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ABSTRACT

A numerical solution technique has been developed for computing the flow
field around an isolated helicopter rotor in hover. The flow is governed by
the compressible Euler equations which are integrated using a finite vol-
ume approach. The Euler equations are coupled to a free wake model of
the rotary wing vortical wake. This wake model 1s incorporated into the fi-
nite volume solver using a prescribed flow, or perturbation, technique which
eliminates the numerical diffusion of vorticity due to the artificial viscos-
ity of the scheme. The work has been divided into three major parts. In
the first part, comparisons of Euler solutions to experimental data for the
flow around isolated wings show good agreement with the surface pressures,
but poor agreement with the vortical wake structure. In the second part,
the perturbation method is developed, and used to compute the interaction
of a streamwise vortex with a semispan wing. The rapid diffusion of the
vortex when only the basic Euler solver is used is illustrated, and excellent
agreement with experimental section lift coefficients is demonstrated when
using the perturbation approach. Finally, the free wake solution technique
18 described and the coupling of the wake to the Euler solver for an 1solated
rotor 18 presented. Comparisons with experimental blade load data for sev-
eral cases show good agreement, with discrepancies largely attributable to
the neglect of viscous effects. The computed wake geometries agree less
well with experiment, the primary difference being that too rapid a wake
contraction is predicted for all the cases.
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Chapter 1

Introduction

1.1 Background

The helicopter has proven itself as a useful and practical vehicle since
the late 1940’s. However, the aerodynamics of these aircraft is considerably
more complex and difficult to analyze than that of conventional fixed wing
aircraft. If one considers the flight envelope of a helicopter, the range of
flow regimes covers most of the fluid dynamic phenomena of interest to any
aerodynamucist. In forward flight, the flow around the main rotor blades is
unsteady and three dimensional. At the tip of the advancing blade, transonic
speed may be reached, resulting in shocks. On the retreating blade, high
angles of attack can result in dynamic stall, and over the inboard portion
of the blade a region of reversed flow 1s found. Each blade operates i1n the
vortical wake of the other blades of the rotor—in particular there 1s a strong
interaction between the advancing blade and the tip vortex of the preceding
blade once every revolution. One must also consider the interaction of the
main rotor wake with the tail rotor, or the interference between the two main
rotors in a tandem configuration. The presence of the fuselage complicates
the picture even more. All this contributes to making the helicopter an
aerodynamucist’s nightmare—or dream, depending upon his or her attitude

One thing the helicopter does that conventional aircraft cannot do 1s
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Figure 1.1: Comparison of hovering rotor and fixed wing wakes

hover or fly at very low speeds efficiently. For an 1solated rotor in hovering
flight the flow picture is sumplified since the loads on the rotor blades are
steady. By considening the flow field in blade fixed coordinates, one has the
analog to steady state flight of a conventional aircraft. Even here, however,
are difficulties not found in fixed wing aircraft aerodynamics The difference
between a hovering rotor wake and a classical fixed wing wake can be seen
in Figure 1.1, taken from McCroskey [42]. The tip vortex of each rotor
blade passes near the following blade, resulting 1n rapid variations of the
spanwise aerodynamic loading near the tip. Also, the wake descends below
the rotor, 1n contrast to the fixed wing wake which 13 convected downstream

of the wing. Because of this, the structure of the rotary wing wake has
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a significant impact on the load distribution of the rotor. This 13 quite
different from the classical fixed wing wake for which the effect of the wake
roll up is only third order in the angle of attack (Ashley & Landahl (3], pp.
135-136). The implication of this is that even for the seemingly simple case
of the hovering rotor, there are important nonlinear fluid dynamic effects
that must be accounted for if the aerodynamic loads on the rotor are to be
accurately predicted.

The above discussion sheds some light on why the analysis of helicopter
aerodynamics lags that of fixed wing aircraft. The complex aerodynamics
of rotary wing flow fields is not easily amenable to analytic treatment, and
generally the techniques that have developed over the past forty years are
based on drastic simplifications of the real flow field. With the advent of high
speed computers, the possibility of handling these complicated flow fields
numerically is gradually being realized. The development of computational
fluid dynamics technology has had a great impact on the design and analysis
of conventional aircraft, for which many robust techniques for predicting
aerodynamic loads have been developed. Progress in this technology for
rotary wing configurations has lagged that for fixed wing aircraft, in good
part due to the essentially more complex flow fields associated with the
former.

The research reported herein deals with the prediction of the aerody-
namic loads on a hovering rotor. The next section of this chapter reviews
methods for modeling the vortical wake of a hovering rotor. The computa-
tion of the aerodynamuc loads and the coupling of the wake model to the
solution of the near field flow of the rotor blades is discussed in section
1.3. Finally, the chapter ends with a discussion of the aims of the current
research and an outline of the rest of the thesis.
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1.2 Hovering Rotor Wake Models

Many approaches to modeling the rotary wing wake exist. Most models
are based on the assumption of an inviscid, irrotational, incompressible flow
with embedded vorticity. Classical vortex theories of propellers provide a
starting point for rotor analyses. These methods model the blades and wake
with distributions of bound and trailing vorticity and use the Biot-Savart
law to compute the induced velocities. The classical theories assume that
the wake may be treated as a rigid, non-contracting helical vortex sheet.
This is consistent for high speed propellers for which the induced velocities
are small compared to the axial translation speed. For a hovering rotor, this
assumption is clearly wrong as the only velocities are the induced velocities.
From momentum theory, it is known that the induced velocity over the rotor
disk is half the velocity in the fully developed wake. Hence the wake of the
rotor must contract. Furthermore, the structure of the hovering rotor wake
is found to be much different from the classical picture of a vortex sheet
(Figure 1.1). For this reason, propeller vortex theory cannot be directly
applied to rotary wings in hover. More realistic models of the wake are
required for accurate prediction of the blade loads. There are primarily two
approaches to modeling the wake in common use today* prescribed wake
and free wake analyses.

Prescribed wake hover prediction methods have been 1n widespread use
in recent years (Landgrebe [38,39], Kocurek & Tangler [35]). These meth-
ods use experimental data to derive empirical formulas relating the rotor
blade geometric parameters and thrust coefficient to the vortex wake geom-
etry. More refined models have been developed by adding further correla-
tions based on the rotor load distribution (Landgrebe et al. [40], Kocurek
& Berkowitz [34]) These methods have been quite successful 1n predicting
hover performance for conventional rotor configurations. However, these

schemes do not correctly model the flow physics, namely the transport of
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vorticity in the wake. Their most serious limitation is their reliance on exper-
imental data for predicting the wake geometry. This empiricism works well
for rotors similar to those of the experimental data base. If unconventional
planforms or twist distributions are used, the prescribed wake correlations
are no longer valid and the results obtained with this approach must be
treated with suspicion. For this reason, these methods are not reliable for
new configurations, such as tilt-rotor aircraft, in which the wake geometry
may differ considerably from that of a conventional helicopter rotor.

This limitation is overcome by free wake analysis methods (Clark &
Leiper (18], Summa [64]). These methods are based on Helmholtz’s theorem
that vortex lines in an 1nviscid, incompressible fluid must lie along stream-
lines. The wake 1s modeled as vortex sheets and filaments, and the force free
positions of these vortices are determuned 1teratively. Free wake methods are
the most general approach to wake modeling currently being used. The price
of this generality is that they are computationally expensive. For conven-
tional rotors, free wake methods often give results no more accurate than
the prescribed wake methods. For this reason, prescribed wake methods are
favored in industry. However, free wake models, being firmly rooted in the
flow physics, are better suited to unconventional configurations for which
an experimental data base does not exist. Furthermore, free wake methods
can provide insights into the physics of rotary wing wakes, something that
prescribed wake approaches cannot do.

Recently, Miller [45,44,43] has developed a fast free wake method based
on a simplified model of the rotor wake. Miller has replaced the helical wake
vortices with either vortex lines (his two dimensional model) or vortex rings
(three dimensional model) lying at the mean position of the vortex spirals
below the blade. As with the more geometrically detailed free wake models,
the force free positions of these vortices are found iteratively. Miller uses

only two vortex filaments to represent the trailing vorticity: one tip vortex
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and one inboard vortex representing the inboard vortex sheet. This wake
model has also been used by Roberts & Murman [54,46] who have shown
that more than one vortex filament is required to model the inboard portion
of the vortex sheet accurately. The results obtained with these simple free
wake models show that reasonably accurate results can be obtained for a
small computational cost, making the fast free wake analysis method a useful
tool for hover performance prediction.

Although the free wake model of the rotor wake captures the flow physics
by allowing the transport of vorticity, some limitations in the model still
exist. It is based on the assumption of a potential flow, meaning that dis-
tributed vorticity is not admitted; the wake is modeled as vortex sheets and
filaments, and convection of the wake elements is treated in a Lagrangian
fashion. Any distributed vorticity, such as in the tip vortex core, cannot
be treated with potential methods. If rotational flow fields are to be com-
puted, either the Euler or Navier-Stokes equations must be used to model
the flow. The solution of these equations requires the use of a fixed grid in
an Eulerian reference frame. Liu et al. [41] have presented a solution of the
incompressible Navier-Stokes equations for a rotor in hover. Unfortunately,
their solution does not show the expected contraction of the wake, possibly
because of their lack of a model for the far wake. Also, they considered a
flow having a Reynolds number much lower than exists for most rotors of en-
gineering interest. Much work needs to be done in developing Navier-Stokes
methods for computing the vortical wake of a hovering rotor.

The modeling of the rotor wake is of course only part of the hover prob-
lem. The aerodynamuc loads on the blade must also be computed. Fur-
thermore, there is a very close coupling between the detailed near field flow
about the rotor blades and the subsequent roll up and convection of the
wake. In the next section, the computation of the flow field about the rotor

blades and the coupling of this to the wake model are exarmuned.
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1.3 Rotor Blade/Wake Coupling

The most common method of computing the aerodynamic loads of he-
licopter rotor blades is to model them as lifting lines or lifting surfaces.
These models are based on the assumption of small disturbances to an in-
viscid, irrotational flow. Lifting line theory requires the further assumption
that three dimensionality may be treated as a perturbation on a two di-
mensional flow about each rotor blade section. This latter assumption is
violated at the tip of the blade, and in the blade/vortex interaction region
if the tip vortex is sufficiently strong and close to the blade. Lifting surface
theory is three dimensional, so that the blade vortex interaction is more ac-
curately represented. One restriction of these blade models is the linearized
treatment of the boundary conditions. More geometric generality may be
acheived by using a surface singularity method (panel method) to model
the blade (Summa [64], Morino et al. [48]). This approach is based on the
Green'’s function method for the Laplace equation, and strictly speaking is
confined to incompressible flows.

Lifting line, lifting surface, and panel methods treat the portion of the
trailing vortex wake attached to the blade as either a fixed or free sheet. The
prescribed wake methods and the simplified free wake model of Miller [45]
fix the position of the trailing vortex sheet. Miller uses the computed bound
circulation distribution to determine the strength of the vortices in the free
portion of the wake. In the free wake methods of Summa [64] and Morino et
al. [48] the paneling of the attached near wake corresponds to the beginning
of the free wake, and the positions of the attached wake elements are found
iteratively as part of the free wake solution procedure. This provides a
natural and very close coupling of the wake geometry solution to the near
field flow around the blade

The governing equation for the lLifting line, surface, and panel methods

is the Laplace equation, which is exact for an incompressible potential flow
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However, the tip Mach number is often large enough that compressibility
effects are significant. This can be accounted for through the use of an
a.i:proximate compressibility correction, such as the Prandtl-Glauert rule.
However, if transonic speeds are reached at the blade tip, the linear gov-
erning equation is no longer adequate to model the low. For these cases
either the transonic small perturbation or full potential equation is required
to compute the flow about the rotor. To solve these equations, a finite dif-
ference or finite volume approach must be used. Such methods require the
value of the potential to be defined at fixed points in an Eulerian reference
frame. This in turn makes it necessary to generate a grid system around
the rotor blade, which is called the computational domain. By solving the
equation, the flow field is known throughout the computational domain.

The transonic small perturbation (TSP) equation is based on small geo-
metric disturbances to the flow of an inviscid, irrotational ideal gas at near
sonic velocities. This allows the use of linearized boundary conditions at
the rotor surface, and simplifies the grid generation task. This equation has
been applied to the case of a rotary wing in hover by Caradonna et al. for
both non-lifting [13,6] and lifting flows(12] The TSP equation 1s strictly
valid only in the transonic range, and as with lifting surface theory, the hn-
earized treatment of the boundary conditions is not valid at a blunt leading
edge. The full potential equation, on the other hand, 1s valid from transonic
to subsonic speeds, and allows the rotor geometry to be more accurately
modeled. This requires the generation of a boundary conforming grid sys-
tem. It has recently been used for a hovering rotor by Strawn & Caradonna
[63] and Egolf & Sparks [24].

Coupling a finite difference potential solver to a rotor wake model 1s
complicated by the fact that the treatment of the vortex wake on a fixed
Eulerian mesh 1s somewhat more difficult than for surface integral methods

Vortex sheets and lines must be represented by branch cuts in the computa-
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tional domain. In Caradonna et al. [12], Egolf & Sparks [24, and Strawn &
Caradonna [63], the vortex wake is prescribed. The trailing vortex system of
the blade is treated as a quasi-planar sheet lying along a coordinate surface
The tip vortex spirals below the blade are fixed in space, and are represented
by branch cuts in the domain. Strawn & Caradonna used an experimen-
tally determined wake geometry, while Egolf & Sparks used the Kocurek &
Tangler (35] prescribed wake model. This is an effective approach when the
wake vortices do not lie too close to the rotor blades. Because the potential
equation does not convect vorticity, modeling a free vortex wake requires a
Lagrangian treatment of the sheet within the finite difference domain. In
general, a free sheet will not lie along a coordinate surface, complicating the
branch cut boundary condition. Murman & Stremel (49] and Steinhoff &
Suryanarayanan [62] have treated the problem of vortex sheet roll up using
a finite difference potential solver. More work remains to be done on this
approach.

The formation of the tip vortex and the structure of the trailing vortex
sheet shed from the rotor blade are, of course, dependent upon the viscosity
of the fluid and the enforcement of the no slip condition at the solid surface.
Potential models cannot compute this process. The Kutta condition pro-
vides a model for specifying separation from sharp trailing edges and tips.
Some additional separation model 1s needed to approximate the tip vortex
formation around a rounded tip (e.g. Summa [64]). Furthermore, if the
tip vortex of one blade passes sufficiently close to the following blade, the
distortion of the vortex path and changes in the core structure cannot be
handled with a potential method. To compute strong blade/vortex interac-
tions as well as the roll up of the wake as it comes off the blade, the Euler
or Navier-Stokes equations are needed to solve for the near field low around
the blade. Although viscous forces provide the physical mechanism for the

separation of the vortical wake from the blade, the roll up and convection of
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the wake is primarily an inviscid phenomenon. This suggests that the Eu-
ler equations, because they admit vortical solutions, should be an adequate
model for computing the near field flow around a rotor blade, provided they
yield a realistic model of separation.

The Euler equations for an inviscid, non-heat conducting ideal gas have
been used to compute the flows around fixed wing configurations (e.g. Jame-
son & Baker [31], Rizzi & Eriksson [53]). Researchers have found that, con-
trary to expectations, the Kutta condition at a sharp trailing edge need not
be explicitly enforced. The usual explanation for this turn of events 1s that
the artificial viscosity of these schemes mimics the effect of real viscosity at
sharp edges. More puzzling is the fact that separation is observed around
smooth edges, such as rounded wing tips. Again, artificial viscosity 1s the
suspected culprit, and 1t has been suggested that this separation would not
occur if the grid were suitably refined. The mechanism for separation 1n
Euler codes has not been clarified, and much work needs to be done in this
area.

Although the cause of separation in Euler codes is not completely un-
derstood, 1t has been observed that the rolled up vortical wakes computed
by such methods appear to be realistic models of real wakes. Much work
has been done on leading edge separation around slender configurations in
particular, with emphasis on understanding the nature of the rolled up vor-
tices. Powell et al. [50] have examined the nature of leading edge vortices
computed using the conical form of the Euler equations. The total pressure
loss in the vortex core was observed to be insensitive to such numerical pa-
rameters such as the magnitude of the artificial viscosity and the refinement
of the grid. Furthermore, the total pressure loss was very simlar to that
observed experimentally Poweil et al. proposed that the total pressure loss
18 due the discrete nature of the computed vortex sheet. Finite volume solu-

tions of the Euler equations must yield a sheet with a finite thickness rather
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than a contact discontinuity. This thickness results in a total pressure loss
as the tangential velocity goes through zero across the sheet. Powell and his
colleagues further argue that for this reason, the discrete Euler equations
mimic the effect of viscosity in a real fluid, and hence realistically model a
shear layer in a high Reynolds number flow. If this is the case, then finite
volume solutions of the Euler equations should be a better model for vorti-
cal flows than might be expected at first. The Navier-Stokes equations may
only be necessary for flows in which viscous effects cannot be neglected, such
as flows with large scale separation.

Because the Euler equations admit vortical solutions, they can be used
to compute the flow in the wake region of a rotor as well as around the
blade. This avoids the assumption of an incompressible potential flow with
embedded vortex sheets required by the Lagrangian free and prescribed wake
methods described in the previous section. In principle, a finite volume grid
can be constructed that extends from the rotor blade near field to the wake
region below the rotor, and the entire flow field of the rotor may be found
as part of the same solution procedure. This eliminates the need to couple a
wake model to the rotor blade near field solution, and is similar 1n philosophy
to the free wake panel method of Summa [64]. However, this approach is
not practical. The vortical regions in the wake are typically very compact.
To be able to resolve the wake structure below the blade, an extremely
fine grid is needed in the region of the vortex core. Either a globally fine
grid is required or some form of local refinement must be used. The first
option results in excessive resolution in regions where the flow gradients are
small. The second option requires either a priori knowledge of the location of
the wake vortices or an adaptive refinement strategy This complicates the
algorithm for solving the equations. A second problem 1s that the artificial
viscosity required by the Euler solver will result 1n a non-physical diffusion

of the vortex as 1t is convected below the blade, although real viscosity or
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inviscid instabilities may diffuse it. An attempt to overcome these problems
has been made by Steger & Kutler [61], who computed the vortical flow
in the wake of an aircraft using a very simple adaptive grid strategy and
fourth order accurate spatial differencing. Finally, since the rotor wake 1s
of infinite axial extent below the rotor, some model for the portion of the
wake lying outside the computational domain is required in order to get the
proper wake contraction and induced velocities near the blade. For these
reasons, it is preferable to model the wake separately, and to couple 1t to
the Euler solution of the near field of the blade. To take full advantage of
the properties of the Euler equations, the coupling strategy should allow
the computation of strong blade/vortex interactions 1n which the tip vortex
passes very close to the trailing blade, including the situation in which the
blade cuts through the rotational core of the vortex.

Little work has been done to date using the Euler equations for hovering
rotors. Sankar et al. [56] have presented one solution technique using the
Euler equations coupled to a wake model. Their approach consists of writing
the state vector as a perturbation about the velocity field induced by the
vortex wake. The wake is modeled as a single t1p vortex spiral whose position
1s prescribed below the rotor blade. A further simplification is to ignore
the spanwise and chordwise induced velocity components, and to write the
perturbation about the axial component of the induced velocity 1n a limited
region of the computational domain near the rotor blade. Although the
method demonstrated by Sankar et al. 1s relatively simple, 1t does not make
full use of the advantages of the Euler equations over potential methods
This approach 1s effectively a downwash, or angle of attack, correction at
the blade, turning the Euler solver into an extended lifting line method
Also, Sankar »nd his co-workers cannot compute the strong interactions of
a tip vortex with a rotor blade because of the excessively simple 1nclusion

of the wake influence. Finally, a more complete wake model 13 required to
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accurately predict the aerodynamic loads on the rotor.

In a more recent paper, Agarwal and Deese [1] also solve the Euler equa-
tions for the flow around a rotor blade. As in Sankar et al., the approach of
Agarwal and Deese is essentially to correct the angle of attack of the blade
to account for the wake influence. Unlike Sankar and his co-workers, they
use the results of a free wake calculation to determine the induced angle
of attack at the rotor blade, and this is translated into a effective geomet-
ric twist distribution. The free wake solution and the Euler computation
are performed independently; there is no coupling or iteration between the
two. In the cases they present in (1], they make a further simplification
by simply adjusting the collective pitch rather than giving the blade a new
twist distribution. As with Sankar et al., this fails to take full advantage of
the properties of the Euler equations over the potential equation. Agarwal
and Deese point out that to capture the rotor wake with the Euler solver,
a highly refined grid must be used. They conclude that coupling the free
wake solver to the Euler solver may provide an effective solution algorithm
for hovering rotor flows.

In Roberts & Murman (55|, an earlier version of the work described in
this thesis is reported. As in Sankar et al., the wake is computed separately
from the Euler solution around the blade. The wake model used 1s that of
Roberts & Murman [54], which is essentially the vortex ring model devel-
oped by Miller [45]. For the case computed 1n [55], the induced velocity
field of the entire seru-infinite wake 1s used to specify the far field boundary
conditions for the Euler solver. This introduces the vortex wake into the
finite volume computational domain. To reduce the smearing of the wake
vortices due to artificial viscosity, the induced velocity of the entire wake
18 computed at each grid cell in the computational domain and subtracted
from the total velocity field before the smoothing operator 1s applied. Al-

though this reduces the smearing of the vortices, the truncation error in the
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coarse regions of the grid still results in more diffusion of the vortex core
than than is desired. Insufficient resolution in the far field means that the
core structure of the tip vortex spiral cannot be specified properly at the
boundary. Finally, the scheme did not fully couple the prediction of the
wake geometry to the near field flow of the rotor blade.

With this background of previous work on the hover problem established,
the approach and objectives of the present research will be discussed in the

next section. Finally, an outline of the remainder of the thesis will be given.

1.4 Present Research

As discussed in the previous section, application of existing finite volume
or finite difference methods to a hovering helicopter rotor 1s complicated by
the fact that the wake of a rotor 18 very eompact, making it difficult to
compute the flows without smearing the wake excessively due to i1nadequate
grid resolution and numerical dissipation. If these problems can be over-
come, Euler methods will prove a valuable tool for understanding hovering
rotary wing flow fields and serve as a necessary step towards a complete
Navier-Stokes model.

The objectives of the current research are three-fold. First, the 1ssue
of whether numerical solutions of the Euler equations yield realistic models
of the vortical structure and the roll up of the wake is addressed. This 1s
done by comparing the solution of the Euler equations to the experimen-
tally measured wake flow field of a conventional wing of moderate aspect
ratio. Second, a method of introducing a streamwise vortex into the compu-
tational domain such that its structure remains well defined even 1n coarse
regions of the grid is developed. This is to allow efficient computation of the
blade/vortex interaction for a hovering rotor The method i1s demonstrated
by computing the 1nteraction of a single streamwise vortex passing over a

low aspect ratio wing and comparing with experiment. Finally, an iterative
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method for coupling a free wake solution of a hovering rotor wake with the
near field flow around a rotor blade is developed, and the results for a two
bladed model rotor are compared to experiment.

In the next chapter, the finite volume algorithm for the Euler equations
is presented, and the code validated for the ONERA M6 wing at transonic
speed and an aspect ratio 6 wing of rectangular planform at a highly sub-
sonic Mach number. The trailing vortex system computed in the latter case
is compared to experiment, and the validity of the Euler equations for com-
puting the structure of the wake is discussed. In chapter 3, a method for
introducing a streamwise vortex 1nto the Euler computational domain and
computing its interaction with a wing 1s presented. The method is vali-
dated against the experimental data of Smith & Lazzeroni [57] Chapter 4
discusses the coupling of the Euler solver with Miller’s simplified free wake
model. An 1terative solution procedure for combining the two methods 1s
presented, along with computations of a two bladed rotor in hover. These
results are compared to the test data of Ballard et al [5] and Caradonna &
Tung [14] Finally, conclusions are presented in chapter 5
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Chapter 2

Euler Solution Procedure

In this chapter, the governing equations for an inviscid gas, the Euler
equations, are given, and the algorithm for solution of the equations 1s pre-
sented. The method used 1s the finite volume multistage scheme of Jameson
(31]. The generation of the body fitted grid 1s discussed. An O-O grid topol-
ogy is used, and the grid generator 1s the algebraic code of Eriksson [25].
Two test cases are presented for validation of the Euler code. The first is
the ONERA M6 wing at transonic speed. Comparisons are made between
computed surface pressures and the experimental data of reference (7] The
second test case 1s the rectangular planform wing tested by Weston [67] at
a low Mach number. Comparisons are made with both surface pressures
and wake surveys The purpose of this comparison 1s to determine whether
the numerical solution of the Euler equations yields a realistic model of the

trailing vortical wake of a lifting wing

2.1 Euler Equations

The flows considered here are taken to be steady The Reynolds number
1s assumed to be high and the Prandtl number 1s of order unity, meaning
that viscous and thermal effects are confined to thin shear layers Flows

with massive separation are not treated here. The outer inviscid flow 1s
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then governed by the equations for an inviscid, adiabatic, 1deal gas, called
the Euler equations. With this model, the boundary layers and wakes are
ignored, and only the Euler equations are solved for the outer flow. Although
only steady flows are of interest here, solutions are found by solving the
unsteady Euler equations in a time asymptotic fashion. The unsteady Euler
equations are given here in integral form, and are derived from an application
of the laws of conservation of mass, momentum, and energy to an arbitrary
control volume in an Eulerian reference frame. The boundary conditions
necessary for obtaining a steady state solution are also presented.

Consider the control volume V' shown in Figure 2.1. Conservation of

N}

Figure 2.1. Control volume

mass requires that the time rate of change of the mass of fluid 1n the control

volume equal the net flux across the boundaries. Writing this in 1ntegral
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form gives .
d s o a2
5///pdz=—//pu-ndz, (2.1)

1 4 av

where p 1s the fluid density, @ is the velocity, t is time, dz 15 a differential
volume element, d%z 1s a differential area element on the control volume
surface, and #i is the outward pointing normal at the control volume surface.

Applying Newton'’s second law to the flow through the control volume,

[t [ sane- [ mes
| 4 v A4

where p is the static pressure of the fluid.

we get

Conservation of energy across the control volume yields the energy equa-

%/f/nEd": = -// (pE + p) G-ad’z (23)
v av

g4
E=CUT+T.

Here T 1s the temperature of the fluid and ¢, 1s the specific heat at constant

tion,

where

volume.
Finally to close the system, an equation of state 1s required. This is
given by the ideal gas law,
p=pRT (2.4)

where R = ¢p — ¢, is the 1deal gas constant, ¢, being the specific heat at a

constant pressure.
The continuity, momentum, and energy equations can be written 1n a

more convenient form given below,

%///Ud%-}-//f(U)-ﬂd’z:O, (2.5)
\ 4 av
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where

P pe
pu . puti + pi
U=| pv |, F(U) = pvi+pj |,
pw pwi + pk
oE (pE + p)a
and
1 p u-u
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The vector U 1s called the state vector, and f(U) is the flux vector; u, v,
and w are the cartesian components of the velocity ¢ in the z, y, and z
directions, respectively, and {, j, and k are the corresponding unit vectors
in those directions. The equation of state has been used to eliminate T from
the energy equation; the symbol + 1s the ratio of the specific heats, c,/cy,
and 1s taken to be equal to 1.4. The steady state 1s reached when the surface
integral in Equation (2.5) 18 zero.

The steady state boundary conditions required to complete the specifi-
cation of the steady problem are now presented. At a stationary solid wall,

there 1s no fluid flux across the surface. This is written as
g-A=0, (2.6)

where 7i is the unit normal at the surface. In the far field upstream of the

wing, the flow should approach a uniform stream,

lim U= Ug. 27)

Z—+—00

where Uy, = (po00) Pootios, 0,0, p“Ew)T is the state vector of the unmiform
free stream, z being taken as the free stream direction. The flow field 1s not
uniform at downstream infinity for a lifting flow due to the existence of a
vortical wake. The usual boundary condition in the Trefftz plane 1s that the
flow perturbation in the streamwise direction vanishes,

au
5 =0 29
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Finally, the flow is required to separate from the body at sharp trailing
edges. This is called the Kutta condition.

To solve Equations (2.5) numerically, it 1s useful to non-dimensionalize
the dependent and independent variables. The reference values used to
normalize the variables are arbitrary, the only requirement being that the
choice of normalization constants be consistent. In this thesis, the density
and pressure are normalized by their free stream values, p,, and p.,, and
the velocity is non-dimensionalized by ac/,/7, where a, is the free stream
speed of sound. Lengths are normalized by an arbitrary length scale c,
usually taken to be the chord of the wing, and ¢ is normalized by ¢,/7/ac.
With these choices for the normalization constants, the non-dimensional
Euler equations are 1dentical to Equation (2.5). The non-dimensional free

stream state vector becomes

1
VM
0

0 a2
Tt

where M, is the free stream Mach number. In the remainder of this thesis,

Uw = , (2.9)

the non-dimensional equations will be referred to unless otherwise noted.
In the next sections of this chapter, the numerical algorithm for solving

Equation (2.5) is presented.

2.2 Spatial Discretization

The finite volume spatial discretization used here 13 that developed by
Jameson & Baker (31} and Rizz1 & Eriksson {53] This consists of dividing the
computational domain 1nto hexahedral cells (Figure 2.2). The state vector
U 18 defined at the center of each cell. The flux vector at the cell center,
F(U), is computed from the state vector. To approximate the flux integral
on the right hand side of Equation (2.5), the flux vectors at adjoining cells
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are averaged to get the flux vector on a cell face. This is dotted into the
projected area of the cell face. The sum of the outgoing fluxes across all six
faces of the cell is computed to get the approximation to the right hand side
of Equation (2.5).

Sy

Figure 2.2: Finite volume cell

If X,Y, and Z are the computational coordinates 1n the 1, 7, and k

directions, the discrete approximation to the flux integral can be written as

Fx = 6x (§x '#xf(U).,,,,,) + by (5'} '#yf'(U).,,_;,)
+6z (gz - uzF (U).,,,k) (2 10)

The operators §x and ux are the central difference and averaging operators

in the X direction and are defined as

Sxfoyk= fc+§,;,k - f.--;-,;,k
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and 1
Bxfigk = 2 (f|+§.1.k + f'—%,,,h) )

Analogous operators are found for the Y and Z directions. The values
Sx, Sy, and Sz are the projected face areas in the positive X, Y and Z
directions, respectively (Figure 2.2).

This approximation to the flux integral can be seen to yield a central
difference discretization of the equations, which is second order accurate on
a cartesian grid. Central difference algorithms for first order equations are
dispersive rather than dissipative (see Anderson, et al. [2]). This 1s because
the truncation error consists of odd order higher derivatives rather than even
order derivatives. For nonlinear equations, this can lead to instability due
to aliasing errors. As energy cascades from long wavelengths to short wave-
lengths, the shortest wavelengths cannot be resolved on the finite volume
grid. As a result, these waves show up as distorted long waves. To elim-
inate this unphysical behavior, a dissipative mechanism must be added to
the discrete Euler equations. The form of the dissipation term is described

below.

2.3 Artificial Viscosity

The artificial viscosity model, or dissipation operator, used 1s that of
Jameson et al. [32]. It consists of two terms, a fourth difference and a
second difference expression. The fourth difference artificial viscosity has
the following form:

Vi
o=~ {ox (L22d3Tn) +). @

1,2,k

Only the difference in one coordinate direction 13 shown; the differences in

(4)
1,3,k

1s the fourth difference dissipation coefficient, V; , x 1s the cell volume, and

the other two coordinate directions are similar. In Equation (2.11), €
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745,k is the time step for the cell, scaled to a CFL number of 1; U, , ; is the
state vector at cell 1, 7, k with pE replaced by pE + p 1n the energy equation.
Since pE + p = pH, where H is the total enthalpy, this has the effect of
admitting a constant total enthalpy flow as an exact solution to the discrete
equations. This is a desirable property, since the flows considered here will
have a constant total enthalpy in the steady state. This also allows the use
of enthalpy damping, which will be described in section 2.6. The definition
of the fourth order coefficient will be given shortly.

The inclusion of the cell volume V; , ; is necessary to make the dissipation
term consistent with the flux integral term and with the time derivative
term in Equations (2.5). The unscaled time step term, 7, ,, 18 equivalent
to scaling the dissipation term by the spectral radius of the flux Jacobian,
dF/3U. Pulliam [51] has analyzed artificial dissipation models for the Euler
equations, and he shows that by using a Jacobian scaling term in the artificial
viscosity in combination with a central difference discretization of the flux
integral results in a difference scheme that emulates an upwind differencing
algorithm.

The fourth difference dissipation provides a level of background dissi-
pation sufficient to stabilize the time marching algorithm, and to kill the
odd-even decoupling of the solution typical of central difference algorithms
for the Euler equations. In transonic flows, the fourth difference artificial
viscosity operator is insufficient to capture shocks. A second difference ar-

tificial viscosity is required. This takes the form

Vias
where ef";) & 18 the second difference dissipation coefficient.

The two smoothing coefficients 1n the X direction are determuned from

) , (2 13)

the formuias
B ) ( 6% Puri,yb

4“42YP'+1.J.'=

5)2(1".1.1:
4"‘3{?1,],k

s+1.0.k
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ey , = max (o,,c(‘) - ef:’h,k) (2.14)

with similar expressions for the Y and Z directions. The form of the second
difference dissipation coefficient is designed so that it turns on only near
shocks. In smooth regions of the flow field, the second difference of pressure
is small, and 1s formally of second order 1n the grid spacing. This makes
D) formally of third order in the grid spacing. Near shocks, the pressure
switch is of order unity, and locally the second difference artificial viscosity
becomes first order. Typical values of x(2) are 0.1 to 0.25.

Because the second difference smoothing is necessary solely to capture
shocks, it 1s not needed for shock free flows. If a purely subsonic flows 1s
computed, 1t has been found that the fourth difference alone is adequate to
stabilize the calculation. For these fows, x(2) 1s set to zero.

The fourth difference artificial viscosity provides a background dissipa-
tion in order to stabilize the time stepping scheme. However, it will cause
wiggles, and can possibly be destabilizing, at a shock. The form of ¢{4) 1s
chosen such that in smooth regions of the flow, where the pressure gradi-
ents are muld, the coefficient takes on its largest values. Near shocks, where
the second difference pressure switch becomes of order unity, the fourth
difference artificial viscosity coefficient 1s turned off. Note that the fourth
difference artificial viscosity 1s formally a third order quantity 1n the grid
spacing. The value of x(#) is chosen to be between 0.004 and 0 O1.

2.4 Multistage Time Integration

Applying the spatial discretization and artificial viscosity operators to
the Euler equations on the finite volume grid, one obtains the semi-discrete

equations
dU, .k - _ 1 _
dt - V‘_J'k {F'Jlk D‘l’lk} ? (2'15)
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where the dissipation operator is
2 4
Dyyp= D.(,J),k + D.(,,),h-

This forms a large system of coupled nonlinear ordinary differential equa-
tions for U. To integrate these equations, the multistage time stepping
scheme of Jameson & Baker [31] is used.

The multistage scheme is applied at time level n as follows:

u® = U,
At
Ul = U(°)—a,V(F(°)-D(°)), (2.16a)
@ = U _ 4.3t (p) _ pO
U® = U0 a3 (F® - D), (2.16b)
) = PO — o 28 (p(2) _ plo)
o® = U as; (F D ), (2.16¢)
UW = U0 - oS (FO - DO), (2.169)
ygntl = U(l)
The multistage coefficients are
R TS S S
ay = 4702— 3,03— 2,&4—

The artificial smoothing is evaluated only at the initial stage of the temporal
integration. This is to reduce the operation count for the scheme. The time
step At for cell ¢, 7, k is found from the formula

Vi

+ clg,mz ’

At,, .= CFL (217)

'ﬁ‘ Smc:

where ¢ is the speed of sound, Sp,. 18 the vector sum of the maximum
projected areas of the cell in the z, y, and z directions, and CFL 1s the
Courant-Friedrichs-Lewy number, which 1s chosen by the stability limit of
the multistage scheme. For the coefficients of the time stepping scheme given
here,

CFL < 2V2
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(see appendix A). Most of the cases presented in this thesis were run at
the maximum allowable CFL number given above. As shown here, the time
step for each cell is chosen such that the CFL number is constant throughout
the computational domain. Larger cells will run at larger time steps than
small cells. As a result, the integration 1s no longer time accurate, but the
convergence to the steady state 1s accelerated. Essentially, the temporal
integration scheme has become an iteration path to the steady state, but
the solution at any intermediate iteration level no longer has any physical
meaning.

One important feature of the multistage temporal integration scheme
presented here 1s that the steady state operator, F, , x — D, , &, is independent
of the time step used in the integration.

Note here that the value of 7, , ; which is used to scale the artificial vis-
cosity operator presented in the last section is simply equal to At,,/CFL.
This is necessary to make the artificial viscosity independent of the CFL

number used to reach steady state.

2.5 Boundary Conditions

Boundary conditions on the computational domain are required to main-
tain a properly posed initial-boundary value problem, just as they are re-
quired analytically. However, the number of boundary conditions which may
be prescribed mathematically are not sufficient to close the discrete equation
system. Extra relations must be derived from the local analytic behavior of
the governing partial differential equations. These extra relations, and their

physical significance, are discussed 1n this section

2.5.1 Solid Wall

At the solid wall, we have the physical boundary condition given by

Equation (2 6), namely, the requirement of no flux through the wall. For
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the continuity and energy equation, this is easily incorporated by simply
setting the mass and energy fluxes to zero at the wall. However, in the
momentum equation, there is still a pressure contribution at the solid wall
To obtain the value of the pressure at the wall, the pressure is extrapolated
from the interior using the normal momentum equation as formulated by
Rizzi [52]. The expression is obtained by writing the momentum equation

at the wall and dotting it into the unit normal,

-

du

T A+ (pd- V@) i=-Vp-fi

where 1i 18 the unit normal at the wall. Using Equation (2.6) and noting
that in wing-fixed coordinates /3t = 0, the momentum equation may be

rewritten as
dp

an
Equation (2.18) gives the pressure gradient normal to the solid wall in

pid+ (@ Vi) = (2 18)

terms of the known surface curvature and the velocity at the wall. The
velocity at the wall 1s taken to be the tangential component of the velocity
in the first computational cell off the body. With this, Equation (2.18) 1s
solved for dp/dn at the wall, and the pressure is extrapolated to the wall
from the first interior cell.

2.5.2 Far Field

Analytically, we have the requirement that the flow disturbances van-
ish at upstream infinity, Equation (2.7), and that streamwise perturbations
vanish in the Trefftz plane, Equation (2.8). These are more difficult bound-
ary conditions to apply, since the computational domain only extends a few
chords from the wing at which distance the disturbances will not have van-
1shed. Also, the far field boundary conditions given above are for the steady
state low. Since unsteady equations are being marched in time to reach the

steady state, the problem being solved 1s an 1nitial-boundary value problem
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The numerical boundary conditions applied at the computational far field
are developed with the requirement that the transient disturbances pass
through the boundary with mimimum reflections. The far field boundary
conditions used are those of Jameson & Baker [31], who use the theory of
characteristics to satisify these conditions.

At the far field boundary, the Euler equations are written in coordinates

normal and tangential to the boundary,

au au au au
w—Aﬁ'{"Ba—T;"I—Cﬁ; (2.19)

where N, T, and T; are local cartesian coordinates normal and tangential
to the boundary, and A, B, and C are the N, Ty, and T; components of the
flux Jacobian oF /8U. The normal direction 1is taken to be positive pointing
out of the domain. The boundary conditions are developed by assurning all
incident waves are normal to the boundary in the far field, so the tangential

derivatives may be taken to be zero. Equation (2.19) then reduces to

dU  au
> =43 (2.20)

A similanty transform can be found which diagonalizes the Jacobian
matrix A in Equation (2.20). If S~! and S are the matrices of the left and
right eigenvectors of A, respectively, then the matrix

us, 0 O 0 0

0 u, O 0 0
A=S"'AS={0 0 wu, O o |, (2.21)

0 0 0 us+a 0

0 0 0 0 up,-—-a

1s a diagonal matrix of the eigenvalues of A; u, 1s the velocity normal to the
boundary (positive outward) and a 18 the speed of sound at the boundarv.

The one-dimensional equations are then written in compatibility form,

au U
-1¥ ¥ -1Yv -
SThSr +ASTISS =0, (2 22)
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and the values of the characteristic variables are determined. If the as-
sumption is made that the flow is locally isentropic, then the compatibility

equations 2.22 can be rewritten in the form

a0, au,
3t +'\'31_V_’ (2.23)

for s+ = 1 to 5, where ), is the *? eigenvalue A and U, 18 the correspond-
ing characteristic variable. The characterisic variables associated with each

eigenvalue are:

Uy : 8 (2.24a)
Uy Uy (2 24b)
Up U2 (2 24¢)
Up +a Un + 2a (2.24d)
n . n T-1 .
2a
Up— @ un—7_1 (2 24e)

where s 1s the entropy, and u;; and u;2 are the components of velocity tan-
gential to the boundary. The last two variables are the Riemann 1nvariants
The compatibility equations thus can be seen to correspond to entropy, vor-
ticity, and acoustic waves normal to the boundary.

It should be noted that the form of the compatibility equations given
here 18 not unique, and 1f the isentropic assumption 1s not used another set
of equations may be found (e.g., see Courant & Hilbert [20], pp. 434-436)

From the theory of characteristics, 1t 1s known that the number of bound-
ary conditions specified should equal the number of characteristics entering
the domain at the boundary, which correspond here to those associated with
the negative eigenvalues of A. At a subsonic inflow u,, and u, —a are negative
and u,+a 18 positive, so four characteristics enter the domain, corresponding
to the incident entropy, vorticity, and downstream running acoustic waves
These four characteristic variables specified. The characteristic variable cor-

responding to the upstream running acoustic wave 18 extrapolated from the
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interior in order to close the system at the boundary and determine the state
vector there. At a subsonic outflow, there is one incoming characteristic, the
upstream running acoustic wave, which is specified. The outgoing acoustic,
vorticity, and entropy waves are extrapolated.

The implementation of the boundary conditions in the code 1s now de-
scribed. Since none of the flows considered here have a supersonic free
stream, only the subsonic boundary conditions will be described. The in-

coming and outgoing Riemann invariants are

- ., 2a 2a
Tez = Ugp ' N + p -'zl = u, + 7———1-, (2.25&)
and
2800 2a
=G * 1 — = - 25b
Foo = U N} 11 Un 1—1 (2 )

Here, €.. and a,; are, respectively, the velocity and speed of sound at the
first interior point of the domain, and ¥ and a, are the free stream values,
and # is the unit normal pointing out of the domain.

The velocity normal to the boundary is found from
1
un=3 (Pez + o) (2.26a)

and the speed of sound 1s given by
-1

a= (rez = roo) - (2.26b)

At the inflow, the entropy is specified, and 1s given as

P _
;; =1. (2 273)
At an outflow, the entropy is extrapolated:
P __ Dezx
— =2 2.27b
4 P;'s ( )

The values of p and p are then formed from
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and
2
pa
p _— —

9
The tangential velocity 1s specified from the free stream at an inflow point

and extrapolated at an outflow. This is most easily done by writing the

total velocity as

at an inflow boundary and
a = ﬁ.‘z + (un - q‘z . ﬁ)"‘ (2-28b)

at an outflow boundary. Doing it this way avoids having to explicitly com-
pute the tangential component of velocity at a boundary point.
The boundary conditions are updated at each stage of the multistage

time integration.

2.5.3 Artificial Viscosity

Establishing proper boundary conditions for the artificial viscosity terms
18 difficult. The mathematics of the governing partial differential equations
does not tell us anything about the dissipation terms. Physical reasoning
also fails us since the additional terms are not physical. Finally, the fact
that the artificial viscosity uses a five point difference stencil in each coordi-
nate direction means that special treatment is required at the first two cells
adjacent to the boundary. The present treatment of the dissipation terms
at the boundaries of the computational domain 1s based on the analysis of
Eriksson [27], who developed a boundary treatment of the artificial viscosity
that guarantees that the terms are globally dissipative. The implementation
of his approach 13 presented here.

Faor the second difference term, the smoothing flux across a boundary
face is set to zero. Let the subscripts 1 and O represent the values at an

interior cell adjecent to the domain boundary and a dummy cell just outside
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the boundary, respectively (Figure 2.3). This boundary condition on the
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Figure 2.3: Artificial viscosity difference stencil at boundary
second difference dissipation is equivalent to setting
Uo=T.. (2 29)

For the fourth difference artificial viscosity, Eriksson’s treatment 1s equiva-
lent to linearly extrapolating the values from the first two cells inside the

domain to two dummy points outside the boundary, 1 e.

Uo =20, - U, (2.30a)
U., =30, -2U,. (2 30b)

The implementation of these boundary conditions 13 most easily accom-
plished by linearly extrapolating the state vector U and the pressure p
according to Equations (2 30a) and (2.30b). Because the pressure 1s also
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(2)

s,2.k be-

linearly extrapolated, the second difference dissipation coefficient ¢
comes zero at the boundary face, which accomplishes the same thing as
Equation (2.29). The same difference stencil for the artificial viscosity op-
erator can thus be used at all the interior cells.

This boundary condition for the artificial viscosity is applied both at the
solid wall and at the far field boundaries. At the symmetry plane, the flow

variables are simply reflected across the boundary.

2.6 Enthalpy Damping

The flows being computed here are steady, and have a constant total
enthalpy The unsteady equations are used simply to provide an iteration
path to the steady state, and time accuracy 1s not of concern. This 1s the
Justification for using local time stepping as described in the section on the
multistage integration scheme, as this provides one way of accelerating the
convergence of the code to the steady state. Another convergence acceler-
ation approach used here 13 known as enthalpy damping, which has been
proposed by Jameson [32]. This approach has been further examined by
Turkel [65] and by Jespersen {33]. A detailed derivation of the modified
equation set that results from the use of enthalpy damping is given 1n ap-
pendix B. The general outline of Jameson’s approach to enthalpy damping
is given below.

Jameson gives a heuristic development of the approach based on his ex-
perience with 1terative solutions of the steady transonic potential equation.
The argument he presents i1s based on an irrotational, unsteady subsonic

flow. This flow can be described by the wave equation,
1
2%t~ b5e — ban — ¢ =0, (2.31)

where £ = z — ut, £ = y — vt, and ¢ = z — wt; this 1s derived assuming by

assuming constant velocity for the transformation (see appendix B). If this
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equation is modified by adding a term proportional to the time derivative

of ¢, the telegraph equation,
1
a_z¢tt + adt — dge — Pan — #:¢ =0, (2 32)

1s obtained. This equation has solutions consisting of exponentially damped
waves (see Courant & Hilbert {20], pp. 192-193). Jameson, in his devel-
opment of methods for the solution of the potential equation for transonic
flows, has found that the coefficient a used has a strong effect on conver-
gence rate of the iterative scheme. He proposes that a similar term be added
to the Euler equations to simulate the effect of the ¢; term in the potential
equation. To do this, he notes that for an unsteady, irrotational low with a

uniform free stream, the Bernoulli equation becomes
¢e=Hyo - H, (2.33)

where H 1s the total enthalpy and H 18 the free stream total enthalpy.
Therefore, Jameson suggests modifying the unsteady Euler equations by
adding a term proportional to the difference 1n the local total enthalpy and
free stream total enthalpy to the equation system. The modified equation
set is

au - =
3?+V-F(U)+G(H—Hm)ﬁ=0, (2.34)

where
P

— pu
U= pv
pw

P

The reason for replacing p E with p in the energy equation 1s that otherwise,
a term proportional to H? appears, which according to Turkel (65] can lead
to difficulties, and according to Jameson et al. [32] can be destabilhizing

Jameson has found 1t to be effective then to use the form in Equation (2 34)
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There are two properties to note about the modified equation. First, the
additional terms vanish when H = H,,. Thus for steady flows in which the
total enthalpy is uniform, the steady state operator is unchanged. Using the
modified equation will therefore not affect the steady state solution. The
second point of interest is that the modified equation set has no physical
meaning. The transients computed with these equations do not represent
any physical transients. The justification for the use of the modified equa-
tions rests on the fact that only the steady state is of interest, and the path
used to reach the steady state is irrelevant. If transient flow phenomena are
of interest, Equations (2.34) cannot be used.

In solving this equation set, the approach used 1s to solve the four stage
temporal integration for the standard equation set (2.5), and to add the
enthalpy damping terms as a point implicit update of the state vector at the
end of the time step. Also, 1t has been found to be most convenient to replace
a with £, so that the implicit update step becomes independent of the time
step used in the multistage integration. Typically, the enthalpy damping
coefficient a is taken to be 0025, a value determined through numerical
experimentation. It has been found that the enthalpy damping does not
affect the maximum allowable time step of the basic multistage algorithm
Also, despite the fact that enthalpy damping is theoretically destabilizing
(Turkel, [65]) 1n supersonic regions, it has not been found necessary to turn
1t off in these regions for transonic cases.

The advantages of the enthalpy damping for accelerating convergence
have been found to be most pronounced for low Mach number flows In
the high subsonic to transonic range, enthalpy damping has not greatly
affected the convergence rate. For highly subsonic flows, 1t has had a marked
effect. For the lowest speed flows presented 1n this thesis (M, < 0 2), the
convergence rate has been observed to be as much as 5 times faster with

enthalpy damping. Since most of the results shown here are 1n the subsonic
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range, this has been a compelling reason for using enthalpy damping.

2.7 Grid Generation

The finite volume grids used for all the cases but one in this thesis are
generated by the algebraic code of Eriksson [25]. The grid generator maps
the space between the wing surface and a quasi-spherical outer boundary
into a logical cube, as illustrated in Figure 2.4. Figure 2.5 shows the grid
generated for the ONERA M6 wing. The grid has an O-O topology, in
which both the chordwise and spanwise grid sections have an O-grid topol-
ogy. The attraciive feature of this grid 1s its relative economy in grid points
around the wing. The grid points are clustered in the high gradient regions
near the leading and trailing edges, and at the wing tip, and the gnid 1s
stretched 1n the far field where resolution 13 not needed. Transfinite inter-
polation 1s used to generate the grid, and 1t consists of using interpolating
functions to compute the coordinate geometry between boundary planes in
the computational domain.

One problem with mapping the space between the wing surface and the
outer computational boundary onto a logical cube 13 that singular lines wiil
arise in the computational domain where coordinate surfaces fold over one
another. This can be seen 1n Figure 2.5, for the O-O grid, where the singular
lines are seen to be emitted from the corners of the wing tip. Eriksson has
done a classification and study of the coordinate singularities that arise 1n
the mapping of the physical space to the computational space i1n reference
(26]. He shows that the stabulity of the cell based finite volume scheme 1s not
affected by the presence of the grid singularities. He also concludes that the
truncation error 1n the vicinity of the singular lines becomes zeroeth order,
but that the overall error of the scheme lies between first and second order
in the grid spacing.

In the grid generator developed by Eriksson, the singular lines are made
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to come off the wing tip in the spanwise direction, and intersect the outer
boundary along lines approximately 45° to the free stream direction and in
the plane of the wing (Figure 2.5). This makes the grid well behaved in
the wake region. Since one of the purposes of the present research 1s to
examine the wake computed by the finite volume Euler equations, this 1s a
very desirable property.

In the remainder of this chapter, the solutions for the ONERA M6 wing

and the wing tested by Weston are presented and compared to experiment.

2.8 ONERA M6 Test Case

The first case presented here 1s the ONERA M6 wing at a free stream
Mach number of 0.84 and an angle of attack of 3.06 degrees. The purpose of
this case 13 to validate the present finite volume algorithm for the Euler equa-
tions. This case has been computed by a number of authors and therefore
is a suitable test case of the present method The computed pressure coeffi-
cients for this case are compared to the experimental values of reference (7]
The solution was obtained on a grid of 96 cells in the chordwise direction, 20
cells 1n the spanwise direction, and 20 cells from the wing surface to the far
field boundary. This gives 38,000 grid cells, which 13 moderate resolution. It
should be noted that this grid is identical to that used by Rizzi & Eriksson
(53] for this same test case. The artificial viscosity coefficients used were
x(2) = 0.1,x4) = 0.01. The CFL number was 2.8 and the enthalpy damping
coefficient was 0.025. The solution was obtained after 1000 1terations of
the Euler solver, and took approximately 13 minutes of CPU time on the
Cray X-MP/48. The 1teration history 1s shown 1n Figure 2 6, where the root
mean square of the change 1n the state vector at each iteration 13 shown.
Chordwise distributions of the pressure coefficient are shown 1n Figure 2 7
The solid lines are the computed pressure coefficients, and the symbols are
experimental values The ordinate 1s \/z/c rather than the usual z/c This
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Figure 2.6: Convergence history for the ONERA M6 wing

has the effect of stretching the coordinates at the leading edge, making the
rapid expansion in that region more clearly visible. All the surface pressure
coefficient plots in this thesis are plotted this way. The agreement 13 good
over most of the wing, with larger discrepancies near the root than at the
tip The weak shock at the leading edge and the stronger shock near the
midchord are captured by the scheme, and can be seen to coalesce 1nto a
single strong shock near the tip At the root, the aft shock 1s seen to be
stronger and further aft than was observed experimentally This difference
may be attributed to shock/boundary layer interaction, which weakens the

shock 1n transonic flow, and results in the shock being further upstream
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Figure 2.7 Computed and experimental surface pressures, ONERA M6
wing, My, = 0.84, a = 3.06°

than in an inviscid calculation. The agreement of the surface pressures at
the leading edge with the observed suction peak 1s very good, although this
is possibly fortuitous. Very good agreement 1s seen near the wing tip, where
the leading edge and the mudchord shocks coalesce into a single strong shock.
This merging of the leading edge and midchord shocks is very clearly seen
1n Figure 2.8, 1n which Mach contours in the first cell off the wing surface
are shown.

One of the more interesting features of this solution 18 the behavior at

the tip (y/b = 099, Figure 2.7). The experimental data clearly show a
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Figure 2.8: Surface Mach number contours, ONERA M6 wing, M, = 0 84,
a = 3 06°

secondary suction peak on the upper surface of the airfoil near the trailing
edge. Qualitatively similar behavior is seen 1n the computed results, 1n that
there is lift being produced over the last 60% of the airfoil chord at the tip
section. This behavior can be explained by the formation and roll up of the
tip vortex over the wing. Here we have the situation discussed i1n chapter
one, namely the separation of the flow around a rounded wing tip without
specifying a Kutta condition. The discrete Euler equations, because of the
addition of the numerical dissipation terms, are providing a pseudo-viscous

simulation of the flow That is, the artificial viscosity provides a mechanism



for the separation of the flow around the tip, although the details of this
process are not clear]y understood. Although this in a sense mimics the
physics of a real viscous flow, the details of the separation process in the
discrete Euler equations cannot be construed as simulating the real flow 1n
that region. However, the large scale vortical structures in the wake may be

insensitive to these details. This latter point will be addressed below.

2.9 Weston Test Case

The second case run for a fixed wing geometry 1s the wing tested by We-
ston at Langley Research Center [67]. This wing 1s of rectangular planform,
untwisted, with a sermuspan to chord ratio of 3 and NACA 0012 airfoil section
with a body of revolution tip. It was tested at low speed, corresponding to a
Mach number of 0.1425. The experimental data consists of surface pressure
coefficient measurements and detailed wake surveys, making 1t well suited
for comparing the present solutions with the actual wake structure. The
computations for this case were performed on a 128 x 32 x 32 grid (132,072
cells), which is a reasonably fine resolution grid. The artificial viscosity co-
efficients were x(2) = 0 and «{4) = 0.004. The enthalpy damping coefficient
was set to 0.1. To reduce the computation time for this case, 500 iterations
were run on first on a coarse grid of 64 x 16 x 16 cells, which was generated
by ignoring every other grid point on the final grid The coarse grid solution
was then injected onto the fine mesh, and another 500 1terations were run
Total CPU time for this case was approximately 23 minutes on the Cray
X-MP/48. The iteration history s shown 1n Figure 2.9.

The comparison of the surface pressures shown in Figure 2 10 are seen
to be good. At the root section, the suction peak 1s seen to be higher than
experiment. This appears to be due primarily to the flow angularity 1n the
wind tunnel. Figure 2.11, taken from Weston [67], shows the measured flow

angularnity in the empty tunnel, which 1s considerable near the wing root
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WESTON TEST CASE - a = 8°, M, = 1425, 128 x 32 x 32 gnd
Iteration History
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Figure 2.9: Convergence history for Weston wing, Ertksson’s grid

location At each section, the computed pressure at the trailing edge 1s
seen to show more recompression than was observed experimentally, due to
the growth of the boundary layer on the wing. However, 1n moving along
the span to the tip, the lift coefficient at each section 13 seen to fall off
more rapidly than was observed experimentally Again, the considerable
flow angularity in the tunnel can account for the discrepancy. Near the tip
itself, the computed suction peak at the leading edge 13 much lower than was
observed experimentally At the leading edge stagnation point near the tip,
there 13 a lower pressure than in the experiment. Similar behavior 1s seen
in the ONERA MS6 results at the 99% span section (Figure 2 7) Solutions
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WESTON TEST CASE - a =8° M, = 1428, 128 x 32 x 32 gnd
Surface pressurs coefficient
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Figure 2 10: Computed and experimental surface pressures, Weston wing,
M, = 0.1425, a = 8°, Eritksson’s grid

on a coarser grid also show very similar behavior. One possible cause for
this behavior is the difference in the tip geometry between the computation
an experiment The experimental wing model had a body of revolution tip
(both for the ONERA M6 and for the Weston wing), while the compuational
geometry is rounded but not a body of revolution. Also, the grid singularity
intersects the wing at the tip leading edge, and locally the solution accuracy
13 degraded.

At the tip of the wing (y/b = 0.99, Figure 2.10) the pressure coefficients

show a secondary suction peak at the trailing edge, qualitatively similar
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to the experimental observations. The cause of this localized reduction in
pressure appears to be due to the formation of the tip vortex as it rolls
up over the wing tip. Although the tip is rounded, there is a separation
occurring as at the sharp trailing edge, and the flow is qualitatively behaving
like the real, viscous flow. The significant quantitative differences in the load
distribution do show that the behavior, although mimicking the physical
process, is not a reliable model of the physics.

One difficulty with the grid generator used to create the grid for this case
1s that the body of revolution tip geometry cannot be accurately modeled.
Eriksson’s grid generator will round off the tip, but does not provide exactly
a body: of revolution shape. Furthermore, his treatment of the grid singular
lines as they come off the tip places certain restrictions on the degree of free-
dom allowed in specifying the tip shape geometry without getting too highly
skewed a grid. For this reason, computations have also been performed for
this case on a grid provided by Wedan [66]. This grid was generated by a
hybrid algebraic/elliptic PDE procedure. The two surface grids are shown
in Figures 2.12 and 2.13 Wedan’s grid has the same number of cells as
the Eriksson grid, but with a different distribution of grid points. It also
accurately models the body of revolution wing tip (Figure 2 13) Solutions
obtained using this grid are shown in Figure 2.14. Because with Wedan'’s
grid the chordwise coordinate planes on the wing surface do not lie along
the streamwise direction as they do with Eriksson’s grid, the pressure coef-
ficients were interpolated to the experimental spanwise stations Note the
simular results as for the original grid over the inboard portion of the grid,
but the differences at the tip. With this grid, pressure distribution at the
99% serruspan location more nearly matches the experimental data qualita-
tively, although the suction peaks at the leading and trailing edges are still
lower than experiment. The differences are likely not only to the differences

in the tip shape, but 1n the differences 1n the spanwise resolution at the tip,
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WESTON TEST CASE - a = 8°, My = 1425, 128 x 32 x 32 gnd
Enksson's gnd, wing surface
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Figure 2.12° Wing surface grid, Eriksson’s grid generator
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WESTON TEST CASE - a = 8%, M, = 1425, 128 x 32 x 32 gnd
Wedan's gnid, wing surface

LEADING EDGE

i TIP

081 TRAILING EDGB
10
15
00 oS 10 18 2.0 2S 30 35 40

y/e

Figure 2.13. Wing surface grid, Wedan’s grid generator

which is slightly coarser with Wedan’s grid. Clearly, the local behavior of
the flow is sensitive to the details of the grid and the tip geometry
Although the Euler solutions on the two grids are significantly different
in detail near the wing tip, both have quite stmilar surface pressure dis-
tributions inboard of the tip and both are consistently underpredicting the
experimental suction peaks over most of the wing As stated above, a likely
culprit for this state of affairs is the flow angularity in the wind tunnel. To
get a better understanding of this discrepancy, a comparison has also been
made between both Euler solutions and the resuits of a surface singularty

potential code (panel method) Since the free stream Mach number 1s so
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WESTON TEST CASE - a = 8°, Mo = 1425, 128 x 32 x 32 gnd
Surface pressure coefficient
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Figure 2.14: Computed and experimental surface pressures, Weston wing,
oo = 0.1425, a = 8°, Wedan’s grid

low and the flow is attached over most of the wing, the Euler solution and
the potential solution should give very similar results. The panel code used
1s QUADPAN (Coppersmth, Youngren, & Bouchard [19]), which 1s a pro-
duction code used by Lockheed. This code uses quadrilateral panels, with
constant source and constant doublet strengths on each panel. A total of
975 panels on the wing surface were used to model the wing, and the wake
panel were extended 100 chord lengths behind the wing.

Comparisons between the chordwise pressures obtained with the Euler
solver on Eriksson’s grid and with QUADPAN are shown in Figure 2 15
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Overall agreement is very good, although the Euler solution shows slightly

WESTON TEST CASE ~ a = 8°, Mo, = 1425, 128 x 32 x 32 gnd
Surface pressure coeficient
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Figure 2.15: Comparison of Euler and QUADPAN solutions, Weston wing,
Enksson’s grid

less lift forward of 30% chord and more aft than the panel code. This
suggests a slight difference 1n the thickness distribution of the wing between
the two solutions, although both are nominally the same (In fact, exactly
the same airfoil section coordinates were used as input for Eriksson’s grid
generator and for the panel code.) Significant differences at the tip are
visible, as to be expected, since the Euler solution is showing separation
around the tip and the panel code has a fixed planar trailing vortex wake

that is emutted only along the wing trailing edge However, the suction
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peaks match quite well over the inboard sections.
Surface pressures for the Euler solution on Wedan'’s grid and the panel

code are shown in Figure 2.16. The agreement is excellent over the wing.

WESTON TEST CASE - a = 8°, Mo = 1425, 128 x 32 x 32 gnid
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Figure 2.16: Comparison of Euler and QUADPAN solutions, Weston wing,
Wedan’s grid

Even at the tip, the surface pressures are in amazingly good agreement,
especially considering that the tip shape in the panel code is rectangular,
not a body of revolution. The agreement 1n this region may be somewhat
fortuitous. As for Eriksson’s grid, the suction peaks agree quite well between
the Euler and potential sclutions.

The agreement between the potential solution and both Euler solutions
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is very encouraging, because the two models should be nearly identical for
this particular low. Also, the agreement inboard of the tip indicates that the
details of flow near the tip computed by the Euler equations have only a local
influence and are dominated by the details of the mesh and tip geometry
in that region. Also, the agreement of the Euler and potential solutions
further indicates that the discrepancy in the measured and computed surface
pressures is due primarily to the flow angularity in the wind tunnel.

Because the flow at the tip is so different for the two Euler solutions on
two different grids, but the differences have only a local influence on the
loading on the wing, it 1s of interest to see how sensitive the computed wake
structyre 1s to the details at the tip. Also, comparisons with experimental
wake surveys will also indicate how well the Euler equations model the
physical wake structure.

Comparisons of the wake structure computed by the two Euler solutions,
as well as experimental results, have been made at a location of approxi-
mately 1/2 chord downstream of the trailing edge. The grids at that station
are shown in Figures 2.17 and 2 18. Note that Ernksson’s grid provides
much better resolution in the wake than Wedan’s grid. Figures 2.19, 2 20,
and 2.21 show computed and experimental contours of total pressure coef-
ficient, defined as (p¢ — pt,,) /3pul,. A well defined tip vortex is seen both
computationally and experimentally. The two computed tip vortices are
very similar in location and total pressure loss despite both the differences
in the computed load distribution near the wingtip and the differences in the
grid resolution in the wake. The solution on Eriksson’s grid has a shghtly
greater total pressure loss 1n the core of the vortex and 1s slightly inboard of
the vortex computed on Wedan’s grid. The vortex position 18 based on the
location of the total pressure minimum in both cases, and the difference 13
within a grid cell, so the discrepancy is not sigmificant. Overall, the agree-

ment between the two calculation 1s quite good, despite the differences in
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WESTON TEST CASE - a = 8°, Mo = 142§, 128 x 32 x 32 gnd
Enksson’s gnid, wake surface
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Figure 2.17: Grid surface ~ 0.5¢ downstream of trailing edge, Eriksson’s
grid
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WESTON TEST CASE — a = 8°, Mo, = 1425, 128 x 32 x 32 grid
Wedan's grid, wake surface .
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Figure 2.18: Grid surface # 0.5¢ downstream of trailing edge, Wedan’s grid
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WESTON TEST CASE - a = 8°, My, = 1425, 128 % 32 x 32 gnd
Pt — Pt-/ P“?n

INC= 0 $00E-01

ERIKSSON'S GRID
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Figure 2.19: Total pressure coefficient, z/c = 0 5, Eriksson’s grid

the geometric modeling of the tip, the computed load distributions at the
tip, and the differences 1n the grid resolution in the wake. This suggests
that the initial stage of the wake roll up computed by the Euler equations 1s
not sensitive to the local flow details in the region where separation occurs,
nor to detail differences in the grid resolution.

Although each computatation agrees well with the other, the level of total
pressure loss 1s lower 1n the calculations than in the experiment (Compare
the results in Figures 2.19 and 2.20 to the experimental values 1n 2 21)
Furthermore, no total pressure loss can be seen 1n the 1nboard portion of the

vortex sheet 1n the computation, 1n contrast to the experiment. The position
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WESTON 1'I‘ES'I‘ CASE - a = 8°, My, = 1425, 128 x 32 x 32 gnd
Pt = Peay [ 3985
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Figure 2.20. Total pressure coefficient, z/c ~ 0 5, Wedan’s grid
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Figure 2.21: Total pressure coefficient, z/¢ = 0 5, experiment
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of the computed tip vortices agree well with experiment, as determined by
the location of the total pressure minimum. The discrepancy 1n the level of

total pressure loss between the computations and experiment 1s most likely

due to the neglect of viscosity.

Static pressures are shown 1n Figures 2.22, 2.23, and 2 24 as contours

of constant pressure coeffictent  The computed pressures 1n the core of

WESTON TEST CASE - a = 8°, Mo = 1425, 128 x 32 x 32 gnd
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Figure 2.22: Pressure coefficient, /¢ = 0.5, Eriksson’s gnd

the vortex are higher, and more uniform, than was observed experimentally
The computed pressure coefficients differ from the experimental values by
an order of magnitude, although once again the two computations are very

simular. This 1s further evidence that the details at the tip do not have
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WESTON TEST CASE - a = 8°, Mo = 1425, 128 x 32 x 32 gnd
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Figure 2.23: Pressure coefficient, z/c ~ 0.5, Wedan’s grid
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Figure 2 24: Pressure coefficient, z/c = 0.5, experiment
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a strong 1nfluence on the structure of the wake computed with the Euler
solver. The quantitative comparison with the measured pressure in the
wake is poor, however.

The third wake quantity which was compared was the axial velocity 1n

the vortex core, which are shown in Figures 2.25, 2.26, and 2.27. The results

WESTON TEST CASE - a = 8°, Moo = 1425, 128 x 32 x 32 gnd
t/uoo contours
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Figure 2.25: Axial velocity, u/uq, z/c ~ 0 5, Ertksson’s grd

are shown as contours of constant axial velocity normalized by the free
stream velocity. As with the total and static pressure, the computed results
obtained on the two different grids agree well with each other, and do not
agree well with the measured values. Note that the computed results show

an axial veloaity deficit 1n the core of approximately 10% of the free stream
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WESTON TEST CASE - a = 8°, Mo = 14285, 128 x 32 x 32 gnd
u/uss contours

04, \
03
02
z 011 "
00
01
\ WEDAN'S GRID
-02
24 28 26 27 28 29 30 31 32

Figure 2.26 Axial velocity, u/uq, z/c & 0.5, Wedan’s grid
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velocity, in contrast to the 20% velocity excess observed experimentally. The
reasons for this are not quite clear. According to Brown [10], whether an
axial velocity deficit or excess is seen depends upon the ratio of induced
to profile drag, with a deficit occurring when the viscous drag 1s high. By
this argument, an inviscid calculation should show a velocity excess, and 1t
should be greater than the experimental value. Weston [67] also discusses
the experimental axial velocity excess based on the theory of Batchelor (8]

Again, the theory states that the axial velocity 1n the core is generated in
a primanly inviscid manner, and for this case should be an excess velocity.
The fact that exactly the opposite is seen here suggests that the mechanism
by which the tip vortex 13 formed in the Euler code 1s considerably different
than the physical mechanism.

For the calculations shown here, the Euler equation solutions are seen
to be a poor model for the structure of the wake. This is 1n contrast to
the results for leading edge vortex flows computed by Powell et al. [50]. In
reference [50], the argument is presented that discrete solutions of the Euler
equations should be a realistic model for such flows, in particular for the
core of the vortex Their argument 13 a kinematic one, namely, the velocity
must pass through a mimimum in the center of a discrete sheet. If the total
enthalpy 1s constant, and the dynamic boundary condition of no pressure
jump across the sheet holds, then there must be a total pressure loss whose
base level is set only by the strength of the sheet. The artificial viscosity of
the computation, and the physical viscosity of the real flow, affect the total
pressure loss only to a higher order

For the flow shown here, this argument does not hold. Unlike the leading
edge vortex flows, the vortex sheets here are much weaker The low Mach
number of the current computation (M, = 0 1425) compared to the super-
sonic leading edge vortex flows means the base total pressure loss here wiil

be much less than for the leading edge vortex. The momentum deficit due
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to the viscous boundary layer will produce a total pressure loss of the same
order of magnitude as the jump in velocity across the boundary layer. Note
that, for the inboard portion of the sheet, the experimental total pressure
loss contours virtually overlay the u/u, contours (Figures 2.21 and 2 27)
Also, since the wake here is a free vortex sheet, and hence rolls up as it
18 convected downstream, the streamwise diffusion due to the artificial vis-
cosity will have a significant effect on the development of the wake. To
see this, the computed and measured total pressure coefficients two chords
behind the wing are shown in Figures 2.28, 2 29, and 2.30. Note that the

WESTON l'I‘ES'I' CASE - a = 8°, My, = 1425, 128 x 32 x 32 gnd
Pt — R/ 39U3,
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Figure 2.28: Total pressure coefficient, z/c = 2, Eriksson’s grid

experimental core 13 still quite compact, and 1n fact 1ts structure 1s not very
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WESTONITEST CASE - a = 8°, Mo = 14285, 128 x 32 x 32 gnd
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Figure 2.29: Total pressure coefficient, z/c ~ 2, Wedan’s gnd
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different from its structure at one half chord behind the trailing edge. The
same cannot be said for the computed cores, which are much more diffuse
than they were upstream. The grids are much coarser at this location than
upstream. This effect does not appear in a conical flow computation, 1n
which the dimensionality of the problem has been reduced by one. Even
in fully three dimensional calculations of a leading edge vortex flows, which
have also been observed to provide remarkably accurate values of total pres-
sure loss, the conicality or approximate conicality of the flow and the large

vortex strengths mean that the results will be similar to a conical solution.

2.10 Summary

The algorithm for solving the Euler equations has been verified for two
test cases. The agreement with experimental pressure distributions for both
the ONERA M6 wing at transonic speed and the plain rectangular wing
tested by Weston at low Mach number is good. Discrepancies in the span-
wise load distribution between computations and experiment 1n the latter
case appear to be due to flow angulanity 1n the wind tunnel The Euler
solutions for Weston’s wing have been computed using two different grids
with different tip geometries and differing resolution in the wake. The load
distributions at the tip were seen to be sensitive to the differences in the
grids and tip shapes, but the overall location and structure of the tip vortex
were relatively insensitive to these local features.

Comparisons of the experimental and computational wake structures
were mixed. The location of the vortex core was well predicted, but the
details of the structure were very different Differences in the level of total
pressure loss 1n the core appear to be due to the neglect of viscous effects
More puzzling 1s the existence of an axial velocity excess observed exper:-
mentally in the core of the vortex, in contrast to a computed axial velocity

deficit. This suggests that the numerical process which the causes the flow
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to separate, and the initial stages of the tip vortex formation computed by
the discrete Euler equations, are very different from the physical process in

a real flow.
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Chapter 3 _

Perturbation Scheme

In this chapter, a method 1s developed for computing the interaction
between a streamwise vortex and a wing. First, the problems of using the
unmodified finite volume algorithm developed in the previous chapter for
computing such flows are discussed. The motivation behind the pertur-
bation, or prescribed flow, scheme for introducing a vortex into the finite
volume computational domain is presented. The modifications of the basic
finite volume solver required by the perturbation approach are then de-
scribed. A very sumple model problem, the steady flow of a streamwise
vortex 1n a rectangular section channel, is presented to 1illustrate how the
perturbation approach eliminates the numerical diffusion of vorticity. Fi-
nally, the perturbation scheme is validated against the experimental data of
Smith & Lazzeroni {57].

3.1 Problems with Euler Solver

Since the primary topic of this thesis 18 rotary wing flows in which there
13 an interaction between a compact tip vortex and the rotor blade, it 1s
necessary to examine the ability of the finite volume scheme to handle such
flows Rather than considering a hovering rotor directly, a ssmpler problem

18 used to study this 1ssue. The problem examined is the interaction of a
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streamwise vortex with a fixed wing, and is shown schematically in Fig-
ure 3.1. This flow configuration is also of practical interest in itself, since
it corresponds to such situations as the interaction of the wake of a canard
with a main wing, or the problem of a tip or leading edge vortex impinging
on a tail surface. The interaction treated here 1s assumed to be steady, and

can be described by the steady Euler equations.

I
o Yo

Figure 3.1. Schematic of wing/vortex interaction

One approach to computing such a flow would be to generate a grid
around the wing and introduce the vortex through the upstream boundary
conditions. In principle, there would appear to be no reason why this would
not work. However, two difficulties arise if this sitmphstic approach 1s used.
The first is that a very fine grid 1s required at the upstream far field boundary
to resolve the vortex core. The second 1s that the artilicial viscosity of the
scheme wil diffuse the vorticity before 1t reaches the Lifting surface Both
these problems are discussed below

To understand the first problem, it must be explained how a vortex 1s
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introduced at the inflow boundary. Any vorticity can be introduced into the
computational domain only through two of the inflow boundary conditions.
The first is the specification of the tangential velocity at the far field. The
swirl velocity associated with the vortical flow field results in a tangential
velocity component different from the freestream. Secondly, the entropy 1s
specified at an inflow boundary. From Crocco’s theorem, we can expect
that in the core of the vortex, where the flow is rotational, there will be a
gradient of entropy (assuming homenthalpic flow; if there are total enthalpy
gradients, the flow may be rotational yet isentropic). Conversely, by speci-
fying a varying entropy and constant total enthalpy at the inflow boundary,
a rotational flow must be introduced into the computational domaiwn. The
entropy and tangential velocity specification are seen to provide the only
mechanism by which vorticity can be introduced into the domain.

A closer examination of the tangential velocity boundary condition shows
that 1t does not give vorticity directly. Specification of the tangential velocity
really gives the circulation, not the vorticity itself. This is because the

circulation around a closed circuit 1s related to the vorticity by the integral

r=/s/a-ﬁd=z, (31)

where T is the circulation, & is the vorticity, and S is the surface bounded
by the circuit. It 1s seen that for a given circulation around the circuit,
the vorticity distribution 13 not uniquely defined. The entropy boundary
condition will give vorticity, since for a homenthalpic flow, the distribution
of entropy is related to the vorticity through Crocco’s theorem. However, if
the core of the vortex is more compact than the spacing of the grid at the far
field, the structure of the core cannot be properly described. This 1s shown
schematically in Figure 3 2 The size of the rotational core 1s shown to be of
the order of the grid spacing. Clearly the entropy gradient in the core of the

vortex cannot be resolved in the far field. As a result, the vortex obtained
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in the interior of the computational domain is much larger than the actual
vortex. Although the grid resolution increases as the wing is approached,
the equations contain no mechanism to cause the vortex core to shrink in the
interior of the domain; that is, there is no production of entropy in the core
to make up for the failure to adequately resolve the entropy in the far field.
For the grids typically used in Euler computations, and the characteristically
compact core of a lift generated vortex, this problem will generally exist for

most computations.

VORTEX
CORE
a

Figure 3.2: Schematic of vortex core size vs. far field grid resolution

The second problem referred to was the effect of the artificial viscosity
required for numerical stability. This added diffusive term causes the vortex
to be smeared as 1t 13 convected downstream, as was seen in the previous
chapter. Since the artificial viscosity term 1s proportional to some power

of the grid spacing ([Az]® here for the fourth difference dissipation), the
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numerical diffusion is greatest where the grid is the coarsest. Thus at the
far field inflow boundary, where there is generally insufficient resolution
to accurately introduce the vortex into the domain, the artificial viscosity
aggravates the problem even more. It is seen that a sufficiently fine grid 1s
required not only to resolve the vortex, but to reduce the level of numerical
diffusion of vorticity.

It is a difficult task to provide enough resolution to allow the detailed
structure of the vortex to be resolved in the far field, and hence allow the
proper vortex to be introduced into the domain. First of all, if the grid reso-
lution is increased globally so that a logically cubical computational domain
can be maintained, the convergence of the scheme will suffer drastically. The
work per 1teration scales as the number of grid cells N The allowable time
step of the scheme scales as Az, which 1s a typical length scale of a cell.
This scales as NV é, meaning the number of iterations required to reach a
steady state goes as N 3. Thus the work required to reach the steady state
roughly scalesas N $ If, for example, the grid resolution is doubled in each
coordinate direction, the work required to reach a steady state is increased
by roughly a factor of 16, and the storage required increases 8 times. It 1s
easily seen that to provide a fine enough global grid to be able to resolve an
incoming vortex at the far field the scheme will become prohibitively expen-
sive. Not only that, but global grid refinement provides excessive resolution
1n regions where it is not necessary. This is clearly not a viable solution to
the problem.

An alternative way of providing resolution of the vortex core 1s to use
a local refinement of the grid. This 1s probably best done by using either
grid embedding, or patched or overlaid grids along the vortex path. This
means that a logically cubical grid structure cannot be maintained, and
a pointer system 1s required to provide the connectivity information of the

grid. What is gained by this approach is the economy of grid points, because
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resolution is provided only where needed. Care is required at grid interfaces
to maintain spatial accuracy and conservation. The effect of the embedding
on the quality of the solutions is an important issue. Further difficulties arise
if the embedding is to be done adaptively, which is certainly a conceptually
attractive idea since the vortex path is not known a priori. A good adaptive
grid strategy requires both an effective way of finding the vortex, and a way
of refining the grid during the course of the computation that both resolves
the vortex and is efficient. Developing such an approach is a far from trivial
task, and adds considerably to the complexity of the scheme.

For these reasons, an alternative approach is used here in which the
vortex location and structure may be specified, without the need to provide
a grid capable of resolving the rapid flow gradients. This approach 13 based
on the 1dea proposed by Buning & Steger [11] and subsequently used by
Chow et al. [16], and Srinivasan and his co-workers [58,59,60]. This method,
called the perturbation or prescribed flow scheme, 1s described in the next
section.

It should also be noted before continuing that the discussion in this
section on the difficulties of resolving a vortex being convected through
the computational domain is not limited to the particular algorithm of this
thesis. The comments apply to any method used to solve the Euler equations
1n an Eulerian frame of reference. Navier-Stokes schemes will encounter
the same problems as well. The perturbation scheme that is developed 1n
this chapter 1s also very general in 1ts application. Although the details of
implementing the scheme will depend upon the algorithm used, the basic

features of the approach are independent of the Euler solver.

3.2 Perturbation Scheme

The perturbation scheme used here was introduced by Buning & Steger

(11] as a generalization of freestream subtraction for the Euler equations
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They used it to compute flows having a non-uniform free stream without the
need for excessive grid resolution in the far field. More éecently, Srinivasan et
al. [58,59,60] have used this approach for computing the unsteady interaction
of a vortex with an airfoil. They have demonstrated that the approach allows
the vortex to remain well defined and compact, even in coarse regions of
the grid. The present investigation implements the scheme differently than
Srinivasan and his co-workers, since the flows of interest here are steady In
this respect, the current work is more closely related to the work of Chow
et al. [16], who solved the Euler equations for the steady, two dimensional
flow around an airfoil using the Buning & Steger perturbation approach
The prescribed flow solutions for their calculations were found using a finite
difference full potential equation to reduce the resolution needed for the
Euler solver. The fundamental ideas of the current work are described below
To clarify the basis of the approach, the details of the implementation will
be left to the next section.

The basis of the perturbation method is that over some region of the
flow field of interest the local behavior 18 similar to that of a simpler flow
which may be described analytically. For the case of the interaction of a
streamwise vortex with a wing (Figure 3.1), the flow near the vortex core
behaves as if it were an isolated vortex, the influence of the wing being weak
in that region. In other words, the flow field is dorminated locally by the
velocity field associated with the vortex. Furthermore, the flow field of an
isolated vortex that satisfies the steady Euler equations can be readily found.
By computing this vortex induced ow and subtracting 1t from the discrete
approximation to the Euler equations, the need to provide a grid capable of
resolving the rapid flow field gradients in the vicinity of the vortex core 1s
ehirminated.

To be more specific about how the scheme works, consider the compress-
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ible Euler equations (2.5)

%///Ud’z+//fitr)-ﬁd’z=o. (3:2)
v av

The spatial discretization of this equation was described 1n the previous
chapter. It consists of the approximation to the flux integral and the addition
of the artificial viscosity terms. The semi-discrete equations may be written
as

U _ _1

dt _VR‘Jnh (3 3)

where the residual R 1s defined as
R'th = F.IJ)k - D‘lJlk, (3'4)

F, ,» being the finite volume flux integral approximation and D, being
the artificial viscosity operator for cell (3, ,k). With the basic finite volume
scheme, R. is driven to zero by the pseudo-time integration.

From the induced velocity field of an 1solated vortex, a state vector
Uy = (po,pouo,povo,powo,poEo)T that satisfies, or approximately satisfies,
the steady Euler equations can be readily computed. Subtracting the fux
integral associated with this state vector from Equation (3 2) yields

c‘%/./v Uds”*/é[{fw) “f(Uo)}°ﬁd’x=0. (35)

Since the second surface integral is zero, the equation 1s unchanged analyt-
ically. However, Uy will not necessarily satisfy the discrete equations due
to the truncation error and artificial viscosity In the limut of vanishing grid
spacing, these terms will vanish. However, for a finite grid resolution these
terms 1n general will be non-zero. The magnitude of these terms depends
upon the gradients of the flow field as weil as the resolution of the grid By
applying the discrete spatial operator (Equation (3 4)) to the flow field U,

a set of residuals Ry are found at each cell These residuals are subtracted
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from the residuals R associated with the complete state vector U. The

discrete Euler equations to be solved are

dU, 1
—'—dt""b = -V(R = RO):,J,k- (3'6)

In solving this equation, the residuals R are no longer driven to zero, but
are driven to Rg. This allows the truncation error of the scheme to be
approximately corrected in the region of the vortex. This is because Rq
represents the truncation error of the scheme applied to the prescribed flow
Upy. Near the vortex core, Uy has large spatial gradients, and Rq takes
on large values due to the difference between the discrete operator and the
differential operator applied to Uy at that location. Since the gradients of
the state vector U are assumed to show similar variations to Uy near the
vortex, the residual R should show sirmilar behavior as R if the differential
operator is being statisfied. Away from the vortex location, the prescribed
flow residuals will be small, since the flow field gradients are weak, and the
solution in those regions will behave as if the standard finite volume scheme
18 being used there.

One important issue in using the perturbation scheme 1s the question of
consistency. In Equation (3.5), the state vector Uy was assumed to satisfy
the steady Euler equations. If this is the case, in the limit of vanishing
gnid spacing the residuals Ro will vanish, and the Euler equations will be
recovered. Thus the scheme 1s consistent with the steady Euler equations
if, and only if, the prescribed flow exactly satisfies the Euler equations. If
Up 18 not an exact solution to the steady Euler equations, the prescribed
flow residuals Ry will remain non zero when the grid spacing vanishes, and
the scheme 1s not consistent. In practice, it is possible to find a prescribed
flow that exactly satisfies the steady Euler equations only 1n special circum-
stances. However, in the next section, a method of obtaining a prescribed
flow solution that nearly satisfies the steady Euler equations is developed.

Equations (3.6) are integrated in time using the multistage algorithm
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described in the last chapter, with the Rg terms being treated as source

terms. The temporal integration is now of the form

ul®d = un,

U = U0 - a5 (FO - DO -Ro), (3.72)
U = UO - (PO - DO - Ro), (3.7b)
u® = U(°)—a,% (F® - DO - Ry), (3.7¢)
U = UO - o (FO - DO - Ry), (37d)

yntt = U(4)

It should also be noted that except for the inclusion of the prescribed flow
residuals R, no changes in the spatial discretization, the artificial viscosity
operator, or the enthalpy damping are required. The boundary conditions
are slightly changed, in that the far field velocity now consists of a freestream
plus the induced velocity of the prescribed vortical field, i.e

gy = o + to, (3 8)

where @y, is the velocity at the far field boundary, @, 1s the undisturbed
uniform freestream, and 4g i1s the prescribed flow velocity field at the far
field boundary, which 1s taken for the cases here to be the induced veloaity
of the vortices making up the prescribed flow field. In the far field bound-
ary conditions given in the last chapter, the incoming Riemann variable
(Equation (2.25b)) is replaced by

r°°=d'”-ﬁ—7£a_f—fl, (39)

where ags 13 given by the equation

M2 1 GG
a,,:q( 2 | )—"” = (3 10)

2 v-1 2
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and the inflow tangential velocity specification (Equation (2.28a)) is replaced
by
@= Gy + (up — Gy - A)A. (3.11)

Also, the entropy at the inflow boundary will not necessarily be uniform,
since the prescrnibed flow is rotational. The specification of a uniform freestream
entropy (Equation (2.27a)) is replaced by

£ =53 (312)
p1

where S(Z) is the entropy distribution in the far field. In general, S(Z) will
be equal to 1 everywhere except in the rotational core of the prescribed flow
vortex, where 1t must vary as a consequence of Crocco’s theorem. The man-
ner in which the non-uniform entropy in the core is determined is described
in the next section. The outflow boundary conditions are unchanged except
for the new incoming Riemann variable, Equation (3.9).

Except for the changes in the time stepping algorithm and in the far
field boundary conditions, the scheme is identical to that presented in the
previous chapter. No changes in the stability of the scheme have been ob-
served, and for all the cases presented here, a CFL number of 2.8 has been
used.

The main difference between the perturbation approach as it 1s applied
here and as it is used by Srinivasan et al. is that the flows being computed
here are assumed to be steady. The prescribed flow Uy is a steady vortical
flow, and the Euler equations are integrated 1n time to reach a steady state.
For this reason, the prescribed flow residuals need only be computed once
and stored, rather than being computed at each iteration.

A question arises for the case for which the prescribed flow 13 not a
good approximation to the actual flow field over the entire computational
domain. For example, consider a streamwise vortex impinging on a wing

leading edge. A prescribed flow consisting of an undisturbed streamwise
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vortex will be a very poor approximation both in the immediate vicinity
of the wing and downstream of the wing. Even for cases in which the
vortex does not hit the wing but still passes very close to it, the distortion
of the vortex path from its undisturbed position will be large enough that
specifying the undisturbed vortex as the prescribed flow will result in large
errors, rather than a reduction of the error. However, the resolution of this
problem is extremely simple: the terms Ry may be switched off in regions
of the flow where Uy is a poor approximation to the actual local behavior.
For example, in the case in which the vortex impinges on the wing leading
edge, Ry may be set to zero near the wing and downstream of the trailing
edge. In these regions, the Euler equations are being solved 1n the normal
way, i.e. the vortical low 13 “captured”. By specifying the vortex up to the
wing, the problem of numerical diffusion 13 avoided, so that the vortex will
be properly defined at the wing. Also the grid resolution 1s the finest near
the wing, meaning that the problem of numerical diffusion of the vortex 1s
least important there. Finally, the structure of the vortex after its encounter
with the wing is not known, and neglecting to specify the prescribed flow
field in this region is consistent with allowing the wake generated by the

wing to be captured by the Euler code.

3.3 Prescribed Flow Specification

Two sets of calculations will be shown to demonstrate the perturbation
scheme. One is the convection of a streamwise vortex in a square cross
section channel (Figure 3.3). The prescribed flow consists of an infinite
vortex in an unbounded fluild with a uniform velocity along the direction
of the vortex. The other set of calculations consists of the interaction of
a streamwise vortex with a fixed wing. The geometry of the wing/vortex
interactions described 1n this chapter 13 shown i1n Figure 3 4. A semuspan

wing 1s attached to wall, and a streamwise vortex 1s generated upstream. It
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Figure 3.3. Channel geometry

1s assumed that the vortex has completely rolled up and thus 1s axisymmetric
by the time is reaches the wing. The distance of the vortex from the wall
18 denoted by y, and its displacement above the wing is z,. The manner
of specifying the prescribed flow field Uy 1s essentially the same for both
configurations, and 1s described below.

For the channel flow the velocity field of the prescribed flow 1s assumed
to be identical to the induced velocity field of an infinite incompressible line
vortex in a uniform freestream. For the wing/vortex cases, an image vortex
to account for the symmetry plane 18 added as well. Since the induced
velocity of the vortex pair results 1n a downward motion of the pair, the
two vortices are placed at an angle to the freestream given by their mutual
induced downwash. To avoid the singular behavior of the velocity field
near the vortex, a finite core structure 1s necessary. The Rankine vortex 1s
chosen for the channel flow cases due to 1ts very simple core structure. For
the wing/vortex interaction cases, a more physically realstic model of the
upstream generated vortex is needed, and the Lamb core structure 1s used

due to 1its smooth variation of vorticity.
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Figure 3.4: Wing/vortex interaction geometry

The tangential velocity of a two-dimensional Rankine vortex 1s given

by
r
P ifr>a
uo={ - (3 13a)

oy ifr<a
and the tangential velocity of a Lamb vortex 13 given by

Uy = ‘L’I‘Tr {1 - e'(i)’} (3.13b)

where uy is the tangential velocity, I' is the circulation, r 1s the distance
from the center of the vortex and a 1s the vortex core size. The choices of
the vortex core size and the circulation for the wing/vortex calculations are
discussed in section 3.5. The induced velocity of the streamwise vortex and
its image 1s computed at the center of each cell of the finite volume grid
using Equation (3 13a) or (3.13b), and the uniform freestream velocity 1s
added to that.

After computing the velocity at each cell, the density and pressure are

required to complete the specification of the state vector Uy. Outside the
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core, these are determined by assuming a constant total enthalpy and en-
tropy at the freestream values. In the core of the vortex, the total enthalpy
is taken to be the freestream value. To determine the entropy distribution in

the core, use is made of Crocco’s theorem, given here in dimensional form:
VHE=TVs+dxd, (3.14)

where H is the total enthalpy, T is the temperature, s is the specific entropy,
4 is the velocity, and @ = V x# is the vorticity. It is seen that Equation (3 14)
implies that the entropy is not constant, but has a radial variation through
the rotational core. To determine the entropy distribution through the core,
equation Equation (3.14) 1s rewritten 1n non-dimensional form to get

vg=P_1
-

1Vs+|'ix55 (3 15)

where the equation of state has been used to eliminate T, and s has been non-
dimensionalized by c¢,. Now, if the total enthalpy 1s taken to be constant,
Equation (3 15) may be simplified further by using the definition of H to
eliminate p and p. The resulting equation 1s

%(H—%E)Va=—&‘x&. (3 186)
Since H is determined by the freestream Mach number and @ 1s known
from the induced velocity field of the vortices making up the prescribed flow
field, s can be found by numerically integrating Equation (3.16) through
the vortex core. For the channel flows, this is easy to do since the flow 1s
axisymmetric about the vortex core, and there 1s only a radial variation 1n
entropy Strictly speaking, for the wing/vortex flows, the low will not be
axisymmetric due to the influence of the image vortex. However, for the
small core vortices treated here, the flow near the core 1s very nearly that of
an 1solated vortex, and thus will be treated as axisymmetric for the purposes

of integrating Equation (3.16).
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For a Rankine core structure, Equation (3.16) for an axisymmetric vortex

reduces to ra
ds b
oo e (3.17a)
=1~ 8x3al

for r < a. The entropy is uniform outside the core, r > a. This entropy
distribution is plotted in Figure 3.5 for ['/a = 1. A Lamb vortex has a radial

Losses 1n a Rankine Vortex

Entropy
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Figure 3.5: Nondimensional entropy distribution in a Rankine vortex core,
F/fa=1,v=14

entropy distribution given by
2 _(r)\3 _(z3\3
oe T (T {1- @}

ar 2 )2
T - S {1-e )

(3 17b)
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and is shown in Figure 3.6. The above equations are given in non-dimensional

Losses 1n a Lamb Vortex
Entropy
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Figure 3.6: Nondimensional entropy distribution 1n a Lamb vortex core,
Fla=1,v=14

form; these are integrated numerically to find the distribution of entropy in
the core. A cubic spline 1s fitted through the resulting distribution to allow
interpolation of the entropy to the centers of the finite volume cells The
spline formula is given in Dahlquist & Bjorck ([21], pp. 131 to 134). Outside
the vortex, where the entropy is uniform, s 1s set equal to zero.

Once the entropy 13 known, the entire prescribed state vector Uq can be
determined. To get the density, the equation of state and the constant total
enthalpy assumption are used. The equation of state describing the relation
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between pressure, density, and entropy, is
p=pe. (3.18a)
It is more convenient to define a new variable
S=e¢'

and write the equation of state as

L (3.18b)

p‘7
This definition gives S equal to 1 outside the rotational core, and greater
than 1 1n the core. This 1s the same definition of S as the function S(Z)
given in the discussion of the far field boundary conditions in the last section

From the known velocity field and total enthalpy, the ratio of pressure to

density is . .
p_1— _u-u
;= () @19)
Combining Equations (3.19) and (3.18b) yields the following equation for
the density,
p={ﬁ(ﬂ-ﬂ)}#. (3 20)
+S 2

Also, from Equation (3.19), the total energy E = H — p/p can be readily
found. With the density, velocity, and the total energy known at each cell
1n the domain, the prescribed flow state vector Ug 1s known.

Now that Ug 1s specified throughout the computational domain, the fi-
nite volume operator for the flux integral and the artificial viscosity operator
are applied to Ug. This gives the residuals Rg of the prescribed low These
are corr puted once and stored. During the multi-stage time integration, Rg
13 subtracted from the residuals R of the complete flow field U Thus in the
steady state, the residuals R are driven to Rg, not to zero. Near the core of

the vortex, where the prescribed flow residuals are large, the state vector U
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will show the same rapid variations as the undisturbed vortex. Away from
the vortex, the residuals Ry will be small, and the solution will be locally
similar to a conventional Euler solution.

It should be pointed out that it is not necessary to have an analytic model
for the prescribed vortical flow field. In principle, a numerical solution for
the prescribed flow can be used. For example, a high resolution numerical
solution of the Navier-Stokes equations for an isolated vortex could take the

place of the Rankine or Lamb vortex core structures used here.

3.4 Vortex in Channel

The first set of computations shown are for the flow of a streamwise vor-
tex 1n a square section channel The purpose of these results 1s to illustrate,
using a simple model problem, how the perturbation scheme eliminates the
numerical diffusion of vorticity. The configuration is shown 1s Figure 3.3.
The channel length 18 five times the channel height. The grid points are
uniformly distributed, with a crossflow resolution of 20 x 20 cells, and 10
cells in the streamwise direction. The inlet Mach number 18 0.5, vortex core
radius 1s 0.1h, where h 1s the channel height, and the vortex circulation 1s
0 lah/ V7, where ao is the freestream speed of sound. A Rankine core
structure is assumed. The choice of the vortex strength 1s arbitrary. The
core size is such that it lies across approximately 4 x 4 finite volume cells
in the crossflow direction. This 13 a coarse resolution of the vortex, but 1s
finer than 1s generally acheived for lift generated wakes such as presented
in the last chapter. For the fine mesh results presented in chapter 2, the
resolution of the tip vortex was roughly similar to the resolution for these
cases. Three cases will be shown: 1n the first, the Euler solver was run wmith-
out the perturbation scheme, and the vortex was introduced only through
the inlet boundary conditions; in the second, the perturbation scheme was

used to prescribe the vortex flow field, and in the third, a prescribed flow
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field that did not satisfy the Euler equations was used to demonstrate the
consequences of the failure of satisfying the consistency. All cases were run
at a CFL of 2.8, a fourth difference artificial viscosity coefficient of 0.004, no
second difference dissipation, and an enthalpy damping coefficient of 0 025

Figure 3.7 shows the vorticity vectors at the middle of the channel for

VORTEX IN CHANNEL - Standard Euler scheme
Vorticity Vectors

3
2
1
v o SHPPPPIPRED
-1
-2
-3
-1 0 1 2 3 4 5 6 7

Figure 3 7 Vorticity vectors 1n channel, standard Euler scheme

the standard Euler scheme. The mean flow 13 1n the same direction as the
vorticity vectors Although the specified vortex has a Rankine core, for
which the vorticity 1s uniform in the core and zero outside, it 1s seen at the
inlet that the vorticity apparently 1s not uniform in the core This 13 due to

the fact that the vorticity 1s computed by a finite difference approximation
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to the curl, and the truncation error of the difference formula gives the
appearence of a nonuniform vorticity.

It is immediately apparent, looking at Figure 3.7, that the vorticity 1s
being diffused as it 1s convected downstream. The core size is growing, and
the peak vorticity magnitude is decreasing downstream. This 1s more clearly
seen 1n contour plots of the vorticity magnitude in the cross flow plane at
the inlet and outlet (Figures 3.8 and 3.9). Plots of total pressure loss at

VORTEX IN CHANNEL - Standard Euler scheme
Vorticity Magmitude
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Figure 3.8: Vorticity magnitude contours in channel inlet cross-section, stan-
dard Euler scheme

the inlet and outlet (Figures 3.10 and 3.11) also show the growth of the

core and the diffusion of vorticity. These effects are purely numerical, the
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VORTEX IN CHANNEL - Standard Euler scheme
Vorticity Magnitude
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Figure 3.9: Vorticity magnitude contours i1n channel outlet cross-section,
standard Euler scheme

109



VORTEX IN CHANNEL - Standard Euler scheme
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Figure 3.10: Total pressure contours in channel inlet cross-section, standard
Euler scheme
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VORTEX IN CHANNEL - Standard Euler scheme

1-pt/pree
06,
INC= 0 200E-02
o N/ L
021
z 00 QUTLET
02
.0‘ >
08 v v —
08 04 02 00 02 04 o8 08 10

Figure 3.11: Total pressure contours in channel outlet cross-section, stan-
dard Euler scheme
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Euler equations are not dissipative, so the vortex should not diffuse as 1t
is convected downstream. Also, this model problem is highly idealized, in
that the vortex structure 1s very simple (there is no rolling up of a vortex
sheet as with the lift generated wakes of the previous chapter) and the grid
1s uniform. Yet even here, 1t is seen that there 1s considerable numerical
diffusion. In most cases of interest, the grid stretching and the evolution
of the vortical regions will further aggravate the situation, and numerical
diffusion will in all likelihood be even worse.

To illustrate the effectiveness of the perturbation scheme in eliminating
the numerical diffusion of vorticity, this same case was run using the pertur-
bation scheme 1n which the prescribed flow consisted of a streamwise vortex
1n an unbounded flud. All the numerical parameters (artificial viscosity co-
efficients, CFL number, and enthalpy damping coefficient) were unchanged
Figures 3 12, 3.13, 3.14, 3.15 and 3 16 show the vorticity vectors, vorticity
magnitude contours, and total pressure loss contours at the same locations
as in the previous case. It 13 seen that the vortex core retains 1ts defini-
tion throughout the channel. The numerical diffusion of vorticity 1s entirely
eliminated. It 1s important to note that the perturbation scheme had no
effect on the convergence rate of the solver Figures 3.17 and 3 18 show the
iteration history, with the logarithm of the root mean square of the changes
AT plotted against the iteration number This shows that the perturbation
scheme does not adversely impact the performance of the Euler code This
should be true for any algorithm used to solve the Euler equations, and 1s
not peculiar to the finite volume scheme used here

The final case shown 1n this section demonstrates what happens when the
prescribed flow does not statisfy the steady Euler equations. In this case,
the prescribed low was that of an infinite vortex at a slight angle to the
freestream. The vorticity vectors are shown 1n Figure 3 19 Two things can

be noted about this solution. The first 1s that the vortex does not experience
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VORTEX IN CHANNEL - Perturbation scheme
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Figure 3 12. Vortraty vectors in channel, perturbation scheme
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VORTEX IN CHANNEL - Perturbation scheme
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Figure 3.13: Vorticity magnitude contours in channel inlet cross-section,
perturbation scheme
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VORTEX IN CHANNEL - Perturbation scheme
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Figure 3.14: Vorticity magnitude contours in channel outlet cross-section,
perturbation scheme
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VORTEX IN CHANNEL - Perturbation scheme
1-p¢/Pte
08
1 INC= 0 200E-02

04

02

INLET

-0 2 1

-0 4 ¢

06

Figure 3.15: Total pressure contours 1n channel inlet cross-section, pertur-
bation scheme
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VORTEX IN CHANNEL - Perturbation scheme
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Figure 3.16: Total pressure contours in channel outlet cross-section, pertur-
bation scheme
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VORTEX IN CHANNEL - Standard Euler scheme
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Figure 3.17: Convergence history, standard Euler
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Figure 3.18: Convergence history, perturbation scheme
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VORTEX IN CHANNEL - “Tilted” prescribed vortex
Vorticity Vectors
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Figure 3.19: Vorticity vectors in channel, perturbation scheme, tilted vortex

numerical diffusion. The second 1s that the solution makes no physical sense
whatsoever. The problem here is that the prescribed flow is not a solution
to the Euler equations, unlike the preku.;: case. Furthermore, in the imit
of vamishing grid spacing, the solution obtained with this prescribed flow
will still show the same behavior, with the vortex lying at an angle to the
freestream. Because Uy does not satisfy the steady Euler equations, the
residuals R will not vanish as the grid 18 refined.

In looking at the plots of vorticity magnitude (Figures 3 20 and 3 21)
and total pressure loss (Figures 3 22 and 3 23) at the inlet and outlet, 1t

1s seen that the vortex core does not get diffused. More interestingly, the
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VORTEX IN CHANNEL - "Tilted" prescnbed vortex
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Figure 3.20: Vorticity magnitude contours in channel inlet cross-section,
perturbation scheme, tilted vortex

vortex has moved upward slightly from the channel centerline (z = 0) at
the outlet. The prescribed flow has the vortex tilted in the y direction, but
at a constant z. The reason for this is simply because the vortex, being
tilted slightly to the freestream direction, must experience a lift. In the
Figures 3.20 to 3 23, the primary flow direction 18 out of the plane of the
page, and the sense of the circulation around the vortex i1s counter-clockwise
Thus the vortex should experience a force in the positive z direction, which

explains the displacement of the vortex from its prescribed position
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Figure 3.21: Vorticity magnitude contours 1n channel outlet cross-section,
perturbation scheme, tilted vortex
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Figure 3.22: Total pressure contours in channel inlet cross-section, pertur-
bation scheme, tilted vortex
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Figure 3.23: Total pressure contours 1n channel outlet cross-section, pertur-
bation scheme, tilted vortex
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3.5 Wing/Vortex Interaction

As a demonstration of the ability of the perturbation approach to ac-
curately handle flows with compact vortical regions, computations of the
interaction of a streamwise vortex with a wing have been performed. The
configuration is shown in Figure 3.4. The wing has a semispan to chord
ratio of 2:1, and a NACA 0006 airfoil section. It is untwisted and unta-
pered. Three cases have been computed and compared to the experimental
results of Smith & Lazzeroni [57]. In each calculation, the circulation and
core size of the vortex was fixed. The prescribed flow field U, was specified
as described in the previous section.

The core size and circulation of the vortex 1s required in order to compute
Upyp. The core size was deterrmined from the experimental measurements
of the downwash in the wake of the vortex generator. By measuring the
distance between the maximum and minimum downwash, the core radius
was found to be about 0.05 chord. This was taken to be the same for all the
cases. The circulation was chosen by matching the experimentally observed
ift coefficient at the wing root for the first case presented here by using a
lifting line analysis. This gave a vortex circulation of 0.05 normalized by the
freestream velocity and wing seruspan. It was then assumed that the vortex
strength was the same for all the other cases run. This assumption 1s based
on the requirement that the induced downwash of the wing on the vortex
generator is the same for each case run. This assumption 1s reasonable,
since the induced lift on the wing did not vary much between the four cases
run. To further check the validity of this assumption two checks were done.
First, the induced downwash at the vortex generator due to the wing was
estimated by treating the wing as a horseshoe vortex. Because for the cases
shown here the wing was only very lightly loaded from the mud semispan to
the tip, the horseshoe vortex was taken to have the same lift as the wing

but only half the span. The induced angle of attack at the vortex generator
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on the symmetry plane was was found to be only 0.025°; this is only 3% of
the geometric angle of attack of 5°. Within the range of the lift coefficients
for the cases here, the induced velocity at the vortex generator due to the
wing is negligible, and the assumption of a constant circulation 1s justified
The second check on the strength of the vortex was done by using a lifting
line solution for the isolated vortex generator to determine the peak bound
circulation, which should equal the circulation of the fully rolled up tip
vortex. The lifting line gave the same vortex circulation as was determined
by the above procedure.

Three cases are shown below. For each case, the vortex core size and
strength are the same. The wing is at zero angle of attack for all three
cases, and the vortex 18 convected over the wing at a distance of 1/2 serms-
pan from the wall. The vertical location of the vortex above the wing1s 1/2,
1/4, and O chord lengths, respectively. Computations were done on a grid
of 96 x 20 x 20 cells. No second difference dissipation was used, the fourth
difference artificial viscosity coefficient was 0.01, and the enthalpy damping
coefficient was 0.025 for each case. All cases were run at a CFL of 2.8. Two
computations were performed for each of the cases, one with the perturba-
tion scheme and one with the standard Euler algorithm. In the latter set
of solutions, the vortex was introduced into the computational domain only
through the far field boundary conditions. In the first case the vortex 1s
1/2 chord from the wing. This is sufficiently far from the wing that the
vortex path differs little from its undisturbed location, and the prescribed
flow residuals are specified throughout the domain. Figure 3 24 compares
the spanwise C; distribution computed with the perturbation scheme to the
experimentally measured values. The vortex location 1s specified throughout
the computational domain. Excellent agreement with the experimental data
18 seen for the perturbation solution, while the conventional Euler solution

(Figure 3.25) does not show the rapid gradients at the mud sermispan of the
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Figure 3.24: Comparison of computed and experimental spanwise hift distri-
butions, z/c = 0.5, perturbation scheme

wing. The “blip” 1n the lift coefficients distributions in the tip region 1s a
result of the local increase 1n lift due to the rolling up of the tip vortex over
the wing tip. Note that the solution obtained with the perturbation scheme
shows a slight positive lift over the outboard section of the wing, as in the
experiment, while the standard Euler solution has a negative load over the
entire wing.

For the case in which the vortex passed 1/4 chord above the wing (Fig-
ure 3 26), the hit distribution shows oscillations around the mud semispan

when the prescribed flow residuals were specified everywhere This 1s pre-
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Figure 3.25: Comparison of computed and experimental spanwise hft distri-

butions, z/c = 0.5, standard Euler scheme

128

10

12 14 16



WING/VORTEX INTERACTION - Mo = 3, ys = 55, 3y = 25¢
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Figure 3.26. Comparison of computed and experimental spanwise hift distri-
butions, z/c = 0 25, perturbation scheme, vortex prescribed everywhere

sumably because the undisturbed vortex path 1s quite different from the
actual path, and Uj is not a good approximation to the local behavior after
the vortex passes over the wing. When R 18 set to zero above the wing
the spanwise wiggles disappear. This 1s the solution shown i1n Figure 3 27
Again, prescribing the vortex in the region before the wing allows the steep
gradients in the spanwise lift distribution to be captured, as opposed to the
non-perturbation solution of Figure 3.28 i1n which Rg 13 zero everywhere

In Figures 3.29 and 3 30, the vortex 13 impinging on the wing leading

edge. Clearly the undisturbed vortex flow field 13 an extremely poor ap-
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Figure 3.27. Comparison of computed and experimental spanwise hft distri-
butions, z/¢c = 0.25, perturbation scheme, vortex prescribed up to wing
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Figure 3 28 Comparison of computed and experimental spanwise hift distri-
butions, z/¢c = 0.25, standard Euler scheme
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Figure 3.29- Comparison of computed and experimental spanwise lift distr-
butions, z/c = 0, perturbation scheme, vortex prescribed up to wing

proximation to the flow after the vortex hits the wing. For this reason,
the prescribed flow residuals Ry are turned off once the vortex reaches the
wing. Note that the perturbation solution shows much steeper spanwise
gradients in the lift compared to the non-perturbation solution. The rapid
change in the lift as the induced velocity changes from downwash to up-
wash 1s completely lacking in the conventional Euler solution (Figure 3 30)
The perturbation solution agrees less well with experiment than the other
two cases, with a much higher computed download at the wing root than

was observed experimentally The discrepancy between computation and
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Figure 3.30: Comparison of computed and experimental spanwise hift distri-
butions, z/¢ = 0, standard Euler scheme

experiment is most likely due to the fact that the experimental vortex was
not axisymmetric, but was a trailing vortex wake of a wing (the vortex
generator). The experimental results showed a marked asymmetry in the
induced loads depending upon whether the vortex was above or below the
wing. The wing was only three sermispans behind the vortex generator, so
the wake was not completely rolled up. From the computations of the roll
up of the trailing vortex sheet of an elliptically loaded wing performed by
Baker [4] and Moore [47], 1t 1 estimated that rolled up tip vortex would be

expected to contain 90% of the bound circulation of the vortex generator at
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that location.

Figure 3.31 and Figure 3.32 show the velocity vectors and total pressure

WING/VORTEX INTERACTION - Mo = 3, ye = 58,2, =0
Velocity Vectors
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Figure 3.31: Velocity vectors in crossflow plane through wing rmudchord,
z/c =0, perturbation scheme

contours 1n a spanwise plane through the midchord of the wing. It 1s clearly
seen that the vortex 1s split into two vortices of the same sense, one passing
over the wing and the other passing under the wing. Note that the two
vortices moving slightly 1n the spanwise direction, the upper vortex moving
outboard and the lower vortex moving inboard. This 1s due to the effect of
the image of each vortex in the wing.

Another factor affecting the computed results is the location at which
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Figure 3.32: Total pressure contours in crossflow plane through wing md-
chord, z/c = 0, perturbation scheme
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the prescribed flow residuals are turned off. For this case the prescribed
flow residuals were specified up to a distance of two cells from the leading
edge. It could be expected that the vortex core will increase 1n size as 1t
approaches the wing due to the adverse pressure gradient in that region. A
calculation was also performed in which R was set to zero approximately
1/4 chord upstream of the wing. This calculation 1s shown 1n Figure 3.33.
The maximum download at the wing root and the upload outboard of the
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Figure 3 33: Comparison of computed and experimental spanwise lift distri-
butions, z/c = 0, vortex “turned off” one quarter chord upstream

vortex are virtually unchanged. This could be expected on the grounds

that the induced velocities at these locations depend upon the circulation,
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which was unchanged. The gradient in the spanwise Lift is slightly less steep
than the calculation shown here, indicating an increase in the core size.
However, this is may be due as much to numerical diffusion of the vortex
in the region upstream of the wing as to the effect of the adverse pressure
gradient immediately upstream of the wing.

Figure 3.34 shows the contours of lifting pressure coefficients, defined

WING/VORTEX INTERACTION - My = 3,ys = 5b,3, =0
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Figure 3 34: Lifting pressure coefficients, Ap/ %pugo, perturbation scheme

as (plower — Pupper) / %puﬁo, on the wing as computed by the perturbation
approach. The contour levels are 1dentical to the experimental results of
Figure 3 35. The agreement with the experimental data 1s very good. The

location of the zero lift line 13 the same as in the experiment The computed
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0.,

Figure 3.35: Lifting pressure coefficients, Ap/ %pugo, experiment
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contours do not match the experimental contours near the root, which again
is due to the computed download being larger than was measured. The
contours near the leading edge show very similar behavior to that observed in
the experiment. In contrast, the lifting pressure coefficients computed with
the standard Euler scheme (Figure 3.36) are not even qualitatively similar
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Figure 3.36: Lifting pressure coefficients, Ap/3pu,, standard Euler scheme

to the experimental results. This case 1n particular shows the power of the
prescribed vortex approach for the computation of wing/vortex interaction

fAows.
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3.6 Summary

A perturbation scheme for the computation of a wing/vortex interaction
has been developed. The perturbation scheme is shown to allow the vortex
to be introduced into the computational domain without the problem of
numerical diffusion of vorticity, and without requiring excessive grid resolu-
tion. Furthermore, by setting the prescribed flow residuals to zero in regions
where the prescribed flow does not provide a good approximation to the local
behavior of the flow, strong interactions between the wing and vortex can be
computed. Comparisons of the computed wing/vortex interactions with ex-
periment 1illustrate the accuracy of the perturbation scheme, and conversely
the 1nability of the standard Euler solution algorithm to compute such flow
reliably.

In the next chapter, the perturbation scheme developed here is combined

with a free wake model to compute the flow about a helicopter rotor 1n hover.
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Chapter 4

Hovering Rotor Solutions

In this chapter, a method for solving the flow around a hovering heli-
copter rotor is presented. The approach adopted couples the finite volume
Euler solver presented in the previous chapters with a free wake model of
the semi-infinite rotor wake. In the next section, the Euler equations in a
rotating coordinate system are presented, along with the necessary modi-
fications to the finite volume scheme to compute the low around rotating
blades. Next, the wake model 1s described, and the free wake iteration
procedure 1s presented. The computation of the prescribed flow for the
perturbation scheme applied to the rotor is then described, and the com-
bined free wake/Euler 1teration procedure 1s developed. Hovering solutions
are performed and compared to the experimental data of Ballard, Orloff &
Luebs (5] and Caradonna & Tung [14].

4.1 Euler Equations in Rotating Coordinates

In hovering flight, the aerodynamic loads on a helicopter rotor are steady
Thus 1n a frame of reference attached to the rotor blades, the flow field
may be assumed steady, and the Euler equations may be solved 1n a time
asymptotic fashion as described in chapter 2. Some modifications to the

scheme are required when transforming the Euler equations into a rotating
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coordinate frame, and these changes are discussed below.
The equations of motion are re-written in a coordinate frame attached

to the rotor, shown in Figure 4.1. In this coordinate system, z points 1n

z,z

Figure 4.1: Rotor blade coordinate system

the chordwise direction (from leading to trailing edge), y is the spanwise
direction, and z lies along the axis of rotation. The inertial coordinates z/,
y', and z’ are taken to coincide with z, y, and z at an instant in time 2.
Let @' be the velocity measured in the inertial reference frame and & be the
velocity relative to the rotor blade. The velocities @' and @ are related by
the equation
@=d+0x4%,

where 1 1s the angular velocity of the rotor and €I = kQ

With these definitions, a coordinate transformation from the inertial to

the rotating coordinates yields the following form of the Euler equations:

%///Ud’=+//f(U)-ﬁd’z+[//S(U)d3z=o, (41)
14 av v
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where

P P
pu puld + pi
U=| pv |, FU)=| pva+ pj |,
W pwi + pk
PE, p(E.+p)d
0
-p (Q%z + 2Qv)
S(U) = | - (0% -20v) |,
0
0

and
1 p @-3-0%(z2+y?)

E,= £
r ‘7—1p+ 2

The control volume V" 1s fixed 1n the rotating reference frame. The equations
in the rotating frame differ from the equations for the fixed wing case by
the addition of the terms S(U) and the replacement of the total energy E
by the quantity E,. The source terms in the z and y momentum equations
represent the centrifugal and Coriolis accelerations. The term E, in the
energy equation 1s analogous to the total energy 1n an inertial frame of

reference, and the quantity
,=E, + ’;’, (4.2)

which is called the total rothalpy is analogous to the total enthalpy 1n the
inertial frame. For a flow which is steady in the rotating reference frame,
the condition of constant H, replaces the condition of constant H which
occurs in the fixed wing case.

Using the definitions for @ and @', the Equations (4.1) may be rewritten

1n terms of the absolute rather than the relative velocity components.

z / /V Uadz+ /a [ F(U,)-adz+ [ [ V/ S(U)d%z=0, (43)
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where

P o’
pu' pu'd + pi
Us=|pv' |, FU)=| p'd+pj |,

pw' pw'd + pk
PE, p(Er+p)i

0

-y’
S(U,)=| s |,
0
0

and E, is rewritten in the form

1 @ -2a -0 xE
E = p,re s
Yy-1p 2

The latter form of the Euler equations 1s preferable to Equation (4.1) for a
couple of reasons. One is that the discrete flux integral 1s approximated by
averaging the absolute velocity components to the cell faces and evaluating
the coordinate rotation term {3 x Z at each cell face to get the relative velocity
@ This should be more accurate in the far field where the grid is stretched,
since the coordinate rotation component 18 evaluated at the cell face rather
than averaged between the cells. The second advantage 1s that the artificial
viscosity is applied only to the absolute momentum components 1n the z
and y momentum equations. Again, this 1s particularly important in the far
field where the grid is stretched and the {1 x # component will vary rapidly
between adjacent cells.

The non-dimensionalization of the equations is the same as described 1n
chapter 2. That 1s, the density and pressure are normalized by their values
at infinity, poo and peo, the velocity is normalized by as//7, lengths by the
blade chord ¢, and time by ¢,/7/a. This choice of 1on-dimensionalization
yields the following defimition for the angular velocity

q= YT (4.4

R
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where Mj,, is the tip Mach number and R is the non-dimensional rotor
radius, or rotor blade aspect ratio. Thus the tip Mach number enters the
problem through the definition of the angular velocity.

The basic algorithm for solving Equation (4.3) is the same as that pre-
sented in chapters 2 and 3 for the fixed wing cases, with the necessary
modifications for the differences in the equations. Only these differences are
described below.

4.1.1 Flux Integral Evaluation

The discrete approximation to the flux integral 1s essentially the same
as Equation (2.10) in chapter 2. That is, the flux vector 18 computed at
two adjacent cells and then averaged to get the cell face value. However,
to compute the flux vector, both the absolute velocity &' and the relative
velocity 4 are needed; @' is found from the state vector U,, but @ 1s not
stored. The relative velocity is easily obtained from the absolute velocity by
use of the equation @ = @ — {1 x £ To form the flux vector from each cell,
the coordinate rotation term 1s evaluated at the cell face, rather than the
cell center, and subtracted from the absolute velocity. This allows a more
accurate evaluation of the fluxes in regions where the grid undergoes rapid
stretching, such as in the far field.

In addition to the flux integral, the centrifugal and Coriolis terms must
also be computed. The terms S(U,) are easily evaluated at each cell and
are multiplied by the cell volume to approximate the volume integral. These
source terms are added to the flux integral residual R.

4.1.2 Artificial Viscosity

The only change 1n the artificial viscosity from the fixed wing case 1s the
replacement of the total enthalpy H with the total rothalpy H, in the energy

equation. The dissipation terms are otherwise evaluated exactly as in the
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fixed wing case, including the treatment at the boundaries. The symmetry
condition at the wing root is replaced with a periodicity condition for the
rotating blade; this is described below.

4.1.3 Solid Wall Boundary Conditions

As in the fixed wing case, all that is needed at the rotor blade surface
is the pressure, which is found by extrapolation from the interior using the
normal momentum equation. The normal momentum equation differs from
the fixed wing case due to the addition of the centrifugal and Coriolis terms.
Since the normal component of the relative, rather than the absolute, veloc-
1ty 18 zero at a solid wall, it is more convenient to work with the momentum
equation written using the relative velocity 4.

The momentum equation in nonconservative form is

pg—:+pd-V&’+Vp+pﬁx(ﬁx5+2a‘)=0. (45)

The velocity 4 1s obtained from the absolute velocity @' by evaluting the
coordinate rotation velocity 1 x 7 at the solid surface and subtracting it
from @'. Dotting this equation into the unit normal at the surface, 7i, and
using the fact that -7 = 0 and 31/t = 0 yields

(pa-va)-a=g—:+pﬁx(ﬁx5+za).a. (46)

The term on the left hand side is evaluated 1n the same way as for the fixed
wing; the centrifugal and Coriolis terms are evaluated using the coordinates

at the surface and the tangential component of the relative velocity there.

4.1.4 Far Field Boundary Conditions

If the Euler equations are written in terms of the relative velocity and a
one dimensional analysis like that described for the far field boundary con-

ditions 1n chapter 2 1s performed, the characteristic variables are 1dentical to
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those found in the fixed wing case. That is, the transformation to rotating
coordinates does not alter the eigenvalues and eigenvectors of the one dimen-
sional equations, and the similarity tranform is unchanged. Thus the same
characteristic boundary conditions as those presented in cin.pters 2 and 3
are used. These require the specification or extrapolation of the Riemann
invariants, entropy, and tangential velocity components at the boundary.
To evaluate the characteristic variables, the relative velocity components
are needed. The far field velocity is

Uy = Take = Q x zZ, (4.7a)

where @,,,, is the induced velocity field of the semi-infinite vortex wake and
 x £ 18 evaluated on the boundary. The evaluation of the &,,,, term will

be described in section 3. The extrapolated velocity component is
N ugg = '14‘: - ﬁ X 5, (4.7b)

where @, 1s the absolute velocity at the first cell inside the boundary. These
two velocity components are used to evaluate the Riemann invariants and
the tangential velocity at the boundary With these invariants, the normal
velocity component and the speed of sound are evaluated as before. At
an inflow boundary, the specification of the tangential velocity gives the

absolute velocity as

— -
u

1t + (un — G - R) A+ Q X £, (4.8a)

and at an outflow point,
@ =Gz + (Un — Teg - A) A+ x Z. (4.8b)

The entropy 18 either specified at an inflow or extrapolated at an outflow
boundary exactly as for the fixed wing case. The entropy at the inflow 1s
not necessarily uniform, since 1t varies through a vortex core. The specifi-

cation of the entropy distribution in the core 1s done as for the fixed wing
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perturbation approach of the previous chapter. This point will be taken up
in more detail in the section on the coupling of the Euler solver with the
free wake code.

4.1.5 Periodic Boundary

For a fixed wing, the coordinate surface at the wing root was a symmetry
boundary. At a rotor blade root, this is not the case. Instead, there is
rotational symmetry (Figure 4.2). To handle this, the coordinate surface

Figure 4.2: Rotational symmetry at the blade root

at the blade root must be symmetrical about the axis of rotation to allow
periodic boundary conditions to be applied (Figure 4.3). In this thesis,
only two bladed rotors are treated, but the extension to more blades 1s
straightforward. To generate the periodic boundary at the blade root, the
airfoll section there 1s taken to be an ellipse with its major axis lying along
the x-direction (normal to the axis of rotation) and the munor axis lying

along the z-direction (the axis of rotation). Care 1s taken so that the grid 1s
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Figure 4.3: Periodic boundary condition at the blade root

symmetric about the z-axis (Figure 4.4). Periodic boundary conditions are
then applied in an obvious fashion to both the flux integral and artificial
viscosity operators. Although the grid at the blade root does not match
a real rotor hub geometry, the error is small since little lift is produced
near the root of the blade, and it does have the advantage of satisfying the
rotational symmetry condition exactly.

4.1.6 Temporal Integration

There is no change to the muitistage time stepping scheme presented
in chapter 2. The same multistage coefficients are used and the time step
restriction applies. The time step is based on the relative rather than the
absolute velocity at each cell. Enthalpy damping is still used, but in the
rotating frame of reference 1t becomes rothalpy damping; that is, the total
enthalpy is replaced by the total rothalpy, and the damping is driven by
the difference in the local total rothalpy and 1ts uniform steady state value.
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Figure 4.4: Grid at rotor blade root

It is applied exactly as in the fixed wing cases, as an implicit update after
a complete mulitistage integration. The rothalpy damping is desirable for
the same reasons as in the fixed wing solutions, in that one series of cases
presented below are at a very low tip Mach number. Even for a high tip
Mach number, the flow at inboard stations of the rotor is highly subsonic,
and the rothalpy damping is useful in accelerating convergence.

In the next section of the chapter, the wake model is described and the
free wake 1teration procedure 18 explained. The coupling of the wake solution

to the Euler solver wmill be described in section 3.
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4.2 Wake Model

The model for the hovering rotor wake was developed by Miller [45]. The
model is based on Helmholtz’s vortex theorems for an inviscid, incompress-
ible flow, which state that vortex lines must follow streamlines of the flow.
By representing the semi-infinite helical wake as discrete vortex filaments,
the geometry of the wake is found by iteratively solving for the force free
positions of the filaments. Miller made several simplifying assumptions to
yield a very fast solution procedure while still capturing the physics of the
wake flow. The model and solution procedure are described here.

The helical vortex wake of a hovering rotor is shown 1n Figure 4.5. The

Figure 4.5: Vortex wake of a hovering rotor

trailing vortex wake from each blade 1s modeled as discrete filaments. Five
filaments are used; one to model the tip vortex, and four to represent the
inboard portion of the vortex sheet. The choice of five vortices i1s based
on earlier studies of the wake model (Roberts & Murman (54] and Miller
et al. [46]) 1n which 1t was demonstrated that this provides an adequate

151



representation of the helical wake. The manner in which the circulation of
each filament is set is described in the next section.

Let u,, uy, and u, be the radial, azimuthal, and axial velocity compo-
nents in the frame of reference of the rotor (Figure 4.6), and n is the filament

Figure 4.8: Vortex velocity components

index. The requirement that each filament lies along a streamline yields the

following equations for the vortex trajectories:

The essence of the free wake procedure 1s the solution of the Equations (4 9)
for the N vortex filaments. Several approximations are made to simplify the
solution procedure. First, the contribution of the rotor blade bound circu-
lation to the induced velocity in the wake is neglected, as the contribution
of each blade cancels when averaged over the azimuth. Next, the velocity
perturbations in the azimuthal direction are ignored, which allows uy to be
written as

Uy, = rafl. (4.10)
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Substituting into Equations (4.9) yields

drp = "",‘—"dzp, (4.11a)
dzp = “#d.p. (4.11b)

Neglecting the azimuthal velocity perturbations is equivalent to treating the
flow 1n a given azimuthal plane to be axisymmetric. This allows the helical
vortex filaments to be replaced by vortex rings for the purposes of computing
the induced velocities. A further simplification is made by computing the
velocities and solving for the position of the vortices only in the azimuthal
plane containing the rotor blade, ¢ = 0. The vortex rings are constructed by
taking 180° segments of the helical filaments from each blade and replacing

them with vortex rings at their mean locations, as shown 1n Figure 4.7 The

Figure 4.7 Formulation of vortex ring model

first series of rings replaces the segment of each helical filament from ¢ = 90°
to ¢ = 270° from the two blades; the next series of rings is made from the
¥ = 450° to ¢ = 630° segments, etc. The first quarter spiral of the filaments
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from each blade, ¥ = 0 to ¥ = 90° still remain—their contribution to the
induced velocities below the rotor blade may be computed by replacing the
two quarter spirals of each filament with a single ring of half the circulation
of the filament. The location of these rings are fixed in the rotor plane, and
are not found as part of the free wake iteration procedure.

Since the wake has an infinite extent in the axial direction below the
blade, the position of each filament cannot be determined throughout the
wake. The force free position of each filament is found only for the first
720° of its age, or four passes below the rotor blade. After that point,
the remaining semi-infinite wake is modeled by two vortex cylinders, one to
represent the tip vortex and one to represent the entire inboard portion of
the wake. The strength of the tip vortex cylinder, %, 1s found by dividing
the tip vortex circulation I' by the axial separation between the last two

free tip vortex spirals, Az (Figure 4.8). The radius of the vortex cylinder 1s

[s) ({r” :[ 0
. /p 1 0
—
o o, o=
l/‘ / AZ
0 “ r -0
n ' Az
<~ ' S
r
b i

Figure 4.8: Vortex cylinder far wake representation

fixed at the radius of the tip vortex at its fourth passage below the blade,
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and it begins a distance Az below the tip vortex spiral. To set the strength
of the cylinder modeling the inboard portion of the trailing vortex sheet,
the centroid of the four filaments representing the free portion of the sheet
are lumped at their centroids for the last two passes below the blade. The
cylinder strength and location is determined as for the tip vortex cylinder,
based on the circulation and location of the vortex centroids (Figure 4.8).
With this wake model, the determination of the wake geometry requires
the solution of Equations (4.11a) and (4.11b). The determination of the
velocities at the vortex locations is discussed first, and then the 1terative

solution procedure is described.

4.2.1 Velocity Computation

Since the wake model assumes an incompressible, inviscid, irrotational
flow with embedded vorticity, the velocities in the wake are found by sum-
ming the induced velocities of all the vortex rings and cylinders used to
model the wake. The induced velocity of each ring is found by using the
Biot-Savart law. The formulas for the induced velocity of a vortex ring and
a vortex cylinder are given by Miller in reference [45]; they are repeated here
for completeness.

By applying the Biot-Savart law to a vortex ring of radius r and circula-
tion I, the radial and axial components of the induced velocity at a radius
n and axial distance z from the plane of the ring (Figure 4.9) are given by
the following integrals:

2x
u, = 41/ srcosydy g (4.12a)
To (M3 +r3+ 22 -2rncosy)?
2x
u =L/ r(r —ncosy) dy (4.12b)
T 4x 2034 42 3 :
o (n?+r3+ 22 -2rncosy)

The integrals in Equations (4 12a) and (4.12b) may be expressed 1n terms
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Figure 4.9: Coordinates for vortex ring induced velocity calculation

of complete elliptic integrals of the first and second kind,

5 dy
K= (4.13a)
[

Ed
E= / (1 - k?sin? «p)% dy, (4 13b)
0
where
K2 = 4ry
(r+ r;)2 + 22

is the argument of the elliptic integrals K and E. With these definitions, the

velocity components u, and u, may be written in the following form:

T z (k2| _2-k?
Up = Gﬁ ;;{El_—kz—ﬂf}, (4.148)
i3 r
r [k -5(1+3)
u,—4—’ ;{K—E[T—_’Cz)_— (414b)

156



The induced velocity of the far wake vortex cylinders must also be com-
puted at each free vortex filament location. The radial and axial velocity

components of a vortex cylinder are given by

zrcos Ydydz
Yreyt = 4’ dz // "3 + rd + 23 - 2z', cos¢)% ’ (4.153)
r(r — ncoay)dydz
Ugoy = — — . 4.15b
ow 4xdz//(,,z+,z+,z_2,.,,co,¢)§ (4.15b)

Here, z is the axial distance from the end of the cylinder to the point at
which the velocity is to be evaluated, r is the cylinder radius, and n is the

radius at the point of evaluation. Integrating the above equations over z

gives
r
Upeyl = LE rcos ¥dy ’ (4'168')
4r dz . (n3+ 92+ 22 - 2rqcos¢)§
. _LE].' r(r —ncosy) 1- z dy
seyl—4x d‘o n?+r2 —2rpcosy (,’2+72+33—2rr’c03¢)% .
(4.16b)

Equation (4.16a) can be rewritten in term of the complete elliptic integrals
of the first and second kind,

Uregt = 2;2\/_ [ (2-#) - 28], (4.17)

where k, K, and E are as previously defined. The equation for the axial
component of induced velocity of the vortex cylinder, Equation (4.16b) 1s
left unchanged for now.

To evaluate the elliptic integrals, the Cayley series solution (reference
(15] are used. These series are rapidly convergent, and only a few terms
need to be retained. The series for K and E are:

P (3) -0 (=) (53) (Por-gig) (-4

1-3-5 2 2 2\
+(2.4.6) (F—l—m—m>(l—k) +eoe,  (4.18a)
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1-3\35 2 2 1 3
+(72) s (F-F-3-55) -8+ wam
where
F=ln—1
T V=R

In the current implementation, the first four terms of the series are re-
tained; this choice was determined through numerical experimentation. The
expression for the axial component of velocity due to the cylinder, Equa-
tion (4.16b), cannot be expressed solely in terms of complete elliptic integrals
of the first and second kind, but contains elliptic integrals of the third kind.
For this reason, it 18 more convenient to evaluate the velocity by numerical
integration of Equation (4.16b) using the trapezoidal rule. Again through
numerical experiments, it was found that eighty integration steps 1n the ¢
direction gave sufficient accuracy. Care must be taken when n = r, since
the denominators of both fractions in the integrand vanish at the endpoints
of the integration, ¥ = 0 and ¢ = 2x. However, the integrand has a well
defined limit of zero as ¢ — 0,2x. The integrand is set equal to zero at the
endpoints when r = 1, and the expression is numerically evaluated for each
of the remaining steps.

It should also be noted that the expressions for the induced velocity of
a vortex ring are singular at the ring location 1tself (n = r, z = 0), and thus
cannot be used to evaluate the self-induced velocity of the ring. As given
by the above formulas, the self-induced velocity of a ring 1s infimite, which
is physically unacceptable because it corresponds to infinite kinetic energy.
This behavior is a result of the assumption that the vortex 1s concentrated
onto a filament of zero thickness. In reality, the vortex filament will have a
finite core radius due to the action of viscosity, and this will result in a finite
but non zero self-induced velocity. The self-induced velocity of a vortex ring

with a Rankine core structure and a rotational core radius a 1s given by
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Lamb [36], p. 241, as

r 8 1
Ysand = = (ln = z) . (4.19)

This formula is used to compute the self-induced velocity of the vortex ring.
The value of the core radius a is chosen, following Miller, to be 0.01R,
where R is the radius of the rotor. This choice of the core size is based on
the theory of Landahl [37], and has been extended by Chung [17]. Since the
self-induced contribution is logarithmically singular, it is not too sensitive
to the exact value of a within the given range. For the cases presented in
this chapter, the above value gives a core radius of the order of 7% to 15%
of the rotor blade chord ¢. The value used was chosen to be 0.15¢ for all the
cases presented below. (The reason for choosing a value of a in terms of the
blade chord rather than the rotor radius i1s due to the fact that the lengths
were non-dimensionalized by the chord rather than the radius in the code.
It is thus more convenient to refer the value of a to the chord.)

Using the above formulas for the induced velocity of each vortex ring
and cylinder in the wake, the total induced velocity at each vortex loca-
tion 1s determined. These velocities are used to solve the vortex trajectory
Equations (4.11a) and (4.11b). The 1iteration procedure for determining the

vortex positions is described next.

4.2.2 Wake Iteration Procedure

The position of the wake vortices 18 determuned only in the azimuthal
plane ¢y = 0. The equations of the vortex trajectories, Equations (4 11a)
and (4.11b), are solved iteratively. Let N be the number of helical vortex
filaments used to model the wake, and M be the number of passes of the
wake below the blade; for all the cases in this thesis, N = 5 and M =4 The
total number of vortex rings used to model the free wake 1s then N x M In
addition, there are N vortex rings in the tip path plane of the rotor, whose

positions are fixed, and two far wake vortex cylinders (Figure 4.10). The
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Figure 4.10: Complete wake model

positions of the vortex rings in the wake are not known a prior1, and an
imitial guess at their locations is made. For the first run of the free wake
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code within the combined Euler/free wake iteration procedure, the 1nitial
guess has been taken to be a solution given by the lifting line/free wake
solver developed by Roberts & Murman for the given rotor. This geometry
is specified in the input file of the code. The choice of initial guess is not too
critical, and a uniform axial spacing of the wake vortices would work just as
well. For subsequent runs of the free wake solver, the initial guess for the
geometry is taken to be the previously converged wake geometry.

If n is the index of the vortex ring, then the position of the (n + N)** vor-
tex ring is found by 1ntegrating the trajectory equations (4.11a) and (4 11b)
over the interval ¢ = 0 to 7 to get

rree = el / uptdy
= n 4+ 6rn+N ’ (4 20a)
oldd¢
z::-u}v = old + /
= 2344 Szn0n. (4.20b)

The superscripts old and new refer to quantities evaluated before and after
the vortex wake geometry is updated, respectively. When the wake has con-
verged, the old and new values of the geometry and the vortex velocities are
the same. The integrals in Equations (4.20a) and (4.20b) are approximated
by taking the average velocity between the vortex locations n and n + ¥

This yields the equations for the change in the vortex location,

8PneN = a T, (4 21a)
old old
+
Sznin = % 2""‘*” , (4.21b)

The position of the (n + N)** vortex ring given by Equations (4 20a)

and (4 20b) will not 1n general correspond to the original position. The new
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position computed from the trajectory equations is used obtain a new wake
geometry. However, the trajectory equations form an ill-conditioned system,
and taking the positions given by Equations (4.20a) and (4.20b) does not
yield a stable iteration procedure. Underrelaxation is required, meaning a
weighted average of the current vortex position and predicted vortex position
must be used to obtain the new vortex positions. The resulting equations

for updating the wake geometry are

roen = (1 - wy) ':‘:N + wy (r,°,“ + 6r,.+N) , (4 22a)
i = (1 - w) 288y + we (2384 + 8204w, (4 22b)

where w,, is the underrelaxation parameter, and is generally taken to be
0.2. It is easily seen that when w, = 1, Equations (4.20a) and (4.20b) are
recovered. After the positions of the free vortex rings are found, the locations
and strengths of the two far wake vortex cylinders are recomputed, and the
next iteration starts.

To summarize the iteration procedure for determining the wake geome-

try:

1. the velocity at each of the N x M free vortex postions 18 determined
by summing the induced velocities of all the vortex rings and cylinders
in the wake;

2. the trajectory equations (4.21a) and (4.21b) are integrated;

3. the position of each free vortex ring i1s updated using Equations (4 22a)
and (4.22b);

4. the far wake vortex cylinder locations and strengths are recomputea

using the new wake geometry;

5. the iteration is continued until the geometry converges.
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No convergence criterion has been developed for the wake geometry iteration
procedure, as it has been found more convenient to run a fixed number of
iterations. For all the cases presented below, 200 iterations of the free wake
algorithm have been used for each free wake solution. The average change
in vortex position after 200 iterations is usually on the order of 10~ of the
rotor radius.

Having described the Euler equations and free wake model, the manner
1n which the two have been coupled will be presented.

4.3 Euler/Wake Coupling Procedure

Although the solution procedure for a hovering helicopter rotor 1s bro-
ken into two put;—namely, the Euler solution for the rotor blade near field
and the free wake solution for the semu-infinite wake—it 1s clear that these
two parts are not independent. The coupling of the Euler solver wmith the
free wake iteration procedure is the process by which information from each
solver is passed to the other. Basically, the free wake solver requires the
strength of the vortex filaments modeling the wake to be determined, and
this depends upon the spanwise load distribution of the rotor blade. This
information is available from the Euler solver for the blade near field flow
In order to accurately compute the blade loads, the induced velocity field
of the wake must be used to prescribe the far field boundary conditions for
the Euler solver. In addition, since the wake vortices pass through the Eu-
ler computational domain—in particular, the tip vortex from the preceding
blade passes close to the blade—the portion of the wake within the compu-
tational domain must be introduced into the domain 1n a manner avoiding
the numerical diffusion of the wake vorticity. If this last requirement 13 not
met, the distribution of the blade load distribution cannot be accurately
computed.

The general outline of the coupled 1teration procedure 1s as follows:
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1. the Euler solver initially run for 200 iterations, without including the

wake, in order to get a reasonably converged starting solution;

2. the bound circulation distribution along the span of the rotor blade is
determined from the Euler solution of the rotor blade near field;

3. the bound circulation distribution is used to set the strength of the
wake vortices, and the free wake algorithm is used to solve for the
wake geometry;

4. the new wake geometry and vortex strengths are used to determune
the induced velocities for the Euler far field boundary conditions, and
the wake 1s introduced into the Euler fimite volume gnd using the
perturbation scheme described in chapter 3;

5. the Euler solver is run another 100 iterations using the new boundary

conditions and wake geometry;

6. the procedure from step 2 to step 5 is repeated.

The details of the implementation are given below.

The strengths of the trailing vortices modeling the wake in the free wake
solver are determined by the spanwise bound circulation distribution on the
rotor blade. This is obtained from the Euler solution by performing a line
integral of the velocity,

M(y) = § @' -d5 (423)
c
around a chordwise contour at a fixed spanwise station of the rotor (Fig-

ure 4.11). Because of the sensitivity of the rotor loads to the wake geometry,
the bound circulation can change greatly between each free wake solution,
especially in the initial stages of the coupled calculation procedure. For this

reason, the computation of the bound circulation 1s underrelaxed,

I™® =%+, (T - 1), (4 24)
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Figure 4.11: Bound circulation determunation

where I'%d is the previous bound circulation and T is the circulation eval-
uated using Equation (4.23). The underrelaxation parameter wj is usually
taken to be 0.5. For the initial iteration, ['*? is set using the combined
blade element/momentum theory (Gessow & Myers, [29]). With this bound
circulation distribution, the strengths of the trailing vortices are determined

using the following roll up schedule:

1. the tip vortex is assumed to roll up from the position of maximum
bound circulation I' ;g of the blade to the tip, and the strength of the

tip vortex is set to be equal to I'pna2,

2. the distance from the location of I'jpe; to the blade root is divided into
four equally spaced segments, and the change 1n the bound circulation
in each segment gives the strength of the trailing vortex emutted from
each segment (Figure 4.12).

The location of the vortices in the tip path plane are fixed by deterruning

the centroid of vorticity within each segment,

Yo = ";’ , (4.25)



where y; and y; are the endpoints of the segment (Figure 4.12). Because

: 2

Y /
tip
Y N N Y
root . ’ *— - y

Figure 4.12: Trailing vorticity roll up schedule

the bound circulation can only be found between the spanwise grid nodes on
the blade, the bound circulation on the blade must be interpolated between
the grid cells along the blade to evaluate the above integral. To do this, the
Glauert transformation

y=§(1—cosﬂ),0$0_<_7r, (4.26)
is first used to get 4 at the locations at which I' is known. With 4 known,
the distribution I'(#) is determined using a cubic spline fit along the blade.
Next, Equation (4.25) is rewritten 1n terms of 9,

[}
£ (1 - cos6) sin8ds
= R4

2

Yo (4.27)

:f I'sinddd
"
The integrals in Equation (4.27) are evaluated using a trapezoidal rule inte-
gration over each segment y; to y;. Thus the location of the vortex filaments
in the plane of the rotor are found, and with the vortex strengths known,
the wake geometry solution procedure 13 started.

With a new wake geometry, the specification of the far field boundary
conditions and calculation of the prescribed flow residuals for the Euler
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solver can be performed in a fashion similar to that described in chapter 3.
This is done using the same model of vortex rings and cylinders given by
the converged free wake geometry. The calculation of the far field induced
velocities, @', ,,,, Equation (4.7a), are found by summing the induced veloc-
ities of all the wake vortex rings and cylinders using the formulas given in
the previous section. In the same way, the induced velocity at each cell in
the computational domain is determined. Since the portion of the trailing
vortex wake attached to the rotor blade is to be computed as part of the Eu-
ler solution procedure, the vortex rings fixed in the rotor tip path plane are
excluded from these velocity calculations. That is, only the wake elements
lying below the rotor are used to determine the wake induced velocities in
the Euler computational domain.

In computing the induced velocity at each finite volume cell, the prob-
lem of avoiding the singularity near the vortex location is encountered, and
some core structure must be assumed. Unlike the free wake solver, 1n which
all that was needed was the self-induced velocity of the vortex, the induced
velocity field through the vortex core is required. To obtain this, 1t 1s as-
sumed that near the vortex itself, the velocity field of the vortex looks like
that of a two dimensional vortex plus a uniform velocity corresponding to 1ts
self-induced velocity. The two dimensional core structure was taken to be a
Lamb vortex core, and the self-induced velocity component was found using
Equation (4.19). (Strictly speaking, the velocity given by Equation (4.19)
1s for a Rankine core structure. Bliss [9] has developed a theory for the
self-induced velocity of a vortex with an arbitrary core structure, but the
difference here 1s not significant.) The core radius a was taken to be 0 15¢,
as described in the previous section, for all the cases presented here. Since
the assumption of a two-dimensional velocity field 1s valid only near the
core, 1t 13 necessary to transition from the Lamb velocity equation, Equa-
tion (3.13b), to the Equations (4.14a), and (4.14b) for a vortex ring at some
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point in the field. For distances > 4a from the center of the vortex core, the
velocity field was taken from the formulas for the induced velocity of a vor-
tex ring; at distance< 2a from the center of the vortex, the two dimensional
Lamb vortex velocity field plus the self-induced velocity was used. Linear
interpolation of the vortex ring and the two dimensional formulas was used
in the range 2a to 4a from the vortex center.

With the induced velocities known at each cell, the prescribed flow state
vector Uy is determined using the same procedure as in chapter 3. The
condition of constant total rothalpy replaces the constant total enthalpy
condition. To compute the entropy distribution in the vortex cores, the
assumption of an isolated two dimensional Lamb vortex structure 1is used,
and Crocco’s equation 18 integrated as in the fixed wing case. The equa-
tion solved is Equation (3.17b), given in the last chapter, for the entropy
distribution through a Lamb vortex. This equation is alsc used to obtamn
the entropy at the far field boundary, which is needed for specifing the en-
tropy at an inflow boundary. With the entropy, total rothalpy, and velocity
known, the entire state vector Uy can be deterruned. The prescribed flow
residuals Rg are then found, and the Euler equations are integrated in time
in the same manner as in chapter 3.

It should be noted here that prescribed flow representing the wake 1s
not an exact solution of the steady Euler equations, since it consists of a
collection of stationary vortex rings. As shown in the previous chapter, the
finite volume equations are no longer consistent, since the prescribed flow
residuals will not vanish as the grid spacing vanishes. This problem can
only be avoided if a wake model which exactly satisfies the Euler equations

18 used.
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4.4 Results

The flow fields of two rotors have been computed. The first is two bladed
rotor tested by Ballard, Orloff, & Luebs (5] at a low tip Mach number and
Reynolds number. In the experiment, the bound circulation distribution
along the blade was measured using a laser Doppler velocimeter. Also mea-
sured was the location of the tip vortex at its first pass below the rotor blade.
The second series of computations compares to the experimental results of
Caradonna & Tung {14]. This experiment measured the chordwise pressure
distributions at five spanwise stations on the blade, and the tip vortex ge-
ometry was measured using a hot wire anemometer. Computations for two
tip Mach numbers have been made.

4.4.1 Ballard et al. Test Case

The first rotor geometry computed here was tested by Ballard, Orloff, &
Luebs {5]. It is a two bladed rotor with a rectangular planform, an aspect
ratio of 13.7, NACA 0012 airfoil section, and a linear twist of 11 degrees from
root to tip. The collective pitch at 75% span is 9.8 degrees. The experiment
was run at a tip Mach number of 0.225 and a chord Reynolds number of
400,000 at the tip.

The computations were performed on a finite volume grid consisting of 96
cells around the blade chord, 20 cells from the blade to the ocuter boundary,
and 40 cells along the span. The distance from the rotor blade to the outer
boundary was six blade clhords. The spanwise gridpoint distribution was
chosen to increase the resolution in the region of the blade vortex interaction
This can be seen 1n a plot of the surface grid over the last 40% of the rotor
blade radius, shown in Figure 4.13. A spanwise section of *he grid 1s shown
1n Figure 4.14.

For all the calculations of this rotor, the CFL number was 2.8, the second

and fourth difference artificial viscosity coefficients were 0 and 0.01, respec-
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Figure 4.13: Surface grid, outer 40% of Ballard et al. rotor

tively, and the rothalpy damping coefficient was 0.025. The wake geometry
underrelaxation parameter w, was set to 0.2, and the bound circulation
relaxation parameter w; was set to 0.5.

The first three computions for this rotor were performed at the geometric
collective pitch setting of the experiment, 8 75 = 9.8. The three calculations
were: (a) an Euler solution for the isolated rotor without the wake coupling;
(b) a solution in which the free wake and Euler solvers were coupled, but in
which the wake influence was included in the Euler code only through the far
field boundary conditions; and (c) a fully coupled Euler/free wake solution

using the procedure described in the last section. For case (c), the tip vortex
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Figure 4.14: Spanwise view of grid through rotor midchord, Ballard et al.
rotor

from the preceding blade lies approximately 1 blade chord below the rotor.
This is sufficiently far away that the distortion of the vortex path due to the
blade is relatively small. Because of this the prescribed flow residuals are
specified throughout the domain.

Figure 4.15 shows the bound circulation computed for the three cases,
along with the experimentally measured bound circulation. The bound cir-
culation has been non-dimensionalized by the tip speed times the rotor ra-
dius. The drastic differences in the blade loading among the three solutions

13 due entirely to the differences i.n wake modeling. It is seen that the failure
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Figure 4.15: Spanwise bound circulation distribution, ?TFE!" Ballard et al.
rotor

to include the wake in the Euler solver results in a very large overprediction
of the thrust, due to the fact that the downwash at the blade is too low, and
hence the angle of attack along the blade is too high. Including the wake
through the far field boundary conditions results in some improvement; the
maximum bound circulation on the blade is better predicted, and the lift
18 significantly lower along the blade. However, too much thrust 1s' being
produced, and the load distribution does not show the same qualitative be-
havior as in the experiment. Case (c), the coupied Euler/free wake solution

using the perturbation scheme, 13 significantly better. The distribution of lift
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is qualitatively very sumilar to the experimental data, although the overall
thrust is clearly too high. The peak bound circulation is also slightly inboard
of the experimental position, corresponding to more wake contraction. It is
interesting to note that the peak I' for cases (b) and (c) are nearly the same,
even though the loadings inboard of the peak are quite different. In case (b),
more lift is produced inboard due to the fact that the tip vortex, which is
introduced into the Euler computational domain only through the boundary
conditions, is too diffuse by the time it reaches the rotor. Its contribution
to the downwash over the blade is thus not accurately computed. This can
be clearly seen in Figures 4.16 and 4.17, in which the velocity vectors in a
spanwise section through the midchord of the rotor blade are shown for the
two cases. Note that the tip vortex is well defined for case (c), whereas in
case (b) the vortex is no longer apparent. What is seen in Figure 4.16 is a
more uniform downwash due to the wake, but the rapid variation in the fow
velocities and the vortex core structure has vanished entirely. Interestingly,
the flow field near the tip 1s very simular in both cases.

Figures 4.18 and 4.19 show the computed wake geometry for case (b)
and case (c), respectively, as well as the measured tip vortex position at
the first pass below the blade. Both computations shows a more rapid
radial contraction of the wake than was observed experimentally, consistent
with the more inboard location of the bound circulation peak on the blade.
Also, it appears that the wake is descending at a more rapid rate than
in the experiment, although the magnitude of this rapid descent is more
difficult to estimate since only one measured tip vortex position 1s available
However, this is consistent with the greater than observed thrust for these
two cases. Interestingly, the wake geometries predicted for the two cases
are quite similar despite the differences in the load distributions. This 13
due to the fact that the tip vortex strengths are nearly the same, and this

concentrated vortex plays the dominant role in the evolution of the wake.
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B,0 & L ROTOR - ¥ 75 =9 8° M,,, = 225, 96 x 20 x 40 gnd
Velocity vectors
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Figure 4.16: Velocity vectors in cross flow plane through rotor mudchord,
non-perturbation approach
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B,0 & L ROTOR -0 75 =9 8°, M,,, = 225, 96 x 20 x 40 gnd
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Figure 4.17: Velocity vectors in cross flow plane through rotor mudchord,
perturbation approach
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B,O& LROTOR -5 =98° M,,, = 225,98 x 20 x 40 gnd
Wake geometry
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Figure 4.18: Wake geometry, non-perturbation solution, Ballard et al rotor
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B, 0 & L ROTOR -0 75 = 9 8°, M,,, = 225, 96 x 20 x 40 gnd
Wake geometry
00 -

021 ¢ COMPUTATION
. o EXPERIMENT (8]

-0 4 1

z/R -06/ .

02 00 02 04 o6 o8 10 12 14

Figure 4.19: Wake geometry, perturbation solution, Ballard et al. rotor
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In Figure 4.15, the load distribution near the tip is quite simlar for
all three cases, despite the differences in the wake influence. Although no
surface pressure measurements were made in the experiment, the computed

pressures were compared. In Figures 4.20, 4.21, 4.22, and 4.23, the pressure

B,O& L ROTOR -8 15 =98°,M..,= 228, 96 x 20 x 40 grid
Chordwise section

-4, W
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— WITH WAKE
-2
¢, -l 1 r/R=098
0
1
2
02 00 02 04 08 08 10 12 14

N

Figure 4.20: Comparison of chordwise loading, with and without the wake,
93% R

coefficients for case (a) and case (c) are shown at four chordwise sections
within a chord length from the tip. Note the similarity in the pressure
distributions, which 1s remarkable for the fact that one solution has no wake
included and the other 1s the fully coupled Euler/free wake solution This

observation was also noted 1n the computations for the other rotor presented
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B,0 & L ROTOR -4 75 =9 8°, M,,, = 225, 96 x 20 x 40 gnid
Chordwise section
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Figure 4.21: Comparison of chordwise loading, with and without the wake,
9% R
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B,0 & L ROTOR - ¢ 75 =9 8°, M,,, = 228, 96 x 20 x 40 gnd
Chordwise section
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Figure 4.22: Comparison of chordwise loading, with and without the wake,
98% R
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B, O & L ROTOR - # 75 = 9 8°, M,,, = 235, 96 x 20 x 40 gnid
Chordwise section
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Figure 4.23: Comparison of chordwise loading, with and without the wake,
9%R
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in this thesis, the rotor tested by Caradonna & Tung. Those results will be
shown below, and an explanation for the results will be presented then.

Although the fully coupled Euler/free wake solution of case (c) is in sig-
nificantly better agreement with the experimental data than the other two
cases, the thrust is still being overpredicted. This can be attributed to vis-
cous effects. Due to the low Reynolds number of the experiment (400,000
at the tip, based on tip chord), there is a significant difference the lift curve
slope of the blade compared to the inviscid lift curve slope. The magnitude
of lift loss due to viscosity was estimated using the two dimensional Euler
code ISES, developed by Michael Giles and Mark Drela [30,22]. This code
solves the steady, two dimensional, compressible Euler equations for airfoils
and cascades using a direct Newton 1teration procedure. It also incorpo-
rates an efficient and robust coupling of the inviscid solver to an integral
boundary layer procedure. The boundary layer equations have been devel-
oped to handle Reynolds numbers as low as 250,000, including transitional
separation bubbles. The ability of the code to handle such flows has been
demonstrated by Drela 1n his thesis [22], as well as 1n a more recent paper
(23].

To estimate the viscous effect, [SES was run twice First, an inviscid
calculation was made at a fixed hift coefficient of 0.7 and a Mach number of
0.2. This approximately corresponds to the peak computed lift coefficient
on the rotor at about 90% radius. The inviscid angle of attack for these
conditions was found to be 5.73 degrees. Holding the angle of attack fixed
at this value, a viscous calculation was run at a Reynolds number of 350,000
for the same Mach number. The computed lift coefficient was 0 63, or 10%
lower than for the inviscid case. This suggests that the angle of attack
should be reduced by 10%, or 0 57°, in the 1nviscid case to approximately
correct for the influence of the boundary layer on the lift. This correction

was simply made for the rotor by reducing the collective pitch of the blade

182



by 0.6°.
In Figure 4.24, the collective pitch has been reduced by 0.6 degrees. The

B, 0 & L ROTOR ~ ¢ 75 =9 2°, M,,, = 225, 96 x 20 x 40 gnd

Bound Circujation
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Figure 4.24: Spanwise bound circulation distribution, h%;, Ballard et al
rotor, reduced collective

agreement with experiment 1s very good. The position of the peak circu-
lation 1s still slightly inboard of the experimentally observed peak, again
indicating that the free wake computation 1s predicting a more rapid con-
traction of the wake than was observed experimentally. This 1s confirmed
in Figure 4.25, which shows the wake geometry for this case. Note that
the wake contraction 13 nearly 1dentical with the previous case, but that

the axial location of the first tip vortex is 1dentical to its measured value.
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B, 0 & L ROTOR - # 45 = 9.2°, M,,, = 325, 96 x 20 x 40 gnd
Wake geometry
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Figure 4.25: Wake geometry, Ballard et al. rotor, reduced collective

Again, since the calculated thrust now matches the measured thrust, this
is to be expected. The differences in the measured and experimental wake
contraction may be attributed to couple of factors. First, the computed
wake contraction is primarily dependent on the far wake model. It 1s the
radial component of the induced velocity due to the entire semi-infinite wake
that determines how rapidly the wake contracts. On the experimental side,
statir thrust test are very sensitive to the test conditions. These experiments
were run 10 an enclosed chamber, meaning that low recirculation will have
an effect on the flow field. The magnitude of these effects are difficult to

estimate.
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The solutions of the coupled Euler/free wake code required about 43
minutes of CPU time on the Cray X-MP/48 at NASA Ames Research Cen-
ter for these cases. About 25% of the time was spent in the computation of
the prescribed state vector Ug, which was done after each free wake solution.
This portion of the code ran in scalar mode, while the Euler solver itself is
well vectorized. The time spent in computing the prescribed flow could be
reduced by about half if the induced velocities of the vortex cylinders repre-
senting the far wake are not included in the specification of the prescribed
flow. Since the induced velocities of the far wake are smooth through the
finite volume grid, it is probably sufficient to include them only through the
far field boundary conditions. The work involved in the free wake iteration
procedure itself is negligible, requiring only 1% of the total solution time.

4.4.2 Caradonna & Tung Test Case

The second set of solution computed were for a rotor geometry tested
by Caradonna & Tung ({14]. The rotor has two blades of aspect ratio 6,
is untwisted and untapered, with a NACA 0012 airfoil section. The rotor
was tested over a range of collective pitch settings and tip Mach numbers,
and the chordwise surface pressures were measured at five spanwise stations
along the blade. The tip vortex geometry was measured over the range
of 0 to 450° azimuth, using a hot wire anemometer. Computations were
performed for two experimental configurations, My,p = 0.439, 4 75 = 8° and
My, = 0.877, 9 75 = 8°. The corresponding Reynolds numbers at the tip for
the two cases are 1.56 x 10° and 3.12 x 108, respectively.

The grid for this rotor was similar to that for the previous rotor, with
96 chordwise cells, 20 cells from the blade surface to the far field, but only
32 ceils along the span. The reduction in the spanwise resolution was made
due to the lower aspect ratio of the blade; the resolution in the region of

the blade/vortex interation is similar to that of the previous rotor, as can
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be seen in the surface grid plot, Figure 4.26.

C & T ROTOR — 98 x 20 x 32 grid
Rotor blade surface grid
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Figure 4.26: Surface grid, Caradonna & Tung rotor

The first case run was for the lower tip Mach number. A CFL number
of 2.8, no second difference dissipation, a fourth difference dissipation coef-
ficient of 0.01, and a rothalpy damping coefficient of 0.025 were used. In the
free wake solver, w,, was set to 0.1, and w, was set to 0.25.

Figure 4.27 shows the computed lift coefficient distribution compared
to experiment; the bound circulation was not measured in the experiment,
which i3 why the lift coefficients rather than the bound circulation are com-
pared here. The experimental lift coefficients were computed in reference

[14] by a chordwise integration of the measured surface pressure coefficients.
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C & T ROTOR - # 75 = 8°, M,,, = 439, 96 x 20 x 32 gnd
Spanwise Lift Distnibution
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Figure 4.27: Spanwise lLift coefficient distribution, Caradonna & Tung rotor,
Mhp = 0.439
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The predicted thrust is higher than observed. The peculiar spike in the
computed C; near the tip is due to inaccuracies in the pressure extrapola-
tion to the surface, which is caused by the grid distortion near the leading
and trailing edges at the tip. (Recall from chapter 2 that near the coordi-
nate singularity, the difference equations are locally zeroeth order accurate )

The wake geometry is shown in Figure 4.28; it is seen that the free wake

C & T ROTOR - # 75 = 8°, M,,, = 439, 96 x 20 x 32 gnd
Wake geometry
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Figure 4.28: Wake geometry, Caradonna & Tung rotor, M, = 0 439

code predicts a much greater wake contraction than measured in the exper-
iment, and the axial descent rate of the tip vortex is overpredicted. This
second effect 1s consistent with the overprediction of the thrust. Figure 4 29

compares the computed and experimental surface pressure coefficients. The
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C & T ROTOR - # 75 = 8°, M,,, = 439, 96 x 20 x 32 gnd
Surface pressure coefficient
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Figure 4.29: Surface pressure distribution, Caradonna & Tung rotor,
Mg.p = 0.439

agreement 1s fair, with the greater than observed lift once again apparent.

The second case run was for the tip Mach number of 0.877. This case
18 obviously highly transonic, and as such 13 not representative of a real
hovering rotor. It does however provide a severe test of the scheme. A
CFL number of 2, second and fourth difference dissipation coefficients of
0.35 and 0.01, respectively, and a rothalpy damping coefficient of 0.025 were
used. The wake and bound circulation relaxation parameters were the same
as the previous case.

Figure 4.30 compares the computed and experimental lift coefficients
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C & T ROTOR - 895 = 8°, M,,, = 877,96 x 20 x 32 gnd
Spanwise Lift Distmbution
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Figure 4.30: Spanwise lift coefficient distribution, Caradonna & Tung rotor,
Myp, = 0.877
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As for the lower tip Mach number case, the predicted thrust is higher than
observed. The wake geometry is shown in Figure 4.31; the predicted wake

C & T ROTOR -0 75 = 8° M,,, = 877,96 x 20 x 32 gnd
Wake geomatry
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Figure 4.31: Wake geometry, Caradonna & Tung rotor, My, = 0 877

geometry shows less contraction and a slower descent rate than the M, =
0.439 solution. This is 1n contrast to the experimental results, which showed
that the wake geometry was not sensitive to the tip speed. Figure 4 32
compares the computed and experimental surface pressure coefficients. The
agreement 1s fair over the inboard sections, with larger discrepancies near
the tip The shock 1s stronger and further aft than 1n the experiment. This
1s consistent with the neglect of viscous effects 1n the computation, at the

96% span station, the local Mach number reaches approximately 1 5 before
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C & T ROTOR ~ # 75 = 8°, M,,, = 877, 96 x 20 x 32 gnd
Surface pressurs coefficient
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Figure 4.32: Surface pressure distribution, Caradonna & Tung rotor,
My, = 0.877
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the shock. The shock/boundary layer interaction should be strong in this
case.

Given the insensitivity of the blade loading near the tip for the Ballard
et al. rotor, a similar comparison was made for the Caradonna & Tung rotor,
to see if the same effect would be found on a blade of different twist and
aspect ratio. Also, comparisons at higher tip Mach numbers could be made
with this data. Solutions were obtained for the same collective pitch setting
and tip Mach numbers, but the wake was neglected. Comparisons of the
pressure coefficients at each of the experimental span stations were made.

Figures 4.33, 4.34, 4.35, 4.36, and 4.37 show the computed pressure
coefficients for the M, = 0.439 case with and without the wake. The
experimental values are also shown for comparison. Significantly higher lift
is obtained over the inboard sections of the blade when the wake 18 not
included 1n the computation, due to the failure to get the correct downwash
along the blade. The agreement of the two solutions gets better further
toward the tip. The last two stations shown, 89% and 96% span, show
much better agreement, these stations are with about 0.8 chords of the tip
At the 96% station, the differences are quite small.
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C & T ROTOR - ¢ 75 = 8°, M;,, = 439, 96 x 20 x 32 gnd
Chordwise section
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Figure 4.33: Chordwise pressure distribution, Caradonna & Tung rotor,
My,p = 0.439, r/R = 0.5, with and without wake
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C & T ROTOR ~ # 75 = 8°, M,,, = 439, 96 x 20 x 32 gnd
Chordwise section
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Figure 4.34: Chordwise pressure distribution, Caradonna & Tung rotor,
M, = 0.439, r/R = 0.68, with and without wake
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C & T ROTOR - # 75 = 8°%, M,,, = 439, 96 x 20 x 32 gnd
Chordwise section
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Figure 4.35: Chordwise pressure distribution, Caradonna & Tung rotor,
My, = 0.439, /R = 0.8, with and without wake
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C & T ROTOR - 4 75 = 8°, M,,, = 439, 96 > 20 x 32 gnd
Chordwise section
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Figure 4.36: Chordwise pressure distribution, Caradonna & Tung rotor,
M, = 0.439, r/R = 0.89, with and without wake
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C & T ROTOR - # 75 = 8°, M,,, = 439, 96 x 20 x 32 gnd
Chordwise section
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Figure 4.37: Chordwise pressure distribution, Caradonna & Tung rotor,
Myp = 0.439, r/ R = 0.96, with and without wake
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Figures 4.38, 4.39, 4.40, 4.41, and 4.42 show the computed pressure

C & T ROTOR - § 75 = 8°, M,,, = 877, 96 x 20 x $2 gnd
Chordwise section
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Figure 4.38: Chordwise pressure distribution, Caradonna & Tung rotor,
M, = 0.877, r/R = 0.5, with and without wake

coefficients for the My, = 0.877 case with and without the wake. Simular
behavior to the lower tip Mach number case is observed, with significant
differences inboard, becoming less near the tip. Greater discrepancies are
noted near the tip than were seen for the previous case or for the Ballard
et al. solution, but the differences are still quite small. Given the highly
transonic flow near the tip, the relative insensitivity of the solution 1n this

reglon to the inciusion, or lack of inclusion, of the wake is remarkable

The loading near the tip (within =~ 0.1 chord of the tip) is seen be
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C & T ROTOR - ¢ 75 = 8°, M,,, = 877, 96 x 20 x 32 gnd
Chordwise section
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Figure 4.39: Chordwise pressure distribution, Caradonna & Tung rotor,
My, = 0.877, r/R = 0.68, with and without wake
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C & T ROTOR - 6 75 = 8°, M,,, = 877, 96 x 20 x 32 gnd
Chordwise section
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Figure 4.40: Chordwise pressure distribution, Caradonna & Tung rotor,
My, = 0.877, r/R = 0 8, with and without wake
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C & T ROTOR - 0 15 = 8°, M,,, = 877,96 x 20 x 32 gnd
Chordwise section
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Figure 4.41. Chordwise pressure distribution, Caradonna & Tung rotor,
My, = 0.877, r/R = 0 89, with and without wake
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C & T ROTOR - 8 75 = 8°, M,,, = 877,96 x 20 x 32 gnd
Chordwise section
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Figure 4.42° Chordwise pressure distribution, Caradonna & Tung rotor,
M, = 0.877, r/R = 0.96, with and without wake
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dominated by the geometric angle of attack with a relatively weak influence
of the wake induced velocities over a wide range of tip Mach numbers for
these two rotors. This may be explained by thinking of the vortex wake
as a semi-infinite vortex cylinder. The induced velocity field of a cylinder
has a uniform downwash in the center of the cylinder, and is zero outside
the cylinder. The vortex wake behaves in a qualitatively similar maaner,
as can be seen in Figure 4.17 of the velocity field below the Ballard et
al. rotor at # 75 = 9.8°. The tip vortex can be thought of as the top of
the vortex cylinder. Note that the velocity field below the rotor shows a
strong downwash inboard of the tip vortex, but the induced velocities are
nearly zero outboard. With this behavior, it 18 seen that the tip loading wll
be dominated by geometric factors and the influence of the portion of the
trailing vortex sheet attached to the blade rather than the wake geometry
and 1nduced velocities.

Another way of thinking of this 13 to note that although the induced
velocity of the tip vortex is upward outboard of the vortex, the vortex 1is
descending at the same time. The downward motion of the vortex cancels
the upwash near the tip, yielding nearly zero induced velocity in that region
Again, this implies that geometric factors will dominate the flow field near
the tip.

The fact that the loading near the tip 13 insensitive to the wake has a
couple of implications. First, the comparison of calculated and experimen-
tal loadings near the tip will not provide much useful information on the
accuracy of a wake model The loading over the inboard sections of the
rotor will be far more sensitive to the wake than near the tip. Second, the
relative insensitivity of the blade loading in the tip region suggests that the
1mitial stages of the vortex formation and roil up will be domunated by the
tip geometry and angle of attack. For experimental or numerical studies

of the tip vortex formation process, accurate wake modeling may not be

204



necessary, but accurate geometric modeling is required.

For the two coupled Euler/free wake solutions presented for this rotor,
the overall agreement with experiment is not nearly as good as for the pre-
vious rotor. Part of the discrepancy in the computed wake geometries is due
to problems with the experimental data. In Caradonna & Tung’s report, 1t
was noted that the prescribed wake model of Kocurek & Tangler [35] did
not correlate with the experimentally observed tip vortex geometry, the Ko-
curek & Tangler wake correlations yielding more rapid contraction as well.
Lifting surface computations of the rotor loads performed by Caradonna &
Tung correlated better when the experimental wake geometry rather than
the Kocurek & Tangler model was used. Oddly enough, the best correlation
was acheived when the wake model used in the calculations had even less
contraction than the experiment. The source of the discrepancy between the
experiment and both the present wake model and the Kocurek & Tangler
model may be in part due to recirculation in the test chamber

As for the Ballard et al. rotor, part of cause of the overprediction of
the thrust for the Caradonna & Tung rotor 1s due to the effect of viscosity
The Reynolds numbers 1n the Caradonna & Tung experiment 18 significantly
higher than for the experiment of Ballard et al., but the actual Lift curve
slope of the NACA 0012 1s lower than the inviscaid lift curve slope No
attempt at estimating angle of attack correction based on a viscous analysis
was performed for these two cases, as was done for the Ballard et al rotor
Instead, the angle of attack change required to match the experimental hift
coefficient at the 50% radius station was estimated based on the difference
in the computed and actual lift coefficients there. The correction was found
to be about 1°, so the collective pitch was reduced by that amount, giving
8 75 = 7° The hift coefficient distributions for the two tip Mach numbers,
Mup = 0 439 and My,p = 0 877, are shown 1n Figures 4 43 and 4 44, the

agreement for both tip speeds 1s much better The wake geometries for the
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Figure 4.43. Spanwise lift coefficient distribution, Caradonna & Tung rotor,
My = 0.439, reduced collective
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C & T ROTOR - 675 = 7°, M,,, = 877, 96 x 20 x 32 gnd
Spanwise Lift Distribution
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Figure 4.44: Spanwise Lift coefficient distribution, Caradonna & Tung rotor,
M., = 0 877, reduced collective
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two cases are seen in Figures 4.45 and 4.46 The wake for the M,,, = 0.439

C & T ROTOR - # 75 = 7°, M,,, = 439, 96 x 20 x 32 gnd
Wake geometry
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Figure 4 45: Wake geometry, Caradonna & Tung rotor, My, = 0 439, re-
duced collective

solution shows very good agreement with the experimental descent rate, but
still has a much more rapid contraction. The wake for the higher tip speed
18 1n much poorer agreement.

Figure 4.47 shows the computed and measured pressure coefficients for
the corrected collective pitch and My, = 0.439 Very good agreement 1s seen
over the whole rotor now, which 1s especially good considering the differences
in the computed and experimental wake geometries. The comparison of

surface pressures for the M, = 0 877 case 13 shown 1n Figure 4 48, again,
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Figure 4.46. Wake geometry, Caradonna & Tung rotor, My, = 0 877, re-
duced collective
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C & TROTOR -4 +5 =7°, M,,, = 439, 96 x 20 x 32 gnd
Surface pressure coeflicient
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Figure 4.47: Surface pressure distribution, Caradonna & Tung rotor,
M, = 0.439, reduced collective
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C & TROTOR - 075 = T°, M,,, = 877,96 x 20 x 32 gnd
Surface pressure coefficient

-4 1
-3
-2
Cy -1
’ ¢ r/R=0096
¢/R=089
0
r/R=0280
/R=0es e o EXPERIMENT (14}

! ¢/R =080 ~— COMPUTATION
2

-1 0 1 2 3 4 5 6 7

Figure 4.48: Surface pressure distribution, Caradonna & Tung rotor,
Mi,p = 0.877, reduced collective

the agreement 13 better than before, especially over the inboard sections
of the blade. The discrepancies over the last three span stations are larger,
again as mught be expected given the transonic nature of the flow there. Also,
the wake geometry computed for this case shows much worse agreement with
experiment, both 1n contraction and 1n axial descent rate

As mentioned above, the experiment showed that the wake geometry was
insensitive to the tip speed, the present computations do not show the same
behavior. Part of the reason for this lies in the algorithm used to set the

strengths of the wake vortices. The 1dea of basing the roll up schedule on
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the spanwise gradient of bound circulation is derived from lifting line theory
In effect, there is the implicit assumption that the trailing vortex sheet
separates only from the sharp trailing edge, and that the sheet is planar,
at least initially. Clearly this assumption 1s violated near the tip of the
rotor blade, where the flow 1s highly three dimensional. There 1s separation
around the tip and a rapid rolling up of the tip vortex into tight spiral over
the rotor blade. Secondly, it is also assumed that the only vorticity in the
walke is related to the spanwise lift distribution, and the local lift 13 1n turn

related to the bound circulation by the equation
1
Pocfirl = 7P Qr)?ccy, (4 28)

where C| 18 the lift coefficient. For a transonic flow, this relation no longer
holds, there 1s additional vorticity that 1s generated by the shocks in the
flow. If the shocks are weak, the shock vorticity 1s neglible. However, if the
shock 1s sufficiently strong, the contribution of the shock vorticity wake may
be significant.

These points are illustrated by Figure 4.49 which shows the spanwise
bound circulation distribution for the last two cases presented, both with
# 175 = 7° Over the 1nboard section of the blade, the bound circulation 1s
nearly identical for both the subsonic and transonic cases, but there are
significant differences near the tip due to the shock The maximum bound
circulation differs considerably for the subsonic and transonic cases In
Figure 4.50, the lift coefficients, which were computed from integration of the
surface pressures, are shown for the two cases. Note that qualitatively, the
C; distributions are more similar than the bound circulation distributions

For the transonic case here, the shock 1s quite strong, and the shock
vorticity 18 significant This can be seen in Figures 4 51 and 4 52, which
show contours of constant entropy approximately 1 chord behind the rotor
blade trailing edge for the two cases at # 75 = 7° For the subsonic case, the

rolled up tip vortex 1n the near wake, as well as the prescribed tip vortex
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Figure 4.49: Comparison of computed bound circulation, Caradonna & Tung

rotor, subsonic and transonic tip speed
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Figure 4.50. Comparison of computed C; distribution, Caradonna & Tung
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Figure 4.51: Entropy contours, = 1l¢ behind trailing edge, Caradonna &
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Figure 4.52: Entropy contours, ~ lc behind trailing edge, Caradonna &
Tung rotor, My,, = 0.877

from the preceding blade, are clearly identifiable For the transonic case,
the two vortices are still easily identified, but 1n addition there 13 another
wake structure inboard of the near wake tip vortex trailing from the blade
and above the prescnbed vortex. The source of this entropy 1s the shock
on the rotor blade. Note that the maximum entropy in this shock wake
1s comparable to the entropy level 1n the tip vortex (0 016 versus 0 022)
From Crocco’s theorem, 1t 1s clear that the 2ntropy rise due to the shock 1s
related to the shock generated vorticity Somehow, this vorticity must get

rolled up into the wake, and in setting the strengths of the wake vortices,
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the contribution of the shock vorticity must be included.

The relation between the wake vorticity and the spanwise lift distribution
needs to be modified in order to account for the shock. The contribution
of the shock vorticity to the wake 1s further complicated by the fact that
there is not only streamwise vorticity, but cross-stream vorticity due to the
vanations in the shock strength. The relation between the wake vortex
strengths and the spanwise lift distribution is unclear. Furthermore, the
strong nonlinearities and highly three dimensional nature of the flow near
the tip may require a more sophisticated roll up model than one based on
the spanwise gradient of the lift.

Modification of the wake roll up algorithm to treat transonic tip speeds
has not been attempted. The fact that the wake vortex strengths cannot
be directly determined from the bound circulation for a shocked flow is of
little practical importance in hovering flight. Real rotors do not run at
transonic tip speeds 1n hover, due to the rapid drag rise and hence increased
power requirements at such operating conditions. However, in forward flight
at high advance ratios, the tip will reach transonic speeds and shocks will
form. For wake modeling in forward flight, the shock vorticity will need to
be taken into account. It may be possible, with sufficient resolution in the
near wake, to develop a wake model based on the computed structure of the

near wake.

4.5 Summary

With the use of the perturbation scheme, the solution procedure for the
flow around a hovering rotor has been developed. The approach 1s to couple
a free wake algorithm to compute the geometry and influence of the serm-
infinite vortex wake with an Euler solution for the rotor blade near field
Calculations have been performed for several hovering rotor cases, and the

need for inclusion of the wake and for the use of the perturbation scheme
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has been demonstrated.

It was found in the course of the investigation that the blade loading
near the tip was remarkably insensitive to the inclusion or neglect of the
wake. This suggests that the initial stages of the wake roll up and tip vortex
formation can be computed without the need for an accurate wake model.
However, the computation of detauls of the wake roll up will inevitably allow
improved wake models to be developed.

In all the cases, the computed wake contraction was greater than the
experimentally observed wake contraction. It is not clear exactly what the
cause of this discrepancy 1s. It is due in part to difficulties 1n obtaining
good experimental data because of effects such as recirculation in the test
chambers. Since the computed wake contraction depends upon the far wake
model, this should be exarmined and improved.upon.

The discretization of the vortex wake and the manner 1n which the wake
vortex strengths were determined worked well for most of the cases. Diffi-
culties arose with the transonic cases attempted, indicating that the simple
approach used 1s 1nadequate for the highly nonlinear flow field when a shock
18 present. This 13 primarily an academic problem, since practical hovering
flows are not transonic. However, it does suggest that more sophisticated
wake roll up models may be needed to treat the case of a rotor 1n forward
flight.
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Chapter 5

Conclusions

In this thesis, three topics have been investigated, all of them aimed at
the main goal of the work, namely to predict the flow around a helicopter
rotor 1n hover using a numerical solution of the Euler equations The first
topic, addressed in chapter 2, is the question of whether numerical solutions
of the Euler equations yleld a realistic model of the trailing vortex wake of
a lifting wing. This question is of interest because it was originally hoped
that the Euler equations mught yield a model of the tip vortex structure
of a helicopter rotor. The second topic was the computation of the steady
interaction between a streamwise vortex and a wing, which was described
in chapter 3. This problem is a model of the interaction of a rotary wing
tip vortex with a rotor blade, and was used to develop an approach by
which the rotor wake influence could be accurately included in the Euler
solution algorithm. In chapter 4, a method for the computation of flow of a
hovering helicopter rotor was presented. The unique features of the scheme
are the coupling of the Euler solver to a free wake algornithm to account for
the influence of the wake, and the use of the Buning & Steger perturbation
scheme to introduce the wake vorticity into the Euler computational domain
to eliminate the numerical diffusion of vorticity.

A summary of the results of the investigation into each of the above
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topics is presented below, along with future recommendations.

5.1 Euler Solutions and Wake Structure

Using the finite volume algorithm of Jameson & Baker, the flow around
two lifting wings has been computed and the results compared to exper:-
ment. The computed and experimental surface pressures for the ONERA
M6 wing, which is a transonic test case, were in good agreement. The agree-
ment between the computed and experimental surface pressures for a wing
tested by Weston at a low Mach number was not as good, primarily due to
flow angularity 1n the wind tunnel which affected the spanwise distribution
of the lift. Computations on two grids with different grid point distributions
and different representations of the tip geometry were performed for the lat-
ter case. The details of the load distribution at the tip were quite different
for the two grids, indicating that solutions are sensitive to the geometric
details 1n this region. However, the differences were local to the tip region,
and the differences between the pressure distributions inboard of the tip and
between the computed wake structures were minimal.

The computed wake structure was compared to experimental wake sur-
veys for the Weston test case. Although the position of the computed tip
vortex agreed well with experiment, the detailed structure was quite differ-
ent. The computed wakes had a lower total pressure deficit 1n comparison
to experiment, which is attributable to the neglect of viscous effects 1n the
computation. More puzzling 1s the presence of a velocity deficit in the core
of the tip vortex 1n the computations, compared to the measured velocity
excess. This suggests that the tip vortex formation process in a numerical
solution of the Euler equations 13 very different than the physical process,
and does not yield a reliable model of the detailed wake flow In addition,
1t 18 also noted that the effect of the artificial viscosity of the scheme and

the decreasing grid resolution in the wake region results in a non physical
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diffusion of the tip vortex as it is convected downstream. This results in a
more unrealistic wake structure the further one goes downstream.

The differences in the computed and experimental wake structures sug-
gests that the Euler equations cannot be used for determining the structure
of a vortical wake of a lifting wing, at least for low Mach numbers. Detailed
wake data over a range of Mach numbers is needed to provide a data base
for improving our understanding the results of Euler computations of the
wake structure. A better understanding of the process by which the flow
separates and the wake forms in a numerical solution of the Euler equations
is also needed. This will require very high grid resolution in the tip region.
In addition, solutions with high resolution in the wake of a lifting wing may
be useful in understanding the convection of the wake. Both these objectives
will probably be best satisfied by some form of grid embedding to provide
local refinement in the tip and wake regions.

The fact that the wake diffuses rapidly due to the effects of artificial
viscosity and grid stretching also shows that rotary wing flows, in which the
tip vortex follows a spiral path, cannot be accurately computed by solving
the Euler equations for the entire flow field. There are two reasons for
this. First, the diffusion of the tip vortex as it is convected downstream
will result in an incorrect computation of the interaction between the vortex
and a rotor blade. Second, since the self-induced velocity of the tip vortex
depends upon its core size, the descent rate of the vortex will be dependent

upon the numerics, not the physics.

5.2 Wing/Vortex Interaction

The computation of the steady interaction between a streamwise vortex
and a wing was done using the Buning & Steger perturbation scheme to
introduce the vortex into the computational domain In this scheme, the

state vector (i.e., the density, momentum components, and total energy field)
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of the isolated vortex that is generated upstream must be known throughout
the Euler computational domain. In specifying this flow field, the vortex is
not diffused due to numencal dissipation and the coarse grid resolution in
the far field, but remains compact throughout the computational domain.
This approach also requires that the specified vortical flow satisfy the steady
Euler equations. Although an exact solution of the Euler equations cannot
be found except in special cases, a flow field that nearly satisfies the Euler
equations can be readily constructed for the flows of interest here.

Comparisons to the experimental wing/vortex interaction results of Smith
& Lazzeroni have been made, both with and without the use of the perturba-
tion scheme. The computed spanwise lift distributions agree very well with
experiment when the perturbation scheme 1s used, and very poorly when
the perturbation scheme 1s not used. In cases of a strong interaction—that
is, when the vortex passes sufficiently close to the wing that 1its actual path
varies significantly from 1ts prescribed path—the basic Buning & Steger ap-
proach is modified by simply prescribing the vortex position up to some
location near the wing, and then solving the Euler equations using the stan-
dard Jameson & Baker algorithm past that point. This acheives the desired
effect of avoiding the numerical diffusion of the vortex before 1t reaches the
wing, but allows the correct interaction of the wing and the vortex to be
computed. In particular, this approach allowed the computation of a vortex
impinging directly on the leading edge of wing, which could not be com-
puted accurately with either the standard Euler method or the unmodified
perturbation approach.

5.3 Hovering Rotor Calculations

The primary aim of the work described 1n this thesis 1s the development
of a method for computing the flow around a hovering helicopter rotor using

the Euler equations This 1s the topic of chapter 4, in which the method 1s
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presented and computed results are compared to experiment. The unique
feature of the scheme is the splitting of the solution procedure into two parts:
the flow in the immediate vicinity of the blade is found using a finite volume
Euler solver, and the solution for the wake geometry is treated using the
fast free wake algorithm of Miller. The two parts are solved in a coupled
fashion. The solution of the Euler equations yields the spanwise bound
circulation distribution of the rotor blade, which is used to set the strengths
of the vortices 1n the free wake solver. The free wake solver in turn yields
the geometry and the induced velocity field of the wake, whose influence
is included in the Euler solver through the far field boundary conditions
and the Buning & Steger perturbation scheme. This allows the interaction
between the tip vortex and the rotor blade to be accurately computed.

Comparisons of the computed results to the ‘experimental data of Bal-
lard, Orloff & Luebs, and the data of Caradonna & Tung, have been made
The agreement with the spanwise blade loading 1s very good for the Ballard,
et al. test case after a correction to the collective pitch angle to account for
the viscous effects has been made. The comparisons to one of the two test
cases of Caradonna & Tung 1s also in good agreement. The tip Mach num-
ber for this case is subsonic. A comparison at a transonic tip speed is not
as good. This is due in part to the neglect of the viscous effects, which are
significant at transomc speeds.

In all the cases, the wake geometry showed more contraction than was
observed in the experiment. In part, this is due to the fact that both exper-
uments were run in enclosed chambers; the effects of low recirculation are
a source of experimental error that 1s very difficult to quantify. The over-
prediction of the wake contraction for the Caradonna & Tung cases 1s also
consistent with a prescribed wake method for predicting the wake geometry.
The computed axial descent rate of the tip vortex 1s in good agreement with

experiment for the Ballard, et al. data and the subsonic tip speed results
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of Caradonna & Tung. The transonic test case shows very poor agreement
with the wake geometry in both the axial and radial directions. This 1s
largely due to the manner in which the wake vortex strengths are deter-
mined. The vortex strengths are found from the computed blade bound
circulation. For a highly transonic case with a strong shock, this does not
account for the shock generated vorticity. The tip vortex circulation thus
determined is lower than the experimental value, and there is subsequently
a greater error in the wake geometry. This last point 1s moot for the case of
a practical rotor in hover, in which the tip speed does not reach transonic
values, but does suggest that the bound circulation distribution may not be
adequate for determining the tip vortex strength in wake models for forward
flight.

One very interesting result to come out of the present 1nvestigation was
the fact that the computed loads near the rotor blade tip are not sensitive
to the inclusion or failure to include the wake influence 1n the Euler solver.
The aerodynamic loads in the vicinity of the tip are primarily influenced by
the geometric angle of attack, and the induced velocity field of the wake has
only a minor effect. As a result, it can be expected that the initial stages of
the wake roll up and tip vortex formation can be examined computationally
without necessarily needing an accurate wake model. Also, this suggests
that experimental studies of the tip vortex formation will not be sensitive
to the development of the wake, but that accurate geometric modeling of

the rotor blade tip 1s clearly necessary.

5.4 Recommendations

There are severai areas of future research that should be pursued for the

case of a hovering rotor These are listed below

1 The current method should be extended to rotors with more than two

blades. This is a matter of developing the grid generation capability
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to handle such cases. For the two bladed rotors considered here, the
tip vortex lies sufficiently far from the rotor that its location could
be specified throughout the domain. For rotors with more blades, the
blade/vortex interaction will be stronger, since the vortex will pass
closer to the rotor blade. For such cases, the vortex location can be
prescribed up to a point near the blade, and then the interaction itself
may be computed using the standard Euler solution algorithm. This
will allow the full power of the current scheme to be realized.

. Improved wake modeling is needed. In particular, computations of the
structure of the tip vortex using the Navier-Stokes equations could pro-
vide a better model of the tip vortex than the Lamb core structure
assumed here. Also, the model for the far wake should be examined
more thoroughly, as 1t 18 this part of the wake model that effects the
rate at which the wake contracts. Since the largest discrepancies be-
tween computation and experiment are in the wake contraction, this s
an important issue, and 1t 13 necessary to sort out the reasons for the
differences. For a real hovering flow, the presence of the fuselage will
of course have a very strong effect on the wake development, further

complicating the wake modeling task.

. The current algorithm uses a simple procedure for determining the
wake vortex strengths from the computed blade bound circulation. It
has been shown that this approach 1s not accurate for a highly tran-
sonic flow with a strong shock. Although this 13 of academic interest
rather than practical importance 1n hover, 1t 1s significant in forward
flight at high advance ratios where transonic tip speeds are reached
This implies that if a sumilar approach 1s used to determine wake vor-
tex strengths in forward flight, the procedure used here will not be
adequate. Further examunation of the algorithm used to deterrne

the wake vortex strengths in transonic cases 1s required.
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4. The wake roll up criterion used here 1s very simple, namely the tip
vortex is rolled up from the bound circulation peak to the tip, and the
inboard portion of the trailing vortex sheet is divided 1nto four equally
spaced vortices. It is desirable to have a more accurate representation
of the wake roll up, confirmed by comparison with experimental data
of the near wake. Although the fixed wing calculations show that the
detalled wake structure is not well predicted, the gross features such
as the tip vortex location are well predicted. By using an adaptive
grid embedding approach to provide more resolution in the wake of
the rotor, it may be possible to provide a more complete picture of the
rolled up wake structure and thus eliminate or validate the assump-
tions inherent 1n the present roll up criterion. This may be particularly
important for unconventional rotor blade shapes with large amounts
of twist or taper, for which the present roll up criterion may prove

inadequate
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Appendix A

Stability Analysis for
Multistage Scheme

The determination of the maximum allowable time step of the four stage
time 1ntegration scheme with frozen dissipation 1s found from an analysis
of the one dimensional linear wave equation with an added fourth order
viscosity,

du du 30%
= —g— - u{Az)*—
ot %oz uaz) dzt

Here, u 18 the fourth difference viscosity coefficient, a 13 the wave speed, and

(A1)

Az 18 the grid spacing, assumed to be uniform. The function u 1s assumed
to have the form
u(z,t) = G(t)e'**, (A2)

where k 13 the spatial wave number By approximating the spatial deriva-
tives 1n Equation (A.1) with second order centered difference formulas, we
obtain the semu-discrete equation

da a T kA::) .

—_ = —— - — . 3

o = (i sinkAz + 16 Som —— o (A 3)
This equation 1s integrated 1n time using the four stage algorithm presented

in chapter 2, with the dissipation terms frozen at the first stage,
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4@ = an

a® = 4O o, CFL (1602 +409s,) (A 4a)

a® = a® - a,CFL (1aWz +40z,), (A 4b)

a® = 40O - ayCFL (8@ + 409z, (A4c)

a0 = 4O - a,CFL (18®z +402,), (A 4d)
amtl = g9

where CFL = aAt/Az1s the Courant-Friedrichs-Lewy number, z, = sinkAz,

4 kQz
2

and z, = 16u/asin . The multistage coefficients are the standard coef-

fictents given 1n chapter 2, and repeated here for convenience

1 1
3 9= o, as=1.

ay= -, a2 =

1
4
The multistage integration can be written 1n the form

4"t = G"G(zCFL), z =2z, +12, (A 35)

where G(z CFL) 13 the amplification factor. Stability requires that the con-
dition
IGl <1 (A 6)

be satisfied.

Figure A.1 shows contours of constant |G| in the z plane The contour
increment 1s 0.1 and the outermost contour 13 |G| =1 That 1s, the region
of stability lies inside the outermost contour. The stability limit for the
mviscid equation {u = 0) 1 given by the intersection of the |G| = 1 contour
with the imaginary axis,

7, CFL = 2V2. (A T)

It 13 seen that z, has a maximum of 1 when & = r/2Az. Thus the scheme
18 stable for
CFL < 2V2, (A 8)
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Amplification factor magnitude
Four-stage scheme with frosen dissipation
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Figure A.1. Contours of constant amplification factor magnitude |G|

as stated 1n chapter 2.
When u 18 positive, the locus of the amplification factor for the scheme
lies 1n the left half z plane The limut on the coefficient u 1s determined by

the intersection of the |G| = 1 contour with the real axis, which gives
16 CFL 5 <e. (A 9)

Also it should be noted that the contour of amplification factor equal to
1 intersects the imaginary axis with a positive slope This means that as
the fourth difference smoothing coefficient 1s increased from zero, the CFL

number must be lowered from 2v/2 in order for the scheme to remain stable,
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although for moderate values of u the reduction is small. For most of the
cases in this thesis, CFL was taken to be equal to 2.8, very nearly the the
maximum allowable for the inviscid equation. That this caused no stability
problems may be attributed to the fact that the computation of the time
step for each cell, which was based on the mean projected areas in the z, y,
and z coordinate directions, was rather conservative. Also, since most of the
calculations presented here were for highly subsonic flows, the nonlinearities
were weak, rendering the linear analysis presented here to be adequate for
determuning the stabulity limit of the full Euler equations. In fact, the one
case in this thesis that required a significant reduction of the CFL was the

transonic hover case, with a very strong (M; = 1.5) shock.
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Appendix B

Enthalpy Damping

The basis for enthalpy damping has been derived by Jameson, et al. [32]
and Jespersen [33] using a heuristic argument based on equations for an
unsteady, inviscid, isentropic, irrotational ideal gas. The Euler equations
for such a flow may be reduced to a single equation for a scalar potential
To derive this potential equation, the Euler equations are first written 1n

non-conservative form,

1Dp -
;E = —V-u, (B la.)
Du Vp
ot T T (B 1b)
Ds
D = 0, (B.1c)
)4
s = In p_" (B 1d)

where D/Dt 1s the material derivative, 3%- + 4.V If the flow 1s 1sentropic,

then
P

po =1 (B2)
and this allows a variable P to be defined as
dp a?

P= / @ _ B3
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where a is the speed of sound and is defined by

_d
a? =3, (B.4)
The Euler equations can now be reduced to the following form-
%1; = -a?V-q, (B.5a)
Da
Dt = -VP. (B.5b)

The assumption that the flow 1s irrotational allows the velocity to be written
as the gradient of a scalar potential,

= V¢, (B 6)
and this can be used to reduce the momentum equation to
d¢  V¢-Vo )
V(G tep (B7)
which yields 3 VeV
A S (0] (B8)

where f(t) 18 an arbitrary function of time. If the flow 1s steady and umiform
at infinity, then f(t) = Ho, where H, 18 the freestream total enthalpy
By using the momentum equation to eliminate P, the continuity equation

can be written in the following form:

2 .
a¢+2V¢V ¢+V¢V(M)=02V2¢ (B9)
at? 2
This may be rewritten, using Equation (B.6), as
3%¢ ¢ 3¢ Vo-Ve\  ,_,
(at,+ Vat)+ V(at-r- 3 >_av¢ (B 10)

Now, using the 1dea introduced by Garrick (28|, let the symbol @, be used to
denote that the velocity 13 to be treated as constant under differentiation

With this notation, Equation (B 10) may be written in the following form.
a4 % . 598) =19
6t<8t+ cV¢)+ucV<?t+u¢-V¢ = a*V?p, (B 11)
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or

2
al—z <:—t + G,-v) ¢ = V3. (B.12)

This equation may be interpreted as a wave equation for ¢ following the

particle path. By applying the coordinate transformation

6 = T -ucd,
n = y-vd,
¢ = z-we,

Equation (B 12) may be written as

2 2 2 2
ai,%f=37‘f+%+gg—f, (B 13)
which 13 the same as Equation (2 31) in chapter 2

The basis of the enthalpy damping concept 1s to add a term proportional
to 9¢/dt to the left hand side of Equation (B 13), yielding the telegraph
equation,

19% 3¢ 3% 0% 9%
a?ot? Yot~ 3€1 " an? | 3¢t

which 1s seen to be identical to Equation (2 32) Now reversing the entire

(B 14)

transformation to get the continuity equation back into something like its

original form, we get

1 DP 29 .
22 Dt +a§—v¢, (B 15)

which becomes, after substituting for P and V¢,

1Dp 9o _ -
Dt azs = vV d (B 16)

Writing the above equation in conservative form, we get

dp - 99 _
at+V(pu)—apat—0 (B17)



The final form of the continuity equation can be obtained by going back
to Equation (B.8), and considering the case in which the flow at infinity is

uniform and steady. In this case, we have

v
% _m, - (W ¢ ) . (B.18)
But this equation may be rewntten by noting that
V¢-Vo ety a?
2 +P_T+‘7—1 H, (B.19)

where H is the total enthalpy of the low This allows Equation (B 17) to
be put into the form

dp

3¢ T V(9 +ap(H - He) =0 (B 20)

To complete the equation set, Equation (B 20) 1s combined with the non-
conservative form of the momentum equation and with the entropy equation
1n order to get the conservative form of the momentum and energy equations.

The resulting equation set 1s

9p

Fri V(pt) + ap(H — Hy) =0, (B 21a)
a‘;’:‘+V(p %) + Vp+ api(H — Hyx) =0, (B 21b)
90 + V. (pHG) + apH(H — Hy) =0 (B 21c)

ot

Jespersen (33| has shown that different forms of the energy equation
are obtained by combining the modified continuity equation (B 20) with
different non-conservative forms of the energy equation He uses this analysis
to derive a “rational” enthalpy damping formulation that avoids Jameson'’s

ad hoc fix to the energy equation, which consists of replacing the last term
on the left hand side with ap (H — Hy)
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Appendix C

Program Listings

Program listings of the FORTRAN computer codes are available upon

request.
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