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Labeled Trees and the Efficient Computation of Derivations

Robert Grossman* and Richard G. Larson!
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1 Introduction

This paper is concerned with the effective par-
allel symbolic computation of operators under
composition. Examples include differential oper-
ators under composition and vector fields under
the Lie bracket. In general, such operators do not
commute. An important problem is to find effi-
cient algorithms to write expressions involving
noncommuting operators in terms of operators
which do commute. If the original expression
enjoys a certain symmetry, then naive rewriting
requires the computation of terms which in the
end cancel. In [8], we gave an algorithm which
in some cases" is ex‘ponentlally faster than the

.naive expansion qf the noncommutating opera-
_tors. The pufpose of this paper is show how that
algorithm can be naturally parallelized.

In Section 2, we give a careful statement of
the problem. In Section 3, we discuss data struc-

tures consisting of formal linear combinations of

rooted labeled trees. We defime a multiplication
on rooted labeled trees, thereby making the set of
these data structures into an associative algebra.

We therr define an algebra homomorphism from

the original algebra of operators into this alge-
bra of trees. In Section 4, wedescribe an alge-

bra homomorphism from the algebra of trees into
the algebra of differential operators. The cancel- '
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lation which occurs when noncommuting opera-
tors are expressed in terms of commuting ones
occurs naturally when the operators are repre-
sented using this data structure. Thisleads to an
algorithm which, for operators which are deriva-
tions, speeds up the computation exponentially

in the degree of the operator. This is described

in Section 5. Sections 3-5 follow the treatment
of [8]. In Section 6, we show how the algebra of
trees leads naturally to a parallel version of the
algorithm. ! =

Hereis a congrete example of the type of com-
putations we aré concerned with. Fix_ three vec-
tor fields El,Eg,Ea in RV with polynomlal co-
efﬁcxents al b

N 5 -
i o
E, Z aia—:z:J

=1

i forz_123

Considering the vector. ﬁeldg as first-order dif-
ferential operators, it is natural to form higher-
order differential operators from them, such as
the third- order differential operator

EsE\Ey — EgFn B + ELEzﬂs

Writing this differential operator in terms of the
0/0zy,...,08/0zy yields a first-order differential
operator | because of the symmetry of the expres-

* 'sion p causes all second- and t}urd prder terms

to cancel. _ X

In this paper we analyse an ilgorit}fgl for ex-
pressing differential operators p in ternig of the
commuting derivations 8/9zy, ..., 0/dzy in
such a way that second and third order terms
which cancel are not computed. In the example
above, the naive computation would require the
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computation of 24 N3 terms, while the algorithm
we describe here would involve just the compu-
tation of the 6 N3 terms which do not cancel.

We conclude this introduction with some re-
marks.

1. In actual applications expressions possessing
symmetry arise more often than not. For ex-
ample, Lie brackets of vector fields possess
a great deal of symmetry. The algorithm
we discuss is designed to take advantage of
such symmetries, if they are present, with-
out the necessity of explicitly identifying the
symmetries.

2. Once a set of data structures has been given
an algebraic structure, it becomes natural
to view algorithms concerned with simplifi-
cation as simply the factoring of a map into
the composition of a map into the algebra of
these data structures, and a map from this
algebra. This is the simple idea which is at
the basis of the algorithm we describe. We
expect that this idea will find application
elsewhere.

3. See [4] and [3] for previous work on the sim-
plification of expressions. See [9] and the
references contained there for previous work
on parallel symbolic computation.

2 Higher-order derivations

In this section we give a careful statement of the
problem and state the main result. Let R be a
commutative algebra with unit over the field k.
(Throughout this paper £ is a field of character-
istic 0.) A derivation of the algebra R is a linear
map D of R to itself satisfying
D(ab) = aD(b) + bD(a), for all a,b € R.

Let Dy, ..., Dy be N commuting derivations of
R, thatis,fori,5=1,..., N,

D;Dja = D;D;a, for all a € R.

Suppose that we are also given M derivations E,,
..., Epr of R which can be expressed as R-linear

combinations of the derivations D;; that is, for
i=1, ..., M,

N
E;=>" a5 Dy, where o} € R. (1)
=1

We are interested in writing higher-order deriva-
tions generated by the E;, ..., Ej in terms of
the commuting derivations Dy, ..., Dn. More
formally, let k<Fji,..., Erp> denote the free as-
sociative algebra in the symbols Ey, ..., Ear and
let Diff(Dy,...,Dn; R) denote the space of for-
mal linear differential operators with coefficients
from R; that is, Diff(Dy,..., Dy; R) consists of
all finite formal expressions

N N
Z au, Dy, + z Auypp Dy Dy + -+

=1 p1,u2=1

where a,,, @, 4,, ... € R. We let
X :k<Ey,...,Ep> — Diff(Dy,...,Dn; R)

denote the map which sends p € k< F},..., Ear>
to the linear differential operator x(p) obtained
by performing the substitution (1) and simplify-
ing using the fact that the D, are derivations of

R.
Suppose p € k< E,...,Ex> is of the form

i
p=>_pi
=1

where each term p; is of degree m. The naive
computation of x(p) would compute x(p;), for
i=1,...,{. This would yield Im! N™ terms. As-
sume Costa (p), the cost of applying algorithm
to simplify p € k<Ey, ..., Ear>, is proportional
to the number of differentiations and multiplica-
tions. Then

COStNAIVE(p) = O(lm m! Nm)

In Section 5, we describe an algorithm which pre-
processes an expression p in such a way that any
terms which cancel after the substitution (1) are
not computed. We show:

Theorem 1 Assume that



(i) p is the sum of | = 2™~ terms, each ho-
mogenous of degree m;

(ii)) L = x(p) is a linear differential operator of
degree 1.

(iti)) m, N — oo in such a way that 2™ ?m <
N™,

Then

COStBETTER(P)zo( 1 )
Costnave(p) m2m-1/"

In Section 6, we describe how this precomputa-
tion can be done as a parallel computation.

Observe that a Lie bracket of degree m on RV,
for large enough N, satisfies the hypotheses of
the theorem.

3 Trees and differential opera-
tors

In this section we describe the connection be-
tween algebras and trees which is essential for
the description of the data structures which we
use in the next section, and for the analysis of
the algorithms which use those data structures.

By a tree we mean a rooted finite tree [10]. If
{E1, ..., Ep} is a set of symbols, we will say a
tree is labeled with {E;, ..., Eyp} if every node
of the tree other than the root has an element

of {E1, ..., Em} assigned to it. We denote the
set of all trees labeled with {Ey, ..., Ep} by
LT(Er, ..., Em). Let K{LT(Ey, ..., Em)} de-

note the vector space over k with basis LT(F,,
..., Ep). We show that this vector space is a
graded connected algebra.

We define the multiplication in k{LT(Ey, ...,
Er)} as follows. Since the set of labeled trees
form a basis for k{L7T(Ey, ..., Epm)}, it is suffi-
cient to describe the product of two labeled trees.
Suppose ¢; and t; are two labeled trees. Let s,
..., 8 be the children of the root of ¢;. If ¢, has
n+1 nodes (counting the root), there are (n+1)"
ways to attach the r subtrees of ¢; which have s,
..., 8, as roots to the labeled tree ¢; by making
each s; the child of some node of t;, keeping the
original labels. The product ¢,{; is defined to be
the sum of these (n + 1)" labeled trees. It can be

shown that this product is associative, and that
the tree consisting only of the root is a multi-
plicative identity; see [5].

We can define a grading on kK{LT(E,, ...,
Exr)} by letting k{LT,(E1, ..., Ea)} be the
subspace of k{LT(E1, ..., Er)} spanned by the
trees with n + 1 nodes. The following theorem is
proved in [6].

Theorem 2 k{LT(E,, ..
connected algebra.

If {Ey, ..., Epm} is a set of symbols, then the
free associative algebra k<FE;, ..., Ea> is a
graded connected algebra, and there is an alge-
bra homomorphism

¢:k<Ey,...,Epm>— K{LT(E\,...,En)}.

The map ¢ sends E; to the labeled tree with two
nodes: the root, and a child of the root labeled
with E;; it is then extended to all of k< Ey, ...,
Ep> by using the fact that it is an algebra ho-
momorphism.

We say that a rooted finite treeis heap-ordered
in case there is a total ordering on all nodes in
the tree such that each node procedes all of its
children in the ordering. We say such a tree s la-
beled with {E1, ..., Ear} in case every element,
except the root, has an element of {E, ..., Ea}
assigned to it. Let k{LHOT(E,...,En)} de-
note the vector space over & whose basis consists
of labeled heap-ordered trees. It turns out that
k{LHOT(E,,...,Eum)} is also a graded con-
nected algebra using the same multiplication de-
fined above. See [6] for a proof of the following
theorem.

., Earr)} is a graded

Theorem 3 The map

$:k<Ey,...,Epq>— k{LHOT(E,,...,Er)}
is injective.

4 Simplification of higher or-

der derivations

In this section we define a map
Y k{LT(E,,...,Ex)} — Diff(Dy,...,Dn; R).

We do this in several steps.



Step 1. Given a labeled tree t € LT, (Fy, ...,
Er), assign the root the number 0 and
assign the remaining nodes the num-
bers 1, ..., m. From now on we iden-
tify the node with the number assigned
to it. Let & € nodest, and suppose
that {,...,0 are the children of k. Fix
iy, My With

1< m,...,up <N
and define

Rt(k;,ula"‘nu’l') = Du_l"'Du‘,a:“:
if k is not the root
= Dy Dy,

if k is the root .

We abbreviate this to R:;(k) or R(k).
Observe that R;(k) € R for k > 0.

Step 2. Define

N

VOEIEEDY

H15 ooy Hm=1

R(m)--- R(1)R(0).

Step 3. Extend ¢ to all kK{LT(E1,..., Enp)} by
K-linearity.

The next three propositions describe funda-
mental properties of the map ¢. Note that the
next proposition is an example of simplification
by factoring x through the set of labeled trees:
we will see that often 1) and ¢ together are
cheaper to compute than y.

Proposition 4 (i) The map ¥ is an algebra
homomorphism.

(iz)
X=v%og.

ProoFr: The proof of (i) is a straightforward ver-
ification and is contained in [7]. Since x and o¢
agree on the generating set Ey,..., Ep, part (ii)
follows from part (i).

5 The cost of computing

derivations

In this section, we briefly review the discussion in
[8] on the work required to write an expression
composed of noncommuting operators in terms
of commuting operators. This will prepare us for
the next section in which we consider the cost
to simplify such expression given several pro-
cessors. We make the following asssumptions:
p € k<Ey,...,Ep> is of the form

{
p=)_pi
=1

where each term p; is of degree m; the cost of
a multiplication is one unit and the cost of a
differention is one unit; the cost of an addition
is zero units; and the cost of adding a node to
a tree is one unit, so that the cost of building a
tree t € LT (Ey, ..., Eap) is m units.

Im!N™

Proposition 5 (i) x(p) contains

terms.

(it) The cost of computing x(p) is 2lmm! N™.

ProoOF: Suppose p; is of the form E, ---E,,,
for some indices 1 < 7, ..., ¥m < M. Then

x(pi) is equal to

N N
(Y atmDy,) (D ahiDy,).

pm=1 u1=1

After expansion there are m!N™ terms, each of
which involves m differentions and m multiplica-
tions.

Proposition 6 The cost of computing ¢(p) is
Imm!.

ProoF: A monomial of degree m is sent to the
sum of m! labeled trees under the map ¢. This
follows easily by induction and is contained in [5].
By the assumptions above the cost of construct-
ing a labeled tree with m nodes (in addition to
the root) is m units. Therefore the total cost is
Imm!.



Proposition 7 Let o0 = ¢(p), and denote by |o|
the number of labeled trees with non-zero coeffi-
cients in 0. Then the cost of computing (o) is
2m|o|N™.

Proor: Fix a labeled tree

t € LTm(En, ..., Ep).

From the definition of the map ¥ we see that the
cost of computing (%) is 2mN™, and hence the
total cost is 2m|o|N™.

Combining these three propositions gives

Theorem 8 Under the assumptions above, the
cost CostnaTve(p) of computing

i
x(@) =Y x(pi)
=1

is 2lmm! N™, while the cost CostpeTTER(P) Of
computing
L =40 ¢(p)

s lmm! 4 2m|o|N™.

Theorem 1 now follows.

6 Computing derivations with
several processors

In the previous sections, we have shown how
trees are naturally associated with the symbolic
computation of higher order derivations. In this
section, we show how trees also lead to natu-
ral parallel algorithms for symbolic computation.
Rather than try to state and prove the sharpest
results, we are content to state and prove an il-
lustrative theorem of this type.

The problem is to rewrite the expression p €
k<Ey,...,Ep> in terms of commuting opera-
tors when several processors are available. As
usual let x(p) € Diff(Dy,..., Dn; R) denote the
resulting linear differential operator. Make the
following asssumptions:

1. p € k<FEy,...,Ep> is of the form

{
p=> pi
=1

where each term p; is of degree m.

2. The cost of a multiplication or addition is
one unit and the cost of a differentiation is
one unit; the cost of adding a node to a tree
is one unit, so that the cost of building a
treet € LT, (Ey, ..., Err) is m 4 1 units.

3. We assume that p € k< E;,..., Exr> isin
its simplest form; in other words, any term
E, . ---E, appears at most once.

4. We assume that there is one processor avail-
able for each labeled tree which arises in the
computation.

Notation. Each term p; inp € k< Eq, ..., Far>
is of the form

C,‘E’ym "'E'yn c; € k.
LabelIndex is defined to be an index taking val-
ues between 1 and m. If LabelIndex = j, then
we denote by LabellIndex(p;) the label Ly in
the term p; of p. In the precomputation, we as-
sign one processor for each rooted labeled tree

in LT(Ey,...,Ep). Each processor u has the
following data structures associated to it:

1. for each label E; € {Ey,...,En}, alist of
processors, denoted ProcessorList(F;) or
ProcessorList(u)(E;);

2. an array TermCount containing counters
such that TermCount(u)[i] gives the num-
ber of times that term p; in the polynomial
p € k<FEi, ..., Ep>, has contributed to
the tree u;

3. a variable TreeCoefficient(u), which will
be used to store the coefficient % of the tree

tin o = ¢(p).

We say that the processor u = u; is aclive in
case Y!_; TermCount(u)[i] > 0. In other words,
a processor u = u;, where t € LT (Ey,. .., En),
is active in case its TermCount array has some
positive entry.

We begin by describing a precomputation.

Step 1. We associate a processor u = u; to each
tree in LT (Ey,...,Ep), for k=1,...,m.



Step 2. Let u; be the processor assigned to the
tree t € LT(Ey,...,Enm), for £ < m, in
Step 1, with labels E.,,...,E,,. Let E,, |
be a label. The tree ¢ yields k£ + 1 trees la-
beled with E,,_,..., E, which arise by at-
taching the node labeled E,, , to the treet
in all possible ways. Since these are labeled
trees, they have already been assigned a pro-
cessor by the step above. Let uy, ..., ug41
denote these processors. In this step, we cre-
ate the list ProcessorList(E,,, ,u) con-
taining the processors uy,...,uks1. We do

this for each label E,, | € {Ey,..., Ep}.

We give the algorithm to do the parallel com-
putation of ¢ in Figure 1. We make two remarks.
First, write conflicts are possible in Step 2 of
the algorithm. Indeed, consider the addition of
TermCount(u)[t] to TermCount(u')[¢] by proces-
sor u. Suppose that processor u’' is associated
with tree ¢’. Then the number of possible incre-
ments of TermCount(u')[¢], if v’ is associated with
a tree with k + 1 nodes, is at most &. This is be-
cause one processor is associated with each tree
that arises by deleting one leaf from . A pro-
cessor associated with a tree with £ nodes will
access the element TermCount(u)[i] of k other
processors. Therefore a processor u will need
to wait at most Im cycles to access the entry
TermCount(u')[i], and will need to access at most
m such entries for each z.

Second, using Brent’s algorithms for the par-
allel computation of arithmetic expressions [1],
it is possible to compute %(t) in parallel. Let
o = ¢(p) and recall that the number of op-
erations to compute (o) is O(m|o|N™) by
Proposition 7.  Therefore, given sufficiently
many processors, ¥(c) can be computed in time

O(logy(m |a|N™)).

Proposition 9 The cost of computing ¢(p) ac-
cording to the algorithm in Figure I is O(I*m3).

Proor: Step 0 and Step 3 take time O(!). Step 1
takes time O(1?). If t € LT (E, ..., Em) and
u = uy, then the following estimate holds for the
inner loop of Step 2. The outer loop is repeated
m times. The next sequential loop is repeated
[ times. Since the length of ProcessorList is

(* Step 0 %)
for each processor © do simultaneously
fori:=1tol do
TermCount(u)[i] := 0;
end;
end;

(* Step 1 %)
LabelIndex := I;
fori:=1to! do
TermCount(u;)[t] := 1;
end;
(* In Step 1, u; denotes the tree with two nodes,
in which the node other than the root is
labeled with LabelIndex(p;). *)

(* Step 2 ¥)
for LabelIndex := 1 to m — 1 do
for each active processor u = u; for which
t has LabelIndex + 1 nodes do simultaneousl;
fori:=1to!ldo
for all u' € ProcessorList(LabelIndex(p;),
TermCount(u')[7] := TermCount(u')(]
+TermCount(u)[i];
end;
end;
end;
end;

(* Step 3 *)
for each active processor u = u; for which
t has m + 1 nodes do simultaneously
TreeCoefficient(u) := 0;
fori:=1to!l do
TreeCoefficient(u) := TreeCoefficient(u)
+¢; * TermCount(u)|[é];
end;
end;

Figure 1: The Parallel Computation of ¢.



at most m, the next sequential loop is repeated
at most m times. By the first remark above,
each of the at most m iterations of this loop will
need to wait at most Im time units to execute.
Therefore the total execution time for Step 2 is
bounded by O(I?m?®). This completes the proof
of the proposition.

Recall that by Proposition 6, ¢(p) can be com-
puted in serial time O(Im m!). Comparing this
to the cost of the algorithm above gives

Theorem 10

Costgerial :i)-algorithm(p) =0 (L’I’T_&i)

COStp&rallel ¢»—a]gorit,hm(p) B m!
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