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| Introducti

Spectral element methods are high order methods that combine the flexibility of finite
element methods with the "infinite order accuracy" of spectral methods, The domain of computation
is decomposed into some subdomains - the elements - (generally these are deformed
parallelotopes), and the exact solution is approximated by a piecewise polynomial of high degree.
The spectral element method differs from other spectral methods using domain decomposition
techniques (patching methods) by the way the matching conditions are handled. These are, like in
the finite element method, implicitly taken into account by the variationnal statement of the
discrete problem. This allows for more flexibility with no loss of the spectral accuracy ( see, e.g.,
[P], [M.P.] and [F]). When the algebraic equations resulting from this kind of discretization are
obtained, the problem that remains is to solve, in an efficient way, the algebraic system.

The interest of domain decomposition technique is to fraction the computational task so as to
yield smaller problems and to use parallel computers for instance. If the value of the approximate
solution were known on the various interfaces, the problem would be very simple since it would
results into the resolution of as many disconnected problems as the number of elements. The main
difficulty is that this value is not known; hence a technique known as the iteration per subdomains
has been proposed in the literature [F.Q.Z.] [Q.S1] to discover this value iteratively. Another
approach is to try to invert the whole problem by not working iteratively on each subdomain. This

method, [M.P.] [F.R.D.P.] [R], consists in reducing iteratively the residue at the same time on

every subdomain. The global method used can be based on a conjugate gradient algorithm or another

iterative procedure.

In the first part of this paper, E. M. Ronquist and A. T. Patera [R.P.] have presented some
results concerning a new multigrid method for the resolution of the algebraic system resulting
from the approximation of a second order P.D.E. by spectral or spectral element method in the
one-dimensional domains. The very simple idea of using the Jacobi preconditioner as a smoother
for the iterative multigrid algorithm appears to be a very good one. Indeed, the numerical
properties of this smoother seems to surpass all expectations; the reduction rate of each Y-cycle

appears numerically to be independent of the discretization parameters.



When iterative techniques are used, it is important to understand why these methods
converge in order to foresee the generalization and the ability of the methods to be adapted to more
than test problems. Here we propose an analysis of this phenomenon and provide the justification
of these very good properties. Many general convergence proofs exist in the literature for the
numerical analysis of the multigrid technique; among them let us cite [M.M.], [B.D.]. We use here
the abstract framework developed by R. E. Bank and C. C. Douglas [B.D.] that fits exactly the
numerical conclusion of [R.P.] concerning the optimal choice of the smoothing operations.

To our knowledge, the numerical analysis of the convergence for the multigrid algorithms
used in spectral tupe techniques is somehow empty. The main reason is certainiy that the nice
analysis that can be done requires a variational framework and the awareness that the spectral
methods are, exactly or very close to, variational approach is not so old. The other reason,
perhaps, is that the previous multigrid techniques applied to spectral type methods [Z.W.H.1,2]
used a finite difference preconditioner as a smoother and a Chebyshev framework. The
convergence, in this case, is not so brillant as in the present approach and a priori more related to
the good properties of preconditioner of the finite difference operator. Besides the variational
formulation involves a nonsymmetric form that makes the analysis much more involved.

The paper is organized as follows; in section |1, we recall the theory of [B.D.] in a form
adapted to our analysis. In section 111, we first explain on the test example of the Galerkin spectral
approximation of the homogeneous Poisson problem the fundamental reasons of optimal properties
of this multigrid method. The tools are based on Jackson inequality and some refined version of the
approximation properties of the Lz—projection operator. In section |V, we generalize the analysis
to the case of the spectral element approximation. We compare in each section the results obtained
by the theory with the numerical results presented in [R.P.]. The last section V deals with the one
domain multigrid technique when applied to a non constant second order problem.

The generalization of these results to multidimensional problems will be presented in a

future paper.
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|I. Position of the problem and abstract theorem.

II.1 Generalities on variational multigrid techniques.

In this subsection, we first recall the theory developed by R. Bank and C. Douglas to analyze
the convergence rate of the multigrid algorithm for solving the linear algebraic system that arises
from the numerical approximation of elliptic partial differential equations. We present it in a
version that we shall use afterwards. First of all, let % be a Hilbert space, a be a continuous,
elliptic, symmetric, bilinear form and g be a continuous linear form, both defined over #. The
problem to be solved is: Find u € # such that
(1) Vvve®, aluv)agly) .

For the numerical resolution of this problem, we first introduce a sequence of finite dimensional
subspaces M, c M, c .. J"Lj of % ; then consider the problem : Find u; € J"Lj such that
(1.2); Vve JV(,j ,alu;y) =glv) .

The basic idea for solving problem (11.2) with a multigrid algorithm consists in first
defining a simple problem over the largest spaces J"Lj and solving it, then correcting the residual
derived from the solution of this simpler problem when plugged into problem (I|.2)j by solving
problem (II.2)k for lower values of k < j. The first step is the most important one and relies on
the good choice of continuous, elliptic, symmetric, bilinear form b, called smoother, that
represents a in some sense and is easier to invert. Let us suppose that we have only two grids, the
coarse one (i.e., J"L1 ) and the fine one (i.e., JV(,2 ,and j = 2). The two-grid procedure consists in
- m/2 steps of smoothing where we solve m/2 times a problem like the following one : Find
Sy in M., such that
(11.3)  vVvedM,, b(Sg-p,v)mglv)-alp,y) ,

2-  one step of coarse grid correction where we solve only once a problem like the following one:
Find ¢ in M., such that
(1.4) VvveM,, alg,yv)=gv)-aley) ,
anddefineCp ag +¢.
3-  m/2 steps of smoothing as in (11.3).
We consider here just two grid levels, the only reason is for sake of simplicity of the

notations, but as in [B.D.], we could consider the whole W-cycles based on more than two levels. If
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the initial guess for the exact solution u is u° , after one Y-cycle like the one described previously
by the three steps 1- 2- 3-, the resulting solution is u' and can be expressed like a function of u°
as follows
sy u' = 8M2es™2(W0)
so that, after the pth Y-cycles, the solution is
(11.6)  u" = [8™2C8™217 (L) .
Moreover, it is very simple to note that if u is the exact solution, then

Cu=u and Su=u,
so that, if " denotes the error after the pth Y-cycle, we derive from (11.6) that
(1.7) e = [8™2C8™21(e") .
Note that the equations (I11.3) (I1.4) define affine operators € and § but in (I11.7) we can consider
these operators as linear ones since they operate on differences e? and ¢"; from now on, we shall
consider these operator as linear ones while keeping the same notation.

As noted in [B.D.], of importance is the analysis of the spectrum of the following eigenvalue
problem : Find ¥ in M, and X\ in R such that
(11.8) vveM, , a¥v)=xb¥,y),

where b has been scaled so that the maximum eigenvalue \ ., is equal to 1. Let us order the

X
eigenvalues in increasingorder O < A, <X, <. <X p =X, = 1, (where P is the dimension of
M., ) and choose relative eigenfunctions W, , ¥, ,..,¥, . Of equal importance in the analysis is
also the compatibility between the coarse space JV(,1 and the space spanned by the first
eigenvectors .

More precisely, under the following hypothesis
H the space JM, coincides with span {¥,, ¥,, W}, (where p is the dimension of M)

then one can prove the following theorem
Theorem 1l.1: Under the hypothesis H the error after the first Y-cycle verifies
ate’ &) < (1-x),,)%™ a(e” e”).

Proof : First of all, let us recall that the eigenfunctions ¥_,n=1,...,P, form a basis of J"thhat



is orthogonal for both the forms a and b. Let us span e% in this basis; we get

0 _ N 20 .
e = n:1nq}n’

then, due to (11.3) and (11.8), we derive that 8™%(e%) satisfies
(11.9) 8™ =ZN (1 )" w

n n

From hypothesis H, we then derive that the operatorC truncates the previous spectrum so that
C8™2(e%) = LN . (1™ 80w

n n

then the smoothing procedure diminishes once more the spectrum of the error as follows
ol = 8M2CS™MA(e) = LN L (1) W
We deduce now from the orthogonality of the ¥ that
a(e' ) = T, (12 )P (8% aw W) < (1N, D2 EN L (8% aw, w)
<=0, )P0y (8% a(w W) = (11, )P (e’ %) .

Remark I1.1 : Note that the previous theorem is very simple and is a trivial extension of the
analysis of the multigrid procedure in the Fourier space. Note also that if the space JVL1 is not so
well chosen, for instance if it coincides with span {\PN Spe 1 WYy 042 ..,WN}, then the multigrid
procedure would not converge rapidly since, after the first Y-cycle, we obtain
m/2 /2, 0y _ N-p ~0
SMECEM (") = Ll (=) e W
and the error remains important since A, can be very small. In fact, the method has exactly the

same properties as the plain Jacobi algorithm.

[t turns out from the previous analysis that the multigrid procedure, when applied under
hypothesis H, is degenerated since only one Y-cycle is needed and m is the only important factor of
convergence. So in the non trivial applications where the hypothesis H is not verified, we have to
measure the actual situation between the hypothesis H and the situation explained in remark i1.1.
This can be explained as follow : the “rough" eigenmodes ( [B.D.] denotes this way the Woowith X
close to 1) are damped during the smoothing procedure ( their components are multiplied by a
factor (1-X,) ) while the "smooth" modes ( corresponding to small X ) remain almost constant.
Under the hypothesis H these are completely erased during the correction procedure, but if we are

not in this optimal situation, they can only be damped also during this step.
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The general analysis proposed in [B.D] allows for measuring the position with respect to
both hypotheses. Let us recall the basis of their proof since we shall extend it in section V. To this
purpose, they introduce the various norms, defined for any real index 68, as follows
(1.10)  VeeM,, llollg=[Z). 205212
They introduce also the function
(L11) fab) =a*b (asd) ™ =sup, (o 4, (1-%)*x" .

Then we derive that
(112) VYeeM, ,vt, 0<t<8, |82, = [, (1-x )™ n8§2 12

< fim/2,(6-1)/2) g ll, ;
let us write now

| GS™2¢ |||f oa( G8™2g, B8™%g) = a( CE™2y, BG8™2y ~ 9) = a( CS™2y, S™2¢)

<1 CS™2g I, Il S™20 Il
<Tsupy o I Co g/ Il Colly T CS™ 0 1l 118720 Mg

so that we derive
(11.13) 1 C8™2g |, < [sup, o, o g/ I Coll T ™95 »

which is valid for any 8 > 0; we deduce from (Il.12) that
I 87282 |1, < Am/2,8/2) Il CS™ 9 |l
< m/2,8/2) 11 8™ ll, (0P, oIl Cu lly o/ Il Col, ]

< m/2,8/2) [supy ¢y I Collio/ Il Coll M 8™ 20l

< Am.B) [supy ¢ I Cy lly_g/ I Colll, 1210
Defining M, as follows
J"L1l ={9eM,, suchthatVy e M, algy)=0} ,
( that coincides with the range of € ) and by minimizing the right-hand side over 8, they state the
following
Theorem 1.1 : Assume there exists a constant Kk > 1 and « > O such that for any ¢ € J"L1l
ol <«** Mol .
then
(11.14) ate' e < ya(e® ) ,

where



(11.15) ¥ = [(k=1)/k]®P™  if  m <o (k=1)

¥ = (K% (m,o0))? it m>o(k=1).

1.2 Formulation of the spectral element discretization.

Let us turn now to the position of the problem. We consider here the simple test problem
over the interval A o ]-1,1[: Find u such that
(r.1é) -u,=f , over A
provided with homogeneous Dirichlet boundary conditions
(.17)  u(-1)=u(1) = 0.
where f is a given force. This problem is very simple, but it allows a statement of the basic
features of the multigrid algorithm and an understanding of why the method works.

The spectral element method for approximating the solution of (11.16) consists in
discretizing the space of acceptable functions by a subspace of piecewise polynomials. More
precisely, given a pair h o (K,N), we first break the interval A into K disjoint subintervals of
comparable sizes

A=Ut A, Ac=la o +b [
then, we choose for space of approximate functions a subspace X,'j of Hé(/\) consisting of all
piecewise polynomials of degree < N,

(1.18a) XN =Y N HIA)

where

(11.18b) Y: = { ¢ such that O € Py(AY) }

and PN(/\k) denotes the space of all polynomials of degree < Non A, . We remind that contrarily to
the finite element approximation, the convergence is achieved by increasing the degree of the
polynomials N and nhot refining the mesh.

The discrete problem starts from the variational formulation of problem (11.16)(11.17)
that is : Find u in Hg(A) such that
(1.19) Vv eHJA), aluy) a(fy)
where (.,.) denotes the L2(A)-scalar product and a(.,.) denotes the following bilinear form defined

over Hy(A) as follows



Voo,ye€ Hg(/\) , ale,y)ale,.v,)
Then we construct the numerical scheme by discretizing with Gauss-Lobatto quadrature formulas
the various integrals present in (11.19) and restricting the space of test functions to X,:' .
This results in the following problem : Find u, € X: , such that
(11.20)  VvpeXy , al g (u vy = (vl o,
where the discrete forms are defined as follows

Voyey ((p,w)L“GL = Zfﬂ b /2 Z::o o) LICSDRTIC IR

VouweX . a g ale, v
Here, the Q: , and the E,f" are the weights and nodes of the Gauss Lobatto-Legendre formula with
N+1 points and the collocation points £, are defined by £ | =g, + (EN + 1)b /2 . W recall here
that the integration formula is exact on P, _, so that, contrary to the appearances, a:'GL does not

depend on h nor N since a:’GL =a(seeeg [MP.]).

The algebraic system that has to be solved is derived by choosing the values of the unknown
function u, on the collocation points and representing u, in the basis of the interpolant basis hk,n
defined by . hk'n is the only element of Y: such that
(1.21) Vo, b (Bpn) = 8,8
The matrix system that has to be solved can be written as follows: Findu = (u::‘”) such that
(11.22) Au=g ,
where A is the stiffness matrix with entries equal to
(1.23)  (2/60T ¢ Lo 0., ldh, /dxdn, /ax] (&)
with o, = 0,b,/2 and Z,' denotes the direct "stiffness summation” |, while g is related to the

forcing term. We refer to [R.P.] so as to [M.P.] for more details on the derivation of this matrix.

This numerical method is proved to work very well in a great number of interesting
problems that include, for instance, the full Navier-Stokes problem (see for instance [M.P.],
[M.P.R.1], [M.P.R.2] or [R]) and is numericaly competitive and implementable on a paraliel

medium grain paradigm (see for instance [F.R.D.P.]).

Let us turn now to the multigrid algorithm for solving iteratively problem (11.22). As



explained in [R.P.] , nested spaces are related to spaces of polynomials with lower degree X:‘ (say
M @ N/2) and the smoother is simply the Jacobi preconditioner B that is proportional to the
diagonal part of the matrix A and normalized in such a way that the highest eigenvalue of B~'Ais 1.
We shall analyze in the two following sections the properties of this preconditioner and explain
why the numerical method works so well as presented in [R.P.] .

In this paper, we shall use two grids only though the analysis can be performed with no
extra difficulty than the one of comprehension, and we shall use

M, = Xﬁ'/z and :/VLZI:IXS :
The problem enters in the general theory of [B.D.] since the numerical problem involves bilinear

forms and matrices that do not depend on h.



-10-

[Il. Analysis of the convergence of the multigrid algorithm in the

case of one element,

As announced in the title, we shall assume for the moment that the discretization is applied
on only one domain to problem (11.16). For sake of simplicity, we shall drop out the second index
that corresponds to the subelement characterization in the notations. The situation is simple here
as soon as we have explained the properties of the diagonal matrix, but this simple example
permits enhancement of the main features that allow for a rapid convergence of the algorithm. The
problem can be written as a pure collocation scheme as already noted in [M.P.]. Indeed, by taking
v,=h,forn=1,.,N-1,1in (11.20) and using twice the exactness of the Gauss-Lobatto formula,
we derive

Al s (U h) = aluh) = = [ w0 (0 dx = = Cup Ry o= = Ui (ED oy
besides we note that

(F NG = F(ED 0,
so that the problem actually verified by u, is: Find u, in Xt':' such that

Vin,n=t,  N=1, —ur(g)=1() .

This consists in a pure collocation procedure to solve the initial problem.
In order to analyze the multigrid algorithm, tet us first compute exactly the diagonal part of

the stiffness matrix; that is here simply to the matrix with entries equal to

N ..
A= Lo OpNi(E) Ri(EN) for i, =1, N-1,
AOj = ANj o0,

Due to the exactness of the Gauss Lobatto formula, we easily obtain that, for i=1,.. N-1,

Ay= A TGO TR dx = = [, hi() h(x) dx
and here again, by using the exactness of the Gauss Lobatto formula, we derive from (11.21)
Ay = - Z.T:o thi"(E*r,;l) hi(Ert‘) = -0 hi"(EiN) :
As already derived in [GHO, formula (7.4)]
Lemma lll.1: The diagonal of the stiffness matrix verifies
A1) A= o N (N+1D/[301-(DD].
Proof : Let us drop out in this proof, the superscript N. First of all, we note that, from ;the

definition (11.21) of h, , we have
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T o (x-E)03=1)

N0 = = o T}y (x-Ep) (1=x)
L., (g-EpCEi-1) =i
j=i

where o, is a non zero constant. It is well known (see, e.qg [D.R.]) that the internal nodes of the
Gauss Lobatto fomula verify
(1.2) L0 =0y T o (x=E)
where ¢, is a hon zero constant. Hence, we can write
(x=§) h(x) = o5 ' o (1=x7) Ly (%) = &, (1-x%) Ly (x),
and after taking the derivative of both sides, we obtain
(x-£) hi(x) + h(x) @ &; (d/dx)[(1-x?) L ()]
Let us recall now the eigenfunctions property verified by the Legendre polynomials (see, e.g.
[D.R.D
1.3) (d/d)[(T=-xD) L) T a =(N(N+1) Ly(x)
we derive that
(H1.4)  (x=E) hi(x) + hi(x) = = o, N (N+1) Ly(x) ;
plugging now x = &, in this equation yields
(111.5) 1a -0 NIN+T) Ly(E) .
Besides, by taking the derivative of (I11.4), we obtain
(11.6)  (x=E) h'(x) + 2h/(x) @ =, N(N+1) Ly(x)
plugging also here x = E, in this equality and using (111.2), we get
(H1.7)  hi(g) =0 .
Let us multiply now (111.6) by (1 —x2) and take the derivative of the resulting equation, we deduce
(x=E) (d/d)[(1-x®) h' (O] + 3(1-x7) hi'(x) = 4xhi(x) = &N (N+1)? Ly(x) |
Finally, plugging one more time x = &, , we derive from (Hr.s)
3(1=E) h(E) = - N(N+1)

and the lemma follows from the value of A, .

Remark 111.1 : Note that, as a consequence of (I11.7), we have proved here that the Lagrangian at

point &, has its maximum at &, .
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Associated with the matrix A is the bilinear form a, and in the same way, associated with B,
the normalized diagonal of A can be defined a bilinear form bE‘GL .This will be the smoother of the
multigrid algorithm. Lemma |Il.1 proves that the smoother we have introduced is proportional to
the bilinear form B:,GL defined for any ¢ and y in X: (which here is simply P (A) N Hg(/\))
(111.8) by g (o) =21 5 0;0(8) w(k) (1-ED)™".

It is interesting to note that, due to the exactness of the Gauss-Lobatto formula, we can rewrite
BE,GL in a continuous way since for any ¢ and ¢ in xN , the function [¢ v (1-><2)'1] is still a
polynomial and belongs to P,,_,(A), 50 that we have

(111.9) By (o) =BCo,w) = [, 900) w(x) (1-xH)7"dx.

Let us now analyze the eigenvalue problem (11.8) or more precisely the eigenvalue problem
associated to b. The situation is here very simple since we have an exact expression for the
solution to this problem
Lemma 111.2: Let us define for any integer n, 1 < n< N-1
(L10) W )| (1-x3) L (x) ;
then we have
(L.11) YveX', aw v)=n(n+1) B, v) .

Proof : Let us first remind the following standard formula on the Legendre polynomial (see, e.g.
[D.R.,Chap 2, 87])

(111.12) ¥nelN, ((1-x) L 00 +n(n+1) L (x) = 0.

Let us compute, for any v in X: ,

(W, V) = [, Wi () Vi) dx = [, ((1=x3) L (x))" v'(x) dx ;
using (I11.12) and integrating by parts, we obtain

a(W_v) = -nln+1) [, L) vi(x)dx = nn+t) [, Ln(x) v(x) dx

=nln+1) [, (1=x%) L3 vO) (1-x3) " dx = n(n+1) B(Y_, v);

this ends the proof of Lemma ill.2 .

[t is important to note that in this simple example the eigenvalues are well known and,
moreover, that the first M of them span exactly the space Py, ,(A) N Hg(/\). As a first

consequence, we can state that the normalized form that will be used as a smoother is defined as
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follows
(13) Yo, weX" | ble,w) =NN=1)B(g,¥) = N(N-])JA @) w(x)/(1-x2) dx .
We demonstrate the case where the simple hypothesis H of section |l is valid, and we can state now

Theorem I11.1: Let u® denote the initial guess in the multigrid algorithm applied to problem

(11.20) in the case of one element, and u' denotes the solution obtained in the after m smoothing
and one correction. This solution converges to the exact solution u as follows,

aCu-u', u-u") = [1 = (N+2)74(N=1) 1P a(u-u®, u-u®) .
Proof : This is a simple corollary of Theorem Il.1 and lemma |11.2 since the first (N/2)-1
eigenvectors W _ span the coarse space J"L1 = XLW ; 1t follows that the eigenvalues of problem

(11.8) are n(n+1)/(N=1)N.

Remark |11.2 : Note here that the correction on the coarse grid needs only be done once and that
there is no optimal choice for the number of smoothings since the convergence is proportional to
this number. This is actually in accordance with the numerical simulation of [R.P.] as appears in

table 1 of that paper.

Remark I11.3 : Let us point out the fundamental reasons that give this rapidity to the algorithm.
They are hidden here due to the simplicity of the eigenvalue problem. First of all, even if this is
not of major importance, the matrix B is a good preconditioner of the matrix A. Indeed, the
condition number of B™'A is order N? as opposed to the condition number of A which is order N°,
This will be also the case for other problems and has already been noticed by [H.] in a different
context for an application to conjugate gradient algorithms. This can be viewed as an inverse
inequality or a Jackson type one since the weighted L2—tupe norm associated to the bilinear form b
is compared to the H'(A)-norm as follows
(H1.14) ¥ g € Py(A) VHUA) |, o124 <NIN-1) B(g,9)
Secondly, the other property that is very important in the multigrid algorithm is that the factor K
as defined in Theorem |1.1 is also bounded by two constants independent of N. Indeed, we can state
Ve X,'f such that af,"GL((p,v) =0 foranyv in XE/Q
we have

(11.15)  blg,0) < k% aly,g) ,
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where the constant k is bounded by 4(N-1)/(N+2) as can be derived from lemma [11.2 .

Let us generalize now the results obtained we have obtained in this very simple situation to

the case of a multielement discretization.
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Y. Analusis of the convergence of the multigrid algorithm in the

case of ver lemen

We begin here also by analuzing the properties of the diagonal of the stiffness matrix A. We
immediately note that there are two kinds of diagonal elements in this matrix : those that
correspond to internal points, i.e. that involve the scalar product
(V1) A= Zab  Z o o, Ldng/dx dh, p/dx](E )
with i @ 1,..,N=1, and those that correspond to interface points, i.e., that involve the scalar
product (1¥.1) for i = 0 or N. The first kind of diagonal elements are the same as those involved in
the previous section. Indeed, the corresponding Lagrangian interpolants vanish at the interfaces
and also on any subinterval that does not contain the point Eu : therefore, from Lemma lI1.1, we

can state that

Vi, i=1,.N=1, V2,2 =1,.K, A,=(2/b) o, NN+ 1)/[3 (1-(£)D)],
or again, thanks to a simple change of variable
(1v.2) Vi,i=1,,N-1,V2 ,2=1,.K, A,=0, N(N+1)/[3(Ei12— az)(am-au)] .

For the interface terms we have
LemmalY.l:For i=0 andeny £ = 2,..,K we have
(V.3) A= [y )7 +(b) " T(N*+ N+ 1)/3
Proof : As already used, the exactness of the Gauss-Lobatto formula gives, for i = O and? = 2,.. K
(ori=Nand® = 1,.,N-1, due to the direct stiffness summation)
(IV.4) A= [a, [dny e /dx12(E) dE + [, [dng o/dx]*(E) dE
A simple change of variables and the use of the symmetry of hy and h, yields
(IV.5) Ay = [(2/b, )+(2/b)] [ [dhy/ax]?(E) dE

Let us compute the integral on the right-hand side of this equation. First we have
N1
(X+1) ]Ti =1 (X"Ei)
N=T
2 ]-[i =1 (1-8)

hN(X) =

From (111.13) we then get that
hyOO & e DL 7201

so that, after integration by parts, we obtain
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[ o Ldng/dxJ20x) dx = = (2 Ly (D72 [f 5 Oee 1) L0 (d2/dx®)((x+ 1) Ly (x)) dx
= 2 Ly (1) (d/d)((x+ 1) L)1) T 5
here again, the use of the exactness of the Gauss-Lobatto formula to compute the integral on the
right-hand side yields
(IV.6) [ [dhy/dx12(x) dx = = (2 Ly (1) [(d?/ax®)((x+ 1) LR (0)D)(1) gy
= (d/dx)((x+ 1) L))
It is an easy matter to note that
(d/7dx)((x+1) L (x)) m (x+1) Ly (x) + Ly(x)
(d?/dx®) ((x+ 1) Ly B (x+ 1) L () + 25 (),
from (I11.12) writen in the form
(1-x3) Ly () = 2xL(x) + NN+ 1) Ly(x) @ 0 ;
we derive that
Ly (1) = N(N+1)/2
Ly (1) = (N=1)N(N+1)(N+2)/8
Ly (1) = (N=2)(N=1IN(N+ 1)(N+2)(N+3)/48 ;
this gives
(d/ax)((x+1) L)) (1) = N3N+ 1)%/4
(d?/dx®) ((x+ 1) L)1) = (N DNP(N+1)P(N+2)/24
Plugging this in (1V.6) and using the relation (see [D.R.])
(IV.7)  gy=2/(N+ DN,
we derive
(1V.8) [, [dhy/dx1%0x) dx = (N?+ N + 1)/6,

The lemma follows then from (1Y.5).

From (1Y.2) (1V.3) and (1V.7), we derive that the bilinear form b:’GL that defines the
smoother and is associated to the normalized diagonal part of A is proportional to the bilinear form
BS‘GL defined for any ¢ and y in X: as follows (remind (I11.8))

(IV.9) By (08 = Ty Blow)

where
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BCow) = (2011 0,0 008, w(E,) [(5 = 8)(ay, -5, 01"
+ 00 0(Eq ) W(Eq o) [(N?+ N+ 1)/ (0)%] + 0y g0 (Ey o) Wty o) [(NP+ N+ 1)/ (5]} .

In the two next lemmas, we shall analyze the eigenvalue problem between a and B:‘GL that
will allow first to estimate the normalization factor between b:’GL and 5:,GL'
Lemma IY.2: For any ¢ in XN | we have
(IV.10) [, 02(x) dx < (4N°+2N2+3N=1IN/B(NZ N+ 1) By o (0,0)
Proof: Toany ¢ in X,'j let us associate the element ¢, defined as follows
av.im go=9- Zf:z 9(ag) (oo + Nyl
so that ¢, and ¢ coincide on the interior collocation points. Using the inequality
(a+b)? < (1+a™") &% + (1+00) b?
we deduce from (IY.11),
(V.12) [, 0200 dx < (Trah) [, 06200 dx + (1400) [, T0Caphg o + 98y, Iy (1200 dx.
It is an easy matter to note that the restriction of g, to any A, belongs to Py(A ) N Hy(A,) s0
that the lemma 111.2 and a simple change of variables yields
J/\g ‘9620‘) dx < N(N-1) Z,N;: Qi ‘pg(ai,!)[(gi,t' az)(at+bt“5i,z)]_1
< NON=1) Z{77 0 025 D[(E o= a) (b= )17
Besides, from (1V.8), we derive that
Jag g oJ2 00 dx = [, [hy 1200 dx = (N*+ N+ 1)/3b,
as following the same lines as in the proof of lemma IV.1; we get, for any N > 2
Jag Noahiy e (X) dx < 1/3b, .
From (1Y.12) we then deduce
fag 0200 d < (e ININ=T) 074 070 02(E DL (B g 8) (2=, )"
+ (140 [(N*+N+2) 73,11 o (a)P + laCag, O],
choosing now o = 3(N=1)(NZ+N+1)/(N+1)(N*+N+2); it follows from (IV.7) and (1Y.9) that
[ 0°2(x) dx < (4NP+2N2+3N-1N/B(NZ N+ 1) By o (0.,0)

and the 1lemma follows.

Remark IY.1: The estimate in the previous lemma provides a 1ess precise characterization of the

eigenvalue problem than the one we could get in lemma [Il.1, but we note that the highest
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eigenvalue involves the same asymptotic order as in the previous section and this will be enough
for our purpose. The important fact is that the result is independent of K and of the ratios between
the various subinterval length b, . As we shall see in what follows, this will result in a multigrid
algorithm that will work as well in any case of number of subelements. Besides, note that the
smallest eigenvalue of problem (11.8) scales like K2 (independently of N) such that the condition
number of B™'A behaves like (KN)2 , in accordance with the finite element equivalent (when N is
order 1) and proves that the conjugate gradient algorithm, when preconditioned by B, has a rate of
convergence which behaves like 1 - ¢/KN and depends on both K and N!!! This is of importance when
we compare the preconditioned conjugate gradient with the multigrid algorithm. We refer to the
thesis of E. M. RONQUIST [R] for numerical evidences.

It is an easy matter to derive from lemma V.2 that the normalized form b:'GL is defined
from BS,GL by multiplication by a factor of order (4/3)N?. The other property that is important
for the analysis of the multigrid algorithm deals with the space X#’u of those elements ¢ of XE
that verify
(v.13) vyex)? ol (o, 9) @0
Lemma IY¥Y.,3: Forany ¢ in X}T/u we have
(IV.14) by o (9,0) < 44N>+ 2N243N=1)/3(NE+N+1)(N+2) a(9,9) .

Proof : Let ¢ belong to XI':'/Zl , and let us define for £ = 2,.. K the element y, of XLW by
W€ X!, Yk, K1, yla) = By
It is an easy matter to compute that
[ 170y, forxin Ay,
Yy (X) = I -1/b,, forxin A, ,
| 0, forxin A, k=2 andk = 2-1
Using this function in (1V.13), we derive that

Ve =2,.K, (1/b,_)(e(a,) - ¢(a,_ 1)) +(1/b,)(9(ay) - ¢(a,, 1)) =0 ;

recalling now that np(ao) o qJ(aK”) = 0, we deduce that in fact ¢ vanishes at any interface so that

Ping is an element of P (A ,) N Hg(/\z), The use of (111.15) over each A, proves that
-N K -
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and the lemma follows by recalling the normalization factor of b: 6L

As a simple consequence of the previous lemmas and (11.11)(11.14) we derive that the
multigrid algorithm converges toward the numerical solution with a speed independent of both N
and K, indeed, we have
Theorem 1Y.1: The multigrid algorithm based on the Jacobi preconditioner converges, and at any
V-cycle with m smoothing as detailed in section 11 , the rate of convergence is given by

[ @200 dx < ¥ [, el (x) dx
where

¥ = [(k=1)/k]*™ , form < (k=1),
and

ya (kf(m . 1))% | for m > (k-1),
with

K@ 404N+ 2N2+3N=1)/3(N2+N+ 1)(N+2) = (16/3) (1+0(N™"))

Remark 1V.2 : Let us note that the convergence rate that we have theoretically obtained is
independent of K and the sizes of the subintervals and does not deteriorate when N increases; this is
in accordance with what is numerically observed in part one of this paper [R.P.]. However, the
rather rough estimate we gave for the highest eigenvalue in (1V.10) provides a rather too high
estimate for the convergence parameter ( close to 0.81 when N is large enough ). Note also that the
optimal choice of parameter 4 < m < 5 is close to what can be observed numerically. As in the
analysis of the multigrid algorithm when a finite element method is used, this optimal parameter
is lower than the actual one. By using negative order of the norms defined from b and a, we could fit
more closely to the experiments for this last result. This would be obtained, however, at the price
of a much more technical proof and would not really be worthy since the main conclusion is the

independence of the convergence rate with respect to the parameters of the discretization.
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Y i onv c tigri ithm in _t

ase of onstant coefficient

The previous chapter was devoted to the analysis of the multigrid algorithm when applied to
the very simple equation —u, = f. Of interest of course is to know that the same conclusions hold
true in more complicated situations. We shall extend here the analysis to the case of the equation
(vV.1) =(xu), =1,
where o is a function of x such that there exists two constants &~ and «* with
(V.2)VxeAN, O<o” ga(x) g’
and also such that « is in the Sobolev space W2'°°(/\). We shall assume here that the domain is not
decomposed into subdomains, leaving this analysis to a forthcoming paper as well as the analysis of
the multidimensional case. The analysis provided here is inspired from the reference [B.V.].

It is standard to note here that problem (V.1) can also be stated in a variational formulation
like (11.19) with now a defined as follows
(V.3)  YgueHI(A), alep) = [, a(x) ¢ (x) y'(x)dx .

It is rather well known also that the general spectral(element) discretization of the equation
consists in first choosing a discretization parameter n € IN*, then: Findu_€ X" = P_(A) N Hg(/\)
such that

(V.4) Vv, eX" au,v)=(fy)

where the discrete form a" is defined here by

n‘n °?

(V.5) Vg,peX", a(o,y)=(y,,v,),
The nested spaces for the multigrid algorithm are exactly the same as in the previous sections, i.e.,
J"L1 = X¥2 and </VL2 = xN , and the strategy also based on the use of the Jacobi preconditioner as a
smoother. The corresponding bilinear form bN is deduced from the following 6N after normalization
of the maximum eigenvalue of problem (I1.7): BN is defined by
ve) Ve, wex', Nouw =N A eEHuE) ol
where A__ corresponds to the diagonal entry of the stiffness matrix A, equal to

A, =a" (N, nY)
and we recall that h: is the Lagrangian interpolant at the point {E .From hypothesis (Y.2) and the

exactness of the Gauss-Lobatto quadrature formula, it is simple to derive that



V7)) Yaeex"  ap,0)< o alg,g) <ot N(N-1) B (g,0)
< (3o /o) N=1)/(N+1) BN (9,9,
where we recall that b(g,y) = j/\ p(x) w(x)/(l-xz) dx. As a result, we derive that the
normalization of b" satifies
(V.8) b= (3o /o) (N-1)/(N+1) BN,
From the eigenvalue problem : Find ¥ in XN and X in R* such that
(v.9)  vvexM, dtwy) =aptwy)
that possess N-1 eigenvalues 0 < Ay <X, <..< A\y_y < 1, the eigenvectors of which are chosen
normalized with respect to the norm derived from bN we define, as in (11.10) the || . “‘e,N norms for
anyB8 € R by
(v.10)  vveX™, v, = Z, 0 a o)l

Here the bilinear “orms associated to the definition of the system and to the smoothing depend on N.

N-1
n=1

The definitions of the smoothing operatorSN and the correction operator @ have to be precised Let
us do this in the simple case where only two grids are used. Instead of (I11.3), the smoothing
procedure consists in: Find SNLD in X" such that

V.11) wvedN oN(SN-g,v) =g (v)-a"(g,v) |

while the correction procedure consists in: Find ¢ in XV2 such that

v.12)  vvexV? @ v adv)-atey)

and define CNg = ¢ + 9. Then as explained in the general case, during a V~cycle with m/2

smoothings down and up the error e is changed in e' as follows
(v.13) e = (8YHm2EN(ghym/2 0

Before entering in the details of the analysis of the decay rate of the error, let us state some
results of general interest. First of, let y be in [P:(/\) be given, r(y) and r(v) in [Pﬁ(/\) be such
that
(V14) Yy e PIA), b(r(x),w) = bMry(w) ) = a'(xw)
where b is defined in (I11.13). It is a simple consequence of (V.9) to derive that

I ey 12 4 = BNy (r), () = @ ooy () < IR Mgy e GO Tl
whence

l rAN<X) ”|0,N < ”l X ”|2,N -



-22-

Besides, from (V.7) and (V.14), we have

b(r(x).r (%)) = bN(ry (1) ,r ()Y < [Ny (R) ,rg (1)) BM(P(R) r ()]

< (2702 BN (R) Py (D) BCR(R) P (T2

finally, we derive that the solution r(y) of (Y.14) has the following stability property
(v.15)  brp)r() <cllwll,y -
Then let us state some approximation result the proof of which will be presented in the appendix.
LemmaV.1: Let o definedover A and such that
(vV.16) [, 0200/(1-x%) dx < o0
and n be a positive integer. The solutions ¢(p) € Hg(/\), ¢.(0) € [Pr?(/\) defined by
(V.17) Y veH (A, alelo)v) =blo,v) ,
(vV.18)  VvePUA), a'(g,(0)v) =bBlov) ;
then the following approximation results holds
(V.19) |9 -9.() P <en?Blo,0) |,
(v.20)  B(e(0) - ¢,(0),9(0) - 9,(0)) <cn*Blo,0)

Let us denote by € the term (SMY™/26% . derive now as in (11.12) that,
v.2) ey < Ams2,172) 1 el
(v.22)  Welly< m/2,172) el
From the definition of @N, we derive that, for any ¥ in [Pﬁ(/\)
C %Mo =% =% Woy < w = NON=DaCr (I gy + IR = NIN=D () gy 5
hence
€% gy < (oc*2/6)[ bR = NON=1)gér(R), ¥ = N(N=1g(r())'"?
+ (Y = N(N=1)p(r(x), X = N(N=-Dp(r(x))'? ]
With the previous notations (see (Y.14) and (Y.18)) and recalling that the normalization factor
between the forms b and b is N(N-1) (see (I1i.14)), it is simple to derive that
% = N(N=1)g(r(®)), while y (defined in (V.12)) satisfies ¥ = N(N=1)g,,(r(y)); we derive
I G fly < (o270 )INCN= 1) by (P(R)) = @(r(R), gy(r(R)) = @(r(x)'"?
+ DOy (r(R)) = (P (R), 9y (r(R)) = 9(r(x)2 ],
applying next (Y.20) for n = Nand n = N/2, then (Y.15), we obtain
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Lemma V.2 : There exists a constant ¢ independent of both N and K such that
(vV.23) Ve PUA) L, IIC% gy <cll wll,y -

Plugging (V.23) in (¥.21) and using (Y¥.22) give now the following
Theorem Y.1: The multigrid algorithm based on the Jacobi preconditioner converges, and at any
V-cycle with m smoothings as detailed in section || , the rate of convergence is given by

(v.24) [, e'f(x) dx < ¢ fm,1) |, e('f(x) dx

Remark Y.1 : The decay rate of multigrid algorithm is independent of N, and it is interesting to

note that its asymptotic behavior is O(1/m).

Remark Y.2 : The analysis of the case of non constant coefficients requires some regularity (i.e.,
w2 ) of the coefficient ( this is required for lemmaY.1). We do not know to what extend the lack
of regularity of o« deteriorates the actual convergence. Note however that the local regularity is
just required, i.e., &« can be non smooth through the interfaces. The muitigrid procedure proposed
in [ZWH1.2], and that is based on another approach of smoothing, is numerically proved to be very

robust with respect to the irregularity of o [*].

A, _APPENDIX

The main purpose of this appendix is to provide the proof of lemma V. 1. Let us first recall
the following result of the approximation theory (see [D])
LemmaA.l: Let 1y, denote the orthogonal projection operator from LZ(A) onto Py(A). The
following approximation results hold
(A1) VueH™A), flu-muully <ctm) M™ [, u™200) (1-x®)™dx]'2
Proof : Let us recall that the Legendre polynomials constitute a total system of orthogonal
functions of L2(A) that verifies
(A.2)  [AL ) L,(x)dx =8 2/(2n+1) |

* T.A.ZANG- personnal communication.
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Let us use this basis to span the function u; we arrive at
u= Zn oL,
50 that the L2(A)=projection of u onto P (A) is equal to
Ty U Z’n 209 Ly
and the error
(A.3) U-TUu=2" . a. L. .
Let us recall now that the Legendre polynomials satisfy the following relation
((1=x) L) ==n(n+ DL,
From (A.2) we conclude that
(A4) (AL L) (1=x®) dx = 8, 2n(n+1)/(2n+1) .
From (A.2) and (A.3) we get
fu-myully = Z::M” 2 af /(2n+1)
while, from (A 4), we derive that
[Au20) (1B dxm L7 2n(n+1) 8% /(2n+1)
and (A.1) is then just a simple consequence of these two equalities in the case m = 1. The general
case is handled by recursion.

As a consequence, we derive that

Corollary A.1: Let TIrL denote the orthogonal projection operator from Hé(/\) onto [P&(/\).
The following approximation results hold
(A.5) Y ue HMA)N Hg(/\) (N TIrLu I, <c(m)M™ [ J/\ u™ 200 (1-x®)™ dx] 12
Proof : It has already been noted that for any u in Hg(/\)

[ hul0o0 = 1)y, (u)(@) dt

so that (A.5) is an easy consequence of lemma Al

Proof of lemma V.1 : It is an easy matter to note that the solution ¢(p) of problem (V.17)
satisfies
VxeA, -[(«fg(e)]),]10x) = o0x)/(1-x?)
From (Y.2) and (Y.16), we derive
(A.6) 5 [0()12(x) dx + [, [9(@)12,(x) (1=x®) dx < ¢ [, 0*(x)/(1-x?) dx < ¢ B(p,0) .

From corollary A. 1, we know that there exists an element g of [P,?,z(/\) , such that
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l9C0) -,y <en™' [, [o(e)]1Z,00) (1-x®) dx
and
Ly, [y <le(@d ],
so that
(A7) 190 - w,ly <cn™' Ble,0) .
From the ellipticity of the form a" , we derive that there exists a constant 8, such that
8le (0) -y 12 <a™o.(0) ~ v, 0,(0) - w,) ;
using (V.17) and (V.18) we derive that
819,(0) -, 12 <ale(0), 9,(0) - w,) -a"(w, . 0,(0) - w,) ,
or again
(A.8) Blo () -w, 12 <ale(o) - v, 0,(0) - w,) +aly, , 0,(0) - w,) - a"(y, , 0,(0) -v,) .
Let us note now that from the exactness of the Gauss Lobatto quadrature formula we get that
(A.9) Vo, €Po(A), (o (9,(0) - w)) = (xw, (9.(0) =w)) 6
so that
aly, , 9,(0)-v,) - 3"y, , 0,(0)-w,) = ((o-a )y, ,(9,(0)-w,)) = (- Dwy, (9, (@)= ),
and using now (A.8) yields
(A10) g0 =, |y <cCloe) -y |y +loc=ol oyl )
It is standard to note that there exists an element o such that
o= ol py <007 T o lmcpy
hence, from (A.10) and (A.7), we derive that
| o(0) - 0.(0) |, <cn™' (b(o,0)"% + (Zfzoloc"" lLeocay) ToC@) 1)
and (V.19) is an easy consequence of (A.6).
Let us turn now to the proof of (V.20). We shall use a standard duality technique and first
define an element § in Hé(/‘\) as follows
(A11) Vv eHJ(A), aly,v)=blee) - ¢,(0),V) .
[t is an easy matter to derive
b(p(o) - ¢,(0),0(0) - 9,(0)) =alx, ¢(0) - v, (0))
za(y - 1), %, 9(0) - 0.(0)) +a(n),, %, 0l0) - 9,(0)) ‘
zaly - %, 000) - () + (@ - )T, 5 %, 9,(0)) .

Let us examine the last term on the right-hand side of this last equality; using (A.9) one more time
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we write
(@ - a) (!, %, 0,(0)) = (o - )(m) %), 0 (0)),
s (o)) w9 (0))
s0 that
b(9(0) - 9,(0),0(0) - ¢,(0)) =alx - n.,, %,000) - ¢,(0)) + ((x — o )(1, , %), 9, (0)),
s (-0 )T, ), 0.(0))
hence
b(¢(0) - 9,(0),9(0) - 9,(0)) <clw -1, %l e -0l
con? Tl | ay I ] Lo
<cly-1), %l e -9 ()],
+on? Zf=o|°<"" L=(ay | nn‘/z vl lo (o), .
Using now corollary A.1 and (A.11), we derive (after bounding ijzo | o |L°°(/\) by a constant)

[b(p(0) - 9,(0),9(0) - 0,(eN]"*<c (' o) —g(@; + %19 (0) |} ;
thanks to the stability of ¢ (p) with respect to p, we derive (V.20) from (V.19).
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the proof of section Y.
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