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ABSTRACT 0 center of curvature
An analytical method is presented to predict the pp base pitch of equivalent spur gear, m
shifts of the contact ellipses on spiral bevel gear
teeth under load. The contact ellipse shift is the T mid-plane pitch radius, m
motion of the tooth contact position from the ideal
pitch point to its location under load. The shifts R mid-cone pitch radius, m
are due to the elastic motions of the gear and pinion
supporting shafts and bearings. The calculations Re effective pitch radius, m

include the elastic deflections of the gear shafts and
the deflections of the four shaft bearings. The method R'e loaded effective pitch radius, m
assumes that the surface curvature of each tooth is

constant near the unloaded pitch point. Results from T torque, N-m
these calculations will help designers reduce transmis-
sion weight without seriously reducing transmission u pitch point tangential motion, m
performance.
W force component, N
NOMENCLATURE X bearing radial deflection, m
a tooth mid-cone plane addendum, m Y pitch point deflection, m
A distance from gear to first bearing, m z gear center deflection, m
Ag outer-cone distance, m B orthogonal coordinate frame
B distance from gear to second bearing, m r cone angle, rad
D tooth contact shift, m 0 pitch point slope, rad
Do mid-cone distance, m P radius of curvature, m
EI  elastic support stiffness, N-ml ¥ shaft angle, rad
El, elastic support stiffness of base design, N-m ¢y, normal pressure angle, rad
f tooth face width, m ¢'n loaded normal pressure angle, rad
N number of teeth ¥ spiral angle, rad

*Presently with the Cincinnati Gear Company,
Cincinnati, Ohio.
+Work funded under NASA Grant NAG3-55.



Subscripts
a axial

first bearing
b second bearing

bi, i=1,2,3 motion from bearing in first coordinate
frame direction

ci, 1i=1,2,3 motion from shaft in first coordinate
frame direction

di, i=1,2,3 first coordinate frame direction

ei, i=1,2,3 second coordinate frame direction
fy, i=1,2,3  third coordinate frame direction

gi, i=1,2,3 fourth coordinate frame direction
g gear (as last subscripty

p pinion (as last subscript)

r radial

t tangential

INTRODUCTION

Spiral bevel gears are important elements for
transmitting power. In designing spiral bevel gear
transmissions, the designer meets a tradeoff between a
transmission's weight and its life and reliability.

By removing weight from transmission components, one
jncreases the overall flexibility of the transmission.
This flexibility affects the deflections of the loaded
components in the transmission.

The design of an efficient spiral bevel gear box
includes the design of: gear and support geometry,
bearing and shaft sizes, and material properties. The
gear tooth interaction is more complex than that of
spur or helical gears. The loaded region of the gear
mesh shifts due to the deflections of the gear and the
pinion. A primary cause of these motions is the flexi-
bility of the gear support shaft and bearings.
Although the teeth also deflect, tooth beam deflections
are small in comparison to tooth gear support deflec-
tions. If the shift of the loaded region is large,
the life of the gear mesh may reduce significantly.

The classic work of Wildhaber (Refs. 1 and 2)
describes the kinematic operation and the generation
of spiral bevel gears. More recently, Baxter (Ref. 3)
and Coleman (Ref. 4) expanded on this fundamental
theory. They described a Tooth Contact Analysis pro-
gram which analyzes the kinematic action of two spiral
bevel gears in mesh. The program considers effects of
tooth manufacturing parameters on the gear mesh
kinematics.

Litvin and Coy (Ref. 5), and Litvin, Rahamn and
Goldrich (Ref. 6) also presented the theory of spiral
bevel gear generation and design. These works describe
kinematic errors induced in the transmission by errors
in gear manufacturing and assembly. The papers also
suggest tooth profile modifications to improve Kin-
ematic transmission. They give direct relationships
for the generated curvatures and directions on the
terms of the principal curvatures and directions on
the bevel gear teeth surfaces. These relationships

are in terms of the principal curvatures and
directions of the tool generating surfaces.

Coleman (Ref. 7) described the experimental meas-
urement of existing bevel and hypoid gear deflections
under load. The paper cites the importance of these
deflections for the capacity and noise level of the
gear set. The test results also suggest gear mounting
and tooth manufacturing changes which can improve the
capacity and life of the gear set.

Taha, Ettles and MacPherson (Ref. 8) presented
the interaction of structural rigidity and performance
for a helicopter tail rotor gear box. They used a
finite element model for the housing. The paper
presents effects of deflections on: bearing roller
load distribution, bearing fatique 1ife and the gear
motions at the unloaded pitch point. Their work
demonstrates the importance of rigidity to minimize
deflections and maximize bearing 1ife in a transmis-
sion.

Winter and Paul (Ref. 9) presented work on the
influence of spiral bevel gear deflection on tooth
root stresses.

This paper presents an analytical method to pre-
dict the shift of the loaded region on the tooth. The
method treats the shift as a result of the elastic
deflections of the gear support shafting and bearings.
The analysis is sequential.

The first stage defines the gear geometry and
loading. The second stage determines the elastic
deflections of the bearings and shafts and the
slopes of the shafts at the gears. The third stage
finds the motions of the gear teeth caused by each
elastic deflection. The total deflections of the
gear teeth are the algebraic sum of these motions.

The fourth stage determines the geometry and curvatures
of the gear and pinion teeth. These directions and
curvatures combine with the separate motions of the
gear teeth to produce the contact shift. The contact
shift is the motion of the contact ellipses on the two
tooth surfaces under load from the unloaded pitch
point. The analysis assumes that the curvatures are
constant over the affected surfaces of the teeth.

A gear box model similar to the main rotor bevel
gear reduction of the U.S. Army OH-58 light duty heli-
copter serves as an example for the method. The gear
box includes a single spiral bevel gear drive with a
pinion input and the supporting shafts and bearings.
The analysis includes a parametric study. The paper
presents radial and tangential shifts of the contact
ellipses on the pinion and gear teeth as functions of
shaft stiffness.

GEOMETRY AND LOADING

Figure 1 shows the geometry of a spiral bevel
gear mesh. The mid-cone distance, Dy, is the distance
from the apex of the bevel cones to the mid-plane
pitch point. This distance is along the pitch line of
the two pitch cones. It is equal to the outer-cone
distance, Ay, minus one half the tooth face width, f.
The mid-cone distance and the tooth face width describe
the basic gear blank sizes. The cone pitch angles,

Iq and Ty, for the gear and pinion also contribute
td the gear sizes. The shaft angle, X, is the sum of
the cone pitch angles. The shaft angle defines the
relative orientation of the gear and pinion shafts.
The pitch radius of the gear in its mid-plane, Ty is:

= [ ] j
rg = DO sin rg QD)



The cone pitch angle, Tq in terms of the numbers
of teeth on the gear and pinion, Ng and Np, and the
shaft angle, ¥, is:

tan I_ = sin X

9 N7 N 2)
( ol Ny + COsS Y

Similar equations define the pitch radius, s and
cone pitch angle, rp, of the pinion with the sub-
scripts p and g interchanged.

Figure 2 shows the spiral angle, ¢, and normal
pressure angle, ¢,. The spiral angle, y, is the angle
of inclination of the teeth to the pitch ray. It is
in the plane tangent to the two pitch cones. The gear
of figure 2 has a right hand spiral. The normal pres-
sure angle, ¢, is the angle between a normal to the
tooth and the tangent to the pitch cone surface in the
tooth normal plane.

Figure 2 includes four orthogonal right handed
coordinate frames. All four coordinate frames are at
the mid-plane pitch point of the spiral bevel tooth.
The first of these, Bgj, has coordinates in the tangen-
tial, axial and radial directions of the gear body.
The second coordinate frame, Bgj, is the first coordi-
nate frame rotated through the cone angle, [y, in a
negative direction about the Bgy vector. The unit
vectors of this frame are in the tangential, pitch
ray, and mid-cone radial directions respectively. The
third coordinate frame, Bgj, is the second coordinate
frame rotated through the spiral angle, ¢, in a posi-
tive direction about the B3 vector for a right
handed spiral angle. The unit vectors of this frame
are tangent to the pitch cone in the tooth normal
plane, tangent to the tooth in the cone tangent plane,
and in the mid-cone radial direction respectively.

The fourth coordinate frame, Bgi, is the third coordi-
nate frame rotated through the’normal pressure angle,
én., in a negative direction about the pfp vector.
The unit vectors of this frame are in the tooth normal
direction, tangent to the tooth in the cone tangent
plane, and tangent to the tooth in the tooth normal
plane respectively.

Figure 2 shows the mid-plane pitch radius of the
gear, rq, in the axial section plane. The mid-cone
radius Of the gear, Ryq, is in the same view.

This equivalent Spur pitch radius is:

r
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g

The gear assembly includes the support bearings
and their locations. The position of the bearings
relative to the gear or pinion describes the support
system geometry. The two most common bearing configu-
rations are straddle and overhung mountings. Figure 1
shows both. The pinion has a straddle mounting while
the gear has an overhung mounting. In both cases, A
is the distance from the gear mid-plane to the bearing
closest to the pitch cone apex. B is the distance
from the gear mid-plane to the bearing furthest from
the apex. Distance A is positive for an overhung
mounting and negative for a straddle mounting. B is
always positive.

The normal force acts on the tooth at the
mid-plane pitch point. The method assumes that the
force is a concentrated force. The force has three
orthogonal components in the directions of the Bgj
coordinate frame relative to the tooth. The tangen-
tial component, Wi, produces the torque on the gear.

It acts in the Ryy direction. The axial component,
Wy, acts in the Pgr direction. And the radial compo-
nent, Wy, acts in the R4y direction.

Figure 3 shows these forces for both the gear and the
pinion with their respective coordinate frames. For
the gear, the components are:

T

—3 (4)
Do sin rg

Na = | wt | [tan ®, * sinT

+siny *cosT ] (5
cos ¢ 9 9

We - I wt | [tan ®, * cos rg - sin ¢ * sin rg] (6)
cos

where T4 1is the torque on the gear. Replacing the

subscript g with the subscript p in Eq. (4)

through (6) gives the equations for the pinion force

components. In Eq. (5) and (6), the sign of the last

term depends on: the direction of rotation, the hand

of the spiral, and whether the gear is driving or

being driven. These equations are valid for a

right-handed spiral driving gear rotating counterclock-

wise about the B4z direction. Each change in the

spiral hand, power direction or rotation direction

reverses the signs.

The sign of the tangential load, W¢, also depends
on the directions of the rotation and power flow. The
tangential component is positive for a driving gear or
pinion which is rotating counterclockwise. It is also
positive for a driven gear or pinion which is rotating
clockwise. The tangential load is negative otherwise.
However, Eq. (5) and (6) use the absolute value of Wg.

COMPONENT DEFLECTIONS

Under Toad, the motion of the ideal pitch point
of a spiral bevel gear is mainly the superposition of
three elastic deflections. These deflections result
from: shaft deflections at the gear centers, shaft
slopes at the gear centers, and the deflections of the
support bearings.

Table I lists the results of a strength of materi-
als shaft analysis for the deflections, Y¢j, and
slopes (rotations), 6.i, of the gear at the pitch
point in and about the R4; directions. In the analy-
sis, both the axial and radial forces contribute to
both the radial deflection and the tangential rota-
tion. The axial deflection is due to the tangential
rotation and the radial location of the pitch point.
In this instance, the straddle and overhung cases
require different formulas due to the different elas-
tic configurations of the two cases. As before, inter-
changing gear and pinion subscripts yields valid
equations for the pinion.

The bearings which support the shaft also
deflect. Each bearing has a nonlinear stiffness and
its own contact angle. Harris (Ref. 10) and Houghton
(Ref. 11) present methods for determining the rolling
element load sharing and resulting deflection. The
method of this paper combines the radial and axial
loads on each bearing to find the bearing deflections.
The program then resolves each bearing deflection into
tts radial and axial components in the R4y coordi-
nate directions.

The deflections at the bearings are X335 and
Xpj. Here, the subscript a fidentifies the bearing
located the distance A from the gear. And the sub-
script b identifies the bearing located the dis-
tance B away. The last subscript, i, denotes the
deflection direction in the Bqi coordinate frame.



For 1 = 2, both bearings have the same axjal deflec-
tion, Xy. Table II lists the deflections, Yui, and
the rotations, 8y, of the gear pitch point caused by
these bearing deflections. The motions are due to the
rigid body motion of the gear and support shaft in the
bearings.

The total motions of the gear pitch point in and
about the PBgj coordinate directions, neglecting any
elastic motion of the transmission housing, are:

Y. =Y (@)

di
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O4i = ®pi * O

di

Similar equations describe the motion of the pin-
ion pitch point. The motions of the gear and pinion
pitch points combine in the analysis for the shift of
the contact ellipse under load.

CONTACT ANALYSIS

The principal curvatures of the teeth are needed
in addition to the teeth deflections in the contact
ellipse shift model. Unfortunately, no direct equa-
tions exist for the spiral bevel tooth surface due to
the complexity of the surface geometry (Ref. §
and 6). However, an indirect approach can determine
the principal curvatures and directions of curvature.
Litvin (Ref. 5 and 6> has developed equations to
determine these principal curvatures and their
directions at the pitch point.

The analysis assumes that direct conjugate rela-
tionships exist between the gear cutting tool surface
curvatures and motion and the sought quantities.

These are the principal curvatures and their direc-
tions on the gear tooth surface. The analysis uses

the gear and pinion geometry along with the cutter
machine settings for both the gear and pinion. The
cutter machine's manufacturer provides the gear cutter
settings. With this method, one can determine the cur-
vatures of the gear tooth surface without equations

for the surface.

The separate pitch point motions of the two gear
teeth effect the shift of the contact ellipse under
load. In addition, the motions of the centers of
transverse curvature of the teeth surfaces effect the
tangential contact ellipse shift. The motions of the
mid-plane base circles of the teeth also effect the
radial contact ellipse shift. In addition, the stand-
ard Hertzian contact stress formulas (Ref. 12) yield
the size and orientation of the contact ellipse on the
gears. All these calculations assume that the princi-
pal curvatures remain constant over the contacted
portions of the spiral bevel gear teeth.

RELATIVE MOTIONS

The contact shift motion occurs in the plane
tangent to the two teeth. Relative motions in the
direction of the common normal to the teeth produce
kinematic errors in the motion transmission. Kinematic
error (Ref. 5) is a forward or backward rotation of
the output gear from its ideal position relative to
the input gear. This motion does not produce a shift
of the contact ellipse. Only the radial shift of the
teeth in the tooth normal plane and the tangential rel-
ative motion in the cone tangent plane are of interest.
The radial shift of the teeth produces a radial shift
in the contact ellipse locations on both teeth. The

tangential motion produces a tangential shift in the
contact ellipse locations as shown in Fig. 4.

In the motion analysis, the small pitch point
deflections and rotations are vectors. One can obtain
the vector components in any of the four coordinate
frames by direct matrix rotations.

Radial Shift

The radial shift of the two teeth appears in the
mid-cone plane and in the tooth normal plane. Fig. 5
shows the two equivalent spur gears in the tooth normal
plane before and after application of the separating
load. Equivalent spur gears have the tooth geometry
of the spiral bevel tooth in its mid-cone plane. The
involute action of these spur gears is the same as
that of the spiral bevels in the mid-cone plane
(Refs. 1 to 3). The radial shift of the two gears is
due to an increase of the center distance in this
otated mid-cone plane. The separating motion of each
gear center is the pitch point motion in the Raj
Direction minus a small relative motion. The relative
radial motion of the gear center is toward the pitch
point. It is due to the gear rotation about the origi-
nal tangential direction Bgy.

The displacement of the pitch point in the B43
direction is:

Y * sin r d3 9 * cos T

e3,q = Yd2,g g )

The effective radius of the equivalent spur gear
in the tooth normal plane, Req, 15 a function of the
mid-cone radius, Rg, and the 3$piral angle, y:

eg=-_ 39 (10

The motion of the center of the equivalent gear is
thus:

4 =Y

e3.g )

- Reg(l.o ~ €OS edl,g an

e3,g

Due to the involute action on separation, the
radial motion produces a new loaded pitch point. The
normal pressure angle increases slightly. The gears
rotate slightly. And a new loaded effective pitch
radius results. The new pressure angle, ¢'p, is:

1 (R, + R ) * cos ¢,

' = cos eg
n R_+1 + Re <2
eg e3,g e3 p
The loaded effective gear pitch radius, R'gq Is:
R. * cos ¢
R! = &g 4]
eg cos ¢.n adp
The radial shift of the pitch point from the
unloaded to the loaded position on the gear tooth,
Drg' is now:
R' - R
Drg= 29 __ed (18
cos ¢,

Figure 6 shows this shift distance and the two
pitch radii. Figure 6 is a normal view of the spiral



bevel gear tooth. The analysis for the radial shift
of the contact point on the pinion tooth is similar.

Tangential Shift

The relative tangential motion of the two teeth
appears clearly in a plane normal to the tooth. This
plane contains the tooth tangent vector Bgz- The
plane is perpendicutar to vector 8 g3: It contains
the tangential motion of the pitch p01nts And, it
contains the centers of transversé curvature of the
gear and pinion teeth, O and 0Op respectively. The
radii of transverse curvature of %he teeth, pg and
pp, are primary curvatures which the tooth coftact
analysis determines.

Figure 7 shows the line of centers in this plane
for both the unloaded and the loaded condition. The
centers of curvature, 05 and O have a prime in
their loaded positions.” For clarlty, the two centers
of curvature are on opposite sides of the tooth sur-
face tangent in Fig. 7. In reality, both centers are
on the same side of the tooth surface tangent. How-
ever, the tangent shift relation is the same for both
cases. The deflections of these centers of curvature
in this plane are related to their respective pitch
point deflections in the Bgz direction. The relation
adds the motion of the curvature center relative to
the original pitch point. The relative motion is due
to the gear body rotation perpendicular to this plane

about the g3 direction. For the gear, this
deflection is:
Zo2.9 = Yg2.9 * Pq * sin 843, (15)
where
Ygz,g = - Ydl,g *sin gy + de,g* cos rg cos ¢ 6
- Yd3,g * sin rg cos ¢
and:
eg3'g = ed]’g ® cos y sin ¢n
+ edz,g * (cos rg sin ¢ sin ¢n - sin rg cos ¢n)
- ed3,g * (sin rg sin ¢ sin ¢, + cos I‘g cos ¢,

an

The motion on the tooth surface from the unloaded
pitch point to the loaded pitch point in this plane is
Uga. This is the deflection necessary to keep the
céenters of curvature on a common tooth normal.

=2 Pq 4 -2
Uga = Zg2,g * —2 > “g2,p = Zg2,¢’
g ' Pp

as)

This locates the new loaded pitch point relative
to the unloaded pitch point. The relative shift of
the gear pitch point in the tangential direction on
the tooth surface is Dy This is the difference
between the original p1%ch point's motion and the
pitch point shift, ng

D, =U

tg = Yg2 = Yg2.q a9

A similar analysis determines the tangential
pitch point shift on the pinion, Dtp'

TOOTH CONTACT SHIFT

The radial and tangential components of tooth con-
tact shift are valuable measures of the rigidity of a
bevel gear mesh. Knowledge of the shift components
can help a designer evaluate important properties of
the gear mesh and support bearings. An interactive-
input Fortran 77 computer program (Ref. 13) calculates
these tooth contact shifts for both the gear and pin-
fon. The program, SLIDE.FOR, can run on a personal
computer.

Figure 4 shows the shift of the nominal pitch
point contact ellipse on a gear tooth. The principal
radii of curvature of the teeth and the normal tooth
load determine the size and orientation of the contact
ellipse. One can compare the tangential shift to the
difference between the half tooth width and the tangen-
tial radius of the ellipse. This comparison demon-
strates whether edge loading can occur in the design.
By subtracting the radial shifts from the teeth
addenda, one also can evaluate the reduction in the
ideal contact ratio.

This model can evaluate performance tradeoffs
where transmission weight and transmission life are
competing objectives. Figures 8 and 9 are dimension-
less plots of contact shift as a function of support
shaft stiffness for a single stage transmission. The
plots vary both the gear and pinion shaft stiffnesses
by the same percentage. The parametric study reduces
the stiffnesses from the design values to show the
effect of shaft stiffness on performance.

Figure 8 is a plot of the radial contact shift on
both the gear and the pinion. Figure 9 is a plot of
the tangential contact shift for the two gears. Both
plots show the contact shift as a ratio to the mid-cone
base pitch of the teeth. This gives a dimensionless
comparison of the shift magnitudes. A second vertical
axis on the radial plot shows the shift as a percent
of the tooth addendum. This compares the shift of the
contact point to the actual tooth size. In the tangen-
tial shift plot, the second vertical axis shows the
tangential shift as a percent of the half tooth
width. The horizontal axis of both plots is the ratio
of the support shaft stiffness, EI, to the full
support shaft stiffness, El,

The figures demonstrate a definite hyperbolic
relationship between the stiffnesses and the resulting
pitch point contact shift. A valuable conclusion is
that one may reduce the stiffnesses in the example fo
about 20 percent of the nominal design values. At
this point, there is a significant increase in the con-
tact position shift. MWith this information available
at the design stage of a transmission's development,
important weight savings may be possible. The weight
savings will not sacrifice the transmission's life or
power overload performance seriously.

SUMMARY AND CONCLUSION

This paper presents a method to predict the shift
of the loaded region on the gear teeth in a spiral
bevel reduction. This shift is a result of the elas-
tic deflections of the gear support shafting and bear-
ings under load. The reduction is a single spiral
bevel gear drive with a pinion input and supporting
shafts and bearings. The assumed deflections were
caused by: the shaft deflections, the shaft slopes,
and the bearing deflections. The analysis assumed
that the curvatures of the teeth near the pitch point
were constant. It determined the curvatures using the
envelope of cutting tool positions.



The analysis was sequential. The first stage
defined the gear geometry and loading. The second
stage determined the elastic deflections of the
bearings and shafts and the slopes of the shafts at
the gears. The third stage determined the motions of
the gear teeth caused by each elastic deflection.
Superposition of these motions produced the total
deflections of the gear teeth. The fourth stage ana-
lyzed the interaction between the tooth geometry and
motion to predict the tooth contact ellipse motions
under load. A Fortran 77 computer program determined
the radial and tangential tooth contact shifts of the
gear and pinion.

An example representative of the main rotor bevel
gear reduction found in the U.S. Army OH-58 helicopter
was modelied. A parametric study illustrated the
determination of the radial and tangential tooth con-
tact ellipse shifts. Graphs showed the variation in
contact shift with reduction in support shaft stiff-
ness. An important conclusion was that, for the
example, one could reduce the shaft stiffnesses to
about 20 percent of the present stiffnesses. At this
level, significant changes in the shifts of the tooth
contact positions occurred. Significant weight reduc-
tions may be possible without seriously affecting the
gear action or the gear life.
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TABLE I. - ELASTIC SUPPORT INDUCED PITCH POINT MOTION
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TABLE II. - BEARING INDUCED PITCH POINT MOTION

DEFLECTIONS
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FIGURE 1. - SPIRAL BEVEL GEAR MESH AND SUPPORT BEARING

GEOMETRY.
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