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with a given 6onfid;tnce l e v e l , - t h e  chi  equate stah!~tics tables ace used i f  
the  atandard devia t ion  is known. 
t h e  data, then the F-statisfP(ce tables are ueed. This mem examined the error 
caused by use of the  ch i  square statistics tables i n  place of the P-8tatistiC13 
tables. zhia eccot is quan t i f i ed  i n  term of the nunlser of LOBS used to 
ob ta in  the loca t ion  estimate. (I-.. ',y,J, 

If t h e  standard devia t ion  is estimated from 
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Results of Inappropriate EEP Normalization Methods in Correlation 

INTRODUCTION 
We assume that data arrives in terms of ellipses: the loaatlon of the 

center of the ellipse and the length and orientation of .%e8 of the ellipbe. 
Ellipses are to be 951 ellipses, 1.8. the probability th8t the 

specified ellipse contain8 8 given emitter Sa .9S (elliptical error prOb8bh 
= EEP 18 95%).  
for a 8ay 50% ellipse then the incoming data must be transformed. 
tranSfOrlaatlon of incoming data only affects the length of the axes (not the 
center of the ellipse or orientation.) 
a 95% ellipae then the axes of the incoming ellipse are lengthened. 

If the incoming ellipse data .re not for a 95% ellipse but are 

If the tran8form8tion is from 8 50s to 

mi8 

- 

The inner moat ellipse is a 50s ellipse. 



The transformation from a non-9§% ellipse depends on whether the I 

incorning ellipse size was computed using a x *  Value or using an F value*. The ~ 

conversion algorithm8 presently used are x *  value8 regardless of how the 
incoming ellipse 8ize wa8 computed. 1 
on the F then the conversion i s  incorrect. That is, the converted ellipse is I 
too small. 
incoming elllpse. 

When the incoming ellipse size is based 

I 
I 

The amount of error depends on the sample size used for the 
The smaller the sample Si20 the greater the error. I 

xneomct / 

This conversion error effects: 
1 )  The accuracy of the test which determines whether or not to accept 

the incoming data as coming from an emitter already located in the 
data base. 

incorning ellipse with an ellipse already in the data base. 
2)  The accuracy of the combination algorithm which combines the 

Footnote: In generel a x 8  value is used if the variance-covariance or the 
data is known and an F value 1s used if  the varienoe-covariance of 
the data i 8  estimated, 



Under 1 

The error is too frequently stating that the incoming data do not come 
from a specific emitter when in fhct they do. 

There are two possible errors. 
Under 2 1 

The resultant ellipse being too small. 
The location of the center of the resultant ellipse being overly 
affected by data baaed on small sample sizes. 

GENERAL - 
The F distribution is used in determination of  E E P s  (elliptical error 

probable) for some programs such as Guardrail. Ellipse confidence level 
conversion algorithms, comblnation algorithms and combination testing 
algorithms assume that EEPs are based on the Chi-8qUare distribution. 
memo is not concerned with all the problems that result from this discrepancy 
for these three types of algorithms. It is concerned with the direct impact 
on the confidence level conversion algorithm and with the implications of this 
impact for the combination and testing algorithms. 

When the original distribution underlying EEPs is F, converting ellipse 
confidence coefficients to the 95% level is an approximation that is Only 
valid for 'large' sample sizes. This memo is designed to illustrate the 
impact of using this approximation with small sample sizes. The ideas 
introduced include: 

This 

The interpretation of the conversion of confidence level as 8 
rescaling of the size of the confidence ellipse. 
The factors affecting the scaling constant, specifically, 
(a) the confidence level of the incoming ellipse 
(b) whether the crriginal distribution is Chi-square or F 
(c) sample site (but only if the original distribution is F) 
The amount of error in ellipse size that can occur. 
What the difference between chi-square and F is supposed to 
represent. 
The effect of scaling errors of the type being examined here on 
correlation testing. (And questions concerning use of that test 
when F is the basis for formation of the ellipse.) 
The effect of the scaling errors being 8tudleC here on the point 
estimate location determined by the combination algorithm. (And 
questions concerning use of this algorithnr when F is the basis for 
formation of the ellipse.) 
The effect of the scaling errors being studied here on the EEP 
size of the resultant ellipse using the combination algorithm. 

When incoming EEPs are based on sample sizes of 5 or smaller these 
considerations are very important. 

The concept8 outlined above will be discussed in the sections below. 
They are also illustrated in the graphr that follow, and may be pursued 
further using the tables attached in the appendices. 
ellipse combination and testing for cornbination may easily be imagined In 
terms of the geometric characterization ef the testing and combination 
algorithms.) 

(Other graphs concerning 

a 
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I. INTERPRETATXON OF CONFIDENCE LEVEL CONVERSION AS RESCALINC EEP'S 

of a confidence elllprse.) In fact  given two confidence levels with apecified 
confidence mcthodologieo and sample size ( f o r  the F) it 13 possible to list 
the scaling factor. 
applications have 2 spatial degrees of freedom) then a 90s EEP based on the F 
distributlon is approximately 2.5 times as large as the corresponding 501 EEP. 
The 95% EEP approximately 3 . 3  times as large as the corresponding 50% EEP. 
This ellipse size ratio is illustrated in Graph 1 that follows. 

the scaling factor. The scaling factor does depend on which distribution and 
ssrr,:le s i t e  is used for the base ellipse and ccnverted ellipse, however. 
Because correlation algorithms assume 95% confidence levels the tables in the 
appendix assume that the converted ellipse has this confidence level. (The 
Ellipse Radius Ratios listed at the top o f  each table are Chi-square to 
Chi-square and the entry in the table are F to F). Because of this 951 
convention the 2.5 scaling factor for sample size 5 between the 50% F and 90% 
F EEPs is not listed in the table. 
sam?lc size 5)  of 3.3 (3.292) 13 listed in thi: table, however. 

Changing confidence level may be thought of  as bcaling of the EEP (size 

For example, i f  sample size is 5 (and assuming Our 

The shape, location, and orientation of the base ellipae do not affect 

The 50% F to 95% scaling factor (for 

I f .  FACTORS AFFECTING THE SCALING FkCTOR 
A. Tke Confidence Level of the Incoming Ellipse. 

If the incoming ellipse is based on a 95% confidence level bound 
then no conversion is necessary. 

If the incoming ellipse is based on a 90% confidence level 
then the scaling factor will be bigger than one and the resultant 
ellipse will be bigger. Examination of the 90% F radius ratios in 
tables in the Appendlx confirms this. (As do the conversion factors 
for the Chi-square conversions which are listed above the tables.) 

If the incoming ellipse is based on & 50% confidence level then 
the scaling factor for conversion will be even bigger than i f  the 
Incoming ellipse had been a 90s confidence ellipse. 
both in Graph 1 and by comparison of 50% radius ratios with 90% radius 
ratios in the appendix. 

B. The Distribution (Chi-square or F) Underlying the E E P s .  

factors. 
the corresponding Chi-square cut-off value listed ab ve the table. 

' 

This can be seen 

Chi-square scaling factors are closer to 1 than F scaling 
Note that the column8 of F cutoff values are all bigger than 

C. The Sample Size. 
Sample size affect8 the F scaling factors as can be seen 19 the 

tables in the apptndix and in Graph 4. The tables and Greph 4 also 
illustrate that as sample size increases the F converge8 toward the 
Chi-square. 

is probably why sample size has not been sent to the correlaticn 
algorithm in the past. 

D. The Degrees of Freedom 

Sample size doean't affect the Chi-square acaling factors. This 

This factor i s  usually based on spatial dimension and herice is 
fixed in most applications and will not be discussed in detail here. 



111. THE AM3UNT OF ERROR I N  ELLIPSE SIZE THAT CAN OCCUR 

s i t t i n g  a t  a scope would observe and what ha should be observlng. 
assumption 1s t h a t  a conversion has baen done t o  make the ellipse a 95% 
ellipae bu t  that that sonveraion was dons using Chi-square ecaling factore. 

Of course, if the ellipses were baaed on the Chi-aquare di8tribution no 
error is made. b u t  what if the distribution underlying the incoming ell ipse 
was F? 

If the incoming ell ipse was a 95% F there is still no error as the 
conversion scale is 1.  If, however, the incoming d i s t r i b u t i o n  wasn't a t  95% 
then there is an erro? bceause 9 Chi-square radius ra t io  was used rather than 
an F rad ius  ratio. The ratio between the Chi-aquare radius ratlo and the F 
radius r a t i o  is the natural measure of t h l s  error. This information is 
provided  i n  t h e  tables i n  the appendix under the unfortanate column t i t l e  of 
CHi-F RATIO R A T I O ,  
actually two columns. The entries i n  these columns are measures of the 
conversion error. 
the graph is assumgd t o  be a sample size 5, 2 degrees of freedom, 50% F 
incoming ellipse. 
operator dur ing  correlation. 
conversion would construct and presumably report t o  t h e  operator. The outer 
ell ipse is the correctly converted ellipse. 

the tables i n  the appendix make it clear that even more 8ignificant 
differences exist. The larger RATIO RATIO entries reflect  larger error8. 
T h i s  is illustrated i n  Graph 3 for which the 90-95s based RATIO RATIO is 
1.1603 and t h e  50-951 based RATIO RATIO is 1.5860. 
examination of the tables also show that the 501 t o  951 conversion error i8 
always larger than t h e  90-955 error, as one would expect. 
how this error decreases w i t h  sample site. 
increases, the RATIO RATIO would approach one and there would be no 
significant error. 
I V .  UHAT DOES THE DIFFERENCE BETWEEN F AND CHI-SQUARE SCALING MEAN 

The F based EEPs are bigger chi-square EEP8 because chi-square assumes 
that the amount of error that one is subJect t o  is known, whereas the F 
assumes the amount of error that one is subJect to is unknown and only 
determined as  data comes i n  ond variation is found. The t r u t h  probably lies 
somewnere between these two assumptions. The fact that the F eosumes an extra 
type of uncertainty ( t h e  amount of error that one is subJect to) Implies that 
i t  yields bigger EEP8. 
uncertainty is reflected and hence the RATIO RATIOS get bigger as the  
difference between the base Confidence level and the reaultant increases. 

The dependence on sample s lze  is more problematical, however. The 
authors of t h i s  report suspect that unmodeled sources of error would prevent 
the uncertainty i n  ellipse slze from going away t o  the e x t e n t  it does as 
sample size increases us ing  the F test .  

T h i s  sectlon 1s concerned a b u t  the difference between what a person 
The 

The ratios depend on the confidence level so there are 

The inner ell ipse i n  Graph 2 might clarify these concepta. 

T h i s  inner ell ipse is probably not actually been by the 
The middle ellipse is what a chi-square 

Note that the difference i s  i n  Graph 2 is 8ignificant and examination of 

This  example an8 

Graph 4 i l lust rates  
I n  the l i m i t ,  ar sample size 

The higher the confidence level the more t h f s  

V *  THE IMPACT OF SCALING ERRORS ON TESTING FOR COMBINATI~ON 
The nature of scaling error8 is t h a t  incoming ell ipses appear t o  be 

smaller than they really are. This means that the incorning ellip80 1s more 
likely t o  overlap the base ellipse by enough t o  accept (1.e. there is less  
acceptance the bigger the RATIO RATIO Value.) 
where the incorrectly converted ell ipse rejects and the correctly converted 
ell ipse accepts. 
that non-intersecting ellipses reject and t h a t  if the center of one ellip8e is 
i n  the other ell ipse then t h e  acceptanre test  w i l l  reject .)  

This 1s Illustrated in Graph 5 

(Examples may be constructed geometrically bearing i n  mind 



V I .  THE IMPACT OF SCALING ERRORS ON DETERMINING A POINT ESTIMATE 

two original point eatimates (although the result is not neesssarlly actual ly  
on the line acgmcnt between the  points.) 
"smallness.*' Changlng ellipse SlZe Change8 the welghtlng. The ellipse that 
is corrected to a largcr site IS weighted less and the location estimate will 
be adjusted away from the  point vstimate corresponding to that elllpse, 
Examination of graphs 6, 7, and 8 in sequence illustrate this point. 
vu. THE I H ~ A C T  OF SCALING ERRORS ON DETERMINING A POINT ESTIMATE 

The resultant ellipse slze 1s based on the ellipse sizes of the two input 
ellipses. Bigger input yields a bigger output. See Graphs 6,  7, and 8 for an 
'example, See MARC'b report, Vesting and Combination of Confidence Ellipses: 
A Geamstric Analysis@t, for more details about the relationship of the geometry 
o f  input ellipses and output ellipses. 

The resultahit point catlmate is a t y p e  GP weighted average between the 

The weight8 are based on ellipse 
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APPENDIX 

SWLE 
SIP: 

3 
4 
5 
6 
7 .  
8 
9 

10 . 
11 
12 
13 
14 
17 
22 



APPENDIX 

WIE 
SIZE 

3 
4 
5 
6 
7 
8 
9 
10 
11  
12 
13 
I4 
17 
33 

90% 
m 
fALuE 
160.8 
27.48 
16.17 
12-57 
10.86 
9.8'7 
9.21 
8.76 
8.43 
8.19 
7.98 
7.83 
7.47 
7.1 4 

95% 
m 
fAulE 
640 
3.6 
27.04 
19.77 
16.23 
14.20 
13.05 
12.21 
11 0 5 8  
11.13 
10.77 
10.47 
9.87 
9.3 

50% 
m 
MTZO 
126.3 
16.99 
9.20 
7.003 
5.964 
5.372 
4.994 
4. '132 
4 530 
4.390 
4.273 
4.179 
3.983 
3.799 

90% 
tADm 
1at10 
2.001 
1.447 
1 e312 
1.254 
1 a 2 2 2  
1.202 
1 e 1 9 0  
1.180 
1.172 
1.165 
1.161 
1;156 
1.1 49 
1 e141 


