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A c o n s t i t u t i v e  t h e o r y  fo r  use i n  s t r u c t u r a l  and d u r a b i l i t y  ana lyses  o f  
h igh- tempera ture  i s o t r o p i c  a l l o y s  i s  p resented .  C o n s t i t u t i v e  equa t ions  based 
upon a p o t e n t i a l  f u n c t i o n  a r e  de termined from c o n d i t i o n s  o f  s t a b i l i t y  and phys- 
i c a l  c o n s i d e r a t i o n s .  The t h e o r y  i s  s e l f - c o n s i s t e n t ;  terms a r e  n o t  added i n  an 

$ Kachanov-Rabotnov concept o f  n e t  s t r e s s .  M a t e r i a l  deg rada t ion  and i n e l a s t i c  
de fo rma t ion  a r e  u n i f i e d ;  t hey  evo lve  s imu l taneous ly  and i n t e r a c t i v e l y .  Both 

i s  t h e  sum o f  i n e l a s t i c  work and i n t e r n a l  work. I n t e r n a l  work i s  a cont inuum 
measure o f  t h e  s t o r e d  f r e e  energy r e s u l t i n g  from i n e l a s t i c  de fo rma t ion .  

I ad hoc manner. I t  extends a proven v i s c o p l a s t i c  model by i n t r o d u c i n g  t h e  I+ 

I i s o t r o p i c  harden ing  and m a t e r i a l  deg rada t ion  evo lve  w i t h  d i s s i p a t e d  work which 

INTRODUCTION 

The n u c l e a t i o n ,  g rowth  and coalescence o f  vo ids  and m ic roc racks  a r e  phys i -  
c a l  phenomena t h a t  degrade a m a t e r i a l ' s  c o n t i n u i t y .  Th is  d e g r a d a t i o n  r e s u l t s  
i n  a l o s s  o f  s t r e n g t h ,  and i s  t h e  eventua l  cause o f  f a i l u r e .  Cont inuous damage 
mechanics a p p l i e s  whenever t h e  d i s t r i b u t i o n  of  d e f e c t s  does n o t  i n c l u d e  one or 
more dominat ing  macroscopic c racks ;  o t h e r w i s e ,  f r a c t u r e  mechanics a p p l i e s .  The 
s u b j e c t  o f  t h l s  paper f a l l s  under the  t o p i c  o f  cont inuous  damage mechanics; 
a p p l i c a t i o n s  to f r a c t u r e  mechanics a r e  n o t  discussed. 

A c o n s t i t u t i v e  t h e o r y  a p p l i c a b l e  t o  s t r u c t u r a l  and d u r a b i l i t y  ana lyses  o f  
h igh- tempera ture  i s o t r o p i c  a l l o y s  i s  developed. A s e t  o f  c o n s t i t u t i v e  equa- 
t i o n s  based on  a s i n g l e  p o t e n t i a l  f u n c t i o n  i s  determined from s t a b i l i t y  con- 
d i t i o n s  and p h y s i c a l  c o n s i d e r a t i o n s .  A s p e c i f i c  p o t e n t i a l  f u n c t i o n  from a 
proven v i s c o p l a s t i c  t h e o r y  i s  extended t o  account fo r  i n t e r n a l  damage by i n t r o -  
duc ing  t h e  Kachanov - Rabotnov ( r e f s .  1 and 2 )  concept o f  a n e t  s t r e s s .  I n t e r -  
n a l  damage and i n e l a s t i c  d e f o r m a t i o n  a r e  u n i f i e d  i n  t h i s  approach; t h e y  evo lve  
s imu l taneous ly  and i n t e r a c t i v e l y .  The t h e o r y  i s  s e l f - c o n s i s t e n t  i n  t h a t  i t  i s  
d e r i v e d  from a p o t e n t i a l  f u n c t i o n ;  terms a re  n o t  added i n  an ad hoc manner. 
Other  v i s c o p l a s t i c  t h e o r i e s  t h a t  i n c o r p o r a t e  cont inuous  damage mechanics have 
been proposed. The e v o l u t i o n a r y  equa t ions  f o r  m a t e r i a l  deg rada t ion  i n  t h e  
t h e o r i e s  o f  Chaboche ( r e f .  3 > ,  Bodner ( r e f .  4 ) .  and Walker and Wilson ( r e f .  5 )  
a r e  phenomono log ica l l y  determined, whereas, t h e  Perzyna t h e o r y  ( r e f .  6) i s  
m i c r o m e c h a n i s t i c a l l y  based. I n  t h i s  paper t h e  e v o l u t i o n a r y  equa t ion  f o r  mate- 
r i a l  deg rada t ion  i s  d e r i v e d  from a p o t e n t i a l  f u n c t i o n .  

*NASA Lewi s Res ident  Research Assoc ia te .  
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Cont inuous damage mechanics dea ls  w i t h ,  an i n f i n i t e s i m a l  volume element 
o f  m a t e r i a l  ( c a l l e d  a p a r t i c l e ) ,  whose dimensions a r e  l a r g e  enough t o  c o n t a i n  
many m a t e r i a l  d e f e c t s ,  y e t  smal l  enough t o  be t r e a t e d  as a mathematical  p o i n t  
i n  a cont inuum sense. Cons ider  a face  on  such an element whose u n i t  normal i s  
g iven  by n1 . I  L e t  A denote i t s  surface area  i n  a f l aw less  (or undamaged) 
s t a t e ,  and l e t  A '  denote i t s  n e t  surface area  i n  the  presence o f  m a t e r i a l  
d e f e c t s  (or i n  a damaged s t a t e ) ;  thus  A '  A .  The i n t e r n a l  damage a s s o c i a t e d  
w i t h  t h i s  p a r t i c l e ,  and i n  the  d i r e c t i o n  of t h i s  u n i t  normal, i s  d e f i n e d  by 

A - A '  
A or- ( 1 )  

which i s  bounded by t h e  i n t e r v a l  0 5 w < 1 where w = 0 i n  an undamaged 
s t a t e .  Whenever the  o r i e n t a t i o n s  of m a t e r i a l  d e f e c t s  have p r e f e r r e d  d i r e c -  
t i o n s ,  damage becomes a f u n c t i o n  o f  these d i r e c t i o n s  r e s u l t i n g  i n  an e n t i t y  o f  
t e n s o r i a l  n a t u r e  ( r e f s .  7 t o  9); o the rw ise ,  damage i s  i s o t r o p i c  and can be 
rep resen ted  by a s c a l a r .  I n  t h i s  paper, damage i s  taken t o  be i s o t r o p i c  as a 
s i m p l i f y i n g  assumption. Kachanov ( r e f .  1 )  c a l l s  t h e  q u a n t i t y  q = 1 - w t h e  
c o n t i n u i t y  o f  the  m a t e r i a l .  

Consider once aga in  a f a c e  on an i n f i n i t e s i m a l  m a t e r i a l  volume element.  
I n  an undamaged s t a t e ,  t r a c t i o n  i s  t he  r a t i o  of t h e  f o r c e  t r a n s m i t t e d  th rough  
the  s u r f a c e  F i  t o  the  su r face  area  A .  I t  i s  r e l a t e d  t o  t h e  u n i t  normal n i  

c a l l e d  t h e  a p p l i e d  (or Cauchy) s t r e s s ,  by a homogeneous l i n e a r  o p e r a t o r  
t h a t  i s 2  Dl j 

ji- = uijnj ( 2 )  

I n  a damaged s t a t e ,  t r a c t i o n  becomes t h e  r a t i o  o f  t h e  fo rce  t r a n s m i t t e d  th rough  
the  s u r f a c e  F i  t o  the  n e t  su r face  area  A ' .  I t  i s  r e l a t e d  t o  the  u n i t  normal 
n i  by a homogeneous l i n e a r  o p e r a t o r  u l i j  c a l l e d  t h e  n e t  (or Kachanov- 
Rabotnov) s t r e s s ;  thus  

Comb n i n g  equat 

- 
A 

ons ( 1 )  t o  ( 3 )  r e s u  

O i  j 

which r e l a t e s  the  n e t  s t r e s s  t o  t h e  

L i k e  t h e  c l a s s i c a l  t h e o r i e s  o f  
g i ven  by the  sum 

t s  i n  

a p p l i e d  s t r e s s .  

creep and p l a s t i c i t y ,  s t r a i n  E i s  
i j  

( 3 )  

( 4 )  

l A l l  s c a l a r ,  v e c t o r  and tenso r  f i e l d s  a re  d e f i n e d  a t  p a r t i c l e s  whose spa- 

2Repeated i n d i c e s  a r e  summed ove r  i n  the  usua l  manner. 

t i a l  coo rd ina tes  a r e  x i  a t  the  i n s t a n t  t i n  a C a r t e s i a n  r e f e r e n c e  frame. 

120 



e P 
E i j  = E i j  + E i j  (5) 

where CY, i s  t h e  e l a s t i c  s t r a i n  and €Yj i s  t h e  i n e l a s t i c  (or  p l a s t i c )  
s t r a i n .  From a thermodynamic v i e w p o i n t ,  t h e  e l a s t i c  change i n  s t r a i n  i s  t h e  
r e v e r s i b l e  p o r t i o n  o f  a change i n  s t r a i n ,  w h i l e  t h e  i n e l a s t i c  change i n  s t r a i n  
i s  t h e  i r r e v e r s i b l e  p o r t i o n  o f  t h a t  change i n  s t r a i n .  Small  d i sp lacemen ts  and 
r o t a t i o n s  a r e  assumed. 

The e l a s t i c  response o f  p o l y c r y s t a l l i n e  m e t a l s  i s  g i v e n  by t h e  r e l a t i o n -  
s h i p  

where v i s  t h e  Po isson r a t i o n ,  a i s  t h e  mean c o e f f i c i e n t  o f  thermal  expan- 
s i o n ,  dT i s  t h e  tempera tu re  change and 6 i j  i s  K r o n e c k e r ' s  d e l t a .  S ince  E 
i s  Young's  modulus i n  an undamaged s t a t e ,  and E '  = E ( l  - w )  can be cons ide red  
as Young's  modulus i n  a damaged s t a t e ,  we o b t a i n  t h e  f o l l o w i n g  e x p r e s s i o n :  

( E  - E ' >  
E w =  (7) 

T h i s  i s  a u s e f u l  measure o f  i n t e r n a l  damage, because i t  can be r e a d i l y  d e t e r -  
mined by exper iment  ( r e f .  10). 

CONSTITUTIVE THEORY 

Much o f  t h e  e s s e n t i a l  s t r u c t u r e  i n  t h e  c l a s s i c a l  t h e o r y  o f  p l a s t i c i t y  
d e r i v e s ,  n o t  so much from thermodynamic concepts ,  b u t  from concepts  o f  mate- 
r i a l  s t a b i l i t y  as d e s c r i b e d  by  Drucker  ( r e f .  1 1 ) .  A s i n g l e  p o s t u l a t e  o f  
s t a b i l i t y  i s  s u f f i c i e n t  t o  u n i f y  t h e  d e s c r i p t i o n  o f  i n e l a s t i c  b e h a v i o r  o f  t ime-  
independent  m a t e r i a l s  under  i s o t h e r m a l  c o n d i t i o n s .  A dua l  p o s t u l a t e  o f  s t a b i l -  
i t y  has been a p p l i e d  by Pon te r  ( r e f .  12) t o  t ime-dependent  m a t e r i a l s  whose 
h e r e d i t a r y  b e h a v i o r  can be r e p r e s e n t e d  i n  terms o f  i n t e r n a l  s t a t e  v a r i a b l e s  Sa 
(a = 1,2, . . . ,  n )  and t h e i r  c o n j u g a t e  thermodynamic f o r c e s  fa. I n  t h a t  work, 
smal l  i s o t h e r m a l  changes i n  s t r e s s  a t  c o n s t a n t  i n t e r n a l  s t a t e  a r e  assumed t o  
obey t h e  i n e q u a l i t y  

- do i j  dej i  ' P  > 0 (8) 

where fa and T a r e  c o n s t a n t ;  whereas smal l  i s o t h e r m a l  changes i n  i n t e r n a l  
s t a t e  a t  c o n s t a n t  s t r e s s  a r e  assumed to  s a t i s f y  t h e  i n e q u a l i t y  

d f  d[, 2 0 a 
(9) 

where oi j  and T a r e  c o n s t a n t .  I n  c o n t r a s t ,  a thermodynamic c o u n t e r p a r t  
t o  t h e  second-order i n e q u a l i t y  i n  e q u a t i o n  ( 9 )  i s  t h e  r e s t r i c t i o n  of  p o s i t i v e  
i n t e r n a l  d i s s i p a t i o n  
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f t  > o  a a -  

which  i s  d e r i v e d  from t h e  second law.  

(10) 

S ince  changes i n  i n e l a s t i c  s t r a i n  r a t e  and I n t e r n a l  
p a t h  independent  i n  t h e  comple te  s t a t e  space, t h e  inequa 

v a r i a b l e  r a t e s  a r e  
i t i e s  i n  equa t  ons  (8) 

acid (9) can be i n t e g r a t e d  a l o n g  a s t r a i g h t - l i n e  p a t h  between two a r b i t r a r y  

s t a t e s  (0’ , f l , T )  and (u2 ,f , T I  r e s u l t i n g  i n  t h e  f o l l o w i n g  i n e q u a l i t y :  2 
11 a f j  a 

Along  a c o n s t a n t  s t r e s s  p a t h  ( i . e .  under  c o n d i t i o n s  o f  creep)  o n l y  t h e  l a s t  
t e r m  i n  t h i s  i n e q u a l i t y  remains ,  and we can e a s i l y  show t h a t  a s u f f i c i e n t  con- 
d i  t i o n  for i t s  s a t i s f a c t i o n  i s 

where R(a i j , fa ,T)  i s  convex and p o s i t i v e  d e f i n i t e  i n  oij,fa. Here we assumed 
t h a t  e q u a t i o n  (12)  i s  n o t  c o n s t r a i n e d  j u s t  t o  c o n s t a n t  s t r e s s  c o n d i t i o n s ,  b u t  
i s  v a l i d  i n  g e n e r a l .  R i ce  ( r e f .  13) ,  M a r t i n  ( r e f .  14) ,  and o t h e r s  have shown, 
u s i n g  thermodynamic arguments,  t h a t  i f  t h e  k i n e t i c  (or e v o l u t i o n a r y )  l aw  can be 
expressed as e q u a t i o n  ( 1 2 ) ,  t hen  t h e  flow l a w  g i v e n  by  

* p  aa 
E i j  = aoij (13)  

i s  a d e r i v e d  r e s u l t  

The c r i t e r i a  f o r  s t a b i l i t y  and t h e  r e s u l t i n g  k i n e t i c  and f low laws l e a d  t o  
a v i t a l  theorem ( r e f .  12) :  

“The s t r e s s  and s t a t e  h i s t o r i e s  a r e  u n i q u e l y  d e f i n e d  fo r  t i m e  t > to by  
t h e  i n i t i a l  c o n d i t i o n s  a t  t = to and t h e  l o a d i n g  h i s t o r y . ”  

The e x i s t e n c e  o f  t h i s  theorem i s  e s s e n t i a l  if t h i s  i s  t o  be a mean ing fu l  con- 
s t i t u t i v e  t h e o r y  f o r  use i n  s t r u c t u r a l  ana lyses .  

F o l l o w i n g  t h e  l e a d  of Pon te r  and L e c k i e  ( r e f .  1 5 )  and Pon te r  ( r e f .  121, we 
adopted an a d d i t i o n a l  c o n s t i t u t i v e  assumpt ion,  t h a t  i s  

an I a - -  h ( f  ) - -Ea I - - 
a a f  a 

(14)  

i n  which h i s  a ha rden ing  f u n c t i o n  of t h e  i n t e r n a l  f o r c e  fa. The p h y s i c a l  
o r i g i n  o f  e q u a t i o n  (14)  i n  d e s c r i b i n g  t h e  l o c a l  response of a c r y s t a l l o g r a p h i c  
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s l i p  system, and t h e  l i m i t a t i o n s  t h a t  r e s u l t  i n  t r a n s f e r r i n g  from a l o c a l  
f o rma t  t o  a g l o b a l  one, a r e  d iscussed by Ponter  and Leck ie .  An a d d i t i o n a l  
mot ive  for  a d o p t i n g  e q u a t i o n  (14) comes from c o n s l d e r l n g  c o n d l t l o n s  i n  the  
neighborhood o f  a s t r e s s  f r e e  s t a t e ,  as d e p l c t e d  i n  f l g u r e  1 .  I n  p a r t l c u l a r ,  
fo r  a "J2-type" m a t e r l a l  ( cons lde red  l n  t h e  f o l  l o w l n g  s e c t l o n ) ,  t he  s u r f a c e  
(Q(O,fa,T) - c o n s t a n t )  1 s  a sphere of r a d l u s  l n  thermodynamlc force 
space. The g r a d l e n t  v e c t o r  aQ/afa a t  each p o l n t  on t h e  s u r f a c e  where Q - 
cons tan t  1 s  d l r e c t e d  a long  the  outward normal.  By c o n s l d e r l n g  t h e  c o n s t l t u -  
t l v e  assumptlon f a / h  - the  thermodynamlc r e s t r i c t i o n  i n  equa t ion  (10) 
can be expressed as f a f a / h  I 0, whlch for p o s i t l v e  h c o n s t r a l n s  the  vector 
f /h t o  be conta lned w f t h l n  a ha l f - sphere  t n  thermodynamic force space. 
f y g .  1 . )  The Ponter -Leck ie  c o n s t l  t u t i v e  assumption e q u a t i o n  (14) s e l e c t s  t h e  
d i r e c t i o n  o f  f a / h  so t h a t  i t s  p r o j e c t i o n  on fa i s  a maximum; t h a t  i s ,  t h e  
Ponter-Leckle c o n s t i t u t i v e  assumption ensures t h a t  s t a t e  r e c o v e r y  occu rs  under 
maximum I n t e r n a l  d i s s i p a t i o n  i n  t h e  neighborhood o f  a s t r e s s  f r e e  s t a t e .  

l fa l  

(See 

The extended n o r m a l i t y  s t r u c t u r e  expressed i n  equa t ions  (13)  and (14) 
p rov ides  the  b a s i s  for t h e  p resen t  development. Moreover, t h i s  s t r u c t u r e  i s  
assumed t o  h o l d  under non iso thermal  c o n d i t i o n s .  

A SPECIAL POTENTIAL FUNCTION 

The gove rn ing  d i f f e r e n t i a l  equat ions  o f  a t h e o r y  o f  v i s c o p l a s t i c i t y  t h a t  
accounts fo r  i n t e r n a l  damage a re  taken t o  be a s s o c i a t e d  w i t h  t h e  n o r m a l i t y  
s t r u c t u r e  o f  a p o t e n t i a l  f u n c t i o n  Q as d iscussed i n  the  p rev ious  s e c t i o n .  
The independent arguments o f  t h i s  p o t e n t i a l  f u n c t i o n  a r e  t h e  a p p l i e d  s t r e s s  
u i j ,  an i n t e r n a l  s t r e s s  013, a t h r e s h o l d  s t r e n g t h  2 ,  t he  damage 0, and t h e  
tempera ture  T; t hus ,  Q < q  j ,pi j , Z , W ) ,  where t h e  tempera ture  dependence i s  
i m p l i c i t .  From a thermodynamic v i e w p o i n t ,  t h e  i n t e r n a l  s t r e s s  and t h e  th resh -  
o l d  s t r e n g t h  a r e  averaged thermodynamic f o r c e s ,  and damage i s  an averaged 
i n t e r n a l  v a r i a b l e  (or thermodynamic d isp lacement ) .  The i n t e r n a l  s t r e s s  and 
t h r e s h o l d  s t r e n g t h  a r e  assoc ia ted  w i t h  k i n e m a t i c  and i s o t r o p i c  harden ing  
behav io rs ,  whereas damage i s  assoc ia ted  w i t h  m a t e r i a l  deg rada t ion .  

Moderate s t a t e s  o f  h y d r o s t a t i c  p ressu re  have v i r t u a l l y  no i n f l u e n c e  on 
the  i n e l a s t i c  response o f   metal^.^ The s t r e s s  dependence o f  B can t h e r e f o r e  
be expressed i n  terms of t h e  d e v i a t o r i c  a p p l i e d  s t r e s s  

1 
'ij = O i j  - 5 u k k 6 i j  

and the  d e v i a t o r i c  i n t e r n a l  s t r e s s  

1 
Bij = 'ij - 3 'kk' i j  

(15) 

(16)  

3Moderate s t a t e s  o f  h y d r o s t a t i c  p ressure  have a s t r o n g  i n f l u e n c e  on the  
f o r m a t i o n  and growth  o f  m a t e r i a l  d e f e c t s  and, t h e r e f o r e ,  on the  damage. Th is  
e f f e c t ,  however, i s  accounted f o r  i n  the  degrada t ion  f u n c t i o n ,  n o t  i n  the  
p o t e n t i  a1 f u n c t i o n .  
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where t h e i r  d i f f e r e n c e  

(17)  i s  
C i j  = S i j  - B 

i s  t h e  e f f e c t i v e  s t r e s s  a s s o c i a t e d  w i t h  i n e l a s t i c  de format ion .  Under cond i -  
t i o n s  o f  f u l l  i s o t r o p y ,  t h e  i n v a r i a n t s  

1 I2 = - B. .B 2 i j  j i  

(18) 

B. .B.  B I 3  = 3 i j  j k  k i  

and 

C. .E J2 = ;i i j  j i  

J3 = Z . . Z .  Z 3 1 J  Jk k i  

p r o v i d e  a complete d e s c r i p t i o n  o f  t h e  s t r e s s  dependence o f  R. 

For t h e  chosen p o t e n t i a l  f u n c t i o n ,  t h e  f low law i s  

and the  e v o l u t i o n a r y  laws a r e  taken  t o  be 

an 6 ij = - -  
2hb asi j 

an 2 
hZ az = - -  - 

and 

( 2 1  1 

(22)  

(23)  

i n  accordance w i t h  the  r e s u l t s  o f  the  p r e v i o u s  s e c t i o n .  Here hb and hz 
a r e  the  ha rden ing  f u n c t i o n s  for t h e  i n t e r n a l  s t r e s s  and t h e  t h r e s h o l d  s t r e n g t h ,  
and D i s  a deg rada t ion  f u n c t i o n .  Equat ion  (20)  i s  t he  f low law o f  R ice  
( r e f .  13).  Equat ions (21) and (22) a r e  t h e  e v o l u t i o n a r y  laws of  Pon te r  and 
Leck ie  ( r e f .  15) and equa t ion  (23) i s  t he  proposed e v o l u t i o n a r y  law fo r  damage. 
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Since damage i s  an i n t e r n a l  v a r i a b l e ,  whereas i n t e r n a l  s t r e s s  and th resh -  
o l d  s t r e n g t h  a r e  thermodynamic f o r c e s ,  t h e  s i g n  f o r  e q u a t i o n  (23) i s  d i f f e r e n t  
from t h a t  f o r  equat ions  (21) and ( 2 2 ) .  The reason f o r  t h i s  d i f f e r e n c e  i s  a 
Legendre t r a n s f o r m a t  ion, 1 i ke those used i n equ i  11 b r i  um thermodynami cs . These 
equat ions  form the  f o u n d a t i o n  for a t h e o r y  o f  v i s c o p l a s t i c i t y  t h a t  i n c o r p o r a t e s  
i n t e r n a l  damage. A s p e c i f i c  model i s  o b t a i n e d  by choos ing  a p a r t i c u l a r  form 
for t h e  p o t e n t i a l  f u n c t i o n .  

The p o t e n t i a l  f u n c t i o n  cons idered for t h i s  model i s  

Q = [K2 f ( F )  dF + [K2 g(G) dG + Sz(Z) dZ (24) 

where t h e  s t r e s s  dependence e n t e r s  th rough t h e  f u n c t i o n s  F ( C i j )  and G ( B i j ) .  
Th i s  extends t h e  f u n c t i o n  used by Robinson ( r e f .  16) t o  i n c l u d e  i s o t r o p i c  
e f fec ts .  The f a c t  t h a t  equa t ion  (24) i s  a sum o f  i n t e g r a l s  i s  c o n s i s t e n t  w i t h  
R i c e ' s  f o r m u l a t i o n  ( r e f .  13).  I n  h i s  d e f i n i t i o n  o f  t h e  p o t e n t i a l  f u n c t i o n ,  
each i n t e g r a n d  denotes the  r a t e  o f  change o f  a thermodynamic d isp lacement  (or 
i n t e r n a l  v a r i a b l e ) ,  which i s  i n t e g r a t e d  w i t h  r e s p e c t  t o  i t s  con juga te  thermo- 
dynamic f o r c e .  

I n  the  s p i r i t  o f  von Mises ( r e f .  17),  t he  s t r e s s  dependence o f  F and G 
r e l i e s  o n l y  on t h e  second i n v a r i a n t s ;  i n  p a r t i c u l a r , 4  

( 2 5 )  J2 
K2 

F = - - l  

and 

I 2  
K2 

G = -  (26 )  

Equat ion  ( 2 5 )  i s  a Bingham-Prager ( r e f s .  18 and 19) y i e l d  c o n d i t i o n  w i t h  K 
d e n o t i n g  t h e  y i e l d  s t r e n g t h  i n  shear. 
F > 0; an e l a s t i c  domain i s  d e f i n e d  by t h e  i n e q u a l i t y  F 0. The boundary 
between these two r e g i o n s ,  F = 0, i s  a sphere i n  d e v i a t o r i c  s t r e s s  space; i t  
i s  t he  t h r e s h o l d  or q u a s i - s t a t i c  y i e l d  su r face .  The o r i g i n  o f  t h i s  sphere i s  
a t  B i j ,  and i t s  r a d i u s  i s  K .  The i n e l a s t i c  domain, a t  a f i x e d  i n e l a s t i c  
s t a t e ,  c o n s i s t s  o f  a nes ted  f a m i l y  o f  s p h e r i c a l  su r faces  i n  d e v i a t o r i c  s t r e s s  
space; each i s  a su r face  o f  c o n s t a n t  F, and thus  o f  c o n s t a n t  Q. Viscop las-  
t i c i t y  d i f f e r s  from c l a s s i c a l  p l a s t i c i t y  i n  t h a t  s t r e s s  s t a t e s  t h a t  l i e  o u t -  
s i d e  t h e  q u a s i - s t a t i c  y i e l d  s u r f a c e  a r e  admiss ib le ;  t h e y  a r e  n o t  a d m i s s i b l e  i n  
c l a s s i c a l  p l a s t i c i t y .  

I n e l a s t i c  s t r a i n  o n l y  o c c u r s  when 

4#any t h e o r i e s  o f  v i s c o p l a s t i c i t y  t a k e  F = J2/K2 i n s t e a d  o f  equa- 
t i o n  ( 2 5 ) ;  t hus ,  t h e r e  i s  no e l a s t i c  domain. The o n l y  i n f l u e n c e  t h a t  t h i s  
cho ice  for F would have on t h e  r e s u l t i n g  t h e o r y  i s  t h a t  t h e  i n e q u a l i t y  would 
be removed from the  f low f u n c t i o n .  
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I f  the  s t r e s s  dependence o f  F and G i s  t o  be a n e t  s t r e s s  dependence 
i n  the  sense o f  Kachanov ( r e f .  1) and Rabotnov ( r e f .  2 ) ,  then K must be a 
l i n e a r  homogeneous f u n c t i o n  o f  damage, 

where IC i s  t he  q u a s i - s t a t i c  y i e l d  s t r e n g t h  i n  shear. Al though damage, 
by d e f i n i t i o n ,  i n f l uences  the  s t a t e  o f  s t r e s s ,  t h i s  i n f l u e n c e  i s  manifested 
by a r e d u c t i o n  i n  s t r e n g t h  as exemp l i f i ed  i n  equat ions (7) and (27). I n  
equat ion ( 2 7 )  the r e d u c t i o n  i n  s t r e n g t h  due to  m a t e r i a l  degradat ion competes 
w i t h  the  process o f  hardening which enhances s t r e n g t h .  

Given the p o t e n t i a l  f u n c t i o n  (eq. (24)) .  t he  flow law o f  equa t ion  ( 2 0 )  
becomes P r a g e r ' s  f low equat ion ( r e f .  2 0 ) ,  

where p i s  the v i s c o s i t y  and f i s  t he  flow func t i on .  ( T h i s  i s  d e r i v e d  i n  
the appendix.)  The Bingham-Prager y i e l d  c o n d i t i o n  (eq. (2511, c o n s t r a i n s  the  
flow f u n c t i o n  so t h a t  i t  i s  ze ro  i n  the  e l a s t i c  domain. C o a x i a l i t y  between 
the  e f f e c t i v e  s t r e s s  and the i n e l a s t i c  s t r a i n  r a t e  i s  i m p l i e d  I n  equa t ion  ( 2 8 ) .  
S t a b i l i t y  ( i n  the sense o f  eq. (8)) cons t ra ins  the  f low f u n c t i o n  f ( F >  t o  be 
nondecreasing w i t h  i n c r e a s i n g  values of F. Most t h e o r i e s  o f  v i s c o p l a s t i c i t y  
use the  general  form o f  t h i s  f low equat ion.  

Given the  p o t e n t i a l  f u n c t i o n  (eq. (24))  t h e  e v o l u t i o n a r y  law fo r  i n t e r n a l  
s t r e s s  (eq.  ( 2 1 ) ) ,  becomes a Bailey-Orowan type r e l a t i o n s h i p  ( r e f s .  21 and 221,  
t h a t  i s  

where hb and r b  a re  the  k inemat i c  func t i ons  for hardening and thermal 
recovery.  (Equat ion ( 2 9 )  i s  d e r i v e d  i n  the appendix.) The f i r s t  term i n  t h i s  
equat ion,  for cons tan t  hb, i s  P rager ' s  r u l e  for k inemat i c  hardening ( r e f .  20). 
To model dynamic recovery of the i n t e r n a l  s t ress ,  Robinson ( r e f s .  23 and 24)  
presents  a k inemat i c  hardening f u n c t i o n  t h a t  e x h i b i t s  an a n a l y t i c a l  d i scon t inu -  
i t y  whenever t h e r e  i s  a r e v e r s a l  i n  s t r e s s .  

The second t e r m  i n  equa t ion  (29) accounts for t h e  thermal recove ry  o f  the  
i n t e r n a l  s t r e s s  s t a t e .  This  i s  an a n e l a s t i c  response s ince  i t  cont inues u n t i l  
t he  i n t e r n a l  s t r e s s  has r e l a x e d  t o  zero, rega rd less  of whether t h e  c u r r e n t  
deformat ion s t a t e  i s  e l a s t i c  or i n e l a s t i c .  

The exper imental  r e s u l t s  o f  M i t r a  and McLean ( r e f .  25)  v e r i f y  t h e  
Bai ley-Orowan hypothes is  t h a t  i n e l a s t i c  deformat ion occurs as a r e s u l t  o f  two 
competing mechanisms: a hardening process t h a t  progresses w i t h  i n e l a s t f c  
deformat ion,  and a thermal recove ry  process t h a t  progresses w i t h  t ime.  When- 
ever these two mechanisms balance such t h a t  B i j  = 0, the  i n t e r n a l  s t r e s s  i s  
i n  a steady s t a t e .  S t a b i l i t y  ( i n  the  sense of eq. (9)) c o n s t r a i n s  t h e  func- 
t i o n  g(G) = rb(G)/2hb(G) t o  be nondecreasing w i t h  i n c r e a s i n g  va lues o f  G. 
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The genera l  form o f  t h i s  e v o l u t i o n a r y  e q u a t i o n  fo r  t h e  i n t e r n a l  s t r e s s  i s  used 
i n  many v i s c o p l a s t i c  models .  

Da ta  from m e t a l s  t h a t  s t r a i n - a g e  i n d i c a t e  t h a t  t h e  e v o l u t i o n  of t h e  quas i -  
s t a t i c  y i e l d  s t r e n g t h  ( d e f i n e d  i n  eq. ( 2 7 ) )  depends on t h e  h i s t o r y  o f  thermo- 
mechan ica l  l o a d i n g  ( r e f .  26 ) .  These d a t a  suggest  an e v o l u t i o n  such t h a t  

where t h e  parameter  r r e f l e c t s  t h e  tempera tu re  dependence o f  t h e  q u a s i - s t a t i c  
y i e l d  s t r e n g t h  i n  an annea led  s t a t e ,  and t h e  f u n c t i o n  6 r e p r e s e n t s  t h e  change 
i n  q u a s i - s t a t i c  y i e l d  s t r e n  
e v o l u t i o n  o f  t h e  q u a s i - s t a t  
independent  whenever t h e  f o  

t h  r e s u l t i n g  from a change i n  tempera tu re .  The 
c y i e l d  s t r e n g t h  g i v e n  by  e q u a t i o n  (30)  i s  p a t h  
l o w i n g  e q u a t i o n  i s  s a t i s f i e d :  

- I f - c o n s i s t e n t ,  t hen  K must be p a t h  independent  I f  e q u a t i o n  (30) i s  t o  be s 
i n  t h e  annealed s t a t e ;  t h e r e f o r e  

(32)  

where 
i n i t i a l  c o n d i t i o n  fo r  t h e  f u n c t i o n a l  dependence o f  0.  

0 < Za 5 2. T h i s  c o n s t r a i n t  must  a lways be s a t i s f i e d :  i t  i s  l i k e  an 

Given t h e  p o t e n t i a l  f u n c t i o n  (eq .  ( 2 4 ) )  and t h e  e q u a t i o n  o f  e v o l u t i o n  f o r  
t h e  q u a s i - s t a t i c  y i e l d  s t r e n g t h  (eq .  ( 3 0 ) ) ,  t h e  e v o l u t i o n a r y  l aw  f o r  t h e  t h r e s -  
h o l d  s t r e n g t h  (eq.  ( 2 2 ) )  becomes a Bailey-Orowan t y p e  r e l a t i o n s h i p  ( r e f s .  21 
and 2 2 ) ,  

where 

P 
2hb w = o i j c j i  - 

I J  .I ( 3 4 )  

and h, and rz  a r e  t h e  i s o t r o p i c  f u n c t i o n s  f o r  ha rden ing  and the rma l  
r e c o v e r y .  (These equa t ions  a r e  d e r i v e d  i n  t h e  append ix . )  Equa t ion  ( 3 3 )  
i m p l i e s  t h a t  t h e  p a t h  o f  thermomechanica l  l o a d i n g  i n f l u e n c e s  t h e  r a t e  o f  iso- 
t r o p i c  ha rden ing ;  under i s o t h e r m a l  c o n d i t i o n s  i t  reduces t o  
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The first t e r m  i n  equat ions  (33) and (35) i m p l i e s  t h a t  i s o t r o p i c  ha rden ing  
progresses  w i t h  d i s s i p a t e d  work. Th is  d i s s i p a t e d  work, as d e f i n e d  i n  equa- 
t i o n  ( 3 4 > ,  i s  t he  sum o f  t h e  i n e l a s t i c  work and i n t e r n a l  work.5 
work can be thought  o f  as a cont inuum measure of t h e  f ree  energy s t o r e d  i n  t h e  
m a t e r i a l  t h a t  a r i s e s  from i n e l a s t i c  de fo rma t ion .  Wi th  the  excep t ion  of  t h e  
v i s c o p l a s t i c  model o f  Bodner and Partom ( r e f .  27) (where k i n e m a t i c  ha rden ing  i s  
n o t  p resen t ,  and i s o t r o p i c  ha rden ing  evo lves  w i t h  i n e l a s t i c  work), a l l  v i sco -  
p l a s t i c  models t h a t  i n c o r p o r a t e  i s o t r o p i c  harden ing ,  t o  the  b e s t  o f  o u r  knowl- 
edge, assume t h a t  t h i s  process progresses  w i t h  i n e l a s t i c  pa th  l e n g t h  

[ ( ~ ~ j ~ ~ i ) x  d t .  Th is  i s  an assumption t h a t  our t h e o r e t i c a l  d e r i v a t i o n  does n o t  

s u p p o r t .  
The second te rm i n  equa t ions  (33) and (35) accounts f o r  the  a n e l a s t i c  

thermal  recove ry  (or annea l i ng )  o f  the  t h r e s h o l d  s t r e n g t h .  Th is  f u n c t i o n  must 
be c o n s t r a i n e d  so t h a t  recove ry  t e r m i n a t e s  when the  annealed va lue  o f  th resh -  
o l d  s t r e n g t h  i s  ob ta ined .  S t a b i l i t y  ( i n  t h e  sense of eq. (9)) c o n s t r a i n s  the  
f u n c t i o n  z(Z) = rz(Z)/hz(Z> t o  be nondecreasing w i t h  i n c r e a s i n g  va lues  o f  Z .  

Given the  p o t e n t i a l  f u n c t i o n  (eq. ( 2 4 ) ) ,  t h e  e v o l u t i o n a r y  law fo r  damage 
(eq. (23 ) )  becomes 

The i n t e r n a l  

where D i s  t he  degrada t ion  f u n c t i o n .  (Equa t ion  (36) i s  d e r i v e d  i n  t h e  
appendix.)  

S ince  m a t e r i a l s  do n o t  degrade i n  s t a t e s  of s u f f i c i e n t  h y d r o s t a t i c  com- 
p r e s s i o n ,  i n  genera l  t he  d e g r a d a t i o n  f u n c t i o n  ought  t o  s w i t c h  o f f  t he  evo lu -  
t i o n  of i n t e r n a l  damage when a c r i t i c a l  s t a t e  of h y d r o s t a t i c  compression i s  
reached. Equat ion  (36) i m p l i e s  t h a t  damage evo lves  w i t h  d i s s i p a t e d  work, as 
d e f i n e d  i n  equa t ion  (34) .  H e r e d i t a r y  e f f e c t s  a r e  i n c l u d e d  th rough t h e  depend- 
ence o f  d i s s i p a t e d  work on i n e l a s t i c  s t r a i n  and i n t e r n a l  s t r e s s ;  thus ,  equa- 
t i o n  (36)  has the  p o t e n t i a l  t o  account for t ime-dependent e f f e c t s  i n  a n a t u r a l  
way. S t a b i l i t y  ( i n  t h e  sense of eq. (9)) i s  s a t i s f i e d  if O h )  does n o t  
i n c r e a s e  w i t h  i n c r e a s i n g  va lues  o f  W ;  b u t  t h i s  i s  n o t  observed. I n i t i a l l y  
t h e  d i s s i p a t i o n  f u n c t i o n  i s  v i r t u a l l y  a cons tan t ,  and t h e  m a t e r i a l  response i s  
s t a b l e  fo r  a l l  p r a c t i c a l  purposes. However, near the  end o f  l i f e ,  t h e  va lue  
o f  t h e  d i s s i p a t i o n  f u n c t i o n  explodes, t he reby  l e a d i n g  to  m a t e r i a l  i n s t a b i l i t y  
or  f a i l u r e .  Th is  i s  n o t  t o  say t h a t  t h i s  t h e o r y  i s  undes i rab le ,  fo r  i t  i s  
p r e c i s e l y  t h i s  i n s t a b i l i t y  t h a t  cont inuum damage mechanics a t tempts  t o  
c h a r a c t e r i z e .  

Many researchers  have used i n e l a s t i c  work as a parameter to  c h a r a c t e r i z e  
f a t i g u e  damage (e .g .  r e f s .  28 t o  31) .  The equa t ion  o f  damage e v o l u t i o n  g i v e n  
i n  equa t ion  (36) d i f f e r s  from these e a r l i e r ,  l a r g e l y  e m p i r i c a l ,  energy c r i t e -  
r i a  by i n c l u d i n g  the  i n f l u e n c e  o f  i n t e r n a l  work. A l b e i t  t h i s  i s  a l e s s e r  

-Bi j/2h! 
5 I n  accordance w i t h  equa t ions  (14) and (21 ) ,  t he  q u a n t i t i e s  

denote the  r a t e s  o f  change i n  t h e  thermodynamic d isp lacements  (or i n t e r n a  var -  
i a b l e s )  con jugate  t o  t h e  thermodynamic fo rces  P i j .  The re fo re ,  t he  q u a n t i t y  
- P i  j B j i / 2 h b  can be i n t e r p r e t e d  as t h e  r a t e  o f  change i n  t h e  i n t e r n a l  work. 
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e f f e c t  than t h a t  o f  i n e l a s t i c  work, never the less,  i t  i s  b e l i e v e d  n o t  t o  be a 
n e g l i g i b l e  one, e s p e c i a l l y  when time-dependent e f f e c t s  a re  p r e s e n t .  
t i o n a l  i n s i g h t  i s  gained from an e q u i v a l e n t  express ion f o r  t h e  d i s s i p a t e d  work 
r a t e  (eq. ( 3 4 ) ) ,  t h a t  i s  

Addi- 

T 

(37) 

which i s  ob ta ined  from equat ions (29)  and ( 3 4 ) .  
t i o n s h i p  evolves w i t h  i n e l a s t i c  deformat ion and i s  a measure o f  f a t i g u e  damage. 
(See f i g .  2 . )  The second t e r m  evolves w i t h  t i m e  a t  i n t e r n a l  s t r e s s  (12  i s  the 
second i n v a r i a n t  o f  i n t e r n a l  s t r e s s )  and i s  a measure o f  the  i n t e r a c t i v e  creep 
damage. Thus, t he  i n t e r a c t i o n  between f a t i g u e  and creep damage i s  s p e c i f i e d .  
The temperature dependence for t h i s  measure o f  creep damage i s  accounted fo r ,  
t o  a l a r g e  e x t e n t ,  i n  t h e  thermal recovery f u n c t i o n  r b .  

The f i r s t  t e r m  i n  t h i s  r e l a -  

CONCLUDING REMARKS 

A t heo ry  of  v l s c o p l a s t i c i t y  has been de r i ved  from c o n d i t i o n s  of s t a b i l i t y  
and phys i ca l  arguments, f o r  an i n i t i a l l y  i s o t r o p i c  con t inua  t h a t  e x h i b i t s  
i n t e r n a l  damage. This  m a t e r i a l  degradat ion was inco rpo ra ted  through the 
Kachanov-Rabotnov concept o f  a n e t  s t r e s s .  Damage was assumed t o  be an i n t e r -  
na l  v a r i a b l e  t h a t  evolves i s o t r o p i c a l l y  accord ing t o  a Ponter-Leckie type con- 
s t i  t u t i v e  assumption. A p o t e n t i a l  f u n c t i o n  was considered t h a t  extends t h e  
Robinson v i s c o p l a s t i c  model by i n c l u d i n g  the e f f e c t s  o f  i s o t r o p i c  hardening 
and m a t e r i a l  degradat ion.  The y i e l d  s t r e n g t h  was n o t  cons idered t o  be an inde- 
pendent v a r i a b l e ;  r a t h e r ,  i t  was assumed t o  evolve w i t h  changes i n  t h r e s h o l d  
s t r e n g t h  and temperature.  

We determined t h a t  i n e l a s t i c  s t r a i n  evolves accord ing t o  a Prager type 
flow equat ion,  and t h a t  Bailey-Orowan type k i n e t i c  equat ions govern the evolu- 
t i o n  of bo th  i n t e r n a l  s t r e s s  and th resho ld  s t r e n g t h .  The i n t e r n a l  s t r e s s  har-  
dens l i k e  a Prager hardening r u l e ,  whereas the  t h r e s h o l d  s t r e n g t h  hardens w i t h  
d i s s i p a t e d  work - n o t  i n e l a s t i c  pa th  l e n g t h  - a t  a r a t e  t h a t  depends on t h e r -  
mal h i s t o r y .  I n t e r n a l  damage was shown t o  evolve w i t h  d i s s i p a t e d  work l ead ing  
t o  a loss o f  m a t e r i a l  s t a b i l i t y .  D i s s i p a t e d  work i s  the sum o f  i n e l a s t i c  work 
and i n t e r n a l  work. I n t e r n a l  work i s  a continuum measure o f  the  f r e e  energy 
s t o r e d  i n  a m a t e r i a l  due t o  i n e l a s t i c  deformat ion.  
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APPENDIX  

Th is  appendix p rov ldes  t h e  d e r l v a t l o n s  fo r  t h e  f low and e v o l u t l o n a r y  equa- 
t i o n s  g i v e n  i n  equa t lons ,  (281, (291, (331,  and (361. 

By u s i n g  equat ions ,  (151, (171, (191, (241, and (251, the  f low law 
(eq .  (2011 can be w r l t t e n  as 

by  t h e  c h a i n  r u l e ,  where 

I 

l and 

1 - -  as,, - 6 6 - -6 6 n i  m j  3 nm i j  j 

Combining these equa t ions  r e s u l t s  i n  

which i s  t he  f low equa t ion  ( 2 8 ) .  

By u t i l i z i n g  equa t ions  (16)  t o  (19)  and ( 2 4 )  to  ( 2 6 > ,  t he  e v o l u t i o n a r y  
law for i n t e r n a l  s t r e s s  (eq .  ( 2 1 ) )  can be w r i t t e n  as 

by the  c h a i n  r u l e ,  where 

- -  - - 6  6 azvu 
aBmn vm un (A9) 

( A 1  0) 
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aG 1 
a12 K2 

= -  - 

a1 

and 

1 = 6 . 6  --6 6 & 
ah j n i  m j  3 nm i j  

Combining equa t ions  (A21 to  (A4) w i t h  equat ions  (A8) t o  (A13), we o b t a i n  

E, 1 
B i j  = hb(G) f (F)  a - 2hb(G)g(G)Bij 

P 

which when j o i n e d  w i t h  the  f low equa t ion  (eq. (A7))  r e s u l t s  i n  

( A 1  3 )  

(A141 

where rb(G) i s  d e f i n e d  t o  be 2hb(G)g(G). T h i s  i s  t h e  e v o l u t i o n a r y  e q u a t i o n  
for i n t e r n a l  s t r e s s  g i v e n  i n  equa t ion  (29 ) .  

We d e f i n e  the  f o l l o w i n g  express ion :  

From equa t ions  (18> ,  (19) ,  (2S), and ( 2 6 > ,  we o b t a i n  

- aF 'ij'ji 

K3 a K  = - 

B B  

K3 
aG i j  j i  
aK - - - -  

which when s u b s t i t u t e d  i n t o  equa t ion  (A161, a long  w i t h  equa t ions  (A2) and 
( A l O ) ,  g i v e s  

( A 1  6) 

( A 1  7) 

(A18) 

By s u b s t i t u t i n g  equat ions  ( A 7 )  and (A151 i n t o  t h i s  r e l a t l o n s h i p ,  I t  becomes 

B B  

2hb 
( G I  w = S l j l P l  - (A20) 

131 



which can be expressed as 

(3. .B 

2hb 
(G) ' p  - i j  j i  w = U i jE j i  (A21 1 

because o f  equat ions  (15) and (16 ) ,  and the  f a c t  t h a t  ip 
d e v i a t o r i c .  

(eq. ( 2 2 ) )  can be w r i t t e n  as 

and Bi a r e  i j  
Th is  i s  t he  r a t e  o f  d i s s i p a t e d  work g i v e n  i n  equa t ion  (34 ) .  

From equa t ions  (24) t o  (271, t he  e v o l u t i o n a r y  law for t h r e s h o l d  s t r e n g t h  

by the  c h a i n  r u l e ,  where 

and where (from e q .  (30>), 

J o i n i n g  equa t ions  (A16) and (A22) t o  (A24) r e s u l t s  i n  

where r Z ( Z >  i s  d e f i n e d  t o  be h,(Z>z(Z). T h i s  i s  t h e  e v o l u t i o n a r y  e q u a t i o n  
fo r  t h r e s h o l d  s t r e n g t h  g i v e n  i n  equa t ion  (33). 

By u s i n g  equa t ions  (24) t o  (27 ) ,  t h e  e v o l u t i o n a r y  law for damage 
(eq. (23 ) )  can be w r i t t e n  as 

by the  c h a i n  r u l e ,  where 

Combining equa t ions  (A16), (A261, and (A271 r e s u l t s  i n  

w w = D ( w )  - 1 - W  
(A28) 

which i s  t he  e v o l u t i o n a r y  equa t ion  f o r  damage g i v e n  i n  equa t ion  (36 ) .  
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Figure 1 .  - In the stress free state fa/h(fa) 
sipation during state recovery. 
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Figure 2. - Dissipated work in cyclic shear in the absence o f  thermal recovery. 
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