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ABSTRACT OF THE DISSERTATION

A STUDY OF STRONG STABILITY
OF
DISTRIBUTED SYSTEMS

Tayfun Cataltepe
Doctor of Philosophy in Electrical Engineering
University of California, Los Angeles, 1989

Professor Nhan Levan, Chair

This dissertation studies strong stability of distributed systems and addresses the
problem of characterizing strongly stable semigroups of operators associated with
distributed systems. Main emphasis is on contractive systems. Three different
approaches to characterization of strongly stable contractive semigroups are devel-
oped. First one ié an operator theoretic approach. Using the theory of dilations it
is shown that every strongly stable contractive semigroup is related to the left shift
semigroup on an L? space. Then, a decomposition for the state space which identi-
fies strongly stable and unstable states is introduced. Based on this decomposition,
conditions for a contractive semigroup to be strongly stable are obtained. Finally,
extensions of Lyapunov equation for distributed systems are investigated. Suffi-

cient conditions for weak and strong stabilities of uniformly bounded semigroups

vil



are obtained by relaxing the equivalent norm condition on the right hand side of
the Lyapunov equation.

These characterizations are then applied to the problem of feedback stabilization.
First, it is shown via the state space decomposition that under certain conditions a
contractive system (A4, B) can be strongly stabilized by the feedback —B*. Then,
application of the extensions of the Lyapunov equation results in sufficient condi-
tions for weak, strong and exponential stabilizations of contractive systems by the
feedbackv—'B'. Finally, it is shown that for a contractive system z = Ar + Bu,
where B is any linear bounded operator, there is a related linear quadratic regula-
tor problem and a corresponding steady state Riccati equation which always has a

bounded nonnegative solution.
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Chapter 1

Introduction

Distributed systems are those dynamical systems that are described by partial
differential equations, integral equations, integro-differential equations or delay-
differential equations. They differ from lumped parameter systems in that the state
space of the system is no longer finite dimensional.

A flexible beam, an electrical transmission line, temperature distribution on
a metal rod. evolution of the population of a country, e.t.c., are all examples of
distributed systems.

A stable dynamical system is one in which the state does not grow without bound
in time. Topology of the state space plays the most important role in defining the
stability of the system. For distributed systems this leads to three different types
of stabilities: weak, strong, and exponential. A distributed system is weakly stable
if the state converges to zero in time in the weak topology and it is strongly stable
if the convergence is in the strong topology. When the norm of the state decays
exponentially the system is exponentially stable. Exponential stability is equivalent

to stability in the uniform operator topology.



Given a system, the problem of choosing a control (or forcing function) that
will yield the desired degree of stability of the state is referred to as stabilization.
Stability and stabilizability are of primary interest in control theory.

In this dissertation, we study strong stability. Specifically, we find conditions for
a linear distributed system to be strongly stable and strongly stabilizable. There are
various reasons for concentrating on strong stability rather than weak or exponential
stabilities. Exponential stability is a more desirable property, however it is difficult
to come by in many situations [4, 7]. For example, a strongly stable distributed
syvstem cannot be exponentially stabilized by a compact feedback. This means that
no finite dimensional controller can enhance the stability of the system [22, 68].
Another situation is that exact controllability, a property which guarantees the
existence of an exponentially stabilizing control, is not possible if the system or
the control operator is compact. Certain parabolic systems and delay differential
equations are examples of such systems [65, 67]. In these cases strong stability may
play a useful role [ 22].

Strong stability involves the state space. In other words, some states may be
strongly stable some may not. By the same token, it may be possible to strongly
stabilize a subset of the state space.

Moreover, since a norm can be regarded as energy. strong stability may be
interpreted as energy being dissipated in time while weak stability in general, does
not have such a physical meaning.

Most of the previous work on stability and stabilizability of distributed systems
deals with exponential and weak stabilities [7, 12, 13, 62]. Necessary and suffi-

cient conditions for exponential stability are known. However, there are no general



conditions for weak or strong stabilities. These are the central problems of our
work.

This dissertation is organized as follows. Chapter 2 reviews the essential mathe-
matical notions and results on distributed systems. First, we state the fundamental
definitions and theorems on strongly continuous semigroups that will be needed in
subsequent chapters. Then we introduce the abstract state space model for linear
distributed systems and give definitions of controllability, stability and stabilizabil-
itv. Finally, results on stability and stabilizability of distributed systems that are
relevant to our study are stated.

In Chapter 3, three different approaches to characterization of strongly stable
(mainly contractive) semigroups are developed. First, we apply the theory of dila-
tions of contractions to strongly stable contractive semigroups. It turns out that
every strongly stable contractive semigroup is “related” to the left shift semigroup
on an L? space. In Section 3.2, we introduce a decomposition for the state space
which identifies strongly stable and unstable states of a contractive system. This
decomposition then results in conditions for strong stability. Finally we investi-
gate extensions of Lyapunov equation for weak and strong stabilities of uniformly
bounded semigroups.

Chapter 4 is an application of the results of Chapter 3 for feedback stabiliza-
tion. First, we apply the state space decomposition developed in Section 3.2 to a
contractive system (A, B) with feedback —B*. This results in conditions for strong
stabilization via the feedback —B*. Then we apply the two extensions of the Lya-
punov equation investigated in Section 3.3. Finally we show that the application of

the Lyapunov equation leads to some results concerning a linear quadratic regulator



problem for contractive systems.

Chapter 5 contains a discussion of our results and ideas for future research

directions.



Chapter 2

Background and Review

In this chapter we review basic mathematical fundamentals relating to linear dis-
tributed systems and define the terminology that will be used throughout this work.
We also present the key results on stability and stabilizability of distributed sys-
tems which are pertinent to our study. However, not all of the related results will
be stated here, instead, we will refer to them in the subsequent chapters as needed.

The abstract differential equation

#(t) = Ax(t)+ Bu(t) ,t>0 (2.1)

- z(0)

il

To

serves as a model for linear time invariant control systems. For each ¢, z(t) evolving
according to equation (2.1) is called the state at time ¢ and belongs to a Hilbert
space H called the state space. u(t), called the control, belongs to a second Hilbert
space U/, the control space. A and B are linear operators. When H and U are finite
dimensional, (2.1) becomes the familiar state space model for lumped parameter

linear control systems. If the state space H is infinite dimensional equation (2.1)



describes a distributed control system. The operator A is taken to be the generator
of a strongly continuous semigroup of linear bounded operators T'(t), t > 0. Proper-
ties of the spaces / and U7, and those of the operators A (hence the semigroup T'(¢))
and B determine the characteristics of the control system such as controllability and

stability.

2.1 Strongly Continuous Semigroups

The theory of semigroups of linear operators provides a convenient setting for study-
ing linear systems. A family of linear bounded operators T(t), t > 0, over a Hilbert

space H is called a strongly continuous (Cy) semigroup if

(1) T{(O)T(s) =T(t+ s) for t,s > 0,

(i) T(0)r = « for all x € H,

(1i) t — T(t)x is a continuous mapping for { > 0 and each r € H.

The linear operator A defined by

Ar =1lim M-I———l:

t—0

is called the infinitesimal generator of the semigroup T'(t). The domain D(A) of A

consists of all those r in H for which the limit exists. We have:

Theorem 2.1.1 [3, 29] A linear operator A is the generator of a Co semigroup

T(t) on H if and only if

(1) A is closed and D(A) is dense in H,



(i) There exist M > 1 and w € R (real) such that for each X > w, \ € p(A)

-resolvent set of A- and forn >0

I(h = w)™(AT = A)) < M.

Moreover |T(t)]] < Mevt .

The resolvent set p(A) of A is the set of all complex numbers A for which the

operator (A] — A) has a bounded inverse. The family of linear bounded operators
Ry(A)= (M- A" [ Aep(d),

is called the resolvent of A. The complement of the resolvent set in the complex
plane is the spectrum of A and is denoted by o(.4). Eigenvalues, or the point
spectrum, form a subset of o(.A4). If ||T(t)]] £ Me“! for some w then the spectrum
of the generator A is contained in the halfplane {A : Re.A < w}.

If A generates T(t), then its adjoint A* generates T'(t)*, which is also a
semnigroup. The restriction to an invariant subspace of a semigroup and the direct ‘

sum of semigroups are again semigroups.

Theorem 2.1.2 [29] Let A be the generator of a Cy semigroup T(t) and let B be a
linear bounded operator on the space H. Then A+ B also generates a Cy semigroup
S(t) which satisfies
t
S(h)e = T(t)z +/ T(t - 0)BS(0) do ,z € H.
0
Moreover, if ||T(t)]| < Me*! then ||S(t)|| < Melw+MiBle,
A Cy semigroup T'(t) is said to be compact if T(¢) is compact for each ¢ > 0.

T'(t) is called uniformly bounded if ||T(¢)|| < M for some A > 1 and for all ¢ > 0.

[t is called a contraction or contractive semigroup when ||7(¢)|| < 1.

7



Theorem 2.1.3 [29] An operator A is the generator of a contractive semigroup if

and only if it is mazrimal dissipative, that s,
Re. [Az,z]) €0 forall x € D(A)
and A does not admit any proper dissipative extension.

For a contraction semigroup 7'(t), ¢t > 0, the following are well defined closed

subspaces:

(1) Tsometric subspace

H(T)={z e H:||T(t)z]| = ||z|| for t> 0},

(11) Unitary subspace:

H,(T)=H(T)(H(T").

[t is clear that H/(T) is invariant under T'(¢) and H,(T) reduces T(t), ¢ > 0. The
contraction semigroup I'(¢) is called completely non-isometric (c.n.i.) if H(T) =
{0} and is completely non-unitary (c.n.u.) if H,(T) = {0}. Since, by definition,
H,(T)C H(T), it follows that c.n.i. = c.n.u. .

For a detailed treatment of the theory of semigroups, we refer to [3, 14, 23, 27,
53, 70].

The following terminology will be used in this work:

Definition 2.1.1 A linear bounded self-adjoint operator P is
(i) nonnegative if 0 < [Pz,z] forallz € H,

(i1) positive if 0 < [Pz,z] forallz € H,

8



(iii) strictly positive if a|z||? < [Pz,z] for some a >0 and forallx € H.

Example 2.1.1 Let K be a Hilbert space and denote by L*(10,5¢); K) the space

of A'-valued functions z(t) such that

[E2E% =/0 le(D)]2dt < oo .

Then. L2([0,>); i) equipped with the inner product

eyl = [ Le()yO)]wdt

is a Hilbert space.

The family of operators L(t), ¢t > 0, on L%([0,00); k') defined by
(L()2) (s) = 2(s + 1)

form a Cy contractive semigroup since || L(t)z]|2z < ||z|lr2. L(t) is called the left
shift semigroup.
A simple calculation shows that the generator of the left shift semigroup is

(4) () = 2

with

D(A) = {z : r absolutely continuous, %:— € L*([0,2); K), x(0) = 0} .

The adjoint of L(t) is given by
(R(t)x) (s) = (L(8)"z) (s) =
r(s—t) ,t<s
and it is called the right shift semigroup. Since ||R(t)z|| = ||z|| for all z, R(¢) is a
semigroup of isometries. We have ||R(¢t)|| = ||L(¢)|| =1, for ¢ > 0. A

9



2.2 Linear Distributed Systems

Consider the abstract homogeneous differential equation

#t) = Az(t) ,t>0 (2.

S
[ 3]
~—

£(0) = o

where for each ¢t > 0, z(¢) is an element of an infinite dimensional Hilbert space H
and A is the generator of a Cy semigroup of linear bounded operators on H. Under
these conditions, (2.2) represents a linear autonomous distributed system. If T(t),
t > 0, is the semigroup generated by A, then the unique (mild) solution of (2.2) is
given by x(t) = T(t)xo.

The non-homogencous equation
r(t) = Axz(t) + Bu(t), (2.3)

r(0) = zo,

describes a linear distributed control system and is denoted by the pair (A, B).
Tlie control u(t) takes values in the space U/ and, for our purposes, we take u(-} €
L?*([0,>c); L") and B to be a linear bounded operator from U to H. In this case, the

(mild) solution of (2.3) is of the form
t
2(t) = T(t)zo +/ T(t - o)Bu(o)do . (2.4)
0

We say that the system (A, B) is contractive if A generates a contraction semi-

group, and conservative if A generates an isometric semigroup.

10



2.2.1 Controllability of Linear Distributed Systems

A state r € H is said to be reachable (from origin) if there exist { > 0 and u(:) €
L*(10,1); U') such that

T = /Ot T(t — o)Bu(o)do .
The characteristic of the system (2.3) that allows the control u(t) to steer the
state from one point to another in the state space is referred to as controllability.
There are various notions of controllability for distributed systems, all of which are

cquivalent if the state space is finite dimensional [3, 7, 56, 63].

Definition 2.2.1 The system (A, B) is eractly controllable if for every r € H,

there exist t > 0 and u(-) € L*([0,00);U) such that
t
z :/ T(t - o) Bu(o)do .
0

The above definition is a natural extension of the concept of controllability in
finite dimensional systems. However, exact controllability is difficult to achieve and
many real life distributed systems are not exactly controllable [3]. For example
if the operator B or the semigroup T(t) is compact, then (A, B) is never exactly
controllable unless the state space is finite dimensional. In this work we will be

concentrating on the following weaker notion of controllability [6, 40]:

Definition 2.2.2 A state x in H is called (approximately) controllable if fore > 0,

there is a u(-) € L*([0,¢): U) such that
t
|| —/ T(t — o)Bu(o)do|| < € for some t > 0.
o ,
The set of all (approximately) controllable states is

M.(A4,B)= ] T@t)BU

>0

11



where = denotes the closure. The orthogonal complement in H of M., denoted by

M., is called the (approrimately) uncontrollable subspace:

M..(A,B) = [ N(B*T(t)") .

>0
The system (A, B) is (approzimately) controllable if and only if M,.(A,B) = {0}

= M.(A4,B)=H.

It follows that a system (A, B) is exactly controllable if every state in H is
reachable, and it is approximately controllable if the set of reachable states is dense
in H.

From now on, we will refer to “approximate controllability” simply as “control-
lability”™. It is easy to see that a state z € H is uncontrollable if B*T(¢)*r = 0 for

t >0 and the system (.|, B) is controllable if and only if
BTt)r=0 for t>0=2=0 .

The following theorem shows that controllability of a distributed system is unaf-

fected by bounded perturbations.

Theorem 2.2.1 Let F be a linear bounded operator. Then (A, B) controllable

<= (A + F, B) controllable.

2.2.2 Stability of Linear Distributed Systems

In control theory, stability of a system is of foremost importance. The autonomous

system (2.2) is stable if for every initial state z¢ in H

r(t) -0 as t - .

12
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Equivalently, a state ro € H is stable if

T(t)xg — 0 as t — 20 . (2.

(2]
(1]
~

Hence, stability of the semigroup T(t) determines stability of the system. In finite
dimensional state space, (2.5) implies that the decay is exponential. However, in

infinite dimensional state space, we have the following notions of stability:
Definition 2.2.3 The system (2.2) or equivalently, the semigroup T(t), t >0, is
(i) erponentially (e)-stable if there are constants M > 1 and w > 0 such that

1T < Me™* [t>0,

(1) strongly (s)-stable if. for every r in H

IT(t)z|] -0 as t — oo,

(1) weakly (w)-stable if, for all z and y in H

[T(t)z,y] = 0 as t = oo .

It is clear that e-stability = s-stability = w-stability. Also, by the uniform
boundedness principle, a stable semigroup is always uniformly bounded. We say
that the system (A, B) is stable if the semigroup generated by A is stable.

Note that if a semigroup 7(t) is weakly or exponentially stable then so is its
adjoint T'(¢)*. This is not necessarily true for strong stability. For example, the left
shift semigroup L(t) of Example 2.1.1 is strongly stable but its adjoint R(t) (right

shift) is not since the right shift semigroup is isometric.

13



We now review the pertinent results on stability of Cy semigroups. Almost all of
the previously reported works on weak and strong stabilities dealt with contraction
semigroups. This, as we shall see, is due to the fact that such semigroups have
certain special properties that can be exploited to arrive at conditions for weak and
strong stabilities. One of the most useful properties of contractions is the following

decomposition due to Sz.-Nagy and Foias:

Theorem 2.2.2 [51] To every contractive semigroup T(t), t > 0, on H, there

corresponds a unique orthogonal decomposition
H=H.,,T)s H/T)

where H,(T) is the marimal subspace which reduces T(t) to a unitary semigroup
while its orthogonal complement H.,,(T) reduces the semigroup to a completely

non-unitary contractive semigroup. T(t) admits the unique canonical decomposition
T(t) = T.nu(t) @ Tou(t) .

What makes the above decomposition applicable to the study of stability of

contractions is Foguel's characterization of the weakly unstable states.
Theorem 2.2.3 [20] Let T(t), t > 0, be a contractive semigroup on H. Let
W({T)={zxe H:T(t)rt - 0 weakly as t — oo} .

Then, W(T) s a closed subspace which reduces T(t). Moreover, W(T) = W(T™)

and W(T)*+ C H,(T).

W(T) can be called the weakly stable subspace. Its orthogonal complement

W(T)* is therefore called the weakly unstable subspace. A contraction semigroup

14



T(t), then, is weakly stable if and only if W(T)* = {0}. Foguel’s theorer'n shows
that a completely non-unitary contraction semigroup is weakly stable. Note that
this is only a sufficient condition.

Analogous to TV(T'), we can define M (T) to be the strongly stable subspace of

a semigroup T(¢):
MT)={z e H:||T(t)z|]| > 0 as t —» oo} .

There are no general conditions for a Cy semigroup to be weakly or strongly
stable. However, under certain situations, weak and strong stabilities are equivalent.

Fortunately, most physical systems have these properties [3, 23].

Theorem 2.2.4 [5] Let T(t), t > 0, be a Coy semigroup. Weak stability implies

strong stabiity provided, either

(1) The generator A has a compact resolvent,

or
() T(t) is self-adjoint.

Recently, Levan [10, 43, 45, 46] and Miyaji [43] investigated strong stability of
"y semigroups via several different approaches. We will be referring to their work
later on.

The strongest type of stability is exponential stability. First, we have:

Theorem 2.2.5 [3] If the semigroup T(t) is compact for some t > 0, then weak

stability implies erponential stability.

15



Necessary and sufficient conditions for a 'y semigroup to be exponentially stable
are known. The following theorem which can be regarded as the infinite dimensional

analog of Lyapunov’s theorem on stability of matrices, was proven by Datko:

Theorem 2.2.6 [12] Let T(t), t > 0, be a Cy semigroup with generator A in H.

The following statements are equivalent:
(i) T(t) is erponentially stable.
(ii) There erists a self-adjoint, positive operator P > 0 on H satisfying
2 Re. [PAr,z] = —||z|?
for all x in the domain D(A) of A.

(i) For all x in H,
/°° | T(¢)z||?dt < oo .
0

Condition (i) may be replaced by
2 Re. [PAr, x| = —[Wz,z],

where 1V is a self-adjoint, strictly positive operator, i.e., [IVz,z] > a|z||* for some
a > 0. In this case, W defines an equivalent norm.

The third condition of the theorem was generalized by Pazy:

Theorem 2.2.7 [54] A Cy semigroup T(t), t > 0, on a Banach space is exponen-

tially stable if and only if for 1 < p< >

lello = ([ IT ) lPde)’> < oo

16



Moreover, || - ||, defines an equivalent norm if and only if there exists t, > 0 and

¢ > 0 such that, for cvery r,

IT(to)]| 2 ll«]| -

2.2.3 Stabilizability of Linear Distributed Systems

Suppose the system
r(t) = Az(t) + Bu(t)

is not stable in any sense. Feedback stabilization or stabilization in short, is the
problem of finding a linear feedback operator ' : H — U so that the system
with the feedback control u(t) = Fuz(t) is stable. The system (A, B) is said to
be weakly, strongly or exponentially stabilizable if such an operator F' exists that
weakly, strongly or exponentially stabilizes the system.

Thus. stabilization of the system (2.3) is equivalent to the stability of the fol-

lowing system with the perturbed generator:

#t) = (A+ BF)z(t) (2.6)

z{0) = 1g.
The solution of this differential equation is
x(t) = S(t)xo ,t 20

where S(t), t > 0, is the Cg semigroup generated by A + BF. The stabilization
problem, then, can be restated as: given a semigroup T'(t) with generator A on H,
find an operator F': H — U such that the semigroup S(t) generated by A+ B[ 1s

stable.

17



Benchimol proved the following, which is a refinement of earlier results on weak

stabilization of contraction semigroups [52, 53]:

Theorem 2.2.8 [5] Let A be the generator of a contraction semigroup T(t) on
H, and B a linear bounded operator from another Hilbert space U into H. Then
the semigroup S(t) generated by A — BB* is weakly stable if and only if the weakly

unstable subspace of T(t) is (approzimately) controllable.

Another way of stating the above theorem is that the contractive system
r = Az + Bu is weakly stabilizable by the control u(t) = —B*z(t) if and only
if W(T)+ C M.(A, B). This choice of control is robust in the sense that it does
depend on the characteristics of the uncontrolled system. The result also applies to
semigroups which are similar to contractions.

Other types of feedback controls for weak stabilization of both general 'y semi-
groups and quasi-afline transforms of contraction semigroups have been studied by
Levan [43]. Levan showed that using a feedback involving a solution of the steady
state Riccati equation, a (g semigroup can be approximately weakly stabilized. The
stabilization is approximate in the sense that the feedback semigroup is stable on a
dense subspace instead of on the whole space [414].

When the generator of the original semigroup T(t) has compact resolvent, weak
and strong stabilities are equivalent. Indeed, most of the results on strong sta-
bilization are derived for systéms with compact resolvent [4, 6]. However, using
state space decomposition techniques, Levan and Rigby gave the following results

on strong stabilization of contractive semigroups:

18



Theorem 2.2.9 [38, 46] Suppose that for a contractive system (A, B)

Then the system is strongly stabilizable by the feedback —B™ if and only of H,(T) is

controllable for (A, B) or for (A%, B).

Finally, we give the key results on exponential stabilization. As in the case of
weak and strong stabilizations, (exact) controllability also plays an important role

in exponential stabilization.

Theorem 2.2.10 [71] If the pair (A, B) is exactly controllable, then it is exponen-

tially stabilizable.

Note that exact controllability is sufficient but not necesary for exponential
stabilization.

Exponential stabilization is related to optimization problems involving quadratic
performance indices [13, 62]. Techniques used in finite dimensional optimal control,
when applied to distributed systems, yield the following necessary and sufficient

conditions for exponential stabilization:

Theorem 2.2.11 [3, 56] For the system & = Ar + Bu, x(0) = zo, the following

conditions are equivalent:

(i) The system is exponentially stabilizable.

(ii) For every initial condition xo € H, there exists a control u such that
L (R0, 2(0] + u(vl)dt < 0.

where R is a strictly positive operator.
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(iii) There erists a nonnegative operator P satisfying the steady state Riccati equa-

tion

[PAzr.r] + [z, PAz] + [Rr,z] - ||B*Pz||* =0 ,z € D(A). (2.

(8]
~1
N

Moreover, the stabilizing feedback control is u(t) = —B*Px(t).
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Chapter 3

Stability

This chapter is divided into three sections. Each section covers a different approach_
to characterization of strongly stable (mainly contractive) semigroups. Section 3.1
is an operator theoretic approach and shows that every strongly stable contraction
semigroup is related to a shift operator on an L? space. In Section 3.2 we develop
a new state space decomposition with strong stability in mind. Strongly stable
and unstable subspaces are characterized and conditions for strong stability are
obtained. Finally, in Section 3.3 we investigate Lyapunov type approaches to strong

stability of uniformly bounded semigroups.

3.1 Dilations of Contractions and Strong
Stability

Structures of linear operators in finite dimensional spaces are obtained from the the-
ory of Jordan canonical form. Generalization of this theory to infinite dimensional

Hilbert space operators is the so called model for an operator. A canonical model
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for an operator is a representation of the operator in terms of “simpler” operators
which admit “richer” structures. A dilation of an operator is a particular form of a
canonical model where the given operator is represented as part (or compression) of
a naturally associated operator of a better understood type on a larger space. Thus
if U and T are operators on Hilbert spaces H; and H; , respectively, U is called
a dilation of T whenever H, € H, and T = PUl|y,, where P, is the orthogonal
projection onto H, and |g, denotes the restriction to H.

The theory of dilations of contractions was initiated by Halmos and was fully
developed by Sz.-Nagy and Foias who showed that every contraction operator can
be dilated to a unitary operator. Dilations of semigroups were also investigated by
these authors.

Iu this section, strong stability of contraction semigroups will be studied from
the point of view of their dilations. Results on dilations can be found in [16, 18, 25,
19, 50, 51]. Here, we will obtain several extensions by studying the problem from
the context of strong stability.

Let T(t), t > 0, be a contractive semigroup with generator A in H. Since
T () x|] < ||x|| for all z and ¢ > 0, ||T(¢)z|| is a non-increasing function of ¢. Next,
we have,

0 < IT(Hz]? = [T(t) T (1), 2] < [, 2],

which shows that the nonnegative contractions T'(¢)*T(¢) are bounded and non-
increasing in ¢{. Hence, they converge strongly to a nonnegative contraction (2
(say),

lim T(¢)*T(t)r = C*z .

t—0co
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Therefore,

lim || 7()x]? = [z
Now, for r € D(A),
-‘:lit-HT(t)rH2 =2 Re. [AT(t)z. T(t)z] £ 0.

Therefore

t
el = IT()]* = [ ~2 Re. [AT(0)z, T(0)x]do
0
Since lim;—, ||T(t)z||* < oo, we obtain by letting ¢ — oc:

z? = |C|l? = /:’ 2 Re. [AT(t)z, T(t)z]dt . (3.1)

Let [r,y]. be the symmetric sesquilinear form on D(A) defined by [z,y}. =.
—[Az,y] — [r, Ay]. Then it is nonnegative definite by the fact that A is dissipative.
Hence, [z,y], defines an inner product on D(A) [8]. Let K be the completion of
the subspace D(A) modulo the set of “zero” elements, i.e., [z,z], = 0. Then (3.1)

can be rewritten as
el = ICall? + [T IT(0al2dt , for = € D(A).
0

This shows that for each z € D(A), T(¢)r is in the space L*([0,0c); A'). Let
Q: D(A) — L*][0,00); K) be the linear transformation defined by (Qz)(¢) = T'(¢)x,
then

ol = Calf + |02 ]%, for z € D(). (3.2)

It follows that each z in D(A) can now be represented by the element Cx & Qx

of the space R{C) @ L?([0,00); K), where R(-) denotes the range. Let & : D(4) —

R(C)® L*([0,00); K) be defined by

Yr=Czs0zx ,
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then ||r]] = ||Xz|| from (3.2). We therefore have an isometric representation for

D(A). Moreover, since D(A) is dense in H, £ can be extended to all of H. The

above shows that the original space H can be “embedded” in the space R(C) &
L2({0, x); A).

By considering the representation of T(¢)z in the larger space constructed above,
we obtain a dilation of T(¢). We have

ST()z = CT(t)x & QT(t)z ,z € D(A).

Let L(#) be the left shift semigroup on L?([0,00); K') as defined in Example 2.1.1,

then we can write
QT () r) =T(NT(z =T(r + )z = (L()Qzx)(7).

More is true. We can define a second semigroup on R(C) by V(¢)C = CT(t). We
have,

V(NC|* = ICT(t)z|* = lim IT(1)T(t)al* = [|Cl|*.
Thus 17(¢) is also isometric. Therefore,
ET()r=V()Cr @ L(t)Qxr = (V(¢) 3 L(t)Ez (3.3)

for ¢ in D(.4), and by continuity, for all z in H.

We conclude that the semigroup

U(t) = V(t) @ L(t)

defined on the space R(C')& L?([0,00); R) is a dilation of the contractive semigroup
T'(t). From (3.3), since ¥ is isometric (X*¥ = T), T(t) admits the representation
T(t) =XU(¢H)E .
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Note from (3.3) that the closed subspace R(XL) is an invariant subspace for ['(¢).
Hence, T(t) is isometrically equivalent to the restriction of {'(#) to an invariant
subspace.

If T(t) is strongly stable then of course, C' = 0 and the above representation
takes the form

T(t)=S"L(HE,

or T(t) is isometrically equivalent to the left shift L(#) on L*([0, >); i), restricted
to an invariant subspace.

Suppose now that a contractive semigroup T(t) is such that T(t) = S*L(t)|vZ

for some isometry ¥ and some invariant subspace V of L(t), then
1Tzl = L)~z
= ISt L(t) Py el
< IZFHIL(E) PyZa]]
< ||L(t)PnyEz]| = 0 as t — oo,
which shows that T'(¢) is strongly stable. Thus, we have proved:
Theorem 3.1.1 A contractive semigroup T(t) is strongly stable if and only if
it is isometrically equivalent to the restriction of the left shift semigroup L(t) on
L*([0,oc); K) to an invariant subspace.
The above theorem was indicated by Fillmore [18]. One half of it also appears in
the context of the theory of scattering [36, 37|, where the semigroup related to the
scattering operator turns out to be a strongly stable contraction. The shift repre-

sentation is then a consequence of the application of the translation representation

theorem for groups of unitary operators.
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We note that in the above theorem the semigroup 7T'(¢) can actually be expo-
nentially stable. In other words, an exponentially stable contractive semigroup also
has the same shift representation. Although exponential stability implies strong
stability, here we will not consider this case; instead we look for weaker conditions
for strong stability. The following Proposition provides a means of verifying the

lack of exponential stability of contraction semigroups.

Proposition 3.1.1 If a contractive semigroup T(t) is strongly stable but not erpo-

nentially stable, then |T(#)|| =1 fort > 0.

Proof: Since T(t) is a contraction, ||T(¢)|| < 1. Suppose ||[T(to)|| < 1 for some
to > 0. Then T(t) must be exponentially stable [3]. Therefore, there is no such.
to > 0 and we must have ||T(t)|| =1 for ¢t > 0. o

Example 3.1.1 Let {¢,,n = 1,2,...} be orthonormal basis for the space H
and let

oC

Tt)r=Y, e [r,dn]0n .

n=1

Then T'(t) a strongly stable contractive semigroup and
IT(H)]] = supyeyzy | T(t)2]] = lime™> =1 .

Therefore T(t) is not exponentially stable. A

Note that a contraction semigroup with ||T(¢)]| = 1, ¢ > 0, need not be stable in
any sense. But, if a strongly stable contractive semigroup is such that |[T(¢)|] = 1,
then it cannot be exponentially stable. A class of semigroups with this property are

=

those contraction semigroups T'(t) whose adjoint semigroup T'(¢)" are isometries,

T (t)*x|| = ||z|| for all z and ¢ > 0, in other words, T(t) is a co-isometry.
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Theorem 3.1.2 [18] A co-isometric semigroup T(t), t > 0, is strongly stable if and
only if it is unitarily equivalent to the left shift semigroup L(t) on all of L*([0, x); K)

where K is an auziliary Hilbert space.

Requiring the adjoint semigroup to be isometric is still too strong a condition.
We now give a weaker condition for a contractive semigroup to be strongly stable

but not exponentially stable.

Theorem 3.1.3 A contractive semigroup T(t) is strongly stable but not exponen-
tially stable if it is unitarily equivalent to the left shift semigroup on L*(][0,2c); ')

restricted to a reducing subspace.
Proof: Suppose
T(t) =E"L(t)|~Z

where © @ H — L*({0,20); K) is unitary and N is reducing for L(¢). Since N is
reducing. it is invariant for both L(¢) and L(¢)*. Let Py be the projection onto N.
Then,

PyL(t)Py = L(t)Py = PyvL(t) = L(t)|~

and

PnL(t)*Py = L(t)"Pv = PyL(t)" = L(t)"|~ -
Hence, the representation of T'(t) can be rewritten as
T(t) =" L(t)PvE = E*PyL(HT .
We need to show that ||T(¢)z|] — 0 for all z as ¢t — oo and ||[T(¢)|| = 1 for ¢t > 0.
For z in H, we have
IT()ell = [T L() PxEal] < (|7 || L(¢) PyZa]]

27



< |IL(t)PnEx]] .

But the left shift semigroup on L?%([0,00); K) is strongly stable. Therefore,
IT(t)z|| — 0 as t — 20, proving the first part of our claim.
To show that |T(¢)|| =1 for ¢t > 0, first we observe that the adjoint semigroup

has the representation
T() =X PvL(t)'S=S"L(t)"PyE = Z°L(t)"|[~vE (3.4)

which shows that T(¢)* is unitarily equivalent to the restriction of L({)" to an
invariant subspace.

[t is well known that the adjoint semigroup L(t)* of the left shift semigroup is
the right shift semigroup R(t), ¢t > 0, which is an isometry, and the restriction of an’
isometry to an invariant subspace is again an isometry. Hence, L(¢)*|y = L(t)* Py 1s
isometric and ||L(¢)*Py|| = 1. Since £L* = ¥£*¥ = | we have L(t)*Py = ET(t)"L~

from equation (3.4), and

= [[L)"Pull = IET@)E"| < [T I 1E]

< 1.

Therefore, ||T(t)*|| = ||T(¢)|| = | for t > 0. This completes the proof. o

We note that a necessary and sufficient condition for strong stability of a con-
tractive semigroup is that the semigroup be isometrically equivalent to the left shift
restricted to an invariant subspace, as given in Theorem 3.1.1. On the other hand,
Theorem 3.1.2 gives a necessary and sufficient condition for a semigroup to be co-
isometric and strongly stable. In this case, the semigroup is unitarily equivalent to
the left shift. Our result, then, i1s the “in between” case where the semigroup is uni-

tarily equivalent to the restriction of the left shift to a reducing subspace, and this
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is only sufficient for strong stability. These results may be regarded as outcomes of
a certain method of constructing dilations for contractive semigroups as mentioned
at the beginning of this section.

There are other methods of constructing dilations for contractive semigroups.
however they are not suitable for the study of stability. The theory of dilations
for contraction operators (more correctly, discrete semigroups) is well developed
(16, 51], which can be applied to semigroups via the notion of a co-generator.

The co-generator of a contractive semigroup T(¢) with generator A is defined by
T=(A+D(A-D!

and it is a contraction. [t is easy to see that A is uniquely determined by T. 7
Hence, T'(t) is also uniquely determined "y T. T* is the co-generator of the adjoint
semigroup 1(#)*. It can be shown that any contraction T for which | is not an
eigenvalue is the co-generator of a contractive semigroup. Properties of a contraction

semigroup can be obtained from those of its co-generator and vice versa. We have:

Proposition 3.1.2 [18, 51] 4 Cy semigroup of contractions T(t) is normal, self-
adjoint, unitary, or isometric if and only if its co-generator T is normal, self-adjoint,
unitary. or isometric, respectively. Moreover, a subspace N is invariant for T(t) if

and only if it is invariant for T, in which case T|y is the co-generator of T(t)|x.

The following proposition on the relationship between the asymptotic behaviours
of T and T'(t) is the key to the study of the stability of the semigroup via its co-

generator.

29



Proposition 3.1.3 [51] Let T(t), t > 0 be a Cy semigroup of contractions and let

T be its co-generator. Then
lim T z|| = zlirgHT(t)I” and JLD;IOHT"LI” = tlim NT(t)"z|| for all z.

It follows that characterizing contractions which are co-generators and whose
powers tend to zero strongly is equivalent to characterizing strongly stable contrac-
tive semigroups. There are a number of results on the subject, and the pioneering
work, which is complete in itself, is that of Sz.-Nagy and Foias [51]. They have
classified contractions according to their asymptotic behaviour and characterized
each class. Although these results are applicable to strongly stable contractive
semigroups, this approach is limited since it is rather difficult to compute the co-.
generator. But in some cases, given a generator it may be easier to compute the
co-generator than the semigroup itself. Then strong stability of the system can be
investigated through the application of the abovementioned results.

Example 3.1.2 The right shift semigroup on L?[0, oc) defined by

0 0<s<t
(R(t)z) (s) =

r(s—1t) ,t<s

is a semigroup of isometries. Its adjoint is the left shift semigroup L(¢):
(L(t)x)(s) = x(s + 1) .

We shall show that the co-isometric semigroup L(t) is strongly stable by showing
that the powers of its co-generator tend to zero strongly.

The generator A of R(t) is given by

(Ae)(s) = - 2

D(A) = {z:r absolutely continuous, j—r € L*([0,00); K), z(0) = 0} .
s
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Let

Z=(A+D(A-D"

be the co-generator of R(t). It follows that
(Z2) (s) = 2(s) — 2 &= /0 e?2(0)do |
and 1t 1s easy to verify that Z is an isometry. The adjoint of Z
(Z°0)(s) = 2(s) =2 ¢ /s°° e~ z(0)do

is the co-generator of L(t).
To show that

NZ*z)| -0 as k — oo,

we nse a decomposition for the state space that can be summarized as follows [51].
Let Z be an isometry on a Hilbert space H and let a € N(Z*) where N(-) denotes
the nullspace. Then if (span{Z7a};2,)* = {0}, {Z™a}3%, form an orthogonal basis

for H. Letting f, = Z"a we have, for r € H,

T = i (@, falfr -

With this decomposition, Z** acts as a shift of coefficients by k units to the left:

o0
Z%r = z [z, fask]fr -
n=0
In our case, we take the isometry Z to be the co-generator of R(¢). It turns out

that for a(s) = V2 e™*, the functions Z"a, called the Laguerre functions, form an

orthonormal basis for L?[0, o).
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Hence, letting fn(s) = Z™(v/2 e™*) the co-generator Z* of the left shift semigroup

has the representation

(Z2) (s) = f (2, Farklin fals) -
Therefore,
24 W = 3 i fusluol
= mi (e fulual?
which shows that |(Z*%z) (s)[|z2 — 0 as k — 0. A

3.2 Decomposition of the State Space

We develop in this section a decomposition for the Hilbert space H on which a con-
traction semigroup 7°(¢), t > 0, acts. This decomposition depends on the strongly

stable subspace M,(T) of the semigroup 7'(t), defined by:
M(T)={x€ H:T(t)x =0 as t — oo}.

Consequently, conditions for stability can be found by requiring this subspace to be
all of H.

We must note that decomposing a state space into stable and unstable subspaces
is a familiar technique in the study of finite dimensional systems. This technique
has also been used in the case of weak stability of contraction semigroups [5], and
in exponential stabilizability [66].

Let A be the generator of a contraction semigroup 7(¢) and define the set

N ={z € D(A): Re. [Azx,z] = 0}.
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Then, of course, .V is a subset of D(A). Moreover,
Proposition 3.2.1 .V is a closed subspace.

Proof: Let

S=(A+I)(A-TI)!

be the co-generator of the semigroup T(t). Then S is a contraction which does not

admit 1 as its eigenvalue, and A = (S + I)(S — I)~!. Define the set

Hy={ye H:[|Syll = llyll},

then:

0 = [iSyll* - Iyl
=[Sy Syl = [y.v] = Re. [Sy,yl + Re. [Sy,y]
— Re.[(S+ Ny (S— Dl
Let (S — )y = z, then r € D(A) and y = (S — I)"'z. Therefore,
0 = Re[(S+I)S—=1I)"z,z]
= Re. [Az, 7],
or , C .\".

Now, suppose r € N, then 0 = Re. [lz,z] = Re. [(S + (S — I)'z,x]. Let
(§—1I)7'r = yso that r = (S —I)y. Hence, 0 = ||Sy||* — [[y|[>, or ||Sy|| = ||y]|. We
therefore conclude that:

N = {re D(A): Re. [Az,z] =0}
= {ye H: |5yl = llyll}
= Hl .
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But, since S is a contraction, ||Sy|| = ||y|l| &= S*Sy =y, or (I — §*S)y = 0.
This shows that

Hi=N({I-58) =\,

where N(-) denotes the nullspace. Hence, A is a closed subspace as expected. O
Now, recall that the isometric subspace of a contractive semigroup 7'(¢) is defined

as
H(T)={x e H : ||T(t)z|| =||z|| for t >0}.
Since T'(t) is contractive, the operators (I — T(¢)*T(¢)), t > 0, are nonnegative, and

clearly

H(T) = (NI = T()*T(1)) .

t>0

The sets N(I —T(t)*T(t)) are decreasing in ¢ since for z € N(I = T(t+s)"T(t+ s)),

t,5 > 0, we have

2l =T (t + s)zl* = [IT(s)T(t)x||?

< T < Jl«ll®

by the fact that T'(¢), t > 0, is a contraction. Therefore, ||T(¢)z]| = ||z|]| or z €

N(I — T(t)*T(t)), proving that for ¢, > t,,
N{I =T(t)T(t)) SN{ =-T(t,)'T(t)) .
It then follows that,

H(T) = (N -T(t)T(1))

t>0

= {zeH: i |T(a) = fl]}). (33)
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We have seen in the proof of Proposition 3.2.1 that \"= Hy = {z € H : ||Sz|| =

llz||}. We now define the subspaces
H,={re H:||S"z|| = |z|]}, for n>0.
Then H,4y, C H,. To see this we only have to note that
lzll = 1S ]| <||S™z|| < |l2||, for z € Hupr.
Hence, z € H,. Thus, the subspace
H(S)={re H:||S"z||=||z|| for n=1,2,...} ,
which is the isometric subspace of the co-generator S, can also be expressed as

H(S) = [) Ha

n>0

= {reH: lim |5 =[]} . (3.6)

This shows that H,(S) C H; = N. But, since lim,_o ||S™z|| = imi— ||T(¢)z]| for
all r. we have actually shown that (3.5) and (3.6) are equivalent. More is true as is

shown in the next proposition.

Proposition 3.2.2 The subspace H,(T) is the largest subspace of N which is in-

variant for T(t).

Proof: Suppose M C A is an invariant subspace of T(t). Then, for r € M,

T(t)r 1s also in M and

IT(t)z]f*.

&) &

0 = Re. [AT()z,T(t)z] =

| —

Therefore, | T(t)r|| = ||z|, or x € H(T). o
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Let N+ be the orthogonal complement in H of .\, then we have

H = .«“\/’ EB 4‘\1‘”'

= H(T)a& LaAN* (3.7)
where L is the orthogonal complement of H,(T) in \". We can now prove:

Theorem 3.2.1 If the co-generator S of a contractive semigroup T(t) is nonneg-

ative, then the semigroup is strongly stable.

Proof: We have shown that A" = H; = N(I — §*S). Let r € .V, then S"Su =
r = S%r since S is self-adjoint. Set St = y so that Sy = S?r = z. Therefore,
S(xr —y) = —(xr — y). But since S is nonnegative we must have r = y. Hence, if
7 € \ then Sr =z, which implies that 1 is an eigenvalue of S. This is not possible
by the fact that S is a co-generator. Therefore St =z = = =0, or A" = {0}. which
further implies that H,(T) = {0}, i.e., T(¢) is c.n.i. . Hence, T(t) is also c.n.u.,
therefore it is weakly stable [5]. Moreover, since S is self-adjoint, so is T(t). In this
case weak stability implies strong stability. ' a

Remark: We note that the generator of a contractive semigroup which satisfies
the conditions of the above theorem also has some special properties. First, A is
self-adjoint since T'(¢) is. Also, wehaveforallz,0 < [Sr,z] = [(A+(A-D)"'z,1].

Letting (A — I)"'z = y,

0 < [(A+ Dy, (A= 1)y
= || Az|]* = ||=||* = 2i Im. Az, 7]

= JlAzll® — [ll*
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since [Az,z] is real. This shows that ||z]|? < ||Az|? for all z € D(A) or A is
invertible. Also, since A is dissipative and self-adjoint, —A4 > 0 and it is also
invertible. —A~! is called an abstract potential operator [70]. A

For a contraction semigroup 7(¢), t > 0, the operator C' defined by

C? = lim T(1)"T(?)

f—00
which was introduced in Section 3.1 is a nonnegative contraction. It follows from
Proposition 3.1.3 that
ICall? = Jim [1S"2?
where S is the co-generator of T(¢). We can therefore define the isometric subspace
H,(T) as
H(T) = {z € H : ||Cz]| = al}}.

But, since (' is a nonnegative contraction we have

H(T) = {z€H:Cr=1zx}

N(I-C).
This shows that H.,i(T) = R(I — C). The decomposition (3.7) now becomes
H=N(I-C)eLaN*. (3.8)
Therefore, L 2Nt = N(I-C)* = R(I — C). We then have, since C is self-adjoint,
H=N(I-C)3R(I-C). (3.9)
Next, we further decompose R(7 — C). First, we observe that N(I—C) L N(C)
since, for z in N(/ — (') and y in N(C):
[z.y] = [Cz,y] =[z,Cy]=0.
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Therefore, by (3.9)
N(C)C NI -C)* =R(I -C)

and we have

H = N(I-C)&MaN(C) (3.10)

= R(C) % N(C)

where M is the orthogonal complement of N(C) in R({ — C). It follows from (3.9)

and (3.10) that

M=R(C)NR(I-C). (3.11)

Hence, the decomposition (3.10) becomes

H=N{I-C)a(RC)NR{I -C)aN(C). (3.12)
Now,
N(C) = {z€ H:Cz=0}
= {zeH: Jim |7()e] = 0)
= M,/T).
Therefore,

Theorem 3.2.2 Let T(t) be a contractive semigroup on H. Then H admits the

orthogonal decomposition

H = H,(T)@AI@AIS(T)

= NUI-C)&Mea M,(T) (3.13)
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where

C?* = lim T(¢)"T(¢)

t—oo

R(C)R({I - C)

M

M,(T) {z € H: Jim | T(t)z] =0} .

Remark: Ve note the following properties of each subspace of the decomposi-
tion:

(i) For all z in N(I — C), Cz = r. Therefore, C' = C? on this subspace and it
is invariant for C". It is also invariant for T'(t), since N(I — C) = H,(T) and T(¢) is
isometric on N({ — C).

(1) M,(T) is invariant for T(t) since
T(t)r -0 as t — o

on this subspace. Clearly, it is also invariant for C.

(iii) For r € M, ||Cr| < |lz]]. To see this, we observe that if ||Cz|| = ||z]|
then r € N(I — C) = Hi(T), which is not possible. Therefore, we conclude that
[Cz|| < |lz]| by the fact that C is a contraction. In‘addition, since H,(T) and
M,(T) are both invariant for T(¢), M is invariant for T(t)". A

We now investigate the stability of contraction semigroups using the decompo-
sition developed above. For a contraction semigroup to be strongly stable, M,(T)
must be all of H. That is, N(/ — (') and M both must be trivial. The subspace
N(I — (') is the isometric subspace of T(¢) as we have seen above. Therefore, a

strongly stable contractive semigroup must necessarily be completely non-isometric.
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Proposition 3.2.3 Let T(t) be a contractive semigroup with generator A on H.

Let P be the linear bounded nonnegative operator defined by
[Pr,z] = /0°° —2 Re. [AT(t)z, T({)z]dt ,z € D(A). (3.14)
Then, T(t) is c.n.i. if and only if P > 0.
Proof: We have, for = € D(A),
|2 = |Cx|)? = /ow —2 Re. [AT(t)z, T(t)z]dt . (3.15)

Set
(e, 2] = / ~ _2 Re. [AT(t)z, T(t)z]dt
0
where [T = I — C'? > 0. This shows that if there exists a P satisfying (3.14), then
P =1L
By definition, Pr = limu—o (I = T(t)*T(¢))z, z € D(A). Since D(A) is dense,

P can be extended to all of H. We have
N(C) = tlim NI -T(t)"T(t)) = H(T) .

Therefore, N(P) = H,(T), which proves the proposition. a

An immediate consequence of Proposition 3.2.3 is the following stability result.

Corollary 3.2.1 If there erists a linear bounded positive operator P satisfying

(3.14), then T(t) is weakly stable.

We can actually state a necessary and sufficient condition for strong stability

along the same lines as Proposition 3.2.3.
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Theorem 3.2.3 A contraction semigroup T(t) with generator A is strongly stable

if and only if
Iz|f? = /Ow ~2 Re. [AT(8)z, T(t)cldt .z € D(A) . (3.16)

Proof: Suppose T(t) is strongly stable. Then C'z = 0 in (3.15) and consequently

(3.16) holds. Conversely, suppose (3.16) holds, then replacing r by T(¢)r, we have
IT(t)z|? = /x —2 Re. [AT(0)z, T(0)z]do
t

for £ € D(A). Letting t — ¢, we see that is T(¢) strongly stable on D(A4). T(¢)
being a contraction and D(A) being dense in H, this extends to all of H. o

If the generator A has compact resolvent, weak stability implies strong stability-
for any C'g semigroup. In the case of cu.tractions, the compact resolvent assumption

gives us more as in the next theorem.

Theorem 3.2.4 [39, 46] Let T(t) be a contraction semigroup with generator A. If

A has compact resolvent, then T(t) is strongly stable if and only if it is c.n.i.
To proceed further, we need the following result due to Fillmore and Williams:

Lemma 3.2.1 [19] Let A and B be bounded nonnegative operators on H. Define

A:B=A(A+ B)"'B. Then A: B is also bounded and nonnegative and
R(A)(R(B) CR(A: B).

Taking A = C and B = (I — C), we find R(C)NR(I - C) C R(C - C?).
One can actually obtain this directly as follows. Let y € R(C)NR(I — (), then

y=Cz=(I-C)zforsome r and zin H. Therefore Cz = z—Cz,or C{x+:z) = z,
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which shows that z € R(C). We then must have z = C'w for some w. Substituting
this, we find y = (C — C?*)w, proving the above result.

More can be shown. Let z € R(C' — C?), thenz = (C - C*v=(I - C)Cv =
C'(I — C)v for some v. Hence, R(C — C?) C R(C)NR(I — C') and we conclude:

R(C)R(I - C) = R(C - C?)

or. R(C - C?) € M.

The next step is to require the subspace M to be trivial. We have:

Lemma 3.2.2 The subspace M in (3.13) is trivial if and only if C is a projection

operator (C = C?).

Proof: = Since R(C' — ('?) C M, if M = {0} then R(C — C?) = {0} as well.
This implies that €' — C'? = 0 or, since C is already nonnegative, C is a projection.
< If C'(= C?) is a projection then
N(C) = R(C)* =R(I-C)

N(I-C) = R(I-C)* =R(C) and

H = N(I-C)&N(C) ,

which shows that M = {0}. This completes the proof. a

We then have:

Theorem 3.2.5 ' A c.n.i. contraction semigroup T(t),t > 0, over H is strongly

stable if and only if C' is an orthogonal projection on H.

The problem is then to find conditions for C' to be a projection operator.

'Theorem 3.2.5 was proved by a different method by Levan and Rigby [46].
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Theorem 3.2.6 For a contraction semigroup T(t), the operator C s a projection

under any of the following conditions:

(i) The generator A has compact resolvent.
(1) T(t) is normal for t > 0.
(i) T(t) is self-adjoint.
(iv) T(t) s co-isometric.

Proof:

(1) If A has compact resolvent weak and strong stabilities are equivalent, or
M,(T)y=1W(T). Hence,

MJ(T)Yt =W(I)* CH,(T)C H(T) .

But this implies H,(T) & M C H{(T) by the decomposition (3.13). Therefore we
must have ' = ("%

(ii)-(iii) First, we note that a self-adjoint semigroup is also normal since T(¢)*T(t) =

T(H)T(t) = T(t)T(t)*. We have, from the spectral theory of normal operators [58],

H.n (T) = M,(T). Therefore,
M(T) € M(T)2 M = HoiT)
C HenT) = M(T).
Hence, M = {0} and C is a projection.

(iv) Suppose T(¢)" is isometric, then T(¢)T(¢)" = I. So, the self-adjoint operators

T(¢)*T(t) are such that

(T T()) (T(6)yT (1)) =T(t)'T(¢)
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or, they are projections. Therefore

C? = lim T(t)*T(t) = C .

t—0
a

In the previous section we presented a characterization of strongly stable co-
isometric semigroups via the dilation theory approach (Theorem 3.1.2). We can

now give another characterization via the decomposition developed above.
Lemma 3.2.3 4 co-isometric semigroup is strongly stable if and only if it is c.n.i..

Proof: Suppose T(t). t > 0 is co-isometric. Then C' = C? from Theorem 3.2.6
and M(T) = H(T)* = H.,(T) from (3.13). If T(¢) is c.n.i. then H = H.,,((T) =
M (T). hence T(¢) is strongly stable.

On the other hand, if T(¢) is strongly stable, then it is c.n.i. . Otherwise,
there would exist an r for which ||[T(¢)z| = ||z|| for t > 0, which contradicts the
asswmption. o

Example 3.2.1 Let {¢,,n =1,2,...} and {¢¥,, m = 1,2,...} be biorthonormal

basis for the Hilbert space H. That 1s,

[¢na ¢m] = [d"m t;bm] = 0ifn # m,

Honll = ||¥n]l = 1 foralln

and
[¢n, ¥m] =0 foralln,m .
Let T(t), t > 0, be given by
= Z e(_a"'{’iﬁ")t ¢n]¢n Z iymt [1; l,l' hm

n=1 m=1
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where a,, 3, and ~,, are all real numbers and «, > 0. Then, forallr € H

1Tl = 3 e el + 3 el
< Sl bl + Xl vl

2

il
—

|r

which shows that T(¢) is a contractive semigroup. Hence, we can apply Theo-

rem 3.2.2 to decompose the space H. First we have
C*z = ilim T(t)"T(t)x
= Z [‘Ia d'm}d’;n .
m=1

Therefore

C%r = Pyr

where P, is the orthogonal projection onto the subspace spanned by {¢'n.m =

1,2,...}. Then C' is a projection and
M = {0} .
In fact, since
T(t)'r = i el ~an—idn)t [z, dnldn + i g im! (2. ¥ ]tm
n=1 m=1

we have |[T(t)z| = ||T(t)"z||, which shows that T({) is normal. According to
Theorem 3.2.6 the operator (' has to be a projection in this case.

Now, it is easv to see that
N/ -C)=H(T) = H(T)
= Spa‘n{wM}?nO:l
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and

M(T)=N(C) = Heni(T) = H.(T)

= Spah{on}:f:l .

Hence,
H = HJ(T)® MJ(T)
= span{vn,}ie, & Span{@n}io:l
and T(t) is strongly stable if and only if ¥, =0 form =1,2,.... A

Example 3.2.2 Consider the heat equation on a bounded domain:

dx(t.&)  9%x(t,€)
o oe

Eef0,2n],t>0
with the boundary conditions

x(t,0) = z(¢,27)

re(t,0) = ze(t,2m) .

Let H = L*[0,27] and let A = Zr with

Then A4 is self-adjoint and dissipative and generates a compact contraction semi-

group T'(t), t > 0, given by
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where

e—inf
¢n(€) = o
and {¢,}?2_,, is an orthonormal basis for L?[0,2r] [3].

Since A is self-adjoint so is T(¢) and according to Theorem 3.2.6 the operator C

is a projection. Then, we have H = N(I — C) & M,(T), where
N(I-C)=H,(T)= H,T) = span{¢o}

and

M(T) = Heno(T) = span{¢,,n = +1,%£2,...} .

Therefore, T'(t) is not stable in any sense. AN

3.3 Extensions of Lyapunov Equation

Let .1 be the generator of a Cy semigroup T(t), t > 0, over a Hilbert space H. A
necessary and sufficient condition for the semigroup to be exponentially stable is

the existence of a positive solution P to the Lyapunov equation
[PAz,z] + [z, PAz] = —||z||*, =€ D(A). (3.17)

In this section, we wish to generalize (3.17) to other types of stabilities. We
begin by pointing out an interesting fact concerning Pazy’s result on exponential
stability (Theorem 2.2.7), which, as far as we know, has not been pointed out before.

Let T'(t), t > 0. be an exponentially stable C'y semigroup. Then, replacing r by

T(t)r in (3.17) and integrating both sides, we obtain
t
-/ IT(0)z|?do = [PT(t),T(t)z] — [Pz, 2] <0 .
0
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Therefore,

[PT(t)z,T(t)z] < [Pz, z] (3.13)

for every = in D(A). Since the semigroup is exponentially stable, it is uniformly
bounded, and since D(.4) is dense, (3.18) holds for all z in H.

[t is easy to see that the operator P satisfying (3.17) is given by
[Pr.z] = / IT(¢)2||dt .
0

Thus, one can use P to define a new norm which is equivalent to the original norm
if the conditions of Pazy’s theorem are satisfied. Denote by @) the square root of P,

P = Q* Then (3.18) can be rewritten as

QT (1)Q 'yl < llyl|* for all y € H,

where we set Qr = y. Therefore it 1s evident that Pazy’s results are necessary and
sufficient conditions for an exponentially stable semigroup to be similar to a strictly
contractive one.

Now, let || - ||, be a new norm on H or, depending on the case, just on a dense

subspace of H, and consider the equation
[PAr,z] + [z, PAz] = —||2}|?, 7 € D(A). (3.19)
If the two norms || - || and || - ||, are equivalent, i.e.,
kllell < Jlzfln < koflell ,z e H

for some k; > 0 and k, > 0, then of course, Datko’s result still holds and the
semigroup is exponentially stable.

This suggests that one should study equation (3.19) with
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(1) lzlln < kall]]

and
(i) koflxll < flelln -

These two extensions of the Lyapunov equation are the main subjects of our study

in this section. We first prove a general existence theorem.

Theorem 3.3.1 A necessary and sufficient condition for the existence of a linear

bounded opcrator P> 0 satisfying
2 Re. [PAz,z] = —||<|2, z € D(A), (3.20)

where || - ||, ts @ new norm on D(A) (or H), is the convergence of the integral
/0” IT()z|2dt < o for z € D(A).

Proof: Suppose there exists a linear bounded nonnegative solution P. Then,

replacing & by T(¢)r and integrating (3.20), we have for z € D(4)
t
[PT(t)z,T(t)z] - [Pz,2) = — [ IT(o)z]}3do
0

or

(PT(t)z,T(t)z] = [Pz, 7] - [Ot IT(o)z||2do > 0.

Hence, we have

/Ot IT(0)e|2do < [Pz,2] < (3.21)

for every r in D(A), and taking the limit as { — oo, we conclude that the infinite

integral converges.
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Conversely, suppose
/‘ IT(8)z)2dt < o for z € D(A) .
0
Define P on D(A) by
[Pz, = [T ()2t
0

Then P is linear, bounded, self-adjoint, and positive on D(A). Since D(A) is dense,
we can extend P > 0 to all of H.

Consider, for r € D(A)
PT(02.T(0)a] = [T IT(0)ellido .
Differentiating with respect to t yields
(PAT{(t)e, T()e] + [T(t)z, PAT(t)x] = —||T(t)x]|% .

Setting t = 0, we have the desired relation. a
Note that the proof remains valid even if || - ||, is a seminorm, i.e., [|z]|, = 0
does not necessarily imply that z = 0.

We now investigate the Lyapunov equation
[PAr,z]+ [z, PAr] = —||z|? ,z € D(A). (3.22)
where |- ||, is @ new norm on H and is weaker than the original norm, i.e., for some

k‘2>0:

[zl £ k]lz||, = € H.

Suppose that there exists a nonnegative, bounded solution P of (3.22). Then, we

know from the proof of Theorem 3.3.1 that P can be expressed as
Pzs)= [ |T(t)2|2dt (3.23)
0

50



for r in D(A).
However, in this case, the integral in (3.23) converges for all z in H. To prove
this, we note that
IT(t)(2: = 2)l[n < Rl T(1)(i = )l
< kT s — 2]l
< kyMe*Y|r; - .
If ]e; — 2] — 0, then {|T(¢)x; — T(t)z||» — 0 uniformly on compact intervals of
[0.x). Ilence, the inequality (3.21) holds for all = since D(4) is dense in A. This
means that the expression for P given by (3.23) is valid not only on D(.4) but on

all of 1.

Now, consider for r in H
[PT(0)2, T(t)2] = [ | T(o)al2do .
t
Then, we have
tli_r?o[PT(t)r,T(t)r] =0, reH. (3.24)

In addition. since || - ||, is a new norm, P is positive, i.e,, [Pz,z] > 0 for all z.
Therefore, if we further require T'(t), t > 0, to be uniformly bounded, [|T(¢)|| < M,

then (3.21) implies that T(¢) is weakly stable. We summarize the result below:

Theorem 3.3.2 Let T(t), t > 0, be uniformly bounded with generator A. If there

exists a linear bounded positive solution of the Lyapunov equation
[PAz, 2]+ [z, PAz] = —||z]|2, =€ D(4)
where || - ||, is @ new norm on H and for some ky > 0:
zlln < kellz]] (3.25)
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then, T(t) ts weakly stable.
We note that if (3.25) holds for a new norm, then it admits the representation
lzlln = [Vz. 2]

for some linear, bounded, self-adjoint operator V.
Recently, Miyaji investigated Lvapunov type approaches to stability of (g semi-

groups. He proved the following theorem:

Theorem 3.3.3 [43] Let T(t), t > 0, be a Co semigroup. If there exists a linear

bounded operator B on H and an a > 0 such that for everyxr in H
allz|)? < /Om 1B T(t)z||?dt < o | (3.26)
then, T(t) is strongly stable.
This result is an application of the first type of extension of the Lyapunov

cquation. Because, if we let ||z||2 = [BB™r,z], then we can define a nonnegative -

operator P by
[Pr,z] = /0°° I B*T(t)z|2dt

and P satisfies
[PAz,x]+ [z, PAr] = —|| B z]|*. 7€ D(A).

Also, since B is bounded, ||z||. < ||B*||]|z]|, and in which case, we have shown that

[PT(t)z,T(t)z] -0 as t > o0, forall re H. (3.27)

Hence, if there exists an a > 0 such that (3.26) holds, then P defines an equivalent

norm, and we conclude from (3.27) that T'(¢) is strongly stable.
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If P is positive then (3.27) implies that the uniformly bounded semigroup T'(¢)
is weakly stable. A condition for P to be positive is that the pair (4", B) be
controllable. We also note that if T(¢t) is uniformly bounded and N(B~) is trivial,
then all conditions of Theorem 3.3.2 are satisfied for weak stability.

As a final comment on Theorem 3.3.3, we will show that as in Pazy’s theorem, it
also results in a sufficient condition for a Cy semigroup to be similar to a contraction.

Since

[PT(t)z,T(t)z] = /°° | BT (0)z||*do,
t
it follows that for z in H,
[PT(t)z,T(t)z] < [Pz, z]

Since P is bounded from below, letting P = Q?, we conclude that T'(t) is similar to

a contraction semigroup C(t) (say) given by
C(t) = QT(HQ™.

Since T(t) is strongly stable, so is C(t). The generator of C(t) is Ac = QAQ™!

with D(A¢) = @ 'D(A). Rewriting the corresponding Lyapunov equation as
(QAQ7 'y, y] + [1.Q4Q 7"y = —||B*Q'y|®
where Qr = y, we see that A¢ satisfies
[Acy. yl + [y, Acyl = —IID"yl* (3.28)

for every y in D(Ac), where D* = B*Q~!.
Therefore T(t) is strongly stable and similar to a contraction C(¢) whose gener-

ator satisfies (3.28). Moreover,



Corollary 3.3.1 Let T(t) be a Cy semigroup with generator A in H. Suppose that
(Az,2] + [e, Az] = = | Bz|]* ,x € D(A),

for some linear bounded operator B. Then T(t) is strongly stable if and only if there

exists a > 0 such that for everyr in H
allz|l? < / | B*T(t)r|?dt < > .
0

Proof: One half of the Corollary is already stated in Theorem 3.3.3. To prove the
other half, first, observe that . is dissipative, hence T'(t) is a contraction. Therefore,

since T(¢) is strongly stable, we have, for z € D(A),
el = [ 1B T()alat

which can be extended to all of H since B is bounded, T'(¢) is a contraction and
D( 1) is dense. This completes the proof. a
We now consider the other extension of the Lyapunov equation. In this case,

the operator P satisfies
[PAr,z]+ [z, PAr] = —||z|?, z € D(A)
where, this time, the new norm is stronger that the original norm, i.e.,

ky

2]l < llzlln (3.29)

for some k; > 0 and for all z. If we also assume that H equipped with the new

norm is complete, then there exists a unique self-adjoint operator V' such that
P q J p
2]l = [Vz, ]
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for all r {30, 31]. Note that ¥V may be unbounded but because of (3.29) it has an
(possibly unbounded) inverse.

We also note that Theorem 3.3.1 which gives a necessary and sufficient condition
for the existence of a linear bounded solution P > 0, still holds. We now prove that
the existence of the solution is sufficient for strong stability in the case of uniformly

bounded semigroups.

Theorem 3.3.4 Let T(t), t > 0, be a uniformly bounded semigroup on H with

generator A. Suppose there exists a linear bounded nonnegative operator P satisfying

(PAr. ]+ [r, PAr] = —|||)%, = € D(A), (3.30)
where || -1, ts @ new norm on H, and
kylle]l < izl

Jor some ky > 0. Then, T(t) is strongly stable.
Proof: We know from Theorem 3.3.1 that if there exists a solution to (3.30) then
| Im©z)2dt < o
for all & in D(A). Since ky||T()z|] < ||T(t)z]|,, we have
8 [TImelae < [T 1Tl < s

Now, if for an z

fow IT()z]Pdt < oo

then, T(t)r — 0 as ¢ — oc [11]. Therefore, T(t) is strongly stable on D(A) and
since D(A) is dense and T(¢) is uniformly bounded, we conclude that T(¢) is strongly

stable on H. d
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Example 3.3.1 Let {¢,,n=1,2,...} be an orthonormal basis for /{ and let

Az = n;_:w(_nz - (n_2_]';_—]33) [.I‘. On]On .

Then, since

1
— 2
Re. [r‘i.l',.l'] = —(Tl + m) S 0
A generates a contraction semigroup 7(¢), ¢t > 0.
Let V7 be defined by
kad n? 1
Vr= 2 nl¥%n -
T= L Aty el

Then

WVr,r]> Y [z, ¢al* = |z||® ,forz € H.
Therefore V" defines a new norm || - ||, on H:

lzli* < Nlzlls = [Vir,2]

The operator
> 1

Pr = Z

nI=—20

b ‘nén

is self-adjoint, nonnegative, and satisfies the Lyapunov equation
2 Re. [PAr,z] = —||z]|2 = =[Vr,2] . (3.31)

Therefore, from Theorem 3.3.4, we conclude that 4 generates a strongly stable

contraction semigroup T'(t). We find

T(f)l‘: Z e—(n7+(n‘ll)v)t[‘ra¢n]én .

n=-2

Moreover, it is actually exponentially stable since ||T(¢)z|] < e7!||c]|-
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We could have reached the same conclusion directly from the Lyapunov equation
(3.31). Since V is a bounded operator, || - || = [V, ] is actually an equivalent norm
on H and in this case Datko showed that (3.31) implies exponential stability [12].
A

Example 3.3.2 Let H = span{o,}3%, where {¢,} are orthonormal. Let

X0

1
Ar = Z —;[I, én]én .

n=1

Then A generates a (g semigroup 7'(¢), t > 0, given by

I~

T(t)r = {2 e”

n=1

[z ¢nldn -

We have

t

EY IS

IT(0))? = f 2. a1

llll® -

IA

Hence, T(t) is a contraction semigroup. Moreover, for all z € H,

. 2 _ 1 > —31—‘ 2 _
Jim IT(t)z]]* = }gggr;e [z, 6.)I* =0
or, T'(t) is strongly stable.
Note that since ||T(¢)r]| = 1 (see Example 3.1.1), T(t) is not exponentially

stable.

We define the linear bounded operator B by

0 2
Br =7} \/;[I, On]dn
n=1

Then B 1s self-adjoint and
5o 1 .12
2 Re. [Az,z] = 2 —;|[1?,¢>n]|
n=1
= —||B"z|I*,
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which shows that A satisfies the condition of Corollary 3.3.1.
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Chapter 4

Stabilization

In this chapter, we study feedback stabilizability of the distributed control sytems

described by the differential equation
r(t) = Az(t) + Bu(t) . (4.1)

Such a system is denoted by the pair (A, B). Unless otherwise stated, B is a linear
bounded operator from the control space U to the state space H.
Our problem is to find controls of the form u = Fz, where F is a linear bounded

feedback operator, such that the “closed loop” system
(t) = (A + BF)z(t)

is strongly stable. In this sense, stabilizability of (A, B) is equivalent to the stability
of the closed loop system. Results obtained in Chapter 3 will play a key role in what
follows.

Here, we again focus on contractive systems where A generates a contraction

semigroup. We apply the feedback control u = —B*r and investigate the stability



of the semigroup generated by A — BB*. The reason for this choice of feedback is
twofold. First, the closed loop system z(¢) = (A — BB*)x(t) is also contractive.
Hence our earlier results on contraction semigroups apply. But, any F' such that
Re.[BFr.r] <0 will preserve contractivity. However, from practical point of view.
— B* does not require any computations hence it is robust, and this is the second
reason for its choice.

This chapter is organized in three sections. First, we apply the state space
dccomposition developed in Section 3.2 to obtain conditions for strong stability
of the semigroup generated by A — BB*. Limitations of the feedback — B~ for
strong stabilization are also discussed. Then, we apply the extensions of Lyapunov
equation developed in Section 3.3. Finally, we show that this approach leads to

interesting results concerning a Riccati equation for contractive systems.

4.1 Stabilization via Decomposition of the

State Space

Let T(¢) be the contraction semigroup associated with the contractivesystem (A4, B).

Let u = —B*r be the feédback control. Then, the closed loop system
z(t) = (A — BB™)z(t)

is also contractive by the fact that — BB* is bounded dissipative and A is maximal
dissipative.
We know that the feedback — B~ will weakly stabilize the contractive system

(A4, B) if its weakly unstable states are controllable [5] (see also Chapter 2, The-
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orem 2.2.8). Here, we will explore strong stabilization with the same feedback.
Specifically, we will apply the state space decomposition developed in Chapter 3 to
the closed loop system.

We note that in general, application of the theory developed in Chapter 3 for
stabilization, particularly the state space decomposition, is not only limited to feed-
backs of the form —B*. In fact, the feedback operator F need not be dissipative. As
long as the closed loop operator A+ BF generates a contraction semigroup, the state
space can he decomposed with respect to this contraction semigroup. Conditions
for strong stability can then be found.

Let Z(#), t > 0, be the contractive semigroup generated by A = A — BB*. Let

H,(Z) be the isometric subspace of Z(t):

H(Z) = {z € H: | Z(be]l = llz]) .t > 0}
and let

MZ)y={z€H:Z(t)r—0 as t > oc}

be its strongly stable subspace. Also, let (', be defined by
€2 = lim Z(t) Z(1)

then it is a nonnegative contraction. Therefore, applying Theorem 3.2.2 of Chap-

ter 3, we have the following decomposition of the state space H with respect to the
semigroup Z(t)

H=H(Z)s M. M,(Z) . (4.2)

The feedback system (4 — BB*, B) or, equivalently, the semigroup Z(t), ¢t > 0,

is strongly stable if and only if H = M,(Z). In other words, the contractive system
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(A, B) is strongly stabilizable by the feedback —B* if and only if H{(Z)& M, = {0}.
This means that we must have H,(Z) = {0} and M, = {0}.

It is evident that stabilization of T(t) via the decomposition (4.2) is a two step
procedure. First, we require the subspace M, to be trivial, for which it is necessary
and sufficient that the operator C', be a projection (see Chapter 3, Lemma 3.2.2).

We have seen in Chapter 3 several conditions for C, to be a projection. If Z(¢)
is self-adjoint or if the generator A has compact resolvent then (', is a projection.
These conditions are satisfied when the original semigroup T'(¢) with generator A
has the same properties. Because, if T(t) is self-adjoint then so is its generator 4.
Hence A = 4 — BB~ is also self-adjoint and generates a self-adjoint semigroup Z(t).
[n the same way, if A has compact resolvent then so does A — BB* since B is linear
bounded. Also, ', is a projection when Z(t) is normal.

[t is interesting to note that a fourth condition which will ensure ', to be a
projection, namely that Z(t) be a co-isometry, cannot be satisfied. Because, if Z(t)

-

is a co-isometry, t.e., Z(#)" is an isometry, then

Re.[(A— BB*)*z,z] =0 ,z € D(A).

Or, Re. [A"z,z] = || B z||®. Since Re. [A*z,z] < 0 and ||B*z||* > 0, we must have
Bz = 0 for = in D(A). Hence, D(A) being dense in H, this implies B* = 0, in
which case there 1s no feedback.

Next, we investigate conditions for Z(¢) to be completely non-isometric, or

H(Z) = {0}.

Proposition 4.1.1 Let T(t), t > 0, be a contraction semigroup with generator A

on H and B : U — H be a linear bounded operator. Then, A — BB~ generates a
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completely non-isometric contraction semigroup Z(t) (say) if and only if H(T) is

(A4, B) controllable, i.e., H(T) C M.(A*, B).

Proof Suppose r € H,(Z). Then, ||Z(t)x|| = ||z|| for ¢ > 0. Differentiating with

respect to t, we have for r € H;(Z) (" D(A)
Re. [(A— BB*)Z(t)z,Z(t)z] =0 .

Or,

Re. [AZ(t)z,Z(t)x]) = ||B*Z(t)x]|* .

Therefore, since A is dissipative, || B*Z(¢)z|| = 0 for ¢ > 0, which, since H;(Z) N D(A)

is dense in H,(Z), shows that z € M, .((4A — BB*)", B) = M,.(A", B). Hence
H(Z) C M, (A", B) .
The identity [23]
t
ZtHr=T(t)x — / T(t—o)BB*Z(o)rdo (4.3)
0

shows that for r € M, (A", B), Z(t)r = T(t)r. Hence, if r is in H,(Z), then
1Z()z]| = |T(t)z|| = ||z||, which shows that H;(Z) C H,(T). Therefore,

H{(Z) C H{T)(\ M..(A*, B) .

Conversely, ifr € H{(T)N M..(A*, B),then Z(t)x = T(t)x by (4.3) and ||T(¢) || =
llz]| = |[Z(t)z]|- Consequently,

H(Z)= H(T)( | M.(A", B) ,

and Z(t) is completely non-isometric if and only if H;(T)N M,.(A*,B)={0}. O

We summarize the result on strong stabilization with the feedback —B™ below:
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Theorem 4.1.1 Suppose for a contractive system (A, B) either A generates a self-
adjoint semigroup T(t) or A has compact resolvent. Then, the system r = Ar + Bu
is strongly stabilizable by the feedback v = —B*z if and only if the isometric subspace

H.(T) of T(t) is (A*, B) controllable.

The above Theorem is analogous to Benchimol’s result on weak stabilization
via the same feedback —B*. In our case, the isometric subspace H;(T) may be
regarded as the (strongly) unstable subspace. Although this is not true for general
contraction semigroups, we have shown that for those with compact resolvent or for
self-adjoint semigroups, it is indeed the case. Hence, controllability of the unstable
subspace plays an important role in strong stabilizability of contractive systems as .
it did in weak stabilizability. Another interesting point to note is that in case of
strong stabilization, controllability of (A*, B) comes into play rather than that of
(A, B). This also happens in weak stabilization if one replaces weak stability of
T'(t) by that of T(¢)". which are equivalent.

State space decomposition approach also points out the limitations of using the
fecdback — B for strong stabilization of contractive systems. It is always restricted
to the class of (feedback) semigroups for which the operator C, is a projection. The
problem to be resolved then, is to characterize such semigroups, which was the case
in the study of strong stability of contraction semigroups as well.

Example 4.1.1 To demonstrate stabilization via the state space decomposition,

we take the semigroup of Example 3.2.1 of Chapter 3 where

H = span{én}?ﬁ:l @ Span{u’m}'r;r?:l
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and

0 o0
T(t)e = 3 ez, 8,16, + 3 e [z, Yl

n=1 m=1

{¢,.} and {¥m} jointly form an orthonormal basis for H, and a,.3.. ym are real
and a, > 0.
We have seen that T(t), t > 0, is a normal contractive semigroup with the

isometric subspace
H{(T) = span{om T

The generator A of T(t) is given by
Ar =Y (—an+ i3 [2,¢nldn + 3 t9m (£ U] Uom
n=1 m=1
Let
Bz =) by [z, ¥m|tm (1.4)

m=1

where b,, are real. Then B is self-adjoint. With the feedback —B* we have

(4= BBz = 3 (—an + i) [, 6alba + 30 (=82, + i7m) (2, ¥mltom

n=1 m=1

which generates a contraction semigroup Z(t) given by

oC 2]
Z(t)l' = Z e(‘&n*}‘lﬁn)z [I, ¢n]¢n + Z: e(—bzn+le)t [l‘, l,{"m]d)m
n=1 m=1

Since

1Z(H))|* = | Z(t)z|* = Ze”“"’lr onll* + Z e[z, P

Z(t) is also normal. Hence the operator C, is a projection.

Therefore, according to Theorem 4.1.1, Z(¢) is strongly stable if and only if
H(TYNM.(A", B) = {0}.
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We have

o0

BTtz = || 3 bme™ [z, ¢m]vm II*

m=1
o0

= Zzl[rw

Hence,
M (A.B) = [IN(BT(t)
£>0
= span{¢,}>, @ span{¢m, for ms.t. b, =0} .
Then,

T)() Mu(A*, B) = span{¢m, for ms.t. b, =0} .

We then conclude that the feedback —B* strongly stabilizes the system if and -
only if b,, # 0 for any m in (4.4). This also shows that a finite dimensional feedback
cannot stabilize the system. A

Example 4.1.2 Consider the distributed system

Du(t.§) _ 0x(t,8)
ot T
o(t,0) = =x(t,2m) .

+Bu ,£€[0,27],t>0

If we take H = L*[0,27] and A = —-,5? with
D(A) = {r € H : r absolutely continuous, ' € H,r(0) = z(27)} ,

then we have the abstract equation

We note that A has compact resolvent, A = —A~, and it generates a unitary

semigroup 7'(¢)



where ¢,(£) = €™ /V/2r form an orthonormal basis for the space H.

Since T'(t) is unitary it is unstable and Il = H,(T). Let

Br= Y b.[r,6.)¢x

n=-—20

where b, are real (B = B*) and b, # 0 for any n. Also suppose

lim [b,] =0,
then B is compact.
Since
1B T(B? = | fw b ™ [z, 60l |
= Y Bllsdl

we have B*T(t)z = 0 for t > 0 & r = 0, hence (A", B) is controllable. Therefore,
according to Theorem 4.1.1, since A has compact resolvent A — BB" generates a
strongly stable semigroup Z(t).

Note that Z(¢) has the form

o

ZWz = Y &tz 4]0,

n=-—20

and since lim,_. 5 |b,| = 0, Z(t) is not exponentially stable. JAN
Example 4.1.3 We have shown in Example 3.2.2 that the heat equation on a

bounded domain is unstable. Here, we will stabilize the controlled system

Jz %z
i a—e‘{"Bu
= Ar+ Bu

Let B=17 and u = —B*r. Then, A— BB* = A — [. Since
B Tt)r=T(t)a =0 fort 20+=z2=0,
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(A, B) is controllable. Also, A is self-adjoint. Therefore, by Theorem 4.1.1, the
semigroup Z(t) generated by A — [ is strongly stable.

We note that since A has the expansion

o0

Ar = E —n? [z, dn]dn »

n=-"0
the feedback semigroup is given by

20

Z(t)r = Z e‘(“2+l)t[x,¢5n]¢n .

n=—o0
Z(t) 1s such that

1Z(t)x|| < e7'||z]|
hence it is exponentially stable. This is due to the fact that Z(¢) is a compact.
semigroup and for compact semigroups weak, strong and exponential stabilities are

all equivalent. A

4.2 Application of Lyapunov Equation

In Section 3.3 of Chapter 3 we gave sufficient conditions for a uniformly bounded Cy
semigroup to be weakly and strongly stable by extending the well known Lyapunov
equation. Clearly, the results hold for contraction semigroups, which are special
cases of uniformly bounded semigroups. In this section we focus on a cont_'ractive
system (A, B) and apply the abovementioned results to investigate conditions for
stabilizability via the feedback —B*.

Since A is dissipative and B is linear bounded, the semigroup Z(¢) generated by

A = A - BB~ is a contraction. We have, for z € D(A),
d 2 _
i |Z(t)z||* = 2 Re. [AZ(¢t)x, Z(t)x] .
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Integrating from 0 to ¢ and letting ¢ — oo, we see that Z(#) satisfies the following

equation

Jell = lim | Z(t)x|* - /0°°2 Re. [AZ(t)z, Z(t)z]dt (4.3)

= lim | Z(Nal? - /0°° 2 Re. [AZ()z, Z(t)x]dt + 2/0°° 1B~ Z(t)z|dt

for z in D(A) = D(4).

Define the linear self-adjoint operator P by
[Pr.z] = /°° IB*Z(t)z|*dt ,z € H . (4.6)
0

Then. P is nonnegative and

[Pz, 2] < glal ()

from (4.5). Replacing r by Z(¢)x in (4.6) and differentiating with respect to ¢ yield
2 Re. [PAZ(t)z, Z(t)x) = —||B*Z(t)x]|* r € D(A).
Seting t = 0, we see that P satisfies the Lyapunov equation
2 Re. [P(A - BB")z,z] = —||B*z|* ,z.€ D(A), (1.8)

which was investigated in Section 3.3. Therefore, we have the following result on

the existence of the solution P of equation (4.8):

Lemma 4.2.1 Let A be the generator of a contractive semigroup T(t), t > 0, and
B a linear bounded operator. Then, there always exists a nonnegative operator P

satisfying the Lyapunov equation

9 Re. [P(A — BB*)r,z] = —||B z|]* ,z € D(A).
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Note that the Lemma holds for any linear bounded B, including compact opera-
tors. We can now apply Theorem 3.3.2 to obtain conditions for the semigroup Z(¢)
generated by A — BB™ to be weakly stable. According to the above Lemma, the
first condition of the Theorem (existence of P) is always satisfied. If, in addition,

N(B*) = {0} then || Br||(= ||z||.) defines a new norm with the property
zlln < 1B =it

in which case Z(t) is weakly stable. But, for weak stability, we can prove a weaker

condition.

Theorem 4.2.1 Let (A, B) be a contractive system. If the pair (A*, B) is control-

lable, then A — BB~ gencrates a weakly stable contraction semigroup Z(t).
Proof As before, define P > 0 by (4.6) and let £ € N(P). Then
Pe,a)= [ 1B Z(t)z|dt =0,
0

which implies B*Z(t)z = 0, t > 0, or 2 € M.((A — BB")", B). Since M.((A —
BB*)".B) = M,(A",B), we have N(P) C M, (A", B). Conversely, let r €

Mo (A*. B). Then B*Z(t)z = 0, t > 0, or = € N(P). Hence,
N(P) = M.(A", B) .
Consider now, for z in H,
(PZ(t)z, Z(t)] = /t°° 1B*Z(0)z|*do .

Then,
lim[PZ(t)x,Z(t)z] =0 . (4.9)

t—o0
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Therefore, if M,.(A*, B) = {0} then P > 0, and since Z(t) is a contraction, (1.9)
implies that Z(t) is weakly stable. a

For strong stability, we have the following:
Theorem 4.2.2 [f there erists a > 0 such that for every r in H
allzll* < [ 1B Z(t)zde
then Z(t) is strongly stable.

Proof- The proof is all but trivial. The condition in the Theorem is equivalent
to [Pr,r] > al|x]|?, in which case P defines an equivalent norm, and (4.9) implies
strong stability. a-

Recall that a system (A, B) is conservative if Re. [Az,z] =0 for all z in D(A).
\We now prove a generalization of Corollary 3.3.1 of Chapter 3 which also applies to

strong stabilization of conservative systems.
Theorem 4.2.3 Suppose A is such that
— 8||B*z||* < Re. [A1,2] <0 ,r € D(A) (4.10)

for some § > 0. Then A — BB™ generates a strongly stable contractive semigroup -

Z(t) if and only if there ezxists a > 0 such that
allel? < [ 1B Z(0elde x e B
0

Proof. One half of the theorem is already given in Theorem 4.2.2. To prove the

other half, we rewrite (4.10) as

—4||B*z||* < Re. [(A — BB")z,7] (4.11)
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where v = 6 + 1.

Since A — BB~ is dissipative, the integral
JA EAOERY
0

exists for r € D(A) and, by extension, for all z. Therefore, replacing = by Z(t)r

and integrating both sides of (4.11), we have
—y [T1B Z(0:Ifdt < Jim 1Z(0)2” — 2]
[f Z(¢) is strongly stable,
1 2 ° * 2
“lleliF < [T 1B Z (0t
¥ )

which proves the theorem. a

Finally, we have the following result for exponential stabilization.
Theorem 4.2.4 [f there exists a > 0 such that
aflzf| < ||B 1] (4.12)
forallz € H, then A—BB™ generates an exponentially stable contractive semigroup.
Proof. Since B* is already bounded, (4.12) implies that
2|l = [BB"x,1]

defines an equivalent norm. In this case, the Lyapunov equation (4.8) satisfies
Datko’s theorem on exponential stability (Chapter 2, Theorem 2.2.6), and Z(t) 1s

exponentially stable. .

=]
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Example 4.2.1 In Example 4.1.3, we have shown that the heat equation is
exponentially stabilized by the feedback —7 (identity). According to Theorem 4.2.4
with B = [ this result is as expected.

Now, let

= 1

Br = Z

n=—o0

1 [z, 8nldn

Then
i |

Pr = Z

n=—no 2(]. + nz(n2 + 1)2) [Ia én]¢n

satisifies the Lyapunov equation (4.8).
Note that B is self-adjoint but it is not bounded from below. Therefore Theo-

rem 1.2.4 does not apply. However, since

=) -n2t

B T(t)r= ), r; 1 [z, dn]dn

n=—20

we have
B'T(t)r =0 for t>0<«<=zx=0,
which shows that the pair (A*, B) is controllable. Hence, from Theorem 4.2.1,

A — BB” generates a weakly stable contractive semigroup Z(t). It is given by

Z(t)x: Z e-(n2+(n711)7)t[1,¢n]¢n ,

n=—0o0

and is compact. Therefore weak stability implies exponential stability and the
system is again exponentially stabilized by the feedback —B*. A
Example 4.2.2 Suppose H = span{¢,}3%, where {¢,} are orthonormal. As in

Example 3.3.2, let

IEEILRAE
Br = if[rd)n bn -
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Then

20

(A= BB =3 ~~[x,6,J6n .

n=1

and P = % [ satisfies the Lyapunov equation (4.8). A—BB" generates the semigroup
Z(hr = e 7'z, 8,]6n
n=1

which is clearly strongly stable. In order to demonstrate Theorem 4.2.2, we observe

that
~c o 90 9 .
B“Zt.izdtzf Zemwt[r, ¢,]F dt
LBz ADYELR NS
1
= §||I||2 :
Note that Z(t) is not exponentially stable. A

Example 4.2.3 Let {¢,}>2, be an orthonormal basis for H. Let the self-adjoint

operators A and B be defined by

Ar = Z —712 [.l', an]én
br = n=z—f)o 2= (n2 + 1) + (n2 + 1)4 [.1‘, d’n}én

Then, since A is dissipative and
[B™zl| = ||l

according to Theorem 4.2.4, A — BB* generates an exponentially stable contraction

semigroup. A



4.3 Steady State Riccati Equation for

Contractive Systems

We have shown in the previous section that the Lyapunov equation (4.8) associated
with the closed loop system (A — BB*, B) always has a nonnegative solution. This
result has further implications concerning a related linear quadratic regulator (LQR)
problem. The LQR problem can be stated as follows.

Consider the distributed system

r(t) = Az(t)+ Bu(t) ' (1.13)
r{0) = g€ H
where 4 generates a contraction semigroup T'(t), B is a linear bounded operator

and u(-) € L*([0,>);I"). The LQR problem is to find u(-) in L?([0,00); L") which

will minimize the cost functional

J =/Ox[33*x(t),r(t)]dt+/o°° [u()]]?dt . (4.14)

It can be shown that if for each initial state r, there exists a control u(-) for

which J is finite, then the following steady state Riccati equation (SSRE)
[QAz, 2] + [r,QAx] — || B*Qxz||* = —=[BB*r,z] ,z € D(A)

has a bounded nonnegative solution @ [3, 71]. The feedback control u(t) = —B*Qxz(t)
is the optimal control which minimizes J. If, in addition, BB* is a strictly positive
operator then the control exponentially stabilizes the system (4.13). In the follow-
ing discussion, unless otherwise stated, we only assume B to be a linear bounded

operator.
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Now, let u(t) = —B*z(t) in (4.13). Then the closed loop system z(t) = (A —

BB*)z(t), z(0) = zo, has the solution
z(t) = Z(t)xo

where, as before, Z(t) is the contraction semigroup generated by A — BB*. For this

choice of control we find

J = /O”{BBu(t),I(t)]dH/: u(t)|2dt
- /”[BB'Z(z)Io, Z(t)zoldt + /” 1B Z(t)zo dt
0 0
- 2 /0” B*Z(t)zo|?dt . (4.15)
Therefore

J < ||zol|* for all 2o € H, (4.16)

by (1.6) and (4.7). We conclude that for the contractive system (4.13), there always
exists a control u(-) which will make the cost functional finite for every state rqg € H.

We then have:

Theorem 4.3.1 Let A be the generator of a contraction semigroup and B a linear

bounded operator. Then the SSRE
[QAz, z]) + [, QAx] - ||B*Qr|* + [BB*z,z] =0 ,x € D(A) (4.17)
always has a bounded nonnegative solution Q.

This Theorem shows that the SSRE (4.17) in which A is dissipative and B 1is
any linear bounded operator always has a solution. The question of existence of

such a nonnegative solution ¢ for an SSRE in which B is compact was raised by
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Gibson in [22]. Here, we are able to show that for a contractive system (A, B) even
when B is compact (1.17) does admit a nonnegative solution.

The question raised by Gibson in [22] was in connection with the problem of
stabilization via compact feedback. He showed that a strongly stable contractive
system cannot be exponentially stabilized by compact feedback. We must note that
although (-4.17) admits a nonnegative solution @, the control u(t) = —B*Qx(t) need
not be a stabilizing control.

Since the control u(t) = —B*Qu(#) is optimal, the cost functional (4.14) attains
its minimum value with this control. Let J;, denote the corresponding minimum

cost. Then we know from LQR theory that
Jmin = [QZ0, 0] = 0

where @ is the nonnegative solution of the SSRE (4.17) and ¢ is the initial state

3],

i

The feedback control u(t) = —B*z(t) was investigated in the previous section.

The cost functional for this control is given by (4.15). It can be rewritten as
J =2 [Puxg, x4
where P satisfies the Lyapunov equation
2 Re. [P(A — BB*)x,z] = —||B*z||* ,z € D(A) .
Therefore, from (4.16),
0 < [Qzo, 7] £ 2 [Pz, z0] < |20l -

We summarize the result below.



Theorem 4.3.2 Let A be the generator of a contraction semigroup and B a linear

bounded operator. Then the solution Q of the SSRE (4.17) is such that
0<[Qz.z]<|lzl* ,z€H .

In general, if Q is the nonnegative solution of the SSRE, then A — BB*Q
genarates a Cp semigroup which is quasi affine transform of a contraction semi-
group [43]. When @ is strictly positive, the semigroup generated by A — BB*Q is
similar to a contraction. In order for A—BB*Q to generate a contraction semigroup

it is necessary and sufficient that
Re. [(A = BB™Q)z,z] <0 ,z € D(A) . (1.18)

Since A is already dissipative, this holds if the operator (BB*Q + QB B~) is non- |
negative.

In particular. if the nonnegative operators BB* and @ commute then the product
QBB*(= BB*Q) is also nonnegative. In this case A — BB*() is dissipative and
generates a contraction semigroup.

Now, ifforallr € H

aflz|| < |[B"z||
or if BB~ is strictly positive (invertible) then, as we have seen in Chapter 2, The-
orem 2.2.11, the optimal control u(t) = —B*Qz(t) is such that the closed loop
system
#(t) = (A — BB*Q)x(1)
is exponentially stable.
We note that, as expected, B cannot be compact in this case. Because, if B is

compact, so is B* and a compact operator can not be bounded from below.

78



Therefore, when B B* is strictly positive we have two different feedback controls
for exponential stabilization of the contractive system (A, B). The control u(t) =
—B"Qux(t) is a result of the related LQR problem and it is optimal for the cost
(4.14). On the other hand, Theorem 4.2.4 shows that u(t) = —B*z(t) is another
control which will ensure exponential stability.

Although both A— BB* and A~ B B*(Q generate exponentially stable semigroups,
the feedback semigroup Z(t) generated by A — BB* is contractive while it is not
always the case for A — BB*Q).

It is evident that, when BB~ is invertible, there are advantages of using the
feedback — B* for exponential stabilization of the contractive system (A4, B). It
does not require solving the SSRE, which is difficult computationally. Also, the
feedback system is contractive and hence all the theory developed for contractive
semigroups apply.

For conservative systems, i.e., Re. [Az,z] = 0, the feedback control u(t) =
—B=r(t), where B is linear bounded, turns out to be optimal as well.

If A is a conservative operator, the SSRE
[QAr, z] + [r,QAz] — || B*Qz||* = —[BB*z,z] ,z € D(A)
always admits @ = I {identity) as a (strictly) positive solution, since
[Az.z] + [z, Az) = ||Bz|? = =||B"z||* ,z € D(A).

Note that this solution is valid even for compact B. Therefore, the optimal control
for the conservative system is u(t) = —B*r(t). With this choice of control the

system has the solution z(t) = Z(t)x,, t > 0, where Z(t) is generated by A — BB"



and zg is the initial state. The minimum cost is
00 . 5
Tin = 2 /0 1B*Z(8)zo|2dt .

We also note that in general Q = I may not be the only solution of SSRE (when
BB* is strictly positive it is the unique solution). Also, the degree of stabilization
(weak. strong or exponential) by the optimal control —B*z(t) depends on other
conditions as indicated in Theorems 4.2.1, 4.2.2 and 4.2.3.

Example 4.3.1 We illustrate the results of this section by solving the SSRE for

the heat equation where

20 -

Ar = Z —Tl2 [$,¢n]¢n

n=—o0C

Let

Br = i bn[£s¢n]¢n

n=—=0

where b, are real numbers. The SSRE (4.17) can be decomposed as follows.

Let Q be defined by
QI = Z qn [xa¢n]c‘6n
where, since @ is nonnegative, g, > 0 are real numbers. Then SSRE becomes

S (—2n%qn — [6a25 + 1baf*) [z, 4] =0,

n=—oo

which, for each n, is a quadratic equation in ¢,. Hence, since q, > 0,

n? — /n* + |b,/?

In = TP

for n such that b, # 0, and ¢, = 0 otherwise.

For B = I, The solution is

Qr= > (=n®+Vni+1)[z,8:]6n ,

n=—o0
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and [Qz, z] < ||z]|* as expected.

Since BB*(= I) is strictly positive, the optimal control u(t) = —B*Qxz(t) ex-
ponentially stabilizes the heat equation. With the optimal control, the closed loop
operator A — BB*(Q generates the semigroup S(t):

She= > eVt iz 9,.]é,
whiclh is exponentially stable. Moreover, since the operators BB™ and ) commute,

S(t), t > 0, is a contractive semigroup. If z is the initial state the minimum value

of the cost associated with the SSRE in question is

']min = [QI*I}
= i (=n? + VAT F 1) [z, 6ul” -

In Example 1.1.3, we showed that for B = I, A — BB* also generates an expo-

nentially stable contractive semigroup Z(¢):
Z(t)z = Z e"("zH)‘[I, Snlon -

n=-—0oo

We observe that although for any initial state r € H,
1Z(H)z|| < [|S(B)z]] 20,

S(t)z is the optimal trajectory for the cost functional (4.14).
Now, as in Example 4.2.1, if we take
Br = io: —'1_[I~ ¢n]on
n?+1 ‘

n=-—-20

then B is self-adjoint, nonnegative, and since lim,_, [1/(n?+1)| = 0, it is compact.
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SSRE still has a nonnegative solution ) given by

Qr = f: (—nz(n2 +1 1+ \/n“(n2 + )4+ 1) [z, 6n|0n

n=-—0o0

A — BB*() generates the semigroup

o VA
Z e  (n741) [z, &n]

n=-0
which is again exponentially stable. In other words, the compact feedback —B*Q
exponentially stabilizes the contractive system (A, B). This may seem in violation of
Gibson’s negative result on exponential stabilization, but we note that the original
contractive system (A, B) is not strongly stable (see Example 3.2.2). Therefore the
abovementioned result does not apply and it is possible to exponentially stabilize
the system via compact fedback.

Also, note that S(t) is again contractive due to the fact that BB* and @ com-
mute. JAN

Example 4.3.2 Let H = span{¢,}>2,. In Example 3.3.2 we have shown that ‘

the operator

generates a strongly stable contractive semigroup 7T'(t). Then, in Example 4.2.2, we

showed that with the control u = — B*z where

Bx—;f[x Suldn

the closed loop operator A — BB* also generates a strongly but not exponentially
stable contractive semigroup Z(t).
Note that since

lim /= =0,

n—o00 n
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B is a compact operator and — B* can not exponentially stabilize the strongly stable
system (A, B).

The SSRE (4.17) admits the nonnegative solution

5—1
Q.r-—-\/_2 I .

Since the operator —B*(Q is compact, the control u(t) = —B*Qux(t) can not expo-
nentially stabilize the system either. To see this, we observe that the semigroup

generated by A — BB*() is given by

Stz =Y. e F Hz,6.),
n=1

which is only strongly stable. Also note that the operators BB* and () commute, '

hence S(t) is contractive. A
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Chapter 5

Conclusions

5.1 Results

In this dissertation we have investigated strong stability of distributed systems.
Specifically, we have used three different approaches to find conditions for a (j
(mainly contractive) semigroup to be strongly stable. Each one resulted in a differ-
ent characterization. Based on these characterizations, we have studied the problem
of feedback stabilization.

The theory of dilations of contractions and contractive semigroups was well de-
veloped in [18, 25, 51]. It was applied to scattering theory by Lax and Phillips [36].
Here we have applied the dilations theory to strong stability of contractive sys-
tems and showed that it results in a characterization of strongly stable contractive
semigroups in terms of the left shift semigroup. Left shift semigroup is a canonical
example of a strongly stable contractive semigroup. Via the dilations approach we
have proved a sufficient condition for a contractive semigroup to be strongly stable

but not exponentially stable. Although this approach results in (so far the only
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known) necessary and sufficient condition for strong stability of a contractive semi-
group, the results are not very suitable for application to control problems. This is
mainly because it is generally difficult to compute the dilation of a given semigroup.
In real-life problems even the semigroup asociated with the distributed system may
be difficult to compute analytically. In such cases, the theory of dilations may still
be applied via the notion of a co-generator for contractive semigroups.

A main contribution of this dissertation has been the development of a decompo-
sition for the state space which identifies the strongly stable and unstable subspaces
of a contréctive semigroup. A similar approach has previously been used in the case
of weak stability and resulted in a necessary and sufﬁcient condition for weak stabi-
lization [7]. This has been our motive. The decomposition developed here provides ‘
a clear picture of the structure of the state space with regard to strong stability.
Based on the decomposition we have proved several conditions for strong stability
of contractive semigroups.

Extension of Lyapunov’s theorem to infinite dimensional Hilbert space was done
by Datko [11, 12]. Datko proved that the existence of a positive (operator) solu-
tion to the infinite dimensional version of the Lyapunov equation is necessary and
sufficient for exponential stability of the semigroup associated with the equation.
Here, we have extended Lyapunov’s theorem further to weak and strong stabilities
of uniformly bounded semigroups. The uniform boundedness assumption is not a
restrictive one since a (weakly, strongly or exponentially) stable semigroup is always
uniformly bounded. By replacing the right hand side of the Lyapunov equation with
a new norm which is weaker than the original norm, we proved that the existence

of a nonnegative solution is sufficient for weak stability. In the same way, if the new
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norm is stronger the same result holds for strong stability.

By applying the above characterizations to a distributed system r = Axr + Bu
with the control u = F'z, one can obtain conditions for strong stabilization. In our
case we have taken F' = —B*. The feedback —B* is robust in the sense that it
does not depend on the system characteristics as reflected in the operator 4. Also,
no operator equations need to be solved in determining the feedback. Benchimol
showed that the same feedback weakly stabilizes the system if weakly unstable
states are controllable [7]. By applying the state space decomposition developed for
strong stability we have proved a similar necessary and sufficient condition for strong
stabilizability by —B*. Application of the extensions of the Lyapunov equation also
resulted in sufficient conditions for weak, strong and exponential stabilizations by -
the same feedback. Finally, we have proved an existence result concerning a linear
quadratic regulator problem for contractive systems and the associated steady state

Riccati equation. This fact was not pointed out before.

5.2 Future Directions

In this dissertation we have focused mainly on contractive systems. To our knowl-
edge, there is still no result which gives a necessary and sufficient condition for a
general Cy semigroup to be strongly stable. For contractive semigroups, application
of the theory of dilations resulted in a necessary and sufficient condition for strong
stability. However, the result is not very suitable for practical applications. The
first step for future work may be developing a more practical characterization for

strongly stable contractive semigroups. The state space decomposition developed
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in Chapter 3 also suggests a topic for further research: Identifying those contrac-
tive semigroups for which the subspace M is trivial or characterizing the class of
contractive semigroups for which the operator C is a projection (see Theorem 3.2.2
for definitions).

The extensions of the Lyapunov equation gave sufficient conditions for weak
and strong stabilities. We have only modified the right hand side of the Lyapunov
equation. Further extensions need to be investigated in order to find necessary and
sufficient conditions for weak and strong stabilities.

For strong stabilization of contractive systems we have only considered the feed-
back —B*. A major consideration was preserving contractivity. However, any
feedback operator F' such that Re.[BFz,z] < 0 will preserve contractivity. Further '
research may involve application of the characterizations developed in Chapter 3 to

more general feedbacks.
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