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ABSTRACT

In the last progress report (February, 88) some results were
presented for a parametric analysis on the vibrational power
flow between two coupled plate structures using the mobility
power flow approach. The results reported then were for changes
in the structural parameters of the two plates, but with the two
plates identical in their structural characteristics. In this
report this limitation is removed. The vibrational power input
and output are evaluated for different area ratios, plate
thickness ratios, and for different values of the structural
damping loss factor for the source and receiver plates. In
performing this parametric analysis, the source plate
characteristics are kept constant. The purpose of this
parametric analysis is to determine the most critical parameters
that influence the flow of vibrational power from the source
plate to the receiver plate. In the case of the structural
damping parametric analysis, the influence of changes in the
source plate damping is also investigated. The results obtained
from the mobility power flow approach are compared to results
obtained using a Statistical Energy Analysis (SEA) approach. The
significance of the power flow results are discussed together
with a discussion and a comparison between the SEA results and
the mobility power flow results. Furthermore, the benefits

derived from using the mobility power flow approach are examined.
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1. INTRODUCTION

Previous work dealing with the use of the mobility power flow
approach for the analysis of two coupled plate structures joined
along a line junction [1,2], treated the extension of this
technique to line connections. This represents an improvement on
earlier work on the mobility power flow method [3,4] where only
point contacts, hence mobility functions defined for single point
location, were used. While the first work defined the mobility
power flow approach and its advantages when used for structural
dynamic analysis, and the more recent work extended the technique
to the two dimensional case. In this later work a restriction
was imposed on the type of analysis that can be performed; namely
that the two plate structures used in the analysis must be
jdentical. Thus, some generalizations are required to allow for
the analysis of coupled plate structures when the two plates are
not identical. These generalizations are addressed iﬁ this
report. As anticipated, these generalizations increased the
complexity of the expressions and the required computation time.
However, the advantages of the mobility power flow technique over
other methods of analysis in the mid-frequency range still hold.

With these generalizations, the mobility functions at the
joint are completely defined; that is line mobilities have been
obtained as a modal sum with a weighting function based on the
location of the excitation. Any combination of plate structures
can now be considered. Additionally, what has been derived for

the L-shaped plate holds equally well for two plates joined along



a common boundary in a flat configuration, with a rigid line
stiffener all along the joint between the two plates. Two
alternate uses can be made of this mobility power flow approach.
One alternative would be as a parametric analysis, similar to
what is being presented in this report, to optimize the
parameters that control the flow of vibrational power between the
source plate and the receiver plate. In this case the influence
of a flexible stiffener can be investigated by introducing
additional mobility functions at the Jjoint. The second
alternative would be to consider the problem of multiple
connected plate structures forming a periedic or quasi periodic
structure. Although this may require more of an effort to
formulate the problem, the approach is similar to that of two
connected structures with the exception that all the power flow
equations would be written in matrix form. For perfectly
periodic structures, the mobility power flow approach would be
very efficient since the mobility functions for each subelement
of the periodic structure need only be evaluated once for Jjust
one of the spans. In the periodic structure analysis it would be
useful to transform the analysis from the space domain to the
wavenumber domain in the direction along the joints to simplify
the representation. With this transformation, the analysis
pecomes identical to that of a one dimensional periodic structure
with point junctions except that an inverse transform back to the

space domain would be required.



The issues mentioned above are the topic of this progress
report and thus it consists of two sections. The next section
deals with the generalization of previous power flow results [2]
to deal with plates of different structural characteristics
including a parametric analysis. Results are presented for
plates with four different area ratios, five different thickness
ratios and six conditions of different structural damping. These
results are compared to SEA results. In the following section,
the development of the mobility power flow approach for the case
of multiple connected structures is presented. If a transform is
used, the same type of analysis applies to point or line joints.
The formulation and results of this section are restricted to
periodic beams with different number of spans and different

characteristics for the stiffeners defining the spans.

2. MOBILITY POWER FLOW
In the development of the power flow expression for two
coupled plates (figure 1) - equations (14) and (15) in [2] - it
was assumed that the coupled plates were identical. This led to

the simplification in evaluating the transferred vibrational

power Ptyang that,

b, - o, - — (1)




where My and M3 are the line mobilities at the joint for the
source plate and the receive plate respectively, 5F is the
angular velocity at the junction of the source plate due to the
application of the excitation when the source plate is uncoupled
from the receiver plate and 53 is the angular velocity at the
junction of the receiver plate when coupled to the source plate.
The simplification in equation (1) comes about since, for
identical plates, M; = M3. As a consequence of this result
(equation 1) the integral for the transferred power over the

entire length of the junction

a
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can be evaluated analytically. The two summations for T(x) and
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when multiplied and integrated over X, due to orthogonality,

reduce to a single summation over n.



For plates with different structural characteristics,
equation (1) does not hold and thus the integration cannot be
done analytically. This also means that M; and M3 must be
completely defined. Starting with an expression for the moment
distribution along the junction, from equations (A.14), (A.16)
and (A.17) in reference [2], the moment distribution, normalized

with respect to the applied excitation force F is given by
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where f is the frequency, pri, hi, bi. Di* are, the density,

thickness, length and flexural rigidity of plate i for i =1 or

*

2, "a" is the width of the plates and the junction fp n is the

n,m modal frequency, and k3 and k, are defined by



k2 =2 k2 + k

1 X

2 2

k2 = ky (6)

where ky and ky are the wavenumbers in the x and y directions.
The wavenumbers with a prime in the expression for B above
indicate that these pertain to the receiver plate, plate 2, while
wavenumbers without the prime are for the source plate, plate 1.

An important feature to notice with regards to the moment
expression (equation 5) is that while the moment can be expressed
as a sum of contributions of sinusoidal terms, which come about
pecause of the way in which the plate would deflect in rotation
under uncoupled conditions, the terms are weighted by a set of
sine functions, the values of which are controlled by the values
of %o and yo. That is, the amplitude of the moment components
are determined by the mode of vibration of the source plate,
controlled by the location of the excitation force.

Using equation (5) for the moment distribution and
substituting in equation (A.12) of reference [2], two expressions
for the edge mobilities are obtained. The expressions for My and
M3, defined as the ratio of angular rotation per unit applied
moment, are similar with mainly a change of subscript from 1 to
2. The reason for this is that the influence of the moment

distribution is the same in both cases. Thus
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where A, B and R have the same definitions as in equation (5),

and the same notation is used.

By combining equations

(5),

(7)

and

(8)

equations from [2] into the power flow expressions,
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(10)
and integrating this last expfession over the length of the
joint, the input and transmitted power can be evaluated for the
case of two plates joined along a common edge, which is pinned,
with the plates having different structural characteristics. By
using equations (5), (7) and (8) the influence of plate area,
thickness, damping, and material on the input and transmitted
power can be investigated. The results of this parametric
analysis and the comparison of results obtained using SEA are

presented in the next section.

3. PARAMETRIC ANALYSIS RESULTS

The results presented in [1] wusing an SEA approach
investigate changes in the power ratio, defined as the ratio of

the power transmitted to the input power, with changes in the
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area ratio, thickness ratio, damping ratio, and changes in the
material type of the plates. The same parameters will be
investigated here and results will be presented for the following
conditions.
(a) Area ratios (defined as ratio of receiver plate area to
source plate area): 0.25; 0.5; 1.0; 2.0.
(b) Thickness ratios (ratio of receiver plate thickness to
source plate thickness): 0.125; 0.25; 0.5; 1.0; 2.0;
4.0.
(c) Damping (receiver plate damping loss factor source plate
damping loss factor): 0.1/ 0.001; 0.01/ 0.001; 0.1/
0.01; 0.001/ 0.01; 0.01/ 0.1; 0.001/ O0.1.
(d) Material types (receiver plate material/ source plate
material): Aluminum/ Aluminum, Steel/Aluminum.
Together with the results obtained using the mobility power
flow approach, the results from [1] using SEA are also presented
for comparison. 1In all of the analysis, except where indicated,

the following base conditions for the source plate are

considered.
Density = 2710 kg/m3; Thickness = 0.00635m;
length = 0.5m; Width = 1.0 m;
Poisson ratio = 0.33; Loss factor = 0.01;

Young’s Modulus = 7.2E+10 N/m2;

3.1 Influence of Area Variations

The results for changes in the ratio of the area of the two

plates are shown in figures (2) and (3). The first observation
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that can be made regarding these results is that as expected, as
the area of the receiver plate increases, the number of modes of
the coupled system increases (figure 2(a)). While as the area of
the receiver plate decreases the number of modes decrease (figure
2(b)). Figure (4) is a reproduction of the results for the power
ratio using an SEA approach which were presented in reference
[1]. Comparing the results in figure (3) with the results in
figure (4), there is in general a very good agreement between the
two sets of results, in the sense that as the area ratio
increases, the general level of the power ratio also increases.
However, the exact value of the power ratio is dependent on
frequency. That is, while the general level may decrease as the
area ratio decreases, for those modes that can be associated with
the receiver plate, a significant portion of the input power
finds its way into the receiver plate. From figures (2(c)) and
(3(c)) it can be observed that for the two modes, one just under
400 Hz and one at approximately 700 Hz, roughly equipartition of
vibrational power exists between the source and the receiver
plates.

3.2 Influence of Thickness variations

The variations in the power flow results with changes in the
thickness ratio are shown in figures (5) and (6). In general
similar results are obtained in this case to those for changes in
the plate areas except that is this case a peak in the general
level of the power ratio is obtained in the region where the

thickness ratio is close to unity. As the thickness ratio

13



decreases, the general level of the power ratio decreases because
of the impedance mismatch. The number of modes of the receiver
plate however increases and thus there is an increase in the
number of coupled modes and at those frequencies which correspond
to modes of the receiver plate, a significant amount of
vibrational power is transferred between the source plate and the
receiver plate. This is very well demonstrated in figure (6(f)),
where, while the general level is 1low, there are peaks in the
power ratio curve corresponding to the modes which can be
attributed to the receiver plate. These general results are
similar to those obtained using an SEA approach (figure 7).

As pointed out earlier in this subsection, the variations in
the power ratio with changes in thickness differ from the
variations associated with changes in area in that the power
ratio decreases as the thickness ratio increases. Apart from
this decrease in the power ratio, the number of modes also
decrease (figure 5(a)). However, in this case as well, for those
modes which belong to the receiver plate, the power ratio can be
significant and if the receiver mode happens to be at a trough in
the behavior of the source plate, almost all the vibrational
power supplied to the source plate is transferred to the receiver
plate. Figure (6(a)) is a good representation of this in that
while the general level is low, there are two peaks in the power
ratio curve where the transferred power is more then 50% of the
input power. This type of result show the significance of using

the mobility power flow method over other methods such as SEA,
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where the averaged results can be misleading at particular
frequencies.

3.3 Influence of Damping

The damping loss factor values that are selected for the
analysis are similar to those used in the SEA results presented
in [1). Figure (8) represents the power input and power transfer
curves and figure (9) shows the power ratio curves for the
different damping loss factor values. In this case, there are no
changes in the number of modes of the coupled system since the
size and thickness of both plates remain constant. However, the
curves exhibit some smoothing of the modes as the damping loss
factor increases. An interesting point is that the smoothing of
the power input and transferred curves oOCCuUrs irrespective of
whether the damping increases in the source plate or the receiver
plate.

Comparing the results to the SEA results (figure 10), again
there is good general agreement between the two sets of results.
However, similar to the other parametric changes, significant
fluctuations exist between the mean (SEA) results and the actual
results. Contrary to what would be expected, the fluctuations
between the mean results and the actual results for the power
ratio do not always decrease with increases in the damping of any
of the two plates. This again shows the importance of analysis
techniques which do not produce averaged results since at any one
frequency, the fluctuations from the mean averaged values can be

significant. These fluctuations cannot be assumed to decrease in

15



amplitude by increases 1in the structural damping of the
components of the structure, that is by increased interaction
between the modes.

With regards to the meaning of the results, the power ratio
exhibits values close to unity when the damping of the receiver
plate is high compared to the damping of the source plate. Most
of the input power, flows to the receiver plate structure. As
the damping of the source plate increases less vibrational power
flows into the receiver plate. In the case where the source
plate damping is much higher than the receiver plate damping, the
value of the power ratio is extremely low implying that only a
small portion of the input power is transferred to the receiver
plate. However at particular frequencies, such as at resonances
of the receiver structure, the power ratio can still reach values
higher than the general mean low level (figure 9(f)).

3.4 Influence of Structure Material

A set of results are obtained for changes in the material of
one of the plate substructures. To be consistent with the SEA
results in [1] and thus be able to compare the results from the
two techniques, one other type of material is considered.
Figures (11) and (12) show the results for the power input and
output and the power ratio obtained using the mobility power flow
technique, together with the results from SEA, for the case when
the source plate substructure material is changed from aluminum
to steel. Comparison between these results shows that for the

mobility power flow predictions, the general level for the power

16



ratio remains approximately the same as that for the case when
both plate substructures are of the same material. This is
consistent with the SEA results. However, the exact detailed
characteristics of the power ratio curve are different (figure
11(b)) as compared to the case for the same material (figure
3(b)). This is consistent with the results that have been
presented using the mobility power flow approach.

The above results, for changes in area, thickness, damping
and material, demonstrate a typical parametric analysis for two
coupled structures using the mobility power flow approach. In
performing the analysis, the evaluation of the mobility functions
was very time consuming, but these evaluations need not be
repeated for each change in the parameters of the global
structure. Only those mobility functions which were effected by
changes in the parameters of the substructures had to be re-
evaluated. This made the analysis very efficient since, if the
only parametric changes made are for the receiver plate, then
only M3 had to be re-evaluated. The remaining mobility functions
were obtained from data files stored from previous evaluations of
these functions. This efficiency makes the mobility power flow

method a very attractive tool for structural analysis.

4. EXTENSION TO MULTIPLE CONNECTED STRUCTURES

In extending the mobility power flow techniques to line
connected structures, it has been shown that the fundamental

expression for the vibrational power input and output are not
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different from those for point connected structures, except that
the mobility functions are space variables as well as frequency
variables, and for the transferred vibrational power the
expression for the power is integrated over the entire length of
the joint. Thus, in extending the mobility power flow method to
multiple connected structures, one only needs to formulate the
approach to one dimensional structures. The extension to two
dimensional junctions follows the same as the example of the two
coupled plate structures that have been presented.

Additionally, the results that have been obtained for the L-
shaped beam [3] and the L-shaped plate hold equally well for two
coupled plate or beam structures in a side by side configuration
as shown in figure (13). This mobility power flow approach can,
with an extension of this analysis to multiple coupled
structures, be used to deal with periodic structures. The
application of this mobility power flow technique to a periodic
beam configuration with both rigid and flexible supports between
the spans will be discussed in this section. In the case of
flexible supports the formulation also shows how mobility
elements can be introduced at the joints between the
substructures to model such elements as stiffeners and
dissipative junctions.

4.1 Basic Approach

Considering first a series of linearly coupled structures,
(figure 14) where V; (i = A, B, C, etc.) represent the motion of

the junctions which may be rotational or translational and F; (i
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= A, B, C, etc) represent forces or moments that are transmitted
across the junction. Since in all the previous analysis the
power flow method has been restricted to point loading, it is
assumed here that the coupled structure is excited by a point
load on one of the substructures. Writing down the relationships
for the velocities and the loads for each of the junctions of the

multiple coupled structure.

Vi = F1 M3 + Fp M3

Va = F; My + Fp Mz = -Fp M3 - Fp Mag

Vg = <-Fa Mg3 -Fp Mg = TFp Ms + Fc Mse

etc. (11)

where F; 1is the input locading and My and Mjx represent
respectively the input mobility functions and transfer mobility
functions.

In the derivation of the equations for the solution of this
multiple coupled structure, the number of substructures is
l1imited to four. Also, instead of writing complete expressions
for the input and transferred power between the substructures,
the relationships are written in matrix form, which allow for the
expansion of the solution to more than four substructures by

adding terms in the matrices in the same pattern as those
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identified with just four substructures. Thus, the matrix
relationships for the velocities and forces for the four coupled

substructures case are as follows:

(M, + M) M 0 Fy My By
M, M, + M) M P - 0
0 M, (M, + M) F, 0
i i ’ ] (12)
v, M, M, 0 0 F,
v
A - 0 M, M3 0 Fy
\Y
B 0 0 M F
5 M B
\Y
o | K 0 0 M, 3
(13)
and the power flow is given by
[ b ] [ v * 0 0 o | [ F. ]
1 1 F
p 0 v 0 0 F
A |1 A A
Real «
P, 2 0 0 v, 0 Fy
p 0 0 0 v F
c C c
L L 4
(14)

where P, represents the power input and Pp, Pg, etc represent the
power flow between the spans at junctions A, B, etc.

respectively. The procedure for the solution would be to first
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evaluate the junction loadings, Fp, Fp, etc. from equation (12)
and use these values in equation (13) to solve for the
velocities. Having obtained the velocities and the loadings at
the junctions the power flow is evaluated using equation (14).

The above approach is applied to a periodic beam on rigid
supports, with a transverse point load applied at the midpoint of
the first span. The loadings Fp, Fp, etc., in this case would
represent moments applied at the junctions and the velocities Vp,
Vg, etc. would represent rotational velocities. The results for
different number of spans are shown in figure (15). As would be
expected, the introduction of the additional spans would create
additional resonant modes. As the number of spans increases, the
additional resonant modes start to merge to create the familiar
pass bands and stop bands. This is very well demonstrated in
figure (15(c)) for a 50 span perfectly periodic beam.

4.2 Periodic Beam on Flexible supports

The above analysis is an extension of the results obtained
for the L-shaped beam (3]. In that case, the number of resonant
frequencies in each group of modes was two, corresponding to the
two spans, as the number of spans increases, SO does the number
of resonant frequencies. Since the beam spans are on rigid
supports, only rotational motion at the support has to be
considered. In the case of flexible supports, to which one may
associate both stiffness, inertia or damping, both translational
and rotational motions need to be considered at the junctions.

Thus, the number of mobility functions for each beam span will
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increase; apart from the additional mobility terms to describe
the support in translation and rotation.

Since mobility terms describe the support conditions, the end
boundaries of the beams are free - free. Thus, considering the
two spans shown in figure (16), the consistency expressions are
(assuming that the support has no coupling between translational
and rotational motion):

(a) sum of forces and moments at the support is zero

Fa1 + Fapp = Fg
Ts (15)

Ta1 + Taz

where Fg and Tg are the support force and torque in the
direction as shown in figure 16.

(b) Equal rotational and translation velocity for all

components.

Using these consistency relationships, matrix expressions can
be derived for the behavior and thus power flow. Because of the
number of terms that are involved in the matrices, the
expressions for a two span beam are shown here. The extension of
these matrix expressions to more spans can be easily accomplished
by following the same general pattern as can be identified in

these matrix equations
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where M, N, Q, and L are mobility functions defined by M = V/F;
N = §/F; Q = V/T and L= §/T. V is the translational velocity, 6
the rotational velocity, F is the translational force and T the
torque. The single and double subscripts denote input and
transfer mobilities as indicated in figure (16). Mg and Mg:
represent the translational and rotational mobility of the
supports respectively.

The solution to these matrix equation for the velocities and
junction forces and moments can be combined to give the power

flow or power content of components of the periodic structure.

5. CONCLUSIONS

In this progress report the modifications necessary for the
mobility power flow expressions to deal with two coupled plate
structures with different structural characteristics have been
presented. A number of results for a parametric analysis are
compared to results obtained using an SEA approach. The results
obtained using the mobility power flow approach represent details
of the modal response both for the power input and power
transferred curves as well as in the power ratio curves.
Comparing these to the results obtained using an SEA approach, it
can be observed that significant differences can be obtained
between the actual results (represented by the mobility power
flow results) and the mean level results obtained from an SEA
analysis. These significant differences in the power ratio can

be more pronounced in cases where the response of the global
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structure is dominated by modes of the receiver substructure.
Under such conditions, while the general level of the power ratio
may be low, at particular frequencies ratios close to unity can
be obtained.

Also presented in this report is a technique for applying the
mobility power flow approach to the case of multi coupled
structures. Matrix expressions and results are presented for a
multiple span periodic beam with rigid supports, and the relevant
expressions are derived for flexible supports. This analysis
represents one application of the mobility power flow method
which can be applied to both one dimensional and two dimensional
junctions representing periodic beams and plates respectively.

In completing the analysis on the L-shaped plate,
experimental measurements need to be performed to verify the
analytical results. This will be the topic for the future work,
after completing the analysis for distributed excitation on the
source panel of the L-shaped plate. In performing this
experimental analysis, it would be required that some development
be achieved in measuring power flow near structural
discontinuities without the use of a large number of transducers
which would make the measurement cumbersome. This will be

addressed in future work in this area.
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POWER RATIO (dB)

9 FREQUENCY
-8 L ==
-18 bk
-19
S8 Hz
-28 180 Hz
%08 Hz
-25 2 L R N . 1889 Hx
.12% .23 .3 1 2 4 -]
THICKNESS RATIO (H2/H1)
FIGURE 7. Power Ratio as a Function of the Thickness Ratio

of two plates using SEA, (reference 1).
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1og(Power/1F(f)|2)

I 1 L 1
0 200 400 600 800 1000
FRAEQUENCY (HZ)

- 1 i 1 1
9 200 200 600 800 1060
FREGUENCY (HZ)
Figure 11. Power input (-.-.-) and power transfer ( ) results for

different source plate and receiver plate materials.
(a) Aluminium/steel; (b) steel/aluminium.
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4

Figure 13. Al ternative orientation for L-shaped plate for which
the same results apply-
FA Fa F.c 1
= - > - S - |
—11 2 °s3 4™ 9715 6° ©°7 |
\Y
A VB Vc

Figure 14. Model for coupled elements of a structure
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