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the wall. The solutions of the zeroth order equations reproduce the results of the
usual Israel thin wall approximation for domain walls. The solutions of the first
order equations provide corrections to the expressions for the stress-energy of the
wall and to the Israel thin wall equations. The modified thin wall equations are

then used to treat the motion of spherical and planar domain walls.

{NASA-CR-136078) CORRECTIGNS TN THE THIN N90-13274
WALL APPROXIMATION IN GENERAL RELATIVITY
(Fermi National Accelerator Lab.) 18 p
CSCL 20C unclas
G3/1T 0243094

* ;r_;sent address: Department of Physics, University of California, Santa Barbara, CA
93116.

# Operated by Universities Research Association Inc. under contract with the United States Department of Energy



1. INTRODUCTION

-

There has recently been renewed interest in the properties of domain walls in general
relativity. Most of the work thus far has used the thin wall approximation of Israel 1 treat-
ing the walls as idealized zero thickness objects. However, recent work of Raychaudhuri
and Mukherjee? has cast some doubt on the applicability of the thin wall approximation
to domain walls. If the thin wall approximation applies to domain walls, then thick domain
walls should have a zero thickness limit that reduces to the Israel thin wall formalism. For
instance, the consistency of the Israel formalism requires that the stress-energy tensor of a
zero thickness wall have no components that are normal to the wall; however, the work of
Raychaudhuri and Mukerjee indicates that thick domain walls do have components that
are orthogonal to the wall. Unless these components vanish in the zero thickness limit, the
thin wall approximation is not applicable to domain walls. It has been shown by Geroch
and Traschen3 that a regular zero thicknes limit requires the vanishing of these orthogo-
nal components; but it is not clear that the equations describing thick domain walls are

compatible with a regular zero thickness limit.

This potential conflict was resolved by Widrow in the case of domain walls with planar
symmetry 2, Widrow treats the Einstein-scalar equations for a gravitating domain wall
assuming that the solution has planar symmetry, but places no restrictions on the thickness
of the wall. He then takes the zero thickness limit of his solution and shows that the
orthogonal components of the stress-energy tensor become negligible in that limit and that

the solution reduces to the Vilenkin 3-Ipser-Sikivie® zero thickness domain wall solution.

In this paper we treat the gravitating domain walls of a A¢* theory, making no as-
sumption of symmetry for the solutions. We treat only walls whose thickness is small
compared to their radius of curvature. In such a way, we hope to address the problem of
the zero thickness limit for arbitrary domain walls. Section two introduces the notation

and the equations for these walls. In section three we expand the equations in powers of
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the thickness of the wall. We show that the zeroth order equations reproduce all the results
of the Israel thin wall formalism for domain walls including the usual expression for the
domain wall stress-energy tensor. We then find the first order corrections to the stress-
energy of the wall and to the wall’s equation of motion. Section four contains a treatment
of spherical and planar walls using the corrected equations of motion. Our conclusions are

presented in section five.

2. EINSTEIN-SCALAR EQUATIONS

In an attempt to model the behaviour of a thick domain wall we will consider the Ag?

kink, i.e. walls made of a real scalar field ¢ with Lagrangian

L =-1VegVi — A(g? —n%)’, (2.1)

where ) and 7 are constants, (we use units where G = ¢ = 1). From the Lagrangian we

have the equation of motion
VoV — 4Xg(¢? —7%) =0, (2:2)
and the stress-energy tensor

Tos = VadVsd — boan(VesVo0 + 2087 —n2)?) . (2:3)

A wall is characterised by the presence of two or more asymptotic regions in which ¢
attains seperate vacuum expectation values, the boundary between such regions being the
domain wall. For example, in flat space we could have ¢ — +n as z — foo where z is the

usual Cartesian coordinate. Defining the quantities € and o for future convenience by

1
V2

2 n,
va2Xq?, (2.5)

€=

(2.4)

W i

o=
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we may write one solution of equation (2.2) as 7
¢ = ntanh(z/¢) . (2.6)

This solution represents an infinite planar domain wall centered at z = 0. From equation

(2.3) it follows that the stress-energy tensor of this solution is

3 o

Typ=— = ———F——~
ab 4 € cosh®(z/e)

(9ab — VazVpz) . (2.7)

This shows that ¢ represents the energy per unit area of the wall and that the stress-
energy tensor has no components orthogonal to the z = const. surfaces. We also see that
the energy density is strongly peaked around z = 0, and has an effective cutoff at z = «.

We can thus think of € as the effective thickness of the wall.

This is the solution for a flat domain wall in a flat spacetime; we however are interested
in curved gravitating walls. In order to investigate these, we will assume that the radii of
curvature of the wall are much larger than its thickness. We may therefore expect that
locally the wall will resemble the planar non-gravitating wall. Let £ be the surface on
which ¢ = 0. Then we suspect that ¢ and the metric components are quickly varying
in directions orthogonal to & and slowly varying in directions tangential to £. Thus we
would like to split the field equations into their components orthogonal and tangential to

Y. We use the Gauss Codazzi formalism to achieve this aim.

Let n% be a unit geodesic vector field orthogonal to £. We wish to define an analog
of the Cartesian coordinate z for the curved gravitating wall and do so as follows: let z
be the length parameter along the integral curves of n%. Each z = const. surface then has

unit normal ng, intrinsic metric hyy and extrinsic curvature K, given by
Vaz =ngqg, (2.8)

hab = gab — TaMp (2.9)
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Kab = hachnb = Vanb .

(2.10)

We may now write the coupled Einstein-scalar equations as differential equations for

hay, Kap and ¢. (This is essentially a spacelike analog of the usual “3 + 1” formal-

ism for Einstein’s equation).

Define D, and (S)Rab to be respectively the derivative operator and Ricci tensor asso-

ciated with h,y. From equations (2.9,10) it follows that
Lphay =2Kg

where Ly, is the Lie derivative with respect to the vector field n®.

Now, the Gauss-Codazzi equations for the wall imply

(3)
Rae = hPah%Ryg — Rapean®n® + K Kac — KapKPc -

-t TR

Rapean?n® = nd(VeVy — VgVe)na

! | = Kda,ch — LnKge

(3).Rac == hbahchbd + LnKac + KKac - 2Kabec .

.12) we may also deduce
Racnanc = —LnK "‘ 7kﬁcKac y

larly, that

Rabnah’be = RcadbnathQCd
= (VgKpe — VoKoa)hPeg™
!
1 = DcKce - DeK .

rom (2.13) and (2.14), we may deduce that

R - R+ K.oK% + K2 4+ 2L,K .

(2.11)

(2;12)

(2.13)

(2.14)

(2.15)

(2.16)
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Having now split the curvature tensor into its perpendicular and parallel components,

we may use Einstein’s equation and the expression (2.3) for the stress-energy tensor to find

8K
_a:_b DR+ 2K K% — KKg — 8mDagpDyp — 8¢ —1°)hap . (2:17)

Equation (2.2) becomes

2
9 4 K3t + DaD% — arg(¢? —n") = 0. (2.18)

Equations (2.11,17,18) are equivalent to the Einstein-scalar equations.

Define the variable u and the field X by
u=z/e, (2.19)

X =¢/n. (2.20)

Note that for the flat non-gravitating wall, ¢/n is a smooth function of z/e even in the
¢ — 0 limit. Since the curved wall should locally resemble the flat wall, we expect that
X is a smooth function of u even as e — 0. Define the zero thickness limit of the wall to
be the limit € — 0 with o remaining fixed. We assume that X, hg; and K,y are smooth
functions of u even in the zero thickness limit. Writing equations (2.11,17,18) in terms of

¢ and quantities that are smooth in the zero thickness limit we obtain

Bhap

=2¢eKy, , (2.21)
a;{:b = —3r0(X2—1)2hyy + e "Ry + 2KacK®y — KKgp) — 6me’cDaX Dy X , (2.22)
X 2 X 9

For any quantity S let S, denote S|._o and let $ denote &5 . Then for small ¢, S is
0 =0 e

e=0
well approximated by S, + ¢S. By evaluating equations (2.21-23) and their derivatives at

¢ = 0 we hope to obtain approximate equations for hgp, Kqp and X.
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3. ZEROTH AND FIRST ORDER EQUATIONS

We begin by evaluating equations (2.21-23) at € = 0:

Ohyap

=0 3.1
fash _ o, (3.1)
8 K_a 2
_a_:“_ = —3ro(X2-1)" Ry, (3.2)
8% X
st = 2 X, (X2-1)=0. (3.3)
Equation (3.1) has solution
hoab(u) = hoab(o) N (34)

Thus, to zeroth order the intrinsic metric is constant across the wall. This is what we

would expect, since in the zero thickness limit, the metric is continuous across the wall.

Equation (3.3) is solved by

X, =tanhu. (3.5)

This solution has the same form as the flat wall solution in equation (2.6). However, the
interpretation is somewhat different. Though X, is a function of u alone, this does not
imply any symmetry of the wall. On the contrary, since the u =0 surface in general has no
symmetries, a field configuration that depends only on u has, in general, no symmetries.
Instead equation (3.5) simply expresses the fact that the curved gravitating wall locally
resembles the flat non-gravitating wall.

Using equations (3.4) and (3.5) in equation (3.2) we find

_sinhu (2cosh?u + 1
Koab = Koab(o) - 7o hoab(o) ( ) "

3.6
cosh3u ( )

In the zero thickness limit, all points af. finite values of u are equivalent to z = 0. We
therefore need to be more careful in interpreting this solution. In the Israel formalism the
quantity [K,p] was defined by

(Kab) = Kaplo+ — Kablo-

= %iglo(KabIC - Kabl—c),
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the difference in extrinsic curvature across the wall. Since u = z/e, clearly in the limit
e — 0, the correct quantity to consider is

{Kab] = uli_{%o (Koab(u) - Koab(_u))

= —dneo hoab(o) .

(3.7)

This is just Israel’s equation for a zero thickness domain wall. Thus the solutions of our

zeroth order equations reproduce the usual results of the Israel formalism for domain walls.

Now let us consider the energy-momentum tensor. Though Tg, becomes singular as

e — 0, the quantity € Ty is smooth. Define the quantities S and Qgp by

N S (3.8)

Qup=c¢€ Ty — Shgy - (3.9)

Thus S is the part of € T, proportional to hgy and Qg is the remainder. Using equation

(2.3), we see that in terms of the wall fields

S =- %cr((%)z + (X% - 1)2) - %ezaDaXDa'X, (3.10)
Qus = fomam (25 = (x? - 1?) (3.11)

dX
+ %eza(DaXDbX — %DcXDCX(Zhab + 3nanb) + E(nanX + anaX)) .

Evaluating these quantities at ¢ = 0, using equation (3.5) we find

(3.12)

Quap = 0. (3.13)

It then follows that as a distribution Ty is (to lowest order in €) equal to —chgpé(2).
This is just the usual thin wall expression for the stress-energy tensor of a domain wall.
Therefore the results of our zeroth order equations reproduce all of the usual results of the

thin wall formalism applied to domain walls.
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We now consider the first order corrections to this thin wall limit. Taking the derivative

of equations (2.21-23) with respect to € at € = 0 gives the following:

Bhyy,
b — 2 Ko (3.14)
?a:‘—b- = —3ro(X} - 1)2hy, — 1270 XO(XS —1)X hyap
+ (S)Roab + 2 Kyac K:,:b - K, K g (3.15)
PX . w2 8 X,
- - =0. 3.16
7~ XBX]-1) + K, =0 (3.16)

Using equation (3.5) we find that equation (3.16) can be written as

9 4 9 2, vy — K,
(cosh ug (cosh uX))— (3.17)

Ou u cosh?u

In order for X to have the appropriate behavior for large |u], it follows from equation
(3.17) that 75 K,cosh~%u du = 0. Using the expression for K g in equation (3.6) we
find that K,(0) = 0. (The condition that K (0) = 0 can also be derived from equation

(3.7).) Then integration of equation (3.17) using equation (3.6) yields

x 3u+tanhu

3.18
2 cosh?u ( )

Thus to first order, the solution for the scalar field is given by

ero (3u + tanh u)

X = tanhu —
2 cosh?u

The zeroth order solution is only slightly modified and the expansion remains consistent.

It is interesting to note the corrections to the stress-energy tensor. From equations (3.10),
(3.11) and (3.18) it follows that

3r 2 5tanh?u + 12utanhu — 4

S =
8 cosh?u

, (3.19)

. 3r 3cosh?u +1
Qab=— = ol ————— M, (3.20)
8 cosh® u
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and hence

3rec? 3cosh?u +1
8 cosh® u

T, = —%a’sech‘lu hap (1 + ?(5 tanh?u + 12u tanhu — 4)) - NaNyp.

Thus although the stress-energy tensor is predominantly proportional to the induced metric
of the wall, it does acquire a piece orthogonal to the wall which vanishes smoothly in the
zero thickness limit. This shows that, as far as the matter fields are concerned, the zero

thickness limit is a physically consistent approximation.

We find by, by integrating equation (3.14) using equation (3.6):
hap = hap(0) + 2u K gy(0) — woh q5(0) (4 lncoshu + tanhzu) . (3.21)
When our expansion scheme is valid, h,j is well approximated by h qp + cizab, i.e.

hab = hoap(0) (1 — ero (41ncosh = + tanh?Z)) + chgp(0) + 22 K,ap(0) . (3:22)

We expect the approximation to be good only for those values of z where the first order
corrections are much less than the zeroth order values. Thus this equatic;n tells us that
for the validity of the approximation, we require that z < (¢)7! and z « L where L is
the length scale associated with K,j. This latter cutoff we expect anyway, since it merely
expresses the constraint on our coordinate system being well-defined. The former provides
a cut-off associated with the mass of the domain wall, and is indicative of the horizon
structure associated with a domain wall. In analogy with [Ky] in the Israel formalism, we
will need to define [K,;] and [hgp) for the thick wall formalism. Since [Kgp] was defined
in terms of a limiting process as one approached each side of the wall, a natural way to

generalise this for thick walls would seem to be:

[Kab] = Kab!z:eA - Kab‘z:—-eAa

where €A is chosen to be sufficiently large so that the matter fields take their vacuum

values, but smaller than other relevant length scales. We define [hgy| similarly. It then

fi
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follows from equation (3.22) that

(hap] = 4€A K 45(0) . (3.23)

We now evaluate [K,3]. Since K, is well approximated by K45 + eK,; we find that

[Kqp) is well approximated by

A 3K
[Kab] = Koab(A) — Koab(—A) + G/A—é;aé du . (324)

Then using equations (3.6), (3.15), (3.18) and (3.21) and the fact that A > 1, we find that

[K,p] is well approximated by
[Kqp) = —4mo(hqp(0) + ehap(0)) + 2en%(% —8ln 2)a2h 45(0)

@ (3.25)
+ ZeA( R a(0) + 2K,ac(0)K5(0) — 4w202hoab(o)) .

Now define the quantity K to be % (Kapl,=en + Kapl,—_cn) and define hop anal-

ogously. Then to zeroth order in €
f{ab - Koab(o) ) (3.26)
and to first order in ¢
hab = hoas(0) + €hap(0) - (3.27)

Then evaluating equations (3.23) and (3.25) to first order in € we find

[hay] = 4eA Ky (3.28)

[Kop) = —4mahgy (1+meo (4ln2 -8y 2A)) + 2eA (R + 21'{“123) . (3.29)

Here R, is the Ricci tensor associated with b, Equations (3.28) and (3.29) are the
modified version of the Israel equations for thin domain walls with corrections due to the

thickness of the wall.
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4. WALL MOTION

We now apply the modified Israel equations to the motion of spherical and planar
walls. We first find two vacuum spacetimes with boundary, representing respectively the
z > eA and the z < —eA portions of the wall spacetime. We then impose equations (3.28)

and (3.29) and thus find the motion of the wall.

Equation (3.28) is somewhat more difficult to apply than the corresponding Israel
condition [hg] = 0. This is because when the Israel condition is applied both surfaces
often have the same metric and this yields a natural way to identify them, whereas in our
case we are comparing the surfaces z = teA, which are at a finite proper distance apart,
thus the identification of corresponding points in the two surfaces will not in general be
so obvious. In the case of reflection symmetry (such as the conventional planar wall) this

difficulty is circumvented, since [hgp] = K, = 0, and equation (3.29) reduces to
Ko = —27wohg (1 + weo (41n2 - %—g + ZA)) + eARg , (4.1)

on the z = €A surface. However, even here, we are left with the problem of finding K at
7 = €A rather than z = 0. We therefore need to find a way of rewriting (3.28,9) in terms

of quantities evaluated at z = 0; in fact, this turns out to be quite straightforward.

To model the thick domain wall, we first glue together two vacuum spacetimes along
a surface T in such a way that T has induced metric H,p and extrinsic curvatures k;’b on
one side and k_; on the other side. We then realize the z = €A surfaces of the wall as the
surfaces at geodesic distances +eA from the surface T in the spacetime just introduced.
Since equations (3.28) and (3.29) are only correct to first order in € we need only calculate
quantities to first order in ¢, and to find these, we simply expand in a Taylor series around

z = 0. Equations (3.28) and (3.29) then become conditions on Hgyp, kt and k;.

Using this procedure for the induced metric gives via equation (2.11)

hably—sen = Hap T 2eAKS . (4.2)
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For the extrinsic curvature, we note that in a vacuum spacetime K, satisfies the relation
(3) ¢
LaKgy = Rgp + 2K..K°, — KK, , (4.3)

where (3)Rab is the Ricci tensor of the intrinsic metric of the surface. In our particular

coordinate system Ln = 8y, and therefore we have

Koplsosen = k5 £ A (Rgp + 2knk®ey — kFkg;) - (4.4)
From equations (4.2) and (4.4) we can now see that equation (3.28) is automatically sat-
isfied (to first order in € ).

Now define the quantity [kg;] by
[kap) = k% — kg - (4.5)

Then using equations (4.2) and (4.4) in equation (3.29) and keeping only terms to order ¢

we obtain

(ko] = —4mo Hab (1 + meo (4m2-F+ 24)) + 26 (f{f{ab + %[k] kgs] — %{ku] [k"b]) .

(4.6)
" Recall in section three we showed that K = 0. Using this result, equation (4.6) reduces to
an equation on z = 0. We can now see that [k,;] = —47oHyp to zeroth order in €, which
is just Israel’s equation for the wall surface, as would be expected. Substituting back in

equation (4.6) we obtain the first order correction
(kqp] = —4moHab (1 + meo (4 In2 - %—g)) . (4.7)
Defining the quantity & by
5'=a'(1+1rea' (41:12-%—8-)) , (4.9)

we see that equation (4.7) is identical to the usual Israel equation with the quantity &

playing the role of o. Thus the finite width corrections simply produce corrections to
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o,and leave the form of the equations of motion unchanged. Since 41n2 < 29/10,it follows
that & < o. Thus the effect of finite thickness is to substitute a lower effective surface
energy in the Israel equations. We can now apply these results to the cases of spherical

and planar domain walls.

In the case of the reflection and plane symmetric domain wall (the case treated by

Ipser and Sikivie and by Widrow), k:;, = —k_;, and hence equation (4.7) reduces to
kt = —2n6H (4.9
ab ab - ‘ )

Thus we find a plane symmetric surface satisfying equation (4.9) in a plane symrmetric
vacuum spacetime. There are only two different plane symmetric vacuum spacetimesg,
(called class I and class II by Ipser and Sikivie). The class II spacetime is singular and we

will not consider it here. The class I spacetime has a metric of the form
ds? = 2dvdr + 1 (da:2 + dy2) : (4.10)

which is simply the metric of Minkowski spacetime written in an unusual set of coordinates.
A plane symmetric surface in this spacetime is given by a relation of the form r = R(7)
where T is the proper time measured by an observer in the surface whose four-velocity is
orthogonal to the planes of symmetry. Let u® be the four-velocity of this observer and

define the tensor g, by
gab =72 (VazVez + VayVyy) . (4.11)

Then the intrinsic metric of the surface is given by

hop = —Uatp + Ggb - (4.12)

Using equation (4.10) a straightforward calculation shows that the extrinsic curvature

of the surface is

R R
Kab =8 (—}%uaub - Eqab) . (4.13)
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Here a dot denotes derivative with respect to 7 and s = +1 with the value of s depending

on the direction of the normal to the surface (without loss of generality s = 1).

It now follows that the tensor equation (4.9) reduces to the following (equivalent) pair

of ordinary differential equations:

| &

- = 270 4.14a)
; (
R
—— =277 . 4.14b
7 TG ( )
Clearly the solution to these equations is
R = ce?™T (4.15)

where ¢ is some constant.

The Ipser-Sikivie wall solution has the same form as equation (4.15) but with & instead
of . Thus our solution simply substitutes an “effective energy per unit area” with finite
thickness corrections for the quantity o; otherwise our solution is identical to the Ipser-
Sikivie solution. The Widrow solution in the zero thickness limit reduces to the Ipser-
Sikivie solution. Our solution can be regarded as the Widrow solution expanded to first

order in thickness.

We now apply the equations of motion to the collapse of a spherical wall in vacuum.
In this case, by Birkhoff’s theorem, we know that the spacetime exterior to the wall must
be Schwarzschild, and we will take the interior to be flat. The motion of a spherical wall
is given by a relation of the form r = R(7) where r is the ‘radius’ of the wall and 7 is the
proper time of a radially moving observer in the wall. Using the Ipser-Sikivie equation of
motion for the wall ® and substituting & for o we find that the equation of motion for the
wall is

. . 1/2
(1 + R2)1/ t_ (1 +R? - %—) =475 R. (4.16)
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Let Ry, be the maximum radius of the wall. Then it follows from equation (4.16) that
M = 475 Rm? (1 — 275Rm) . (4.17)

Using equation (4.17) in equation (4.16) we find

R?= (%")3[1 - ?Ig (Bm® - 123)]2 _ 1. (4.18)

Thus for a given R and Rp smaller & leads to a larger R?. Therefore the finite thickness

corrections lead to a slightly faster collapse of the wall.

5. CONCLUSIONS.

In this paper we have developed an expansion procedure for the equations describing
the motion of a domain wall. Our formalism has a well defined zero thickness limit which
is just the Israel formalism. Perhaps most importantly, we have shown that for a general
domain wall, the stress-energy tensor tends uniformly to the standard distributional form

in the zero thickness limit.

We applied our equations of motion to the case of domain walls in vacuo, and showed
that the effect of finite (as opposed to zero) thickness was to substitute a smaller effective
surface energy in the Israel equations. Thus finite thickness vacuum domain walls have
exactly the same qualitative behaviour as their zero thickness cousins. In particular, the
general result that domain walls are gravitationally repulsive still holds, although the

repulsive force is slightly weaker than their zero thickness counterparts.

Whilst it is generally thought that GUT scale walls are cosmologically disasterous,
it has recently been suggested® that very thick domain walls could have played a part
in the formation of structure in the universe. It is therefore important to obtain a good
understanding of the gravitational properties of such walls. It is therefore encouraging

that many of the properties of zero thickness walls persist in the case of thick walls.
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We applied our results to the cases of planar and spherical domain walls to obtain the
first order corrections to ihe metric. For the planar wall, our metric was clearly consistent
with the zero thickness results of Ipser and Sikivie® and Vilenkin 3, and the thick wall
treatment of Widrow. We then turned to the cosmologically more interesting case of a
spherical collapsing domain wall. Here the smaller effective energy per unit area produces
qualitatively the same behaviour as with the zero thickness wall, but the result of having a
‘lighter’ wall is to speed up collapse. This latter result is suggestive of the rigidifying effect
of gravity on domain walls. The zero thickness limit corresponds to scaling out all other
physics except gravity. Thus, we would expect the gravitational effects on the dynamics of
the wall to be the strongest in the zero thickness limit. Since this limit produces the slowest
collapse rate for a spherical wall, the effect of gravity is to resist régimes of large curvature.
We can therefore think of gravity as rigidifying domain walls. The effect of gravity and

wall thickness upon the dynamics of domain walls is currently under investigation.
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