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TECHNICAL MEMORANDUM

MINIMUM WEIGHT DESIGN OF A LEAF SPRING TAPERED IN THICKNESS AND
WIDTH FOR THE HUBBLE SPACE TELESCOPE-SPACE SUPPORT EQUIPMENT

INTRODUCTION

During the life of the Hubble Space Telescope (HST). on-board optical guidance systems
and scientific instruments will experience degradation. Maintenance or replacement of these systems
will be necessary in order to maintain a fully operational observatory. Due to the cost and risk of
retrieving the HST for ground refurbishment and consequent space redeployment, a series of main-
tenance missions have been identified in order to carry fine guidance sensors (FGS's) and scientific
instruments (SI's) aboard the space shuttle for on-orbit replacement of degraded units. The weight
of these units ranges from approximately 500 to 1.000 Ib.

During the initial launch of the HST. these instruments form part of a 25.000-1b space
observatory. This large mass provides the SI's and FGS's with a safe environment from the fre-
quency spectrum of the space shuttle cargo bay. When launched separately as part of a mainte-
nance mission. the protection from the dynamic environment must come from a suspension system
that will preclude damage to these delicate optical and scientific instruments.

As part of the design of the suspension system. leaf springs (similar to those found in
automobiles) have been designed to provide the necessary flexibility to alleviate potentially damag-
ing dynamic loading. This report describes the design of a concept of a variable width and depth
cantilever spring for the HST maintenance and refurbishment mission.

LINEAR ELASTIC SOLUTION

The basic idea behind the suspension system is to provide a certain stiffness (or flexibility)
so that there is no danger of resonance between the natural frequency of the system (including the

payload) and certain mechanical and acoustical frequencies encountered during the ascent or descent

phase of the mission. There are also certain points in the ascent/descent frequency spectrum that
could induce high transient loads into the hardware and. thus, the natural frequency of the suspen-
sion system should be different than these.

The first step in the design of the spring is to determine its stiffness or spring rate. Because

the design of the suspension system will limit the movement of the spring/mass system to one
direction, its natural frequency can be obtained from the equation of motion of a single degree-of-

freedom system

mi+ikx = 0 . (1)



Solution of equation (1) leads to definition of the natural frequency of the system [1],

S | I
jll—_‘lTJ:% ’ (2)

and solving for the stiffness k one obtains

(B

k = 4lrl(f‘rr)2 ) (3)

With the stiffness & and the mass m to be isolated, one has the information necessary to begin the
design of the leaf spring. In order to produce an efficient spring that is compatible with the avail-
able installation space, a cantilever with variable width and depth has been selected. This is a
hybrid between type F-3 (triangular cantilever) and type T-1 (tapered cantilever) which can be
found in chapter 10 of reference 2. Figures | and 2 show the suspension system assembly and the
geometry of the spring, respectively. At this point, it should be explained that the beam in figure 2
has the load applied at the two tapered ends through pins. The center (constant cross section) of
the beam is clamped and bolted to essentially provide two cantilever springs instead of a longer
simply supported spring.

By defining the widths and thicknesses at the fixed and free ends of the spring as w,, w,
and 1, 1., respectively, one can express a linear taper for both the width and depth as

wx) = w, (L—\) +w,, (l —%) . 4)
) = 1, (f) 2 (1—-?") ‘ (5)

where w(x) and 7(x) are the width and thickness at any position x along the length L of each canti-

lever (the origin x, is located at the fixed (clamped) end). The moment of inertia at any point
along the length is

o won)?
I(.\) = —12‘—“ . (6)

Substituting equations (4) and (5) into equation (6) one obtains

(wyx+wo)(f X+ r;)-‘

I(x) = T , (7)

where

Wi = —L_ A (8)



Figure 1. HST space support equip

Figure 2. Leaf spring

ment SLl.\'pCHSiOﬂ S)’S(Cl“ .

geometry.



Wy = W, |, 9)
o= —'L_— : (10)
=1 (1)

The relationship between the elastic axis of the spring and the bending moment for elastic
deformations is given by the Euler-Bernoulli equation,

1 _ M)

P EI(x) =

Equation (12), although derived for prismatic bars, can be utilized in the analysis of tapered beams
with sufficient accuracy as long as the variation of the taper is not extreme [3]. The equation for
the curvature of the elastic beam is

d?y/dx?

I
— = — . (13)
R [ 1+ (dv/dx)?)>>

When dealing with small deflections, which correspond to the linear range of equation (13), the ef-
fect of the dv/dx term becomes negligible and one can write

[1+(dvide)* ] = 1 . (14)

Combining equations (12), (13), and (14), one obtains the linear elastic range of the Euler-
Bernoulli equation,

I =20 (15)

Referring to figure 4 and recalling that the moment of inertia is a function of x. one can
express equation (15) as

E({;.:‘ . 12 P(L—.\) (l6)
(/.\'— (\\'l.\' + H':)(f].\' + 11)'1
where
M(x) = P(L—x) |, (17)



and /(x) is defined as in equation (7). The right hand side of equation (16) can be expressed as a

sum of partial fractions as follows.

2 P(L—x
2PL-%) _ A . B . C

_+_

D

(v = a7 x 1) WX+ Wwo Hx+1, (11X + 1)

The following are defined.

a = 0
hi= 31
¢ = 31

d = 1,

& = r,3u|

f = ll'3f|:+ 2f|f3\l'|

oy
go= 7:-\|'|+2[|12H'3

(11X +15)°

(18)

(19a)
(19b)
(19¢)
(19d)
(19¢)
(191)
(192)
(19h)
(191)
(19)

(19k)

By solving the partial fractions problem of equation (18). and by using equations (19). one can

obtain the expressions for the constants A, B. C. and D. In matrix form, these equations are.

A a ¢ 0 0 = 0
B b f j 0 0
cl™ |e¢ ¢ & w _12pP
D d h 0w 12PL

(20)




Substituting the values of A, B, C, and D obtained in equations (20) into equation (18), one can
now express equation (16) as follows,

E‘I_-‘,'= 8 g B C . D . Q1)
dv? WX+ w5 HX+t (nx+6)”  (fx+n)

Performing consecutive integrations on equation (21) will lead to the equation for the deflection of
the beam. The first integration leads to the equation of the slope of the beam.

Ff((/\) — Ed_‘:_[n(\1'|\+\1ﬂ)+—B—In(,l\+h)
dx- dx W
(22)
__Cc _ _ 2 i@
[|(f|.\'+12) 2{l(l|_\'+f3)-
® is a constant of integration, which evaluated at x=0 with dy/dx = 0 yields
d=C4+ D A8y . (23)
his 2502 W n

Performing a second integration on equation (22) leads to the expression for the deflection at any
point on the beam,

? Nt ) Hhy+1-

I dx | I

e ) D I _ 24
7 [fl {In(n.\+t2)}] +2!| |:f|(h~\'+f:)] +dx+V¥ (24)

where W is a second constant of integration which can be evaluated at x=0 where y=0.

¥ = —AGulnw) —Bainn) + Ednn) - —L : (25)

5

o n- n- 2071

Equation (24) is the linear elastic solution for the deflection of a variable thickness and width
cantilever beam.

The maximum bending stress for the beam of constant cross section will occur at the loca-
tion where the bending moment is maximum. This is not the case for a beam having a variable
thickness. Since the moment of inertia of the beam is a function of the cube of the thickness. the



section modulus changes much faster than the bending moment as a function of beam length. This
causes the maximum bending stress to occur at a location other than the point of maximum bend-
ing moment. A normalized plot comparing the bending moment. bending stress. and moment of
mertia for a typical cantilevered beam of tapered width and thickness can be found in figure 3. The
expression for bending stress for the beam under study is

6 P0=x) (26)
(wx+wH) (v + 13)2

(0 =

Since the maximum bending stress is now a function of the varying cross section as well as
the location along the length of the beam, one can find the maximum by setting the derivative of
equation (26) equal to zero,

daoy, _ 27
Or =0 . 27

The resulting expression is a cubic equation in x which can be solved to obtain the location of
maximum stress

F oy v, =0 (28)
where
1w\, 0 _3
v ()

a = —L[2<§—f) +%] . (29b)

= [ WatsL + 1L " Wala~ ] . (29c¢)

Wl 2’]2 2\$'|f|2

All three roots of equation (28) will be real. with only one root being physically meaningful.
Substitution of the location of maximum stress X, (feasible root of equation (28)) into equation
(26) yields the maximum stress in the beam. At this point. one has the necessary information to
design a beam with a desired stiffness and subject to a maximum allowable bending stress.

WEIGHT OPTIMIZATION

In the aerospace industry. minimum weight of flight structures is of primary importance to
the structural design engineer. The use of the space shuttle as a space transportation vehicle results
in an approximate cost of $1.100.00 per pound to deliver a payload to Earth orbit. It is. therefore.
obvious that lighter payloads result in lower costs and are in the best interest of the government.
The challenge is to be able to minimize the weight of a design by varying a select group of
parameters and not violate constraints that are essential to the structural integrity of the hardware.
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Figure 3. Normalized bending stress variation for a typical double tapered cantilever beam.



During recent years. advancements in the field of mathematical programming coupled with
the everchanging state-of-the-art in personal computer hardware have provided a great opportunity
for improvement in optimization software and code availability. Commercial and academic optimi-
zation packages are currently available that will work on almost every personal computer hardware
platform. Examples of these are I-DESIGN (University of lowa. Dr. Jasbir Arora) and DOT
(Vanderplaats. Miura & Associates). Other packages that have been generated under government
contracts are ADS. CONMIN. ACCESS. and NEWSUMT. Additional information on optimization
software availability can be found in references 4. 5. and 6.

The general problem statement for the minimization of a function of several variables
subject to conditions of constraint is.

Minimize: F(X) (30)
Subject to: gi(X) =0 j=1lun (31)
h(X) = 0 k=1.0 . (32)

where X is the vector containing the design variables. F is the objective function (function to be
minimized). g; are the inequality constraints. and /iy are the equality constraints. In order to limit
the region of search for the optimum. side constraints are imposed on the problem. This is accom-
plished by simply imposing upper and lower bounds on the search values of the design variables.

X=X < X¥ = (33)

For the problem of weight minimization the objective function is the volume of the beam. This
volume can be obtained by integrating a differential element of area over the entire length of the

beam.
L
Vol = [ wiorody . (34)
()
where
W) = wv+ s (35)
f(,\') = f|.\'+f: . (36)

and wy. ws. ;. and 1, are defined in equations (8) through (11). After performing the necessary
integration. the objective function can be expressed as

W(X) = Ax(D)x(2)+ B [x(1D)x(4) +x(2)x(3)] + Cx(2)x(4) (37)



where

A; = pl’3 (38)
B =02 (39)
@ =gl (40)

and p 1s the density of the material. In order to express the design variables in a logical and con-
sistent manner for computer implementation. they have been identified as follows.

X)) = wy (41a)
XM2) = s (41b)
(BN = 1y (41¢)
M) =1 (41d)

For the purpose of this report. it i1s desired to design a beam of minimum weight that does
not exceed the allowable vield stress of the material. This means that the working stress. equation
(26). may not exceed the vield stress of the material. One can identify this restriction as an
imequality constraint and. in normalized fashion. it can be expressed as follows.

ay,
Oy

— 1 =0 . (42)

Since one is looking for a specific stiffness of the beam. the maximum deflection must be set
cqual to a prescribed value. This value determines the desired natural frequency of the beam for a
prescribed load. Using equation (24). one can identify this restriction as an equality constraint and.
normalized. it will be expressed as follows.

2
6;I”

=0 . (43)

In equation (24). v indicates the deflection of the cantilevered beam at any location x along
its length. In equation (43). & is the maximum deflection of the beam which occurs at the tip of
the cantilever. 9, is the deflection associated with the desired natural frequency of the system to
be dynamically isolated.

Minimization of equation (37). subject to constraint equations (42) and (43). identifies the
optimization problem. This problem can be stated as follows: “Find the minimum weight W of a
variable cross section beam under a specific loading condition that will not exceed the allowable
material yield stress o, and will have a maximum deflection of 8,,."

10



The optimization software used in the solution of this problem is Design Optimization Tools
(DOT"s). Version 2.00 of this commercially available software allows solution of the problem
using two known methods. “modified method of feasible directions™ (MMFD) or “sequential linear
programming” (SLP). The MMFD is a modification of the method of feasible directions (MFD) in
which equality constraints can be handled by including them as part of a pseudo-objective function.
The MFD algorithm is not capable of effectively dealing with equality constraints. Description of
the MFD and SLP algorithms can be found in references 5 and 7. Description of the MMFD can
be found in reference 7.

COMPUTER IMPLEMENTATION

The cantilever beam of variable width and depth with deflection and stress constraints can
nave many feasible solutions. Physically. this means that many combinations of w,,. w,.. 7, and 7,
will lead to improved designs. Numerically. this means that the initial design variables must be
carefully selected. The fact that the problem has many relative minima indicates that small vari-
ations in the initial choices of design variables can lead to significant improvement in the design or

nonconvergence.

In an effort to provide reasonable first choices of initial variables. a computer program has
been generated that will provide feasible design solutions. These solutions. although not necessarily
the least weight designs. provide design variables that will attempt to meet the stress and deflection
constraints. The program SPTRIAL thus provides initial solutions to the optimization problem.

Once the initial values of the design variables have been chosen. they are input into the
computer program SPOPT (SPring OPTimization) to obtain a design of minimum weight. SPOPT
is a calling program that accesses the DOT optimizing software. Tables | and 2 are listings of the
Fortran programs SPOPT and SPTRIAL. respectively.

NUMERICAL EXAMPLES

The initial design of the springs for the HST/space support equipment (HST/SSE) was
performed without the benefit of optimization software. This means that numerous hand calcu-
lations were performed and small. tailored computer programs were developed to aid in the many
iterative calculations involved. The goal here was to obtain a design that would meet the stress and
deflection constraints imposed. Weight minimization. although a big driver. was aimed at changing
material/spring configuration combinations and not at refining the final geometry. Vast
improvements in weight were accomplished by changing from coiled to multileaf to single leaf
springs during the preliminary design phase. Once a configuration was selected. the refinement was
limited to adjusting tolerances to meet the desired deflection while maintaining the stresses under
the allowables.

In this section. the author will start from the final spring geometry that resulted from the
preliminary design phase and attempt to optimize the weight by using the SPTRIAL/SPOPT

11




12

Table 1. Fortran program SPOPT.

IPLICTT DOBLE FRECISION (A-H,0-0)

DIMENSION X(4), JA(4,5), KL (4), KU14),G15), K (800)
GIOENSTON A3 57 TR 0000 AFRIYET TRRN201. STRNS0)
(PENINIT=7, FILE="C: \FORTRAN\DOT DAT )

(PEN(INTT=8, FILE="C: \FORTRAN\ VAR DAT 1

PEN(RIT=S, FILE="C: \FORTRAN\DEFSTR. OAT )

MRk =800
14 [K =_?00
w1 L2
RARI(T)=0.0
IPRD=0

10 COKTINVE
1P
METHY=1
-4
MH-5

WITE(D, *) 'ENTER THE BEAN LENGTH
RERD, *1K0
KI=KD

WRITE(G, *) ENTER INITIAL GUESS FOR WE (MAKIMUAES. 996)

READ(S, *IHE
WRITE(G, *) 'ENTER INITIAL GUESS FOR WO (PAKIM:10.0)
READ(S, *1W0

WITES, ) ENTER TNITIAL GUESS FOR TE (HAKTHUME]. 4957

READLS, ¥ TE

WRITE(S, *) ENTER INITIAL GUESS FOR 70 (RTrm= | 40)

READIS, *)70
C %% [KITIAL VALUES OF THE DESTGH VARIABLES ***%
X)W
X(2)=40
X(3)=TE
X18)=10
C %% [ OWER BONDS (W THE DESTGN VARIABLES *#%%*
Ki1)=.99
Hi2)=1.00
M (5)=. 4%
M4)=2
C *#** [PPIR BOUKDS ON THE DESIGN VARIABLES *#¥**
KU(1)-8. 999
X(2)=10.0
K(3)=1.4%
Ki4)=1.50

WRITE(S, *) ENTER PATERTAL DENSITY
RERDS, IR0

WRITE, *) "ENTER ALLOWABLE STRESS'
READS, *) STGALL

WRITE(S, *) 'ENTER DESIRED DEFLECTION'
READLS, *OEFALL

BASE=WD

HiHI=10

=50

WITE(G, *) ENTER APPLIED LKD"
REAN, *IP

A

WRITE(S, *) "ENTER MOULUS OF ELASTICTTY'
REDLS, * 13m0
KINRT=GASE* (HOHT?#51/12.
TOEF=P* (K25 /(3 KM0°K TAKT )
SIRCK-0.0
w2 =K
SIRn=0.0
20 CNTINE

IFRINT=3
HINUK=-1
W0
[I-0

100 CALL DOTUINFO, HETHD, IPRINT KOV KCOW, X KL, KU,

106 WINAK. . RFRIL FRY, W AR TR AR TR
TFCKONFQ.X(20) XU1)=k(2)-. 00001
TFIXG3).EQ K417 Ki51=X(4)-. 00001
(=it
IHINFO.EQ.0160 T0 70
KI=(X0O-X0217%0
XKL
K3=(K(31-X14) ) /40
Xe=x14)

WITES 85117 X111 X(21.X(31,K(4)

& FORMAT(14.9€15.6)

B (RAOPKD/ 502X 30 2K 204k (1) 2K (3))

1+(RAOKO/6) (X (4) K (1144 (3) X (2))
wsd = 1K
STRESS=67PH(K-KT) / ( (KT2ET X204 (X5 2K+ K4) #92))
STRRL-STRESS

(AL GEFLECTKL K2.K5. 50, AGP . DEFL, SLOPE, KT A0, P, k0!

IFIXTEQ X0ITHN

DEFHAN=-0FFL

HFLTOEF 67 GEFL Thew

W60 ¢-1.m

Ko ( (k{31 000 Ked! 1)

STRESI=62P(X0-X1) 1 ( (KT TRET* (X3 K40 #32))
CALL DEFLECOKL &2 X3, X4, ADP (L1, SLP1, KT AM0.P. X)
K3I=0K(5)-.02)-K(4)) /X0

STRESZG2PHAO-XT) 7 (KT 2K X2) 2 LIRS KT+49) %))
CALL BEFLECIRD X205 X8 AP DEFL, SUFE, X1, X0, P, )
DEFL=(0EFL 1HOFL2) 72

TFIKLEQXO) OEFIAR-0EFL

SLOFE-(SLF15LPI 12

STRESS=(STRESI+5TRESZ) /2

STRINS)=STRES.

IFIKTEG. X0 THY

OLL=(0FFL-(DEFALL® 1 00150/ (AL 01D
COJ=(IOFFALL® 999)-DFEFLI 7 (dEFALL?. 9981

morr

TFISTRESS. (T STRCHK ) THEN

IF KGR £0. 1060 10 o1

STRMY - STRLS:

6‘ = ;T/WW‘_II‘/ CALLY S ST0ALL




Table 1. Fortran program SPOPT (continued)

A1
HoIF

&1 KEXT-RO0A
STROM=STRESS

60 CONTINVE
wns
tIF
HoIF
IF(XL.EO.X0) THEK
DEFIAK=DEFL
GU1)=(DEFL-(DEFALL*. 0011/ (DEFALL*1. 001
GI3)=( (DFFALL®, 999)-DFFL)/ (DEFALL*, 999)
wLF
TF(STRESS. LT. STROK ) THEW
IFNCK £0. 1060 10 67
STRMAK=STRESS
GU2)=(STRIMK-STGALL) /ST6ALL
M=/
Eir

67 KI=KI-O/RK
SIRCHK=5TRESS

50 CONTINVE

HAPERFORY A SORT 0 FIND MAKTIUM IF STRESS [5 SIRICTLY
INCREASTNG AT THE FIXED EWD OF THE LEAF SPRING ****

£33 55609

IFIKCHK. £0. 0) THEW
LAST-HK-1
0 30 I=1.(AST
SHIK=STR(T)
N1
JIRST=1+1
W0 40 FJFIRST. KK
TFISHIN.LE STRUAID T0 40
SHIN=STRALS)
HMIN-J

40 (NTINE
STRO(HIN)=STRI(T)
STRA(T)=SHIK

30 CONTINE
STROAK=STRANK)
GI2)=(STRIAK-S16ALL ) /STEALL
HoiF

£ Sy

04 =1,/
STRNLI=0.0
45 (OWTINE
75 KI=KD
SIRCK-0.0
NH-=0
WRITES, *] [T, DEFIAK, STROAK
W
/0 STP
1/

13
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Table 2. Fortran program SPTRIAL.

IPLICIT DOUBLE PRECISTON (A-H,0-2)
DINEKSION X(4),KA(4,5)
UIMENSTON AP (4.5)
CPEHIUNIT=6, FILE="C: \FORTRAW\ FTRIAL (AT 1
10ONI=0
KONT=0
M=15
WRITE, *) "ENTER ALLOWABLE STRESS'
READIS, *)STeALL
WRITE(G, *) ENTER MOBULUS OF ELASTICITY: (
READ(S, I k0
WRITE, *) ENTER APFLIED LW ’
READIS, #)P
WITED, *) 'ENTER BEA LENGTH'
READGS, 1K
WITE, *) ENTER DERSITY!
RERDS, PR
WITES *) ENTER DESIRED MK OEFLECTION!
READ(S, *)EDEF
TET=(23STOALL "KL *XL) T (5 XMODPEOEF)
WRITES, *) "ENTER INITIAL GUESS FOR THICKNESS RATIO'
READ, *)4RAT
TOETET/ARAT
TE=10-. 000005
WITED, *) 'ENTER LENGTH 10 WIDTH RATIO"
READIS, IR
M=K /R
ME=-. 00005
BASEM)
HHI=T0 G
WRITE(S, 2001BASE, T
200 FORMATL/IX, 'THE INTTIAL GUESS FOR THE (ROSS SECTIONAL AREA',/" AT

A0

SIRCH#=0.0

KK

W50 J= 1.4+l

X1 -'v'il[ b(}//XLI

X2)-W0

NOI=(TET0IM

Ki4i=10

STRESS-62P* (KL -X117 (X1 1)2K X (2 UK () 2K T#K (4] %2 23)

CALL DEFCX AU DL SLPE XL X0, P 4L

TFXL EQ ML) THEA

TFUTOEE. G OFFL) THEK

00 60 &1 MK+l

KGI=UTE 0201010 STRESI=6%P* (XL -
KO/ 120026 KK 141)#221)
CALL DEFCE AR DEFLT, SLPL XL KD, P XL
KIT1=TE 02-T00 20 STRESZ=6*P*IKL-
KD/XU I KGRI 18)) #42))
CALL DEFZX ADP.OEFLZ SLP2. KT XHO0.F 4L
UEFL=(EFLIHDEFL2) 72
SUPE=(SLPI#SLP2I 2
SIRESS=(STRES1STRES2) /2

IO EQ ) THEN

DEFI-DEFL

SLOMK-=SLOFE

RATEF/OEFIAK

HIF

TFSTRESS. LT SIRCHK) THEN
IFIKCH £0. 1760 70 61

1THE BASE (THICXEST PART) (F THE TAPERED BEAN 15: ", 7" WIDIH = . fb. STRIAX- STRCHK
23, " & THICXKESS = ', £6.31 A=/
AIRT=GASE* (HHT#%5) /172, MKl ARY
TOEF=P* (XL #%3) / (3500 X IART) iif
WITELS, 100) TOFF C
100 FORMAT(/ " THE DEFLECTICN FOR A CONSTANT X-SECTION BEA", /" WITH TH 01 KI=KT-KL AWK
1ESE DINENSIONS 15 ', F6.5) SIRCHK=STRESS
TSTR=P*L*10/ (22K IART) TFIX.EQ Wi+ 1) THN
WRITES, 1011TSIR IFIKCERAE. 1) THEN
101 FORVAT(/" THE MAK. STRESS FOR A CONSTANT X-SECTION BEAN", /" WITH 7 STRIMK=SIRESS
IHESE DIMENSIONS IS ', F10.3) AI=KT
WITES.207) TFKLLT.0.00M01=0.0
207 FORMT(/ " THE FOLLOWING RESULTS WILL INDICATE THE COGIRATIONS OF tir
IHE, W0, TE, AW 70", /" THAT FRODUCE THE DESIREL DEFLECTION WITHIN tHoIF
247~ 58 AT THE EMD OF", /" EACH RUK, MESSAGE STATEMENTS MIGHT AFFE o0 (HTTNGE
JAR RECOMMENDING MODIFICATIONS ', /" T0 A FREVIOUS RN TN QROER 10 TN Q00
UREASE ACORACY.  THE SLOPE VALUES ARE GIVEK'./" [N RADIAKS AWD TN miF
SOICATE THE SLOPE OF THE BEAN AT THE TIFP WHERE THE', /" DEFLECTION 1 wrr
405 GREATEST. '7) A
TEIN-TE IFIKLEQ XL TrtH
wn-14 SLOMAK=SLOFE
WA-HE/W DEFMAK-0EFL
TE=TEN RATE=F/0E ik
wI=18 Hoir




Table 2. Fortran program SPTRIAL (continued)

IF(STRESS. LT STROK) THEN
TFINCKR.£0. 1760 10 67
STRIAK=SIRCHK
MI=KTHL KK
M-I
HoIF
67 KIAT-KL /WK
STRCHK=STRESS
IF(J. L0 MK+1)THEN
TFINCEK KE. 1) THEK
STRUAX=STRESS
IFXLLT.0.0041-0.0
WoIF
Eweir
0 (HTINE
T IRAT=TEZTE WEfaHT (R 3020 TOM W0 e (RO 1677 (T (WD)
CFF-ABS (DEFAK-EOEF)
IFWOIFFLE. . 11THEN
[CONT=]
SLOUEC-DATAN IS (k)
WITELS, 206)
RN R e L
JRRBEIARREARRIARAEE |

WIS, 2050

203 FORMTL/ " DEFLECTION - WE W Tt 0
SIRESS — SLOPE )
WRITES, 72006, WE, 0, T 10, STRIAK. S (EG
WRITEES, 206 WELGHT

205 FORMATY/ " THE MEIGHT OF THE BEAN WITH THESE DIMONS(Ns IS .07 37"
N T S Y
JHRIIERERSIE )

72 FORMAT(IX. 7(E10.5, 1K)
IF(STRIAK. 6T, STGALL) THEN
KUK/

ol 10 4
/s
MIF

71 FORATESALIZ 5, 1K)
TETETEIN/S0

49 CNTINE

46 WRAT-WRAT-. 25
VERRAT)

46 (T INE
IFICONT. £0.0)THEY
WITFIS, 207)

200 HORMAT (1 #2992 DFFLECTIONS ARE 70 S0 FR JE GFAN #2eees” /8
142902 JRY DECREASING THE IKTTIAL THCKNESS RATTD **#%2¢°)
60 10 50
tir
[FIKONT £Q.1)THEN
WITES, 201

201 FORUAT(/ " *##2%% SOE (R ALL STRESSES EXCEED THE ALLOWHBLE ******",
(7" ¥22e22 [V HIREASING THE INITIAL THICKRESS RATLD ##4%%%")
HoiF

o STF
10/
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sequence approach. The importance of having adequate initial values of the design variables will
also be demonstrated. This will be done by comparing the stress. detlection. and weight of initial
geometries with the optimized configurations. It will be shown how small deviations from a
feasible initial design can result in nonconvergence of the optimization problem.

The problem to be solved is as follows:

® Design the minimum weight leaf springs of a suspension system that will provide protec-
tion to the mass of 3.200 Ib at a frequency of 2.2 Hz with a factor of safety of 1.4. The
maximum G-load (load magnification) that will occur during the ascent and/or descent
mission is 2.63.

The first step is to determine the required spring rate for each spring (cantilever beam). From
equation (3). one finds

> 3.200

= = ].582.41 Ibfin . (44)
386.4

k, = f4mm = (2.2)%m

Since the isolation system has been designed such that the springs under design are all in parallel,
one can obtain the spring rate for each beam by dividing the total spring rate by the total number
of beams (in this case 4). Thus, the spring rate for each beam is

b= L - "522'4‘ — 395.6 Iblin . (45)

N.\'/)

The next step is to determine the maximum load per beam. This will be done by including the
G-load and factor of safety in the calculations,

_ W G(FOS)  _ (3.200)(2.63)(1.4) — 2946 Ib (46)

N 4

.\I)

P,

where
Wqgr = the total weight to be isolated
G = the G-load
FOS = the factor of safety
N

» = the number of springs.

Finally. the maximum deflection of the beam under the design load can be calculated from the
definition of spring rate of a beam

16




(47)

The beam dimensions obtained during the preliminary design phase are found in figure 4.
Figures 5 and 6 show deflection and stress plots of this design. Inspection of the data shows that
the maximum deflection of this beam with the applied load is 6.75 in and the maximum bending
stress 1s 102,630 psi. If the material selected for the beam is titanium Ti-6Al-4V (allowable bend-
ing stress 104.000 psi and Young's modulus of 16E6). one can see that the stress constraint is
met. The deflection. however. yields a spring rate of 436 Ib per inch. a difference of 10.2 percent
Irom the desired 395.6 Ib per inch. This difference results in a natural frequency of 2.31 Hz. a dif-
ference of 5.0 percent from the desired 2.20 Hz. This error is equal to the goal of 5.00 percent
allowable variation from the design. therefore. the preliminary design configuration was deemed

acceptable.
The author will now proceed to design the beam using the SPTRIAL and SPOPT programs.
Table 3 shows the input information required by SPTRIAL.

SPTRIAL is a program to obtain initial feasible designs. It does. however. require that the
user have knowledge of the effects of changing certain variables. For example. the thickness ratio
has a greater effect on the maximum stress than the length-to-width ratio for a given detlection.
This means that if a design is close to a desired deflection but the stresses are slightly above the
allowable. it is recommended to change the length-to-width ratio (instead of the thickness ratio) to
modify stresses without significantly affecting the stiffness of the beam. The program aims toward
a desired deflection by varying the initial thickness ratio. The stresses for several width ratios
(w./w,) are printed along with the weight of the beam and comments on whether the stresses
exceed the allowable. The author has noted. however. that generally the designs that result from
SPTRIAL are accepted by SPOPT to yield adequate final designs which meet both the stress and

deflection constraints.
Table 4 shows a listing of the results from SPTRIAL using the input data from table 3.

Table 5 is a listing of the input data required by SPOPT. The sample data shown is from
the first initial design of table 4.

Table 6 shows the output listing from SPOPT for a typical optimization run. In the case
shown. the input data from table 5 were used. The majority of the output listing is from the DOT
optimizing code with exception to the stress and deflection values for the optimized beam.

Even though SPTRIAL greatly helps in the selection of initial values for the optimization
process. it cannot guarantee convergence to a feasible design every time. Table 7 shows the
optimized results obtained for various initial designs as generated by SPTRIAL. Notice that there
were still two cases where no feasible design was obtained. This could possibly be corrected by
modifying some internal control parameters within DOT. but. due to the fairly consistent values of
the optimized weights. it was felt that modifications would not improve the results greatly.
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Figure 4. Initial leaf spring design configuration (half length).
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Figure 5. Deflection distribution for initial leaf spring design.
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Figure 6. Stress distribution for initial leaf” spring design.
Table 3. Sample of input data required by SPTRIAL.
Enter allowable stress 104.000 psi
Enter Young's modulus I6E6 psi
Enter applied load 2.946 Ib
Enter beam length VO SN
a
Enter beam density 0.16 Ibm in*
Enter maximum deflection 7.45 in
Enter initial guess for thickness ratio 0.55
Enter length-to-width ratio +4.57

“ The thickness ratio is the main variable used in SPTRIAL to
obtain the desired spring rate. Values between 0.5 and 0.75 are
recommended as first guesses. SPTRIAL will vary this quantity
as necessary to obtain the desired deflection.

“ During the derivation ol the Euler-Bernoulli beam equation.
a major assumption is that the beam have a fairly slender
geometry |1]. The recommended minimum length-to-width ratio
Is 4.5 where the width is taken as the average between the
widths at the free and fixed locations.
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Table 4. Output listing from SPTRIAL.

THE INITIAL GUESS FOR THE (ROSS SECTICHAL AREA
AT THE BASE (THICKEST FART) OF THE TAPERED BEAN 15:
VIDIH = 6.500 & THICKNESS = . 905

THE DEFLECTION FOR A CONSTAKT X-SECTION BEAY
WITH THESE DIMENSIONS IS 3,628

THE PAX. STRESS FOR A CONSTANT X-SECTION BEAY
WITH THESE DINENSIONS IS 871%8.857

THE FOLLOWING RESULTS WILL INDICATE THE COMBINATIONS OF WE, 0. TE, AN T
THAT FRODUCE THE DESIRED DEFLECTION WITHIN +/- 53, AT THE (M0 OF

EACH RN, MESSAGE STATENENTS MIGHT AFPEAR RECONMENDING MODIFICATIONS

10 A FREVIOUS RUN TN OROER 10 INCREASE ACCURACY.  THE SLOPE VALUES ARE GTYEN
IN RADIANS AKD INDICATE THE SLOPE OF THE BEAN AT THE TIP WHERE THE
DEFLECTION IS GREATEST.

FEEERPEREREE TR ERE R RRREEFERLRRARIRRERAREFFRRFEER RN ERR AR ERRRR LSRR RFERERRAEE

OEFLECTION - W L) 3 0 SIRESS — SLOPF
/IHEE0! . B5000E+0] . 650006401 . F5061E400 . IHE0E+0 . 10276406 . 468926400

THE WETGHT OF THE BEAY WITH THESE DINENSIONS 1S 19.0%

FRRFEEEREFEERRBREEERRERRFSERER RS SR G R R ERERERERE SR AR RS SRR AR RRFRERRIRSRNRER R AR

FREREEER R R R R R R R R IR RR T ERR AR R IR ER R RN AR R R FFRRERRRRERRENRFERERRRIRY

DEFLECTIN o W 3 0 SIRESS — SLOPF
JST1EQ1 487506401 . G50006+01 . 407166400 . SHBOE+0 . 106476406 . 461736400

THE WELGHT OF THE BEAY WITH THESE DINENSIONS IS 17.776

R EEEEERF RN RN RR AR R R R AR RRRRR SR AR SR SRR R R BB ER B R AR RER AR AL AAFRREERR AR A AR FREEE

FEEFRERRRR RN AR ER R RRRA G R R RN R ARG SRR RS R R REFERF AR E AR AR AR AR S SRR AR E

DEFLECTION - WE L /3 10 SIRESS — SLOPF
80001 SZ5006+01 . B50006+01 . 475026400 . IMBOE+0 . 111576406 . 46007600

THE WELGHT OF THE BEAY WITH THESE DINESIONS IS 16. 265

FEREERRERRERERREER R RN ASRREARRREERRRRER R R R R R R R R G REFERPRRSF RN RRRRTREHE BT

FREERRRRRR SRR RRERRRRR RS ERARREERFREGERERREBERREFRRREGRFRRRRFRFFRNRASERRADRRRF

OEFLECTION - WE L 1t 10 SIRESS — SLOPE
J3674E01 . 16250E+01 . G50006+01 . 565506400 . IMBOE+0 . 116086406 . 44256400

THE WETGHT OF THE BEAY WITH THESE DIMENSIONS IS 14.677

FREFREFEFERR RN SRR R RN G R AR R R R RO R AR ERRR R REA N R SR RN R R R GRRARFERARRRRRRELER

e SONE (R ALL STRESSES CXCEED THE ALLOWABLE ****#**
resest JoY [NCREASING THE INTTIAL THICKKESS RATIO *#*#



Table 5. Sample of input data required by SPOPT.

Enter the beam length 29.25 in

Enter initial guess for w, 6.50 in*

Enter initial guess for w, 6.50 in

Enter initial guess for 1, 0.3506 in
Enter initial guess for 7, 0.9048 in
Enter material density 0.16 Ibm/in®
Enter allowable stress 104.000. psi
Enter desired deflection 7.45 in

Enter applied load 2.946 1b

Enter Young's modulus I6E6 psi

“ In order to preclude computational difficulties arising from
design cases where w, is equal to w,. and when 7, is equal to
7, SPOPT adjusts the input information to eliminate the possi-
bility of a singularity. For this case. w, is set equal to 6.4999
without significantly affecting accuracy.

It should be noticed from table 7 that all the initial designs meet the detlection constraint of
7.45 in within approximately 0.050. The stress constraints. however. are violated many times but
this does not preclude convergence to a relative optimum. This indicates that the initial designs
need not be feasible in order for the problem to converge. All final designs were within 0.015 in
ol the desired deflection. and the stresses were within 0.5 percent of the desired stress.

Figures 7 through 10 show the convergence history of the optimum design variables,
optimum deflection. optimum stress. and minimum weight. respectively. for the initial design beam
ol figure 4. Notice that the final weight is approximately | Ib heavier than the initial design (table
/7). Increases to the base dimensions w,, and 7, were made by DOT in order to obtain a solution
closer to the constraints without significantly violating them.

It is interesting to find out what the optimum configuration would be if manufacturing (i.e..
material availability) or allocated space restrictions were included in the optimization routine. In
figure 11 it has been assumed that the only titanium available with the desired properties is a plate
with a thickness of 0.930 in. If 0.020 in is allowed for machining. this means that the maximum
material thickness available is 0.910. It has also been assumed that. due to space restrictions (i.e..
to prevent interference with adjacent hardware). the maximum width allowable is 6.50 in. These
limitations are very close to actual restrictions during the preliminary design effort and limit the
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Table 6. Output listing from SPOPT (DOT optimizer).

o o i

v 0 0 0 I
b D=0"*0= T
0 0 0 0 I
o oo I

DESTGN CFTINIZATION TOULS

() COPRRIGHT, 1985-69
ERCINELRING DESION CPTIRTZATION, IKC
ALL RIGHTS RESERVED, WRLOWIDE
VERSIN 2.0

- YR INTEGRITY 1S OUR COPY PROTECTIN -

CONTRU. PARANETERS
(PTIRIZATION METHD, I =/
MIEBER OF DECISION VARIABLES, MY = 4
NUBER (F CONSTRAINTS, M = §
PRINT CONTROL PARARETER, IRINT = 2
GRADIENT PARANETER, I/ = 0
GRADIENTS ARE CALCULATED BY DoT
MmN 29 KWl 9%
M2 1.000 K2 10.00
M3 .20 Wi3) 1.4%
iy 50 K4 150
—~ SCALAR FROGRAY PARAVETERS
REAL PARANETERS
11CT = -3. 00000602 8 0k = 1. 3000060
2) CINIK = 5. 000006-03 9 Y = 1000003
3) 0ABBJ = 1. WHEE-0? 10) Foc/t = |, O0000F-(4
4) DELGB = 1. OODOOF-03 11 R = 4. O0000E-01
5) 008l = 1.00000E-01 12) DABSTR = 0. 00000F+00
6) DB = 3.818%E0 13) DELSIR = 1. 00000€-05
71 0k = 1. 00000607

22

INTEGER PARRMETERS
1164 = 0 6 MAA = 6 1) 1PWTI = 0
IS = ¢ 7110 = 0 12 IPNIZ= 0
i = 4 8 Jmk = 20 15 MITE= 0

4y 1P = 72 9 IsT= 7
5V IRITE=" 7 10) JRINT = 0

STORAGE REQUIRENENTS
ARRAY DINENSTON  REQUIRED
W & V4
K 20 8l
— INITIAL VARIABLES AWD BOADS

LOWER BOWDS K THE DECISION VARIABLES (XL-VECTIR)
11 9.990006-01 1. 00000E+0 2. 49900E-01 2. 50000€-01

DECISION VARTABLES (X-VECTOR)
11 649999600 6. 500006+0 3. 506106-01 3. D4800E-01

UPPER BOUKDS O THE DECISION VARIABLES (XU-VECTOR)
11 9.99900600  1.00000601 149900600 1. 500006+00
- INITIAL FORCTION VALUES
@)= 19.0%
CONSTRAINT VALUES (6-VECTOR)
11 -8.391526-05 -1.636316-07 6. 40629603
-~ BEGIN CONSTRAINED OPTINIZATION: M0 HETHAD

-~ [JERATIN 1 (BJ = 1. 88950+01
DECISION VARTABLES (X-VECTOR)

11 64299600 6.36565E400 3. 64799601 8. 982001
- [TtRaTiy 2 BJ = 1. 85597E+01

DECISTON VARIABLES (X-VECTOR)
1) 62178560 6. 17160 33967601 9. 2420601



Table 6. Output listing from SPOPT (DOT optimizer) (continued)

— [TERATIN 5 (BJ = 1.838976+01

DECISTON VARIABLES (X-VECTOR)
1) 625600 61719600 3.39867¢01 9. 820601

— [TERATIN ¢ (B = 1.85597E+01

DECISION VARIABLES (X-VECTOR)
11 622860 61719600 33967601 9. 420601

~~ (PTINIZATION 15 COWPLETE
MIBER OF TTERATIONS = ¢
CONSTRAINT TOLERMKCE, (T = -5, O0000F-05
THERE ARE 3 ACTIVE CONSTRAINTS AKD O VIDLATED CONSTRAINTS
CONSTRAINT KABERS
e
THERE ARE 0 ACTIVE SIDE CONSTRAINTS
TERNIKATION (RITERIA
RELATIVE CONVERGENCE CRITERION WAS MET FOR 2 CONSECUTIVE TTERATIONS

ABSHLUTE CONVERGERCE CRITERION WAS MET FOR 2 CONSECUTIVE TTERATIONS

— OPTINIZATION RESUTS

BHCTIVE, FIK) = 1835976401

DECISION VARIABLES, X

VY K X A
! 99900001 6. 212850 9. %9900F+0
72 .O0000E0 6.17197600 1. 00000E0!
3 249900601 33967601 1499006400
¢ 250000601 3. 28400601 1. 500006+0

COHSTRAINTS, 61X)
11 79181604 4. 3637705 -2.7%V05

FURCTION CALLS = 46

wesserd THE DEFLECTION FOR THE QPTINIZED BEAN IS ##¥#%%* 7, 46416
eassees [ STRESS FOR THE OPTIHIZED BEAN IS *####%* 104473,
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Table 7. Optimization results for various initial designs.

Design W, w, i3 b Weight Del Stress lteration

Initial 6.500 | 6.500 | 0.351 | 0.905 | 19.095 | 7.395 | 102,270

Final 6.213 [6.172 | 0.339 | 0.928 [ 18.360 | 7.464 | 104.429 46

Initial 4.875 |6.500 [ 0.407 [ 0.905 17.776 | 7.375 | 106.470

Final 5.193 7.002 | 0.402 | 0.878 18.593 | 7.435 | 104,516 66

Initial 3.250 | 6.500 [ 0.475 | 0.905 16.285 | 7.380 | 111.570

Final 3.520 | 8.122 [ 0.493 | 0.817 18.422 | 7.459 | 104,022 71

Initial 4.000 | 6.500 [ 0.490 | 0.910 17.609 | 6.750 | 102,630

Final 4.245 [ 7.730 | 0.467 | 0.829 18.662 | 7.460 | 104,470 109

Initial S.850 | 5.850 | 0.286 | 0.995 17.541 | 7.427 | 108.890

Final *#%x% No Feasible Design Was Obtained ####5%

Initial 4.388 | 5.850 | 0.336 [ 0.995 16.321 7.472 | 115.660

Final 5.294 [ 6977 | 0.390 | 0.884 | 18.610 | 7.436 [ 104,472 88
Initial 2,925 | 5850 | 0.411 | 0.995 | 15.100 | 7.368 [ 121.600

Final *ExEE No Feasible Design Was Obtained ####%

Initial 1.463 | 5.850 [ 0.498 | 0.995 | 13.624 | 7.407 [ 133.830

Final 1.516 | 8.799 | 0.625 | 0.767 | 17.203 | 7.438 | 104,517 111

10.00

9.00

8.00

7.00

6.00

5.00

4.00

Design Variables

3.00

2.00

1.00

0.00

= ceseeo w,

] saraaa W,

= 00000 t,

] ceeeo t,

= lTlllIIIIlllllIl]lllfllllI]'Tlllllll'l|llll1]lll'|
0.06 o '26.]OIOI I 40.00 60.00 80.00 100.00 120.00
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Ficure 7. History of design variables versus number of iterations.
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Figure 8. History of deflection constraint versus number of iterations.
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number ol potential optimum solutions. However. it can be seen that the weight is essentially the
same as the optimum solution from table 7 (18.662 Ib). and a good improvement toward meeting
the desired detlection and stress constraints is obtained. The minimum weight under these con-
ditions 18 18.664 1b with the following parameters:

w. — 6.09 in

n, — 6:50 in
r. — 0.351 in

1, — 0910 in
Dellection — 7.46 in
Stress — 103.950 psi.

TEST RESULTS

Once the preliminary design was completed and a geometry selected. a spring was manufac-
tured from 6061-T6 aluminum alloy to verity the configuration. Since the final configuration was
to be manufactured out of an expensive titanium alloy. the decision to proceed would be based on
the outcome of this test.

The test parameters were as follows:

® Maximum load per cantilever — 800 Ib

® Maximum expected detlection — 2.934 in

® Maximum expected stress — 27.868 psi

® Expected spring rate — 273 Ib/in.
Strain gauge and displacement indicator locations for the test hardware were as indicated in figure
[2. Test procedures and results are in references 8 and 9. Pertinent information is summarized
below:

® Maximum applied load — 800 Ib

® Maximum measured deflection — 3.052 in

® Maximum measured stress — 27.160 psi*

® Measured spring rate — 262 Ib/in.
“It should be noted that the maximum measured stress was obtained at gauge number 4 in figure

12 (9.5 in from the clamped edge). The actual calculated location of maximum stress is at 10.38 in
from the clamped edge. The calculated stress at 9.5 in is 27.850 psi. a difference of 2.47 percent.
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Figure 12. Location of deflection and strain gauges.




Figure 13 shows the predicted versus the test values of the detlection for the aluminum test
beam.

CONCLUSIONS

The results of this study show that although time consuming trial-and-error iterations were
performed during the initial design of the leaft springs for the HST/SSE. the resulting design was
very near an optimum design for the configuration analyzed. The study also shows that with the
availability of personal computer-based optimization software. fairly complicated problems can be
handled with fast solutions and reliable final designs. It is interesting to point out that constraints
and limitations such as material availability and possible interference with adjacent hardware can be
included in the optimization procedure as mathematical constraints on the numerical minimization
problem.

It 1s important to note that although the derivation of the deflection equations for the spring
was based on small deflections. comparison with nonlinear finite element solutions show that for
the range of deflections required. the difference between both solutions is acceptable. Care must be
exercised in order to justify the linear approximation for applications with larger deflections.

The time has come for design engineers to take advantage of the powerful tools available
for developing lightweight and structurally sound hardware. All that is required is the desire to
learn and the awareness that the state-of-the-art is advanced by inquisitive minds.
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Figure 13. Test results for leat spring (6061-T6 aluminum),
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