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ABSTRACT 0 c e n t e r  o f  c u r v a t u r e  

An a n a l y t i c a l  method i s  p resen ted  to  p r e d i c t  t h e  
s h i f t s  o f  t h e  c o n t a c t  e l l i p s e s  on  s p i r a l  beve l  gear  
t e e t h  under l o a d .  The c o n t a c t  e l l i p s e  s h i f t  i s  t h e  
mo t ion  of t h e  t o o t h  c o n t a c t  p o s i t i o n  f r o m  t h e  i d e a l  
p i t c h  p o i n t  t o  i t s  l o c a t i o n  under l oad .  The s h i f t s  
a r e  due t o  the  e l a s t i c  mo t ions  o f  t h e  gear  and p i n i o n  
s u p p o r t i n g  s h a f t s  and bear ings .  

2 i n c l u d e  t h e  e l a s t i c  d e f l e c t i o n s  o f  t h e  gear  s h a f t s  and 
t h e  d e f l e c t i o n s  o f  t h e  f o u r  s h a f t  bea r ings .  The method 
assumes t h a t  t h e  s u r f a c e  c u r v a t u r e  o f  each tooth i s  
cons tan t  near t h e  un loaded p i t c h  p o i n t .  R e s u l t s  f r o m  
these c a l c u l a t i o n s  w i l l  h e l p  des igne rs  reduce t ransmis -  
s i o n  we igh t  w i t h o u t  s e r i o u s l y  r e d u c i n g  t r a n s m i s s i o n  
performance. 

The c a l c u l a t i o n s  
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S u b s c r i p t s  

a a x i a l  

f i rst  b e a r i n g  

b second b e a r i n g  

b i .  i=1.2,3 mo t ion  f r o m  b e a r i n g  i n  f i r s t  c o o r d i n a t e  
frame d i r e c t i o n  

c i .  i=1 ,2 .3  mo t ion  f rom s h a f t  i n  f i rst c o o r d i n a t e  

d i ,  i=1,2,3 f i rst c o o r d i n a t e  frame d i r e c t i o n  

e i ,  i =1 ,2 ,3  second c o o r d i n a t e  frame d i r e c t i o n  

f i ,  i=1 ,2 ,3  

g i ,  i=1 ,2 ,3  f o u r t h  c o o r d i n a t e  frame d i r e c t i o n  

g gear (as  l a s t  s u b s c r i p t )  

p p i n i o n  (as  l a s t  s u b s c r i p t )  

r r a d i a l  

t t a n g e n t i a l  

f rame d i r e c t i o n  

t h i r d  c o o r d i n a t e  frame d i r e c t i o n  

INTRODUCTION, 

S p i r a l  beve l  gears a r e  i m p o r t a n t  e lements  f o r  
t r a n s m i t t i n g  power. I n  d e s i g n i n g  s p i r a l  beve l  gear 
t ransmiss ions ,  t he  des igne r  meets a t radeo f f  between a 
t r a n s m i s s i o n ' s  we igh t  and i t s  l i f e  and r e l i a b i l i t y .  
By removing we igh t  f r o m  t r a n s m i s s i o n  components, one 
inc reases  t h e  o v e r a l l  f l e x i b i l i t y  o f  t h e  t r a n s m i s s i o n .  
Th is  f l e x i b i l i t y  a f f e c t s  t h e  d e f l e c t i o n s  o f  t h e  loaded 
components i n  t h e  t r a n s m i s s i o n .  

i n c l u d e s  t h e  des ign  o f :  gear and suppor t  geometry,  
b e a r i n g  and s h a f t  s i z e s ,  and m a t e r i a l  p r o p e r t i e s .  The 
gear t o o t h  i n t e r a c t i o n  i s  more complex than  t h a t  o f  
spur o r  h e l i c a l  gears .  The loaded r e g i o n  o f  t h e  gear 
mesh s h i f t s  due t o  t h e  d e f l e c t i o n s  o f  t h e  gear  and t h e  
p i n i o n .  A p r i m a r y  cause o f  these mot ions  i s  t h e  f l e x i -  
b i l i t y  o f  t h e  gear suppor t  s h a f t  and b e a r i n g s .  
A l though t h e  t e e t h  a l s o  d e f l e c t ,  t o o t h  beam d e f l e c t i o n s  
a r e  smal l  i n  comparison t o  t o o t h  gear suppor t  d e f l e c -  
t i o n s .  I f  t h e  s h i f t  o f  t h e  loaded r e g i o n  i s  l a r g e ,  
t he  l i f e  o f  t h e  gear mesh may reduce s i g n i f i c a n t l y .  

The c l a s s i c  work o f  Wi ldhaber (Refs .  1 and 2 )  
desc r ibes  t h e  k i n e m a t i c  o p e r a t i o n  and t h e  g e n e r a t i o n  
of  s p i r a l  beve l  gea rs .  More r e c e n t l y ,  Bax te r  (Re f .  3) 
and Coleman (Re f .  4 )  expanded on t h i s  fundamental  
t h e o r y .  
gram which ana lyzes  the  k i n e m a t i c  a c t i o n  o f  two s p i r a l  
beve l  gears i n  mesh. The program cons ide rs  e f f e c t s  o f  
t o o t h  manu fac tu r ing  parameters on t h e  gear mesh 
k i n e m a t i c s .  

G o l d r i c h  (Re f .  6) a l s o  p resen ted  t h e  t h e o r y  o f  s p i r a l  
beve l  gear g e n e r a t i o n  and des ign .  These works d e s c r i b e  
k i n e m a t i c  errors induced i n  t h e  t r a n s m i s s i o n  by e r r o r s  
i n  gear manu fac tu r ing  and assembly. The papers a l s o  
suggest t o o t h  p r o f i l e  m o d i f i c a t i o n s  t o  improve k i n -  
emat ic  t r a n s m i s s i o n .  They g i v e  d i r e c t  r e l a t i o n s h i p s  
for  t h e  genera ted  cu rva tu res  and d i r e c t i o n s  on t h e  
terms of t h e  p r i n c i p a l  c u r v a t u r e s  and d i r e c t i o n s  on 
t h e  beve l  gear  t e e t h  su r faces .  These r e l a t i o n s h i p s  

The des ign  o f  an e f f i c i e n t  s p i r a l  beve l  gear box 

They desc r ibed  a Tooth  Con tac t  A n a l y s i s  p ro -  

L i t v i n  and Coy ( R e f .  5). and L i t v i n ,  Rahamn and 

a r e  i n  terms o f  t h e  p r i n c i p a l  cu rva tu res  and 
d i r e c t i o n s  of  t h e  t o o l  g e n e r a t i n g  su r faces .  

urement o f  e x i s t i n g  beve l  and hypo id  gear d e f l e c t i o n s  
under l oad .  The paper c i t e s  t h e  impor tance o f  these 
d e f l e c t i o n s  for  the  c a p a c i t y  and n o i s e  l e v e l  o f  t h e  
gear s e t .  
and t o o t h  manu fac tu r ing  changes wh ich  can improve t h e  
c a p a c i t y  and l i f e  o f  t h e  gear s e t .  

t h e  i n t e r a c t i o n  o f  s t r u c t u r a l  r i g i d i t y  and performance 
f o r  a h e l i c o p t e r  t a i l  r o t o r  gear  box. They used a 
f i n i t e  element model for  t h e  hous ing .  The paper 
p resen ts  e f f e c t s  o f  d e f l e c t i o n s  on: b e a r i n g  r o l l e r  
l oad  d i s t r i b u t i o n ,  b e a r i n g  f a t i g u e  l i f e  and the  gear 
mot ions  a t  t h e  unloaded p i t c h  p o i n t .  T h e i r  work 
demonstrates t h e  impor tance o f  r i g i d i t y  t o  m in im ize  
d e f l e c t i o n s  and maximize b e a r i n g  l i f e  i n  a t ransmis-  
s i o n .  

W in te r  and Paul ( R e f .  9 )  p resen ted  work on t h e  
i n f l u e n c e  o f  s p i r a l  beve l  gear d e f l e c t i o n  on t o o t h  
r o o t  s t r e s s e s .  

Th is  paper p resen ts  an a n a l y t i c a l  method t o  p re -  
d i c t  t h e  s h i f t  of  t h e  loaded r e g i o n  on the  t o o t h .  The 
method t r e a t s  t h e  s h i f t  as a r e s u l t  of t h e  e l a s t i c  
d e f l e c t i o n s  o f  the  gear  suppor t  s h a f t i n g  and bear ings .  
The a n a l y s i s  i s  s e q u e n t i a l .  

The f i rst  s tage d e f i n e s  t h e  gear  geometry and 
l o a d i n g .  The second s tage de termines  t h e  e l a s t i c  
d e f l e c t i o n s  o f  the  bear ings  and s h a f t s  and t h e  
s lopes  o f  t h e  s h a f t s  a t  t he  gears .  The t h i r d  s tage 
f i n d s  t h e  mot ions  o f  t h e  gear t e e t h  caused by each 
e l a s t i c  d e f l e c t i o n .  The t o t a l  d e f l e c t i o n s  of the  
gear  t e e t h  a r e  t h e  a l g e b r a i c  sum o f  these mo t ions .  
The f o u r t h  s tage de termines  t h e  geometry and c u r v a t u r e s  
o f  t h e  gear and p i n i o n  t e e t h .  These d i r e c t i o n s  and 
c u r v a t u r e s  combine w i t h  t h e  separa te  mot ions  o f  the  
gear t e e t h  t o  produce t h e  c o n t a c t  s h i f t .  The c o n t a c t  
s h i f t  i s  t h e  mo t ion  of t h e  c o n t a c t  e l l i p s e s  on t h e  two 
t o o t h  su r faces  under l o a d  from t h e  unloaded p i t c h  
p o i n t .  The a n a l y s i s  assumes t h a t  t h e  c u r v a t u r e s  a r e  
c o n s t a n t  o v e r  t h e  a f f e c t e d  su r faces  o f  the  t e e t h .  

gear  r e d u c t i o n  o f  t h e  U.S. Army OH-58 l i g h t  d u t y  h e l i -  
c o p t e r  serves  as an example f o r  t h e  method. 
box i n c l u d e s  a s i n g l e  s p i r a l  beve l  gear d r i v e  w i t h  a 
p i n i o n  i n p u t  and t h e  s u p p o r t i n g  s h a f t s  and b e a r i n g s .  
The a n a l y s i s  i n c l u d e s  a p a r a m e t r i c  s tudy .  The paper 
p resen ts  r a d i a l  and t a n g e n t i a l  s h i f t s  o f  the  c o n t a c t  
e l l i p s e s  on t h e  p i n i o n  and gear  t e e t h  as f u n c t i o n s  of 
s h a f t  s t i f f n e s s .  

Coleman ( R e f .  7) desc r ibed  the  exper imen ta l  meas- 

The t e s t  r e s u l t s  a l s o  suggest gear mount ing  

Taha, E t t l e s  and MacPherson (Re f .  8) presen ted  

A gear  box model s i m i l a r  t o  t h e  main r o t o r  beve l  

The gear  

GEOMETRY AND LOADING 

F i g u r e  1 shows t h e  geometry o f  a s p i r a l  beve l  
gear mesh. The mid-cone d i s t a n c e ,  Do, i s  t h e  d i s t a n c e  
from t h e  apex o f  t h e  beve l  cones t o  t h e  mid-plane 
p i t c h  p o i n t .  T h i s  d i s t a n c e  i s  a l o n g  the  p i t c h  l i n e  o f  
t h e  two p i t c h  cones. I t  i s  equal  t o  the  ou ter -cone 
d i s t a n c e ,  A,, minus one h a l f  t h e  t o o t h  face  w i d t h ,  f .  
The mid-cone d i s t a n c e  and t h e  t o o t h  f a c e  w i d t h  desc r ibe  
t h e  b a s i c  gear  b l a n k  s i z e s .  The cone p i t c h  ang les ,  
Tg and Tp .  f o r  t h e  gear and p i n i o n  a l s o  c o n t r i b u t e  
t o  t h e  gear s i z e s .  
t h e  cone p i t c h  ang les .  The s h a f t  ang le  d e f i n e s  t h e  
r e l a t i v e  o r i e n t a t i o n  o f  t h e  gear  and p i n i o n  s h a f t s .  
The p i t c h  r a d i u s  o f  t h e  gear i n  i t s  mid-plane, rg, i s :  

Th,e s h a f t  ang1e.C.  i s  t h e  sum o f  

9 
r = Do s i n  r 

9 
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The Cone P i t c h  ang le ,  r g .  i n  terms o f  t h e  numbers 
o f  t e e t h  on t h e  gear and p i n i o n ,  Ng 
s h a f t  a n g l e , C ,  i s :  

and Np, and t h e  

(2) 

S i m i l a r  equa t ions  d e f i n e  t h e  p i t c h  r a d i u s ,  rp. and 
cone p i t c h  ang le ,  o f  t h e  p i n i o n  w i t h  t h e  sub- 
s c r i p t s  p and grp /n te rchanged.  

F i g u r e  2 shows t h e  s p i r a l  ang le ,  y, and normal 
p ressu re  ang le ,  $n. The s p i r a l  ang le ,  y, i s  t h e  ang le  
o f  i n c l i n a t i o n  o f  the  t e e t h  t o  the  p i t c h  r a y .  I t  i s  
i n  the  p lane  tangen t  t o  t h e  two p i t c h  cones. The gear 
o f  f i g u r e  2 has a r i g h t  hand s p i r a l .  The normal p res-  
sure  ang le ,  $,,, i s  t h e  ang le  between a normal t o  t h e  
t o o t h  and the  tangent  t o  the  p i t c h  cone s u r f a c e  i n  t h e  
t o o t h  normal p lane .  

F i g u r e  2 i n c l u d e s  f o u r  o r thogona l  r i g h t  handed 
c o o r d i n a t e  f rames. A l l  f o u r  c o o r d i n a t e  f rames a re  a t  
t h e  mid-plane p i t c h  p o i n t  of t h e  s p i r a l  beve l  t o o t h .  
The f i rst o f  these,  b d i ,  has c o o r d i n a t e s  i n  t h e  tangen, 
t i a l .  a x i a l  and r a d i a l  d i r e c t i o n s  o f  t he  gear  body. 
The second c o o r d i n a t e  f rame, Oe i ,  i s  t h e  f i r s t  c o o r d i -  
n a t e  f rame r o t a t e d  th rough t h e  cone ang le ,  i n  a 
n e g a t i v e  d i r e c t i o n  about  t h e  p d l  v e c t o r .  '%e u n i t  
v e c t o r s  o f  t h i s  f rame a r e  i n  t h e  t a n g e n t i a l ,  p i t c h  
r a y ,  and mid-cone r a d i a l  d i r e c t i o n s  r e s p e c t i v e l y .  
t h i r d  c o o r d i n a t e  f rame,  o f t ,  i s  t h e  second c o o r d i n a t e  
frame r o t a t e d  th rough  t h e  s p i r a l  ang le ,  y. i n  a p o s i -  
t i v e  d i r e c t i o n  about  the  Be3 v e c t o r  f o r  a r i g h t  
handed s p i r a l  ang le .  The u n i t  v e c t o r s  o f  t h i s  f rame 
a r e  tangen t  t o  t h e  p i t c h  cone i n  the  t o o t h  normal 
p lane ,  t angen t  t o  t h e  t o o t h  i n  the  cone tangen t  p lane ,  
and i n  t h e  mid-cone r a d i a l  d i r e c t i o n  r e s p e c t i v e l y .  
The f o u r t h  c o o r d i n a t e  f rame, R g i ,  i s  t h e  t h i r d  c o o r d i -  
n a t e  f rame r o t a t e d  th rough  t h e  normal p ressu re  ang le ,  
$n, i n  a n e g a t i v e  d i r e c t i o n  about  t h e  Pf2 v e c t o r .  
The u n i t  v e c t o r s  o f  t h i s  f rame a re  i n  t h e  t o o t h  normal 
d i r e c t i o n ,  t angen t  t o  t h e  t o o t h  i n  t h e  cone tangen t  
p lane ,  and tangen t  t o  t h e  t o o t h  i n  t h e  t o o t h  normal 
p lane r e s p e c t i v e l y .  

F i g u r e  2 shows t h e  mid-plane p i t c h  r a d i u s  o f  t h e  
gear,  rg, i n  t h e  a x i a l  s e c t i o n  p lane.  The mid-cone 
r a d i u s  o f  the  gear ,  Rg,  i s  i n  t he  same v iew.  

T h i s  e q u i v a l e n t  spur  p i t c h  r a d i u s  i s :  

The 

R = rg  
9 COS r 

9 
( 3 )  

The gear assembly i n c l u d e s  the  suppor t  bea r ings  
and t h e i r  l o c a t i o n s .  The p o s i t i o n  o f  t h e  b e a r i n g s  
r e l a t i v e  t o  t h e  gear or p i n i o n  d e s c r i b e s  t h e  suppor t  
s y s t e m  geometry.  The two m o s t  common b e a r i n g  c o n f i g u -  
r a t i o n s  a r e  s t r a d d l e  and overhung mount ings .  F i g u r e  1 
shows bo th .  
t h e  gear has an overhung mount ing.  I n  b o t h  cases, A 
i s  t h e  d i s t a n c e  f r o m  t h e  gear mid-plane t o  t h e  b e a r i n g  
c l o s e s t  t o  t h e  p i t c h  cone apex. B i s  t h e  d i s t a n c e  
from t h e  gear  mid-plane t o  t h e  b e a r i n g  f u r t h e s t  from 
t h e  apex. 
mount ing  and n e g a t i v e  f o r  a s t r a d d l e  mount ing .  B i s  
always p o s i t i v e .  

The normal f o rce  a c t s  on  t h e  t o o t h  a t  t h e  
mid-p lane p i t c h  p o i n t .  The method assumes t h a t  t h e  
f o r c e  i s  a concen t ra ted  f o r c e .  The f o r c e  has t h r e e  
o r thogona l  components i n  t h e  d i r e c t i o n s  of t h e  Bd i  
c o o r d i n a t e  f rame r e l a t i v e  t o  t h e  t o o t h .  The tangen- 
t i a l  component, W t ,  produces t h e  to rque  on t h e  gear .  
I t  a c t s  i n  t h e  &jl d i r e c t i o n .  The a x l a l  component, 
W a ,  a c t s  i n  t h e  bd2 d i r e c t i o n .  And t h e  r a d i a l  compo- 
nen t ,  Wr. a c t s  I n  t h e  Bd3 d i r e c t i o n .  

The p i n i o n  has a s t r a d d l e  mount ing  w h i l e  

D i s t a n c e  A i s  p o s i t i v e  fo r  an overhung 

F i g u r e  3 shows these  f o r c e s  for  b o t h  the  gear and t h e  
p i n i o n  w i t h  t h e i r  r e s p e c t i v e  c o o r d i n a t e  f rames. 
t h e  gear ,  t h e  components a r e :  

For 

'a = I 't I [ t an  on s i n  r + s i n  y cos 
9 cos y 

( 4 )  

where T i s  t h e  to rque  on the  gear .  Replac ng the  
subsc r ip?  g w i t h  t h e  s u b s c r i p t  p i n  Eq. ( 4 )  
th rough ( 6 )  g i v e s  t h e  equa t ions  f o r  t he  p i n i o n  f o r c e  
components. I n  Eq. ( 5 )  and ( 6 ) ,  t h e  s i g n  o f  t he  l a s t  
t e rm depends on: t h e  d i r e c t i o n  o f  r o t a t i o n ,  t he  hand 
o f  t he  s p i r a l ,  and whether t h e  gear i s  d r i v i n g  o r  
be ing  d r i v e n .  
r igh t -handed s p i r a l  d r i v i n g  gear r o t a t i n g  coun te rc lock -  
w i s e  about  t h e  bd2 d i r e c t i o n .  Each change i n  the  
s p i r a l  hand, power d i r e c t i o n  o r  r o t a t i o n  d i r e c t i o n  
reve rses  t h e  s i g n s .  

The s i g n  of t h e  t a n g e n t i a l  l o a d ,  W t .  a l s o  depends 
on t h e  d i r e c t i o n s  o f  t h e  r o t a t i o n  and power f l o w .  The 
t a n g e n t i a l  component i s  p o s i t i v e  for  a d r i v i n g  gear o r  
p i n i o n  which i s  r o t a t i n g  coun te rc lockw ise .  I t  i s  a l s o  
p o s i t i v e  f o r  a d r i v e n  gear or p i n i o n  which i s  r o t a t i n g  
c lockw ise .  The t a n g e n t i a l  l o a d  i s  nega t i ve  otherwise, 
However, Eq. (5) and ( 6 )  use t h e  abso lu te  va lue  o f  W t .  

These equa t ions  a r e  v a l i d  f o r  a 

COMPONENT DEFLECTIONS 

Under l o a d ,  t h e  mo t ion  o f  t h e  i d e a l  p i t c h  p o i n t  
o f  a s p i r a l  beve l  gear  i s  m a i n l y  the  s u p e r p o s i t i o n  o f  
t h r e e  e l a s t i c  d e f l e c t i o n s .  These d e f l e c t i o n s  r e s u l t  
from: s h a f t  d e f l e c t i o n s  a t  t h e  gear cen te rs ,  s h a f t  
s lopes  a t  t h e  gear c e n t e r s ,  and t h e  d e f l e c t i o n s  o f  t h e  
suppor t  bea r ings .  

Table I l i s t s  t h e  r e s u l t s  o f  a s t r e n g t h  of m a t e r i -  
a l s  sha f t  a n a l y s i s  fo r  t h e  d e f l e c t i o n s ,  Y c i ,  and 
s lopes  ( r o t a t i o n s ) ,  e,--, o f  t h e  gear a t  t he  p i t c h  
p o i n t  i n  and about  t h e  Od\ d i r e c t i o n s .  I n  t h e  ana ly -  
s i s ,  b o t h  t h e  a x i a l  and r a d i a l  f o r c e s  c o n t r i b u t e  t o  
b o t h  t h e  r a d i a l  d e f l e c t i o n  and t h e  t a n g e n t i a l  r o t a -  
t i o n .  The a x i a l  d e f l e c t i o n  i s  due t o  the  t a n g e n t i a l  
r o t a t i o n  and t h e  r a d i a l  l o c a t i o n  o f  t h e  p i t c h  p o i n t .  
I n  t h i s  i n s t a n c e ,  t h e  s t r a d d l e  and overhung cases 
r e q u i r e  d i f f e r e n t  f o rmu las  due t o  t h e  d i f f e r e n t  e l a s -  
t i c  c o n f i g u r a t i o n s  o f  t h e  two cases. A s  b e f o r e ,  i n t e r -  
chang ing  gear  and p i n i o n  s u b s c r i p t s  y i e l d s  v a l i d  
equa t ions  fo r  t h e  p i n i o n .  

d e f l e c t .  Each b e a r i n g  has a n o n l i n e a r  s t i f f n e s s  and 
i t s  own c o n t a c t  a n g l e .  H a r r i s  (Re f .  10) and Houghton 
(Ref. 11) p r e s e n t  methods fo r  d e t e r m i n i n g  t h e  r o l l i n g  
element l o a d  s h a r i n g  and r e s u l t i n g  d e f l e c t i o n .  The 
method o f  t h i s  paper  combines t h e  r a d i a l  and a x i a l  
l oads  on  each b e a r i n g  t o  f i n d  t h e  b e a r i n g  d e f l e c t i o n s .  
The program t h e n  r e s o l v e s  each b e a r i n g  d e f l e c t i o n  i n t o  
i t s  r a d i a l  and a x i a l  components i n  t h e  Bd\ c o o r d i -  
n a t e  d i r e c t i o n s .  

The d e f l e c t i o n s  a t  t h e  bear ings  a r e  Xai  and 
x b i .  Here, t h e  s u b s c r i p t  a i d e n t i f i e s  t h e  b e a r i n g  
l o c a t e d  t h e  d i s t a n c e  A f r o m  t h e  gear .  And t h e  sub- 
s c r i p t  b i d e n t i f i e s  t h e  b e a r i n g  l o c a t e d  t h e  d i s -  
tance B away. The l a s t  s u b s c r i p t ,  i. denotes  t h e  
d e f l e c t i o n  d i r e c t i o n  i n  t h e  Odi c o o r d i n a t e  f rame. 

The b e a r i n g s  wh ich  suppor t  t h e  s h a f t  a l s o  
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For i = 2,  bo th  bea r ings  have t h e  same a x i a l  d e f l e c -  
t i o n ,  X 2 .  
t h e  r o t a t i o n s ,  8 i, o f  t h e  gear  p i t c h  p o i n t  caused by 
these b e a r i n g  d e p l e c t i o n s .  The mot ions  a r e  due t o  t h e  
r i g i d  body mo t ion  o f  t h e  gear and suppor t  sha f t  i n  t h e  
bear ings .  

The t o t a l  mot ions  o f  t h e  gear p i t c h  p o i n t  i n  and 
about  the  f$-Ji c o o r d i n a t e  d i r e c t i o n s ,  n e g l e c t i n g  any 
e l a s t i c  mo t ion  o f  the  t r a n s m i s s i o n  hous ing ,  a re :  

Table I1  l i s t s  t h e  d e f l e c t i o n s ,  Y b i ,  and 

(7) 

(8) 

S i m i l a r  equat ions  d e s c r i b e  the  mo t ion  o f  t h e  p i n -  
i o n  p i t c h  p o i n t .  
p i t c h  p o i n t s  combine i n  t h e  a n a l v s i s  f o r  t h e  s h i f t  of  

The mot ions  o f  t h e  gear and p i n i o n  

t h e  c o n t a c t  

CONTACT ANA 

The p r  
i n  a d d i t i o n  
e l l i p s e  s h i  
t i o n s  e x i s t  
t he  complex 

e l l i p s e  under l oad .  

Y S I S  

n c i p a l  c u r v a t u r e s  o f  t h e  t e e t h  a r e  needed 
to  the  t e e t h  d e f l e c t i o n s  i n  the  c o n t a c t  
t model. U n f o r t u n a t e l y ,  no  d i r e c t  equa- 
for  t h e  s p i r a l  beve l  t o o t h  s u r f a c e  due t o  
t y  o f  t h e  s u r f a c e  geometry (Re f .  5 

and 6 ) .  However, an i n d i r e c t  approach can de termine 
the  p r i n c i p a l  cu rva tu res  and d i r e c t i o n s  o f  c u r v a t u r e .  
L i t v i n  ( R e f .  5 and 6) has developed equa t ions  t o  
de termine these p r i n c i p a l  c u r v a t u r e s  and t h e i r  
d i r e c t i o n s  a t  t h e  p i t c h  p o i n t .  

The a n a l y s i s  assumes t h a t  d i r e c t  con juga te  r e l a -  
t i o n s h i p s  e x i s t  between t h e  gear c u t t i n g  t o o l  sur face  
c u r v a t u r e s  and mo t ion  and t h e  sought q u a n t i t i e s .  
These a r e  t h e  p r i n c i p a l  c u r v a t u r e s  and t h e i r  d i r e c -  
t i o n s  on t h e  gear t o o t h  s u r f a c e .  The a n a l y s i s  uses 
t h e  gear  and p i n i o n  geometry a l o n g  w i t h  t h e  c u t t e r  
machine s e t t i n g s  for  b o t h  t h e  gear  and p i n i o n .  The 
c u t t e r  mach ine 's  manufac turer  p r o v i d e s  t h e  gear c u t t e r  
s e t t i n g s .  W i th  t h i s  method, one can de te rm ine  t h e  cu r -  
v a t u r e s  o f  t h e  gear t o o t h  s u r f a c e  w i t h o u t  equa t ions  
f o r  t h e  s u r f a c e .  

The separa te  p i t c h  p o i n t  mot ions  o f  t h e  two gear 
t e e t h  e f f e c t  t h e  s h i f t  o f  t h e  c o n t a c t  e l l i p s e  under 
l o a d .  I n  a d d i t i o n ,  t h e  mot ions  o f  t h e  c e n t e r s  o f  
t r a n s v e r s e  c u r v a t u r e  o f  t h e  t e e t h  su r faces  e f f e c t  t he  
t a n g e n t i a l  c o n t a c t  e l l i p s e  s h i f t .  The mot ions  o f  t h e  
mid-plane base c i r c l e s  o f  t h e  t e e t h  a l s o  e f f e c t  t h e  
r a d i a l  c o n t a c t  e l l i p s e  s h i f t .  I n  a d d i t i o n ,  t h e  stand- 
a r d  H e r t z i a n  c o n t a c t  s t r e s s  fo rmu las  (Re f .  12) y i e l d  
t h e  s i z e  and o r i e n t a t i o n  o f  t h e  c o n t a c t  e l l i p s e  on t h e  
gears .  A l l  these c a l c u l a t i o n s  assume t h a t  t h e  p r i n c i -  
p a l  c u r v a t u r e s  remain c o n s t a n t  ove r  t h e  c o n t a c t e d  
p o r t i o n s  o f  t h e  s p i r a l  beve l  gear t e e t h .  

RELATIVE MOTIONS 

The c o n t a c t  s h i f t  mo t ion  occu rs  i n  t h e  p lane  
tangen t  t o  t h e  two t e e t h .  R e l a t i v e  mot ions  i n  the  
d i r e c t i o n  o f  t h e  common normal t o  t h e  t e e t h  produce 
k i n e m a t i c  e r r o r s  i n  t h e  mo t ion  t ransmiss ion .  K inemat i c  
e r r o r  (Re f .  5 )  i s  a f o r w a r d  or backward r o t a t i o n  of 
t h e  o u t p u t  gear from i t s  i d e a l  p o s i t i o n  r e l a t i v e  t o  
t h e  i n p u t  gear .  Th i s  mo t ion  does n o t  produce a s h i f t  
o f  t h e  c o n t a c t  e l l i p s e .  On ly  t h e  r a d i a l  s h i f t  o f  t h e  
t e e t h  i n  t h e  t o o t h  normal p lane  and t h e  t a n g e n t i a l  r e l -  
a t i v e  mo t ion  i n  t h e  cone tangen t  p lane  a r e  o f  i n t e r e s t .  
The r a d i a l  s h i f t  o f  t h e  t e e t h  produces a r a d i a l  s h i f t  
i n  t h e  c o n t a c t  e l l i p s e  l o c a t i o n s  on b o t h  t e e t h .  The 

t a n g e n t l a l  motion produces a t a n g e n t i a l  s h i f t  i n  t h e  
c o n t a c t  e l l i p s e  l o c a t i o n s  as shown i n  F i g .  4 .  

I n  t h e  motion a n a l y s i s ,  t h e  smal l  p i t c h  p o i n t  
d e f l e c t i o n s  and r o t a t i o n s  a r e  vec to rs .  One can o b t a i n  
t h e  v e c t o r  components i n  any of the  f o u r  c o o r d i n a t e  
f rames by d i r e c t  m a t r i x  r o t a t i o n s .  

Rad ia l  S h i f t  
The r a d i a l  s h i f t  o f  t h e  two t e e t h  a m e a r s  i n  the  

mid-cone p lane  and i n  the  t o o t h  normal p iane .  
shows t h e  two e q u i v a l e n t  spur  gears i n  t h e  t o o t h  normal 
p lane  be fore  and a f t e r  a p p l i c a t i o n  o f  t he  s e p a r a t i n g  
l oad .  E q u i v a l e n t  spur gears  have t h e  t o o t h  geometry 
o f  t h e  s p i r a l  beve l  t o o t h  i n  i t s  mid-cone p lane .  The 
i n v o l u t e  a c t i o n  o f  these spur gears i s  t he  same as 
t h a t  o f  the  s p i r a l  beve ls  i n  t h e  mid-cone p lane  
( R e f s .  1 t o  3 ) .  The r a d i a l  s h i f t  o f  t he  two gears i s  
due t o  an i n c r e a s e  o f  t h e  c e n t e r  d i s t a n c e  i n  t h i s  
o t a t e d  mid-cone p lane .  The s e p a r a t i n g  mo t ion  o f  each 
gear c e n t e r  i s  t h e  p i t c h  p o i n t  mo t ion  i n  the  Oe3 
D i r e c t i o n  minus a smal l  r e l a t i v e  mo t ion .  The r e l a t i v e  
r a d i a l  mo t ion  of t h e  gear c e n t e r  i s  toward t h e  p i t c h  
p o i n t .  
n a l  t a n g e n t i a l  d i r e c t i o n  p e l .  

Oe3 
d i r e c t i o n  i s :  

F i g .  5 

I t  i s  due t o  t h e  gear  r o t a t i o n  about  t h e  o r i g i -  

The d i sp lacemen t  o f  t h e  p i t c h  p o i n t  i n  t h e  

4 
Y * s i n  r + Y cos r 

'e3,g = d2,g 4 d3.9 (9) 
The e f f e c t i v e  r a d i u s  o f  t h e  e q u i v a l e n t  spur  gear 

i n  t h e  t o o t h  normal p lane ,  Reg, i s  a f u n c t i o n  o f  t he  
mid-cone r a d i u s ,  Rg. and t h e  s p i r a l  ang le ,  q :  

R eg = + 
cos q 

The mot ion  o f  t h e  c e n t e r  of t h e  e q u i v a l e n t  gear i s  
t hus :  

(10)  

( 1 1 )  = Y - R (1 .0  - COS e ) 
e3.9 e3,9 eg d l  $ 9  

z 

Due to  t h e  i n v o l u t e  a c t i o n  on s e p a r a t i o n ,  t he  
r a d i a l  m o t i o n  Droduces a new loaded D i t c h  o o i n t .  The 

I -  

normal p r e s s u r e  ang le  i nc reases  s l i g h t l y .  The 
r o t a t e  s l i g h t l y .  And a new loaded e f f e c t i v e  p 
r a d i u s  r e s u l t s .  The new p ressu re  ang le ,  +I,-,, 

The loaded e f f e c t i v e  gear p i t c h  r a d i u s ,  R I e g  

gears 
t c h  
S :  

(12) 

S :  

(13)  

The r a d i a l  s h i f t  o f  t h e  p i t c h  p o i n t  from t h e  
un loaded t o  t h e  loaded p o s i t i o n  on t h e  gear t o o t h ,  
D rg  , i s now: 

F i g u r e  6 shows t h i s  s h i f t  d i s t a n c e  and t h e  two 
p i t c h  r a d i i .  F i g u r e  6 i s  a normal v iew  o f  t h e  s p i r a  

4 )  
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beve l  gear t o o t h .  The a n a l y s i s  for  t h e  r a d i a l  s h i f t  
of t h e  c o n t a c t  p o i n t  on t h e  p i n i o n  t o o t h  i s  s i m i l a r .  

Tangen t ia l  S h i f t  

The r e l a t i v e  t a n g e n t i a l  mo t ion  o f  t h e  two t e e t h  
appears c l e a r l y  i n  a p lane  normal t o  the  t o o t h .  Th is  
Plane c o n t a i n s  the  t o o t h  tangen t  v e c t o r  Pg2. The 
p lane  i s  p e r p e n d i c u l a r  t o  v e c t o r  D93. I t  c o n t a i n s  
the  t a n g e n t i a l  mo t ion  o f  t h e  p i t c h  p o i n t s .  And, i t  
c o n t a i n s  t h e  cen te rs  o f  t r a n s v e r s e  c u r v a t u r e  o f  t h e  
gear and p i n i o n  t e e t h ,  Og and 0 r e s p e c t i v e l y .  The 
r a d i i  o f  t r a n s v e r s e  c u r v a t u r e  of  !he t e e t h ,  pg and 
pp, a r e  p r i m a r y  c u r v a t u r e s  wh ich  t h e  t o o t h  c o n t a c t  
a n a l y s i s  de termines .  

F i g u r e  7 shows t h e  l i n e  of c e n t e r s  i n  t h i s  p lane 
f o r  b o t h  the  unloaded and t h e  loaded c o n d i t i o n .  The 
c e n t e r s  o f  c u r v a t u r e ,  Og and Op, have a p r ime  i n  
t h e i r  loaded p o s i t i o n s .  For  c l a r i t y ,  t he  two cen te rs  
o f  c u r v a t u r e  a r e  on o p p o s i t e  s ides  o f  t h e  t o o t h  sur -  
f ace  tangent  i n  F i g .  7 .  I n  r e a l i t y ,  bo th  c e n t e r s  a r e  
on t h e  same s i d e  o f  t he  t o o t h  su r face  tangen t .  How- 
eve r ,  t he  tangen t  s h i f t  r e l a t i o n  i s  t h e  same f o r  bo th  
cases. The d e f l e c t i o n s  o f  these cen te rs  o f  c u r v a t u r e  
i n  t h i s  p lane  a r e  r e l a t e d  t o  t h e i r  r e s p e c t i v e  p i t c h  
p o i n t  d e f l e c t i o n s  i n  t h e  O n >  d i r e c t i o n .  The r e l a t i o n  

0 
due 
ane 

adds the  mo t ion  o f  t h e  c u r v i i u r e  c e n t e r  r e l a t i v e  
t h e  o r i g i n a l  p i t c h  p o i n t .  The r e l a t i v e  mo t ion  i s  
t o  the  gear body r o t a t i o n  p e r p e n d i c u l a r  t o  t h i s  p 
about the  "3 d i r e c t i o n .  Fo r  t h e  gear ,  t h i s  
d e f l e c t i o n  i s .  

93,9 
s i n  8 

92,9 = y92,9 + pg 
Z 

where 

* s i n  0 + Y * cos r cos q 

* s i n  r cos q 
92.9 = - 'd l ,g  d2.9 9 

- 'd3.9 9 

and: 

e = e  cos q s i n  $,, 93,9 d1,g 

(15)  

(16)  

+ 8 * ( C O S  r s i n  q s i n  $,, - s i n  r cos $n) 
d2.g 9 9 

J 
+ cos  r9 cos 

* ( s i n  r s i n  q s i n  +n - 'd3,g g 

( 1 7 )  
The m o t i o n  on t h e  t o o t h  s u r f a c e  from t h e  unloaded 

p i t c h  p o i n t  t o  t h e  loaded p i t c h  p o i n t  i n  t h i s  p lane  i s  
Ug2. 
c e n t e r s  of c u r v a t u r e  on a common t o o t h  normal .  

T h i s  i s  t h e  d e f l e c t i o n  necessary  t o  keep t h e  

T h i s  l o c a t e s  t h e  new loaded p i t c h  p o i n t  r e l a t i v e  
to  t h e  un loaded p i t c h  p o i n t .  The r e l a t i v e  s h i f t  o f  
t h e  gear  p i t c h  p o i n t  i n  t h e  t a n g e n t i a l  d i r e c t i o n  on 
t h e  t o o t h  su r face  i s  D t  . T h i s  i s  t h e  d i f f e r e n c e  
between t h e  o r i g i n a l  p i f c h  p o i n t ' s  mo t ion  and t h e  
p i t c h  p o i n t  s h i f t ,  Ug2: 

= "92 - yg2.g 

A s i m i l a r  a n a l y s i s  de termines  t h e  t a n g e n t i a l  
p i t c h  p o i n t  s h i f t  on t h e  p i n i o n ,  D tp .  

(19)  

TOOTH CONTACT SHIFT 

The r a d i a l  and t a n g e n t i a l  components o f  tooth con- 
t a c t  s h i f t  a r e  v a l u a b l e  measures o f  t h e  r i g i d i t y  o f  a 
beve l  gear mesh. Knowledge of the  s h i f t  components 
can h e l p  a d e s i g n e r  e v a l u a t e  i m p o r t a n t  p r o p e r t i e s  o f  
t h e  gear mesh and suppor t  bea r ings .  An i n t e r a c t i v e -  
i n p u t  F o r t r a n  77 computer program (Ref. 13) c a l c u l a t e s  
these t o o t h  c o n t a c t  s h i f t s  for b o t h  t h e  gear and p i n -  
i o n .  The program, SLIDE.FOR, can r u n  on a pe rsona l  
computer. 

p o i n t  c o n t a c t  e l l i p s e  on a gear t o o t h .  The p r i n c i p a l  
r a d i i  o f  c u r v a t u r e  of the  t e e t h  and the  normal t o o t h  
l o a d  de termine t h e  s i z e  and o r i e n t a t i o n  o f  t he  c o n t a c t  
e l l i p s e .  One can compare t h e  t a n g e n t i a l  s h i f t  t o  the  
d i f f e r e n c e  between t h e  h a l f  t o o t h  w i d t h  and the  tangen- 
t i a l  r a d i u s  of t h e  e l l i p s e .  Th is  comparison demon- 
s t r a t e s  whether edge l o a d i n g  can occu r  i n  the  des ign .  
By s u b t r a c t i n g  t h e  r a d i a l  s h i f t s  f r o m  the  t e e t h  
addenda, one a l s o  can e v a l u a t e  the  r e d u c t i o n  i n  the  
i d e a l  c o n t a c t  r a t i o .  

where t r a n s m i s s i o n  we igh t  and t r a n s m i s s i o n  l i f e  a r e  
compet ing o b j e c t i v e s .  F igu res  8 and 9 a r e  dimension- 
l e s s  p l o t s  of c o n t a c t  s h i f t  as a f u n c t i o n  of suppor t  
sha f t  s t i f f n e s s  f o r  a s i n g l e  s tage t r a n s m i s s i o n .  The 
p l o t s  v a r y  b o t h  t h e  gear and p i n i o n  s h a f t  s t i f f n e s s e s  
by the  same percentage.  The p a r a m e t r i c  s tudy  reduces 
t h e  s t i f f n e s s e s  from t h e  des ign  va lues  t o  show t h e  
e f f e c t  o f  s h a f t  s t i f f n e s s  on performance. 

bo th  t h e  gear and t h e  p i n i o n .  F i g u r e  9 i s  a p l o t  o f  
t h e  t a n g e n t i a l  c o n t a c t  s h i f t  f o r  t h e  two gears .  60 th  
p l o t s  show t h e  c o n t a c t  s h i f t  as a r a t i o  t o  the  mid-cone 
base p i t c h  o f  t h e  t e e t h .  This g i v e s  a d imens ion less  
comparison o f  t h e  s h i f t  magn i tudes .  A second v e r t i c a l  
a x i s  on the  r a d i a l  p l o t  shows t h e  s h i f t  as a pe rcen t  
o f  t h e  t o o t h  addendum. Th is  compares the  s h i f t  o f  the  
c o n t a c t  p o i n t  t o  t h e  a c t u a l  t o o t h  s i z e .  I n  the  tangen- 
t i a l  s h i f t  p l o t ,  t h e  second v e r t i c a l  a x i s  shows the  
t a n g e n t i a l  s h i f t  as a p e r c e n t  o f  t h e  h a l f  t o o t h  
w id th .  The h o r i z o n t a l  a x i s  o f  b o t h  p l o t s  i s  t he  r a t i o  
o f  t he  suppor t  s h a f t  s t i f f n e s s ,  EI, t o  the  f u l l  
suppor t  s h a f t  s t i f f n e s s ,  EL,. 

The f i g u r e s  demonst ra te  a d e f i n i t e  h y p e r b o l i c  
r e l a t i o n s h i p  between the  s t i f f n e s s e s  and t h e  r e s u l t i n g  
p i t c h  p o i n t  c o n t a c t  s h i f t .  A v a l u a b l e  c o n c l u s i o n  i s  
t h a t  one may reduce t h e  s t i f f n e s s e s  i n  t h e  example t o  
about  20 p e r c e n t  o f  t h e  nominal  des ign  va lues .  A t  
t h i s  p o i n t .  t h e r e  i s  a s i g n i f i c a n t  i n c r e a s e  i n  t h e  con- 
t a c t  p o s i t i o n  s h i f t .  W i th  t h i s  i n f o r m a t i o n  a v a i l a b l e  
a t  t he  des ign  s tage  of a t r a n s m i s s i o n ' s  development,  
i m p o r t a n t  we igh t  sav ings  may be p o s s i b l e .  The we igh t  
sav ings  w i l l  n o t  s a c r i f i c e  t h e  t r a n s m i s s i o n ' s  l i f e  o r  
power o v e r l o a d  performance s e r i o u s  1 y .  

F i g u r e  4 shows t h e  s h i f t  of  t h e  nominal  p i t c h  

Th is  model can e v a l u a t e  performance t r a d e o f f s  

F i g u r e  8 i s  a p l o t  o f  t h e  r a d i a l  c o n t a c t  s h i f t  on 

SUMMARY AND CONCLUSION 

T h i s  paper p r e s e n t s  a method t o  p r e d i c t  t h e  s h i f t  
of  t h e  loaded r e g i o n  on  t h e  gear  t e e t h  i n  a s p i r a l  
beve l  r e d u c t i o n .  T h i s  s h i f t  i s  a r e s u l t  o f  t h e  e l a s -  
t i c  d e f l e c t i o n s  o f  t h e  gear  suppor t  s h a f t i n g  and bear-  
i n g s  under l o a d .  The r e d u c t i o n  i s  a s i n g l e  s p i r a l  
beve l  gear  d r i v e  w i t h  a p i n i o n  i n p u t  and s u p p o r t i n g  
sha f t s  and b e a r i n g s .  The assumed d e f l e c t i o n s  were 
caused by: t h e  s h a f t  d e f l e c t i o n s ,  t h e  sha f t  s lopes ,  
and t h e  b e a r i n g  d e f l e c t i o n s .  The a n a l y s i s  assumed 
t h a t  t h e  c u r v a t u r e s  o f  t h e  t e e t h  near  t h e  p i t c h  p o i n t  
were cons tan t .  
enve lope of c u t t i n g  tool p o s i t i o n s .  

I t  determined t h e  c u r v a t u r e s  u s i n g  t h e  



The a n a l y s i s  was s e q u e n t i a l .  
d e f i n e d  the  gear geometry and l o a d i n g .  
stage de termined t h e  e l a s t i c  d e f l e c t i o n s  o f  t h e  
bear ings  and s h a f t s  and t h e  s lopes  o f  t h e  s h a f t s  a t  
t h e  gears.  The t h i r d  s tage de termined t h e  mo t ions  o f  
t h e  gear t e e t h  caused by each e l a s t i c  d e f l e c t i o n .  
S u p e r p o s i t i o n  of these mot ions  produced t h e  t o t a l  
d e f l e c t i o n s  o f  t h e  gear t e e t h .  The f o u r t h  s tage ana- 
l y z e d  t h e  i n t e r a c t i o n  between t h e  tooth geometry and 
mo t ion  t o  p r e d i c t  t h e  t o o t h  c o n t a c t  e l l i p s e  mot ions  
under l oad .  A F o r t r a n  77 computer program determined 
the  r a d i a l  and t a n g e n t i a l  t o o t h  c o n t a c t  s h i f t s  o f  t h e  
gear and p i n i o n .  

An example r e p r e s e n t a t i v e  of t h e  main  rotor beve l  
gear r e d u c t i o n  found i n  t h e  U.S. Army OH-58 h e l i c o p t e r  
was mode l led .  A pa ramet r i c  s tudy  i l l u s t r a t e d  t h e  
d e t e r m i n a t i o n  o f  the  r a d i a l  and t a n g e n t i a l  t o o t h  con- 
t a c t  e l l i p s e  s h i f t s .  Graphs showed t h e  v a r i a t i o n  i n  
c o n t a c t  s h i f t  w i t h  r e d u c t i o n  i n  suppor t  s h a f t  s t i f f -  
ness. An i m p o r t a n t  c o n c l u s i o n  was t h a t ,  f o r  t h e  
example, one c o u l d  reduce t h e  s h a f t  s t i f f n e s s e s  t o  
about 20 p e r c e n t  o f  t h e  p r e s e n t  s t i f f n e s s e s .  A t  t h i s  
l e v e l ,  s i g n i f i c a n t  changes i n  t h e  s h i f t s  of  t h e  t o o t h  
c o n t a c t  p o s i t i o n s  occu r red .  
t i o n s  may be p o s s i b l e  w i t h o u t  s e r i o u s l y  a f f e c t i n g  t h e  
gear a c t i o n  or t h e  gear l i f e .  

The f i r s t  s tage 
The second 

S i g n i f i c a n t  w e i g h t  reduc-  

War(A2 + AB + B2)  Wr AB(B  t A) 
'cl 3 E I ( B  - A )  - 3 E I ( B  - A) 
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TABLE I. - ELASTIC SUPPORT INDUCED PITCH POINT MOTION 

DEFLECTIONS 

I Overhung 
Straddle I 

2 2  W t  A B 

3 E I ( B  - A )  Y c l  = 

Yc2 = r eC1 

2 W t  A B 

ec1 

- War AB(B A )  + wr A *  B' - War A ( 2 5  + A )  Wr A2 B 
yc3  3 E I ( B  - A) 3 E I ( B  - A) 1 6 E I  3 E 1  

ec2 = o 

Wt  AB(B + A )  

= 3 E I ( B  - A) 

0 

W t  A(2B + A)  

6 E 1  

6 



TABLE 11. - BEARING INDUCED P I T C H  P O I N T  MOTION 

DEFLECTIONS 

'b l  

'b3 

B * Xal - A * Xbl - 
B - A  

'bl  Yb2 = X2 + r 

B Xa3 - A Xb3 

B - A  

SLOPES 

ebl = 'b3 - 'a3 
B - A  

eb2 = o 

'b3 = 'a1 - 'bl 
B - A  

FIGURE 1. - SPIRAL 
GEOPETRY, 

BEVEL GEAR K S H  AND SUPPORT BEARING 

7 



( a )  CONE TANGENT PLANE. 

(b) TOOTH NORML PLANE. 

tc )  AXIAL SECTION PLANE. 

FlGURE 2. - SPlRAL BEVEL GEAR TOOTH COORDINATE FRAFES. 
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APEX 

GEAR 

FIGURE 3. - GEAR AND PINION TOOTH FORCE C W O M N T S .  

( a )  BEFORE DISPLACEPENT. tb)  AFTER DkSPLACENENT. 

FIGURE 5 .  - EQUIVALENT SPUR GEAR SEPARATION I N  TOOTH NORMAL 
PLANE. 

FIGURE 4. - TOOTH COWTACT POINT WTlOW. 

SURFACE 

FIGURE 6.  - RADIAL ROTION OF 
GEAR PITCH POINT. 
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FIGURE 7 .  - TANGENTIAL MOTION OF SPIRAL BEVEL PITCH POINT. 
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