
- t .  I 

SOLUTION OF STEADY AND UNSTEADY TRANSONIC-VORTEX FLOWS 
USING EULER AND FULL-POTENTIAL EQUATIONS 

Osama A. K a n d i l  
Andrew H. Chuang 

Hong Hu 
Old D o m i n i o n  U n i v e r s i t y  

N o r f o l k ,  V i r g i n i a  

261 



OUTLINE OF TALK 

1. Background and O b j e c t i v e s  
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1. Background and Objectives 

0 As t h e  normal ano le  o f  a t t a c k ,  normal Vach number and sweep-back ang le  a r e  
v a r i e d ; T e x w d e v e l o p  around D x a n d D e l t a - l i k e  wings. 

These f l o w s  a r e  c h a r a c t e r i z e d  w i t h  t h e  f o r m a t i o n  o f  l a r g e  and smal l  s c a l e  
v o r t i c e s ,  weak and s t r o n g  shock waves, and shock induced separa t ions .  
exper imenta l  M i l l e r  and W o m a s s i f i c a t i o n  Diagram shows seven reg ions  o f  t h i s  
f 1 ow. 

The 
I 

0 These f l o w s  become h i g h l y  complex when v o r t e x  breakdown occurs  i n  t h e  v i c i n i t y  o f  
t h e  wing o r  when t h e  wing underaoes unsteady mo t ion  due t o  maneuvering o r  
f l u t t e r .  

-- The main o b j e c t i v e s  o f  t h i s  ongoing research research  work a re  t o  develop 
e f f i c i e n t  and r e l i a b l e  computa t iona l  schemes which a r e  capable o f  p r e d i c t i n g  t h e  
d i s t r i b u t e d  aerodynamic c h a r a c t e r i s t i c s  o f  t hese  wings i n  s teady and unsteady 
f l o w s  ove r  a wide range o f  angles o f  a t t a c k ,  sweep-back angles,  Mach numbers and 
c o n f i g u r a t i o n s .  

1 C l a s s i c a l  
Vortex 

2 Separat ion  
Bubble w i t h  
No Shock 

3 No Shock/ 
No Separat ion  

4 Shock w i t h  no 
Separation 

5 Shock-Induced 
Separat ion  

6 Separat ion  
Bubble w i t h  
Shock 

J 7 Vortex w i t h  
0 1.0 Shock 

94 

Fig.  1 Mi l le r  and Woodl C l a s s i f i c a t i o n  Diagram. 
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2. Unsteady Eu ler  Equations i n  a R o t a t i n g  Frame o f  
Reference f o r  Transonic-Vortex Flows 

Fo rmul a t  i on 

0 Conserva t ion  Form o f  E u l e r  Equat ions i n  a Space-Fixed Frame o f  Reference 

where 

2 t E = [pu, pu + p, puv, puw, p u h l  

E = [pw, puw, pvw, pw 2 + P, pwhl t 

2 2 e = p / p ( y - ~ )  + ( u  + v2 + w > / z  

h = e + p / p  

0 R e w r i t i n g  t h e  Equat ions  i n  t h e  Vec tor  Form 

- + v  aP ( p i )  = o  
a t  

+ v . ( p  i v + p 7)  = 0 
a t  

a(pe)  + v ( p  h i )  = 0 
at. 
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P.nd Us ing  t h e  S u b s t a n t i a l  and L o c a l  D e r i v a t i v e s  R e l a t i o n s  

- 
+ ( i r  - VI v a 

Da - D ' a  
D t  D t  ' a t  a t  

aa - a l a  - - -  - - -  

- - - - E '  a '  
r @t ' a t  where V = V + w x r  ; - - E S u b s t a n t i a l  and Loca l  D e r i v a t i v e  i n  t h e  R o t a t i n g  

Frame 

0 We get  t h e  Conserva t i ve  Form of E u l e r  Equat ions f o r  t h e  R e l a t i v e  Mo t ion  

where 
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I Nethod of  Solution 

e The k b s t r a c t  Conserva t ive  Form o f  t h e  R e l a t i v e  ! lo t ion  i n  Terms o f  R o t a t i n g  
Ccord ina tes  a r e  

A+'+'+'=q 
Y 

a t  ax aY aZ 

where 

- 2 2 ' 8  2 s = [ O ,  0, p(;z + 2 w  w + w y ) ,  - p(;y + 2WVr - w z ) ,  - p ( - v  ;z + w c;y + w y  r r r 

8 - 0 -  

X 
- The Source Tern  S has been b ! r i t t en  f c r  = w ex , w = w e 

e Eqs. ( 1 8 ) - ( 2 3 ) ,  (16)  and (17)  a r e  Solved Using a Cen t ra l -D i f f e rence ,  F in i t e -Vo lume 
Scheme Us ing  Four-Stage Runge K u t t a  Time Stepp ing  w i t h  Added Second- and Four th -  
Order D i s s i p a t i o n  Terms. 

e The Computer Procram i s  a Three-Dimensionaq Program. 



e Loca l  -Con ica l  F1 ow Prob l  en 

e I f  t h e  Con ica l  Coord inates a r e  Used t o  Transform t h e  R e l a t i v e  Mo t ion  Equat ion,  
Eqs. (18 ) - (ZZ) ,  t h e  R e s u l t i n g  Equat ions w i l l  n o t  Represent a Con ica l  Flow. 

o I f  t h e  Con ica l  Coord inates a r e  Used t o  Transform t h e  Abso lu te  r l o t i o n  Equat ions,  
Eqs. ( 1 ) - { 7 ) ,  t h e  R e s u l t i n g  Equat ions - w i l l  Represent a Con ica l  Flow f o r  t h e  Steady 
Flow. 
a t  a F i x e d  A x i a l  Loca t ion .  

For  t h e  Unsteady Flow, t h e  Problem i s  Fade " L o c a l l y  Con ica l "  if i t  i s  Solved 

e I n  t h e  Three-Dimensional  Program, Loca l  Con ica l  Flow S o l u t i o n s  a r e  Obts ined a t  x = l  
by  Equa t ing  t h e  Abso lu te  Mo t ion  i n  t h e  F i r s t  and T h i r d  Planes: 

where i = 2. 
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~ 1. I n i t i a l  Cond i t i on :  

- For  Constant R o l l i n g  Problem ( g  = - W  

T r a n s l a t i o n  P lus  a R i g i d  Body ~ o t a t i 8 n  %xF. 

For  R o l l i n g  O s c i l l a t i o n  (i = -u0 s i n  k t  C x ) ¶  t h e  Flow Corresponds t o  a Un i fo rm 
T r a n s l a t i o n  Only. 

) ¶  t h e  Flow Corresponds t o  a Un i fo rm 

- 

2. Boundary Cond i t i ons :  

Normal Momentum Equat ion  i s  Used on t h e  Wing Sur face  (g ( i r  0 n̂  ) = 0, $.$ = 0) 

I n  t h e  F a r f i e l d ,  a Un i fo rm T r a n s l a t i o n  P l u s  t h e  Corresponding R o t a t i o n  a r e  
Inposed Outs ide  o f  t h e  Bow Shock. 



SYMMETRIC CONICAL FLOW 

T h i s  i s  a v e r i f i c a t i o n  t e s t  case f o r  t h e  th ree-d imens iona l  prcgraln which has 
been so lved e a r l i e r  by u s i n g  a c o n i c a l  f l o w  program2. 
f o r  a f l a t  p l a t e  sharp-edged d e l t a  wing a t  M m =‘2, a = 100 B (sweep ang le )  
u s i n g  a m o d i f i e d  Joukowski t r a n s f o r m a t i o n 2  o f  128x64 c e l l s  around and norm-a1 t o  t h e  
w ing  has been used f o r  t h e  whole computa t iona l  reg ion.  F i g u r e  2 (a- -d)  shows t h e  
s u r f a c e  pressure ,  c r o s s - f l o w  v e l o c i t y ,  c r o s s - f l o w  Pach contours  and s t a t i c  p ressu re  
contours .  It i s  c l e a r  t h a t  two symmetric leading-edge v o r t i c e s  have been captured  on 
t h e  s u c t i o n  s i d e  a long  w i t h  a weak c r o s s - f l o w  shock under each vo r tex .  The o u t e r  bow 
shock i s  c l e a r l y  v i s i b l e  i n  t h e  lower  p o r t i o n s  o f  t h e  c r o s s - f l o w  Mach and s t a t i c  
p ressu re  contours .  The s u r f a c e  pressure ,  Mach con tou rs  and s t a t i c - p r e s s u r e  con tou rs  
match those  ob ta ined  by u s i n g  t h e  c o n i c a l  f l o w  program f o r  h a l f  o f  t h e  computa t iona l  
reg ion .  

F i g u r e  2 shows t h e  r e s u l t s  
and 

a. su r face  p r e s s u r e  b . c r o s s - f l o w  v e l o c i t y  

Fig. ,  2 Steady symmetric f l o w  around a delta 
wing ,  M,,=2, a=lOO,  @=70° 
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C .  cross-flow Mach d .  s tat ic  pressure 

Fig., 2 Steady symmetric f low around a de l ta  
wing, Mm=2, a=lOo,  8=7O0 

ORlGiNAL PAGE E3 
OF POOR Q U A L m  
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OMGINAL PAGE 1s 
OF POOR QUALITY THREE-DIMENSIONAL TRANSONIC FLOW 

F i g u r e  3 shows t h e  r e s u l t s  o f  a sharp-edged d e l t a  wing f o r  Ma = 0.7, a = 100 and 
aspect  r a t i o  of 1.5 u s i n g  a number o f  c e l l s  o f  8 0 x 3 8 ~ 4 8  i n  t h e  x, 
t i o n s ;  r e s p e c t i v e l y .  
t h e  s u r f a c e  pressure,  t h e  s t a t i c  p ressu re  con tou rs  and t h e  c r o s s - f l o w  v e l o c i t y ;  each 
a t  t h e  chord s t a t i o n s  o f  0.52 and 0.81. F i g u r e  3c shows t h e  s t a t i c  p r e s s u r e  
c o n t o u r s  and t h e  c r o s s - f l o w  v e l o c i t y  a t  t h e  chord  s t a t i o n  o f  1.01 and F i g u r e  3a 
shows t h e  s t a t i c  p ressu re  con tou rs  and t h e  c r o s s - f l o w  v e l o c i t y  a t  t h e  chord s t a t i o n  
o f  1.25. 
exper imen ta l  d a t a 3  shows t h a t  t h e  l o c a t i o n  o f  v o r t e x  c o r e  i s  w e l l  p r e d i c t e d ,  w h i l e  
t h e  va lue  o f  peak s u c t i o n  p ressu re  under t h e  v o r t e x  c o r e  i s  s l i g h t l y  under- 
p r e d i c t e d .  
show t h e  f o r m a t i o n  o f  t r a i l i n g - e d g e  v o r t e x  c o r e  and i t s  i n t e r a c t i o n  w i t h  t h e  l e a d i n g -  
edge v o r t e x  core.  Our c r o s s - f l o w  p lanes a r e  t a k e n  normal t o  t h e  wing su r face .  

0 and 5 d i r e c -  
The r e s u l t s  of F i g u r e s  3a and 3b show, f rom l e f t  t o  r i g h t ,  

A t  x = 0.81, comparisons o f  t h e  computed s u r f a c e  p ressu re  w i t h  t h e  

A t  x = 1.25, t h e  s t a t i c  p ressu re  con tou rs  and t h e  c r o s s - f l o w  v e l o c i t y  

1 1 2 \  

.L 

. -- 1 

1 
.Experiment 0 

\ 2 

P r\  

a. X z 0 . 5 2  

b. X =0.81 

Figure 3 , Three-Dtmenslonal Transonic Flow, Standard Euler Set,  Sharp-edged delta 
wing, 80X38X48 c e l l ,  Mm=0.7, a=15O, AR=1.5 ,  c ~0.12, c4=0.005, 
(a. ,b.)  1. Surface Pressure, 2. Static Pressure Contours, 3 .  Crossflow 
velocity 

( c . , d . ) l . ~ t a  t ic  pressure Contours, 2. 

2 

Crossflow velocity 
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e. X = l . O l  

d. X -1.25 

Figure 3 . Three-Dimensional Transonic Flow, Standard Euler Set, Sharp-edged delta 
wing, 80X38X48 c e l l ,  M-10.7, a=lSo,  AR11.5,  ~ ~ ' 0 . 1 2 ,  c4=0.005, 
(a. ,b.)  1. Surface Pressure, 2. Stat ic  Pressure Contours, 3. Crossflow 
veloci ty 

(c.,d.)l.$tatlc pressure Contours, 2. Crossflow veloci ty  
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ORIGINAL PAGE 1s 
OF POOR QUALITY 

THREE-DIMENSIONAL LOW-SPEED FLOW 

F i g u r e  4 shows t h e  r e s u l t s  o f  a sharp-edged d e l t a  wing f o r  ROD = 0.3, a = 20.50 
and aspect  r a t i o  o f  1 u s i n g  a number o f  c e l l s  o f  8 0 x 3 8 ~ 4 8  i n  t h e  x, Q ,  and 5 
d i r e c t i o n s ;  r e s p e c t i v e l y .  
r i g h t  , t h e  s u r f a c e  p ressu re  and t h e  exper imenta l  da ta  o f  tlumme14 t h e  s t a t i c - p r e s s u r e -  
c o e f f i c i e n t  con tou rs  and t h e  c r o s s - f l o w  v e l o c i t y  a t  t h e  chord s t a t i o n s  o f  0.52 and 
0.81. The r e s u l t s  o f  F i g u r e s  4c and,4d show, from l e f t  t o  r i g h t ,  t h e  exper imen ta l  
s t a t i c - p r e s s u r e - c o e f f i c i e n t  con tou rs4  ( c r o s s - f l  ow p lanes a r e  normal t o  wind 
d i r e c t i o n ) ,  t h e  computed s t a t i c - p r e s s u r e - c o e f f i c i e n t  ( c r o s s - f l o w  p lanes  a r e  normal t o  
wing s u r f a c e )  and t h e  computed c r o s s - f l o w  v e l o c i t y  a t  t h e  chord s t a t i o n s  1.02 and 
1.25. 

The r e s u l t s  o f  F i g u r e s  4a and 4b show, f rom l e f t  t o  

The r e s u l t s  show t h a t  t h e  l o c a t i o n  o f  leading-edge v o r t e x  co re  i s  a c c u r a t e l y  
p r e d i c t e d ,  t h e  s u c t i o n  p ressu re  peak i s  a c c u r a t e l y  p r e d i c t e d  a t  x = 0.52 b u t  i t  i s  
o v e r p r e d i c t e d  a t  x = 0.81, t h e  l o c a t i o n  o f  t h e  t r a i l i n g - e d g e d  v o r t e x  c o r e  i s  s l i g h t l y  
o f f  t h a t  o f  t h e  exper imen ta l  data.  A f i n e r  g r i d  t h a n  t h e  one used i n  t h i s  example i s  
expected t o  g i v e  a more accu ra te  p r e d i c t i o n .  

a 

b 

F igure  4 . Threedimensional  subsonic flow, isent rop ic  Euler  se t ,  sharp-edged 
d e l t a  wing, 8 0 x 3 8 ~ 4 8  c e l l ,  M, = 0.3, a = 2 0 . 5 O ,  AR = 1, c2 = 
0.12, €4 = 0.005, (a . . ,b . )  1. surface pressure, 2. s t a t i c  presure 
contours, Cp, 3. crossf low velocity 
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I '  

.I  

"I I 

4- I. ' I  ".pfr 

Experiment I Hummel I 

C 

d 

d. X = 125 

F i g u r e  4 . T h r e e - d i m e n s i o n a l  subson ic  f low, i s e n t r o p i c  E u l e r  s e t ,  sharp-edged 
d e l t a  wing,  80x38~48 c e l l ,  M, = 0.3, a = 20.5', AR = 1, € 2  = 
0.12, €4 = 0.005, (c.d.) 1. e x p e r i m e n t a l  
s t a t i c  p r e s s u r e  c o n t o u r s ,  Cp, (normal t o  w ind  d i r e c t i o n ) ,  
2. s t a t i c  p r e s s u r e  c o n t o u r s ,  Cp, (normal t o  w ing  s u r f a c e ) ,  
3. c r o s s f l o w  ve loc i t y .  

ORfGiNAL PAGE is 
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UNIFORM R O L L I N G  I N  A C O N I C A L  FLOW 

F i g u r e  5 shows t h e  r e s u l t s  f o r  a f l a t  p l a t e  sharp-edged d e l t a  wing which i s  
undergoing u n i f o r m  r o l l i n 9  i n  :he coun te r -c lockw ise  d i r e c t i o n  around i t s  a x i s  o x '  a t  

a cons tan t  angulsrr speed w = = 0.5; where w and w a r e  t h e  d imensional  and 

d imensionaless angu la r  speeds, L i s  t h e  wing r o o t  chord  and U i s  t h e  f r e e s t r e a m  
speed. 
frame o f  re fe rence .  F i g u r e  5a shows t h e  upper "b" and l o w e r  "A" s u r f a c e  
pressure.  As symmetric s u r f a c e  pressure.  F i g u r e s  5b, 5c and 5d show t h e  
co r respond ing  c r o s s - f l o w  v e l o c i t y ,  c r o s s - f l o w  Hach con tou rs  an s t a t i c  p ressu re  
contours.  
v o r t i c e s ,  one n o t i c e s  a weak c ross - f l ow  shock. 

* 
m 

OD 

The wing ang le  o f  a t t a c k  a = 0 and hence t h e  f l o w  i s  s teady i n  t h e  r o t a t i n g  

On t h e  c r o s s - f l o w  Uach con tou rs  and under t h e  an t i - symmet r i c  leading-edge 

a. sur face  pressure b .  cross-f low v e l o c i t Y  

F ig .  5 U n i f o r m  r o l l i n g  o f  a delta wing, 
M =2, a=Oo, 8=70°, ~ 0 . 5  

Q) 

QRIG'NAL PAGE iS 
OF POOR QUALITY 
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I . 

C .  cross-flow Mach d .  s t a t i c  pressure 

Fig.  5 Uniform ro l l ing  of a d e l t a  wing, 
Mm=2, a=Oo, f I=7O0,  ~ 0 . 5  



ROLLING OSCILLATION I N  A LOCALLY-CO CAL FLOW 

The wing is given a rolling sinusoidal oscillation o f  and e of 

k t  
ex 
frequency of oscillation ( K  = is the dimensional frequency). Choosing 

Omax 
T = 4.699. 

= - wo cos k t  
and e = - emax sin k t ,  wherg emax = wo/k and k is the dimensionless reduced 

= s/12 and w0 = 0.35, the zorresponding k = 1.337 and the period of oscillation 
Figure 6 shows the rolling oscillation motion. 

I 1 
I 

I 1 

w cc 

-0 

t P o f n t  No. T i  me eo Sense Figure 

1 1.07 -14.85 ccw 6 
2 2.16 -3.76 cw 7 
3 3.19 13.5, cw 8 
4 4.31 7.46 ccw 9 i 

I 5 5.35 -11.46 ccw 10 
I 6 6.46 -10.63 cw 1 1  

t 

t 

7 
8 
9 
10 
11 
12 
13 
14 

7.46 8.17 cw 12 
8.59 13 ccw 13.1 
9.69 -5.69 ccw 13.2 
10.7 -14.79 cw 13.3 
11.8 1.03 cw 13.4 
12.8 14.8 cw 13.5 
13.9 3.93 ccw 13.6 
15.0 - 14.01 ccw 13.7 

Fig. 6. Roll angle, angular speed and angular 
acceleration of the rolling oscillation 
motion. 
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ROLLING OSCILLATION (CONTINUED) 

F i g u r e  7 shows t h e  r e s u l t s  f o r  t h e  t i m e  range t = 0 -1.07. By t h e  end o f  t h i s  
t ime ,  t h e  wing has r o l l e d  th rough an ang le  8 = -14.850 which corresponds t o  t h e  end 
o f  t h e  f i r s t  q u a r t e r  o f  t h e  cyc le .  A t  t = 0, 1.1 = w0 ,and I w (  decreases i n  t h e  
coun te r -c lockw ise  d i r e c t i o n  w i t h i n  t h a t  t ime.  F i g u r e  7a shows t h e  sur face  p ressu re  
a f t e r  each 400 t i m e  s teps  c o v e r i n g  a t o t a l  o f  2000 t i m e  steps. On t h e  upper su r face ,  
t h e  s u c t i o n  p ressu re  on t h e  l e f t  i s  h i g h e r  than  t h a t  on t h e  r i g h t ,  and t h e  s u c t i o n  
peak i s  moving i n  t h e  spanwise d i r e c t i o n  i n  t h e  p o s i t i v e  z d i r e c t i o n .  On t h e  lower  
su r face ,  t h e  s u r f a c e  pressure  i s  decreas ing  on t h e  l e f t  s i d e  w h i l e  i t  i s  i n c r e a s i n g  
on t h e  r i g h t  side. 
Mach con tou rs  and s t a t i c  p ressu re  contours  a t  t = 1.07 and e = -14.850. 
moment, a l a r g e  leading-edge v o r t e x  appears on t h e  l e f t  and a smal l  lead ing-edge 
v o r t e x  appears on t h e  r i g h t .  The c r o s s - f l o w  Mach con tou rs  show shocks above and 
below t h e  l e f t  leading-edge vor tex .  
s t r e n g t h  ( l o w e r  p o r t i o n  o f  t h e  f i g u r e ) .  

F igu res  7b, 7c and 7d show t h e  c r o s s - f l o w  v e l o c i t y ,  c r o s s - f l o w  
A t  t h i s  

It a l s o  shows t h e  o u t e r  bow shock w i t h  v a r y i n g  

2 78 

a. sur face  pressure b. cross- f low v e l o c i t y  

F i g . 7  . R o l l i n g  o s c i l l a t i o n  o f  a delta wing,  
Map=2, ==lo0 , p 7 O o  , w=0.35, k=1.337, 
0 =15O, t=0-1.07, 0=0-(-1485') 

m a X  
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de s t a t i c  pressure c .  cross-flow Mach 

F i g . 7  R o l l i n g  o s c i l l a t i o n  of a delta wing, 
Mm=2, a-10'. 8-70', ~=0.35, k01.337, 

=15', t=0-1.07, 0=0-(-1@5') ?nax 
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ROLLING OSCILLATION (CONTINUED) 

Figure 8 shows the results for the time range t = 1.07' - 2.16. Within this 
direction I w I ,  and by the end of t h i s  time, the time, the wing has 

wing roll angle e = -3.760. Figure 8a shows the surface pressure a f t e r  each 400 time 
steps covering the range o f  time steps from 2,001-4,000. 
on the l e f t  i s  decreasing corresponding t o  a decrease in size of the l e f t  vortex 
while t h a t  on the right i s  increasing corresponding t o  an increase in s ize  of the 
right vortex. 
Mach contours and static-pressure contours a t  t = 2.16, e = -3.760. 

reversed i t  

The peak suction pressure 

Figures8b, 8c and 8d show the crass-flow velocity, cross-flow 

.5 L 
a .  surface pressure b .  cross-flow ve loc i ty  

F i g . 8  . Rolling osc i l l a t ion  o f  a de l ta  wing ,  
M QD =2,  or= lOo  , 8=70°, ~ 0 . 3 5 ,  k ~ 1 . 3 3 7 ~  
emax =15' t=1.07+-2.16, 0=(-14.85O)- (-3.76') 



I/ 

c. cross-flow Mach d .  static pressure 

Fig.8 . Rolling oscillation of a delta wing, 
M =2, a=lOo, p=7O0, w=0.35, k=1.337, m 

=iso, t=i.o7+-2.i~, e=c.i4.850)- 
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ROLLING OSCILLATION (CONTIF!UED) 

F i g u r e  9 shows t h e  r e s u l t s  f o r  t h e  t i m e  range t = 2.16' - 3.19 d u r i n g  which t h e  
By t h e  end o f  t h i s  

Thepeak 

w ing  i s  r o t a t i n c j  i n  t h e  c lockw ise  d i r e c t i o n  w i t h  decreas ing  1.1. 
t ime,  t h e  r o l l  ang le  i s  e = 13.50. 
t h e  range o f  t i m e  s teps  4,001-6,000. The peak s u c t i o n  pressure  on t h e  l e f t  i s  moving 
t o  t h e  l e f t  a s  t h e  v o r t e x  i s  d isappear ing ,  and an a t tached  f l o w  i s  forming.  
s u c t i o n  p ressu re  on t h e  r i g h t  i s  moving inboards  t o  t h e  l e f t ,  w h i l e  t h e  shock under 
t h e  v o r t e x  i s  growing. F i a u r e s  9b, 9c and 9d show t h e  c r o s s - f l o w  v e l o c i t y ,  c ross -  
f l o w  Flach con tou rs  and s t a t i c  p ressu re  con tou rs  a t  t = 3.19 and e = 13.50. 

F i g u r e  9a shows t h e  s u r f a c e  p ressu re  c o v e r i n g  

A I L  
.a .Y .6 .B 1 

a .  surface pressure b. cross- f low v e l o c i t y  

Fig. 9. Rolling oscillation o f  a delta wing,  
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c.  cross-flow Mach d .  s t a t i c  pressure 

F ig .  g o .  Rolling o s c i l l a t i o n  o f  a delta wing, 
M =2, a=lOO,  8=70° ,  . .  w=0.35, k=1.337,  aa 
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F?OLLIF!G OSCILLATIOW (CONTINUED) 

F igu re , lO(a -d )  shows t h e  r e s u l t s  f o r  t h e  t i m e  range t = 3.19' - 4.31 d u r i n g  
which t h e  w ing  has reversed t h e  d i r e c t i o n  o f  r o t a t i o n  f rom t h e  Cbl t o  CCW, and has 
reached a zero  va lue  and then  increases .  The v o r t e x  on t h e  l e f t  i s  growing,  and t h e  
co r respond ing  peak s u c t i o n  p ressu re  i s  i n c r e a s i n g  and moving inboards  t o  t h e  r i g h t .  
The v o r t e x  on t h e  r i g h t  i s  f l a t t e n i n g ,  and i t s  peak s u c t i o n  p ressu re  i s  dec reas ing  
and moving inboards  t o  t h e  l e f t .  
e = 7.460. 

By t h e  end t h i s  t i m e  t = 4.31; t h e  r o l l  ang le  

- .Y 
0 I:.213E*I 

. Y  0 =7.46' 

a. sur face pressure 

Fig. 10. Rolling oscillation 
M m =2, a=lOO', 8=70°', 0=0.35, k=1.337, 
e =150 , t=3.19 +-4.31 , e=(t13.50 1- ( t 7 . 4 6 0 )  

m a X  

b o  cross- f low v e l o c i t y  

of a delta wing, 
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d. static pressure c. cross-flow Mach 

Fig.10. Rolling oscillation o f  a delta wing, 
M 12, a=100, 8=70°'# ~ 0 . 3 5 ,  k=1.337, m 
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ROLLING OSCILLATIOF (CONTINUED) 

Within the time range t = 4.31' - 5.35, the wing i s  s t i l l  rotating i n  the CCW, 
A t  t = 4.7, the wing has and  I w I  has reached i t s  maximum value and then decreases. 

already completed one cycle o f  oscil lation. The peak suction pressure on the l e f t  i s  
moving inboards t o  the r ight ,  and the peak suction pressure on the right i s  moving 
outboards t o  the right,  Figure 11 (a--d) .  By the end of this time t = 5.35, the rol l  
angle e = -11.460. 

a. surface pressure b. cross-flow velocity 

Fig.11. Rolling osc i l l a t ion  o f  a del ta  wing, 
M =2, a=lOO, f I=7O0,  ~0.35, k=1.337, + aD 

=15', tz4.31 -5.35, 0 ~ ( + 7 . 4 6 ~  1- (-11.46" 1 
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c. cross-flow Mach d .  s t a t i c  pressure 

Fig.11, Rolling oscillation o f  a delta wing, 
M =2. a=lOo. 8=70°, w=0.35, k=1.337, - .  

Q D -  

=is0 t=4.31+-5.35. e=(+7.4so 1- 
?nax 
( -11.46' )  
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ROLLING OSCILLATION (CONTINUED) 

F i g u r e s  12a-12d and 13a-13d show t h e  r e s u l t s  c o v e r i n g  t h e  ranges o f  t i m e  s t e p s  
10,001-12,000 and 12,001-14,000, r e s p e c t i v e l y .  F i g u r e s  5-11  c o v e r  a t o t a l  o f  1.56 
c y c l e s  o f  o s c i l l a t i o n .  
m o t i o n  o f  t h e  l e f t  and r i g h t  v o r t i c e s  and t h e i r  co r respond ing  peak s u c t i o n  pressure.  
They a l s o  show t h e  f o r m a t i o n  and d i s i n t e g r a t i o n  o f  t h e  shocks below and above t h e  
v o r t i c e s ,  and t h e  m o t i o n  and s t r e n g t h  v a r i a t i o n  o f  t h e  o u t e r  bow shock. 

The r e s u l t s  show t h e  success i ve  i nc rease ,  decreased and 

a .  surface pressure 

c. cross- f low Mach 

b. cross-f low v e l o c i t y  

d. s t a t i c  pressure 

Fig.12. R o l l i n g  o s c i l l a t i o n  o f  a d e l t a  wing, 
M =2,  ( r = l O o ,  8=70°, ~ 0 . 3 5 ,  k=1.337, 

m 

t=5.35+-6.46, e= ( - i i . 460  1- (-10.630) emax 
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.Y c 

a .  surface pressure 

c. cross-flow Mach 

b.0 cross-flow v e l o c i t y  

d.. s t a t i c  pressure 

Fig. 13.Rolling oscillation o f  a delta wing, 
M (P =2, a=lOO , 8=70° , ~ 0 . 3 5 ,  kz1.337, 

=15O , t=6.46+-7.48, 0=(10.63° ) - (+8 .170)  %ax 
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ROLLING OSCILLATION (CONCLUDED) 

Steady s t a t e  oscil lation response i s  reached a f t e r  3 cycles of t ransient  
response, Figure 14 ( a - - g )  . 

a b 

Fig. 1 4 ,  Rolling oscillgtjons from t = 7.48' 
to t = 15.0, steady state o s c i l l a -  
tion i s  reached. 
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F i g .  14. Continued. 
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F i g .  14. Continued. 
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Fig. 14. Concluded. 
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ROLL I NG OSC I LLAT I ON , L I FT AND ROLL I NG-MOMENT COEFF I C I EMTS 

Figure 15 shows the time history of the lift and rolling-moment coefficients 
along with roll angle variation. Steady-state oscillation response is reached by 
the third cycle.blhile the phase angle between C and eis 90°, C is in phase with W. 

Although CM and e have the same frequency, CL S ~ O O W S  twice the v%ue o f  that frequency. 

- .m 

- .E 

- .IN 

- .a? 
- 0 5  

- -.a 

- -.a 

- -.E 

.a 
0 1 2 3 1 5 6 7  

TMWP 1 

F I G U R E  15. T I M E  HISTORY OF THE L I F T  A N D  ROLLING-MOMENT COEFFICIENTS 
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3. I n t e g r a l  S o l u t i o n  o f  F u l l - P o t e n t i a l  Equat ion 
With and Without Embedded E u l e r  Domains 

Formula ti on 

F u l l  P o t e n t i a l  Equation (Shock Capturing, SC; Shock Capturing-Shock F i t t i n g ,  SCSF) 

4 + 4  = G  
xy YY 

90 

v4 + 

A C  
P 

- 
away from g e, 

P O  
TE 

I n t e g r a l  Solut ion o f  V e l o c i t y  F i e l d  With E x p l i c i t  Shock Surface Contr ibut ion 

- 
(x-E.1 i + (y-t)) 1 ds 

+ -  $ q s ( s )  
( 7 )  1 

2x S ( x - 0 2  + (y-?l)* 
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Shock F i t t i n g  

2 
(y-1)  Mln + 2 

= 
2 " l n  ( y + l )  H l n  

"2n 

V 2 t  = V l t  

1 / 2  

y-l 
A 2 

y-l 
9 M l n  = Ma ns/P1 

M 1  = Fl ( p @ l l / P 1  2 
co 

Pressure C o e f f i c i e n t  
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E u l e r  Equat ions ( I n t e g r a l  Equat ion Wi th Embedded Euler Domains) 
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Method o f  Solution 

0 Shock-Captur ing S h o c k - F i t t i n g  (SCF) Scheme: 

- 
1. 

2. 

3. 
4. 

5 .  
- 
6 .  

7. 

8. 

Shock CaDtur ina P a r t  
d 

I n  Eq. (7), Set G = qs = 0, Use Eq. (7 )  t o  S a t i s f y  B.C.S; Eqs. (4), (6) .  

F i n d  q4 and y 

Ca lcu lase  I n i t i a l  Values o f  G a t  t h e  Cen t ro ids  o f  F i e l d  Elements 
( G  = 11- u x ) .  

Wi th  qs = 0, Eq. ( 7 )  i s  Used t o  S a t i s f y  R.C.S. 

C a l c u l a t e  p and G Using  Eas. ( 2 ) ,  ( 3 )  (Type F i n i t e  D i f f e r e n c e  i s  Used 

Steps ( 3 )  and ( 4 )  a re  Repeated U n t i l  Captured Shock L o c a t i o n  i s  F ixed.  
Shock F i t t i n g  P a r t  

Shock Panels a re  In t roduced ,  qs - t e r m  i n  Eq. ( 7 )  i s  a c t i v a t e d .  

Eqs. (8)  and (12) a r e  Used t o  Find qs and p ,  and Eqs. (9 ) - (12 )  a r e  Used t o  
Cross t h e  Shock. 

I t e r a t i v e  Procedure i s  Cont inued U n t i l  Convergence. 

(p iecew ise  l i n e a r  d i s t r i b u t i o n ) .  
9 

f o r  P,, Py’. 
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BWIGINAL PAGE 1s 
OF POOR QUALITY 

Equa t ion  CJith Embedded E u l e r  (IEEE) Scheme ( ,  3 r  S t rong  Shocks) 

1. chock Cap tu r ing  i s  [ 'sed t o  Locate  t h e  Shock. 

2. A Computat ional  F ine -Gr id  Domain i s  Const ruc ted  Around t h e  Shock f o r  E u l e r  

3. Wi th  B.C. and I . C .  Found From 9 e p  ( l ) ,  E u l e r  Eqs. (15) - (19)  are  so l ved  by Using 

Computations. 

a C e n t r a l - D i f f e r e n c e  F in i te -Vo lume So lve r  w i t h  Four-Stage Runge-Kutta Time 
Stepp ing  and Added Second- and Four th-Order  P i s s i p a t i o n .  

4. F i x i n g  4 Values Found From t h e  F u l e r  C a l c u l a t i o n s ,  t h e  I n t e p r a l  Ea.  i s  Used t o  
Update t h e  E.C. 

5. The I t e r a t i v e  Procedure i s  Cont inued l l n t i l  Converwnce i s  Achieved. 

F ig .16 I n t e g r a l  Equa t ion  G r i d  w i t h  an 
Embedded-Euler Domain. 
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SHOCK-FREE FLOW 

The f i r s t  s tep  t o  v a l i d a t e  t h e  computer program i s  t o  check t h e  s e n s i t i v i t y  o f  
t h e  I E  s o l u t i o n  t o  t h e  s i z e  o f  t h e  computa t iona l  domain. F i g u r e  17 shows t h e  
s o l u t i o n s  f o r  t h e  P A C A  0012 a i r f o i l  a t  M = 0.72 and a = 00  u s i n g  v o r t e x  pane ls  o n l y  
on t h e  a i r f o i l  sur face .  
and a 64x60 f i e l d  elements around t h e  a i r f o i l .  The s o l u t i o n s  show t h e  s u r f a c e  
p ressu re  u s i n g  two s i z e s  o f  t h e  computa t iona l  domains; 2x1.5 and 3x2.5. I n  F i g u r e  18, 
we repeat  t h e  same t e s t  f o r  a l i f t i n g  case o f  t h e  same a i r f o i l  a t  M = 0.63 and 
a = 20.  
g i v e s  as accu ra te  s o l u t i o n s  as those  o f  t h e  3x2.5 computa t iona l  domain. 

We used a to ta1 "o f  140 v o r t e x  pane ls  on t h e  a i r f o i l  s u r f a c e  

The r e s u l t s  o f  these two cases show t h a t  a computa t iona l  aomain o f  2x1.5 

0 .2  .4 .6 .8 1.0 
l/C 

Fig.  17 E f f e c t  cf the Computational 
Size, Surface Vortex Panels, 
0012, M,=0.72, a=Oo. 

Doma i n 
NACA 

F ig.  1 

.6 
I I I I I 1 

.6 .P 1 .o .2 . 4  C 
X i  I' 

.8 E f f e c t  o f  the Computational Domain 
Size, Surface Vortex Panels, NACA 
0012, Mm=0.63, a=2O. 



SHOCK- FR EE FLOW 

The second numer ica l  t e s t  i s  aimed a t  comparing t h e  r e s u l t s  o f  t h e  IF s o l u t i o n  

F i g u r e  19 shows t h e  r e s u l t s  o f  t h i s  t e s t  f o r  t h e  NACA 0012 a i r f o i l  a t  
u s i n g  v o r t e x  pane ls  o n l y  and source panels  o n l y  w i t h  t h e  s o l u t i o n  o f  E u l e r  
equat ions5.  
M = 0.7 and a = 00. The computa t iona l  domain i s  2x1.5, and t h e  same numbers o f  
s u r f a c e  pane ls  and f i e l d  elements as those  o f  F i g u r e  17 have been used. 
t h a t  t h e  IE s o l u t i o n  w i t h  s u r f a c e  v o r t e x  panels  i s  s u p e r i o r  t o  t h a t  o f  t h e  source 
panel  s. 

OD 

It i s  c l e a r  

- O C J  1 
5 

panels 

- - - fuler 
0 0 0 h e s e p t  v i t h  vcrtex 

cP 

A A 0 Present w i t h  source - . 6  

- . 4  

- .2  

0 . 0 3  Q 
8 

:2* *I .6 

A 
@ 
A 
0 
A 
0 

1 .O 

0 .2 .4 .6 .8 1 .O 
X / C  

F i g .  19 Comparisons o f  IE S o l u t i o n  w i th  
Sur face  Vor tex  Panels and Sur face 
Source Panels w i t h  E u l e r  Solut ion, 
NACA 0012, M,,=0.72, a=Oo. 
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TRAF!S@NIC FLOW 

F i rs t ,  we present a numerical t e s t  case t o  show the effect  of introducing the 
Figure 20 shows a comparison shock panels and the i r  f i t t i n g  as explained ear l ie r .  

between the shock capturing resul ts  and the SCSF-scheme results for the PJACA 0012 
a i r fo i l  a t  Moo = 0.8 and a = 00. 
shock, as expected, with th i s  relatively coarse grid. Next, we compare the SCSF- 
scheme with the experimental d a t a  and  other computational results.  Figure 21 shows 
the resul ts  of the SCSF-scheme for  NACA 0012, 11- = 0.8 and a = 00, along with 
comparisons with the computational results of Garabedian, Korn and Jameson6 a n d  the 
experimental d a t a  taken from reference 7. The SCSF-scheme took 12 i terat ion cycles 
of shock capturing (SC)  a n d  13 cycles of shock f i t t i n g  ( C F )  t o  achieve convergence. 

I t  i s  clear t h a t  the SCSF-scheme sharpens the 

1 - i .r. 
0 0  Present 

panels 
w i t h  shock 

cP 

.B -.f C . z  .I x/c .6 .e 1.0 

Fig. 20 Shock Capturing vz. SCSF-Scheme, 
NACA 0012, Mm=0.8, a=Oo. 

- ' * O  1 
-.e 

-.6 

-.4 

-.2 

Garabedian, e t  a1.' (FP) Q 
Experiment 
Experiment 

cp 0.0 

.2 

.4 

o CJ o Prcscnt ( S C S F )  

.e O 6  1 0 .2 .4 .6 .8 1 .o 

x/c 

Fig.21 Integral E q u a t i o n  Solution w i t k  
SCSF-Scheme, NACA 0012, Mm=0.8, 
a=O . 0 
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TRANSONIC FLOW 

.a 

F 
ccmpa r 
volume 
scheme 
a grid 
i t e r a t  
domain 

t t  

gure 22 shows the resul ts  of the IFFE-scheme for the same case along with a 
son w i t h  the computational results of Jameson8, who also used the f in i t e -  
Fuler scheme with four-stage Runge-Kutta time stepping. 

of 25x30. 
ons t o  achieve a residual error of 
boundary conditions. 

In the present I E E E -  
the embedded Euler domain has a s ize  of 0.5x0.6 around the shock region w i t h  

This case took 10 i terat ion cycles of CCC, 250 times cycles of Euler 
and 5 IE cycles t o  update the Euler 

- ' * O  1 

F i  g. 22  Integra  1 Equation w i  t h  Embedded- 
Euler  Domain Solution, NACA 0012, 
Mm=0.8, a=Oo. 
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I TRANSONIC FLOW 

F i g u r e s  23 and 24show t h e  r e s u l t s  o f  t h e  SCSF-and IEEF-schemes f o r  PPCA 64A010A, 
M 00 = 0.796, (x = 00 
Bland and Seidel ’  who used t h e  TSP-equation, and t h e  exper imenta l  da ta  taken  f rom 
r e f e r e n c e  9. Wi th t h e  SCSF-scheme, t h e  numbers o f  SC and SF i t e r a t i o n  c y c l e s  t o  
achieve convergence are  t h e  same as those  o f  t h e  case presented i n  Figure- ’21.  
t h e  IEEE-scheme, t h e  embedded E u l e r  domain has a s i z e  o f  0.7x0.6 w i t h  a g r i d  s i z e  o f  
35x30. T h i s  case, F ig .  24, t ook  10 i t e r a t i o n  c y c l e s  o f  SC, 130 t i m e  c y c l e s  o f  E u l e r  
i t e r a t i o n s  t o  achieve a r e s i d u a l  e r r o r  o f  l o s 3  and 3 I E  c y c l e s  t o  update t h e  E u l e r  
domain boundary c o n d i t i o n s .  

a long  w i t h  comparisons w i t h  t h e  computat ional  r e s u l t s  o f  Edwards, 

W i t h  

- ’ * O l  

c9 

.e 
0.0 .2 .4 . .6 .B 1.0 

x/c 

-“1 

\ 

-- Eduarda e t  01 upper9 (TSP) 

Eduards e t  01 l a u e r 9  (TSP) 
E/pcrioental upper9 

Present upper (IEEE) 
Present l w c t  ([PEL) 

B 
- .. - E r p e r l r e e ~ ~ ~ t l  lover  9 

I I .8 1 1.0 1 
.4 .6 

x/c 

F ig .  23 I n t e g r a l  Equat ion S o l u t i o n  w i t h  Fig. 24 I n t e g r a l  Equat ion w i t h  Embedded- 
SCSF-Scheme, NACA 64A010AS Eu ler  Domain So lu t ion ,  NACA 64A010Ap 
M =0.796, a=Oo . Mm=0.796* a=Oo. 
a0 
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TRANSONIC FLOW 

F igu res  25 and 26 show t h e  r e s u l t s  o f  t h e  SCSF- and IEEE-schemes f o r  t h e  l i f t i n g  
case o f  NACA 0012, Moo = 0.75 
Steger  and LomaxlO, and t h e  exper imenta l  da ta  taken f rom t h e  same reference.  
s i z e  o f  t h e  g r i d s  and t h e  number o f  i t e r a t i o n  cyc les  used t o  achieve convergence a r e  
t h e  same as those o f  t h e  cases g i v e n  i n  F igu res  2 1  and 22. 

and a = 2 0  a long  w i t h  t h e  computat ional  r e s u l t s  o f  
The 
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I TRANSONIC FLOW W I T H  STRONG SHOCKS 

For s t r o n g e r  shocks t h a n  those  considered above t h e  I E  computat ional  domain i s  
extended i n  t h e  l o n s i t u d i n a l  and l a t e r a l  d i r e c t i o n s  and so i s  t h e  embedded E u l e r  
compu ta t i ona l  domain. The E u l e r  domain i s  extended beyond t h e  t r a i l i n g  edge t o  a l l o w  
f o r  t h e  v o r t i c i t y  t o  be shed downstream where t h e  o v e r l a p p i n g  r e g i o n  w i t h  t h e  I E  
e q u a t i o n  e x i s t s .  
embedded F u l e r  domain. 

F i g u r e  27 shows a t y p i c a l  computat ional  domain w i t h  d e t a i l s  o f  t h e  

Fig.  27 Embedded Euler  Domain and Gr id  f o r  
Strong Shocks. 
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TRAt ' !SONIC FLOW t!ITH STRCNG SHOCKS 

F i y r e  28 shows t h e  r e s u l t s  o f  t h e  IEEE f o r  VACA 0012, r l  = 0.812 and C( = 00 
QD 

a long  w i t h  t h e  exper imenta l  da ta  o f  r e f e r e n c e  7. r e s u l t s  o f  t h e  
IEEE f o r  NACA 0012, I! = @.82 and a = @ o  a r e  shown a long  w i t h  t h e  three-d imensional  
s o l u t i o n  a t  t h e  wing r o o t  chord o f  Tseng and !?orino12, who use t h e  IE f o r  t h e  TSP, 
and t h e  r e s u l t s  of r e f e r e n c e  11. The s i z e  o f  t h e  embedded E u l e r  domain f o r  t hese  
cases i s  0.8x0.8 and i t s  g r i d  s i z e  i s  40x40. 

In F igu re .29 ,  t h e  
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Fig. 28 I n t e g r a l  Equation w i t h  Embedded- 
Euler  Domain Solut ion,  NACA 0012, 
Mm=0.812, a=Oo. 
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x/c 

Fig .  29 I n t e g r a l  Equat ion  w i t h  Embedded- 
Euler Domain S o l u t i o n ,  NACA 0012, 
Mca=0.82, a=Oo. 
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TRP.HSOf'JIC FLOW WITH STR@F!C; SHOCKS 

F i g u r e  30 shows t h e  r e s u l t s  o f  t h e  IEEE f o r  NACA 0012, C1 m = 0.84 and C( = O0 
a long  w i t h  comparisons w i t h  t h e  n o n i s e n t r o p i c  FP-so lu t i on  o f  Whit low, e t  a1 .13 and 
t h e  E u l e r  e q u a t i m s  s o l u t i o n  o f  Jarnesone. 
t h i s  case i s  1.5x1.0 and i t s  g r i d  s i z e  i s  60x40. This  case took  10 I E  i t e r a t i o n ,  300 
t i m e  c y c l e s  o f  E u l e r  i t e r a t i o n s  and 3 I E  c y c l e s  t o  update t h e  E u l e r  domain boundary 
c o n d i t i o n s .  

The s i z e  o f  t h e  embedded E u l e r  domain f o r  
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Fig. 30 Integral Equation w i t h  Embedded- 
Euler Domain Solut ion,  NACA 0012, 
MaD=0.84, a=Oo. 
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4. Concluding Remarks 

0 Two Nethods have been Presented f o r  I n v i s c i d  Transonic  Flows: 
- 
- I n t e g r a l  S o l u t i o n  o f  F u l l - P c t e n t i a l  Equat ion w i t h  and w i t h o u t  Embedded E u l e r  

Unsteady E u l e r  Equat ions i n  a R o t a t i n a  Frame o f  Peference f o r  Transonic-Vor tex 
F1 ows. 

Domains f o r  Transonic  A i r f o i l  Flows. 

0 The Computat ional  R e s u l t s  Covered: 

- Steady and Unsteady Conica l  Vor tex Flows 

- Three-Dimensional Steady Transonic  Vor tex F1 ow 
- Transon ic  A i r f o i l  Flows 

0 The R e s u l t s  a r e  i n  good agreement w i t h  Other Computat ional  R e s u l t s  and 
Exper imenta l  Data. 

0 The R o t a t i n g  Frame o f  Reference S o l u t i o n  i s  P o t e n t i a l l y  F f f i c i e n t  as Compared 
w i t h  t h e  Space-Fixed Reference Fo rmu la t i on  w i t h  Dynamic Gr idd ing .  

0 The I n t e g r a l  Equat ion S o l u t i o n  w i t h  Embedded E u l e r  Domain i s  C c m p u t a t i o n a l l y  
E f f i c i e n t  and as Accurate as t h e  E u l e r  Equat ions.  

0 C u r r e n t l y  t h e  R o t a t i n g  Frame o f  Reference Eule So lve r  i s  App l i ed  t o  Three- 
Dimensional  Unsteady Transonic-Vor tex Flows. The IEEE-Ccheme i s  Being Extended 
t o  t h e  Unsteady Transonic  A i r f o i l  C a l c u l a t i o n s .  
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