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D i s t r i b u t i o n  f u n c t i o n  c o e f f i c i e n t s  def ined i n  
r e f .  5 f o r  i t h  

Speed of sound, 

Mass f r a c t i o n  o f  

S p e c i f i c  heat a t  

species 

$ R T =  

species i 

constant  pressure o f  species i 

Frozen spe ' f i c  heat a t  constant  pressure o f  t h e  
mixture,  C C ,  Ci 

Multicomponent d i f f u s i o n  c o e f f i c i e n t  f o r  species 

Binary d i f f u s i o n  c o e f f i c i e n t  

h.!i 
1 1  

p a i r  lli I1 and II jll 

Thermal d i f f u s i o n  c o e f f i c i e n t  

Tota l  energy f l u x ,  ET + eM 

Energy f l u x  f rom t r a n s l  a t i o n a l  energy 

I n t e r n a l  energy t h a t  r e a d i l y  e q u i l i b r a t e s  w i t h  
t r a n s l  a t ional  energy 

General f l u x  o f  p r o p e r t y  such as mass, momentum, 
o r  energy 

D i s t r i b u t i o n  f u n c t i o n  o f  i t h  species 

E q u i l i b r i u n  ( o r  Maxwell ian) d i s t r i b u t i o n  f u n c t i o n  
o f  i t h  species 

NS 

i=l i i 
Enthalpy, C h C 

Enthalpy o f  species i 

Thermal c o n d u c t i v i t y  o f  m i x t u r e  

Boltzmann constant 

i v  



kwi  

L i  j 

Li  j 

Le 

M 

NS 

* 
n 

Pr 

P 

P 

P i  

9, 

R* 

R 

Re 

R 

r 

r N  

* 
S 

Wall catalyt ic  recombination r a t e  constant for 
species i 

Mu1 t icomponent Lewi s number, 

Binary Lewis number, 

Binary Lewis number, 

Mass f l u x  

C p  P Di j / K  

C p  P oij/K 
C p  p DAM/K 

Mach number, &,,/is, 

Mass of i t h  species 

Mass of a mixture molecule 

Number of chemical species 

Number density of species i 

Total nunber density 

Coordinate measured normal t o  the body i n  the 
body-filled coordinate system (Appendices C 
an:! 0) 

Prand t l  number, C p / K  
Momentum f l u x  

Pres sure 

Partial pressure of species i 

Wall heat-transfer r a t e  

Gas constant 

Radius measured from axis  of synmetry t o  a point 
on the body surface 

Reynolds number, P, U, rN/uref 

Universal gas constant 

Radial distance from body center (Appendix E )  

Body nose radius o f  curvature (Appendix D) or  
radius o f  sphere (Appendix E) 

D i  stance measured along the body surf ace 
(Appendix D) 
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uca 

U 

'ok 

'ok 

'i 
i7 

X 

Y 
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a 

8 

6ka 
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Yi 
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K 
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Temperat ure 

Free stream velocity 

Velocity component along the body surface 
(Appendices C and D) 

Thermal (or peculiar, or molecular) velocity of 
the ith species 

Diffusion velocity 

Bulk or mass averaged velocity 
I 

Nondimensional 

Nondimensional 

1% 
2KT 

mass averaged velocity, 

thermal velocity, dz V j  

Molecular (or atomic) weight of species i 

Molecular weight of mixture 

Coordinate parallel to body (Fig. 1) 

Coordinate perpenaicular to Doay (Fig. i). 

Coordinate parallel to body (Fig. 1) 

Energy accommodation coefficient 

Body angle defined in Fig. D 1  

Kronecker delta 

Reynolds number parameter, [ uref/pcaUcarN] 
: / 2  

Recombination coefficient (or, fraction of 
incident atoms that recombine at surface) 

Ratio of specific heats 

Surf ace curvature 

Mean free path 

Viscosity o f  mixture 

Perturbation part of distribution function 

General property of ith species such as mass, 
momentum and energy 

vi 



Circumferential angle (Appendices D and E )  

Density 

' 3  ' i  

Affixes (Used b o t h  as subscripts and superscripts) 

i ,  j Species indices 

Accommodation coefficient (or  f ract ion of 
incident particles t h a t  s t ick)  

S 

w 

Subscripts 
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Edge of Knudsen layer 

Wall 

Atom 

e Equilibrium value 

M Molecul e 

Superscripts 

- 
c 

f 

Specie index 

Reference quant i ty  

Component direct ion s 
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SURFACE-S L I P EQUATIONS FOR MULTICOMPONENT, 
NONEQUILIBRIUM A I R  FLOW* 

Roop N.  Gupta** 

Carl D. Scottt  

and 

James N. Mosstt 

SUMMARY 

Equations are presented for  the surface s l i p  (or j u m p )  values of spe- 
c ies  concentration, pressure, velocity, and temperature i n  the low-Reynolds- 
number, high-altitude f l i gh t  regime of a space vehicle. These are obtained 
from closed-form solutions of the mass, momentum, and energy f l u x  equations 
using the Chapman-Enskog velocity distribution function. 
represents a solution of the Ehltzmann equation i n  the Navier-Stokes ap- 
proximation. The analysis, obtained for nonequilibrium multicomponent a i r  
flow, includes the f in i te - ra te  surface ca ta ly t ic  recombination and changes 
i r !  t.t.re inter?l;sl energy dnrin? rsf?estt.;? frcm t he  surface. 
the various s l ip  quantit ies have been obtained i n  a form which can readily 
be employed i n  flow-field computations. A consistent s e t  of equations i s  
provided for  multicomponent, binary, and single species mixtures. Expres- 
s ion i s  also provided for the f ini te-rate  species-concentration boundary 
condition for  a multicomponent mixture i n  absence of s l i p .  

This function 

E x p e s s i o n s  far  

I NTRODuCTiON 

For an accurate prediction of t h e  aerothermal environment of a space 

vehicle entering the ear th 's  atmosphere i n  the high-altitude low-Reynolds- 

number f l i g h t  regime (Ref. l),  the multicomponent, nonequilibrium gas 

chemistry as well as the wall sl ip and catalysis  effects ,  must be evaluated. 

*The authors are grateful t o  Or. Fred G. Blottner (of  Sandia National 
Laboratories, Albuquerque, N M )  for many useful discussions pertaining t o  
the mass f l u x  expressions contained i n  Appendix 6. 

**Old Dominion University, Norfolk, VA 
tJohnson Space Center, Houston, Texas 

??Langley Research Center, Hampton, VA. 
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Such f l o w  f i e l d s  are o f  p a r t i c u l a r  i n t e r e s t  f o r  ae roass i s t  and space s h u t t l e  

veh ic les .  

i nco rpo ra te  t h e  e f f e c t s  of s l i p ,  multicomponent d i f f u s i o n ,  w a l l  c a t a l y c i t y ,  

and changes i n  i n t e r n a l  energy o f  t h e  molecules (du r ing  r e f l e c t i o n  from t h e  

sur face)  f o r  a p p l i c a t i o n  t o  f l o w - f i e l d  c a l c u l a t i o n s  under t h e  general as- 

sumption o f  l o c a l  thermodynamic e q u i l  i b r i  urn. 

This study was undertaken t o  o b t a i n  t h e  boundary r e l a t i o n s  t h a t  

Sco t t  (Ref. 2 )  f i r s t  presented the w a l l  boundary c o n d i t i o n s  f o r  a 

multicomponent m i x t u r e  wi th d i f f u s i o n  and wal l -cata lysed atom recombinat ion.  

I n  o b t a i n i n g  these boundary condi t ions,  he used a f i r s t  o rde r  v e l o c i t y  d i s -  

t r i b u t i o n  f u n c t i o n  a t  t h e  edge o f  t h e  Knudsen l a y e r  nex t  t o  t h e  wal l ,  where 

t h e  continuum model o f  t he  gas breaks down. 

obta ined from t h e  k i n e t i c  t heo ry  considerat ions,  p rov ide  s o l u t i o n s  a t  t h e  

t o p  of t h e  Knudsen l a y e r  t h a t  would match t h e  s o l u t i o n  o f  t h e  Navier-Stokes 

equat ions i n  the  bu lk  ou te r  f low.  Hendricks (Ref. 3 ) ,  us ing  S c o t t ' s  formu- 

1 at ion,  obta ined simp1 i f i e d  expressions f o r  engineer ing appl i c a t i o n s  w i t h  

some c o r r e c t i o n s  t o  S c o t t ' s  expressions. Hendricks' analys is ,  however, 

conta ined some gross e r r o r s  i n  ob ta in ing  t h e  engineer ing expressions. 

paper reanalyses t h e  wa l l  boundary equations by us ing t h e  approach o f  r e f e r -  

ence 2 and prov ides appropr ia te r e l a t i o n s  f o r  t h e  va r ious  q u a n t i t i e s  w i t h  

sur face s l i p  i n  a form which can r e a d i l y  be employed f o r  f l o w - f i e l d  computa- 

t i o n s .  

s l i p  expressions employed by t h e  d i f f e r e n t  researchers. 

S i S  prov ides a cons is ten t  f o rmu la t i on  f o r  t h e  s l i p  equat ions f o r  a v u l t i -  

component, b inary,  and s i n g l e  species mixture.  Expression i s  a lso prov ided 

f o r  t h e  f i n i  t e - r a t e  species-concentrat ion boundary c o n d i t i o n  f o r  a mu1 ti- 

component m ix tu re  ( i n  a d d i t i o n  t o  t h a t  f o r  a b i n a r y  m ix tu re )  i n  t h e  absence 

O f  s l i p .  

based on mu1 ticomponent d i f f u s i o n  (Ref. 4 ) .  

These boundary cond i t i ons ,  

This  

An e f f o r t  has a lso been made t o  r e c o n c i l e  t h e  d i f f e r e n c e s  between 

The present analy-  

This  may be o f  i n t e r e s t  f o r  the s h u t t l e  f l o w - f i e l d  c a l c u l a t i o n s  

2 



The main difference (among other de ta i l s )  between the resu l t s  contained 

i n  reference 5 and the present work is that  the various internal degrees of 

freedom for  a molecule were considered frozen d u r i n g  ref1 ection from the 

surface i n  reference 5, whereas, they are allowed t o  change i n  the present 

analysis.*** Further, the resu l t s  are provided i n  both spherical and body- 

oriented coordinate system. 

ANALY S IS 

The s l i p  conditions are taken t o  ex is t  across the Knudsen layer,  which 

i s  on the order of  one mean f ree  path i.n thickness as sketched i n  Figure 1. 

The analysis outlined here follows the approach of References 2 and 5. I t  

i s  based on Shidlovskiy's (Ref. 6) assunption that  the d i s t r i b u t i o n  function 

near the wall can be described t o  f irst-order accuracy by the so-called 

Navier-Stokes approximation. However, a deviation i s  made from the proce- 

dures of Shidlovskiy i n  that  a Chapman-Enskog type distribution function fo r  

a multicomponent mixture obtained by the variational method of Hi rschfelder, 

Cur t i s ,  and B i r d  (Ref. 7)  i s  used. The Chapman-Enskog distribution 

function allows accounting for diffusion. 

i ng as s ump t i on s : 

The analysis contains the follow- 

( i )  The energy and munentun accommodation coefficients ( i  .e. a 

and 8 ,  respectively) have the same value. 

The fluxes of mass, mcmentun, and energy across the Knudsen 

layer are assuned constant. 

assunption of  negligible v a r i a t i o n  of  the velocity d i s t r i -  

b u t i o n  function t h r o u g h  the Knudsen layer. 

( i i )  

This i s  consistent w i t h  the  

***Since the assumption of local thermodynamic equil i b r i u n  i s  employed, only 
those internal energies are considered which equilibrate readily w i t h  the 
trans1 ational energy. 

3 
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( i i i )  The internal energy associated w i t h  the rotational and 

vibrational modes readily equilibrates w i t h  t ranslational 

energy. 

The interaction model a t  the gas-solid interface, w i t h  the various 

fluxes sketched i n  Figure 1, can be mathematically stated fo r  dissociated 

a i r  as provided through the following equations. 

For a recombining atom: 

For a molecule gaining from the corresponding atom recombination: 

(2 ) 
FM = FM f + (laM) FM $. + e M F i  + yAFA W ; M = 02, $ 

-For a l l  other atoms and molecules (surface i s  assuned t o  be noncata- 

l y t i c  w i t h  respect t o  them): 

where Fi  denotes a convective property such as mass, momentum, or energy. 

Summing over a l l  the species, we obtain from Eq. ( l ) ,  ( 2 ) ,  and ( 3 ) ,  the  

following expression for the net f l u x  of  momentun or energy: 

NS NS NS NS 
1 Fi = 1 F: + 1 ( l - e i )  F: + 1 e i F i W .  ( 4 )  

i =1 i =1 i =1 i =1 

4 



That i s ,  the net f l u x  a t  the outer edge of the Knudsen layer equals the 

incident f l u x ,  plus the specularly reflected f l u x  (incident m i n u s  the frac- 

t i o n  that  s t icks)  a t  the wall, p l u s  the diffusely reflected f l u x  (those that  

accommodate t o  the wall) from the wal l .  

Each species i s  treated separately i n  the mass balance equations. 

Therefore, Eqs. ( l ) ,  ( 2 ) ,  or ( 3 )  are employed depending on the species being 

considered. 

atoms that  are accomnodated to the wall minus those that  recombine. For the 

molecules i n  Eq. ( 2 ) ,  the  diffusely reflected term i s  present along w i t h  the 

source tern resulting from the appropriate atoms recombining on the surface. 

I n  Eq. ( l ) ,  the diffusely reflected f l u x  consists of those 

VARIOUS FLUXES A N D  THE DISTRIBUTION FUNCTIONS 

The interaction model of Eqs. (1) t h r o u g h  ( 4 )  i s  employed to  obtain the 

Through Eq. ( l ) ,  the net s l i p  boundary equations a t  the g a d s o l i d  interface. 

fluxes of species, momentum, and energy a t  the outer edge of the Knudsen 

layer are equated t o  the difference between the incident and reflected 

fluxes a t  the wall. These fluxes are assmed t o  be constant across the 

Knudsen layer and are obtained from moments of  the d i s t r i b u t i o n  f u n c t i o n .  

For a convected property + ( v )  such as mass, manentun, or energy for the 

i t h  species, the net flux of that  property normal t o  the wall a t  the outer 

edge of the Knudsen layer, for  example, i s  

i +  

i i 
Y 

where V 

velocity dis t r ibut ion function a t  the edge of the Knudsen l q w .  

i s  the normal component of the molecular velocity and f s  i s  the 

Similar integrals are obtained for the incident and reflected fluxes by 

5 



integrations over appropriate half-spaces in molecul ar velocity: 

Incident flux: 

F: = Vy i i  4 (7) f:(G) d3V i 

Specul ar ly  reflected flux: 

Diffusely reflected flux: 

FY = 1; V i  + i ($)  fA(t)  d3Vi 

i where fw i s  the Maxwellian velocity dis t r ibut ion function. 

The velocity dis t r ibut ion functions used in integrals contained in 

re la t ions (5) through (8) are those f o r  a nonuniform multicomponent mixture 

perturbed o u t  of equil ibriun: 

where f (o)i(t) 
given as 

i s  the Maxwellian distribution function for  the i t h  species 

3/2 
n .m - ( m i  /2kT)V i 2  

e f ( O ) ’ ( q )  - i i  - -  
(21 kT) 3 / 2  

6 



and 

ai(\) = - Ak - BkR - +  n 1 NS C k  i(j) dj (11) 
i a(1nT) i avOk 

k j =1 axk a XE 

Here k and R are the dummy indices for three coordinate directions and 

the summations with index j represents sunmation over all the species. 

The summation convention for repeated indices is used. The coefficients 
Ai *i and C:(') are functions of the dimensionless velocity: k y  k R y  

i i  1 2  
BIE = b i O  ( W k  WR - - 3 W i  kE1 

where aiOy ails bios and CiO (j) are constants determined from the varia-. 

tional problem in the first approximation for a mixture as given in ref. '7 

and 6 k  i s  the Kronecker delta such that 

d k R  = 1, if k = R 

6kR = 0, if k f E. 

7 



These constants are functions of the collision integrals  and are related t o  

the transport properties. 

vided i n  Appendix A of this paper. 

of Ref. 2, or in Ref. 7 .  The diffusion vector d i  i n  Eq. (11) is  related 

t o  the diffusion velocity of the j t h  species and is  defined af te r  neglecting 

The simplified form of these constants i s  pro- 

More de t a i l s  can be found i n  Appendix A 

the external forces as (Ref. 7): 

a n .  m 
j J j )  - ( g n p )  

n n a djk = - (2) + ( ?  - - 
a 'k n n P a x k  

where n and m are, respectively, the number density and mass of  the 

j t h  species, n i s  the total  nunber density = 1 n j ,  P i s  the t o t a l  
j - - j 

j 
mass density p = 1 n m and p i s  the t o t a l  pressure p = p i .  A 

" J -  
j j' 

I 

simplified form for  djk is  provided i n  Appendix A. 

The total  mass averaged velocity VOk ( i . e .  the k t h  component) 

appearing i n  Eq. (11) i s  defined as  

species averaged over the d i s t r i b u t i o n  

peculiar) velocity, also introduced i n  

of the j t h  species averaged over the d 

diffusion velocity 3 V k :  

+ 4 of the j t h  where ijk i s  the mean of total  velocity Vk j = VOk 

function and Vjk i s  the thermal ( o r  

The thermal velocity Vjk Eq. (5) 

s t r ibu t  on function i s  known as the 

8 



A s i m p l i f i e d  expression f o r  t h e  d i f f u s i o n  v e l o c i t y  i n  terms o f  t r a n s p o r t  

p r o p e r t i e s  i s  provided i n  Appendix A. 

THE BALANCE AND SLIP EQUATIONS 

Based on Eqs. (1 )  through ( 4 ) ,  the balance equat ions f o r  t h e  i t h  

species f o r  f luxes normal t o  t h e  surface o f  t h e  species mass Miy, t h e  normal 

component o f  momentum Piy, t h e  tangen t ia l  component o f  momentum P i 1 1 ’  and 

t h e  energy E are obtained as fo l lows:  
i Y  

( a )  Species mass f l u x  

For  a recombininq atom 

= e A  M: + ( e A  - yA)  $ MAY 
For  a molecule ga in ing  f r o m  t h e  corresponding atom recombinat ion 

; A = 0, N 

For a l l  o t h e r  atoms and molecules 

+ 
1 1  

M~~ = e .  M .  + ei$ 

( b )  Normal momentum f l u x  

NS NS NS w 
pY (2-ei) P: + 1 e i  Pi = 1 Piy i=l i =1 

= 1 
i =1 

9 



(c )  Tangent ia l  momentun f l u x  

.t 
NS NS 

i =1 1 i =1 i l l  = 1 e i p  

t ( d )  Energy f l u x  

- NS T NS - - C Eiy - C + 1 eiy M~~ 
i = l  i = l  i EY 

d ia tomic  
molecules 

NS NS 
= 1 e i  E~'+ + 1 . e i  + 1 eie$Mi 

i =1 i =1 i 

t 

d i a t  om i c 
mol ecul  e s 

C w w  
B i  ei Mi 

. .  

d i a t m i c  
molecules 

where ei 

T w i t h  t h e  t r a n s l a t i o n a l  energy Ei 

dynamic e q u i l i b r i u m .  For example, 

i s  t he  i n t e r n a l  energy o f  i t h  species t h a t  r e a d i l y  e q u i l i b r a t e s  

under the  a s s m p t i o n  o f  l o c a l  therrno- 

k T  

mi 
- r o t a t i o n  - - 

ei 

I n  w r i t i n g  t h e  energy f l u x  balance o f  Eq. (23) i t  has been assuned t h a t  

t h e r e  i s  no change i n  i n t e r n a l  energy d u r i n g  specular r e f l e c t i o n .  

I n  ob ta in ing  Eqs. (18) through (23) we have used t h e  f o l l o w i n g  

re1  a t i o n s  

tThe energy balance i s  based on the  assunptinn t h a t  t h e  var ious energies 
considered r e a d i l y  e q u i l  i b r a t e  w i t h  the t rans1 a t i o n a l  energy. 

10 



M i  f = - M i  .c , P:,I = - P i l l  c 

c e f 
= 0, and Piy  = P i y  Pw 1. 

i l  I E i  = - E i  , 

Because i t  is  assumed that  the atoms are consumed a t  the wall by ca ta ly t ic  

recombination i n  E q .  (18), the net mass f l u x  M +O. S imi la r ly ,  the net 

mass f l u x  M f 0 i n  Eq. (19).  However, M i y  = 0 i n  Eq. (20) for the 

atoms and molecules for whom the surface i s  assumed noncatalytic. 

AY 

MY 

By s u b s t i t u t i n g  Eqs. (5), (6), ( 7 )  and (8) w i t h  the definit ion of 
i +  

(p ( V )  as mass for Eqs. (18) through (20), as normal component of momentum 

f o r  Eq. ( 2 1 ) ,  as tangential component o f  momentm for Eq. ( 2 2 )  and as energy 

for E q .  (23), respectively, and carrying o u t  the integrations , one obtains t 

equations relating the s l i p  properties t o  wall properties and gradients a t  

the edge o f  Knudsen layer. All accommodation coefficients e i  are assumed 

t o  be equal t o  8.  

Number density (or  concentration) s l ip  (obtained from mass f l u x  balance): 

M 2nm 1 i y  

W 

(; +j 1 f i  
Pressure s l ip  (obtained from the f l u x  balance of normal component of  momen- 

t m )  

?The mass, momentum, and energy fluxes i n  terms of evaluated integrals over 
the dis t r ibut ion function are given i n  Appendix B.  

11 



a v  av a v  
P, = { - -  e [lJ ( ox + - 02 - 2 >)Is 

3 ax az  a Y  

+ -  - 1 "(aiO - - 1 a. ) ]  + - 0 pw 
NS 

2+1 [ k a T  1 1  s 2 fi ay i = l  2 

I 
I NS 
I w i t h  v i s c o s i t y  p = - kT 1 ni biO 
i 2 i =1 

1 

V e l o c i t y  s l i p  (obta ined from t h e  f l u x  balance o f  t angen t ia l  component o f  

I momentun) 
I 

av S 

28 ax 

NS 1 

2 i = l  ax 2 j = l  
1 (3 $1 1 

' io  x s (aiO - - ail) - n' a m T  
NS 

+ -  c P ? [ -  
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Temperature s l i p :  

3 12 2-0 NS 312 NS n r  
(2kTs) = [ -  2 f i ( - )  ( 1 E i J  + (2kTw) 1 -1 

20 i = l  i = l  fi 
S 

av 
2 ~ y ) H  (28) 

a vox a vOZ biO (- + - - 1 NS ni 
/ [ I  - {  1 + -  
i=l& 4 ax a z  2Y 

Equations ( 2 4 )  through (28) d i f f e r  from the  corresponding expressions 

prov ided i n  Ref. 2 due t o  small e r r o r s  and a lso due t o  t h e  d i f f e r e n c e s  i n  

t h e  i n t e r a c t i o n  model employed a t  t h e  gas-sol i d  i n t e r f a c e .  

The constants  aiO, ail, biO, and cio (j) ( a l s o  known as t h e  Sonine ex- 

pansion c o e f f i c i e n t s )  appearing i n  Eqs. ( 2 4 )  through (28).may now be ex- 

pressed i n  terms o f  t he  t r a n s p o r t  p r o p e r t i e s  as g iven i n  Appendix A .  Using 

these r e l a t i o n s  along w i t h  the  var ious f l u x  expressions o f  Appendix B and 

a l s o  expressing dk i n  terms of  t h e  g rad ien t  o f  mass f r a c t i o n s  a C . / a y  as 

g i ven  i n  Appendix A (by  neg lec t i ng  d i f f u s i o n  due t o  pressure g rad ien ts  and 

ex te rna l  forces) ,  t h e  f o l l o w i n g  equations are obta ined a f t e r  some a lgeb ra i c  

J 

s imp1 i f i c a t  ions:  § 

9The approximations made i n  the  expressions f o r  a i l  and biO are g iven i n  
Appendix A. 
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Number d e n s i t y  ( o r  concentration) sl i p  

Same as Eq. ( 2 4 ) .  

Pressure sl i p 

8 a vox a vOZ av 2 2 4  1 aT 1 NS n . K  /% 
5 fl = ay i = l  ’ 2kT 

ps = { -  -[v (- + - - 2 >)Is + - (-) [- - 
n 3 a x  a z  a Y  

8 2-8 
2 2 $7 i=l 

+ -  PW}/  {e+ 2 (-) C 

Vel oci  t y  S1 i p 

S 

a x  
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Temp 

T 

NS = a c  NS 

q = l  mq a z  i= l  

m .. C j  C - -9-)I,/ / 1 n; f i i  

t u r e  s l i p  

j+ i 

W 
M i y  VT 2 8 - - c (-)---(:) fi f" - M i y  = { - -  

- i=l  mi - i kTw mi 2;s e 
A S  "S d ia tomic  

miei ' 5  - 
TW 

mol ecul e s 

w s  (ei -ei )m 
- (2) c: [ ' I  

I 

W 
i T  

mieiS M i y  1 
x c  (-1 - + -  1 

L I  iil 4 1 't' mi m 
d i atomic i W d i atomi c 

molecules molecules 

s 'iy 
c j  (- + 1)) 

x (-+1) 'iy + -  1 

"'i P; 
2 i= l  

P? 

NS M 
/{-c (E) (- 1 K a T  - - - -  5 C r - J S  i Y  

8 2 p ay  4 i = l  n mi 
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where the mass fraction C i  and the mass of  a mixture molecule m’ are  

defined, respectively, a s  

C i  = n i m i / P  

and 

vector d k  j appears 

one car r ies  out the 

erlce 3 (which conta 

a - ( n . / n )  i n  terms 
a Y  J 

Equations ( 2 4 ) ,  (29) ,  (30), (31), and (32) di f fe r  from Eqs. (25) through 

(28) of Reference 3. 

employed i n  Reference 3 appears t o  be inconsistent. Further, the diffusion 

For dissociated air ,  the gas-surface interaction model 

t o  have been incorrectly evaluated i n  Reference 3. If 

simplifications i n  Eqs. (23), ( 2 4 ) ,  and (28) of Refer- 

u a t i o n  o f  n the b 

of mass 

nary assumptionj through the eva 

fractions as given by Eqs. (35),  (36), and (39) 

of the same reference, erroneous results are obviously obtained because 

NS 
1 (aCj/ar), (which is  zero by definit ion) i s  contained as a factor i n  

j=1 
several of these equations. 

For the first-order recombination a t  the surface, the fo l lowing  

relation between the atom mass flux M 

may be employed 

and the wall number density n: 
AY 

where the minus s ign  indicates t h a t  the f l u x  i s  i n  the direction opposite t o  

the outward normal and the expression f o r  the ra te  constant kwA w i t h  

16 



tt  diffusion and slip is (Ref. 2) .  

Here y A  is the recombination coefficient. 

For a fully catalytic wall (yA= l ) ,  the maximum value of the rate 

constant kwi is limited by the surface temperature. 

stant for a fully catalytic wall with the gas phase in chemical equilibrium 

is often assumed to be infinity for the sake of simplicity. 

The reaction rate con- 

Employing Eq. (33), the net mass flux M appearing in Eqs. (24) and iY 
(32) may be defined as 

A = 0 for M = 02 
= N for M = N2 My kwA A A; { A  M =  nw m 

For a1 1 other atoms and molecules, 

Equation (24), with M defined by Eqs. (35a) through (35c), gives iY 

ttAs shown in ref. 2, by neglecting slip but keeping diffusion, a slightly 
different form of Eq. (34) is obtained: 

17 



W the number density r a t io  n;/n:. 

an expression for ni i s  required. 

kwever, t o  obtain n i  from t h i s  r a t i o ,  
S 

MAY, i s  also The net mass f l u x  of 0 and N atoms t o  the surface, 

equal t o  the r a t e  of consumption of these atoms a t  the wall from surface 

recomb i n a t  i on : 

and the corresponding net mass flux of ' 02 and NZ molecules wil l  be 

For a l l  other species, the net mass f l u x  to the surface may be assuned t o  be 

zero. Thus, 

M. = 0 ( 3 6 4  1 Y  

Substituting values of the net and inc ident  fluxes M i y ,  Mf 

B i n  Eq. (36), the following expression i s  obtained ( a f t e r  we neglect 

thermal diffusion) : 

from Appendix 
i Y  

S 

(3 7) 
$i 

mi 

a c j  NS ; a c  

j=! 'J ay q = l  mq ay 
j+ 1 

- - - NS s C D . .  [- - Cj  (- -!)Is 
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I 
I 

I 
I 
I 
I 

1 
I 

i I 

I 

I 

1 
I 

I 

I 
I 

~ 

1 

I 
~ 

i 

! 
I 
1 
1 

I 

S which may be used to obtain n;.' Here Jli is the source term defined as: 

2kT, 
(-+I> 

Y A  - 1 m ~ n ~  -J- 
-(7T IF 2ns mA 6 JI; = 

For 9 and N2 molecules 

S s . A =  0 for M = 02 
' A =  N for M = N2 'M = - ' A  ' 

For all other species 
S Jli = 0 

SIMPLIFICATIONS FOR A MULTICOMPONENT MJXTURE 

Equations (24) (29), (30), (31), and (32) for multicomponent gas flows 

can be simplified if one makes the following assumptions: 

( i )  All the diffusion coefficients, Dij, for a multicomponent gas have 

§If no assumption is made about Dij, Eq. (37) would give an expression for 
(aCi/ay)s for all the species: 

The source term J I .  
an expression for 'Cz (or nz) for the recombining atoms only: 

in this expression, however, may be simplified to yield 

19 



t the same value SO that  D i j  = 012, D12 i s  the same as the 

b inary  diffusion coefficient R,, . 
( i i )  The normal momentum f l u x  t o  the pressure r a t io ,  Piy,pi i s  the 

same for a l l  species and equal t o  tha t  of the mixture. This also 

implies that  the normal shear s t r e s s  T for  species i i s  the 

same as that  for  the mixture (T 
YY i 

) .  YY 
( i i i )  The rotational and v i b r a t i o n a l  s t a t e s  are fu l ly  excited so t h a t  

the internal energy e j  

equal t o  2kT/mi.. 

for the a i r  molecule may be taken as 

'This i s  a somewhat stronger assumption. Because D i e  are concentration de- 
pendent, whereas D~ are v i r tua l ly  independent of coaposition. The m u l t i -  
component diffusion coefficient Di - is  related t o  the binary d i f f u s i o n  
coefficient D i d  t h r o u g h  the follow'?nq relat ions (see Ref. 7 ) :  

where quantit ies K-. are coefficients i n  a m a t r i x  which i s  the inverse o f  
the matr ix  w i t h  the Mllowing coefficients: 

= o  7 ( i = j )  

One can see, therefore, that  by employing 012 (which is  same as D12) 
f o r  a l l  the species i n  a multicomponent gas mixture, considerable saving i s  
obtained i n  computational e f for t  and time without l o s i n g  the general flavor 
of multicomponent diffusion. This i s  par t icular ly  true i f  the dissociated 
a i r  consists predominantly of n i t rogen  molecules and oxygen atoms. 
shut t le  entry conditions f a l l  into this category. Simple and mu1 ticompo- 
nent diffusion gave same resul ts  i n  "An Experimental and Analytical Study 
of S l i p  and Catalytic Boundary Conditions Applied t o  Spheres i n  Low 
Reynolds Number Arc Jet  Flows," by Carl D. Scott, Eroceedings o f  the 9 t h  
International Synposium on Rarefied Gas Dynamics, Gottingen, July 15-20, 

The 

1974, pp.  0.14-1 t o  11. 
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I 

These assmpt ions  r e t a i n  the major e f f e c t s  o f  multicomponent f l u x e s  on 

var ious s l i p  q u a n t i t i e s  and p rov ide  considerable saving i n  computational 

e f f o r t  requ i red  fo r  t he  ana lys i s  of a f l o w  problem ( r e f .  2 and foo tno te  on 

page 20).  With these s i m p l i f i c a t i o n s ,  Eqs. (24 ) ,  (29),  (30), (31) and (32) 

y i e l d :  

Concentrat ion s l i p  

Pressure s l  i p 

- -  - -  e [u (-+-- a vox 2 2-8 1 2 A)]s + - (-) - 
a x  a z .  a Y  5 fi Z k T  

av 
02 

av  

w w  3; kT w w  PW 

V e l o c i t y  s l  i p  

NS niKi 
T f i l s  S 

"ox 2 e $7 ay ax  5 kT ax i=l 6 
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Temperature s l i p  

molecules 

molecules 

NS Miy 
1 (7) -7 l 1  2 4  1 K a T  5 

8 2 p ay 4 i = l  n m; n i 
/[-fi(-) { - - -  - -  

I d i atomi c 
molecules 

s 1 py c i + -  (-+1) 1 
P 1 

4 
+ - ( 3  - 

i 

( 4 3 4  
P S  diatomic 

i =1 
PS 

molecules 

or, i f  t h e  i n t e r n a l  energy i s  f rozen dur ing r e f l e c t i o n  f r o m  t h e  surface (see 

Eq. (28)  o f  Ref. 5, f o r  e x m p l e ) ,  

1 K ~ T  5 NS Miy 
/ [ - I F  (e) { -  -- - -  c (z - ) l s  

e 2 p ay 4 i=l n mi 

P 1 
4 P i=l 

+ -  ( 3 T  
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Equation (37)  may also be simplified t o  yield an expl ic i t  expression for n l :  

I where 
t 

S p S  

"i 
n i  = - [ l  + 

(-As a ci + - 1 (--Is * i  
a Y  mi D 12 1 

J 
a cq c (mL --Is 

NS = 

q=l  mq a y  

s .  { A = O f o r M = 0 2  
A = N f o r  M = N2 

*; = - * A  3 

= 0 for  all other species i 

(44) 

I t  i s  suggested here t h a t  the concentration for  t , ,e  major specie ( f o r  

example, nitrogen) be obtained by requiring the sun o f  concentrations of a l l  

the species t o  equal uni ty .  I t  may be mentioned here tha t  the mass of the 

atomic) weight ,  W i ,  

through the re1 a t ion  

where k i s  the Boltzmann constant and R 

s t a n t .  

i t h  species, m i ,  i s  related t o  the molecular (or 

i s  the 

CONCENTRATION SLIP BOUNDARY CONDIT O N  FOR 

universal gas con- 

FULLY CATALYTIC 
AND A NONCATALYTIC SURFACE 

f o r  a f i n i t e  s Equation (44) gives s l i p  values of  the concentration n i  
ca ta ly t ic  surface. For a fu l ly  catal-vtic ( y a  = 1) surface one generally 

23 



assunes complete recombination of atoms a t  the surface. 

discrepancy i n  this assumption because the rnaxirnun recombination ra te  i s  

1 imited by the surface temperature as discussed ea r l i e r  [See the discussion 

fo l lowing  E q .  

(41)  should be employed w i t h  

There i s  a s l i g h t  

( 3 4 ) ] .  Thus, for a fu l ly  catalyt ic  surface, equation (44)  or 

Y, = 1. 

For  a noncatalytic surface (y, = 0 ) ,  Eq. ( 4 5 )  gives +; = 0 for  a l l  

the species. For t h i s  case, E q .  (44)  becomes 

a ci 

NS - ac 
q=1 mq ay 

(-1 5 

1 n i  S = - [ I  p S  + a Y  

mi  c (" "Is 

which may also be written as 

a ci NS ; ac  
a Y  q=1 rnq a y  

(-)s = - (l-c;) 1 (- A)s 

Sumning the above equation over a l l  the species gives 

NS = ac 
1 (" = 0 

q = l  mq ay 

(47 a) 

for a noncatalytic surface. Therefore, Eq. (47a) i s  not an appropriate 

boundary condition. However, employing E q .  ( 4 8 )  w i t h  E q .  (47b) yields: 
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which may be used as the  boundary condi , t ion f o r  a n o n c a t a l y t i c  surface w i t h  

a mu1 ticomponent gas m ix tu re .  

SIMPLIFICATIONS FOR A B I N A R Y  MIXTURE 

A t  lower a l t i t u d e s  wi th t h e  f l o w  i n  s l i g h t  nonequ i l i b r i um ( i . e .  when 

t h e  Reynolds nunber parameter c 2 < <  l ) ,  t h e  d e r i v a t i v e s  of  va r ious  q u a n t i t i e s  

with respect  t o  x and z and some other  h ighe r  order  terms l i k e  av /ay 

may be dropped through an o rde r  o f  magnitude ana lys i s  (see Ref. 9, f o r  exam- 
OY 

p l e ) .  

( i  .e. c o n s i s t i n g  of atoms and molecules on ly ,  see Ref. 8) a t  these a l t i t u -  

Further,  t h e  d i ssoc ia ted  a i r  may be  considered as a b i n a r y  m i x t u r e  

Concentrat ion s l i p  

des. 

cu les  remains f rozen du r ing  r e f l e c t i o n  from the  surface, Eqs. (39) through 

(45 )  can be s i m p l i f i e d  f u r t h e r  t o  the forms g iven here. 

If an assunption i s  a l so  made t h a t  t h e  i n t e r n a l  energy o f  the mole- 
4 

Pressure S1 i p 
- - 

a T  

PW 5- 8 n,kTw ay 
- ( 1 + -  (-1 - 4 s 

- 4 2-8 PS - -  

- 
S 

x i i i  

2 5  



V e l o c i t y  S1 i p  

v s  = {.C"- *-$) [L -Is} a vox ox ';i (7 
+T ay 

={JT (E) [L -Is} avOZ 

2 e +T ay 
voz 

I 

Temper a t  u re  S1 i p 

W +/: (yA"A) (1- 2 )  rnA } 

M 2;s rn 

e 2 P a Y  
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o r ,  w i t h  f rozen i n t e r n a l  energy during surface r e f l e c t i o n ,  

mM 2 4  mM 

I n  Eqs. (54a)  and (54b) ,  n: i s  obtained from n i  by using Eq.  ( 5 0 ) .  
Expression f o r  nA S 

1 1  a C A  --) - - [(L + - p S  

/ [(- - - 
mA mM a y  

which may also be w r i t t e n  as 
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S 
" A m L C ; = (  a cA 

DAM 
p S  

For a f u l l y  c a t a l y t i c  sur face ( y A  = l ) ,  Eq. (55b) g i ves  appropr ia te 

t value f o r  t h e  concen t ra t i on  s l i p .  The r e l e v a n t  boundary c o n d i t i o n  f o r  a 

n o n c a t a l y t i c  su r face  ( y A  = 0) w i l l  be 

(-Is a C A  = 0 
a Y  

as can r e a d i l y  be seen f r o m  Eq. (55b). 

For a n o n c a t a l y t i c  surface ( y A  = 0) ,  pressure and temperature s l i p  Eqs. 

( 5 1 )  and (54b) are f u r t h e r  s i m p l i f i e d ,  w i t h  t h e  h e l p  o f  Eq. (56a), t o :  

Pressure s l i p  

t 
Temperature s l i p  ( w i t h  f rozen i n t e r n a l  energy du r ing  r e f l e c t i o n  from the 

s uf ace) 

2-8 K Ts = T, +fl(-) {- 
a k p a y  

-1 cA + 1 1  1 1 
m 3 1 2  mM3 1 2  A 

'Sometimes i n  t h e  l i t e r a t u r e  C4 i s  prescr ibed as zero f o r  a f u l l y  cata-  
l y t i c  surface. S t r i c t l y  speaking, t h i s  w i l l  be t r u e  o n l y  when the  
Reynolds n m b e r  p a r m e t e r  c 2  (Ref. 8) i s  apprcximately zer9 ( c l o s e  t o  the  
chemical e q u i l i b r i u n  c o n d i t i o n  a t  low a l t i t u d e s ) .  Th is  can e a s i l y  be seen 
b y  nondimensional is ing equat ion (55b) i n  a way s i m i l a r  t o  equat ion (28d) of  
re fe rence  8. Thus, t h e  recanbinat ion r a t e  c o e f f i c i e n t  Y A  and d e n s i t y  (as  
measured through c 2 ) ,  bo th  c o n t r o l  the recombinat ion r a t e  and no t  Y A  alone. 
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Equat ions (52a),  (53a), (57a), and (58a) ( w i t h  t h e  n o n c a t a l y t i c  surface 

assumption i n  Eqs. (57a) and (58a)) can be r e w r i t t e n  as: 

V e l o c i t y  s l i p  

Pressure sl i p 

Temperature s l i p  

where 

a vox 

ox n S  = ~ q  ay [ l J  -1s 
S 1 v = A, al 

S 1 Oz = A1 al "02 

T 
S 

- _  
= T + C1 CI(- Y -1) 

W - 
Y 

L- 
k f l  

I, f c A  KA + 'M K M  
L 

= 3 / 2  
= [m 

(641 
75n 
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al = 6 (E] = 1.2304 (-) 2 4  
16 8 e 

1 5  2-0 - 4 (e) = 1.1750 (-) 
16 8 e b, = 

2 4  2 -e - 
c1 - Ep (-) = 2.3071 (-) 

128 2 8 0 

The concent ra t ion  s l i p  cond i t i on  cons is ten t  w i t h  Eqs. (52b), (53b), 

(57b), and (58b) i s  

ac 
= 0 

a Y  

The range o f  values o f  h ,  B i ,  and Ci i s  as g iven below fo r  a m ix tu re  o f  

oxygen atoms and molecules and 7 = 1.4 ( r e f .  8) :  

1.0039 < A i  < 1.0186 

0 . 9 5 0 7 ' ~  B, < (0.9507)x(& 3 - KA +,& 3 'M -)/(- KA + 4 KM 
mA mM 'A mM 

0.9056 < Ci < 0.9507 

The minimum values f o r  A1 and Ci occur a t  nA = 0.5 P / m A y  whereas t h e  

maximm value f o r  B i  occurs a t  t h i s  va lue o f  

The expression (52b), (57b), and (58b) reduce t o  those obtained i n  Ref. 

8tt i f  one assmes t h e  values f o r  A,, B, , and C, t o  be u n i t y  and a non 

ttSee Appendix C f o r  t h e  dimensional form o f  t h e  s l i p  boundary c o n d i t i m s  
g i v e n  i n  Ref. 8. 
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ca ta ly t ic  surface boundary condition as given by Eq. (56b).  

tion s l i p  boundary condition provided i n  Ref. 8 i s :  

The concentra- 

i 

which is  the same as Eq. (55b) obtained here except for  the additive term 

I t  i s  obvious t h a t  the temperature s l i p  boundary condition of Eq. s ttt 
cAe- 
(2.8b) obtained i n  Ref. 8 i s  valid, s t r i c t l y  speaking, for a noncatalytic 

surface only and is  not consistent w i t h  the concentration s l i p  boundary 

condition of E q .  ( 2 . 8 ~ )  (reproduced here a s  E q .  (59)) obtained for  a f i n i t e  

ca ta ly t ic  wall. As a matter of fac t ,  the velocity and temperature s l i p  

boundary conditions of Ref. 8 are similar t o  those of Ref. g Y 9  where these 

s l ip  conditions are provided for  a perfect gas (or single species mixture). 

Tfie i x o n s i s t e n c i e s  i n  the ixundary c ~ r t d i t f o n s  cised iil Xefs. 10 and il  

are  similar t o  those of Ref. 8, namely, the pressure and temperature s l i p  

t t t I t  appears t h a t  Eq .  (2.8d) of Ref, 8 for  the concentration s l i p  has been 
formulated for  small deviations from the chemical equilibrium condition 
( i . e .  the Reynolds nmber parameter c 2  << 1). Thus, when flow goes t o  
chemical equilibrium ( w i t h  
equilibriun value for  the concentration i .e .  CA = C , which would be 
zero for  the oxygen atoms f o r  surface temperatures % 2000°K o r  less.  

= 0) ,  one o b t a i n s  from Eq. (2.8d) the 

§There appears t o  be some error  w i t h  the form of Eqs. ( 2 . 7 ~ )  and (2 .7d)  
g iven  i n  Ref. 9 i f  one employs the d e f i n i t i o n  of dimensionless heat-trans- 
f e r  r a t e  ' q '  i n  these equations from Eq. ( 2 . 4 b )  of the same reference. 
(The Reynolds number parameter, c 2 ,  i s  missing i n  Eqs. (2.2b)  and (2.4b) 
for  dimensionless shear s t r e s s  and heat-transfer, respectively, of the same 
reference. These have been corrected i n  Ref. 8.) The resulting pressure 
and temperature s l i p  expressions w i l l  contain the dimensionless viscosity 
coeff ic ient  ?I I without the Prandtl number, see Ref. 10 and 11, for exam- 
ple. This i s  i n  contradiction t o  E q .  ( 2 . 8 ~ )  of  Ref. 8, which contains 
dimensionless 'K' i n  place of dimensionless 'ut. For a perfect gas, 
employing $A'  i n  place of ' K '  i n  t h e  pressure and temperature s l i p  equa- 
t ions will resul t  i n  no error.  However, for  real gas flows, the pressure 
and temperature s l i p  values will be i n  error  by the factor of  u/K.  
present analysis indicates that  Eq. ( 2 . 8 ~ )  of Ref. 8 i s  of the "correct" 
form f o r  a single species mixture. 

The 
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values a re  i n  e r r o r  b y  a f a c t o r  of dimensionless v i s c o s i t y  t o  the  thermal 

c o n d u c t i v i t y  r a t i o  % / K ' .  

species formul a t i o n  f o r  o b t a i n i n g  the v e l o c i t y ,  temperature and pressure 

s l i p  values and t h e  concentrat ion s l i p  expression i n  these references i s  

t h a t  obtained f o r  a b i n a r y  m i x t u r e  (Ref. 8). 

t h e  s l i p  equat ions o f  Ref. 11 may be obtained b y  m u l t i p l y i n g  dl , b l ,  and 

c1 

t imes  rep1 aced by IT. 

References 10 and 11 also employ the  s i n g l e  

The c o e f f i c i e n t s  appearing i n  

( c o e f f i c i e n t s  o f  Ref. 8) g iven here b y  1 6 h .  The f a c t o r  16/5 i s  some- 

SIMPLIFICATIONS FOR A SINGLE SPECIES MIXTURE 

Eqs. (39) through (42) and Eq. (43b) may be s i m p l i f i e d  f o r  a s i n g l e  

species m i x t u r e  t o  the expressions obtained i n  Ref. 6. For m a l l  jump ( o r  

s l i p )  c o n d i t i o n s  these s i m p l i f i e d  equations may be w r i t t e n  as ( w i t h  y A  = 0 

and M = 0 f o r  a s i n g l e  species m ix tu re ) :  
i Y  

Densi ty  s l i p  

Pressure' sl i p 

PS 2-0 15 aT - = { 1  - [.(-) - (- - ) s +  
PW 

e 16 T ay 

'+ avOz a v  -1 
- - 2 2)J} x (- 

ax a z  a Y  
(6?a)  
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Velocity s l i p  
a v  

(62)  V S  = (3 (Z) A s  (- ox 
e 16 a Y  a x  32 ox 

a v  
(63) S 

S = ( )  243 (4 5n A s ( - +  a vOz 
e 1 6  a Y  a z  32 T a z  "02 

t Temperature sl i p 
-1 

( 6 4 4  
7% 2-8 x aT 1 3  

2 4 ps 128 e T ay 

P T P 
- = -  ( Y + l ) { [ - - + -  (2 + 111 -C-(-)(-- -)sll 
TW PS 

where we have used the fo l lowing  relations between the coefficients o f  v i s -  

cosi ty  and thermal conductivity and the mean f ree  path for perfectly e l a s t i c  

spherical molecules ( r e f .  1 2 ) .  

15 k K=, - IJ 
4 z  

The expression for IJ given ea r l i e r ,  following E q .  (251, for a single SPe- 

c i e s  mixture i s  modified to :  . 

I f ,  now, an assumption i s  made that  the s l i p  values are small, equations f o r  

the density, pressure, and temperature s l i p  are simp1 ified t o :  

. TSince the temperature s l i p  expression contained i n  Ref. 6 i s  f o r  a gas  
consisting of perfectly e las t ic  spherical molecules, the gas  does not 
possess any internal degree of freedom. 
temperature s l i p  equation from Eq.  ( 43b) .  

Therefore, we have obtained the 
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Dens i t y  sl i p  

a v  
- 2 2) s} (60b) 

a z  a Y  

Pressure sl i p 

av 
OZ 2 z)s (61b) 

av 
ox 

x av 
S 

az  a Y  

Temperature sl i p 

7 5  2-s x a T  

2 s  128 e T ay 

P 2 P 3 
P 

TS - 1 

TW PS PS P 

- - - - (2 + 1) + - (2 + 1) + f (2 + l)(-)(-)(--)s (64b) 

x 
- =  S 

I 

TW 8 128 T ay 48 
1 + (-)(-) 2-0 75 (- x a T  -)s - - 5 

av 

ax a z  a Y  
x ( - +  a vox - -  a vOz 2 A)s 

In o b t a i n i n g  Eq. (64c) from (64b), we have used Py/p S = 1 , n  t h e  second- 

o rde r  terms ( i . e .  2nd and 3rd terms on r i g h t  s ide  o f  Eq. (64b)) .  

(61b), (62),  (63), and (64C) are t h e  s l i p  equat ions g iven i n  r e f s .  6 and 

12. 

Equations 

NO-SLIP BOUNDARY CONDITION FOR THE SPECIES CONCENTRATION 

Multicomponent Mixture.  

concen t ra t i on  wi thout  any assunptions may be obtained from Eqs. ( 4 4 )  and 

The no-sl i p  boundary c o n d i t i o n  f o r  t h e  species 
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( 4 5 ) .  In the absence of s l i p ,  the Knudsen layer thickness shrinks t o  zero 

and the values a t  the t o p  of the Knudsen layer become the wall values (see 

F i g .  1): 

w i t h  

w . { A =  0 for M = 02 . 
' : = - ' A y  A = N f o r M = N p '  

$7 = 0 for  a l l  other species (67c) 

W where we have neglected the higher order shear ( i . e .  Py/p 1). 

I t  i s  suggested here, aga in ,  t h a t  the concentration for the major 

specie ( for  example, nitrogen) be obtained by requiring the sun of concen- 

t ra t ions of a l l  the species t o  equal unity. 

For the recombining 0 and N atoms, Eq. (66)  may further be simpli 

f ied to:  

The recombination ra te  constant kwA i n  Eq. (68) has been defined as (Ref. 

2) 

35 



F i  = incident flux 
1- ,-.f j = specularly reflected flux 

= diffusely reflected flux F!f 

C o n t i n u u m  region (Main Flow) 

s--- 

(order of one 
mean free path) 

t 

Figure 1. The Knudsen layer showing general fluxes and coordinate axes. 
The temperature as a function o f  normal distance i s  schematically 
over1 ayed. 
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w i t h o u t  s l i p  and higher order shear. 

F o r  a noncatalytic wall ( w i t h  y A  = 0 ) ,  Eq. (49) gives 

ac. 
(L)w = 0 

a Y  

for a l l  the species of  a multicomponent mixture. 

Binary Mixture. For a two-species mixture o f  atoms and molecules, Eq. 

(55b) gives 

1 a c A  
c! = - x ( D~~ GL 

kwA 

fo r  a surface w i t h  f i n i t e  catalycity and 

for a noncatalytic surface. Eqs. (71) and (72) are employed i n  Ref. 4. 

Appendices D and E give the slip and no-slip boundary conditions (pre- 

sented i n  the text  e a r l i e r ) ,  i n  the dimensionless form for  the body-fitted 

and spherical polar coordinates, respectively, for a p l a n a r  f low.  The 

various integral s employed for evaluation the net,  incident, and specul arl  y 

reflected fluxes defined t h r o u g h  Eqs. ( 5 )  t o  ( 7 ) ,  respectively, are given i n  

Appendix F. 
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DISCUSSION AND CONCLUSIONS 

The present analysis provides a consistent formul a t ion  f o r  the sl  i p  

equations for  a multicomponent, binary,  and single species mixture reacting 

ca ta ly t ica l ly  on the surface. The differences between the s l i p  expressions 

obtained by various researchers have been reconciled and imp1 ication of 

various assumptions (some o f  them inconsistent) contained i n  those express- 

ions i s  discussed. The s l ip  equations have also been obtained i n  body-fit- 

ted and spherical polar coordinates in a form which can readily be employed 

i n  the flow-field calculations. 

Usually, the equation for pressure s l i p  i s  not required as a boundary 

condition, b u t  i s  needed t o  obtain t h e  surface pressure. 

s l i p  equation given here i s  for  a constant surface temperature, which i s  

provided as a boundary condition. For an adiabatic surface, however, the 

S l i p  temperature, 

ra te  t o  zero i.e. 

The temperature 

Ts, may be obtained by equating the wall heat-transfer 

avOx -)s = 0 
a Y  

f s  j . h .  + D v ox q w - ( K -  a Y  - i= l  1 1  
- a T  

where the expression for mass f l u x  is  provided i n  Appendix B and the 

higher order terms have been dropped. The temperature s l i p  equation will 

now be required to  obtain the wall temperature, 

j i  

Tw. 
An expression has also been obtained for the f in i te - ra te  species-con- 

centration boundary condition for  a multicomponent gas mixture w i t h o u t  sur- 

face s l i p .  T h i s  boundary condition in the l i t e r a tu re  (Ref. 4 )  has generally 

been specified by assuming the dissociated a i r  as a binary mixture. 
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I .  
I 

However, the binary mixture formulation does not provide boundary conditions 

for the recombined molecules (on surface) such as  9 and N2 i n  a multicompo- 

nent mixture; i t  gives boundary conditions only fo r  the recombining atoms. 

To assess the importance of various terms i n  the general boundary con- 

di t ions suggested here, a study i s  being undertaken i n  which the flow prop- 

e r t i e s  and boundary conditions would be varied systematically. 

equations form a simultaneous se t ,  which is  being coupled w i t h  a f low f ie ld  

calculation procedure i n  the stagnation region. 

f i na l ly  be coupled w i t h  the viscous shock-1 ayer code developed by Moss (Ref. 

13) for the detailed flow-field calculations. 

obtained i n  the present work should provide a more r e a l i s t i c  se t  of boundary 

conditions for  a multi-component mixture for  low-Reynolds-number s l i p  flows 

as well as n o - s l i p  flows. 

The boundary 

These equations would 

The boundary equations 

In conclusion, the boundary s l i p  expressions obtained here are closed 

form solutions of the mass, momentum, and energy f l u x  equations us ing  the 

Chapman-Enskog velocity distribution function. 

solution of the Boltzmann equation i n  the Navier-Stokes approx ima t ion .  

This function represents a 
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APPENDIX A 

I 

CONSTANTS APPEARING I N  THE DISTRIBUTION FUNCTION 
AND DIFFUSION VELOCITY I N  TERMS OF TRANSPORT PROPERTIES 

( j )  appear ing i o  The Sonine expansion c o e f f i c i e n t s  a i o ,  a i l ’  b i o s  and c 

i n  t h e  general  v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  are found b y  a v a r i a t i o n a l  

technique i n  which t h e y  a r e  s o l u t i o n s  t o  se ts  o f  simultaneous equat ions.  

References 2 and 7 prov ide t h e  c o e f f i c i e n t s  i n  terms o f  s o l u t i o n s  t o  these 

s e t  of equat ions.  These s o l u t i o n s  are expressed i n  terms o f  t h e  c o l l i s i o n  

i n t e g r a l s  $iij Reference 7 a l so  provides t h e  t r a n s p o r t  p r o p e r t i e s  i n  

terms of t he  Sonine expansion c o e f f i c i e n t s .  Thus, i n  p lace o f  e v a l u a t i n g  

these c o e f f i c i e n t s  i n  terms o f  t h e  c o l l i s i o n  i n t e g r a l s ,  t hey  may be 

expressed i n  terms o f  t he  t r a n s p o r t  p roper t i es .  The va r ious  r e l a t i o n s  

are : 

. 

( i )  for  aiO 

il 
( i i )  f o r  a 

( i i i )  f o r  biO 

1 NS 

( j )  
i o  ( i v )  for c 

I n  t h e  d i s t r i b u t i o n  func t i on  used here t h e  Kernel + ( j )  ti - +(k) Ci 
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I 

has associated Sonine polynomial c o e f f i c i e n t s  ci ( j s k ) .  Now c \ ~ ) =  0 (see 

Ref. 7), then cio (3 - = cio (j,i) and 

T 
where Di ( e ) ,  K ( S ) ,  ~ ( 5 ) ,  and D . . ( C )  are the  multi-component thermal 

d i f f u s i o n  c o e f f i c i e n t ,  thermal conduct iv i t y ,  c o e f f i c i e n t  o f  v i s c o s i t y ,  and 

t h e  multicomponent d i f f u s i o n  c o e f f i c i e n t ,  respec t i ve l y .  The argument 5 i s  

t h e  number o f  terms used i n  the  Sonine expansion. Except fo r  Di, l e t t i n g  

5 = 1 g ives  q u i t e  good r e s u l t s  f o r  K, 1-1 and Dij. When 5 = 1, however, 

c o e f f i c i e n t s  D: vanish. Hence, i n  order t o  ge t  t he  c o e f f i c i e n t  o f  thermal 

d i f fus ion ,  i t  i s  necessary t o  take a t  l e a s t  t w o  terms i n  the  Sonine expan- 

1J 

T 

s ion  ( i . e .  5 = 2). 

cep t  f o r  aiO), i t  i s  considered t o  have one term i n  the Sonine expansion. 

If t h e  argment  does n o t  appear w i t h  a c o e f f i c i e n t  (ex- 

The d i f f us ion  v e l o c i t y  f o r  i t h  species i n  terms o f  t he  t ranspor t  co- 

e f f i c i e n t s  i s  obtained as (see r e f .  7 )  

where t h e  d i f f u s i o n  vec to r  d i  f o r  the j t h  species i s  de f ined a f t e r  ne- 

g l e c t i n g  t h e  ex terna l  fo rces  as (see Eq. (16) i n  t h e  t e x t ) :  
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Eq. (A6) may be s i m p l i f i e d  t o  ob ta in  

SIMPLIFIED EXPRESSIONS FOR COEFFICIENTS ail AND biO 

Since ail and biO can no t  be obtained d i r e c t l y  from equations (A2) 

and (A3), we in t roduce t h e  f o l l o w i n g  assunptions f o r  t h e  m ix tu re  thermal 

c o n d u c t i v i t y  and v i scos i t y ;  respec t ive ly ,  

NS ni 

i = l  n 
K E  C y K i  

NS ni 

i = l  n 
p =  c 

Equations (A8) and (A9) are approximate forms f o r  t he  more exact formula o f  

Wilke (see r e f .  14). These equations imp ly  t h a t  

i n  t h e  Wi lke 's  r e l a t i o n .  This i s  approximately t r u e  fo r  a i r .  

Thus, w i t h  t h e  he lp  o f  Eqs. (AZ), (A3), (A8), and (A9) we may o b t a i n  

t h e  f o l l o w i n g  approximate expressions f o r  ail and biO, respec t i ve l y ,  
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For accurate evaluations of a i l  and b i O ,  cumbersome expressions o f  the 

type of Eq. (7.4-49) o f  ref .  7 are required t o  be solved. 
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APPENDIX 6 

EVALUATED EXPRESSIONS FOR THE FLUXES OF MASS, 
Ma"lENTIM, AND ENERGY FROM INTEGRALS OVER 

THE D I S T R I B U T I O N  FUNCTION 

The f l u x e s  o f  mass, momentum, and energy (i .e. o f  a p r o p e r t y  9 (I)) 
a r e  g iven i n  terms o f  i n t e g r a l s  over the v e l o c i t y  d i s t r i b u t i o n  f u n c t i o n  

ffi) i n  t h e  "Analysis" sec t i on  o f  main t e x t .  Here we g i v e  evaluated forms 

f o r  these f l uxes  obtained f r o m  i n t e g r a t i o n  over the  d i s t r i b u t i o n  funct ions.  

The va r ious  i n t e g r a l s  needed i n  these e v a l u l a t i o n s  are provided i n  Appendix 

F. 

( i )  Expressions f o r  Mass Flux of Species 

Net 

I n c i d e n t  

I 

k = x ,  y ,  z ( B 1 )  

av S 

2 3 1 s  M i  = - mi ni (-) 2kTs 1 / 2  [ 1+-(-+-- ' io  a v ~ x  a v O t  

2 f i  "i 6 a x  a z  a Y  

1 
+ F M i y  

Specul a r l y  Ref lected 
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D i  f f use l y  Ref1 ected 
W 

mi n i 2kTw 1 / 2  
MY = (-1 

mi 2 v 7  

It may be mentioned t h a t  M as obtained here i s  s i m i l a r  t o  t h e  mass f l u x  

( j i )  expression o f  Ref. 14. 
i Y  

( i i )  C o r r e l a t i o n  w i t h  B l o t t n e r ' s  Expression (Ref. 15) f o r  Mass Flux 

I f  t h e  thermal d i f f u s i o n  term i s  neglected i n  Eq. ( B l )  and 

s u b s t i t u t i o n s  are made f o r  cio ( j )  and d i  from Eqs. (A4) and ( A 7 ) ,  Eq. ( B l )  

may be s i m p l i f i e d  t o  o b t a i n  t 

a c  

a pi a Y  q = i  wq ay 

NS 1 pWi NS a c j  
ji z Miy - - -  1 Dij[- - C j  1 - 2.. 

where Wi i s  t h e  molecular ( o r  atomic) weight o f  t h e  i t h  species and i s  

r e l a t e d  t o  the mass o f  t h e  i t h  species, mi, through t h e  r e l a t i o n  

i - k  rn 
- - -  

R 
' i  

Here k i s  t he  Boltzmann constant and R i s  t h e  un ive rsa l  gas constant 

Equat ion (85) may a lso be w r i t t e n  as 

or,  w i t h  t h e  i n t r o d u c t i o n  o f  t h e  multicomponent Lewis nunber, Lij, def ined 

~~ 

46 'It may be noted here t h a t  D i i =  0. See re fe rence  7 f o r  d e t a i l s .  

~ 
~~ 

~~ ~ 



as 

I 
Eq. (B7a) rn I 

Lij = P  C D . . /  K = P P r  D.. /u9 
P 1 J  1J 

y be r e w r i t t  n as 

NS Wi Wi NS ac 
- - 1 L. c ]  (A) ( B7b) ji = - . 1 [- Lij 

W. pi ' q  q ay J j=1 a 

u Fs ['i NS ac 
P r  j z i  a Wj  pi 'q  q ay 

'i Lij + (1- -) 1 L .  C ] (A) (B7c) ji = - - 

NS 'i 
+ (1- -) 1 L.  c 1 )  

W j  pi Li j 
'i aCi NS 

1q q 
o r  ¶ ji = - (1) (Lei -+I {Lei - [- 

I7 P r  ay j*i 

a c j  
-1 

a Y  

where 

Wi NS 

R W j  pi 
C I  (B8) i q  q 

'i - 
i b i j  = Lei - [- L~~ + (1 - -) 1 

§ I n  general  , 

= L . .  (Ci,  Mi, M L . . )  
Lij 1J j' 1~ 

§See Eqs. ( 7 ) ,  (8a) ,  and (8b)  o f  reference 15. 
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If t h e  b i n a r y  Lewis nunbers 

species, then 

L. are assuned t o  be t h e  same f o r  a l l  t h e  
1 j  

and Eq. (88) for hbij becomes 

= *  W i  * Wi NS * 
Ab.. = Lei - [-Lij + (1 --) 1 L. 1q c q ] (B9) 

i W j  q+i 1J 

and t h e  mass f l u x  Eq. (B7e) now becomes 

i s  zero i n  Eq. (B10). Therefore, 

* W i  NS * ac 

j# i a Y  j#i ij - Wj  q#i ' q  q ay 
L i j  + (1- - )  1 L. c 3 (A) (B1 l a )  1. NS Lei a - c j  - - p" lWi - 

48 



Thus, Eq. (B10) g ives t h e  mass f l u x  due t o  concen t ra t i on  g rad ien ts  o n l y  w i t h  

Abij and Lei def ined through Eqs. (69) and ( B l l b ) ,  r e s p e c t i v e l y .  
* 

* 
To u t i l i z e  Eqs. (B9) and ( B l l b ) ,  Lij are s t i l l  t o  be evaluated 

If we now make a l i t t l e  through complex m a t r i x  i nve rs ions  ( re f .  15).  
* 

s t ronger  assunption such t h a t  Lij = L12 = Le (same f o r  a l l  t he  species),  

we o b t a i n  a much simpler expression f o r  Abii * and Eq. ( B l l b )  becomes 

a cj  Fs ('i -1 1 (B12b) 
a c i  -1 Lei = Le [- 'i + (l-ci) (-) 
a Y  j= 1 w j  a Y  

- - 
J 

= *  
S i m i l a r l y  t he  expression f o r  Abij may be  obtained f rom Eq. (69) as 

Abij = *  = Lei - Le [- 'i + (1 - ) 'i ( l -c i ) ]  
- 
R 'j 

a ci aci 

a Y  a Y  
It may be noted t h a t  f o r  t h e  case when - = 0, t h e  term 

(B10) vanishes and Eq. (B12b) i s  n o t  requi red.  

constant  value f o r  the Lewis nunber, Le ( =  p Pr D12/,,), does n o t  i m p l y  Lei 

t o  have a constant value. 

Lei - i n  Eq. 

Further ,  employing a 

It should be pointed out  here t h a t  f o r  the case when Lij i s  t h e  same 
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f o r  a l l  t he  species we have used t h e  c o n d i t i o n  

(and n o t  j u s t  Ib;k = 0 as employed i n  r e f .  15) t o  o b t a i n  Eq. ( B l l b )  f o r  

Lei . The present formul a t i o n  appears t o  p rov ide  a more c o n s i s t e n t  

express ion f o r  Lei. 

F i n a l l y ,  Eqs. (BlO), (B lZb) ,  and (513) f o r  a b i n a r y  (two species) 

m i x t u r e  g i v e  

a ci 

P r  a Y  
j i = - -  ' Le (-) ; ( F i c k ' s  law f o r  m a s s , f l u x )  

Lei = Le 

= *  
Abij = 0 

( i i i )  Expressions For Normal Momentun F lux  

Net 
av = p i [ l + - ( - + -  S b i O  a v ~ x  a vOz - 2 3 ) l s  

3 a x  a z  a Y  
'iy 

where f k g  are terms i n  the s t r e s s  tensor  f o r  the i t h  species. 

(814) 

( B17a) 

( B17b) 
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I n c i d e n t  and Specul a r l y  Ref lected 

av 
b i O  ( 02 2 3) 

av ox av s 1  P+ = P+ = p i  [- + -  - + - 
2 6 ax az  a Y  

i y  i y  

= NS 

IGT ay 2 6 j=l 
1 a m T  1 n (j) dj 3 ‘ io y s + - - (aiO - - ail) - - 1 

D i  f f use1 y Ref 1 ec t ed 

( i v )  Expressions For Tangenti a1 Moment UTI F1 ux 

Net 

I n c i d e n t  and Specul a r l y  Ref lected 
av 

Pix + -  - - Pix + -  - - 1 s  p i  [ -  W O x  -3K - bi 0 (-+ a vox A) 
fi 4 aY ax 

= NS 

2 ax  2 2 j = l  
1 a m T  (aiO - - 1 ail) - - ( j )  j 

+ - -  I ‘ io ‘XIS 

av 
OY) 

.c - + - 1 s  b i O  a v ~ z  P i z  - - Piz - - pi [ - woz -* -(-+ - 
ViY 4 a Y  a z  



D i  f f use1 y Ref 1 ec t e d  

( v )  Expressions For t h e  Energy Flux 

Net 

(B25b) 

I n c i d e n t  and Specul a r l y  Ref1 ected 

1 
2 

+ -  E j y  
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Diffusely Reflected 

2k T 

"'i 

W r n n  i i  
2 K  

E: = - ( y3'2 
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APPENDIX C 

SLIP BOUNDARY CONDITIONS G I V E N  BY D A V I S  FOR A BINARY MIXTURE 

I n  t h i s  appendix, t h e  dimensional f o r m  o f  t h e  s l i p  boundary cond i t i ons  

obta ined by Davis (Refs. 8 and 9) i s  provided f o r  t h e  purpose o f  comparison 

w i t h  t h e  s l i p  expressions obtained i n  t h e  main t e x t  f o r  a b i n a r y  m ix tu re .  

The dimensionless form o f  t h e  surface s l i p  c o n d i t i o n s  provided i n  r e f s .  

8 and 9 are 

Concentrat ion s l i p  ( r e f .  8) t 

V e l o c i t y  s l i p  ( r e f .  8) 

- I- 

Pressure s l i p  ( r e f .  9) tt 

'Here t h e  dimensionless q u a n t i t i e s  are denoted wi th  a ' b a r ' .  

"For t h e  reasons explained i n  the  main t e x t ,  we have employed 

See Appendix 

i n  p lace  

D f o r  d e t a i l  s o f  nondimensional i zat ion and t h e  coord inate system. 

of 5' i n  t h i s  expression. 
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Temperature sl i p ( r e f .  8)  

With the help o f  the nondimensionalizing quantit ies given i n  re fs .  8 and 9, 

the fol lowing dimensional forms o f  Eqs. ( C l )  t h r o u g h  (C4) are obtained: 

Vel oci t y  sl i p 

Temperature s l i p  

Pressure sl  i p 
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* 
where n 

and 

i s  t h e  coord ina te  normal t o  sur face  (see F i g .  Dl i n  Appendix 0) 
- 

and m are the  nunber dens i t y  and mass o f  a m i x t u r e  molecule, 

respec t i ve l y .  The constants  a l ,  b l ,  and c1 are  defined as: 

a1 = (E) \il (E) = 1.2304 (-) 2 -8 
16 2 8  0 

b, = 15 $- (e) = 1.1750 (+ 2 -8 
16 2 0  0 

c1 = - 7% 6 (E) = 2.3071 (-) 2 -0 

128 8 0 
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APPENDIX D 

SLIP CONDITIONS IN THE BODY-ORIENTED COORDINATE SYSTEM 

In this Appendix we obtain the slip conditions for an axisymnetric body 

The coordinate configura- 

The equations of this Appendix 

* *  
in the body-oriented coordinate (s , n ) system. 

tion for such a system is given in Fig. D1. 

contain simp1 ifications similar to those given for a mu1 ticomponent mixture, 

following Eq. (38c) o f  the main text. 

* 

U 

'+ 

- Body A x i  s 

Figure D 1 .  Coordinate Configuration For A Body (Symetric About Its Axis) 

* 
By employing the metric coefficients (see ref. 16) of h, = 1 + n K and 

t~ = 1, equations (39) through ( 4 5 )  give the following slip equations in the 

body-or iented coordinate system. 

57 



Concentrat ion s l i p  

where ( f r o m  Eqs. (35a) through (35c))  we def ine M as: 
i Y  

For a l l  o ther  atoms and molecules 

M i y  = 0 

Pressure s l  i p 

a l l  a v  2 2-8 1 aT 1 - -  2-41,  + -(-I [- - * * * 5 67 +E an* 

8 

3 
PS = { -  - [ v  ( 

l + n  K a s  an 

NS niKi 
x -..-$Is+ !! pW} / {  - -  8 2(2-8)  D 1 ?  - 
i =1 n 2 2 -  IF Ws 

V e l o c i t y  s l i p  

u S = { / r ( E )  ["(a"-- IC" + -  1 -)Is a v  
\ 2 8 W an* l+n * K l + n  * K a s  * 
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NS n i K i  a T  - c - T f l I ,  + -  1 1  [- 1 
( l + n  * K) as * i = l  n 

NS 

i =1 
/ e  n: fi 

Temperature s l  i p 

M P 
1 - + -  - S = (  - -  - -  i y  6- - iy (y' 1) 

Tw "S  

T 

= i= l  mi - i m i  2 ps - 

ns diatomic 
molecules 

mol ecul e s  

NS Miy 

e 2 p a n  * 4 i = l  n mi 
c (7) / [ -  $7 (5) { -  - - - -  1 K a T  5 

1 - 1  - 
i i = l  - - 

diatomic 
molecules 

1 P 2kTs rn 

i 2 
+ -  (Y+1) 1 

PS d ia tomic 
mol ecul e s 
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If the  i n t e r n a l  energy (compris ing o f  r o t a t i o n a l  and v i b r a t i o n a l  energies i n 

t h i s  case) i s  considered frozen dur ing r e f l e c t i o n  from the surface, t h e  

f o l l o w i n g  f o r m  o f  the temperature s l i p  equat ion i s  obtained (see Eq. (28) o f  

Ref. 5) :  

NS M 
/[-IF (-4 I -  (- - I s  - -  5 c ( r ) s l  i Y  2-0 1 K a T  

8 2 P a n *  4 i = l  n mi 

i i =1 m 

P 
+ -  1 ( 3 - + 1 )  Y 

PS 

S Equation f o r  n i 

nsi = 

where 
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0 f o r  M = 02. 
N f o r  M = N z '  

S 
J I ~  = 0 f o r  a l l  o the r  species ( D8c 1 

P 
I n  Eqs. (D l ) ,  (D5), (D6) and (D8a) t h e  r a t i o  2 i s  defined as 

PS 

and bo i s  r e l a t e d  t o  v i s c o s i t y ,  P, through t h e  r e l a t i o n  

which has been obtained from (A3) by  assuming 

a l l  t h e  species. 

biO t o  be the  same (bo) f o r  

Equations ( D l )  through (08) may now be nondimensional ized by us ing  t h e  

f o l l o w i n g  r e l a t i o n s  ( r e f s .  8 and 13): 

- 
- T - -  T , T =  u = - ,  v = -  V - U - 

T r e f  U u2/c 
P," m U co 
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* * 
n 
r 

- , n = - ,  S - , s = -  
N 

K R =  

N 
r p p  ” r e f  

C 

- 
K = ~r~ , 

In t roduc ing  t h e  nondirnensional q u a n t i t i e s  as de f ined here, the  fo l l ow ing  

equat ions are  obta ined from Eqs. (0-1) through (D-8): 

Concentrat ion s l ip  

where 

= - k w A  - ; A Z O ,  N 
AY (D 12a) 
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- 
Miy = 0 f o r  a l l  other atoms and molecules 

Pressure s l i D  

I 

(D12b) 

( 0  12c) 

NS 

i =1 
x c  

- 

- 
R 

( 3 3 ' 2  c; G] 
'i 

where we have assuned t h a t  P r  = Pri and C ./R = (7 - l) /u 
p i  i 

Vel oci t y  S1 i p 
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- - -- 
1 a-v' 1 1  Y 1 1  a T  

- I s + -  -(=-Is(- -4 S 
x ( % - = +  

an I+= l+iK a? 5 MmPrS y - 1  i ( l + g  a s  

-S 
a ci NS = a c  

q = l  W ( l + q  a: 
- -  - - + ( l - c i )  c ( ! L ) L ( 4 } s ]  
p i  + x c ( - 3 3 1 2  cf 
% 

NS 
1 -  

\Prs i = l  l+E aT 
S q 

i = l  Wi 

(D14) 

Temperature S l i p  

mol ecul es 

- - 
3 / 2  P NS ti 3 1 2  

+ 1 ( 2 + . 1 )  [ (2) c ;  + (3 cq11 
'i 2 s  i=l Wi i 

diatomic P 
molecules 

p W  w P NS gs 3 / 2  
C; 1 - (  -1 1. Aiy cy (Z)} + -  ( 3 Y + l )  (-) 

t I-- P f  s diatnmic 'i PS i = l  Wi 1 

1 mol ecul  e s  
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P 

P diatomic 'i 

3/2 
2 s  1 

molecules 

Or, with frozen internal energy during reflection from surface, 

- - - 
T NS 

7 2 s  i = l  Wi 
P W 

I- 

NS i 312 + - ( 3  1 p Y +  1) 1 (2) c;]  
i = l  W i  PS 

4 

Equation for ns  i 

n 
i i  cs = -  

1 
p S  

{ac i  'A 
- +  - Fils. 
a-ii W. 

= 1 +  1 

NS fi ac 
q = l  wq a i i  
c (-- AIs 

Y 
A = 0 for  i=Q. 

{ A  = N for  i=N2 
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where 

A = O  f o r M = @  
= N for M = N2 

(D 18a) 

( D  18b) 

J 
q i  = 0 for a l l  other species ( D  18c) 

and 

W i  = m R l k  i 

€ 2  = 'ref (Re ynol d s  nun ber parameter) 
"a r N  
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Pr = - cPp ( P r a n d t l  nunber) 
K 

(Lewis nunber) O12 Le = 
K 

- Urn 

am 
M- - - (Mach nunber) 

and 

xwA = ;JGw Ts Tref /zf (Recombination constant) ra te  
hyrn MA T., 

- 
For a noncatalytic surface (y  

$ i  = 0 for a l l  species. 

= 

For t h i s  case, Eq. (D17) becomes 

= 0 ) ,  eq. (D18a) through (D18c) give 
A 

-S 

a ci NS is a cq 
(-)s a i i  = - ( 1 - q  q = l  1 (- wq S 

Equation (020), similar t o  Eq .  (47b) ,  gives 

which may be employed a s  the boundary condition for  a noncatalytic surface 

w i t h  a multicomponent gas mixture ( w i t h  the binary assunption for  diffusion 
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I 

68 

coeff ic ients) .  

Eqs. (D18a) t h r o u g h  (D18c) in Eq. (D17) would yield the appropriate 

concentration sl  ip. 

For a fu l ly  catalyt ic  surface, employing y A  = 1 and using 

If the mu1 ticomponent diffusion coefficients are  retained without the 

binary assumption the under1 ined terms in Eq. (D13) are t o  be rep1 aced by 

a cj  NS Q a c  
j=1 Le a?r q = l  Wq a i i  
j* i 

NS ’ 

Li j - c - [- - c j c  - AIs 

and the underlined term in Eq .  (D14) are t o  be replaced by 

ac 1 a c j  NS 
-4 I C j  1 (- - - - -  1 NS L i j  

- 1  - I 
j=1 Le (i+TiT) aS q=l wq (I+=) a s  s 
j* i 

where the multicomponent Lewis nunber, L i j ,  i s  defined a s  
P Cp D i j  

K 
L i j  - - 

Simp1 i f icat ions For A Binary Mixture 

When a l l  the species in a gas mixture can be considered as atoms and mole- 

cules only (see r e f .  8 ) ,  Eqs. (D11) through (D18) may be further simplified. 
With the assunption of P /p  S = 1, Eqs. ( D 1 1 )  t h r o u g h  (D18) for a binary mix- 

Y 
ture yield:  



Concentration S1 i p  

I- 

Pressure S1 i p 

-s - - 4 P -P,+ 
a i i  

where we have used the equation of  state 

and neglected the higher order shear terms as well as diffusion terms. 

where we have again employed the equation of s t a t e  given ear l ie r  and neglec- 

ted higher order shear, conduction, and diffusion terms. 

Eq. (D25) we have also used the approximation: 

In o b t a i n i n g  
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To be more exact one may keep th i s  factor i n  Eq. (D25) .  

Temperature s l i p  

where 

1 

2 
and - < x1 < 1 fo r  0 < CA < 1 

obtaining Eq. (D26) ,  we have employed the equation of s t a t e  and % = 2WA. 

and diatomic molecules (WM = 2 W A ) .  In 

Wi th  frozen internal energy dur ing  reflection from the surface, the 

temperature sl i p  equation becomes 
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I 
I -  

I 

I 

I 

where 

For d ia tomic  molecules ( W M  = 2 W A ) ,  x 2  may be taken as u n i t y  f o r  

0 < CA< 1. Equation (D27) employs = 2WA. 

S Equation f o r  CA 

- 
Equat ion (28) ,  f o r  a n o n c a t a l y t i c  surface w i t h  Y A  = kwA = 0, g i ves  
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- 
wA: whereas u s i n g  Y A  = 1 i n  Eq .  (029) and i n  the expression for 

would yield the appropriate concentration s l i p  f o r  a f u l l y  catalyt ic  sur- 

f ace. 

W i t h  the following (somewhat inconsistent) assunptions, Eqs. (D23), 

(D25), (D27), and (D28) may be simplified t o  those obtained i n  re fs .  8 and 

11: 

( i )  In pressure s l i p  Eq. (D23), Pr = 1 i s  employed along w i t h  approxi-  

mat i ons 

- 
4 Y  
5 -  
- (-1s = 3 

Y - 1  
and 

( i i )  In velocity s l i p  Eq. (D25) the following assumption i s  made for the 

. mixture molecular weights 
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( i i i )  In temperature s l i p  Eq. (D27)  an assumption i s  made for .the surface 
- 

t o  be noncatalytic so that  kwA = 0. In addition, Prandtl nunber 

(Pr) i s  taken unity and i t  i s  assumed that  

( i v )  No assumption i s  required in the concentration s l i p  E q .  (D28). B u t  

i t  may not be appropriate t o  employ (Ref. 11) t h i s  equation fo r  a l l  

the species of  a multicomponent mixture. 

able to  concentration s l i p  of recombining atoms only i n  a binary 

(two-species) mixture (Ref. 8) o f  atoms and molecules. 

This equat ion  i s  applic- 

No equation has been obtained in reference 8 or 11 t o  correspond t o  E q .  

(D22) t o  obtain wall values of the species concentration ( C I )  

values a t  the edge of the Knudsen layer ( C i )  . 
from t h g  

S l i p  Expressions For A Single Species Mixture 

For a single species mixture (Y, = 0 ) ,  the following s l i p  expressions are 

obtained : 

Density S l i p  
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I 

Pressure S1 i p  
- I -  

Velocity S1 i p 

Temperature S l i p  [For a gas consisting uf molecules only ( i . e .  diatomic 

perfect gas)] 
- - - - - 

( D  34) 1 Y 2-8 € 2  = T w +  - (r)s(-) - - (gs 
Prs a n  TS 4 Y - 1  e 

1 
2 

where we have used x1 = - , or w i t h  frozen internal energy d u r i n g  

reflection from the surface, 
- - 

(D35) 
s a T  lJ - 

2-8 €2 (4 .j 1 Y - = T , +  - E (7)s(-) 
- 

- - 
2 Y -1 e PrS q c s  a n  

TS 

Equations (D32) (D33) and (D35) are the ones employed i n  References 8 and 11 

w i t h  Pr = 1. . 

I 

No-Sl i p  Species Concentration Boundary Condition 

Mu1 ticomponent Mixture 

The no-slip boundary condition may be obtained from Eqs. (017)  and 

(D18). 

almost zero, the values a t  the t o p  o f  the Knudsen layer become the wall 

i n  the absence of s l ip ,  the Knudsen layer thickness shrinks t o  
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values (See Fig.  1): 

1 

where 

fS (E 
q = l  Wq a i i  

A = 0 f o r  
{ A  = N f o r  

i = @ .  
i = N 2 '  

A = O , N  

- 
= 0 f o r  a l l  o the r  species Jli 

(D37a) 

(D37b) 

(D37c) 

where we have neglected the  h igher  order shear ( i . e .  Py/p W = 1 ) .  

For t h e  recombining 0 and N atoms, Eq. (D17) may a lso be w r i t t e n  as 

NS w ac  
ax q=1 wq a i i  c (- 3 1 w  CA" = { - +  a c A  

The recombinat ion r a t e  constant  kwA i n  Eq. (D37a) and (038) has been 

def ined as (Ref. 2 )  
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wi thou t  s l i p  and h igher  order shear. 
- 

For a n o n c a t a l y t i c  wa l l  ( w i t h  y A  = kwA = 0), E q .  (021) g ives 

f o r  a l l  t he  species o f  a multicomponent m i x t u r e  w i t h  t h e  b i n a r y  assumption 

about t h e  d i f f u s i o n  c o e f f i c i e n t s .  

B ina ry  M i  x t u r e  

Fo r  a two-species m i x t u r e  o f  atoms and molecues, Eq. (028) g ives 

(D41a) 

which may a l so  be obtained from Eq. (038) f o r  a sur face w i t h  f i n i t e  

c a t  a 1 yc i t y . 
n o n c a t a l y t i c  sur face w i t h  rwA = 0, Eq.  (D41) g i v e s  

- 
kwA i n  Eq .  (41a) i s  again obta ined from Eq. (039).  For a 
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I 

Eqs. (D41) and (D42) are obtained in re f .  4. 

(D30) in place of Eq. (D39) for obtaining the reaction r a t e  constant, 

As obtained in ref .  2, Eq. (D30) i s  more appropriate when s l i p  and higher 

order shear are included in the flowfield analysis (e .g .  under rarefied o r  

low density conditions). 

However, r e f .  4 employed E q .  
- 
kwA. 

If TWA i s  substituted from E q .  (039) in E q .  (D41a), we may also 

obtain 

where we have used the equation o f  state 

Eq. (D41b) compares with the corresponding equation of re f .  8, i f  one 

keeps in mind t h a t  the diffusion coefficient 

of s l i p  i s  related t o  the present variables by the relation 
FD ( o f  Ref. 8) in the absence 

I t  may b e  seen from Eqs. (41a) or (41b) tha t  the gradient ( a C A / a x ) w  i s  

or v A @ .  Therefore, fo r  surfaces which are  governed by the r a t io  LA/." 
almost noncatalytic, t h i s  r a t io  would be of the order of one for large 

values of t h e  Reynolds number parameter (l/E2). This would imply t h a t  a 
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Surface may behave e f f e c t i v e l y  as more c a t a l y t i c  under h igh  d e n s i t y  than 

under low d e n s i t y  cond i t ions .  
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APPENDIX E 

SLIP CONDITIONS IN THE SPHERICAL COORDINATES 

For analyzing the flow i n  the stagnation region of a body, i t  i s  conven- 

ien t  t o  use the spherical polar coordinates ( r & )  

flow. 

body-oriented ( s  , n ) 

fo r  the two-dimensional 

The following relations ex is t  between the spherical polar and the 
* *  

coordinates over the spherical portion o f  a body 

Figure E l .  Coordinate Configuration 

* * 
r sin 4 = R + n cos B 

1 * * 
r = rN + n = rN ( l + n  K )  , * K = -  

r N  

* 
rN$ = s ; B = 9 0  - $  
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or, i n  the non-dimensional form, 

where we have used nose radius, rN,  t o  nondimensionalize all  the distances 

(see Appendix 0). 

Using the relat ions given by (E2)  i n  Eqs. (011) t h r o u g h  (D19), we can 

obtain the s l i p  equations i n  the spherical polar coordinates for  a multicom- 

ponent mixture. 

g iven  for  a multicomponent mixture, following Eq. (38c)  of the main t ex t .  

b c e  again, these equations employ the simp1 i f icat ions 

Concentration S l i p  

/ (-+ PY 1 )  

PS 

where 
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Pressure S1 i p 

- LA A = 0 for  M = 02. kwA (-)w ; { A  = N for M = N2' 
- - 
MMy 

c M  

- 
M = 0 for  a l l  other atoms and molecules 
iY 

a i  
7 a+ aF 

-s z - (1 a i  p = {sj; - E 2  [ - P - - -  Z - ) l s  
3 

NS a c  
ar q = l  wq 

Velocity S1 i p  I 
! - 

(M- ) 
ar r - 

T I/ ' r e f  s 
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I 

Temperature -SI i p 
- - - - - - 
wS 

'i 

NS 
Aiy CY (-11 

i 
diatomic 
molecules 

- 

- - - c 
3/2 NS 3/2 ? 

C f  + 1 1 
+ - ( Y + l )  [ 1 (2) 

i = l  W i  i 
diatomic PS 
mol ecul e s 

NS ws 3/2 1 pr Aiy cy (2)) i. - ( 3  - +  1) 1 (-) c; 
W c p W  - (-1 /= diatomic i 'i PS i = l  Wi 

mol ecul es 

3 1 2  P 1 
+ -  ( Y + l )  1 (4 c;1 

i 'i diatomic * PS 
mol ecul e s 
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o r ,  w i t h  frozen internal energy d u r i n g  reflection from surface, 

- - - - - 

I 

- - 
1 P 3 / 2  NS 

+ - (3Y+ 1) 1 (2) 
i = l  W i  PS 4 

I 

'A . 
a ci 

{:+ - Fils 
i ar W 

C f = 1 +  A = 0 for i = 4. 
{ A  = . N  for  i = N 2 '  

where 

A = O , N  (ElOa) 
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-5 A = 0 f o r  M = O2 % =  - ' A  ' { A  = N f o r  M = N2 

s qi = 0 f o r  a l l  o the r  species 

and 
- - - - 

QY 2 y, Tcn wS 
? 
l! = - = [ 1 +  - (-) (&Js 
PS PS 

€Z% - T r e f  P T W, 

(ElOb) 

(ElOc) 

In o b t a i n i n g  these va r ious  equations, t h e  f o l l o w i n g  form o f  t h e  equat ion o f  

s t a t e  has been empl oyed : 

S i m i l a r  t o -  Appendix 0, Eqs. (E3) through (Ell) may f u r t h e r  be s i m p l i -  

f i e d  f o r  a b i n a r y  m i x t u r e  and f o r  a s i n g l e  species m ix tu re .  
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APPENDIX F 

INTEGRALS REQUIRED FOR OBTAINING VARIOUS FLUXES 

In order t o  o b t a i n  the normal fluxes of mass, momentum, and energy, i t  

i s  necessary t o  evaluate various integrals over the velocity space of the 

distribution function. These integrals involve terms that  are var ious  

velocity rnanents of the d i s t r i b u t i o n  function. 

for the net,  incident, and specularly reflected fluxes. 

basically the same as those provided in Reference 2 except for  some 

corrections and additions. 

The integrals are provided 

These integrals are 

F1. Integrals Over the Entire Velocity Space ( F o r  Net Quantit ies) 

W e-'d3W = 0 
Y 

Wy @ e'W2d3W = 0 

iW2 
W W . W .  e d3W = 0 

Y 1 J  

W W .  @ e-W2d3W = 0 i + y  
5 3/2 
,ll i = y  
4 

Y 1  
- - 
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I 

c o w m  1 3 1 2  
@ e-W2d3W = - n i # y  

4 
L L L  y 1  

,," c bpy WiWj e-W2d3W = 0 i #  j 

-@ 3 312  c l @ e  d3W= - 5 1  

Y 4 

w'y Wi @ e-w2d3W = 0 

5 Wi @ e-W2d3W = 0 

W,, Wi W j  '.& e-W2d3W = 0 

Wy e-W2d3W = 0 

J 

l 
5 a c a c o  L L L 

W W. b/+ e-W2d3W = 0 i # y  Y '  
- - - 35 .3/2 i = y 

8 

F2. I n t e g r a l s  Over t h e  Lower Hal f  Ve loc i ty  Space (For Inc ident  Quan t i t i es )  

II Wy e@d3W = - - 
2 

Q ) o o D  L O L L  W y 1  W. e-W2d3W = 0 i # y  

- - - . 3 / 2  i = y 
4 
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0 6  m L 'L L Wy @ e-W2d3W = - T 

i z  j m m -P L L / ,  W y 1 J  W.  W.  e d3W = 0 

W W W . W . e  -W2 d 3 W = 0  i z j a n d  
Y I I  J 

i o r j z  1 1  

-W2 
@ W . W . e  d 3 W = 0  i # j, i o r  j f y Y 1 J  

1 312 

8 
3 3 / 2  

8 

- - n  i = j #  y - 

- - i = j = y  

W W eeW2d3W = - 3 
Y 
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L W W.bh e-W2d3W = 0 i # y  

i = y  
Y 1  

35 3 / 2  

16 
- - -71 

F3. I n t e g r a l s  Over the per H a l f  Ve loc i t y  Space (For  Specular ly  
Ref lec ted  Q u a n t i t i e s  

-W2 lm Wy Wi e d3W = 0 i +  y 
m m m  1 3 / 2  

Wy (-Wy) e-@d3W = - - T I  

4 

lm W y @  e -W2 d3W = T  

,," W W. W.  e-W2d3W = 0 i #  j 
Y 1 J  

71 - - - i = j # y  
4 

w w  -W2 7T I, W (-W )2 e d3W = - 
Y Y  2 

Lm W W W. W. e-W2 d3W = 0 
Y I I  J 

f W W. IP e-'d3W = 0 
Y 1  
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-W2 5 3 1 2  
W (-Wy) ',$ e d3W = - - 7 1  

8 Y 

W2 Y 1 J  W .  W.  e-W2d3W = 0 i f  j, i o r  j #  y 

W (-W ) 9 e-W2d3W = - - ~ 3 1 2  i + y 
8 Y Y  

m m m  L Io L 

3 3 / 2  

8 
@ (-Wy)2 e-'d3W = - T I  

Y 

-W2 w ' y W i  e d3W = O  
m m r n  

I, I, L i f  y 

W (-Wy)2 b# e -w2 d3W = - 37l 

2 Y 
m m m  

I, I, I, 

m m m  L L  I, 
4 

-W2 
Wy e d3W = 3 n  

m m m  

I, I, I, 

wy wi P CW2d3W = 0 i f  y G b L 
-W2 35 3 / 2  W (-Wy) b/+ e d3W = - - T 

16 Y c lom c 

( - W  ) Y 
v e l o c i t y  component normal t o  t h e  surface, 

changes i n  t h e  d i s t r i b u t i o n  func t i on  f i  upon r e f l e c t i o n  from the  surface. 

appearing i n  the  i n t e g r a l s  emphasizes t h a t  the  s ign  o f  the  thermal 

(and consequently t h a t  o f  W ) 
"Y Y 
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