It we s ta r t  by  p rov ing  that  the Galerkin approximation conserves the three f i r s t  

energy in tegra ls  of the K.d.V. equation. Then, classical energy methods al low us to p rove  that the 

Galerkin solut ion converges w i t h  spectral accuracy to the mathematical solut ion. 

I n  section I I I ,  the collocation-pseudospectral approximat ion i s  considered. The related 

solut ion fa i l s  to  conserve the second energy integral.  However, convergence w i t h  spectral accuracy 

i n  any f i n i t e  t i m e  in terva l  [ O , T ]  can s t i l l  be shown b y  using a much more  involved proof. I n  i t s  

essence, the new proof exh ib i ts  f i r s t  that  the pseudospectral solut ion cannot blow-up i n  a small  

sub in te rva l  [O, t , ]  o f  [O,T ] .  This p roper t y ,  joined to the proper ty  of consistence of the numerical  

method, al lows us to i n i t i a l i ze  an induct ive process wh ich  yields the desired r e s u l t  on the large 

t i m e  in te rva l  [ 0 ,T I .  

In t h i s  paper, we w i l l  not be concerned w i t h  any t ime  discret izat ion o f  the K.d.V. equation. 

However, we recal l  that the semi - imp l ic i t  t i m e  advancing schemes are  cus tomar i l y  used fo r  such 

a k i n d  of equation. These schemes are computationally convenient since, at each t i m e  in te rva l ,  they 

y ie ld  a diagonal system i n  te rms  of the unknown Four ie r  coeff icients of the  spectral  solution. 

Moreover,  f o r  f in i te  t ime in te rva ls ,  they a re  stable wi thout any res t r i c t i on  on the t ime and space 

discret izat ion parameters. We re fe r  the  interested reader to Chan and Kerkhoven [ 6 ]  where a 

l inear  s tab i l i t y  analysis i s  presented fo r  the K.d.V. equation, to Quarteroni [ 191 where a nonlinear 

s tab i l i t y  analysis i s  car r ied  out fo r  a fami ly  o f  equations of the same k ind  and to  Bona, Dougalis and 

Karakashian [ 31 and the references quoted there in  where extended equations a r e  also considered. 

W o r k i n g  along w i t h  2n -pe r iod i c  funct ions,  we introduce the per iod ic  Sobolev spaces 

defined over ]0 ,2n [  , We f i r s t  recal l  the definit ion of classical Sobolev spaces. We set 

L2(0,2n) = { f ] 0 , 2 n [ + c  , IlflI = [I:' I f ( X ) l 2  dx ] ' I2  < 00 } 

and we denote i t s  scalar product by (.,.I. NOW, for any integer r > 0 ,  we set 

, 

j 2 1/2 H Y O , ~ ~ )  = { f c  L * ( o , z ~ )  I Ilfllr = [Zf30 I l a J v a x  II I < 00 I , 

and for  any r e a l  r > 0, not i n  IN, the space "(0,211) i s  defined b y  i n te rpo la t i on  between 
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HE"'(0,2n) and HE"'"(0,2n) ( we denote here b y  E ( r )  the in tegra l  p a r t  of r ).  Next we consider 

the subspace C,"(0,2n) o f  Cm(0,2n) of a l l  functions that a re  2n-per iod ic  as we l l  as a l l  the i r  

derivatives. Moreover,  fo r  any rea l  r 2 0 I H:(O ,2n) stands then fo r  the c losure of C,"( 0,2n) i n  

Hr (0 ,2n) .  As pointed out i n  Lions and Magenes [ 121, i f  r-  1 / 2  i s  not an in teger ,  then H:(0,2n) 

consists of a l l  functions of Hr (0 ,2n)  that a r e  2n-per iod ic  as w e l l  as t h e i r  der ivat ives o f  order 

< r -  1 / 2  . F o r  any rea l  number r < 0, we define "(0) as the dual space of H-'(O). I t s  norm i s  

again denoted by  11 . 11,. 
F ina l l y ,  if A i s  an in te rva l  of IR and X i s  a Banach space, f o r  any funct ion f f rom R in to  X ,  we w i l l  

define 

11 llLm (A,X) = 11 f(t) llx 
t E A  

W i t h  these notations i t  i s  known (see Temam [22])  that as soon as uo belongs to HE(0 ,2n ) ,  w i t h  

m i n  [N, then the solution to (I. 1 )  satisfies 

fo r  any T > 0, where the constants 3, are  independent of uo. 

I t  i s  we l l  known, that the fami ly  
- 1 l 2  (1.3) cp,(x) = (2n) exp ( i kx )  k E Z , 

i s  or thonormal  and ccmplete i n  L2(0 ,2n) .  Thus a natura l  approximat ion o f  L2 (0 ,2n )  by periodic 

funct ions w i l l  consist of the spaces defined by 

(1.4) 

Let us denote by  P, the operator 

V N E 2 N  , S, =span { cpk , -N/2 < k < N / 2  } . 

w i t h  
- 

(1.5) ik = ~ ~ " ~ ( x ) I P , ( x )  dx k E Z . 

Since P, i s  i n  fact the orthogonal pro ject ion operator over S, we have equivalently 
2 K  

(1.6) V E SN lo (PNg-g) q d X =  0 . 

Fo r  a l l  g i n  L2 (0 ,2n ) ,  (P, g), E N  converges to g. Moreover i t  can be proved that fo r  any r 2 s , 

r 2 0 one has ( see, e.g. Jackson [9 ] ,  Pasciak [ 171 ) 

(1.7) tJ g E H:(O,?n) 1 II g - p, g IIs cNS-rII IIr. 
(Throughout th i s  paper, c w i l l  denote a positive constant, independent of N ,  not necessarily the 

same i n  d i f ferent  contexts). 
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Besides, a l l  the norms defined by the imbedding of S, i n to  H:(0,2n) a re  equivalent since S, i s  a 

f i n i t e  dimensional subspace of  H:(0,2n); more precisely we can read i l y  see that 

(1.8) 

The second inequali ty i s  known as the " inverse inequali ty". 

V (r ,s) E (RR')2 w i t h  r < s , 'v' cp E SN , 11 19 11, < 11 (P lis< X(S)  NS-' 11 (P 11, . 

We f i n a l l y  notice that 
N / 2  

9 E sN s 11 9 11; = z k = - N / 2  ( 1 +k2)  6; < 6; + 2 11 dg/dx [I2 
This p roper t y  w i l l  be frequently used i n  the sequel. 
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11. ANA1 YSlS OF THF FOUR IFR-OAI ERK IN  APPROXIMATION OF T HF K.d.V EQU ATION 

A s p a t i a l  app rox ima t ion  (cont inuous i n  t i m e )  of  p r o b l e m  ( 1 . 1 )  based on the 

Four ie r -Ga lerk in  method reads as fo l lows : 

Find a mapping uN : [ 0 ,TI + S, such that 
3 3 v q E S, , vt,  o G t < T , (au,/at + U, auN/ax + o( a u,/ax , *) = o , 

This entai ls a nonlinear system of O.D.E.'s for the Four ier  coefficients (6N)k(t) of the solution uN , 

We present now the main proper t ies satisfied by the above Four ier -Galerk in  approximation. They 

a r e  concerned w i t h  the concepts of  conservation , s tab i l i t y  uniqueness and convergence. 

L e m m a  1 1 . 1 :  There exists a unique solution uN to problem ( 1 1 . 1 ) .  Moreover th i s  solution 

conserves the three f i r s t  energy integrals of the K.d.V. equation, namely 

(11.2) 

UN(0)  =PNu 0 . I ( 1 1 . 1 )  

(a /a t>  [I:" uN(xIt) dx]  = 0 I 

2n 
(11.3) (a /at )  [Jo /uN(x,t)I2 dx ]  = 0 

(11 .41  (a/at)  (a(auN/aXI2 - U i / 3 ) ( X , t )  dx ]  = o . 

P r o o f :  The existence of a maximal  t i m e  to , 0 < to < T such that,  f o r  a l l  t < to , there exists a 

unique solut ion uN(t) to  problem ( 1 1 . 1 )  i s  aclassical r e s u l t  of the theory of  d i f ferent ia l  systems. 

The problem i s  to  get the existence f o r  a "long" t i m e  T I  o r  equivalent ly to p rove  that one can take 

to = T .  Th is  r e s u l t  w i l l  be achieved w i t h  the use of (11.3) that the solut ion cannot blow-up. 

Since the i n i t i a l  condition uo i s  rea l ,  then ~ ~ ( 0 )  i s  rea l  too. We deduce that u,(t) i s  rea l  for  

any t < to f r o m  the uniqueness of  the solution to  problem ( 1 1 . 1  1. 
In order to  show (11.2), l e t  us f i r s t  choose q = 1 as a test function i n  ( 1 1 . 1  ). We get 

2n 2n 2n (a/at) j ,  U, ( X , t )  dx + ( 1 /2)10 ( a Q a X )  (x, t )  dx + lo (a3uN/ax3) (x, t )  dx = o , 

using the per iod ic i ty  of uN , we deduce then (11.2). Choosing now * = U, i n  ( 1 1 . 1 )  I we obtain 

(11.5) 

Integrat ing b y  par ts  and using the periodicity of U, y ie ld 

2n 2n 2n 
(a/at)Jo (u,(x,t))* dx + (  1 /3)J0 ( a U i / a X )  ( X , t )  dx + cxl0 (u, a3u,/dx3) (x,t) dx=O 

2n 2n lo (u, a3uN/ax3) (X , t )  dx = - ( 1 /2) Jo  a/ax (aU, /ad2 ( X l t )  dx = o . 

j:n ( a u i i a x )  (X , t )  dx = o . 

S i m i l a r  1 y we  have 

We der ive  now (11.3) f rom (11.5). Integrating (11.3) between 0 and to proves that  no blow-up 

occurs at  t i m e  to . More precisely fo r  any t, 0 < t < to , we der ive 
0 (11.6) 11 uN(.it) 11 11 UN(.mO) 11 < 11 11 ' 
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whence to i s  equal to T and we can state that the existence and uniqueness o f  the solution uN holds 

for any t i m e t ,  O g t Q T . 

I n  order to prove now (11.41, l e t  us take 9 = P, [ u i  + 20( a2uN/ax2](., t)  i n  ( 1 1 . 1 )  and, fo r  

convenience of notation, let us drop for a whi le  the exp l i c i t  dependence on x and t. Then 

(11.7) jiK (au,/at) P, [ u i  + 20( a2u,/aX2] dx 
2rr 

+ ( 1  /2)J0 (a/ax)[u: + 20( a2u,/ax2] P, [u; + 20( a2u,/aX2] dx = 0 .  

Since au,/at i s  i n  S, we have f rom (1.6) 
2 K  1:' (au,/at) P, [ u i  + 20( a2U,/ax2] dx = lo au,/at [ u i  + 20( a2UN/ax2] dx 

=(a/at)  [ Jo (u: 13 - a(auN/ax)2 dx] . 
2n 

On the other hand using again (I .6)  we derive 

J:~( a /ax)  [ui+zaa2u,/ax2 ]PN [ U i  +2ua2uN/ax2 ldx 
=( 1 / 2 ) j i r r ( a / a x )  {~ , [u i+2aa~U, /ax  2 2  1) dx 0 .  

From (11.7) we get now (11.4 1. 

Remark  II. 1 :  The estimates (11.2) to (11.4) are the discrete analogues of the conservation laws 

for  the K.d.V. equation defined in ,  e.g., M iura ,  Gardner and Kruskal  [ 161 which are  at the basis of 

the scattering theory. 

I n  the next two lemmas we state some a p r i o r i  estimates f o r  the Four ier -Galerk in  solution 

i n  higher order norms. 

Lemma I 1.2: Assume that uo belongs to H: ( 0 , 2 n ) .  Then there exists a constant c > o independent 

of N such that for any t ,  0 < t Q T: 

(11.8) 11 uN(.,t) c .  

P r o o f :  For any t Q T ,  we derive f rom (I1 4)  
2K 

(I I .9) jiK (m(au,/ax)2 - ~ , 3 3 ) ( ~  ,t) dx = Jo (a(au,/ax)2 - U; /~ ) (X  ,o) dx . 

Using now the continuous imbedding of "(0,211) in to  LW(0,2rr) ( see, e.g. [ 123) , we obtain f i r s t  

that 

1:' (U: /~) (X,O) dx Q ( 1 /3) II uN(.,O) IILoo II uN(. BO) 112 
2 Q c 11 uN(. 30) 11, 11 uN(. 10) 11 

By  the definit ion of uN(. ,O) and (1.7) it follows that 

(I I .  10) lo (u,3/3)(x ,O> dx < c 11 uo 11, lluo [I2 Q c ( 11 uo 11: + bo 
I n  a s im i la r  way, using ( l l .6) ,  weget 

2 K  
. 
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W i t h  th i s  s tab i l i ty  i n  the HL(OI2n)-norm we can prove now, as i n  the continuous case, the 

boundedness of another energy integral. 

Lemma I I .3: Assume that uo belongs to Hp( 0 , 2 n ) .  Then there exists a constant c > 0 independent 

of N such that for any t, 0 < t Q T: 

(11.1 1 )  I IuN<., t ) I12<c'  

Proof :  As i n  the proof of Lemma II. 1 we have to choose p r o p e r l y  a test funct ion i n  ( 1 1 . 1  ) .  This 

t i m e  we take 

choice yields ( here again we drop the dependence on x and t 

2 4  = P, [u; + ~ N ( ~ I J , / ~ x ) ~  + 6Nu,a2U,/ax2 + (18/5)0( a u,/ax41(.,t). This 

(11.12) J:" [au,/at; + uN (au,/ax) + + a (a3u,/ax3) $ 3  dx = 0 .  

Let us examine now the f i r s t  term i n  (11.12). 

Since auN/at belongs to S, , by (1.6) we have 
j,2nau,/at ; dx = lo 2n au,/at(ui + 3a(aU,/axl2 + 6 a u ~ a ~ u ~ / d x ~  + ( i8/5)O( 2 4  a U,/aX4)dX; 

integrations by par ts  y ie ld 

NOW we notice that ij= P, [ U ~ + ~ N ( ~ U , / ~ X ) * + ~ ~ X U ~ ~ ~ U ~ / ~ X ~ ]  +( 18/5) t ~ ~ a ~ u , / a x ~ ,  hence we 

obtain 

2n 
(11 .13 )  jo au,/at ; dx = (a/at)  J:' [ u i  / 4  - 3otuN(au,/ax)2 + (915) a2 (a2u,/ax2)2~ dx . 

2 K  
(I I. 1 4) lo [ U, (auN/ax) + o ( ~ ~ u , / ~ x ~ ] ;  dx = A + B + c + D + E 

w i t h  
2 K  

A := ( i 8 / 5 ) 0 ( ~  lo a3u,/aX3 a4uN/ax4 dx = o , 
2 K  

B := Jo U, (auN/ax) P,(u;) dx , 
c := aJo 2n [ a  3 u,/ax3 U; + 3 U, auN/ax PN(uNa2uN/ax2)] dx , 

2 K  
D := 3RJo U, auN/ax p,((auN/ax)2 + uNa2u,/ax2) dx , 

E := 
2K lo [ (  i s / s )  uN au,/ax a4u,/ax4 + 3 a3u,/ax3 ((au,/ax)2+z u,a2u,/ax2)] dx 

In  order to  bound B we use the continuous imbedding of H L ( 0 , 2 n )  in to  L W ( 0 , 2 n )  

B < c IIU, I l l  Ilau,/ax II,II P,(u,~) II Q c IIU, 11: I I  u i  II < c IIU, 11: I I  UN II1 
3 

Since H)(0,2n)  i s  an algebra, 11 u i  11, 6 c 11 U, 11: and therefore we deduce f rom (11.8) that 

(11.15) I B 1 6 c  

Let us consider now the te rm C; integrating by par ts  the f i r s t  addendum we obtain 
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We t u r n  now to the convergence estimate fo r  the Ga le rk in  approx imat ion  of  the K.d.V. 

equation. 
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Theorem I I. 1 : Assume that uo belongs to H r ( 0 , 2 n )  , for some integer m 3 2 . Then there exists 

a constant c > 0 independent o f N  such that for any t , 0 < t < T:  

( 1 1 . 1  7) 11 u(.,t) - uN(.,t) !I< C N ’ -m.  

P r o d : F o r  a n y t i m e t I O 6 t ~ T , w e s e t e ( t ) = P , u ( t )  - ~ , ( t ) . F r o m  ( I . l )and(11.1),andsett ing 

E [ f  ,g] = fa f /ax  - gag/ax , we der ive for any 9 i n  SN 

(11.18) (ae/at  +wa3e/ax3 , $ I  =(E[PNU,U] -E[P$J,U, , , ]  ,$I . 

Let us choose q~ = e as test funct ion i n  ( I  I .  18) and bound each t e r m  on the r ight -hand side. We 

obtain f i r s t ,  using (1.2) and (1.7) 

( I 1 .  1 9 )  I (E [ PN u ,u] I e) I 6 (11 u 11, + 11 PN u 111 11 u - PN u 111 11 e 11 c 11 u - PN u 11, 11 e 11 . 

Moreover,  a repeated use of integration by parts yields 

I ( E  [PN u,uN] , e> I = I( 1 /21  J:n (a /ax ) [ (pN  u l 2  - U: 3 e dx I 
2K 

= I( 112) lo (PN u + uN) e a d a x  dx I 
2n 

= I( t 14) Jo (a/ax)[p,  u + U N ]  e2 dx 1 .  
F rom (1.21, ( 1 1 . 1  1 )  and the imbedding of H)0,2n) in to  Lm(0,2n) we deduce that 

( I I .  2 0 )  I (E [ P, U ,UN 1 , e> I < c II( a /ax) rpN u + u,,, I IILm 11 e 112 < c 11 e 112 . 

Let us note now that e(0) = 0; by’(l1. 18) to (11.20) and the Gronwal l ’s  lemma we obtain 
t II e(t) 11 < c exp(c t) [ loll U(S) - PN U(S) 11: ds]’” . 

The estimate (11.17) i s  then an easy consequence of (1.21, (1.71, and the t r iang le  inequality: 

11 - uN 11 < 11 - 11 + 11 e 11 ‘ 

The above resu l t  yields the fo l lowing e r r o r  estimate i n  the H I  (0 ,2n ) -no rm.  

C o r o l l a r u  1 1 .  1 :  Assume that uo belongs to H:(0,2n) , for some m 2 2 .Then there exists a 

constant c > 0 independent o f N  such that for any t, 0 < t 6 T:  

(11.21) I I U ( . , t ) - u , ( . , t ) I ( , < C N 2 - m ,  

Proof :  This resu l t  i s  a consequence of the inverse inequali ty i n  (1.8). Indeed, we have 

11 UN ( .  st) - PNU(. ,t> 111 < N 11 UN(. at) - p,u(. it) 11 
< N [ 11 u(.,t) - u,(.,t) 11 + 11 u(.  ,t) - P,u(.,t) 11 ] I 

and f rom (1.7) and(11.17) weder i ve  

II UN (.tt) - PNu(.,t) 111 < N2-m , 

Now (11.21) fol lows by using again (1.7). 
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1 1 1 .  ANA1 YSlS OF T H E  COLl ,OCA T l O N  M E T H O D  FOR T H E  A P P  R O X I M A T I O N  OF T H E  K . d . V  

EQUATION.. 

Despite i t s  mathematical in terest ,  the Four ie r -Ga lerk in  method i s  general ly abandoned i n  

the appl icat ions i n  favor o f  the Four ie r  collocation method. The la t te r  method a l lows a ve ry  

ef f ic ient  t reatment  of the nonl inear te rm u(au /ax)  b y  t rans form techniques a t  the expense, 

however , of in t roducing an ex t ra  e r r o r  due to  the al iasing. This has induced many authors to 

dealiase the Four ie r  collocation solution by resor t ing  to d i f ferent  k inds of techniques. For a more 

involved discussion about these arguments, the reader i s  re fe r red  to  [SI ( see e.g. Chapter 3 and 

section 4.4.2 1. 
We w i l l  show i n  t h i s  chapter that the aliased Four ie r  col location method i s  stable and 

convergent, and that i t s  asymptotic ra te  of convergence i s  the same as that of the Four ie r  Galerkin 

method. 

1 1 1 . 1  Pos i t i on  o f  the Droblem, 

Let us introduce the collocation points t j  = 2nj / (N+1 ) ,  fo r  j = O,...,N. Then we associate 

w i t h  th i s  set the interpolat ion operator I, : C0(0,2n) --* S, defined by: 

( 1 1 1 . 1 )  

Now we define the pseudo-spectral der ivat ive operator 8, as 

v f E ~ ' (0 ,2n)  , INf E S, and I N f ( t , )  = f(cj) , j = 0, ..., N . 

(111.2) v f d ( 0 , 2 n )  , a , r = a o  I , f=a(I , r ) /ax.  

R e m a r k  I II. L: The calculation of the nodal values o f  a,f i n  te rms of those of f i s  accomplished by 

two F.F.T.s p lus  N complex mul t ip l i ca t ions  ( see, e.g.,[S] Chapter 2 ).  This  requ i res  5N log,N 

operations i f  N i s  a power of 2. 

Let us introduce the fol lowing "discrete" scalar product over Co(O ,2nl2 

(111.3) v + E C0(0,2n) I ( q , + ) N  = ((2n)/(N+1)) xy=o $(Cj)T(Cj) . 

I t  i s  wel l -known that i t  coincides w i t h  the L2-scalar product when the product q q ~  b€.,Jngs to  L N  , 

hence i n  par t i cu la r  

(111.4) v $ 1 9  E SN 1 ( V i $ r ) N =  (q19)  . 

Then the operator I, i s  prec ise ly  the orthogonal p ro jec t ion  operator onto S, w i t h  respect to  

( .  ,.), , Moreover,  i t  has been proved i n  [ 171 that  t h i s  operator satisfies the fo l lowing inequality 
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(111.8) 

f o r  any r e a l  numbers r and s , 0 < r < s , 

(111.5) V (P E H 3 0 1 2 n )  1 II (0 - 1, (P II, < cN'-'II (P II, . 

' av /a t  + v av/ax + a a3v/ax3 = o , x E IR , t > o , 

v (x+Zn , t )  = v ( x , t )  I x E IR , t >  0 , 

V(X,O)  = V0(X)  I x E IR . 

W i t h  these notations we can now introduce the formulat ion of the approximate problem 

obtained by a collocation pseudo-spectral method: 

Find a mappingu, : [ O , T ]  --* S, such that 

(111.6) v t, o Q t Q T , V j ,  o < j Q N , [au,/at + (112) a,(u,2) + cx a3uN/ax3](cj) = o , 
V j , O  < j < N  , uN(0,Cj) = u 0 (C j )  . I 

o r  I equivalent ly,  since these equalities entai l  equalities between polynomials of S, 

(111.7) v \Ir E S, , v t, o 6 t G T , (au,/at + (112) a,(u,2) + cx a3u,/ax3 , 91, = o , 
0 I UN(.,O) = I N U  . 

(111.9) . V * E S ,  , V ~ , O < ~ Q T  I (avN/at+( i /2)a,(v,2) +cxa3v,/aX3 ,$V),. ,=O , 
0 vN(. 10) = VN . 
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0 0  v - vN in t e r m s  of v - vN . F ina l l y ,  i n  section 111.4, we show by an i te ra t ion  argument that the 

above convergence resul t ,  appl ied to u - UN , can be i n  fact extended to cover the whole t ime  

in te rva l  [O,T].  

J11.3 T h r e e  l e m m a s  abo ut t h e  boundedness o f  t h e  s o l u t i o n  of t h e  co l l oca t i on  

oroblem. 
We begin b y  noting that, due to the classical theory of d i f ferent ia l  systems, problem (I 11.9) 

admits a local solution. This means that there exists to > 0, such that f o r  a l l  t G to , the solution of 

(I I I .9) ex is ts  and i s  unique ( note that to may depend on N ). 

However , no informat ion about the boundedness of the solution i n  any norm independently of 

N i s  provided f r o m  this resul t .  For th i s  we shal l  take now we l l  suited test functions i n  (111.9) as 

we did i n  the previous section. 

The f i r s t  choice q~ = 1 i n  ( I  I I .9) yields 
2n 

(111.10) (a/at )  [jo ~ , ( x , t ) d x ] = ~  , 

as i n  (11.21, o r  again 
2n 2n 2n 

( 1 1 1 . 1  1 )  V t l O < t ( t o  I 10 VN(X, t )dX= lo  VN(X,O)dX=lo V,O(X)dX, 

which expresses the conservation of the Four ier  coefficient (cN)o(t) . 

We t u r n  now to  the proof of 

I emma I II. 1 : f o r  any real  number R ,  there exist  three posi t ive constants to* < to, g o ,  xo 
depending only on Rsuch that for any in i t ia l  value v; ver i fy ing 

0 (111.12) I I V N  111 < R 

and any t, 0 < t .e t,*, we have 
1 /2 (111.13) I I V N ( . # t )  / I<@O(t , " - t> -  t 

(111.14) l lV ; ; ( . . t ) l l ; s~~c l  +ct,.- t1-516 . 

P r o o f :  Let us take q~ = vN i n  (111.9); t h i s  gives (we drop again the dependence on x and t ) 

( 1 /2)  (a /a t ) (vN , vN>N + ( 1/21 ( (a /ax)  I,(v,~), v ~ > ~  + O( (d3vN/dX3,vN)N = o . 

(a /a t )  11 vN 

From proper ty  ( I  11.4) the t h i r d  te rm vanishes by integration by par ts ,  thus 

+ ( (a /ax)  I,(v~), vN> = o . 

Using now the Cauchy-Schwarz inequality gives 
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Then by the fol lowing Gagliardo-Nirenberg inequality 

( 1 1 1 .  15) V cp E H1(0 ,2n )  , 11 cp llL- G c ,  11 cp 

we have 

11 (0 11;" 

( I  I I. 16) (a /a t>  11 VN 11, < c1( 11 v~ 11 11 vN , 

Using now q = ( v i  + 20ca2vN/dx2) i n  (111.9) yields 

(av,/at, V; + 2aa2v,/ax2), + (1  /2)(a*/ax,q), = o . 

The second t e r m  vanishes using ( I  11.4) and integration by parts,  hence 

( i 1 1 . 1 7 )  (a/at ) [o : I Iav, /ax112-( i /3) (~,3 , 1 ) , 1 = 0  . 

Let  us integrate t h i s  equality between 0 and t ,  wi th  t < to and use (111.4) to  get 

11 avN<. , w a x  ]I2 - 11 avN(. ,o)/ax112= ( 1 / 3 ~ ) [ ( ~ , 3 ( .  ,t) , 1 1, - ( v i ( .  ,o) , 1 I N ]  

< ( 1  /3a)( l lvN( . i t )  ~ ~ L ~ ~ ~ v N ( ~ i ~ ) ! ~ 2  + I l v N ( . i O )  l l L ~ I I v N ( . ~ o ) 1 1 2 ) .  
Once more, using again inequali ty (111 .1  5)  gives the fol lowing resu l t ,  

I I  av,(. ,t ) / a x  11, < K O  + c,( II vN 11:" I I  vN 1 1 ~ ~ ~  

K O  = 11 avN(.,o)/ax 112 + C, 11 v,(.,o> I I ~ ~ I I  vN(.,0) 11, < R,( 1 + C,R) . 

, 

where  C, = ( 1 /3a) C, and 

Now a bound f o r  the H:(0,2n)-norm o f  vN(. ,t) i s  easi ly recovered by means of  (1.9). We deduce 

(111.18) ~ ~ v ~ ( . ~ ~ ) ~ ~ ~  < K '  + C ~ ( I I V N ( . , ~  )(Ilr1211V~(.~t)11512) I 

where K '  = 2 KO + (1;" v,(x,O)dx), < 2 R2( 1 + C, R)  + 2n R2 . 

F o r  some technical reasons which w i l l  be c la r i f ied  at the end of our  proof ,  i f  necessary we 

take i n  (111.18) a possibly larger K '  i n  order tosat isfy the fo l lowing inequality 

(111.19) K ' > I ) v N O ~ ~ ~  . 

This i s  achieved f o r  instance f o r  K '  = max {R3 , 2 R2(n+ 1 + C, R)}. 

Let us set to* = min(T , 1 / ( (  1 +C,)C, K 

w i t h  these constants. 

,213)  and 0,' = 1  / [ (  1 +C,)C,] . We show that (111.13) holds 

Assume by contradict ion that there exists t* < to* such that (I I I. 13) i s  not ve r i f i ed  f o r  

t = t" ,i.e. 

(111.20) IIv,<.,t*) ]I2 > [(1/K')213 - (l+C2)C,1*]-'. 

We shal l  p rove  now that the der ivat ive of the mapping t -+ 11 ~ , ( . , t )  11 i s  bounded, then we w i l l  

de r i ve  a lower  bound for 11 v i  11 incompatible w i th  (I1 I. 19). F i r s t ,  we notice that, f o r  any t ime 

t g to such that 

( 1  11.2 1 11 vN(. 11 2 K" I3  , 

we get 
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K’  < 11 VN(.  st) [I3 < 11 V N ( . i t )  11;” 11 VN(.I~)II”~ I 

since 

11 vN(, ,t) 111 2 11 vN(. ,t) 11 . 

From ( I  I I. 18) i t  follows that for  any t satisfying ( I  11.2 1 1, we have 

( I  11.22) 11 vN(. ,t) 11; < ( 1  + c2>( 11 vN( ’ , t )  111’12 11 v N ( ’ > t )  ii512 ; 

we deduce then 
213 (111.23) [lvN(,it)1[1 < (1+c2) IIVN(’ , t )115/3 

Noting that 

[ ( 1 /K’)2/3 - ( 1 +C2)C, t*]-’ > Ka213 I 

we deduce f rom (111.20) that (111.21) holds fo r  t = t*, hence (111.23) i s  satisfied for  t = t*. 

Let us  introduce now (111.23) i n  ( l l l . l 6 ) . F o r  any t, 0 < t < t* such that 11 vN(. , t )  11 2 K ” l 3  we 

have 
4 

(a /a t>  II V&t) [I* Q ( 1 +c2)c2 II v&t) 11 
wh ich can be wr i t ten  as 

(111.24) (a/at )  [ - i / I I  vN 1 1 ~ 1 6  ( 1  +c2)c2 
Let us consider now the set A c [ O , t * ]  defined by 

A = {s ,  o < s 6 t* such that fo r  any t i n  [s, t* ]  we have 11 V N ( . l t )  11 2 K”13  1 .  
It i s  an easy matter to check that by v i r t u e  of the cont inui ty of the function t -+ 11 vN(. ,t) 11 , A i s  a 

closed in te rva l  [ u * , t * ]  of [O,t* ] .  Besides, f rom (111.24) we obtain fo r  any s i n  A that  

11 vN(, I s )  [ I 2  2 [ (  1/11 vN(. it*) [ I2)  + ( 1 +c2)c2 ( t * -s) ] - ’  I 

and b y  (111.20) 
> K‘2/3 

( I I I. 25) V s E A , 11 vN(. ,s) [I2 > [ ( 1 /K’ )2/3 - ( 1 +C2)C2 SI- 
Apply ing (111.25) to u* shows that u* = 0 hence A t u rns  out to be equal to [ O , t * ] .  We a r r i v e  now 

to the contradiction between (111.25) w i t h  s = 0 and (111.19). We deduce f i r s t  that  the max t ime tG 

i s  independant of  N since no explosion occurs before to’ and that (111.20) cannot hold. Whence, we 

have (I I I. 13) fo r  all t < tg .Now (I I I. 14) fol lows f rom (I I I, 13), ( I  I I. 18) and Cauchy-Schwarz 

i nequal i t y  . 

Remark  I I I .;I : We note that equation ( I  I I ,  1 7) i s  the discrete analogous o f  the equation ( I  I .4)  of 

conservat ion o f  the t h i r d  energy in tegra l  f o r  the so lu t ion  of the co l locat ion problem. 

Unfortunately,  the conservation of the second integral  does not hold any more i n  the cu r ren t  case. 

This fa i lu re  does not allow us to deduce d i rect ly  the conservation of the HL(OI2n)-norm of vN. On 
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Fur ther  in format ion concerning the boundedness of the L2(0 ,217) and H)0,2n)-norms of avN/at  

L are  obtained by dif ferentiat ing equation ( I1  1.9) w i t h  respect to the t i m e  variable. We get 

Lemma 111.2: For any real number R ,  there exist three positive constantst; Q fl , 0; and ~7 
depending only on R such that for any init ial  value v i  ver i fy ing 

( I  11.3 1 ) 11 v i  114 Q R 

andany t ,  0 6 t < t;, we have 

(111.32) II (av,/at)(.,t) II < 67, 
(111.33) II (av,/at)(.,t) I l l  6 1; . 
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P r o o f :  Let US take rl, av,/at i n  (111.30). We obtain,  us ing (111.4) and not ing that av,/at i s  

per iodic 

v t, o < t < t, , ( i 12) (a /a t>  II avN/at  1 1 ~  + ( a,(v,av,/at) ,av,/at), = o . 

By  the de f i n i t i on  (111.2) and the p r o p e r t y  ( l l l . 4 ) ,  i n teg ra t i ng  b y  p a r t s  and us ing the 

Cauchy-Schwarz inequality , i t  follows 

v t ,  o < t < f ,  , ( a / a t )  11 av,/at 112 < z I( IN(V,aVN/at),(a/ax)av,/at)l 

< 2 11 IN(vNavN/at) 11 11 avN/at 111 I 

s 11 'N IIL- 11 avN/at 11 11 avN/at  111 ' 

Using the Gagliardo-Nirenberg inequality ( I  11.15) and Coro l lary  I II. 1 , we can f i nd  a constant R "  

depending only  on the HL(0,2n)-norm of the i n i t i a l  condition such that 

(111.34) v t , O < t < f ,  , ~ ~ V N I ~ L ~ < R "  . 

We can therefore obtain the inequality 

( ~ 1 . 3 5 )  v t ,  o G t < tl , (a /a t>  11 av,/at 1i2 6 2 it* II avN/at  11 11 av,/at 11, . 

Our goal i s  now to provide a bound for 11 Ov,/at 11, . To th i s  end, l e t  us take 

= I,(v, avN/at + a(a2/ax2)av,/at) 

as test funct ion i n  (111.30). This choice yields the equality 

-(a2v,/at2, a(a2/ax2)av,/at ) = (a2v,/at2, vN av,/at), . 

Af ter  integration between 0 and t, 0 < t < f l l  we obtain 

( ~ 1 . 3 6 )  11 (a/ax)(av,/at)(.,t) 112 - 11 (a/ax)(av,/at)(.,o) 112 = 2U-$ (a2VN/a t2 ,  v, av,/at), ds. 

Let us now focus on the right-hand side of the previous equali ty. Integrat ing by  par ts  w i t h  respect 

to  the t ime  var iab le  gives 
t t t  

I t  
lo (a2v,/at2 , vN av,/at), ds [(av,/at, V, avN/at), lo - lo (avN/at , (a /at ) (vN av,/at>), ds 

= [ (avN/at  , V, av,/at), lo - jo (avN/at  ,(av,/at)2)N ds 
t 

- J O ' "  I (a\! N ,I~!,\~,&!,,I~?~!, ds, 

Noting that the last term on the right-hand side i s  the opposite of the left-hand t e r m  , we get 
1 

2 j,(a2v,/at2, V, av,/at), ds = ((av,/at)2(.,t), V, ( . , t > ) N  - ((av,/at)2(.,o), vN(.,o))N 
t - lo( 1 , (a~,/at)~),  ds . 

By v i r t u e  of ( I  11.34) and the Gagliardo-Nirenberg inequal i ty ( I  I I. 15) , we deduce that 

+ lo 11 avN/at  1 1 ~ -  II av,/at 1 1 ~  ds I 

+ C, 1; 11 av,/at 111" II av,/at 

t 
2 l j o ( a 2 V N / a t 2 ,  V, avN/at), ,ds I<  ~ ' 1  11 (av,/at>(.,t> 1 1 2  + II (av,/at>(.,o> 1 1 ~  II v i  1lLm 

< R "  11 (avN/at ) ( .  ,t> 112 + 11 (av,/at)(.,o> 1 1 ~  11 v i  llLm 
ds . 

t 
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Then using ( I  11.3 1 ) ,  i t  i s  an easy matter to  deduce f rom t h i s  equality on the one hand that 

~ ~ ~ a v N ~ a t ~ ~ . , o ~ ~ ~  Q c t iia/ax((v,2) - I,(V;)) 11 + I la /ax(v i ) )  II + II a3v,/ax II 
and using (111.5) w i t h  r = s = 1 , we deduce that Il(dv,/at>(. ,O)ll i s  bounded by R2( 1 + cx R ) ;  on the 

other hand, by taking i t s  der ivat ive i n  the x-direct ion, we der ive that the te rm 11 ( avN/a t ) ( .  ,0) 11, i 
can be bounded by R2( 1 + cx R). F ina l l y ,  w i t h  a new constant K "  depending only  on R ,  we derive 

the inequali ty 

( i11 .37)  v t, o G t 61, , ii(aV,/atx.,t)ii; G K" ( 1  + II (av,/at)(.,t) t i2 )  
+c,  1; 11 av,/at 1 1 : ~ ~  11 av,/at 1 1 ~ ~ 2  ds . 

Let us now consider the set B defined by 
t 

B = { s E IO, 17 : v t E [O,SI : c, lo \I av,/at 11:" 11 avN/at  1 1 ~ ' ~  ds < K"  1 . 

v T , o Q T G f '  , (a /a t>  11 av,/at(. ,TI 112 Q 2 c N Kin 11 avN/at(. ,T) 112 . 

v T ,  o Q T Q f '  , 11 avN/at( .  ,TI 112  + CN-' 11 av,/at(.,T) 11: G 2 11 a V N / a t ( .  ,o> 112 exp(2cN PT). 

I t  i s  an easy matter tocheck that B i s  not empty; indeed, we der ive f rom (1.8) and (111.35) that 

Then, we get, using again (1.8) 

This proves the existence of a t ime  t i  > 0 (obviously depending on N) such that 10 ,ti] c B. Next,we 

der ive f rom (I 11.37) that 

( ~ 1 . 3 8 )  v t E B , I i (av, /at)( , , t ) i i~ G K "  ( 2  + II (av,/at)(.,t) 1 1 ~ )  I 

and due to (111.35) 

v t E B ,  (a /at )  11 av,/at 112 Q K "  dK"( 2 11 av,/at II + I I  avN/at 1 1 ~ )  
Q 4 R "  JK"( 1 + 11 avN/at  112) . 

After integration on t ime, we obtain 

(111.39) v t E B , (2  + l l (avN/at)( . , t )~12) G ( 2 + Il(av,/at)(.,o)l12) exp(4 K' JK"t) . 

( i i 1 .40 )  v t E B , ~ l (av, /a t ) ( . , t ) I l~  Q K "  ( 2 + ~ l ( a v , / a t ) ( . , o ) ~ ~ ~ )  exp(4 K*' J F t )  

From (111.38) we then state 

We deduce that there exists a constant T ~ ,  that depends only on the H:(O , 2 n ) - n o r m  of the i n i t i a l  

function v i  and on T such that 

v t E B , l l ( a V , / a t ) ( . , t ) l ~ ~  G T~ . 
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From the  de f in i t ion  o f  B we can state tha t  t h i s  set conta ins an i n t e r v a l  [O, t ; ]  w i t h  

t; = m in (  f ,  , K " / ( C , T ~ ' ~ ) ,  which i s  therefore independent o f  N. Thus the desired resul ts  follow 

f rom (111.39) and (111.40). 

I n  order  to prove the convergence of the discretization we need a f u r t h e r  s tab i l i t y  resul t  

I emma II E: For any real number R ,  there exists a constant x 3  depending only on R such that 

for any in i t ia l  value v: ver i fy ing 

(111.41) I I v ~ I I ~ Q R  
andanyt ,  0 Q t Q tyJ wehave 

Proof :  Let us choose q = a3vN/ax3 i n  the equation ( I  11.9). We obtain 

0 

(111.42) )(vN(., t)1(36 '113 . 

I O( I 11 a3vN/ax3 112 = -(avN/at,a3vN/ax3) - ( 1 /2 ) (a /ax(  I ~ ( v ~ ) )  ,a3vN/aX3) 

G 11 avN/at  11 l la3vN/ax3 II + CII a / a x ( ( v i ) -  I,(v,~)> 11 + c 11 vN 11:1 11 a3vN/aX3 1 1 .  
Using ( I  I I .5) w i t h  r s = 1 we have 

( I  I 1.43) I O( I 11 a3vN/ax3 112 Q 1 1  avN/at 11 l la3vN/ax3 11 + c 11 vN 11: 11 a3v,/ax3 11 . 1 

On the other  hand, using the def in i t ion of the H;(0,2n)-normI the inequal i ty  (111.15) and the 

inverse inequali ty (1.8) we deduce 
I 

11 vi 112 Q [ [ I  vN 112 11 vN 11, + 11 'N Il:] Q cN 11 vN 11: . 1 
By v i r t u e  of (111.43) we obtain i 

I 
I O( I 11 a3vN/ax3 112 Q 11 avN/at 11 lla3vN/ax3 11 + c 11 vN 11: 1 1  a3vN/ax3 11 . 

The two previous lemmas y ie ld  now that the te rm 11 a3v,/ax3 11 i s  bounded and we der ive the desired 

resu l t  (111.42) by noting that 

1 1  a2vN/ax2 11 Q c 11 a3v,/ax3 11. 

111.3 Ana lys i s  o f  t he  converaence i n  t h e  l o c a l  i n t e r v a l  [O,t;]. 

We are  now i n  the position of stating a f i r s t  local convergence resu l t  of the solution o f  the 

collocation problem (111.9) to the one of the K.d.V. equation i n  the t i m e  in te rva l  [O,t;]. Precisely 

we have 

P r o D o s i t i o n  Il l. L : Assume that v o  belongs to H z ( 0 , 2 n )  for some m 2 4 , and that v N  is 

bounded in H: (0 ,2K)  independently of  N. Then there exists a constant A, > 0 , depending 

continuously on 11 v i  11, and independent of N such that for any t ,  0 Q t G t;: 

0 

( I I I .  44) 11 VN(. ,t) - V(. ,t) 11, G A, N2-m + I I  V: - Vo 111. 
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g From (111.8) i t  i s  easy to ch ck that  ( remind that E(x) denotes the integral  p a r t  o 

v t , o Q t Q T , ~,(,,,)(av/at + v av/ax + cx a3v/ax3) = o , 

so that 

X )  

v \V E ~ ~ ( 0 , 2 n )  , v t , o G t Q T , ( ~ ~ ( ~ / ~ ) ( a ~ / a t  + v av /ax  + cx a 3 ~ / a ~ 3 ) , v )  = o , 

For a f i xed  t i m e  t ,  l e t  us substract this equation f rom the collocation equation (111.9) at  the same 

time. If we set V ( t >  = PE(N/2)v(t) and e(t> V(t) - vN(t) , for  any \V i n  S, we der ive the ident i ty 

Taking \V = e(t) fo r  a l l  t and noting that v2(t) E S, we obtain 

( ~ 1 . 4 5 )  (ae/at  + o(a3e/ax3, 

(111.46) (a /a t )  11 e 112 = (a/ax(v2 - v2>,e> + (a/ax(v2 - PE(N/2)(v2)),e) +(a/ax( I , (v i  - i2>) ,e ) .  

The last  t e r m  on the r i g h t  can be bounded as follows 

= ( 1  12) (a/ax(I,(v;) - pE(N/2)(v2)), . 

(a /ax( I , (v i  - V2>>,e> = ( ( v i  - V2),ae/ax), = ( ( 2 ~  - e)e,ae/ax), 
1 /2 

Q 2 (V e,; e>, 11 ae/ax 11 + 11 ae/ax llLm 11 e 112 
Q 2 II 3 I l p  II ae/ax II II e I I  + II ae/ax l l p  II e 1 1 2  ' 

Then f r o m  ( l I l .46) ,  we deduce 
2 (I I 1.47)  (a /at> I I  e 1 1 ~  Q I I  e IIUII a a a x  llLm + II w a x  1lLw I 11 V - v 11, + II v 2  - pE(N/2)v 11, 

+ 2 II V l l p  II w a x  II + II ae/ax 11p II e Il l  . 

From (1.2) and (1.7) we get, as soon as vo  belongs to  Hz(0,2n) w i t h  m 2 3 

(I I 1.48) 111 a i l a x  llLm + 11 av /ax 1lL.. 1 11 V - v 11, + 11 v2 - pE(N/2)v2 11, G C(m> N'-, , 

Here C(m) i s  a constant that depends only on the norm TJ, 11 vo 11, . Moreover,  f r o m  (111.42) we 

have (we enlarge, i f  needed, the value o f  C(m) keeping although i ts  dependence only on TJ, 11 vo [Irn ) 
( 1  11.49) 2 II V llLm + II ae/ax llLm Q C(m> + x3 . 
Taking in to  account ( l l i .47) (111.48) and (111.49) 

(I 11.50) ( a m )  11 e 1 1 2  G (C(m) + x3) (N1-m 11 e 11 + 11 &/ax 11 11 e 11 + 11 e 112 ) , 

where the constant depends on the i n i t i a l  conditions only. 

Our next  goal i s  to  obtain an estimate for 11 ae/ax 11 i n  order to use i t  i n  (111.50). For th is,  

we take = (I v 2  - P - 20(a2e/ax2 in ( I  I I .45) , so that we f ind  the ident i ty N N E(N /2Iv ) 

-2oc(ae/atla2e/ax2> = ( a e / a t , ~ ~ ( ~ / ~ ) ~  2 - I, v,) 2 . 

Therefore 

(111.5 1 ) a(a/at) 11 w a x  

o r  again, i f  we set w = P ~ ( , / ~ ) v ~ -  V 2 ,  
( i11.52)  a(a/at> 11 w a x  112 = (ae/at,w) + ( a e m ,  I,[& + VN)])  . 

= (ae/at, pE(,,,,v2- i2> + ( a e l a t ,  I ~ ( V ~  - v i ) )  , 

Besides we  remark  that 
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6 II e(t> 1111 w(t)  II + II e(0) 1111 w (0 )  Il+t max 
O < T < t  

II e ( r )  11, II a w / a t ( d  I[-, 

F ina l l y ,  we can deal in a s im i la r  way the last te rm of the r ight-hand side o f  (111.53). 

Let us set now 

K, = 11 ae/ax(o> 112 + I (e2(o> , z ( o ) ) ~  I + II e(O) II II W(O) II ; 

v t, o < t G t; , 11 ae/ax<t)  112 < K, + c max {[  11 Z ( T )  I I L - +  11 az /at (T)  1 I L m ]  Jell e(s) [I2 ds 
t then, f r o m  (111.53) to (111.55) we deduce that 

O < r < t  

+ 11 aw/at (T)  111, + ( 1  1 2 ~ )  I I  e(T) 11: 1 
+ II e(t) 1 1 ~  + II w( t>  1 1 ~ .  

I 
i 

I t  i s  an easy matter t ode r i ve  f rom (1.2) and (111.8) that  i f  vo belongs to H z ( 0 , 2 n )  w i t h  m 2 3, 

then v belongs to L"(0,T; Hz (0 ,2n ) )  and & / a t  belongs to L"(0,T; H z - 3 ( 0 , 2 n ) ) .  Thus, by a 

s t ra igh t fo rward  application of (I .7) , we deduce 

+ II d o )  11: 1 ' 2(2-m)  K, + c max [II a w / a t w  II!,+ II W ( T )  112 1s C(m> {N 

O < T < t ;  

Hence we der ive f rom (111.28) and (111.33) that 

(111.56) max 
O < T < t  

Let us  now introduce th is  last inequality in to  (111.50); we obtain 

(a /at )  11 e(t) 112 6 (C(m) + x 3 )  (N 2(2-m) + 11 e(t) 112 + 

whence, after integration w i t h  respect to the t ime var iab le 

V t ,  0 < t G t; I 11 e(t) 112 < 11 e(O) 112 +(C(m)+x3)( t (N 2(2-m) + II e(O> 11: 1 + 

11 ae/ax(-r) 112 G C(m)[N 2(2-m) + Jill e(s) 112 ds + II e(0)ll:I 

e(s> ds + 11 e(O)l( ) , 

e(s) \ I 2  ds) 

< (C(m)+x3)( t (N 2(2-m) + 11 e(0)lf) + e(s> 112 ds 1 . 
The Gronwal l  lemma yields now 
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. 

(Hk) 

(111.57) V t ,  0 Q t Q t; I 11 e(t) 112 Q (C(m)+x,)(N 2(2-m) + 11 e(o)ll: 

We recal l  that the constant (C(m)+x3) that appears here depends only on the H:(0,2n)-norm of 

t he  i n i t i a l  condit ion vo and on x3 , which i n  t u r n ,  f rom Lemma 111.3, i s  a bound for the 

H3(0,2n)-norm o f  vN. Hence c i s  a constant independent of N and t.. 

The resu l t  (111.44) fol lows now using (1.7) once more together w i t h  (111.56) and (111.57). 

For  any t , k t* < t < ( k +  1 ) t* I uN exists and satisfies 

I I  uN(. ,kt*) 11, Q 2 3 4  II u0 11, and 

V t , k t *  4 t Q ( k + l ) t *  , 11 U( . , t )  - UN(.,t) 11, Q ( k + 2 > A m  N2-m 
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v i =  uN( . , ( k+ l ) t * )  i s  the solution of (111.7) for  t 2 ( k + l ) t * .  F i r s t ,  we have to prove a bound for  

Ilu, ( . , ( k + l ) t * ) ~ ~ 4 ,  Using (1.7) and the inverse inequal i ty (1.8) we deduce f r o m  (111.61) and the 

previous estimate that 

v t , 0 < t < ( k + l ) t *  , 11 uN(.,t> - PNu(.,t) 114 < 4 N311 uN(.,t> - PNU(.,t> 111 

< 4 N3 [ II uN(. at) - U( ,t) II1 + II u(. I t )  - PN(. ,t) II,] 
< 4 (k+3)A,N5-m. 

Therefore 

v t , 0 < t < ( k + l ) t *  I 11 uN(.,t) 114 < u ~ ( . , t ) - P ~ U ( . l t )  114 + 11 u ( . , t > - P ~ ( . , t )  114 +I] u ( . , t >  114 
< (4K + 1 3)A, N5-m + 11 u(.,t) [I4 . 

I f  N i s  chosen greater than N* we der ive  f rom (1.2) that  11 u N ( . , ( k + l  I t *>  11, < 2 -q4 11 uo 

Moreover ,  f r o m  Lemma I I I. 1 , we deduce that uN exists fo r  any t , ( k  + 1 I t *  < t f ( k  +2)  t* and 

f rom ( I I 1.60) 

V t , 0 < t < t* , 11 UN ( .  ,(k+ 1 >t*+t) - U(. , (k+ 1 )t*+t) 111 < A, N2-m 

+ 11 UN ( .  , (k+ 1 It*) - u(. , (k+ 1 >t*) 11, . 

Using now the induction hypothesis we obtain 

V t , 0 < t < t* , 11 u,(.,(k+l)t*+t) - u ( . , ( k + l ) t * + t )  11, < (k+3)A,  N2-m . 

This proves hypothesis (H,+,). Thus the induction procedure applies successfully and the desired 

resu l t  (111.58) follows. 

Bemark  I I I .3: The s tab i l i t y  resu l t  i n  the H4(0 ,2n ) -no rm stated i n  (H,) p lays a fundamental 

r o l e  i n  the proof  of the global convergence resu l t  (I 11.58). As we have seen, s tab i l i t y  has been 

obtained b y  exploit ing the spectral decay of the e r r o r  on each local i n te rva l  [ k t * ,  ( k +  1 I t * ]  
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