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Abstract

We discuss parameter and state estimation techniques for an elliptic
system arising in a developmental model for the antenna surface in the Maypole
Hoop/Column antenna. A computational algorithm based on spline approximations

for the state and elastic parameters is given and numerical results obtained

using this algorithm are summarized.
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I. Introduction

Proposed large space structures have many characteristics fhat make them
difficult to analyze and control [1]. They are typically highly flexible--
with components mathematically modeled by partial differential equations or
very large systems of ordinary differential equations. They have many resonant
frequencies--possible lTow and closely spaced. Natural damping may be low and/or
improperly modeled [2]. Coupled with stringent operational requirements of
orientation, shape control, and vibration suppression, and the inability to
perform adequate ground testing, these characteristics present an unconventional
control design problem to the systems theorist.

Frequently, linear multivariable control theory is applied to reduced
order models obtained from finite element software with the goal of controlling
the structure so as to meet the operational requirements without overly exciting
higher order modes. Difficulties can arise essentially from the process of
analyzing and designing controllers for flexible, inherently distributed systems
employing lumped parameter models and finite dimensional control methodology.
The effects of spillover, modeling error, and insufficient structural damping
are well known [1, 3] and may force the designer into Tow authority control
laws with compromised operational performance.

An alternative approach would be to acknowledge the distributed nature
of the problem and design the control system using distributed parameter
techniques. Many aspects of distributed parameter control theory analogous
to multivariable theory exist or are currently being developed [1, 4-7, 7a, 7b,
7c]. Unfortunately, control laws derived from distributed parameter theory
usually are infinite-dimensional and often require significant simplification

to be realized with current sensor and actuator technology. Although distributed



parameter control methodology may ultimately be applied to large space structures,
it is doubtful that first generation large space structures will have sufficient
hardware and computer capability to apply the resulting solutions.

However, even at the present time, much can be gained from the distiibuted
parameter approach in the area of parameter estimation. Whether the lumped
or distributed parameter control design approach is taken, there remains the
underlying need for design models which adequately reflect the structural
characteristics and which can be quickly and easily modified to carry out
parametric studies [3] and to perform sensitivity and robustness analyses
essential to control design [8]. There are also open questions in the under-
standing and modeling of damping [2, 3] which may be better treated within a
dfstributed parameter formulation. Finally, a distributéd model appears to have
the potential of facilitating the parametef estimation pfob]em for large scale
systems since quantities to be estimated will usually appear explicitly within
coefficient functions of the partial differential equations.

This report summarizes some of the results from an ongoing Langley Research
Center program directed towards deve]dping parameter eétimation techniques for
f]exib]e systems modeled by partial differential equations with an emphasis on
large space structures. The intent of the program is to produce general purpose
techniques'with a sound theoretical basis which are computationally efficient
while contributing to Langley's technology development program in large space
antennas [9]. Of the many techniques available for paraheter estimation in
distributed systems (for example, see [10]) the spline based estimation techniques
of [11-15, 15a] appear well suited for large space structures applications and
are currently being developed to treat this class of problems. Simultaneously,

an estimation problem associated with the Maypole (Hoop/Column) antenna [16]
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is being formulated and will be solved as part of the developmental process.

] The next section of this paper describes the Hoop/Column antenna and presents

the identification problem being considered. The parameter estimation approach
is then outlined and discussed in the context of the Hoop/Column application.
Subsequent sections include mathematical details of the antenna application

and numerical results.

II. The Maypole (Hoop/Column) Antenna

One of the planned activities of the NASA's Space Transportation System
is the placement in earth orbit of a variety of large space antennas. Potential
large space missions for the next two decades will require antennas and‘structures
ranging from 30m to 20km in size. Applications include communications (mobile,
trunking, etc.), remote sensing (soil moisture, salinity, etc.), deep space
network (orbital relays), astronom& (x-ray observatory, optical array, radio
telescope, very long baseline interferometry, etc.), energy, and space platforms.

For the purpose of techno]dgy development, the NASA Large Scale Systems
Technology (LSST) program office has pinpointed focus missions and identified
future requirenents for large space antennas for communications, earth
sensing, and radio astronomy [9]. In this study, particular emphasis is placed
on mesh deployable antennas in the 50-120 meter diameter category. Communication
satellites of this size will require a pointing accuracy of 0.035% and surface
accuracy of 4-8mm.  One such antenna is the Maypole (Hoop/Column) antenna shown
for the 100m point-design in Figures 1, 2, and 6. This antenna concept .
has been selected by the LSST office for development by the Harris Corporation,

Melbourne,AFlorida, under contract to the Langley Research Center [16].



The Hoop/Column antenna consists of a knitted gold-plated molybdenum
wire reflective mesh stretched over a collapsible hoop that supplies the
rigidity necessary to maintain a circular outer shape. The mesh grid can be
~varied to meet a given radio freguency reflectivity requirement. The annular
membrane-1ike reflector surface surrounds a telescoping mast which provides
anchoring locations for the mesh center section (Figure 2). The mast also

provides anchoring for cables that connect the top end of the mast fo the outer
'hoop and the bottom end of the mast to 48 equally spaced radial gréphite cord
truss systems woven through the mesh surface [16]. Tensions on the upper
(quartz) cables and outer lower (graphite epoxy) cables are counter balanced

to provide stiffness to the hoop structure. The inner lower cables produce,
through the truss systems, distributed surface loading to control the shape -
o% four circular reflective dishes (Figures 2 and 6) on the mesh surface.

Flat, conical, parabolic, or spherfcal dish surfaces can be produced using this
cable drawing technique.

After deployment or affer a long period of operation, the reflector surface
may require adjustment.. Optical sensors are to be located on the upper mast
which measure angles of retroreflective targets placed dn the truss radial
cord edges on the antenna surface. This information can then be processed
using a ground-based computer to determine a data set of values of mesh surface
location at selected target points. If necessary, a new set of shaping (control)
cord tensions can be fed back to the antenna for adjustment.

It is desirable to have an identification procedure which allows one to
estimate the antenna mesh shape at arbitrary surface boints and the distributed
loading from data set observations. It can also be anticipated that environ-
mental stresses and the effects of aging will alter the mesh material properties.

The identification procedure must also allow one to address this issue.



It is the intention of the authors to develop identification procedures
for use in distributed parameter models of’the mesh surface. Considering the
antenna to be fully deployed and in static equilibrium, we are currently
deriving a mathematical model which describes the antenna surface deviation
from a curved equilibrium configuration (for preliminary findings, see [16a]).
Using a cylindrical - coordinate system with the z axis along the mast, it is
expected that the resulting model will entail a system of coupled second order
linear partial differential equations in two spatial variables. The coefficients
of these equations are functions of the material properties of the stretched
mesh. The derivation and computer software for this model are still under
development. In the meantime, a simpler developmental (prototype) problem
has been solved which is descriptive of the original problem and for which the
software produced will hopefully be readily extended for use in the more general
case. |

For the developmental problem, the loading is assumed to be normal to the
plane containing the hoop rim and the mesh surface is assumed to be described
by the static two-dimensional stretched membrane equation [17] with variable
stiffness (elastic) coefficients and appropriate boundary conditions for the
Hoop/Column geometry. (We note that there is ample precedent in the literature
[17a, 17b] for use of a scalar Poisson's equation for the two-dimensional
stretched membrane as a prototype or developmental model in the study of large

space antennas.) Mathematically, in polar coordinates, we have

19 ou | JuUq _
" ¥ [rE(r,e) 5':] - F a0 [E(r,0) 'ﬁ] = f(r,8) (1)

wheré u(r,e) is the vertical displacement of the mesh from the hoop plane,



f(r,e) is the distributed loading force per unit area, and E(r,8) > 0 is the
distributed stiffness (elastic) coefficient of the mesh surface (force/unit
length). Equation (1) is to be solved over the annular region @ = [e,R]x [0,2r].

Appropriate boundary conditions ars

u(c,e)

n
(=

u(R,s)

1
(an]
—

N
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u(r,0) = u(r,2r),

where R is the radius from the mast center to the circular outer hoop, e is the
radius from the mast to the beginning of the mesh surface (see Figure 6), and Ug
s the coordinate at r = ¢ ¢f the mesh surface below the outer hoop plane. For the

100-meter point design antenna, one finds

R =580m
e = 8.235m (3)
u0 = - 7.5m.

We further assume that the distributed Toading along with a data set of

vertical displacements, um(ri,ej), at selected points (ri,e.) on the mesh

J
surface is known. Given this information, the developmental problem is to
estimate the material properties of the mesh as represented by E(r,0) and
produce estimates of the surface represented by u(r,8) at arbitrary (r,s)

points within @. The procedure applied to solve this problem is discussed

in the next section.



III. The Parameter Estimation Approximation Scheme

The first two authors aﬁd their colleagues have derived techniques for
approximating the solutions to systems iaentification and control problems
involving delay equation models and partial differential equation models in
one spatial variable and have used them in a variety of applications f18, 18a].
The Hoop/Column application requires an extension of the theory and numerical
algorithms to elliptic distributed systems in several spatial variables. The
approach, when specialized to the parameter estimation problem, may be summarized
as follows. (1) Select a distributed parameter formulation containing unknown
parameters for a specific system. (2) Mathematically "project" the formulation
down onto a finite dimensional subspace through some approximation procedure
such as finite differences, finite elements, etc. (3) Solve the parameter
estimation problem within the finite dimensional subspace obtaining a parameter
estimate dependent upon the order of the approximation embodied in the subspace.
(4) Successively increase the order of the approximation and, in each case,
solve the parameter estimation problem so as to construct a sequence of parameter
estimates ordered with increasing refinement of the approximation scheme. (5)
Seek a mathematical theory which provides conditions under which the sequen&e
of approximate solutions approaches the distributed solution as the subspace
dimension increases with a convergent underlying sequence of parameter estimates.

In applying this approach to the developmental problem described in this
report, the stiffness function is parametrized in terms of cubic splines
which converts the estimation of E(r,s) into a finite dimensional parameter
estimation problem. After writing the energy functional generic to the

membrane equation, we use the Galerkin procedure to project the distributed



formulation onto a finite dimensional state subspace spanned by tensor products
of linear spline functions defined over Q. The approximate displacement thus
obtained is expressible in terms of the spline basis functions. The Galerkin
procedure in this case yields algebraic equations which define the displacement
"~ approximation coordinates in terms of the unknown parameters. In order to
solve the approximating parameter estimation problem, the parameters defining
E(r,0) are chosen so that a least squares measure of the fit error between the
observed and predicted (by the approximate state) data set is minimized. Finally,
following steps (4) and (5) an algorithm is constructed to determine the
order of the linear spline approximation above whicH little or no further
improvement is obtained in the unknown parameters as one increases the dimension
of the subspaces. |

Following this procedure, a one-dimensional version of the developmental
problem has been solved [19] in which the schemes proposed were successfully

tested. Further details of the two-dimensional case follow.

IV. Finite Dimensional Approximations

' We choose a Galerkin procedure [20, 20a] with 1ine§r épline basis functions
to perform the finite dimensional approximation for fhe developmental problem
in which E(r,6) and u(r,e) of equation (1) are to be estimated. The boundary
conditions (2) are first converted to homogenecus formAby introducing the new

dependent variable
ylr,8) = ulr,e) - (== ) yy (4)

whereby equation (1) becomes



rE(r,e)u0

-%-3?-[rE(r 9) é%] - 2 ae [E( ,0) ‘1] f(r.c) + % é%'[ ”’;ji?i{"] (5)

with boundary conditions

Y(E’e) =0
y(R,8) =0 (6)
y(r,0) = y(r, 2x).
Following the standard formulation (see [20, 20a]) for the weak or
variational form of (5), the energy functional £ associated with (5) is
2n R 1 o
=/ {;5 E(r,0)vz « vz - f(r,e)z} rdrde, (7)
0 ¢
where v is the gradient in polar coordinates which, in the form used here,
is equivalent to
3 1 38 T
(revas ) - (8)
N
The function f is given by
" 1 s rE(r,e)uO
f(r0) = f(r,0) + ¢ 2 (=t ) (9).

and the vertical displacement z(r,8) of the mesh surface away from the hoop
equilibrium plane is a function satisfying the boundary conditions (6) and

possessing first der1vat1ves on @ in the mean square sense (we denote this by

1

Z € Hyspep(B) = Z).  The first variation SE of E about the function y(r,e)

is given by



10

2n R -
sE(y;v) = [ f {tE(r,e)vy . Vv - ?(r,e)v} rdrdo
' 0 «¢
2'04 R v
=f{ {E(r,e)vy - yv - [f(r,e)v +E(r,0)k - vvl} rdrds (10)
0 €
where
. u
0
k R-¢
AV
k = =
0 0
and v is an arbitrary function in Z = W (a).

0,per
Under sufficient smoothness assumptions one can integrate by parts in

the first term in (10). Then,if one invokes the conditions that y provides a
stationary value for E, the fact that 8E(y;v) vanishes for all v in Z yields
equation (5). However, we shall not follow this course, but rather we shall
apply the Galerkin procédure directly to the weak form of (5) given by
sE(y;v) = 0.

Given a finite diménsiona] subspace A of Z, the Galerkin procedure defines
the approximation 9 as the solution in i of

2m

R . . 2n R N n .
[ {E(r,O)vy . vv} rdrdo = [ {f(r,o)v +E(r,0)k -« vv} rdrde  (12)
0 ¢ 0 .

for all Q € i.
For coniputational efficiency, the basis functions used for the representations
of } in (12) are taken as tensor products of linear B-splines [20, p. 27; 20a,

M,N

ij where

p. 100]. Thus v and ; are in the space spanned by v



1

HNe) = o ete), (=1, M1 =0, N, (13)
ij i j
where a? and B? have the following formé On the interval [e¢,R] (subdivided by

defining partition points r? = e+ (R-e)(j-1)/M, 3 =1, ..., M1), aT is the

ith linear B-spline basis element, i=1,2,...,M-1, given in the following graphical

representation
1
. [ 4 @ }
MMM R
€ i T Tie2

Subdividing [0,2n] into intervals of uniform length 2n/N, we define B? for

j: ]’ “ ey N-1 by

1
P o {
2 . . .
0 TN FiFen o
] N
and define BN(e) as follows.
1
[ 4
0 2n (i-1)2n 27
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For y(r,8) within the subspace spanned byAv?jN we can write

or (rpweNgN gy (14)
i=1 =1 1 W

- Note that the coordinate W?SN is just the value of yM’N(r,e) at

r=€+‘l§-s
5 - d2n
N
. . M,N . _ M,N
Replacing y(r,0) in (12) by y *"(r,6) from (14), (and letting v(r,8) = vi3 (r,o)
for i =1, ..., M-1; J =1, ..., N) we generate the following set of algebraic
equations for WTSN .
M-1 N |
e M,N O MN _ MN MN - . P
121 i W ij KkF,ij = Fk( + Qkf (k=1,...,M-1; €=1,...,N), (15)
where
MN . 2% R

kgyig = § 1 BT (e)] - vlay(r)sy (o) Irdrdd

S [ JEISI OIS 5 o (ML oy () Irdrae (16)
M, M
27 R «;z.(r‘)ak(r‘) d N d N
+ (J) { E(r,0) —.-1~—r~2--~—~—- [ 35 85(0) 10 g5 eple)Irdrde .
27 R
Fﬁz = é J F(r,e)a(r) 3\ (¢)rdrds, (17)

and
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2n R ~
622 = é { E(r,e)ksﬁ(e)[ é% aﬂ(r)]rdrde. .o (18)

We note here that

MM MN _  MN MN !
Kee,ij = KTﬂ,kj = Kjie ™ Kij,ke (19)

The system (15) can be written in vector matrix notation as

where, in partitioned matrix form,

AN AN e, L T g =1, L, M) (21)

Pq

and, for fixed p and q,

MN _ MN |

A= (K., . 22

Pq ( p1sQJ) (22)

for (row) i =1, ..., N, and (column) j = 1, ..., N. From properties (19),

we also have that

MN MN.T MN
A =[A = A 23
Pq [ Pq] qp (23)
In addition, the vectors wMN and cMN are given by



and

MN _

MN
"IN

MN
"M-1,1

MN
"M-1,2

MN
“M-1,N

14

(24)



p—

MN MN
F Gy
MN MN
s 2 lllz
MN MN
Fiv Gy
MN MN
Fay + 65
MN MN
Fao + Gy
cMN = (25)
MN MN
Fan + Gop
FE?l Y
’ ™M-1.1
MN MN
Fucro ' Gy o
MN MN
=18t Oy N ]

For large values of the product MN, AMN

is high order, ((M-1)Nx (M-1)N).
It is a symmetric, sparse matrix which can b partitioned as (M-])2 NxN
submatrices. Sparse matrix techniques can be avoided in solving (20) if we

assume that E(r,0) is separable. That is,
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E(r,8) = E;(r) E,(s)

where E](r) > 0 and Ez(e) > 0; we may now write

MN N M N M
A . = .. + ' .
pi.ai - %1 Pqp * Sji ap
where
N N 2n N, o« N
aji = a5 = é Ez(e)aj(e)si(e)de ,
bM = bt - ]R E.(r)[ 4 aM(r)][ - aM(r)]rdr
QP pq . 1 dr “q dr p ’
e T e or 4 Mo L M) Jae
i ij Ty 2 do 55 de- P3
and
M M
dM = dM = jR E,(r) ﬁgffl_fgffl dr.
qp pq 1 r

XN = (a?j) (i=1, ..., N; 3=1, ...
R A I O R A T
EN = (c?j) (i =1, s Ny =1,

M - (dgq) (p=1, ..., W15 q=1, ...

we are able to rewrite (21) and (22) as

(26)

(28)

(32)

(33)

(34)

(35)
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MM OGN, MO
A =Db A + s

pa " Pgp N * dpq © (36)
AN =My Mo e (37)

where the symbol (@ denotes matrix direct product [21].

Equation (20) now becomes
o+ tMe ey - M (38)
which is equivalent [21, p. 261] to the matrix equation

SMOMN YN %M MN AN WMN

B W A +D W C' =E (39)
where

Wi (w??) (i=1, ..., M1; =1, ..., N) (40)
and

ny

g (FT? + G (=1, ..., W13 =1, ..., N) . (41)
The coefficient matrices of wMN in (39) have numerically attractive properties:

' N N

(i) all are symmetric, (ii) BM, CN, and o are banded (tri-diagonal), and

...y NN M ... ..
(iii) A" and D are positive definite.

Research to construct a numerical algorithm for solving (39) which
utilizes these properties is planned. At present, (39) is rewritten in the

equivalent form
w -1 -
L") 8N 4 NN Ty - )TN (42)

and solved by the Bartels-Stewart algorithm {22].



In order to estimate, via a numerical scheme, the functional coefficients
E] and E2, we must further parametrize these functions so that identification
is performed over a finite-dimensional (instead of an infinite-dimensional)
parameter set. Our approach here is to consider a spline-based representation
for each so that the shape of E], E2 is not assumed in advance (as would be

the case if E], E2 were assumed to be affine functions, for example). To this

end, we let
"
E](Y‘) = kZ] Vk\k(r) (43)
Ny
EZ(()) = jé] l‘jjuj((!) (44)

where Yk and éj are scalar parameters and A and M are cubic B-spline functions
defined [20, p. 61] over [e,R] and [0,27], respectively, whose orders are

independent of M and N. The functions have been modified so that u. satisfies

J
periodic boundary conditions. Using (43) and (44),

wo My

AT = E 8, Ay (45)
k=1

w0y

B = ] v, B (46)
k=1
N

Vv 1 v

=g e (47)
k=1

w0

D" = v Dy (48)

k

1



19

where the following matrices have been defined:

: A{j=([ (683 (0)8) (0)do ) (P=1y s Ny @ =1, oy N)  (49)
By - ({ MM a0 ol () Trar ) (50)
(p=1, ..., M-1; q =1, ..., M-1)
| D (1 w@r 2 Mo £ Nolae) (51)
k™A Mg B ds g
(p=]’ 2 N’ q = ]’ ’ N)
M
" R M (rjan(r)
S (/ v (r) dr ) (52)

We also obtain, using (43) and (44) to characterize representations for E] and

Ez,
g . (FMN + k i N; [ e (e)de
ij L k=1 uk
- M
1 R
- d M :
] kZ] vy { Ak(r)r ar ai(r) dr]) (53)

i=1, ..., M1 §=1, ..., N).

A:j( i
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We turn next to implementation of the parameter estimation scheme, i.e.,

k’
that appear in (43) and (44) and correspond to "optimal" values of the parameters

the numerical determination of v,, k =1, ..., M], and Gj’ =1, ..., N],

V. The Parameter Estimation Algorithm

Appealing to the ideas found in previous sections, we may now detail an
algorithm for estimating the coefficients Vs k=1, ..., M],and Gj’
j =1, ..., Nj,for E(r,0) that provide the “best fit" between approximations
for the state u and observed data Uy obtained from various sample points on
the surface. We may equivalently consider data for y by making the trans-

formation

yh(ri,ej) = um(ri,ﬂj) - (=g g (54)

fori=1, ..., L,and j =1, ..., L

r 8’

We organize the parameter estimation algorithm into the following steps.

1. Select an order of approximation for the cubic spline elements Ao

k=1, ..., M]; and uy J=1, ..., N], used to represent E] and E2'

Set n = 1.

2. Select M and N, the orders of the linear spline basis elements used

to represent uM’N (and yM’N),

3. Assume a nominal set of values for
v = (v], Vos s vMi) . (55)
and

6 = (875 8pr - vs 5N]) . (56)



10.
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Calculate the coefficient matrices in (42) and solve for WMN(

M,N

v,d).

Calculate, from (14), y (ri,e.;v,é) and evaluate

J

Y L

‘JMN (Vsé) = X Z [.yM’N(r'ae

LG j2853v,8) - ym(ri’ej)]z : (57)
]: J:

Proceed to step 8 if JM’N(v,a) is sufficiently small. Otherwise,
through an optimization procedure, determine a new pair (Vv,%¥) which
decreases the value of JM’N. If no such pair can be found, go to
step 8.

Set (v,8) = (3,3) and return to step 4.

Preserve the current values of JM’N and the corresponding (v,§) pair
as the nth entry in a sequence of these'pairs, ordered with increasing
M and N.

Proceed to step 10 if sufficient data has been obtained to analyze
the sequences. Otherwise, set n = n+l and return to step 2 with
increased M and N. The current values of (v,8) will be used as
initial values for the next optimization process.

From analysis of the numerical sequences, select the M, N entry
which indicates the best numerical results. The corresponding (v,s)
pair yields E(r,8) which determines the material properties of the
antenna mesh. The matrix wMN(v,s), when used in conjunction with

M,N

(14), determines an approximation y of the shape of the antenna

surface.

For the examples reported in the next section, a Levenberg-Marquardt [23]

(Damped Least Squares) nonlinear programming scheme was applied at step 6.
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A convergence theory has been developed for our parameter estimation

algorithm and will be outlined in section VII below. We instead focus next

on a comprehensive discussion of our numerical findings to date.

VI. Numerical Results

We present here our findings for a number of test examples. In Example 1
and 2 we demonstrate the effeétiveness of the scheme outlined in Section V
as it is applied to representative model equations. We then turn to Example 3,
which is constructed based on proposed physical characteristics of the antenna
surface (such specifications are detailed in [16]). Lacking at present
actual experimental data from the Hoop/Column antenna, we hope, in this
example, to best emu]afe the type of data expected from the antenna.

For each example, a L x L6 grid {ym(ri,ej), i=, ..., Les 351,000, Lol
of the data points is generated by choosing a desired shape u and evaluating
u (with noise added in some cases) at (ri,ej), =1 o La 3= L
the numerical package is then given the data and the distributed load f, where f
is calculated by substituting the noise-free u and a choice of elastic parameter

E into equation (1). For desired values of N and M, and an initial guess E0

for E,
we apply standard optimization schemes to minimize JMN (given in (57)). In

each case, we take E(r,0) = E](r)Ez(e) where we approximate E] and Es by

Tinear combinations of cubic spline functions in r and ¢, respectively.

-~

Throughout, equations (43) and (44) are used to represent E] and E2, using
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A1l numerical examples presented here were computed on the CDC 6600 at'\
Southern Methodist University: We would like to express our sincere appreciat%on
to David Krakosky at S.M.U. who assisted in the preparation of data and

graphical display of these results. The optimization scheme employed to
MN

minimize J°° is the IMSL version (ZXSSQ) of the Levenberg-Marquardt algorithm,
where we typically use default values of IMSL parameters.

For each example reported below, values of M (or N) are specified; in
order that M- 1 basis elements are used in both r and & directions, we take
N=M-1. Two measures of performance will be given in each case: (JMN)%
(which proQides a good measure of state approximation) and RM’N where, using
|+] to denote the L, norm on [e,R]x [0,2n],

MN_E'
R = —————— x 100%

measures the relative error between the "true" parameter E and the "optimal"
parameter EMN associated with the (M,N)th approximate parameter estimation
problem. We also renort CP time which can be reduced considerably by relaxing
the convergence criteria for the IMSL pachzge and by taking as initial guesses
(for the (M,N)th problem) the resultant EMN from an earlier run (E < M, E < N).

This procedure is used in Example 3.

Example 1.1:  Here we take ¢ =1, R = 6, u =-50, u(r,e) =
-(6-r)[(r-1)(sin(20+2) + 10] and E(r,6) = .25(r-3)2 + 2, for 1 <r <6
and 0 < 6 < 2n. A 7x7 grid of sample data is computed; throughout E2 is
fixed at E2 = 1 so that we identify E] only, starting from an initial guess

of E? = .001. Our findings are summarized in Table 1 and Figure 3.
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Example 1.2: We repeat the same example but now add random noise (distributed
normally with mean 0 and variance .75) to the data, resulting in approximately
5% relative error. Numerical and graphical results are found in Table 2 and

Figure 4.

Example 1.3: We repeat Example 1.1 (i.e., noise-free data) except that now

we estimate Ez(e) as well. We initially set E? = .1 and Eg

and hold fixed the leading coefficient (in the spline expansion (44)) for

(6) = .359(2- sin(3))

Ez(e). The results for M = 25 are found in Table 3 and Figures 5(a) and (b).

Example 2: In this example, we choose Ug = -24, ¢ =2, R =6,

G(r,6) = - (6-r)[ (r-2)(cos26+4)+6] and E(r,6) = (-§r v 7)(2 -%sin %), for

r € [2,6] and 8 € [0,21]. Again a 7x 7 grid of data is used in the optimization

procedure. As an initial guess for E(r,8) = E](r)EZ(e), we let E?(r)Eg(e) ]

and search for both E] and E2’ holding the first coefficient fixed in the
cubic spline representation for E2. A summary of our findings for Example 2

may be found in Table 4 below.

EXAMPLE 1

Table 1: Results for Example 1.1

M ghoN (3" CP time (Sec.)
4 4.75% 9.8 8.52
8 19. 647 3.61 23.97
16 4.66% 0.44 89.43
24 2. 257 0.23 284.03

32 0.68% ' 0.11 655.49



Table 2:

Results for Example 1.2

M RM’N (JMN)15 CP time (Sec.)

4 21.83% 21.26 6.78

8 18.92% 6.82 20.80

16 4.44% 5.73 104.97

24 2.34% 5.65 410.51

32 1.17% 5.64 815.85
Table 3: Results for Example 1.3

M g (aMNy’z CP time (Sec.)

25 9.16% 0.17 370.87
Table 4: Results for Example 2

M RM’N (JMN)’/2 CP time (Sec.)

4 6.86% 2.40 11.03

8 3.41% 1.58 34.21

16 0.99% 0.38 313.68

24 0.48% 0.10 1200.00
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Example 3: We present here our efforts to construct functfons u and E that

follow many of the specifications of the Hoop/Column antenna surface found in

[16].

As shown in Figure 6, the parent reflector has four separate areas of
illumination or aperture on its surface. Each separate area is assumed to

have the same parabolic shape given, for 0 < o 5_% and ¢ < r <R, by

us(R-r)
0 r-e.
R - ¢ [k(R)q2(8)+]]y Of_ei36

un(R-r) ) : . .
wre) = { ~ T k(55 apl0) + 1], F<o < S (59)
uO(R-r) 7

r-e <5
R kG ag(0) 1] g <0 <

where
q](e) = sine + cosé , (60)
2
dq d
- LK 1 my2 1 Iy m o
qZ(e) = az(e - 36) /6 + 2 ( - 36) .d_ez—— (36) + (0 36) de (36) + q](36)’
(61)
- 279936 7l d2q1 ey on 99 . |
27 T3 {ql(o) T 7592 L2 (35) 55 35 (3¢) - q]‘@i)}' (62)
1773 1 177,2 d2q1 17w 177, 99 7n
a3(0) = 230 - 36+ 5 0-g) — (Gg) (0 - 5) @ (55

—

L O (63)
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2
2 d 9

dq
279936 o 17n 9N 27ay a7
33773 {ql(z) 2592 57 (36) "% d (36) )} (64)

The parameter k > 0 is a stretch factor used to perturb the surface below the
conic (k = 0) shape.

For the complete surface, we define, for ¢ < r < R,

uo(r,o) 0<e 5_%
Lire -3, Feoecn
u(r,0) = (65)
uo(r,e - ), m <8 <-%;
uo(r,e - %;) , %; <8 <2n

The cubic polynomial fits (61) and (63) are used to ensure smoothness in @,

3=

. . m
in regions near 6 = 3, m, R 2n,

We turn now to equations for E(r,8) = f](r)fz(e). It is expected that
the mesh will be stiffest near the outer hoop (r = R) and around the inner

radius {r = ¢). For this reason we choose
E,(r) = 2t - tsinla %—}3] (c <r < R) (66)

where 1 is a constant dependent on the mesh material. Stiffness in the angular

’

direction is expected to be uniform, given here by

E,(0) = . (67)
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From data provided in [16], it appears that a reasonable value for ; (given

in units VN/m ) is
T = 3.391 ; (68)

similarly, other parameters are estimated to be Ug = -7.5m, ¢ = 8.235m, . and

R =50m. For the example reported here, we take k = .25.

» For each example below, a 24x 24 grid of data points is calculated by
determining u at (ri, ej) where ej are equally spaced in [0,27], j =1, ..., 24,

and the ry are spaced in a non-uniform manner, with more data points concentrated

near r = R,

Example 3.1: In an effort to determine how well the state approximation
scheme performs when E is fixed at the "true" value E = E, we solved the
"forward" problem initially to assess what values of JMN to expect in later
"inverse" problem runs. To this end, we compare in Table 5 below JMN for

various values of M (N = M-7). To interpret Table 5, it is helpful to calculate

the average error at each of the 576 sampling locations: In the case of M = 4 we

) _ d 1.
compute the average difference Iu(ri,ej) - uM’N(ri,e.)l = (J'N/576)2 = ,056.

J

Table 5: Example 3.1

(a")*
1.82
8 1.88
16 1.92
24 1.94
30 1.94

We note that a little reflection leads to the conclusion that the values

of J reported in Table 5 are not lower bounds for the values of J obtained in
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the minimization procedures detailed below (here we are using the approximate
states and a spline approximation to the "true" E). This is evident in the

subsequent tables for this example.

Example 3.2: We estimate E](r) cily, holding Ez(e) fixed at the true value,

Eé(e). For each M, the initial guess for Ey is E?(r) = 1. Our results are

MN

summarized in Table 6, and graphs comparing E] to f] are found in Figure 7.

Example 3.3:  We now hold E](r) fixed, E](r) z fj(r), and estimate E, from

the starting quess of Eg(e) =1+ .5 cose (in the case of N = 4). For

MN

N =28, 16, 24, and 30, we use the earlier converged value of E as the
"

Y
initial gquess (e.g., Eg for N = 8 is EMN,
are summarized in Table 7; graphs of E?N, plotted against EZ’ may be found

N = 4). Findings for this example

in Figure 8.

Example 3.4: We estimate both E](r) and Ez(e). Initial guesses for N = 4

are given by E?(r) = 5 and Eg(e) =1 - % sine; for N = 8, 16, 24, and 30,

TN, E?N) are used. In each case, the first coefficient

previous estimates (E
for E2 is held fixed. The convergence results for this example may be found

in Table 8.

Example 3.5: This example is identical to that of Example 3.2, except that
random noise has been added to the data. The new data a(ri,ej) is computed

by setting

u(r.i’ej) = n]J . Ok(ri’ej) + u(ri’ej)

where "3 is a zero mean normally distributed random number with unit variance
and

O(ri’oj) = .Ozsiﬁ(ri,sj)i :



N

4

8
16
24
30

[de}

16
24
30

24
30

M
R'1’N

7.50i%
4.06%
4.647%

4.87%

7.00%

37.38%

30

EXAMPLE 3

Table 6: Example 3.2

(MY
0.904
0.679
0.678
0.668

0.575

., MN L
(g"Ny

;

CRISIAL PAGE IS
BF POGR QUALITY

2
b

CP time (Sec.)

25.06

Table 7: Example 3.3

CP time (Sec.)

0.983

0.783

0. 705

Table &:

M

(J

0.963
0.635
0.636
0.627

0.634

14,37
19.31
56.40
73.68

133.07

CP time (Sec.)
2688
127. 31

129.81

139.19

378.21
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Thus, with probability of .95, the new data will satisfy

[i(rs05)]

.05

| A

so that data with, roughly, 5% noise level is used here.

We take E? = 1.0 for N = 4 and 8, and previous estimates are used as

MN

initial guesses for N = 16, 24, and 30. Graphical representations of E]

E; are found in Figure 9; our findings are summarized in Table 9.

Table 9: Example 3.5

N ghN (0'™Ny" CP time (Sec.)
4 148. 861 2. 669 41.57
8 5. 05 2.616 46.73
16 6.76% 2.612 45.72
24 4.99% ' 2.610 169. 22

30 5.33% 2.611 255.90

Vs
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VII. Theoretical Convergence Results

We present here a theoretical framework for the approximation scheme out-
Tined in Section IV. We shall first formulate the variational equation of state
and investigate some of its properties; spline-based approximating equations
(based on either linear or cubic spline elements) will then be constructed so
that we may argue the convergence of approximate states and parameters to the
“true" state and "optimal" value of the unknown parameter.

Appealing to the notation of Section II, we may write the total energy of

the antenna surface as

E(u) = ff (3 E |wu? - uf)d¥
H .

where the elastic coefficient E and distributed loading f are wfittenAin terms of

2 2 2 2

Cartesian coordinates in ¢ = {(x],xz) ER™ | ¢ < X] * X5 < R2} and

1

n,
0(n)}, here

u€Hé(?2’) {u€H]('§\i)|u=y+U,y€H

u
U(X],Xz) = E:ﬁ'((x

[}

7t x2) - R), (x],xz)e Q. (69)
From minimum energy considerations, we know that the state variable u is a
stationary point of £. That is, E'(u;v) = 0 for all v €.Hé(5), where E' denotes

1/%),

the Frechet derivative of E. We thus write, for any v E;HO\

o
]

E'(uiv)

[f {(Evu + wv - fv}d§ ,
"

Q

which yields the state equation for u e.H;(B),
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T (uv) = <, veEH() . (70)
Here <+,-> is the usual LZ(B) inner product and

gE(u,v) = [f Evu - vv dg.
&

We remark that if u and E are sufficiently smooth, we actually may use Green's

Theorem, ([27], p. 342)

Eve - vy = [ E¢ 9 gs - v« (Evg)
A an ,
y 1y 3

1

(for ¢ G‘H v EH ) to rewrite (70) as

- ff vv- (Evu)ds = [ vfdSs
& o

since v € Hé(ﬁ). Thus, for sufficiently smooth E and u, the state equation in u

becomes Poisson's Equation with variable coefficient,
- v . (Ew) =f.on 3. (71)

Before we consider various properties of the state equation (70), it is
natural to first transform the state variable u into a new variable y satisfying

homogeneous boundary conditions. To this end we define
y=u-U
and note that equation (70) may be rewritten 1in terms of y, v E:H1( ) as

0

rgE(y’V) = <f,v> - ra'E(Ua\’); (72)
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further, if E€ H](a) an integration by parts yields
dly,v) = <F,v> (73)

where F = f + v- (EVU).
Throughout we shall assume that f € LZ(B) and E€ Q], where the set Q]

is a given set satisfying
o e (M | 0emeE() <m, [El; <mh

These conditions on E ensure that, for any y € H (),

O —

2 2 ~
mly|] < dply,y) < Ayl (74)

(|'|j denotes the usual HI (%) norm) so that we may apply Theorem 6, p. 295 of [24],

to state the following existence theorem.

Theorem 1: There exists a unique solution u € H;(B) to the generalized
Dirichlet problem (70) (and thus there exists a unique solutiony €tH3(3) to
(72)).

In addition, we obtain the following regularity result, for E, f sufficiently

smooth.

Corollary 1: Let E€ Q; and f €.L2(§). The solution y to (72) satisfies
y €,H2(3) and

I¥l, < colIfl + [E[; + Iy]) (75)

3

for some constant cy. 1If, in addition, f€ W and E € C3, then y € HY(

&) and,

for some constant c],

|Y|4 E.C](|f|2 + |E|3 + lyl) . _ (76)
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Proof: = Theorem 17.2, p. 67, of [25] may be applied to (73) to obtain

IY|2+j A C(|Flj + |yl)

|~

c(If]; + v (E0V) |5 + Iy])

for j = 0, 2, and some constant c, from which (75) and (76) follow.

Clearly, statements analogous to (75), (76) may be made for the solution u
to (70) since u = y + U. In fact, although all results reported below involve
y, it is easy to see that the same findings hold for u. We first establish some

a priori bounds for y.

Lemma 1: Let E E’Q], fe F], fl bounded in LZ(B), and let y be the solution

to (72). There exist constants Ko» K (depending on Q] and 7y only) such that
I9(E,f)] < K, (77)

and

|vy(E,f)] < K, | (78)
uM%mUinEE%,féﬂ.
Proof: For v € Hé and y = y(E,f),

3] s 1R ]
so that, letting y = v,

m oy|® < 3p(y.y)

< |[Fliyl
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where |F| is bounded uniformly in E € Q, and f € F,. It thus follows that
2
lvy|© < kolyl - (79)
for some constant k0 and, applying Poincare's inequality (given by

Iyl < kqloyl (80)

for some constant k, and y € Hé; see for example, pp. 158-159 of [26]) we obtain
(78),

|vyl < koky = Ky

Combining (80) and (78), inequality (77) also obtains, where K0 and K] are

determined independently of f€ Flo Ee Q].

We turn now to the problem of approximating the state variable y for
given values of E and f. As our goal is to build a parameter estimation scheme
based on linear or cubic spline approximations for the state, we first transform
the domain ¢ into a new domain @ where spline basis elements are more easily
constructed. In this case it is natural tb transform from Cartesian to polar
coordinates so that @ is the rectangle (¢,R) * (0,21); spline elements are easily
defined on 9, whereas on 3 one must handle the problem of defining such elements
on the circular boundary of the annulus.

We transform from Cartesian to polar coordinates in the usual way; appealing
to Theorem 3.35, p. 63 of [26], we note that properties of this transformation
guarantee the existence of a bounded operator T: H](B) > H](Q) that is merely

the composition map

(Ty)(r,0) = y(e(xy5%,)) ' (81)
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where ¢ : § >  is the Cartesian to polar coordinate transformation. From [26],

1

we also have that T ' exists and is bounded.. In polar coordinates, the state

equation (73) becomes an equation on g,

aE(y,V) = <F,v> (82)

where ag(y,v) = [ (TE)v(Ty) - v(Tv)de
1)

and <F,v>o = ff (TE) - (Tv)da, (do = rdrde). Henceforth we shall not
Q

distinguish between <,> and <>, 0ra vector w and its transformed form Tw;
however it should be kept in mind that in (73) both y and v are in Hé(ﬁ) while

in (82) the transformed state Ty and associated vector Tv are in

1 1
HO,per 0

(q) satisfies

() = TH%(B). It is worthwhile to note that for smooth y € H.(3) (so that

1
O,per

y(e,06) = y(R,6) = 0 and the periodic condition y(r,0) = y(r,2n), (r,0)€e o .

we actually have y = 0 on 28), the transformed y€H

In addition, we remark that the gradient operator v in (82) is the polar
coordinate transformation of the usual gradient in Cartesian coordinates; that
is, in (82),

1 .
We.C0S8 - 1w sing

vw

"
—
[00)
(98]
~—

. 1
+ —
wrs1ne v WOCOSO

for w€ H](Q). It is interesting to note that although v in (83) is the correct
form of the gradient in polar coordinates, one often sees in the literature the
operator 6 given by

v
_ r
A . (84)
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In fact v and v may be used interchangeably in some circumstances (and indeed

the latter greatly simplifies calculations), largely due to the fact that

UW . VZ = UW - VZ (85)
and

Ve UW=V .+ W= aw (86)

for w, z€ H](Q). One must be careful however to use V,and not ¥, in cases
involving an integration by parts (Green's formula).

We turn now to spline-based approximation for the state variable y in (82).
For positive integers M and N we subdivide [e,R] and [0,2n] by defining partition

points v = ¢ + (R-e)(i-1)/M, 1 =1, ..., W1, and og: 21(3-1)/M,

J =1, ..., NM1. We then construct a k-th order spline approximation yz’N for
y using Galerkin techniques. That is, we find y?’NeE ST’N = span {VE’EJ,
i=1, ..., M], =1, ..., N]} where the basis elements Vk’ij are tensor
products of the k-th order spline elements,
N o) = o) B () ‘ (87)
k,]j ] 3\]

both aT j and BE j are standard k-th order B-spline elements that have been

1

modified to match the H () boundary conditions. That is,

0,per
M M .
i (€)= oy i (R) =0, all i,
and
N _ N .
Bk,j(o) = Bk,j(Zn), all j.
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We remark here that the dimension of SM’N depends on k as well as on M and N;

k
in the case of Tinear splines (k = 1), M} = M-1 and N] = N.
To approximate the solution y to (82) for fixed k and E€ Q], f'GiF] given,
we look for a solution yr’N in ST’N to the Galerkin equations,
MNC MM, M,N
aE(yk ’ vk,]J) = «<F, Vk,'ij> (88)
fori =1, ..., M] and j =1, ..., N]. In the case of linear splines (k = 1),

substitution of (87) into (88) yields the algebraic equations found in (15) of

Section IV. There is no difficulty in establishing existence and uniqueness of
. &
solutions to (88) given the properties of the inner product matrices that appear

in the algebraic equations derived from (88).

Our goal is to construct a sequence of parameters (EM’N, ?M’N) ezQ] x F]

and associated solutions yT’N(EM’N, ?M'N) to (88) and determine that
@Y, N o @7 and YMEDN M) LV F) i some senses here (E.F) is

an “optimal" parameter vector in the sense that it minimizes a distributed least

squares fit-to-data criterion of the form

HEF) =[] | y(£,6) -y | d,
9]

where Yn is the interpolated form of the pointwise data (transformed to

satisfy homogeneous boundary conditions, as defined in (54)). If we use the

form of the cost functional given in (57) we must strengthen the convergence
results given in this section which can be done, but at the expense of additional
technical tedium. Given pointwise data, we can use the J just defined if we
interpolate this data. The minimization of the cost functional is performed

over some constraint set Q + F. In the case of linear splines, we choose
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QxF = Q] x Fi and, as later results will show, we do obtain the desired
parameter and state variable convergence as M,N » ». If, instead, cubic splines
are to be used, convergence results are obtained at the expense of the require-
ment that Q and F be smoother sets. In particular, we need Q = Q3 and F = F3

where, for p = 2, 3,

o
i

: (€ P(a) |E€ Qs E, < m)

= (fe WP o) | fer

\'1
i

| f] nl .

17 Hpy =

Before considering parameter and state convergence, we establish the con-

tinuous dependence of y, yE’N on the parameters E and f.

Lemma 2: Let k = 1 or 3.

(a) The mapping (E,f) ~ yt’N(E,f): Q] x Fy o> H;(Q) is continuous in the

L2 x L2 topology on Q] x F] .

(b) The mapping (E,f) » y(E,f) : Q] x Fy > Hé(Q) is continuous in the

L, x L2 topology on Q] x F]. At (E,%) €.02 x Fz, y is continuous in

the L2 X L2 topology on Q] x Fq-

Proof: We first consider the continuity of (E,f) » y(E,f). Let E, E€ Q],

£, %‘e,;j and let y = y(E,f), y = y(E,f). Then,

// Ev(y—}) . yvds

f](é-E)v} - vde + [f (Evy - Evy)-- wvdg
) )

)

~ ~

(E-E)vy - wvde + ag(y,v) - ag(y,v)

1
S—
S

s

/] (E-E)V& - vvde + <F,v> - <E,v>
Q
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for all v E,HA(Q) where we have used (82) in the last equality and

F=f+ v . (EVU), F=fFf+v. (EWU). In particular, if we let v = y - &,

we obtain
Jf E 19(y-y)|%da = ff (E-E)uy - v(y-y)da + <f-F, y-p
0 ]
+<v - {(E-E)WU}, y-y> .

After an integration by parts and several applications of the Cauchy-Schwarz

inequality, we have

A

mlv(y-y)12 < [(E-E)vy] [oly-y)| + [£-F] |y-y] + H(E-E)vU| | v(y-y) |

IA

Ky (E-E)vy] + Kol f=F1 + K [ou]_ |E-E| ~ (89)

where here |.| denotes the Lo(2) norm, |+| denotes the L_(2) norm and K

0r K
are given in Lemma 1. Thus
19-315 < c([(E-E)og] + [£-F] + |E-E[) | (%0)
for some constant ¢ > 0. For (E,%) €,Q] x Fy we have, since ye¢ HZ,
|y-¥15 < cUE-E], [oy] + |£-F] + cle-E|)
< c(KyJE-E|_ + |F-F] + E[E-E[) , (91)

so that (E,f) - y(E,f) is continuous in the L, x L, topology. If in addition
(E,%)E’Qz x F,, SO that 9 € H3 (from the proof of Corollary 1), we obtain from
the Sobolev Imbedding Theorem (see p. 97, [26])
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IVYIm iEIYI3

A

where [9|3 is in H because (E,f) €Q, x F, (again see the proof of
Corollary 1). The continuity of (E,f) » y(E,f) at (é,%) in the L, x L,

topology is thus assured since (90) may now be rewritten as

Py 2 ~ A ~ -~
ly-y17 < clIE-E] Juy|_+ |f-f] + |E-E]). (92)
For k = 1 or 3, the continuity of (E,f) » yr N(E,f) in the L2 x I__2
topology is apparent from (88). (See, for example, the algebraic equations
(15)-(20) in Section IV that replace (88). in the case of k = 1; we note that
[Kp[_ 1J]< ClE] andIF

C is a constant depending on M and N. A comparable statement may be made about

< C]fl for i,0 =1, ..., M-1 and j,¢ =1, ..., N, where
the matrices involved in the algebraic equations derived for the case of k = 3.)

Our later convergence arguments rely heavily on certain spline estimates
that are simple modifications of those found on pp. 83-84 of [20a]. (In particular,
our calculations must take into account the fact that the spline basis elements
“t,i on [e,R] and 82,3 on [0,2n] satisfy zero and periodic boundary conditions
respectively. This causes no difficulty since we will only use those elements
to approximate functions that satfsfy such boundary condtions. For example,
in the case of linear splines, {uM} contains all the standard B-spline "hat

function" basis elements {a } except the "half-hats", u], am+] If g €;Hé(e,R),

then the linear interpolating spline for g at knots {ri} is given by

1,9= ] d.c; where necessarily € = Cyyq = 0. Therefore, 1,9 = ] aic.
j=1 JJ 541

Similarly, {3 } contains all the standard B- spl1ne basis elements {%N} defined

Jj i+

on [0,21] except that s] and e:+] are comb1ned to -form

-

et
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one element given by ﬁﬁ E? + §ﬁ+,, We thus get, four a 2i-pericdic fanction g,
N+1 N N-1 "
19 = 1?} 510 = Z B1d, + (dy + dy,q)%;.) The spline estimates needed for

later convergence proofs are given below.

k+1 1

0,per

M.N

Lemma 3: Let € H (9) NH (2) for k =1 or 3. If Pk’ denotes the

canonical projection of L,(%) onto ST’N(Q) (in the LZ(Q) topology), then

M, - (k+ k+1 .
1o - PNl cglim) (k1) k1 (93)
M,N 'k k } n
o (o - PNy < oy (92)
D, (6 - Py M)l < cq )R a5)

Finally, we consider the existence of "optimal" parameters (£,%),
=M N H N

determination of a sequence ((E™ )} of approximating pavameiors and the
convergence, in an appropriate sense, of (EM’N ?M’N) to (E,F) end the corresponding
state variable convergence, of v N(F ’J i N) te yiC, %),

Lemma 4: Let Q, < F, be compact in the L,(x) » L,(:) product topeioyy and

- . ; . ,=MN MM,
Tet k = 1 or 3. Then there exists a solution (EI'J,fM")<x ), - F, to the

i "

M,
problem of minimizing J; N over Q] ¥y where

M,N {5 2
Jp (B f) = ij yy (E.f) - v,1%da

and yﬁ N(C,f) is the solution to (£&; associzted with parameters (£.f).

Proof: The result follows immediately from Lemma 2, which quarantees the

continuity of Jf’N over the compact set Q] % F].
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M,N ZM,N

The sense in which (E°",f ") approximates (E,f), and in turn yM’N

(EM,N’?M,N)

approximates y(E,f), is given in our final two results.

M,N M,N)

Theorem 2: Let {(E

yf’N be the solution to (88) corresponding to EM’N,fM'N.

f } be a sequence of parameters in Q] x F] and let

(a) If there exists (E,f)€ Q; x F such that (€™M L (£,£) in the

L x L2 topology, then yT’N + y(E,f) in Hé(ﬁ) as M,N » o,

(b) Suppose further that (EM’N,fM’N) € Q] x Fis (E,f)e Q, x F, and

that (EM’N, M’N) + (E,f) in the L2 x L2 topology. Then yT’N -+ y(E,f)
in Hé(ﬁ) as M,N > w, If (E,f) 6'03 * F3, then yg’N » y(E,f) in
Hé(ﬁ) as M,N - o

Proof: For parts (a) and (b) it suffices to show that

IyE’N(E,f) - y(E,f)I] 0 as M,N -+ =,

uniformly in (E,f) (in the desired parameter set), because we may then use this

result to demonstrate that

M’ b4 2 M) M’ M’ M’ M9N
M ERN AN e < N EMN Ny ),

g MMy

+ |yl y(E, )],

where both terms converges to zero as M,N » ». Here we have used the appropriate

continuity result from Lemma 2 to argue the convergence of the second term above.

Let (E,f) E’Q] < Fy. For k = 1 or 3 we subtract (88) from (82) (with
vV = vk,ij € HO,per(Q)) to obtain
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M,N

M,N . X 1

fori=1, e M], J=1, ..., N]' That is, Yk is the projection of y € HO,per

onto Sr’N in the‘aE(-,-) topology (equlvalent to the Hé topology). We thus

obtain, letting y = y(E,f), y N z (E f),

M,N M, N)

M.Ny | 2
mvly - v < ey -y vy -y,

| A

M, N M,N
aply - Py, y - PLTY)

| A

e
<mvly - P Ny 12

MiN v 2 .
s melfp {y - Pyi " v D (y - Pk )12 (96)

where.Pr’N was defined in Lemma 3 and (83) was used to establish the last

inequality.
We consider part (a). For k = 1 and (E,f)€ Q] x Fy, we may use the fact
that y € H2(q) (Corollary 1) and estimates (94), (95) and (75) to claim that the

bound in (96) becomes

M, -
90y - ¥"N)12 < 2y 2 BE 1522

M) 2(1E] + (EL + ly])?

for some constant C. From the definitions of Qs ¥, and the a priori bound (77)

on y (uniform in (E,f)) we thus have that

M,N
|2

vy - ¥} )7?

~ C(MN

for some constant 6, where C is determined independent of M, N, E and f.

Therefore, ivT'](y yT N)|2 = O((MN)'Z) so that (writing y, yT’N for T']y,
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] M N), MN- y in H;(ﬁ) as M,N > =, uniformly in (E,f) E;Q] x Fq. Hence

part (a) obta1ns.
To prove part (b), we repeat the above arguments for the case of k = 1

and similarly obtain the convergence of yT’N

to y in H;(B), for fixed
(E.f)G'Qz x F,. To consider the case of cubic spline approximations (k = 3),
we note that (E,f) € Qq x F5 implies that y € H'(a) (Theorem 2) and that,

following (96) and the arguments for part (a),

M, |
v(y - yiM12 < 2ckom) ™8 BE jplyj2

M) (IFL, + JEL; + Iy)?

| A

using (76) to obtain the second bound. Using (77) and the definitions of Q35 Fy»

we are able to claim that

M, " -
vy - Y312 < comy®
so that yg’N >y in Hé(ﬁ) uniformly in (E,f) € Q3 x F3.  The proof of part (b)

is then complete.

Theorem 3 (a) Let Q] x Fy be compact in the L_ x L2 topology. For each

M,N there exists a solution (EM’N,?M’N) to the problem of minimizing JT’N over

Qy x Fy- In addition, there exists (E,f) € Q; x F, and a subsequence (relabelling)

-M 9N -M; N MaN "M.’N. = 7
(eI, FI )y o (BN FN)) such that (97, F 7)o (E,F) in L x Ly,

Mi,Nij =M N5 _Ms,N;
AN TT A J’f J*J

y ( ) -~ y(E,f) in nl(%), and (E,F) is a solution to the original -

0
problem of minimizing J over Q] < Fy-

-
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(b) Let k =1 or 3. Let Q] x F be compact in the Ly = L, topology

and (EM N fM N) a solution to the problem of m1n1m121ng JT’N over Q, x Fl.
M NY My N
There exists (E,f)€'Q]><F] and a subsequence ((E 3’ J,f 3739} such that

-M~,N‘ _M-,N- e -
(EI"F) S (E,F) in L, x L. If in addition (E,f)€ Q, x F,, then
2 X Ly 2 * ¥

Ms, N

y]J J(E

Mi,N; M - -
I*N of 3 J) + y(E,f) in H (3) and (E,f) is a solution to the original
parameter estimation problem of minimizing J over Q] x F]. If (E,?) € 03 x F3,

the same statement may be made in the case of k = 3 (cubic spline approximations).

Proof: It is easy to arque, as in the proof of Lemma 2(a), that

M,N .
1 s
F]. Thus, for each M,N, there exists a

(E,f) » y] (E f) is continuous in the L x L2 topology, so that J

continuous over the compact set Q] x

solution (EM N fM N) to the approximate parameter estimation problem. From

-Mi N3 -M: N
the compactness of Q] < Fys there exists a subsequence {E J J,f 3"y and
s J’NJ -MJ,N] - -
an element (E,f) € Qg x Fy such that (E ,f ‘) > (E,f) in (B L, and,

Mj,Nj, =Mj,N5
from Theorem 2, y] (e J,f b N‘]) ~ y(E,f) in H (() Flnally,

. M Ns SMNC MLN,
J(E,f) 3,77 e T F T

"
S.

MJ NJ-)co

|A

lim Mj,N;
J (E,f)
Mj,Nj-* ]

J(E,f)

for any (E,f)E‘Q] x F], where we have used Theorem 2(a) and the fact that

MJNJ_MJNJ _ Mj,N; - .
(€ .f ) is a minimizer for 9 over Q] x ¥y. Therefore, (E,f)

is a solution to the original parameter estimation problem.
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To prove part (b), we duplicate the above arguments for both linear and
cubic spline approximations, applying Theorem 2(b) and the L2 topology on

Q, (03) throughout.

Before our theoretical justification of the spline-based estimation scheme
is complete, we must indicate one final result that focuses on the means by which
we solve the (M,N)-th approximate parameter estimation problem.. It is implicitly

. . -M N =M,
assumed, in the previous calculations that we are able to compute (E ’N.f N), a

solution to the problem of minimizing JT’N over a suitable parameter set Q x F.
In fact, the sets Q x F considered here are infinite-dimensional so that we
must perform the minimization over a function space. To implement the
approximate estimation scheme, we actually parametrize E and f and minimize

TN P eMaN. 10 MN, L)

JM’N To see how (E

x over a finite dimensional set Q
(a solution to this problem) approximates (E,?), we are forced to consider the
Timit of such a sequence as M, N, I, J » «, That we actually obtain the theoretical
‘convergence of such a Sequence (or subsequence) is an easy extension of the ideas
in [15a]; these techniques have already been successfully implemented and are

described, for the case of the antenna probliem, in section IV.
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FIGURE 1.  Deployed Maypole (Hoop/Column) Antenna



iy

50

FEED ASSEMBLY
(4 REQUIRED)
__—FEEDMAST
HOOP.SUPPORT CABLE

UPPER MAST '
SURFACE

HUB

100 m DIA HOOP
(3937 IN.)

SURFACE \ HOOP SUPPORT CABLE -

CONTROL CABLES

-FIGURE 2. Side View of Maypole (Hoop/Co'i_u.hﬁ') Antenna



i
o
H
-
’
{
A
d

51 - ORIGiNAL

PACE s

S al

ECR) OF
: POOR QuaLitY
s : . s
.4 .
INITIAL GuEes FOm gem) . ‘
3 4. ..-""
)
1 ]
0 ——— e e e
1 g
-y p
-. .
14 L4 L 14 1 ¥ T L T ° ¥ 1 . 1 T T T L -
1.4 8 28 2 38 a4 a8 [ I N s 1.8 & 28 3 38 4 45 8 5.8 o
oo ’
ad ] T APPROXIMATE I(l) L}
bt xnn& (OH Veoor TRUE ELRD
]
]
T 1
' 1
t
| Neg 4
.
[
3 3
. 2
!
1 '
° [
T T v T v -7 T — Y I ' 1 14 1] L LI 1 T
1 1.8 8 &% 3 3.6 a4 aF5 5 £ e A T S P S B B
T ARPROXIMATE I(.) L]
o= APPROXIMATL L(R) L] [ S
Sever vmAE "I.) q . TRUL ‘(.)
s L
!
~e3R
a e J //
J
3 3 4
s & 4
' 4
!
: |
¢ T T T T ' T T = T 1 ¢ T T T T T T T 7 T
3 3.8 [} 2.8 2 3.8 L] . s 5.6 € 1 1.6 2 8.6 2 3.8 L} 4.5 s 5.5 s
T APPROXIFATE E(R) ) = T APPROXIRATE E(R) "

Seoor oL ‘( ) .

Figure 3:

Voo pmue & a)

Example 1.1



MIPITTAGS S et g et e = e

B e SE T S VN S

s s
L] W =
.7 4 -
INITIAL CLESS FOR L(m) 4 CORRUPTED DY NOIBE  Ned
3
.~..._.-~. '."'._',." a
s J e ecaresasaneee =" 3.
‘I ) ] ‘...‘..""u....--«ac-oﬂ""..
‘e
1 4
-1 J !
}
}
-8 v B3 J ¥ T T T T * T T Y T T T T Y L R |
L8 1.8 s as 2 38 .8 [ 5.8 s 3 1.8 [} 0.8 H 3.8 ) a8 s 5.8 .
| T m n n — APPROXIMATE [ SL 3] L]
Qow 1y 4 (1LY Voo YRUE EFR)
b4 s
.
CORRUSTED BY NOISE  N=8 ¥ CORRUSTED BY NOISE Ne16
4 4 . rd -

| g 14
b T T T T T T 7 7 e 7 T T =T T =T T T T
3 1.8 e 2.8 3 3.5 4.8 $ s.$ [ L8 1.8 2 2.6 3 3.8 o 4.8 [ 4 $.8 é
T APPROXINATE [ (R) R — APPROXIMATE E(R) L]
Veoer PRUE "‘.) Veeor paug “‘., J R
[ s
é P CORRUPTED BvY NOISE LY 2 o CORRUPTED BY NOISE Ne IR
.
: 3
. ® [
Y- I
i T T T T T T M ! i T T T T T T T T T
3 1.6 4 8.8 3 3.8 4.8 $ s.8 [ ] 1 1.6 2 2.5 2 2.8 4 4.8 ] 8.8 6
= APPROXIMATE LIR) L] T APPROXIMATE E(R) [}

beoes TG £40)

Figure 4:

Veces TRUE "(.,

Example 1.2

ORIGINAL PAGE IS
OF POOR QUALITY

b4



E,(R)
1
s
4 ] ) o
F et
U
N 3 4 .
T el e
S T Oy
o 2 J Tt
N
v
A . 1 4
L
U
€ 0 et e e e e ]
s 7 .
Initial Guess for E](R)
-1
B ; T T T T T T T T T
1 1.5 2 a.s 3 3.s a 4.5 s 5.5 6
Y
\-oo true E-I(R) R
initial E](R)
s
4
F
U
N
c
T
: 1 3
,l 0
™
v
PS
o 2
U
3
» S
r 1
9 - T T T T T T T T T
1 1.6 2 2.8 b | .3-5 4 4.5 S 5.5 6
—— approximate E](R) R
Veeoe <o
true E](R)

- Figure 5(a): Example 1.3




54

Ez(e)

OMErdC ZOm-402CT

- - ek T

o . INITIAL OUESS FOR
E,(e)

-1

, ° 1 a 3 . 5 6
\.... true E,(0) THETA
=7 initial E, (o)

‘Ne26

E,(e)

OMCEPC 20%-402CM .

T T T Y T 1
; (-] b a8 3 S
-eme approximate EZ(G) THETA

oo
true EZ(O)

Figure 5(b): Example 1.3




FIGURE 6.

55

ORIGINAL PAGE IS
OF POOR QUALITY

- i VERTEX({TYP & PLACES)
Y
SURFACE OF
! ILLUMINATION
Y
- \\ /’f =
\ \

'd

] RADIAL CORD

-Maypole Hoop/Column Antenna Reflector Surface



56

t 14 or L 1

2°'¢ 9|dwex3

[
w0

b o o = s @ - v —--— -

.ama e —- - —— . —- - o

[
('3 i

i

I

|

14 or SE

(1 o2

g2
1 J | 1

c——g e =

e o - —— - e o

. - — - T —— — — S S W - ———— — - - ]

(93

(24

:/ d4nbL4

()3

s t14 .1 (1]

e 0 e e —— - ———-—— - - - -

s S




37

()3 ¢£°¢ alduex3

YidHl
€

:g 94nbL4

¢ c._.!u*?m&cmﬁum

(ViDL)D L —

1 1 | 1 1 1
(]
e ———
Xt e
- ~,
g s
- ~.
R /a/ R
\s\ s~
-’ -,
- . .
b o o e -]
- e
(Wi3H1)ID €
- 8 o N N
- -
(YL YILINS =-
Yi3NL TN y1 i H T2 LW ot} wi3HL T Nl g H-9 =3
(Yi3HLII INYL —o (YiDHL)O)3 Ml —
9 - [ 4 € e 4 (-] 9 L 4 € e [ ]
l A 1 1 1 1 1 2 1 1 -1 —
e [ J
‘\n\tl\||l’ol,o’l -\t\l.\lllclol,"o
- ~. - ~,
- ~. - ~.
e -. . -~ N
.\.\ o R -7 /al. 3
\.\ ~. - ‘~
- Sl g ‘..
o @ o = -~ e @ oo @ = paad 2 S
- 8 R
(ULINL)II ol 3 % T8k | - ¢
- \-l.l.tlfl.Oli - ——ceeaa. . \lil.!.!tl.ll!l n~\ l.cl! llllllllllllllll .. ;tto r.v
\c\. oo teacscse oov N. tterncare"" Secencesss” N
o N ~- c.
8 o N -y $ > o N ‘I »
i |

e ———re W .




G°¢ a|dwex3 :g aunbiy E,_u.mmmzm.mwuwum i
()3 It

-] L —
os Sy or - ot s3 o2 81 o1 (1] (14 or St et s2 ez 34 ot
| L 1 1 1 1 1 1 1 1 4 1 1 1 1 1 i | 1
° | e
_ ”.
- a ~ a2
> >
) 9
F e 8
!
cad's w a3
»2 = N T3N3 ASION LN3OW3d S ' 9% = N T3N3 3SION LNIOM3IAd S ,
o ” ' - ,
" ot e
] o
os S» [ 4 1 [ 2 o2 E 39 (24 . s Sv» or € (1> s2 o2 9% 34
1 ] L i 1 1 . 1 1 L —l i 1 | 1 L
@ Q
. . —_——- ]
o— e ot e e e e ] e e e am - mee—cmmce s e eame e e o 6 e 4 2 0 e s e o 0k
- 2 e
1 4 1 4
9 2
- 8 8
a.u.u | f, hS !
8 = N UINI3T 3SION LN3ION3d S . (93 . ‘
| v o N TINIT ISION ANIDN3d S Y |

[~} . o1




e G s et 34

[1]

(2]

[3]

[4]

[5]

(6]
(7]

[7a]

[7b]

[7c]

(8]

(9]

(10]

[11]

59

References

M. J. Balas, Trends in large space structure control theory: fondest
hopes, wildest dreams. IEEE Trans. Auto. Control, Vol. AC-27, (June,
1982), 522-535.

P. C. Hughes, Passive dissipation of energy of large space structures,
J. Guidance Contr., Vol. 3, (1980), 380-382.

R. Gran and M. Rossi, A survey of the large structures control problem,
Presented at IEEE Decision and Control Conference, Ft. Lauderdale, FL,
1979.

J. L. Lions, Optimal Control of Systems Governed by Partial Differential
Equations. Springer-Verlag, New York, 1971.

D. Russell, Controllability and stabilizability theory for linear PDE's:
Recent progress and open questions. SIAM Rev., Vol. 20, (1978), 639-739.

A. V. Balakrishnan, Applied Functional Analysis. Springer-Verlag, 1976.

R. F. Curtain and A. J. Pritchard, Infinite Dimensional Linear System Theory.
Springer-Verlag, 1978.

W. H. Ray and D. G. Lainiotis, Eds., Distributed Parameter Systems:
Identification, Estimation, and Control. Marcel Dekker, New York, 1978.

J. S. Gibson, The Riccati integral equations for optimal control problems
on Hilbert spaces, SIAM J. Control Optimiz. 17 (1979), 537-565.

J. S. Gibson, An analysis of optimal modal regulation: convergence
and stability, SIAM J. Control Optimiz. 19 (1981), 686-707.

Special Issue on Linear Multivariable Control Systems. IEEE Trans.
Auto. Control, AC-26, (February, 1981).

R. A. Russell, T. G. Cambell and R. E. Freeland, A technology development
program for large space antennas. Paper No. IAF-80A33, presented at
Thirty-First International Astronautical Congress of the International
Astronautical Federation, Tokoyo, Japan, Sept. 21-28, 1980.

M. P. Polis and R. E. Goodson, Parameter identification in distributed
systems: A synthesizing overview. Proceedings of the IEEE, 64, (January,
1976), 45-60.

H. T. Banks, Algorithms for estimation in distributed models with
applications to large space structures. Proc. Workshop on Applications
of Distributed System Theory to the Control of Large Space Structures,
JPL-Calif. Inst. Tech, Pasadena, CA, July 14-16, 1982.



[12]

[13]

[14]

[15]

[15a]

[16]

[16a]

[17]

[17a]

[17b]

(18]

[18a]

60

H. T. Banks and J. M. Crowley, Parameter estimation in Timoshenko beam
models. Lefschetz Center for Dynamical Systems Report No. 82-14,
Brown University, Providence, RI, June, 1982; to appear in J. Astronautical

Sci.

H. T. Banks, J. M. Crowley and K. Kunisch, Cubic spline approximation
techniques for parameter estimation in distributed systems. Lefschetz
Center for Dynamical Systems Report 81-25, Brown University, Providence,
RI, 1981; to appear in IEEE Trans. Auto. Control.

H. T. Banks and P. L. Daniel, Parameter estimation of nonlinear non-
automous distributed systems. Proc. 20th IEEE Conf. on Decision and
Control, San Diego, CA, Dec. 16-18, 1987, 228-23Z.

H. T. Banks and K. Kunisch, An approximation theory for nonlinear partial
differential equations with applications to identification and control.
Lefschetz Center for Dynamical Systems Report 81-7, Brown University,
Providence, RI, 1981; SIAM J. Control and Optimization, 20 (1982) 815-849.

H. T. Banks and P. L. Daniel, Estimation of variable coefficients in
parabolic distributed systems, LCDS Rep. #82-22, Sept., 1982, Brown
University.

M. R. Sullivan, "LSST (Hoop/Column) Maypole Antenna Development Program,
Parts I and II. NASA CR 3558, June, 1982.

H. T. Banks and G. Majda, Modeling of flexible surfaces: a preliminary
study, ICASE Rep., Hampton, VA, May, 1983.

H. Sagan, Boundary and Eigenvalue Problems in Mathematical Physics.
John Wiley & Sons, Inc., 1966.

G. Rodriquez, Optimal control of large structures modeled by partial
differential equations, Proc. AIAA Guidance and Control Conf., August
6-8, 1979, Boulder, CO.

C. J. Weeks, Shape determination and control for large space structures,
JPL Publication 81-71, October, 1981, Jet Propulsion Lab, Pasadena, CA.

H. T. Banks, Distributed system optimal control and parameter estimation:
computational techniques using spline approximations. Lefschetz Center
for Dynamical Systems Rep. 82-6, Brown University, Providence, RI, 1982;
in Proc. 3rd IFAC Symposium on Control of Distributed Parameter Systems,
Toulouse, France, June 29 - July 2, 1987, S.P.2T-S.P.Z27.

H. T. Banks, A survey of some problems and recent results for parameter
estimation and optimal control in delay and distributed parameter
systems, in Volterra and Functional Differential Equations, (K. B.
Hannsgen, et al., eds.), Marcel Dekker, New York, 1982, 3-24.




[19]

[20]
{20a]

[21]
[22]

[23]

[24]
[25]

[26]
[27]

61

H. T. Banks, P. L. Daniel and E. S. Armstrong, Parameter estimation for
static models of the Maypole Hoop/Column antenna surface, Proceedings

of IEEE Int'l Large Scale Systems Symposium, Va. Beach, VA, October T11-13,
1982, 253-255.

G. Strang and G. J. Fix, An Analysis of the Finite Element Method,
Prentice-Hall, Inc., 1973,

M. H. Schultz, Spline Analysis, Prentice-Hall, Englewood Cliffs, N. J.,
1973. -

P. Lancaster, Theory of Matrices. Academic Press, Inc., 1969.

R. H. Bartels and G. W. Stewart,.Algorithm 432 - A solution of the matrix
equation AX + XB = C. Commun. ACM, Vol. 15, (Sept. 1972), 820-826.

J. J. More, The Levenberg-Marquardt Algorithm, Implementation and Theory
in Numerical Analysis, (G. A. Watson, ed.), Lecture Notes in Mathematics
630, Springer-Vgrlag, 1977. .

A. Friedman, Partial Differential Equations of Parabolic Type, Prentice-
Hall, Englewood C]iffs, N.J., 1964.

A Friedman, Partial Differential Equations, Robert E. Krieger Publishing
Co., Huntington, N.Y., 1976.

R. A. Adams, Sobolev Spaces, Academic Press, N. Y., 1975.

W. Fleming, Functions of Several Variables, Springer-Verlag, N.Y., 1977.




	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64

