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FINAL REPORT

1. Project Period:

October 1, 1983 to September 30, 1986
2. Personnel:
Principal Investigators:

C. Bennet Setzer (Oct. 1, 1983 to Sept. 30, 1985)
N. A. Warsi (Oct. 1, 1983 to Sept. 30, 1986)

Graduate Students:
I. O'Nour, P. Sparrow, F. Brown, Linda Adams and E. Placide
The first three have finished their graduate theses and the

last two are in the process of doing so.

3. Summary of Completed Work

This report contains the work accomplished through three
main prject. Two more projects started during this period will
finish shortly. The corresponding report will be included in
that of the second project.

(a) A Survey of Pattern Recognition: An Annotated Bibliography
(See Appendix I)

The work consisted of a wide-ranging search for articles
and books concerned with fuzzy automata and syntactic pattern re-
cognition. Also, a number of survey articles on image processing
and feature detection have been collected. Although the work is
basically survey, it lays down the foundation of further work
through its annotated bibliography. The complete work is in-
cluded as Appendix I.

(b) Edge Detection and Image Processing Using a Gradient and
Edge Following Method (See Appendix II)




Hough's algorithm illustrates one way in which knowledge
about the image can be used to interpret the details of the

image. Since the used syntactic methods are more local, the per-

formance of standard local techniques are studied. To this end,
an edge following algorithm based on comparison of the gradients
at adjacent pixels is implemented. 1In general, the closest
match is considered an extension of an edge element. It was
found that in hand generated pictures, the algorithm worked well
on following straight lines, but had great difficulty turning
corners. The connectivity of polygons was not evident in the
resulting global edge trace. This experimental work although.
poor in performance has helped other related efforts. If an
edge is being followed stepwise, some history would be useful

in picking a continuation. The goal would be to be able to con-
tinue across apparent gaps in edges, given that the algorithm
was already following a "strong edge". For details see Appendix
IT.

(c) Minimal Finite Automata From Finite Training Sets

The basic result of this research is an algorithm which pro-
duces a minimal finite automaton recognizing a given finite set
of strings. Minimality is in the number of states and compared
among those automata that recgonizes the given string and no
other up to a given length. One difficulty of the construction
is that, in some cases, this minimal automaton is not unique
for a given set of stringsland a given maximum length. Numerous
examples show that it correctly deduces the "correct" automaton

for sets of strings drawn from a given regular set. Further,



these examples show that non-unicity of the minimal automaton
disappears for large samples. However, the convergence of the
algorithm in the limit has not been demonstrated.

This algorithm compares favorably with other inference
algorithms. It seems to produce smaller automata than other
methods (e.g. [1]). It produces a deterministic automaton dir-
ectly comparing with [1]. More importantly, the algorithm pro-
duces an automaton with a rigorously described relationship to
the original set of strings that does not depend on the al-
gorithm itself. 1In general, the study of abstract objects is
more tractable if they have invariant relationships among them-
selves. See Appendix III for details).

[1] Vernadat, F and R. Rives, "Regular Grammatical Inference by

a Successor Method", 6th International Conference on Pattern
Recognition, Munich, 1982.



APPENDIX 1.

A dSurvey of Pattern Kecognition:
Bibliogravohy

An Annotated
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vj OF POOR QUALITY A COMBINED SYNTACTIC/SEMANTIC AFPFROACH TO PR
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"Thom the comdteooprzy betyeen gecmetric oand shruztural
approachas for oroblems 248 oattern raczgnition zaemz to
me hiztorizally inevitable, but temporary. There are
problzmz  *o  which the gszcmetric aporoazh iz ideally

ted =z, there are zome well lkneown orohlems which,

1vahle by the geometric method, are more

22 1srabkle by the zhructural approach. Eat  any

ifficul Sroblams  require a0 combination of =]

§§ aporoaches, and methodz are gradusllw cryszialicing to

o3 combire the=mi the stroctural approach iz the mearnsz of

- meapztroctios of convenient =oacel *he geomekric iz the

3 partiti-oring in it "CAizerman’£?1.

]
3

’ Comhinming =vnta =21 pattern reccgnition

! approaches,  haz  bes al inmvestigatorsz in the

-

Ao a

rT=-:"001, The motivatison arizez from the fact that

: neit-ar +he zyrhtacti
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T

atiztical =zpproach alorme

s srmmuate £or zomez oraztizal applizations. The syntacztic is
weal in handling noiszy oattserns anc mumerical zz=mantic
" . fAnchher ~haracteriztic  drawgbazln o gtruchural
meth~dz iz tha arsitraciczzz in the zelecticon of primitives
Tz Fhore  mriztz oan infintte number of wavs Lo the
: corztruction of grammarz for oictures).
; ighizal iz  inmacable of descriling %c:mulcx cattern
= and zubpatters rzlaticons, Simce the advartagez of one
1 e kg kRe drapbacks of the other. a2 hybrid model  that
incoroorates the o
ammlizaotiome., The T
b regn z tooel.,
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3ing than dezoding the mass
M% gplectrical activity =4 Lhe Ruman brain [Cevins"201., Although +his
‘| )
o d- SR N . theve arez zureantly zeverzl vzefel asorlicstions
of a woZrr@lative acorocach Bas=2d or pattarn recogniticn., Thezo
imzlode 1 ot the nregural concamitant=z o4 higher
cogritive furnctiorz, diagneztic =scrzening, differential diagrozis
amd orognoshic ot nmewvrclagiszs discrders.clazeifization
. of the ztacez of 2rdinary dizhturbted zlzeo, and Zlasgificzatior o<
iy the newroRlechtrizc patternz azzociated with different tynes of
peychotronic  deoos, Since brain @lectrical potzrntialz (BEF) arsz
Torrelated with o2 variety of behavioral and cliniczal variabkles,
especially tight auporimental deszignes are meczzzary.
I£ festurez are not rewrophyzicleogically interpretable,  the
utility =f =ven zvgrcezezful clazzification iz likely to b2 limited
in mogt zpolicatiorns, Epaturez zhould erporessed in 2 form which

is ingenzitive *to irrzlevart anatomic armd metabeli
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2tiorn~enecific =ince intra-
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St

1fferant for differont

Most rcattern claszification algorithms have bheen apcl

1 g ecigion functions, *trainable classificzation
network=, diztarnce functiors, zyntactic methedz, ard hybridz of
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CHAPTER ONE

INTRODUCTION .

A most significant branch of recognition technology is
“image processing”. It involves transforming pictures into
forms that facilitate analysis by machines and/or humans.

Edge detection is generally an important step in
automatic image processing. For the most part, edge
detection is a two-step process. The initial step consists
of determining the local edges (e.g., gray level
discontinuities) of an image. The second step 1In this
process involves a method of connecting local edges into
global edges. To accomplish this, we shall use an edge
following -technique.

This paper 1is an investigation of one method of edge
detection. Programs are provided which illustrate the two
step process involved in the problem of edge detection.
Generally, the detection of edges is started by performing
local operations on picture neighborhoods through the use of
an edge operator. These operations, sometimes regarded as
local edge operations compare intensity values within small

regions of the pigturé. Among the many edge operators which
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may be used for detecting edges, the gradient will be used
in this paper. It is one of the most commonly used edge
operators. The result of the gradient*is a vector attached
to each picture point indicating the dir;ction of maximum
gray level change. The picture is similar to the magnetic
field in the space around a magnetic bar where 1lines of
force are wused to show the direction a particle would tend
to move. The lines of force, like the orientations from the
gradient, form a convenient way to create a visual image of
the situation.

The gradient operator 1is applied to each pixel or
element in the input picture, thus transforming the picture
into an array of gradient vectors. Each gradient magnitude
is <compared toc some threshold value. Those magnitudes less
than the threshold value are, for all practical purposes,
disregarded as  edges. Gradient magnitudes greater than or
equal to the threshold values represent significant edges in
the image. The technique of thresholding is a way of
segmenting or separating the object in a pilcture from Iits
background, assuming that the picture 1is simply an
object~background image. The process described above |is

generally referred to as a preprocessing or early processing

technique.
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A method for edge following will also be presented in
this paper. The edge following technique computes a
"goodness of fit"” measurement for eacg Pair of adjacent
pixels. The goodness measure 1s based on the gradient of
each of the two pixels. Combining palirs of pixels that fit
well produces 1longer edges. The outcome of this method is
in the form of a chain-coded representatioan which

1llustrates the direction of most change in the picture.
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CHAPTER TWO
DESCRIPTION OF THE PROBEED}

This paper focuses upon two types of image processing

problems. The first, referred to as local edge detection,

basically involves locating discontinuities of gray levels

in a given picture. The second problem, edge following,
involves linking local edges to form global edges. The

following paragraphs will be a discussion of these concerns.

2.1 THE EDGE DETECTION PROBLEM

Central to work iavolving picture processing by a
computer is representation of the picture. Since the actual
object cannot be_manipulated in the computer, a model which
can be used is generally constructed to represent the real
object.

A picture is typically recorded as a vector or array of
fixed dimensions. It consists of components which may be
accessed arbitrarily by specifying an index which gives the

position of the component within the array. For example,

the picture may be given as a rectangular array of M x N

dimensions, where x={0...M} and y={0...N}.
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Before a plcture can be analyzed by the digital
computer, it must be converted to a discrete form or binary
image. This is usually achieved by re%ording the picture
photographically and then transforming it based on intensity
values within local regions of the picture. In the case of
the black and white picture, these values are referred to as
gray levels.

A point, (x,y), in the digitized picture is referred to
as a pilxel. Each pixel can be said to represent a square,
with the horizontal and vertical neighbors of (x,y) sharing
a common boundary, and its diagonal neighbors touching it

ounly at a corner. (See fig. 1)

p8 | pl D2
p7 § p0 | p3
p6 | p5> ]| p4

fig. 1. Representation of a pixel ona 3 x 3

grid and its eight adjacent neighbors.
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Except for those pixels in the first or last row or column,
each pixel 1iIn a rectangular grid representation has eight

immediate neighbors associated with it as shown in fig. 1.

The neighbors are identified as

(x,¥)====> (x=1,y-1),(x~1,y),(x=1,y+1),(x,y~-1)

(X,y+l) ,(x+l,Y‘1),(X+1,Y) ,(X+19y+1)'

An edge element (x,y) defines the common boundary between

two adjacent elements. An edge 1s a sequence of edge
elements (x ,y ), (x ,y )...(x ,y ), such that the sequence
1 1 2 2 n 0
of boundary segments they define on tne rectangular grid is
connected. The directioq of a segment i{s determined by
moving clockwise around the boundaries of the edge element.
Each pixel has a gray level value which can be modified
by applying an operation to it. There should be an abrupt
change (edge) in gray level at the boundary between black
areas and white areas. For instance, by applying an edge
detecting operator to a black and white picture, edges can
be detected. A simple operator for detecting edges is the
gradient. This operation on a picture computes a value

(gradient magnitude) which reflects the amount of variation

in gray level at a pixel. That is, high values are in areas
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where edges are located and low values elsewhere. It also
computes a direction which corresponds with the direction of
maximum change in gray level. !

Thresholding these magnitudes 1is a way of segmenting
the picture into two regions of gray levels. Points where

the gradient magnitude is greater than or equal to a certain

threshold is determined to be an edge element candidate and

is set to the number 1, 0”s are assigned elsewhere. This
new image is a two-valued image sometimes referred to as a

binary image or discrete values.

2.2 THE EDGE FOLLOWING PROBLEM

Edge following 1s 1implemented after the set of edge
element candidates have been isolated. The focus of the
edge following technique is the location of connected edge
elements and a process for linking these components as an
indication of the "“goodness” of an edge. Goodness here
refers to a measure of how well two adjacent edge elements
"fit together”. A local neighborhood of a pixel is defined
as the pixel and its eight adjacent neighbors on a 3 x 3
grid. A check in the direction of each adjacent néighbor
for one which has the largest "goodness" in relation to the

central element, yields the next element. All edge element
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candidates (those pixels marked with the number 1) would be
processed in the same manner. The geodness operator, a
locally applied operator, computes a goodneds of fit measure
in the 1local neighborhood of each central pixel, which
allows these comparisons within the neighborhood to be
successfully implemented.

As aforementioned, when we view a pixel as a square on
a rectangular grid, it can have eight adjacent neighbors.
To determine which neighbor has been chosen to have the best
fit to the <central pixel in a local neighborhood, a
direction code represented by the numbers {1,2,3,...8} is
assigned to each of the eight neighboring positions. The
coding procedure used to identify a neighbor 1is
straightforward, it assigns the adjacent pixel vertically
upward from the central pixel the code l, and other codes
can be determined by making assignments progressively while
moving in a clockwise direction. An illusﬁration of the

coding scheme is provided in figure 2.
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fig. 2. Coding scheme used in the

assignment cf direction codes.

In generally, we can say that the codes represent arrows or
orientations as indicated by the coding scheme. As the
picture is scanned, a direction code 1is assigned which
corresponds with the neighbor having the "best fit" to the
central pixel. The-codes generated from this can be said to
represent a "coded picture” when displayed in the form of a

matrix, as shown ia fig. 3.
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Chain-codes: 337 17171337

fig. 3. The matrix of chaincodes.

Here, the coded picture illustrates the direction in which

the maximum amount of change is occurring in the picture.
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CHAPTER THREE

-

IMPLEMENTATION NOTES '

The thrust of this study is edge detection and edge
following. The proceeding 1Is an explanation of several
programming considerations. The program was implemented 1in

standard PASCAL on the VAX 11/780.

3.1 INPUT DATA

The pictu;e will be in the form of a black and white
representation. Each pixel in the picture provide some
detail about the picture. In this case, a description is
needed which represents both the image (black area) and the
background (white area) of the picture. By using an
asterisk (*) at each pixel where the image 1s located,
representation of the desired i{mage 1is generated. The
background is made up of any other character. Using this
arrangement, a number of different images may be created and
processed, respective;y. This picture will represent the

original or input picture, as illustrated in fig. 4.
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b b
* b *
H
* b
* b
* b
b b

fig. 4. A representation of the input picture.

The picture 1s placed into a data file which is a way

of assuring that it will

copied into an array, of

3.2 INTERNAL CODE

In order to further

not be destroyed or altered in any
oga of 2nalvsis rtha pigtnre is

Ve saiaamy STy - -

a size equal to the data file.

process the picture it is necessary

to encode the input plcture numerically. For this purpose,

descriptive values are

assigned to each pixel of the

picture. This is accomplished by scanning the picture from

left to right, top to

encountered the aumber

bottom, whenever an asterisk is

10 is assigned to that pixel,

otherwise a 0 is assigned. The values are descriptive of
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the data 1located at each pixel. In this case, the values

represent the two regions of gray levels. The naumber 10

represents the black area and 0 is for ,the white area. The

choice of the numbers is arbitrary, but must be different

enough to distinquish the two regions. This numerical
description of the picture 1is stored in the new array,
NUMPIC{x,v]. It 1is obvious that before the picture is
completely analyzed, it will undergo a number of
transformations. In fact NUMPIC[x,y] will be wused 1in
subsequent algorithms for further manipulation and gray
level 1interpretations. Using the input picture in fig. 4,
the data in the new array would be represented as shown in

fig. 5.

0 10 0 0 10 O

0 100 0 0 10 O

fig. 5. The numerically encoded picture, NUMPIC.
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CHAPTER FOUR

14

PROGRAM DESCRIPTION

4.1 EDGE DETECTION TECHNIQUE

It is known, 1in general, that an edge represents a
location in the picture where an abrupt change occurs. To
determine where these changes are occurring, a gradient
operator 1s applied to the picture. Since the gradient
operator is a continuous operator, it must be converted to a
difference operation for use on a discrete picture.

We use :

Diffx = Numpic([x,y] = Numpic[x+1l,y]

Diffy = Numpic[x,y] = Numpic[x,y+1]

Using data from the numerically encoded picture, this
process would generate data similar to that shown in figs.

6a and 6b.
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fig. 6.

(a) Diffx
0 =5 -5 -5 =5 0
0 5 10 10 5 0
0 5 0 0 5 0
0 5 =5 =5 5 0
0 5 0 0 5 0
0 10 10 10 1v u

(b) Diffy

=5 10 0 -5 10 O

=5 5 5 510 O

fig. 6. (a) and (b) Represent data in the

two difference matrices, Diffx and Diffy.
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“

Using Diffx and Diffy as components of the gradient, this

operator is now represented as:

14
2 2
Gradient = Sqr.(Diffx[x,y] + Diffy(x,y] )

Gradient magnitudes are generated by applying the

operator to each element in the numeric picture starting in
the first row and ending in the last one. (See fig. 7a) With
this data, edges can be 1located by thresholding the
magnitudes. The threshold is supplied at runtime.

The magnitudes generated from this operation which are
greater than the threshold value are recorded as edge data,
and are marked with the number 1, otherwise a value of 0 is
assigned. The 1°s and 0”s are stored ianto an array which

represents the picture as discretes values. (See fig 7b)
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flg. 7.

511 0 5 11 0

5 11 5 7 11 0

(a) Picture of gradient magnitudes.

(b) Image of discrete values (local edges).
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4.2 EDGE FOLLOWING METHOD

Given the local edges found 1in the proceeding
operation, we use the goodness opera;or to determine how
well adjacent pixels are connected to the central pixel.
The goodness operator uses gradient magnitudes and
information from the two differenced matrices,

(Diffx(x,y]),Diffy[x,y]). The goodness operator 1is defined

as.:

GOODN = ((Diffx[x,y]*Diffx[x ,y ]) +
n n
(Diffy(x,y]*Diffy(x ,y 1) /
n n
(Grad(x ,y 1)
’ n n

In this formula, (x ,y ) locates data at the position of an
adjacent neighbor ang (:,y) locates data at the central
pixel 1in a 1local neighborhood. Using this equation, a
goodness measure 1s computed for each of the neighbors in
the local neighborhood of the central pixel. The goodness
value for the eight neighbors are compared to each other.
The "best goodness™ 1s recorded together with the position

of the adjacent pixel with the best fit, the position of the

central pixel, and its gradient magnitude.
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Recall, the gradient computes an orientation of
discontinuity, which are basically directed lines indicating
the direction of maximum change in the picture. By knowing
the orientation of the 1line formed 'from the x and vy
coordinates of the «central pixel in terms of its gradient
(Diffx,Diffy) and that of its adjacent neighbor of best fit
within the local neighborhood, an angle can be formed. The
angle is formed when an adjacent point is projected onto the
central point. The two vectors can be used to reflect how
parallel or perpendicular the gradients of two pixels are to
each other. The more parallel the gradients are, the
smaller the goodness measure. The more perpendicular the
gradients are, the larger the goodness measure. More

~nwmalTlAal e
parasica 5&=a

dients
continuation of an edge.

Each of the eight neigbors in the region is assigned a
code {1,2,...,8} moving in a clockwise fashion. The code
represents the direction in which the edge is moving. It {is
also recorded as data from this procedure. Here the edge
pixel represents the central pixel in the local neighborhood
and the neighbor with the best goodness reflects the

adjacent neighbor with a magnitude most related to the

magnitude of the central pixel. Local edges are generated
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by abplying the goodness operator to each local neighborhood
where a pixel at an edge exists.

The edge following method is controlled by a procedure
which produces a record of 1local 'edges, a gradient
magnitude, a goodness measure, and a chain-coded direction.
An 1llustration of a chain-coded edge image for our example

is shown in fig. 8.

fig. 8. The chain-coded image for sample input picture.

In this way, the chain codes can be used to link the 1local

edges together to form a global edge.

70




CHAPTER FIVE

PROGRAMMING STRATHGY
'

A method for edge detection is discussed in this
section which allows for simple patterns to be conveniently
represented and analyzed for image processing. The strategy
used in solving the edge detection/edge following problem is

outlined below.

5.1 MAJOR DATA STRUCTURES

RSIZE : row size

CSIZE : columm size

UBORDERX and LBORDERX : upper and lower
boundaries of the x
coordinate

UBORDERY and LBORDERY : upper and lower
boundaries of the y
coordinate

DIFFX and DIFFY : components of the gradient

GRADIENT : length of the gradient

THRESHOLD : a value initiated at run time
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CTX,CTY : the central pixel of the local
neighborhood
ORIGPIC{ctx,cty] : a storage location for the
plcture
NUMPIC[ctx,cty] : an array holding the numeric
picture
ADJPTARY : an array of adjacent neighbors
ADJX,ADJY : the adjacent pixel with the
best fit
GOODN : a measure of how well an adjacent pixel
fits together with a central pixel
BESTGOODN : the goodness measure of the
adjacent pixel with the best
fit to the central pixel
CODE[ctx,cty] : array of direction codes

RESULT[ctx,cty] : array of 1°s and 0”s

5.2 INPUT FILE DESCRIPTION

PICTURE 1is a text file where the input picture is
stored. Using asterisks (*) to outline the image (black
area) and any other character to represent the background

(white area), the picture is created. When a new picture is
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to be. processed, the existing input picture would need to be

discarded in order to create a new one in the file.

5.3 MAJOR PROCEDURES

A. MAIN PROGRAM

1. Read the picture {nto array ORIGPIC.
(PICMATRX)

2. Encode the picture numerically; by scanning
the picture and replacing the asterisks
encountered with the number 10, otherwise
assign 0. Store the new image in array
NUMPIC. (CHANGEPIC)

3. Develop the components (DIFFx and DIFFy) of
the gradient operator. (DIFFERENCE)

4. Apply the gradient operator to the picture.
Compare the gradient magnitudes to the
threshold; {f the gradient[ctx,cty] is greater
the than or equal to the threshold assign a 1
to pixel, otherwise assign a value of 0.

Store this data in array RESULT. (GRADTHRSHLD)

5. Search and produce the chaincodes. Store the
codes into array CODE. (NEXTSEARCH)

6. Display array CODE. (FINALMTRX).
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B. NEXTSEARCH

For each pixel with a gradient magnitude

greater than the threshold dg the following:

l. Find the adjacent neighbors’of the pixel
and store this data in array ADJPTARY.
(FINDADJACENT)

2. Compute a goodness of fit measure for each
adjacent neighbor in the local neighborhood
of the central pixel. Compare the values
within the local neighborhood to determine
which has the largest "goodness"” relative
the central pixel. OQutput the coordinates
of the central pixel, the coordinates of the
adjacent neighbor with the best goodness, the
gradient magnitude of the central pixel and
the goodness measure. (GOODNESS)

3. Direction code is computed and stored in

array CODE.

C. FINALMTRX

Qutput the array of direction codes.
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CHAPTER SIX

CONCLUSION
'

This paper provides a system of picture processing for
the detection of edges. in gray level pictures. To
illustrate the effectiveness of program EDGEDETCT several
images have been processed. Images tested in this study are
size 10 x 10. In this program, the user must create the .
input picture 1in a text file before the processing begins
and must also supply a threshold value at run time. By
entering the threshold interactively, it has been determined
that for the examples used, threshold values between &8 and
14 are considered appropriate. That is, any number greater
than 14 will cause a loss of relevant edge data and values
less than 8 will pickup undersirable data.

An edge following technique 1is also presented which
illustrates the concept of edge "goodness”. The edge
following technique wuses a 3x3 grid representation, which
includes a ceantral pixel and its eight immediate neighbors.
Using a local goodness operator in local neighborhoods of
the picture, yields a lists of connected elements. A coded

direction scheme is employed which plots these relatiomships
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in a chain-coded matrix. The coded picture may be
interpreted as a direction matrix where the codes represent
orientations of directionality. '

Basically, the mechanisms involved in the edge
detection/edge following technique include a series of
transformations of an {input picture. Starting with an
original image, a new image i{s produced. In a sense, our
beforehand knowledge of the original picture is limited, we
know more about the new image since each transformation
provides additional {information which can be better
interpreted by us. For example, the comparison between the
original picture (figs. 4 and 5) and the chain-coded 1image

(£1
(f

iz. 8)
we can better understood. In the instance of our -example,
we can interpret the <codes to present the direction of
maximum change in the picture.

One of the difficulties with the program described in
its present form is the problem it has in interpreting the
corners of an object during the scanning of the pictures to
locate 1local -edges. There was also a limitation in the.

types of pictures which could be created. Simple patterns

were primarily used in this investigation.
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Despite these drawbacks, the pictures sampled indicated
that program EDGEDETCT was effective in the extraction of
local edges. In addition, the program was capable of
growing an edge and determining the shabe of objects.

Although the program sends the output data to a
standard data file, it can also be captured in the Virtual
Memory Storage (VMS) using a Define/User command. A copy of
the program is provided in the APPENDIX section of the

paper, along with printouts of the sampled data.
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ORIGINAL PAGE I3
OF POOR QUALITY

OROBRAM EDEEDETCT(INPUT,IUTRUT,PICTURE);
const RSIIE=9;

2§17E=9;

UBORDERX=9;
L BORDERX =0;
UBORDERY=9;
L 80RDERY=0;

type ’
BRADARRAY=ARPAY{0,.CS1ZE,0..RSIZEIOF REAL:
ORIGINAL=ARPAY(?,.CS1ZE,0..RSIZEICF CHAR;
ORIG=ARRAY[0.,CSIIE,0.,%SIZEI0F REAL:
DELTAY=ARRAY(Q,,CSIZE, 0. . RSIZEICF REAL;
DELTAX=ARPAY[C, . CSIZE,0..RSIZEIQF PEAL:
TEMPTYPE=ARRAYL), ,CSIZE, 2, RSIIEI0F INTERER;
DIRECTICON=ARRAY(0,,CSTIE, 0. . RSIZEICF INTEGER;
SO0DVALS=ARRAYL0,.7]0f REAL;
POSITION=RECORD
X: INTESER;
Y: INTEGER;

var PICTURE:TEXT;
ORIGPIC:ORIBINAL:
NUMPIC:ORIG;
DIFFX:DELTAX;
DIFFY:DELTAY;
ADJPTARY: ADJARRAY
SRAD: BRADARRAY;
RESULT, TEMP: TEMPTYPE;
CTX,CTY: INTESER;
THRESHOLD: REAL;
BESTEO0DN: REAL
PX,PY: INTEGER;
CODE: DIRECTION;
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t This srocedure cogoies the gicturs o4 astzrisks and 3lanks 4rsa the 4
$ data #ile PICTURE,dat where 1t {5 stcred, 1n%a satrin arrsyv QRISPICI:,v1 8
138338 Rttt iR iRttt ettt iRt ittt ttiaRtiinittessastatisttstti

PROCETURE PICMATY(ORIGPIC:ORIBINAL);
VAR X,Y:INTEGER;
BEGIN {83 PICMATY 18} '
RESET(PICTURE);
NRITELN:
BEGIN
FOR Y:=0 TO SSIZE 90
2ESIN
FOP Y:=0 70 CSIZE DO
BEGIN
READ(PICTURE,ORIBPICIX.Y]):
END;
READLN(PICTURE)
END;
WRITELN:
4RITELN;
ENDy
{

END;  ( END OF PICMATI )
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$  Procedure CHANGEP!C, scans the pictura and assigns z number tc asch L4
$ point in the cicture. The nusber 19 1s assignad to paints where an t
t asterisk resides and 0’s elsewhere, This new piciure is stored in H
$  array NUMPIC,(x,vyl. ]
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PROCEDURE CHANSEPIC(ORIGPIC:ORIGINAL;VAR NUMPIC:ORIG);
VAR X,Y: INTEGER;

BEGIN (33 CHANGEPIC 11}
NRITELN(®  THIS IS THE PICTURE’);
WRITELN:
FOR X:=0 TO SSIZE 00
BEGIN
FOR Y:=0 TO CSIZE 0O
BEBIN
IF ORIGPICIX,Y1= 'Y
THEN NUWPICIX,Y1:=10
ELSE
NUMPICLY Y2i=:
ARITE(TRUNC(NUNMPICLX,Y1):4);
END;
NRITELN;
WRITELN;
END;
NRITELN;
END; { END OF CHANGEPIC }
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3 This procedure divides the picture ints twg difference satrices, !
8 the vertical difference (DIFF:{x,y]) and the horizontal differanca ]
t  (DIFFylx,yl). This difference informaticn is the apprexigation 1
3 tg the gradient used in the oragraa. L

138302 R iR Rt Rt eaeai et eteeiRiteastintstiitiotisteiitistieitsssis]
PROCEDURE DIFFERENCE (NUMPIC:ORIEB: VAR DIFFX:DELTAX;VAR DIFFY:TELTAY);
VAR X,Y:INTEGER;

BEGIN (s DIFFERENCE 1%}
WRITELNE®  DIFF(YY);
FOR X:=0 TO RSIZE D0

BERIN
NRITELN:
FOR Y:=0 70 CSIZE DO
BEGIN ,
DIFFYIX, Y1e=(NUPPICLYX, Y1) - INUNPICLX, Y412)/2;
WRITE(TRUNC(DIFFY(X,Y1}:4);
END;
4RITELN;
WRITELNS
END;
WRITELN;
WRITELN;
WRITELN{®  DIFF{X)’);
WRITELN;
FOR X:= 0 7O (RSIZE - 1) DO
BEGIN
WRITELN:
FOR Y:=0 TO CSIZE DO
BEGIN
DIFFXLY, Y1:= (NUMPICIX, Y1) - (NUMPICIX+t, Y2}/ 2;
WRITE(TRUNC (DIFFX[X,Y1):4);
END;
RRITELN;
WRITELN;
END;
WRITELN:
WRITELN;

END;  { END OF DIFFEPENCE }
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t Procedure GRADTHRSHLD computes a gradisnt magnitude at 2dge pixel which ¢
¥ is coapared to a threshold value that the user desijnatas. Points where
¥ the gradient magnitude is greater than the threshold are sarked with *~= 8
§ the nuaber !, ctherwise 3 0 is assigned. The !’s and 0 are stored 1
t in array RESULTIcts,ctyl. 4
3Rt R iitRigatiaitiit. i iiirtiisiatissesstiiiitsntissiisg

'
PROCEDURE GRADTHRSHLDICTX,CTY:INTEGER; VAR RESULT: TEMPTYPE;
VAR GRAD:GRADARRAY);

VAR THRESHOLD:REAL;
BEGIN

WRITELN;
NRITELN(’PLEASE ENTER THE THRESHOLD VALUE ');
READLN( THRESHOLD);
FOR CTX:=0 7O RSIZE DO
0P £Tve=0 T CSIZE 00
GRADICTX,LTY ] =AY/ DIFRYICTY, STV  (DIFFYISTY TV &

CODIFRYLCTX, CTYD ${DIFFYICTX,CTYD });

FOR CTX:=0 TD RSIZE 0O
FOR CTY:= 0 TO CSIZE D0
BEGIN
IF BRADLCTX,CTY? = THRESKOLD THEN
RESULTICTX,CTY1:=1

ELSE
RESULTLCTX,CTY1:=0;
END;
WRITELN;
WRITELN;
WRITELN;
WRITELN(®  GRAD RESULT:’);
WRITELN;
FOR CTX:=0 TO RSIZE DO
BERIN
FOR CTY:=0 70 CSIIE 00
HRITE (RESULTICTX,CTY1:4);
WRITELN:
END3
WRITELN;
ARITELN;

END; {END OF GRADTHRSHLD}
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$ This procedure locates points adjacent to each o¢ the pixels in the
§ picture and checks for the border of the picture,

)

ORIGINAL PAGE IS
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FOR [:=0 T0 7 DO

BEBIN

PROCEDURE FINDADJACENT(CTX,CTY:INTESER;VAR ADJPTARY:ADJARRAY};
VAR 1:INTEGEP:

'

BEGIN (3% FINDADJACENT 18}

ADIPTARY(11,1:2-99;
ADIPTARYL1),Y:2-99;

END:
1F CTY=LBJRDERY

THEN IF CTX=LBOPDERX

THEX BESIN

ADIPTARYL0D. X:=CTH+1;
ADIPTARY(01, Y:=CTY;
ADIPTARYL 1. X:=CTX+1;
ADIPTARY[ 1], Y:=CTY+1;
ADIPTARY[ 22, X:#CTY;
ADIPTARYL2). Y: 2CTY+1;

EX

ELSE IF CTX=UBORDERX

THEN

LSE

84

BESIN
ADJPTARY(2].X:=LTX;
ADJPTARY(2].Y:=(TY+1;
ADJPTARY[3]. X:=CTI-1;
RDIPTARY(3). Y:=(TY41;
ADJPTARYI4],X:=CTY-!:
ADJPTARY[4],Y:=lTY;
END

BEBIN

ADJPTARYLO). Xa=CTXe!;
ADJPTARY(0),Y:=CTY;
ADJPTARY(1],X:=CTX+1;
ADJPTARY[1],Y:=CTY+1;
ADJPTARY(2],X:=C7);
ADIPTARY(2].Y:=(TY¢l;
ADJPTARY(I1, X:=CTX-1;
ADJPTARY(3],Y:=CTY¢l;
ADJPTARY(4].X:=CT2-1:
ADJPTARY[4),Y:=CTY;
END




ORIGINAL PAGY. 1§
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ELSE IF (TY=UBORDEPY
THEN 1f CTX=LBORDERY
THEN BESIN
ADJPTARY(0], Xs2CTX 4!
ADIPTARY[0],Y:=CTY;
ADJPTARY(A], X:2CT1:
ADJPTARYLSY, Y:2CTY~1;
ADJPTARYL7), X:3CTX41;
ADJPTARY(?:,Y:2(TY-1;
END
ELSE IF CTX=UBORDERX
THEN BESIN
ADJPTARY(4], X:=(TX-!;
ACJPTARY[4),Y:sCTY;
ADJPTARY(S], X:=CTX-13
ADJPTARY(SI.Y:=CTY-1;
ADJPTARYIH]. 1:2(TT;
ADJPTARY(AY.Y:=CTY-1;
END
ELSE BESIN
ADJPTARY[43,1:2CT2-1:
ADJPTARVIAL, Y:=CTY;
ADJPTARYIS]. X:=CTX-1;
ADJPTAPYLS], Y:=CTY-1;
ADJPTARYL&), 1;=CTX;
ADSPTARY{B1.Y:=CTY-1;
ADJPTAPY(7].1:=CTXel;
ADJPTARYL73.Y:=CTY-1;
END
ELSE IF CTI=UBORDERI
THEN BEGIN
ADJPTARY[01.X:=CTX+1;
ADJPTARY(0].Y:=CTY;
ADJPTARY[1].X:=CT1+1:
ADJPTARY[11.Y:=(TY41;
ADJPTARY[2).X:=CTI;
ADJPTARY[21.Y:=CTYe s
ADJPTARY[S). X:=CTI;
ADJPTARY(A1,¥:=CTY-13
ADJPTAPYIT7]. X:=CTYe1;
ADJPTARY(71.Y:=CTY-1;
END
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TY

ELSE IF CTX=UBORDERX
THEN BESIN
ADJPTARY(2].1:CTX;
ADJPTARY(21,Y:s(TY+1;
ADIPTARYL3). :sCTI-1;
ADIPRARYL3). Y2 =CTY+1;
ADJPTARY(4), X:eCTX-1;
ADJPTARY(4),Y:=CTY;
ADJPTARY(S).X:=CTX-1;
ADJPTARY(S).Y:=CTY-1;
ADJPTARY(4].X:=CTI;
ADJPTARY[4].Y:=CTY-1;
1))
ELSE BEGIN

ADJPTARY(0]. X:=CT1+1;
ADJPTARY(0].Y:=(TY;
ADJIPTARY{ (1. X:oCTL+1,
ADJPTARYL1].Y:sCTV41;
ADJPTARY(2).1:=CT1;
ADJPTARY[21.Y:=CTY4{;
ADJPTARY(3),1:sCTI-4;
ADJPTARY{3). Y:=CTY+1;
ADJPTARY[41.L:=CT1-1;
ADJPTARY{41.Y:=CTY;
ADJPTARY(S). X:=LT1-1;
ADJPTARY(S]. Ye=CTY-1;
ADJPTARY(b]).1:=CTX;
ADJPTARYLA].Y:=CTY-1;
ADJPTARYITI, X:=CTY+!;
ADJIPTARYI7).Y:=CTY-1;

END; {END OF IF)
WRITELN:
{WRITELN(’POSITION', CTX,LTY))
WRITELN;
{ FOP 1:=0 TC 7 DO
WRITELX(ADJPTARY(I]. X, ADIPTARY(11.Y};)

END: { END OF FINDADJACENT }
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t The following procedure is used tz comoute 3 goodness of ¢it aeasure !

t  for each pair of adjacent pixels. This seasure ieteraines whether |
$ an adjacent neighbor to 3 central pixel fits well tcgether, 4
H

1308408780028 000080 00000000t tiniRoriiiaestecitibeianieiiiisiisiiististstes]

PROCEDURE GOODNESS (CTX,CTY: INTEGER; ADIPYARY: ADJARRAY; VAR BESTGOCON:REAL:
VAR ADJX,ADJY: INTEGER; GRAD: ERADARRAY; CODE: DIRECTION)

VAR 1,K: INTEGER;
GO0DN:REAL;

BEEIN (% GOODNESS 18}

BESTGOODN: =-999;
ADJX: =03
ADJY:=0;
FOR 1:=0 70 7 DO
IF ‘ADIBTARVIIL X =) THEN
BEBIN
IF (GRADTADJPTARY{11.X,ADIPTARY(IZ.Y1)=0 THEN
§00DN: =0
ELSE
5000N: = (ABS((DIFFXLCTY, CTYISDIFFYIADIPTARYLI], X, ADJPTARY( 1. Y]+
(OIFFYLCTX,CTYISDIFFY(ADJPTARYLII. X, ADJPTARYLIL.Y]) )/
(GRADCADJPTARYLI1. X, ADIPTARY(IL. Y1) };

[F BESTSO0DN<BOODN
THEN BESIN
BEST500DN: =500DN;
ADJX:=ADJPTARYCIL.X;
ADJY:=ADJPTARYCI.Y;

END;
END;
WRITELN;
WRITELN(CTX,CTY:2, (TRUNC (GRADICTX,CTY1)) ,ADJX,ADJIY:2, (TRUNC (BESTROODM) 1 )3
WRITELN;
WRITELN;

END: (END OF GOCDNESS}
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§  Procedure NEXTSEARCH calls orocedures FINDADJACENT and GCODNESS, then 8

¥ assigns a direction code which corresgonds te each respective L
Y adjacent point. The code is jenerated in this procedure iR 3 '
$ clockwise Jirection,  The ccdes are stored in array CODE[ztx,ctyl, H

1230008000008 sattetiatensainttotss 200200080 02)itasitoeiniasasidnststestses]
)
PROCEDURE NEXTSEARCH (CTX,CTY:INTEGER;VAR CODE:DIRECTIOND:
BEGIN (3% NEXTSEARCH 18)
FINDADJACENT(CTX, CTY,ADJPTARY);
SOODNESS (CTX,CTY, ADJPTARY, BESTGOODN, ADJX, ADJY,GRAZ, CODE) 5
BEGIN
IF (ADJX=ADJPTARY(01.X) AND (ADJY=ADJPTARY[01,Y) THEN CODE[CTX,CTY):=l;
IF (ADJX=ADJPTARYC1].X) AND (ADJY=ADJPTARY[11.Y) THEN CODELCTX,CTY]:=2;
IF (ADJX=ADJPTARY[21.X) AND (ADJY=ADJPTARY[2].Y) THEN CODELCTX,CTY1:=3;
IF (ADJX=ADJPTARY(31.X) AND (ADJY=ADJPTARY(31.Y) THEN CORECLTX,CTY):=4;
IF (ADIX=ADJPTARY{41.X) AND (ADJY=ADJPTARYL41.Y) THEN CODELTTX,CTYY:

wn
on

IF {ADJX=ADJPTARY[51.X) AND (ADJY=ADIPTARY(S],Y) THEN CODELCTY,CTY):=é;
IF (ADJX=ADJPTARY(81,X) AND (ADJY=ADJPTARYL41.Y) THEN CODETCTX,CTYI:=";
CFOIADIX=ADSETARYITILA AND IRZIVSSIIPTARYITI.VY TUER TODEICTX,CTYIi=8;
ARITELN(TDIFECTION £ODE:" COLELCTY,CTYIiEY,

END;

END; { END OF MEXTSEARCH !
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PROCEDURE FINALMTRY (TEMP: TEMPTYPE;VAR CODE:DIRECTION);
VAR X,Y: INTEBER;

BEBIN {13 FINALMTRY 88} R
WRITELN:
NRITELN(*  DIRECTION CODE MATRIX:’);
WRITELN;
FOR X:=0 TO RSIZE 20
BERIN

FOR Y:=0 70 CSIZE D0
WRITE(CODELX, Y1:4);
WRITELN;
END;
WRITELN;
END; { END OF FINALNTRX }
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BEGIN {3t MAIN PROGRAM t1)

PICMATX{ORIGPIC) ;
CHANGEPIC(ORIGPIC, NUMPIC)
DIFFERENCE (NUMPIC,PICY,PICY):
GRADTHRSHLD (CTX,CTY,RESULT, GRAD) 5

4
NRITELN( START POSITION®, °’ I1GRADI?,?
FOR CTX:=0 TO RSIZE DO

FOR CTY:=0 TO CSIZE DO
IF RESULTICTY,CTYI=!
THEN BEBIN
NEXTSEARCH(CTY,CTY,CODE);
END;
WRITELN;
WRITELN;
FINALMTRX (TEMP, CODE);
END. { END OF MAIN)
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THE NUMERICALLY ENCODED PICTURE :

- The block letter C
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GRAD/THRESHOLD RESULT:
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CHAIN-CODED IMAGE:
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THE NUMERICALLY ENCODED PICTURE:

-~ The letter X
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GRAD/THRESHOLD RESULT:
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GRAD/THRESHOLD RESULT:
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THE NUMERICALLY ENCODED PICHIRE :

-~ The block letter A.
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GRAD/THRESHOLD RESULT:
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THE NUMERICALLY ENCODED PICTURE :

-The number 8 with squared c®rners.
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5
0
0
5
0

OO WN OOV OO NnoO

OOWNOONOOWNO

OOWNOOWVMNDODOWmO
I e |~
QOO0 O0OO0ODDOOO

DIFF(X)

[eNeNeNolNolNeNo e Nl

[eNeoNeNeNoNeNoNoNo]

0 0 0 0 0
=5 =5 =5 =5 0
16 10 10 10 -5

o 0 ©0 0 5
-5 =5 =5 -5 10
10 10 10 10 =5

o 0 © 0 5
=5 =5 =5 -5 10
10 10 10 10 0

0
0
=5
5
10
=5
5
10
0

OO OO OO OO
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GRAD/THRESHOLD RESULT:

[eNeoNoNeNoNolNelolNolo)

[eNoNoNeNoleoNoNeNalo)

OO0~ 40O~~~ 00

OO0 - OO 4100 ~0O

OO0~ OO0 ~00~0O

OO 10O OO0 ~O

OO0 ~0O0 O —~0O0O 0 ~+0O

OO OO —~ 00

OO0 OO0 OOOOOO0

[«NoNeNeNoReNolNolNollo]

CHAIN-CODED IMAGE :

QO OOOODODODOOOO
OO0 O0OO0OO0ODDDOOOO0O
OO ~0 2D —~00 0O
OO NOO JFOOIFTO
OONOO~NOOM~NO
OO MOO™MOO MO
OO MOO™MOOMO
OO0~ NI~ OO
OO OODOOOO

ODOO0OO0OODODDODOOO
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THE NUMERICALLY ENCODED PICTURE :

-The letter B.

eNoNoNoNoNoNelaNola)]

[eNoNoRelNoleNoloNoRo)

[eBoleleNeNo NoNo No Noj

DIFF(Y)

OO0 OO0 O0OO0OO0OO0OO0

[oNoNeNeNoNoNollololNol

[eNeoNoloNoNoNoNoNole]
— et —r —
QOO OMNMINONNOO
— 1~ -
OO NOOMNOO WO

OONMOOWMOONnNO
OO NOOVMOONO

OO noO wy
—

10
10
10
5
0

00-\_.4

-5
=5
=5
=5
-5
=5

0

(@i e o)

0
0
0
0
0
0
0

DIFF(X)

[oNeNelNeNolNe

OO0 OO0

0 0
=5 0
10 =5

0 5
=5 10
10 -5

0
-5
10

0
-5
10

0 0
=5 =5
10 10

0 o0
-5 =5
10 10

0
-5
5
5
5
5

OO OO0

OCOOOOO

[e=Ne Nl
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GRAD/THRESHOLD RESULT:

oNeoNoNoNoNoNeloleNo]
[eNoNeoNeNoNeNolelNoe o]
-~
OO AO OO
OO ~N0O0 400 ~0O
OO0 ~0 0 ~~0O00 —~O
OO0~ 00 ~+0O0O0 ~0
OOIOOIOW.I.O
OO~ 40O 4~ 0O

QOO OO0 OOOO

QOO0 OOOO0OO0

CHAIN-CODED IMAGE:

OO0 OO0 OO0 OOCOCO

OO OO0 OO0OCO

OO O~0O~0CO

OO NOOTOO 3O

OO~ OO M~ROO~O

OO MOOMOOMmMmO

OO MOOMOOMO

OO A INO~uNnNmMmO

O DO O0OO0OOOOOO

[eN=NeNeNoNeololeoNe ol
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THE NUMERICALLY ENCODED PICTURE :

- The letter A.

[eNoNoNoNeNoNeNollole)]

[eNoNoNoNoNoNeRoNolo)

-~

10

o
—

10
10

0
0
0

loNeNoloNoNoNa
—t —
[oNeNoNeNaloNeReNeoNo ]
—4 —t
[oNeoNoReNoNoNolNeNoeNo]
— —
[eNeoNoNoNeoNeNoNeoNeoNol
— —t

QO OO (@}

10

o
—

10
10
10

[sNeRoNoNoNoNe]

0
0
0

OO OO0ODO0OOO0OO0OOO

DIFF(Y)

[ecNoNoNoNoloeNolelNoN ol

OO0 O0OOCCOOOC

DIFF(X)

COO0OOOO0OODOO0OO

[eNeNoNeoNoNeNoNeNe o

O O N VN NN N

HelolNeNeNeoNeoNeNeNoNeol

oo NoNeNeNoNolNeNo o]
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GRAD/THRESHOLD RESULT :

leNoNeNoNoNeNeNoRoNol

-~

OCACTOO0OOOOOO

OO0 O~—rd e+~ ~0O

OO0 MO~ OO0O0OO0O

OO 100 ~0 00O

OO~ OO0 ~~000O0

OO0 A0 ~0 000

QOO0 O~ ~4~0O

o NejoNoReNoNeNolNeNe)

[eleleNeNeNoNeoNeNe Na

CHAIN-CODED IMAGE :

leNeoNoNeNoRoNolNeNo o]

[eNeNoNoRoloNoleNolo]

OO0 O0OO A~ 4~ O

ODOWOMN~NOOOO

OO NOOMOOOO

OO MOOMOOOO

OO OFTOMOOOO

OO0 OO~NOANIND

QOO OO0 ODOOOO

[oNeNoNeNeNeNoNoloNe
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THE NUMERICALLY CODED PICTURE :

- A dlamond shaped figure.

[eNeoNoNoNoNeoNoNoNolo)
oNeNoNoNeoNoNoNoNo o]
- -

o

Ou
0
10

[eNeoNeoRe NN
—

o o OO

0
0
10
0
0
10

OO0 00O DOO0OOO
— —
[eNeNoRoNeNoNoloNoNo]
— —
[oNeNoRoNoNeoNoNeNo o)
— —
leNelolNeoNoNoNe o No o]
— —
[eNeloNeNoNoNo ool o)
~—t

[eNelololNoNoNoNeNo o]

DIFF(Y)

[oNeoNoNoNolelNoNeNoNo
[eNeNoNeoNoReoNeNoNe e
—

OO OO0ONOOOOO
— | —

DIFF(X)

OO OO O0OOO0OO0O

OO OWVMOOODOO
1 —~

OONONOOOO
P~ —
ONOODONOOO
1 —~ | =
N O OO0 O IN OO
P o— ) —
NOO0OO0OOOWIVNMOO
I~ [
OMNOOOOMNOOO
t — I —~
QOVNOINOOOO
{t — § —
OO0 NOOOOO
[ ]

QOO0 OO0OO0OO0OO
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GRAD/THRESHOLD RESULT :

[eNeNoRoNoNeoNolNoNoNo]

OO0OARO 41O OO0

| 4
OO ~O0O 40000

OO~ 000 ~~00O0

O OO0 OO0 O OO

OO0 000 OO0

OO~ O0OO0O 000

OO0 ~10O0O000

[oNeNeNe R NoNeNolNoNol

OO0 O0OO0OO0ODODOOO0O

CHAIN-CODE IMAGE :

OO O0OO0ODO0OOOOOOoO

OO0 WOOODOOO

OCOONOFTOOOO

OO NOOOFOOO

ONOOOOOTOO

OMOOODOOMOO

OOV OOOOOVOOO

OO0 O0OFTONODOOO

OO0OO0OO0ONOOODOO

OO OO0OO0OODOOOO
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APPENDIX TIT.

Minimal Finite Automata from Finmite Training Sets

Department of Mathematical and Computer Sciences
The Atlanta Univer=zity

Atlanta, GA T0OZ19

Introductiuon

This naper describes a solution to the following problem: Given a
finite set of strings over an alphabet A and a positive integer n,

+ind & tetaerministic finite automaton (DFAY with a minimal number of

states t . recognizes the strings in the given set but deoes not
recogni iy other strings of length lecss than n. Clearly such an
automator o 1zls, indeed several minimal automata exist for some
combinal. o nt A and n. The chief difficultw in solving this problem
wasz debter . oning a structure that is uniguely determined by the problem
data.

Thi arer begins by expounding standard reaultﬁabn regul ar sets
in a 4.0 zlearly parallzl to the new conshtruction. The construction
Mas bmer @ aolemented in & verszion of LISF. Examples mentioned in  Lhiz
paper war . dorived with this implementation.

Not aty i

(ST i ewwn @ finite alphabet
iy viee the set of ztrings over A
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Results o

Ever-
setz, from which the minimal automaton recognizing that

can be =a:

Defintion

manber o

YT

Definitian

condition

For

L.eimma

“liat d@l(Fiua) = F .

ORKHNALJPAGE]B
OF POOR QUALITY,

....... . the =2t of strings over 0o of length <= n
L3 ... the set of strings s such that as is in C

a 1s a string over A

F=2gular Sets

regular set is associated with a unique set of regular

regular set

i lv recovers=d.

'y A peointed set of regular sets (FSRS) i a set
« B of subsets F, of Ax. F is the distinguished

1 O

A FPSRKRS must satisfy this condition:

i, 0 9= 1 Y= n, and all a in A, there i3 a ;, O <= 3 = n
R s 2 "

3

2y A PSRS {F., 31 F F > is connected if the following

21 4, @ <= j <= n, there is a string s 1in AXx such that

dven a FERE { FO; Fl, ves F 24 let A = Ry een am}. Given
= = = 2] (F. A b R . Th
i n, Q 3j m let del F1 aJ Fd(l, 0 en
+ +a F,,. o .
A m  Ati,m)

st Fro= 0T« F W ewe F_0¥ oznmdl &7 = oo T £




g i
| e

L g

- r -

&
[

R

oS S
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he GRS Zuppose also that FO = GO' Then:

(a) if F° = connected, then F' is a subset of G.

(b)Y if F :nd 67 are both connected thenm F* = G°,

Froof:s o0 VO e G by hypothesis., suppose that for saome p } 1 fhat
the faollowing is krue: “ ,

(X) For an s € AY¥, length(s) p. del (F. . =) € G,

et 5 & AY he af length p-1 and a € A. Then, by (Xx),
Fi = delnﬁoﬂs) = Gj for s=ome i and some e Then
del(FO.zaﬁ = del ( del(FO,s), a) = del(Gj,a) = Gk for some k. Thus. (X)

L.emma S

Suppose

-+ S ]
b é A X "
clearl

Note: A -

dafinmition

procductd

e - e

Theorsm

e BT

wen if lenath(s) = p. By induction, del(Fﬂ,s) & G for anvy

is connected, F* C G°.

-

... F_ 3 be a FS5SES.

tomd- <2 T= rF H a s s L] - .
LT r F F rla-+1 n

1 r

izt for o each 1 € 1 £ r there is an s & AX such that

s+3) and for r+l £ i € n there 1is no such s. Then
Fi' Pen Fr ¥ ig a connected FSRS.

TLND0Se that del(Fi, a) = Fj for some O &£ i € r and
n. Then Fj = del ( del( FO’ 3), a) = del( "G sa) for some
sntradicting  the hypothesis. Thus, F'° is a FBRS. F™7 ig

connected.

zqul ar set is defined by & regular grammar. We use *the
a4 a regular  grammar  as  a  context  free grammar with
Af the form X -—-> a¥ and X -- 2pz where X and Y ars

! a & A and eps represents the empty string.
et ) he a subest af A, There is a unigus

requl ar
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connaectad SRS with € its distinguished member.

1 £

Froof: L=t 2 be defined by a grammar over A with non-terminals

{ XO. . HHJ and start svmbol XD' For each i, let Ri be the regular
set defirn-! by the same grammar, but with start gsymbol Xi. So, § = HO.
Let F' = Fo. ... F_ 2 be the set of all 'unions of the sets R,
numberad co that § = RO = FO' The F° is a FSRS. This is seen as

follows. Far a given Xi and a € A, let X --=> a be all the

1 ’ xg(i,_j)

production: with left hand side Xi and right hand side a followed by a

mon—-terminal. If there are no such productions then del ( Ri, a)r is

empty, v zh is ane of the uniaons FP' Otherwise,

del ( Ri. aY= Rg(i.l) VR Rg(i,p)’ which 1is also one of the

F "=, @i delC C D, a) = del( C, a) y del( D, &), F" is seen to
2

he a FS™ ., & connected FSRE can be derived by Lemma S. By Lemma 4, it

i3 umiaue o S/

The Main - abhlem

Ancc e wav of stating the problem we solve here i3 this. Given a
fimite w 2, of strings over A and a positive integer n, we wish to
determin. » FERE L FO; .. Fm} with m as =z=mall as possible, =ubject to
the corvlition  that FO N Aln) = 8§ A ~Hind. Az mentioned in the
introduc . . © and n do not unigquely determine such a FERS. However,
the fol!..img similar  structure i3 uniguely determined. it one
condib o, = added. From ifu all FSRE*s that satisfy the conditionz
can e e by datarnined.

Detdin b T A painted sot of finite zzhx (FEF3) iz a finite =set of
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pairs T T, no); (Cl, nl). ...(Ctm, nm) ¥« with aistinguished element
(CO’ no), zatiafying the following conditions:

(a) Ny iz zn integer, Ci (= A(ni).

(b) For 4ll O % i £ m and a & A, there is a j such that

S = - -
dcl(Ci. i) Cj A A(ni 1) and nj 7y Ny ﬁ.

(c) Faor all © < 3 & m, there are i and a such that del(Ci, a) =C

m, < n. for all i 2 0.

¢ Toroa FG L (Cc
lLemma 9: “ur a FSFS £ o o . i 0

Froof: Gioan a pair (Ci, ni) with i > 0O, we can build a chain of
pairs. b successively applying Definmition 7{(c), having strictly
increasing mju As no pair may be repeated in this chain, it must be
finite in length. Therefore, it must end with the pair (CO’ n.Y. 7/

Conc " 1on (c) iz parallel to the connected condition on FERS" s.
However, » {urther condition is needed to fully minimize a FSRS, given
its dist:irjuished pair.

Definition 2 A FSFS { (Cn’ no); e Y is minimal if for every 1 and

. iy = . . { o=
in LA M.hj, Cj n A(ni) implies i 3

Theorem (0: Suppose that C*' and D7 are FSFS's with the same

distinguiszhad pair.

(a) I C° = minimal, then C° & D°.
(Y 1€ Boin 7 and DY are minimal, then C° = D7.
Froaofs L0 00 = { (Cﬂ, nﬂ); eea > oand DYoo= 1 (Dn’ mn); I Supposs
For somg M the following is true:
U
(x> coaveary (C) n.) such that n_ . : . m z=Le
a it ) @i ° p. there is a (DE ﬂ
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that T, = Aln,
1 i

Note that zince
po= o, - et (O
0 3

a & A swoh that

’A Dk and mo 2 N,

. n')

. . “« i
aair (D, m ) as in (XY, There is also a (D

ORIGINAE PAGE W
OF POOR QUALITY

and A, = m. by hypothesis, (¥X) i3 true for

) )

and

b
o

he given with n Choaze (C,., n.)
j 3 i i
del(Ci, ar =0C and n_ =n, - 1.

] Now, n. = p. so
3 3 1 1

ther bt} ]
e k: I , 1° ml) such that
4 m. Y - E - -
del.Dk, m,. D1 A A(mk 1) and m, /4 m. 1 Then
3 = —_ b S - a :
D1 A A(n~j D1 A A(mk 1) A A(nj) del(Dk, a) A(nj) since
n =na, -1 S m - 1. Thus
3 i k
(yy 0 o= = [ = . .
1 A A\\J del(Dk A A(nj+1), a) del(-i, a) Cj Further,
n.o<s m 1 = m, . So, if (¥) is true for some p < n,, it is true for
j : .
p=1. By “hm oremark following (K, it i3 true for all p < e Thus, for
any (C.. . there is a (D , m ) such that C., =D A A(n.) and
i i b b i k i
m, 2 n. Tince  the minimality of C° has not been used, there is, by
o R o ek - e = +hat = . ( o
smvmmatrs, : .Ej, nj) ueh that Dk Cj A A mk) and nj 2 m.
Qubat bo oy fem no, o= ) tm, ) . 8 .
Subet ot o o L Cl C_j n A(nl N A m. and ny m,. < nj
Thus., C. Afn ) = C, = C A(n.). So, i = ;i by the minimality of
i 3 i in i :

C'. Thi- implize that n, =m =n_ and D, = C. . That is, every pair
4 . 3 r, 4
(C.. n.») in D".
i i
(b)Y Fronom D, by symmetry. //
As = @2k can be reduced o a connectszd FSRS by ramoving some  of
ithe  membsrs, s0 a FSFS can be reduced to a minimal one. However, the

remaval gooust be

LL2MMa .

Lemna o o
o M3 EER A 2
Fict th cowiEh

done

one pair at a time, az detailed in the following

R U & WD IS > he a F&FS. SBuppose there are one
70 0
. =uch that Ain.Y = LC. A An)) and n £ n..
- i N 1 1 3 3 1
tlhe smallest n o IF (C . n ) 1s removed from ©C7,
3 J J
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the resul: is a PSFS with the same distinguished pair.
Froofs O";{ the new =et of pairs C'7. By Lemma 8, i » 0, s0 the
diztingu: . »d pailr would not be removed. Note that Cj = Ci A A(nj)
and nj o Condition fa) of Definit}on 7 is clearly satisfied by
c*=. ’
that, for some k and a. del(Ck. a) = Cj N A(nk-l) and
Then del(Ck. ay = Cj N A(nk—l) = Ci A A(nj) A A(nk—i)

~-1) and ni 2 N l. Clearly, then, 7(b) is satisfied by

b

c-".

Suprons that for Eomg ko and a. dEl(Cj, a) = Ck and n, = nj - 1.
Fict: 1 T o that del(gi. ay = C1 A A(ni—l) and ", 2 AP 1. Now,
nyoy Ny Lorong 1 = Ak’ =0 Cl N A(nk)
= Cl PO i~1) P A(nh) = del(Ci. a) . A(nk) = del(Cj, a) = Ck'
However, iz contradicts the minimality of ni. s0 no such k  exists.
Condition Y of Definition 7 is thus satisf;ed by C"*, it is a FSFS.
s

Corallars 'T: Any PSFS contains a (unique) minimal FSFS, with the same

distingu: ~ad pair, as a subset.
Froof: F.oooated applications of Lemma 11 will result in the condition

mf lemma O lheing satisfied. Unicity follows from Theorem 10(b). //

We oo now deccribe an algorithm for constructing the minimal
FSFS with given distinguished pair (€, n)., C € Alm. This algorithm
mairnk A fwe lists of D"( ire: PROC and UNFROC. Initially, PROC e
pmpte & PnEnAC coantains only the initial pair (C, n). The algorithm
T
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whils UWFROC is not empty do
Fetch (D,m) from UNFROC and put it in FROC

for each a € A do

if there is no pair (E., k) in FPROC or UNFROC that

satisfies del D, a) = E 5 A(n-1)

k3 n=1 then

and

add the pair ( del (D, &), m—1) to UNFROC

The final value of FROC., with (C, n) as distinguished pair, is

the drosired result.,

We w11l zhow later that the next to the last step (reducing ~ROC)
12 unneccsaozary 1f UNPRQC is treated as a gqueue. To show that the
algorith :ztually terminates. we must examine a pair., call it (F. 15
= ¢ odel (0, 2, m=1), added to UNFRQOC. Assuming D &€ A(m), ' then
Fe AL since the strings in F are onme shorter than  those in D
Sinoce LIPS0 begins with just (8. n) and © £ A{md, F £ A1) inde=ed.
Suppose "ot D were empty. Then del (D, a) = D A A(n—i? and n ». n-1
50 Mo rco carr would need to be added. If C itself is empty. then the
algoritt  —nly produces one pair, the original (€, n). Otherwise, if F
is emphty. w2 may assume that D is not empty and so m » -1, that is

1 7 -1. This shows that the integer part of pairs added to UNFROC are

bounded olow (hy —1 or by n). The integ=r parts are clearly b

above hw . fince the strings in any pairvare shorter tham the 1

string 1 . thare are only finitely many pairs that could be ad
LINFEQC, ' s algorithm must eventually terminate.
.

Th - i thim azsuwres that the final zet of paire satiefies
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