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SUMMARY

The instability of the fabrication process of optical fibers introduces
both ellipticles and stress anisotropy. These perturbations are the causes
for birefringence in single-mode optical fibers vhich have been researched
extensively. In this research, the mode propagations in optical fibers vith
anisotropic elliptical core have been investigated.

The exact characteristic equation for anisotropic elliptical optical
fibers can be obtained for odd and even hybrid modes in terms of infinite
determinants utilizing Mathleu and modified Mathieu functions. The exact
characteristic equation is applicable to elliptical fibers that have any
ellipticity. A simplified characteristic equation can then be obtained by
applying the veakly quiding approximation such that the difference in the
refractive indices of the core and the cladding is small. It has been shovn
that significant simplification can be achieved under this approximation.

The simplified characteristic equation is used to compute the
propagation constants for the anisotropic elliptical fiber. The expression
for the pover carried by the fiber is also obtained and numerical results are

presented. These results may be used to approximate a number of different

shapes of flbers.

vi



1. INTRODUCTION

The circular optical fiber is one of the most studied media for long
distance communication. An optical fiber consists of a core of a dlelectric
material in vhich the refractive index is higher than the refractive index of
the cladding. Hovever, a cladded fiber is often times modeled as a dielectric
rod vhen the cladding radius is large enough such that the guided mode fields
vill decay to insignificant values at the outer boundary of cladding. The
theory of optical fibers of this type is vell understood and has been
described in detail in the previously published researchil,2].

In an effort to obtain a low-loss fiber, Monerle[3] carried out an
experimental study of doubly clad fibers in vhich the refractive index of
inner cladding vas less than that of core and outer cladding. This study
shovs that the optimum doping levels in the core of doubly clad fibers are
less than those required by dispersion-free singly clad fibers. This leads to
a smaller propagation loss, since the scattering losses decreased vith a
decreasing dopant concentration in fibers.

It is interesting to note, hovever, that the instability in the
fabrication process may introduce ellipticities in the optical fibers. This
lack of circular symmetry is one of the causes for birefringence in single-
mode optical fibers; such a birefringent fiber is also called a single-
polarization single-mode fiber{4). These birefringent fibers are important
for systems utilizing such fibers as fiber optic sensors and for predicting
the transmission bandvidth reduction caused by group-delay differences betveen
orthogonally polarized modes.

The birefringence due to ellipticity has been studied
experimentally(5,6] and the measured data have been compared vith those

1



equation for an uniaxially anisotropic circular rod for hybrid modes of -
excitation. Analytic solutions for the circular fiber when both core and

cladding consist of uniaxial material vas presented by Tonningl(32). This -
study indicates that the cut-off frequency for the lowest-order mode is not
affected by the cladding anisotropy.

When the circular cross-section of the fiber is deformed into a
noncircularly symmetric profile, a single mode in a circular fiber may split
into tvo modes vith different polarizations and propagation velocities[33). -
This has been experimentally verified by employing the near-field method(34]
and the spectral polarization method(35). Cozen and Dyott{36) obtained the
cut-off frequency of the first higher order mode in an elliptical fiber from
an approximate characteristic equation. Hovever, the limitation of their
results is described by Citerne(37] and Rengarajan[38). The cut-off .
characteristic has also been obtained by solving the exact characteristic
equation in terms of Mathieu functions and modified Mathieu functions(38,39)
and by applying the mode-matching method[(27] or the critical vavelength shift
formular method(40]1. Hovever, there exists a disagreement in the
interpretation of their results, especially in the region vhere the ratio
betveen minor axis and major axis is small; Saad{41] presented possible
reasons for these differences.

For most of the practical fibers used as optical communication lines,
the simplification of the characteristic equation is possible by applying the
veakly quiding approximation such that the difference in the refractive
indices of the core and the cladding is small(26,33,42,43). It is shown that
the error introduced by this simplification is less than 10N even when the —

difference in the refractive indices is equal to two. The perturbation method



can also be applied to study the polarization effects in multi-moded fibers
vhen the fiber is veakly guiding and/or veakly anisotropicl(44]. It is also
possible for multi-mode fibers to simplify the characteristic equation by
applying a perturbation method based on the far-from-cut-off approximation as
shovn by Paul and Shevgaonkar(45) in a study of circular fiber with uniaxial
anisotropy. This approximation is useful for the multi-mode pzopégation in
optical vaveguides since the lover order modes that carry most of the pover
could be considered in the far-from-cut-off region.

For the more general case of biaxial anisotropic vaveguide, an analytic
solution of the field equations is not possible even for vaveguides vith
simple geometries. Hovever, the fields and propagation constants can be
obtained by applying the numerical techniques discussed above. The
propagation constants can also be computed by using a coupled mode theory.
This coupled mode approch has been applied for the study of mode propagation
in rectangular guides(46) and cylindrical fibers(47].

As it has been shown through the previous discussion, the instability of
the fabrication process of optical fibers introduces both ellipticities and
stress anisotropy. Also, the results obtained for an elliptical optical fiber
may be used to approximate a number of different shapes of fibers. It can
take the shape of a circular fiber or that of a flat tape fiber depending upon
the eccentricity of the elliptical fiber. Hence, it is proposed to
investigate the mode propagation in elliptical optical fibers containing
uniaxial anisotropic media. 1In this study, the fiber vill be modeled as a
dielectric elliptical rod, since the departure of the cladding's cross-section
from circular form can be ignored in the case of large dimension of cladding

radius. The exact characteristic equation for the anisotropic elliptical
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fiber having any ellipticity vill be obtained using the serles of Mathieu and
modified Mathieu functions. A simplified characteristic equation vill then be
obtained by applying the veakly guiding approximation and the computed results

vill be presented.



2. WAVE EQUATION IN ELLEIPTICAL COORDINATES
In solving Maxvell's equations, the vave equation in the vaveguide can
be expressed in the orthogonal curvilinear coordinates ( N1, §20 2) as
(1/2)2)( 32E,/a012) + (1/22)( 32E,/2452)
(2.1) + (1/12)1 (A R/ ) /0% )(3Ez/2P)) + (2(R)/8;)/242) (3E;/2472))
+ k2B =0
vhere kj is a constant and & and R, are multiplying factors depending upon
the particular coordinates[48]. a/az- is replaced by -if. An identical
equation can be obtained for Hj.

For the elliptical coordinates shovn in Figure 1,

(2.2) W =€, ¥, ="
and
(2.3) = & = q [( cosh 2& - cos 27 )/21%.

By substituting Egs.(2.2) and (2.3) into Eq.(2.1), the following equation is
obtained
(2.4) 2%E,/282 + 3%E,/292 + 2k2( cosh 2f - cos 27 )E, = 0
vith 2k = kjqg. Then Eq.(2.4) is the tvo-dimentional vave equation in
elliptical coordinates. '

1f ve let the solution of Eq.(2.4) be EL(E,%7) = Y( &) 7), Eq.(2.4)
becomes
(2.5) a2%/d82 + Ya2¢/a%2 + 2k2( cosh 2€ - cos 27)¥é= 0
Dividing Bq.(2.5) by ¥¢ yields
(2.6) (1Ap a2w/a€2 + 2k2cosh 2£) + (1/4 a2¢7d92 - 2x2 cos 2Y) = 0.
8ince the equations in the parenthis are independent to each other, wve obtain
(2.7) a24/a%2 + ( a - 2k%cos 2710 =0

and



7 = constant

g = constant

\
/

el —— Zq.——h—

Figure 1. Elliptical coordinate system



(2.8) a2y7a82 - ( a - 2k2cosh 2E)¥= 0

vhere a is the separation constant. Then the solutions for Eq.(2.4) are

{ Ceg( B, k2)cen( 7, X2)  (even) }
B, =

(2.9)

Seg(E, k2)seq( 7, k2)  (0dd)
for x2 > 0

Feky( E, k2)ceg( 7, k2)  (even)
(2.10) E, =

Gekg( §, k2)seg( %, k2) (o0dd)
for k2 ¢ 0.

Similary, the solutions for H, can be obtained using the method discussed

above.



3. CHARACTERISTIC EQUATION
The geometry shown in FPigure 1 consists of an uniaxialy anisotropic

elliptical rod vith a permittivity tensor

€ 0 0
(3.1) €, = 0 € 0
(4] 0 gcl

vhich is embedded in a lossless dielectric medium of permittivity €o. The
anisotropic parameter g Xndicatgs the effect of anisotropic dielectric. The
anisotropic parameter is unity for isotropic case.

It has been shovn that in order to satisfy the boundary conditions
completely both longitudinal electric and magnetic fields must be present,
thus only hybrid type modes exist in elliptical fibers(2). Furthermore, due
to the asymmetry of the elliptical cylinder, tvo types of modes exist and they

are designated as an even type modes and an odd type modes.

3.1 EVEN MODES

Assuming the t-z dependence of el(vt-BZ)gor all field compornents, vhere
@ is the propagation constant and v is the angular frequency, the axial
components of the field for even modes are
3.9 Ez1 ‘:g DipSen( €, Yie2)sen(?, ¥ie?)
o Hzy ’,:7-3051-08-( €, vin2iceg( 7, V1p?)
for 0 < E s €
Ezy = 5 AzaGekn( €, ¥22)8eq( 7, ¥22)
.3 Hz2 =§‘.82‘Fek.( £, v22)cegt 7, ¥32)

for g S E C @
10



vhere Ajy and Byy, i = 1,2 are arbitrary constants, and
v1e2 = q2/4(v2uge; - gB2)
(3.4) Y1 = q2/4(viue, - 82)
¥y2 = q2/4(vip€, - B2)
q is the semifocal length of the ellipse and y is the permeabllity.

The transverse field components are

for 0 s E s €
(3.5) Efy = -1/(viug - B2)L
U85 dnsen' (€, Tie2i0en( 7, ¥1e?)
+ VH,E,M.CCJ E, Yipdiceg'( 7, Ypd)}
(3.6) Bny = -1/(v2p€; - B2)L
( 5,?.,‘1:\3’-( B, vie?isen' (7, 1¢?)
- vl E BraCep' (£, vin2)ceg(, ¥1p2))
(3.7) Hgy = -1/(v2u€y - B2)L
( ""l.g,ﬂlnsen( E, M1e2)sen' (7, V1e?)
+ B.E BiaCen' (€, Yin2lcen(?, ¥1p2))
(3.8) Hep = -1/(vZpe; - B2)L

for €, s E < o
(3.9) Bgy = -1/(vp€y - B2)L
[ B2 axpGekp' (€, v22)sen( 7, ¥22)
+ v T BogPekg( £, Yo2)cen' (T, ¥32))
(3.10) En; = -1/(ving, - B2)L
1 88 aypGekp( €, v22)8e0' (%, ¥32)

- wi :.x'.iesz,rex.'( £, Tzz)ce.( 7, 722)1
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(3.11) Hgy = -1/(v2u€q - B2)L
( -ve, :‘Eﬂlhcek.( E, v22)sep'(, ¥92)
+ 8L BaaPekg' (€, Y22)ceq(?, ¥22)]
(3.12) Hyp = -1/(v2ue, - B2)L
[ v&, :é‘lz.cek.'( £, 122050007, ¥32)
+ B'E::'Bui‘ek.( £, ¥22)cen'( T, 122))
vhere
L = ql( cosh2f - cos2%® )/21%
and the derivative vith respect to £ or 7 is denoted by the prime.

The boundary conditions require that the tangential B and H flelds be
continuous at the dielectric discontinuities. Equating the tangential fields
at the boundary surface, € = E,, gives
(3.13) ¥ ajafeq( Eglsenl®) = R apytekg( Eglseg*(7)

(3.14) B Bipcenl Eolceal?) = E, BopFeknl Eglcen® ()
(3.15) 1/(v2u€ - 82) 1 B E AjaSenl Eqlsey'(7)
- vi £ BiaCen'( Eo)cen( )]

g lzlGek.( €°)Be-.' ( '7 )

me|

= 1/(vlpe, - B2) [ B
- v}l_E:.le,Fek,'( Eolcen (7))
(3.16) 1/(v2uey - 82) 1 vey B 2yp8eq’ ( E5)sen( )
+ 8 F BiaCen( £o)cen' (7))
= 1/(v2p€, - 82) [ vEy E ApgGeka'( Eolsen® (7))
+ 8 E BygFekp( Eolcey® (7))

vhere the folloving abbreviations have been used,

(3.17) Segl €o) = Senl £o, V1e2)
(3.18) seg( V) = seglh, V12
(3.19) Cenl €o) = Cegl €5, ¥1n?)

(3.20) cea( ) = cegl 7, ¥1p?)
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(3.21) Gekg( E,) = Gekg( Eo, ¥22)
(3.22) sep*(n) = seg( 7, ¥22)

(3.23) Fekg( €5) = Pekg( Eo, ¥22)
(3.24) ceg'(7) = cegl, ¥2?) .

Multiplying both sides of Bgs. (3.13) and (3.16) by se,(%7) and Eqs. (3.14)
and (3.15) by cep( %), integrating with respect to 7 from 0 to 2x, and

applying the orthogonality relations of the angular Mathieu functions

(3.25) .[z:e.cen a4y = 0 ifm¥én
leads to

(3.26) AjnSen = I' Myp GekgBp
(3.27) BinCep = :g; Boa Fekpay n

(3.28) BE' AjpSeg¥n,m - viB nCepn' =

BY1h2/¥22 jﬁ: AnGekp Vp, g - '"71h2/722:§2 B2pFekp'an,m
(3.29) vEjd nSen + B E' BipCentn, p =

ve 1n2/%22 B! MyuGeky'Bn,n + BY112/722 §! BogFeratn a
The prime over the summation sign is used to indicate that either odd or even
values of m are used accordingly as to vhether n is odd or even.

Sa,ns B.'n, Ya,n and v.,n are given by the following

(3.30) ag,pn * ft':le.'(?) cen(®) a7 / f"ée,ﬂm an
(3.31) Ba,n = [ Ben’ (1) sen(v) a% / ["sen2(1) av
(3.32) Ya,n = ((tea' (1) sen(h) a7 / f sen?(7) @7
(3.33) Vo,n = J0sen' (1) cep(n) AR /S cen2() av.

Making use of Eqs. (3.26) and (3.27), Egs. (3.28) and (3.29) yields tvo
sets of infinite homogeneous equations
”
wk, M2xSa,n t :E; Bonta,n = 0

[
tuzz: AZ.g.ln + u!:c: Bz.h‘rn =0

(3.34)
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vhere
-(1 - 2/y,2 ",
(3.36) h-,n = 'u“‘,nfa [ Pekgl go)ce-" €o)/Cenl Eo) - ?ek.'(EQ)"lhz/Tzzl
(3.37) Sa,n * ¥Ba,n/B [ €30eky( Eq)Bey' ( Eo)/Sen( Eq)
- €qGeky' ( Eo)V1n2/¥22)
(3.38) ta,n = (1 - Y1p2/v22)Feky( so)r?; o,z ¥z,n

For a nontrivial solution, the infinite determinant of Eq.(3.34) must vanish.
The propagation constant B can then be determined from the roots of this
infinite deterainant.

The infinite determinant for odd values of m» and n is

sl1l tll s31 t31

gll hll g31 h3l

(3.39) s13 t13 533 t33

gl3 hl3 g33 hi3

and for even values of m and n is

h00 g20 h20 g40

t02 522 t22 842

(3.40) h02 g22 h22 gq42

t04 524 t24 =44

(N T R A



3.2 QDD MODES

The axial components of the field for odd modes are
(AL) Bz 'ﬁ.lllcel( B, Y1eliceg( 7, ¥1e2)
Hzy = ¥ Biagen (€, 11p2iseg(?, ¥1p?)
for 0 s € s €,

Ez2 -'g.lz.i‘ek.(ﬁ, Yzz)ce.( ?. 722)

(3.42] Hzo = § ByuGekn( £, ¥22)sen( 7, ¥52)
for €, s E < o
vhere Ayy and By,, 1| = 1,2 are arbitrary constants, and ¥3.2, v;p2, and v,2
are given in BEq.(3.4).

The transverse field components are

for 0 s € < €,
(3.43) Bgy = -1/(v2p€; - B2)L
(85 diaCen'(E, Vielicenl ¥, 11e2)
+ v}xj::‘Bl.Se.( €, Yinliseg' (%, Y1p2))
(3.44) By = -1/(v2ug - B2)L
[ aj!nal.c%( B, viellcen'( 7, 1102)
- wit £ Biasen' (€, vipZ)seg(?, vip?))
(3.45) HEy = -1/(v2p€; - B2)L
[ -vé§ E'Al.Ce.( €, Yiellceg' (7, ¥102)
+ 8% Biasen’ (€, vinlisen( 7, Y1p2)
(3.46) Hyy = -1/(vip€; - B2)L

[ vE ¥ a1aCey' (E, Vie2)cen(?, 1102)

+ B,g;‘Bl.se.( €, vindisex' (7, V1p?)]

15
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for €o s £ <o
(3.47) Bgy = -1/(v2p€, - B2)L
( 88 asaFexa' (E, va2icenl 7, ¥22)
+ vil ¥ BagGeky( £, v22)sen' (7, 1220
(3.48) Eny = -1/(viug, - B2)L
t 8 F AouPeknl €, v22)cen' (7, ¥27)
- i 8 BogGeky' (£, Vo2isenlh, V2RI
(3.49) HEp = -1/(v2u€, - B2)L
[ -veo E dpgPekn( €, Y22)cen' (7, ¥22)
+ 8§ Bogbeky'( £, ¥22)meq(7, ¥22)]
(3.50) Hny = -1/(v2u€y - B2)L
[ veo £ AouPekg' (£, Y22)cenl, ¥22)

+ B':Eqnz.cek.( £, vpl)sen' (7, 192)1

The derivative vith respect to € or 7 is denoted by the prime.

Equating the tangential fields at the boundary surface, € = €, glves

(3.51) £ araCeat Eolcea( ) = E MjaFeka( Eolceg”(7)
(3.52) £ Bipsenl Bo)sen(7) = BouGekal Eolzen™( )
(3.53) 1/(vp€y - 82) 1 8 F A1aCeql Eo)cen' ()

- vi £ Byaseq'( Eo)zenl 7)1
= 1/(wip€, - B2) [ a}:oxz.rex.( Eolcep' (7))
- v £ BogGeky' ( Eg)seg’ (7))
(3.54) 1/(w2u€; - 82) ( vey £ A1aCen' ( Eglcenl )
+ 8 E Basen( Eo)sen'( 7))
- 1/(v2p€, - 82) [ v€o T AgaFekp'( Eo)cen”(h)
+ eilsz.cek.( Eolsen’t( )]
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The abbreviations

(3.55) Cen(fy) = Cegl €0, V1e2)
(3.56) cea( ) = cegl, ¥1e2)
(3.57) Seg(fy) = 8egl Eor Y1p2)
(3.58) seg( ) = seg(, Ylhz)
(3.59) Peky(Ey) = Pexgl Eo, ¥22)
(3.60) ceg* () = cegt 7, ¥22)
(3.61) Geky(§5) = Gekgl Eq, ¥22)
(3.62) seg*(2) = seg(, ¥32)

have been used.
Multiplying both sides of Eqs. (3.51) and (3.54) by cep( 2 ) and Egs.
(3.52) and (3.53) by sen('7), integrating with respect to 7 from 0 to 2x, and

applying the orthogonality relations of the angular Mathieu functions leads to

»
-]
(3.65) BN:G'O ll-CQ'Vn'- - 'uBlnSEn' =

BY1n2/%22 B ApaPeky Vp p - HY1n2/¥p2 £ BygGeka'an a
(3.66) vEd Cey + B! BiaSeg¥y p =

veoT1n2/1,2 B! ApaFeky'By g ¢+ 8Y132/727 B! BagGeka¥n m
The prime over the summation sign is used to indicate that either odd or even
values of m are used accordingly as to vhether n is odd or even.

Su,ns B.,n, Va,n and ’B,n are given by the following

t- A
(3.67) an,n = sep* (Tisen(t) a1 / L se 2(1) an
(3.68) Ba,n = 5o cen’ (Ucenn) an /L cen2(n) an
(3.69) vo,n = Sea' (e (1) an 7 Lcen2(n) ay

(3.70) bo,n = STcen! (Risen(R) A% /S seq2(n) an
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Making use of Bqs. (3.63) and (3.64), Egs. (3.65) and (3.66) ylelds tvo
sets of infinite homogeneous equations

o
oLo A2mta,n ¢ .ﬁ', Bata,n = 0

(3.71) "
E' 2259a,n + B! Boahg,n = 0
vhere
(3.72)  ga,n = -1 - 1p2/¥22)Pekn( Eo) E! Ba,rV,n
(3.73) ha,n = VHeg, n/B [ Gekgl Eg)Seg'( €g)/8eql Eo)
- Gekg'(Eg) ¥1p2/¥22)
(3.74) Sa,n = VBa,n/B | € Feky( Eo)Cen’( €g)/Cepl €o)
- €,Feky'(Ey) Y1p2/v92)
(3.75) ta,n = (1 - ¥1p2/732)Ceky £°)E.' an, ¥, n

For a nontrivial solution, the infinite determinant of Bq. (3.71) must
vanish. The propagation constant B can then be determined from the roots of
this infinite determinant.

the infinite deteminant for odd values of m and n is

s11 tll1 =31 t31

gll hll ¢31 h3l

]
1
[ ]
[~

{3.76) 513 t13 33 t33

g13 h13 g33 h33

N R S




-

- and for even values of m and n is

800 520 t20 s40

802 822 t22 s42

- (3.77) q02 922 h22 g42

s04 524 t24 s44

- H H H T -

H H : ! -




4. VEAKLY GUIDING APPROXIMATION

The exact characteristic equations obtained in Chapter 3 are valid for
an anisotropic elliptical fiber with any eccentricities. These equations are
also applicable to the fiber vith any refractive index differences betveen the
core and cladding material. Hovever, for most of practical fibers, the
Adifference in the refractive indices of the core and the cladding is typically
very small. The simplified characteristic equations can be obtained under
this condition vhich is knovn as the veakly guiding approximation.

Applying the wveakly guiding approximation results in the folloving

(4.1) ¥y2 = 'lhz + %wlpey (1 - co/€y) ® ’(1h2
(4.2) 1 - vp2/¥2 s 0.
4.1 EVEN MODES

Applying Egs.(4.1) and (4.2) into Eqs.(3.20) and (3.30) yields the

equations
(4.3) cen( 1, 122) s cen( ', 71h2’
(4.4) ag,n v STcenl, ¥pdicen, v1n2)aw cea2( 7, v1n2)an

£ Al,n
vhere 11.'n is the Kronecker delta vhich is zero vhen m ¢ n and is unity vhen
- = n'
Substituting Equations (4.1) - (4.4) into Equations (3.35) - (3.38), the

infinite determinants for even modes become

(4.5) ‘ﬁ ( 9u,n ta,n - ha,n a,n) * 0
or

(4.6) a,atn,n ~ b, nfa,m =0
form=0,1, 2, - - - .

20
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By substituting Equations (3.35) - (3.38) into Bq.(4.6), the folloving
equation is obtained
-(1 - n?/1R?) €y /€ = Y1n2/127) 0 EiBn,n Vn,n Kita,n Vo, 20 0)
(4.7) = [Cep'(Eg)/Ceglfy) - (Y1p2/722)Feky' (Eg)/Peky(Eg))
1(€1/€5)8ey' (Ey)/8eqy(Ey) -(¥1n2/¥22)Geky " (£o)/Geky (Eq) ).
This is the simplified characteristic equation for even modes compared to the
infinite deterainants as given in Eqs.-(3.39) and (3.40). When the elliptical
rod degenerates to a circular rod, the simplified characteristic equation

becomes that of the anisotropic circular fiber.

4.2 ODD MODES

Applying Eqs.(4.1) and (4.2) in Bgs.(3.58) and (3.67) ylelds the
equations
(4.8) sen (R, 122) s sen(R, 71h2)
(4.9) ap,n * Ceg(n, vip2isen (v, vip2)ans [ sea2(2, vipicn

= t&.’n

vhere A.'n is the Kronecker delta vhich is zero vhen m ¢ n and is unity vhen
B =n,

Substituting Bquations (4.1) - (4.2) and (4.8) - (4.9) into Equations

(3.72) - (3.75), the infinite deterainants for odd modes become

(4.10) T (on,mtan-tansan =0
or

(4.11) 9a,atn,n - ba,a%a,m =0
fora=0,1,2, - --.

By substituting Bquations (3.72) - (3.75) into Eq.(4.11), the folloving

equation is obtained
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-(1 = Y1p2/732) (€176 - R/ ,?.;Bn,n Vn,n g:"n,n ¥n,n/%a,ufa,n)
(4.12) = [Seg' (Ey)/8eq(€0) - (Y1n2/¥22)Geky' (Eo)/Geky(Eo)]
[(€1/€0)Ceq" (Eo)/Cen(E) — (Y132/¥22)Feky' (o) /Feky(Eo) ).
This is the simplified characteristic equation for odd modes compared to the
infinite determinants given in Bgs.(3.76) and (3.77). When the elliptical rod
degenerates to a circular rod, the simplified characteristic equation becomes

that of the anlsotropic clrcular flber.



5. NUMERICAL RESULTS FOR PROPAGATION CONSTANTS

5.1 18OTROPIC ELLIPTICAL FIBERS
¥hen the anisotropic parameter g in Bg.(3.1) is equal to unity, the

simplified characteristic equations in Eq.(4.7) and Eq.(4.12) become that of
an isotropic elliptic guide. In Figures 2 through 5, the normalized guide
vavelength A/, for the isotropic elliptical fibers is plotted as a function
of the normalized cross-section area and normalized major axis for €,/€, = 2.5
and for the various values of §,. These results are compared vith those given
by Yeh{2) which are indicated by symbols; the results are in close agreement.
For the eHEj; mode, it can be seen in Figure 2 that the normalized guide
vavelength is almost equal to unity for the very small value of the cross-
section area. This indicates that the geometry of the vaveguide has no effect
on the normalized guide vavelength vhen the vavelength is much larger than the
physical dimension of the core of fibers. For a fixed value of cross-section
area, the normalized guide vavelength is smaller for larger the value of |
This indicates that more energy is carried inside of the circular core than
the elliptical core. As the normalized cross-section area becomes larger, the
difference in the normalized guide vavelengths for varying §, becomes small
again. This is since most of the energy is carried inside of the core and the
geometry of vaveguide has no effect on the normalized guide vavelength.
Hovever, as observed in Pigure 3, the oHE;; mode is different from the
eHE;) mode in that the difference in the normalized guide vavelengths for
varying §, is smaller than that of eHE;; when the value of normalized cross-
section area is fixed. This small difference is due to the fact that the
electric lines are being compressed such that the field density is more

23
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concentrated inside the vaveguide. For a fixed value of cross-section area,
more energy is carried inside of the elliptical core than the circular core
since the normalized guide vavelength is smaller for smaller the value of €.

In Figures 4 and 5, the normalized guide vavelength is plotted against
the nomalized major axis for various values of E, and for €/€; = 2.5. 1In
these figures, the difference in the normalized guide vavelengths for varying
€, is larger than those in Figures 2 and 3 since there is more binding
dielectric material in a circular core than in a flatter rod (i.e. smaller )

vhen the value of normalized major axis is fixed.

5.2 1 1BE

In Figures 6 and 7, the normalized guide vavelength ), for an
anisotropic elliptical fiber is plotted as a function of the normalized cross-
section area for various values of anisotropy and for €/€ = 2.5 and
€o = 0.5. These figures indicate that the geometry of the vaveguide and
anisotropy of the core have no effect vhen the vavelength is much larger than
the physical dimention of the core of fibers vhich indicate that most of the
energy is carried outside of the core. For a fixed value of cross-section
area, the normalized guide vavelength is smaller for larger the value of
anisotropy. This condition indicates that the field intensity is more
concentrated in the core, thus indicating that more energy is carried inside
of the core. As the normalized cross-section area becomes larger, the
difference in the normalized guide vavelengths for the varying anlsotropy
becomes smaller again. This indicates that the geometry and anisotropy of

vaveguide have a smaller effect on the normalized guide wvavelength.
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The nomalized guide vavelength in Figures 8 and 9 is plotted against
the nomalized major axis for the various values of anisotropy and for €;/€;, =
2.5 and €, = 0.5. The effect of anisotropy on the normalized guide vavelength

is similar to those in Figures 6 and 7.
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6. POWER CONSIDERATIONS
The pover along the z axis in the medium i of the fiber may be obtained
by integrating the poynting vector over the surface area,
Py = 1/2 J (B X W'y - 2 as
{(6.1) .
- LN x _ £, .2
1/2 {“df‘(’ EgiHny EngHgy ) L4 ordt

vhere

L = qi( cosh 2 - cos 2% y/721%

and €, = 0 and & = = .,

6.1 EVEN MODES
substituting Equations (3.5) through (3.8) into Eq.(6.1) and integrating
over the core area ylelds
(6.2) pcore = (1/2¥1%) Sf°l Bvey £ 2yp2( nsey'? + SupSen? }
+ gvn £ Bya? { xCey'? + CagCen? 11 OF
¢ ( 82+w2uey)/2v14 £ £ BradynTant CeaSenl

+va/2'r":' E' By B (Cep'Ce, - CegCe,'[’(a - ay)"?
1 1mB1nCan(Cey’'Ceq aCen a n

mio e
+ Buey/2v)d B B AjadinSaniSen'sen - SegSen' fo(by - bp)~1
Similary, the pover carried in the cladding is
(6.3) pclad = (1/2734) _C( Buey £ Aop?t xGeky'? ¢+ 8an"Gekn? }
+ own £ Bya? { xPeky'2 + Cap'Peky? 11 dE
+ ( 82+w2peg)/2v24 B 8 BoghonTan'l Pek.Geknf;.
+ avi/2vgd B B! BypBanCan” (Feky'Fekn
- FekgFeky' ]:_;(a, - ap)1
+ Bveg/2v2 § B aguhonsen”(Geky ' Geky
- GekgGekp' £ (by - b2
1
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In BEgs.(6.2) and (6.3), ay and b, are the characteristic values of the even
and odd Mathieu functions of order m, respectively. The prime over the
summation sign is used to indicate that m = n is excluded. Also, 112 =
411h2/q2 and 122 = 4122/q2 are used.

The folloving abbreviations have been used,

(6.4) Can ® SiCeg' (Ricen' (R) A2
(6.5) San = S8eg' (R)se,' () A
(6.6) Tan = Lcep' (U)sen () dn
(6.7) Can® = £cep? (Rcep* ' (1) an
(6.8) 8an® = £ 3eg"' (Mze,t (v) dn
(6.9) Tan® = L cep® (R)sep*(n) an .

The power distribution characteristics for the eHE;; mode is given in
Figure 10. The fractional pover carried by the core and cladding is plotted
against the normalized major axis for the various values of anisotropy and for
€/€, = 2.5 and £, = 1.0. Most of the pover is carried in the cladding near
the cut-off and in the core far from the cut-off. For a fixed value of the
normalized major axis, the more energy is concentrated inside of the core for

larger the value of anisotropy and far from the cut-off.

6.2 QDD MODES
Substituting Bquations (3.43) through (3.46) into Eq.(6.1) and
integrating over the core area yields
(6.10) Pcore = (1/2114)3':? Bvey £ A1p?( xCep'2 + CppCep? )
+ BVU & Bya? { x8eg'? + 8,,8¢,2 }) A€
+ ( 82ru2pe)/2v 8 X E BiadypTanl SegCen L

+ 8')1/271‘ g %' Bl.nlns.n[se-'sen - SQ.SQn'lf.(b. - bn)-l

meo neod

¢+ OVEIlzvl"'E;' .E‘: ll.AIDC-n(CE.'cen - Ce.cen'f°(a. - an)-l
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8imilary, the pover carried in the cladding is
(6.11) Pclad = (1/27,4) J::( Bve, §°12.2( wPeky'2 + Cpp*Feky? }
+ Vi L Byg? { xGeky'2 + 8g,%Gek,2 )1 af
+ ( Bzfvznto)/hz‘.g'g"sz.hz"'r.n'[ Gek.?eknl:‘
+ 8vi/224 § L' BoaBynSan*(Geky'Geky
- GekgGekp' £ (by - bp)-1
+ Bveo/Z'rg‘:xg. :1;5" A7pA2nCan "’ [Feky 'Fekp
- - rek.rekn'z(a. ~ ap)-1
In Bqs.(6.10) and (6.11), ay and b, are the characteristic values of the even
and odd Mathieu functions of order m,.respectively. The prime over the
summation sign is used to indicate that m = n is excluded. Also, 112 -

4v152/q2 and ¥52 = 4v,2/q2 are used.

The folloving abbreviations have been used,

(6.12) Can = STceg' (R)ce,' () dn
(6.13) Sgn = Jo'sen' (R)sen' (1) A1
(6.14) Tan = $Eep()se ' (v) an
(6.15) Can? = &5 cep®' ()ce ! (n) dn
(6.16) San* = [seg®' (M)se,* ' (n) an
(6.17) Tant = Llcegt(Rise,* (n) an .

The power distribution characteristics for the oHE]1 mode is given in
Figure 11. The fractional pover carried by the core and cladding is plotted
against the normalized major axis for the various values of anisotropy and for
€/€, = 2.5 and €, = 1.0. Most of the pover is carried in the cladding near
the cut-off and in the core far from cut-off. Hovever, the difference in the
pover distribution for oHE;; for the varying anisotropy is smaller than that

of eHEyy for a fixed value of normalized major axis.
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7. DESCRIPTION OF COMPUTER PROGRAMS

In this chapter, the computer programs for the anisotropic elliptical
fiber vill be considered. These programs are vritten in the language of
FORTRAN IV and in order to present the complete computer programs the
subroutines to calculate the Mathieu and modified Mathieu functions developed
by Rengarajan and Lewis[49) vill be included. The theory and notations used
in the computer programs are the same as those employed by McLachlanl[48].

The normalized propagation constant and powver distribution
characteristics as a function of the normalized cross section area or major
axis for the given value of and anisotropy have been determinded by
utilizing these programs. These conpuéer prograas consist of a main progzran
and user called subroutines: CHAVAL and POWER. These subroutines CHAVAL and
POWER call nine subroutines in order to compute the Mathieu and modified
Mathieu functions.

In subroutine CHAVAL, an initial guess for the given mode is chosen and
used to evaluate elther Eq.(4.7) or Eq.(4.12). Next, Muller's method is used
iteratively to determine the normalized vavelength that vill minimize the
function; an error criterion has been used to terminate the iteration. 1In
subroutine POWER, the powver distribution characteristics are calculated using
the normalized vavelength obtained in subroutine CHAVAL. The algorithm vas
run on an CYBER 990 using only a single processor.

The sequence of the called subroutines is illustrated in the folloving

flov chart.
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8. CONCLUSION
The exact characteristic equation for anisotropic elliptical optical
fibers is obtained for the odd and even hybrid modes in terms of infinite
determinants eaploying Mathieu and modified Mathieu functions. The exact

characteristic equation is applicable to elliptical fibers vith any
ellipticity. A simplified characteristic equation can then be obtained by
applylng the veakly gquiding approximation such that the difference in the
refractive indices of the core and the cladding is small. Under this
approximation, it can be shovn that significant simplification can be
achieved.

The simplified characteristic equation is used to compute the normalized
vavelength for an anisotropic elliptical fiber. When the anisotropy parameter
is equal to unity, the characteristic equation becomes that of isotropic
fiber. The results are compared to the previous research and they are in
close agreement. For a fixed value of the normalized cross-section area or
major axis, the normalized vavelength WA, is small for larger the value of
anisotropy. This condition indicates that more energy is carried inside of
the fiber. Hovever, the geometry and anisotropy of fiber have a smaller
effect vhen the normalized cross-section area or major axis is very small or
very large.

An exact solution for the wvave equation can not be determined wvhen the
thermoelastic stress causes a transverse anisotropy over the core of fibers.
One possibility is that the propagation characteristics in the biaxial
anisotroplic fibers could be obtained by applying the numerical or
approximation technigues given in Chapter 1 and this could be a subject for

further study.
41
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APPENDIX

The folloving is a listing of the computer programs, MAIN, CHAVAL,
POWER, CHVAL2, EXPAND, ANGMFC, FACTOR, STORE, CERAD, SERAD, FERAD AND GERAD
vritten in FORTRAN IV language.
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THIS PROGRAM CALULATES THE NOMALIZED WAVELENGTH AND
POWER OISTRIBUTION FOR ELLIPTICAL FIBER AS FUNCTION OF
NORMALIZED CROSS~SECTION AREA OR MAJOR AXISe.

PROGRAM MAIN

IMPLICIT OOUBLE PRECISION (A~-Hy0-2)
DIMENSION RESISS8)y X(56)

OPEN (6+FILE="QUTPUT?*)

NEVJOD 3 = 1 FOR ODD MODE,
= 2 FOR SVEN MODE.
KASE 3 = ] FOR NORMALIZED CROSS-SECTIONAL AREA,
2 FOR NORMALIZED MAJOR AXIS,
€TA 3 INDEPENDENT VARIABLE IN MATHIEU FUNCTION
PHI : INDEPENDENT VARIABLE IN MODIFIED MATHIEU FUNCTION
MODE 2 WAVE MODE NUMBER
P ¢ EPL/EPO
G 3 ANISOTROPY EPL/EPX

NEVYOD=]

KASE=2

MCDE=)

P=22,500

G=1.500

PHI=]1,CD2

GO TO (1141209 NEVOD
WRITE(64101) MODE
GO TO 13
WRITE(64155) MDDE
WRITE(6y1D2) P
WRITE(6,133) &
WRITE(LG6,104) PHI

CALCULATE THE NORMALIZZD WAVELENGTH
CALL CHARVAL (NEVODyPyGyMOIEI)PHIyKASEIRES)

D0 14 I=1,56
X{1)=RES(1])

CALCULATE PNWER DISTRIBUTION FOR THE GIVEN ¥ODE
CALL POWER (NEVODyPyGyMODEyPHIWKASE,X)

FORMAT(®1%y *THIS IS RSSULT FOR ODD MONCy M =*, 12)
FORMAT(1Xy °*RATIO OF COFE AND CLADOING PERMITTIVITY =9,
% 012.5)

FORMAT(1Xy °*ANISOTROPY ="', D12.5%) .

FORMATI(LIX, °*VARIABLE IN MATHIZU FUNCTION =*, D12.5)
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FORMAT(*1%y *THIS IS THE RESULT FOR EVEN MODEy M=*, 12)
sTopP

END

SUBROUTINE CHARVAL (NEVOD Py GyMODE 1+ PH1 ¢ KASEIRES)

PURPOSE t CALULATE THE NORMALIZED WAVELENGTH FOR
ELLIPTICAL GUIDE.
INPUT s NEVOD =-(INTEGER) SPECIFIES = 1 FOR ODO MOOE
= 2 FOR EVEN MODE
P -(DOUBLE PRECISION) IS THE RATIO BETWEEN CORE
AND CLADDING PERMEABILITY,.
G -(DOUSLE PRECISION) IS THE ANISOTROPY, EL/EX.
MADE -(INTEGER) IS THE MODE OF CHARACTERISTIC
EQUATION.
PHI -(DOUBLE PRECISION) 1S INDEPENDENT VARIABLE
IN MODIFIED MATHIEU FUNCTION.
KASE -(INTEGER) = 1 FOR NORMALIZED CROSS~SECTION
. AREAy
= 2 FOR NORMALIZED MAJOR AXIS.
QUTPUT 3 RES =-(DOUBLE PRECISION) CONTAINS THE NORMALIZED
WAVELENGTH,

IMPLICIT DOU3LE PRECISION (A-H,0-1)

DIMENSION CHY1(23)y CHV2(23)y AB(25), QV(&)y ETAL21),
SEI(ZI).SEID(ZI)'SEOCZI!oCEl(Zl)oCElDlZliv
CEC(ZI).CEOI(ZI)oSECl(Zl)oCEDSECZIJvSEDCE(ZXio
SEISQ‘ZI)vCElSQ(Zl)'CEGH(ZI,0553“(21,0C51H(21)'
SEIMI21)4RES{506)

DATA P1/3.161592653589793DC/

ETA : INDEPENDENT VARIABLE IN MATHIEU FUNCTION

X1 : INDEPENDSNT VARIABLE IN MODIFIED MATHIEU FUNCTION
IORDER ¢ WAVE MDDZ NUMBER

P s EPL/EPC

G : ANISOTROPY EPL/EPX

M=2C

LAST=40

‘F(KASE.EQ.Z’ LAST=E6
X1=PHI1

DT=0DTANHIXI) '
DCOSZ=DCOSHIXTI=DCOSHIXT)
X2=P1%DT#DCOS2
WRITE(6+210) X2
FORMAT(1Xy D125}

SU3DIVIDE ETA FOR INTEGRATION, ALFay, 35TA, GAMMA AND ANU,

H22.,000%P1/20.CCC
ETA(1)=0.,000
N0 11 [=2,21
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ETACII=ETA(L)+(1-1)8H
CSA - NORMALIZED CROSS SECTION AREA OR MAJOR AXIS

CSA=0.000

XINC=2,.5D=-2

VARX20.9999999990¢C

00 70 K=1,LAST

CSA=CSA+XINC

GO TO (12,13), KASE

WRITE(649201) CSA

FORMAT(1Xy *NORMALTIZED CRISS SECTION AREA = *,0D12,5)

X12(PI#PI8CSAI/(4.00C2DTRDCOS2)

GO TO 14

WRITE(642C2) CSA

FORMAT(1Xy*NORMALIZED MAJOR AXIS = '+012.5)

X12(PI*P[%CSA%82)/(4,00C2DC0S2)
FIRST GUESS OF VAR = LANDA/L ANDAC

IFI(KeEQel) VARZVARX
NC=}
NS=0
VAR2=21.CD3/(VARSVAR)

EVALUATE Q : INDEPENDANT VARIASBLE
GAMMAE = QVI(1l)y GAMMAH = QVI2)y GAMMAZ = QV(2)

QVI1)=X1%(P%G-GIVAR2)
QVI2)=X1%(P=-VAR2)

AQVI(3)=X12(1,000-VAR2}
QVI4)2X12(1,000-VAR2)

CALCULATE MATHIEU AND MODIFIED MATHIEU FUNCTIONS

50 50 XQ=1,4

GO TO (154160, NEVOD

1Ev0oD=]

IFIMOJ(KQs2)eZQ.1) 1EVID=?
I10RDER=MQODE

IFIMOD(KQy2)eEQel) TORDER=MODE
Q=qV(KQ)

CALL CHVAL2(MyQ4CHV1oCHV2,J)
CV=CHV1(IORDER)
TFU{MODIKQs2)+EQ41) CV=CHV2({IORDER®])
GO T0 17

1EVO0D=]

IF(MOD(KQy2)e2Qe0) 1EVID=2
IORDER=MODE
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54

50

1FE(MOD(KQe2)EQe) 1ORDER=MODE
Q=QVvIKQ)

CALL CHVALZ(HOQQCHVIrCHVZQJ)
CVsCHY1(IORDER)

JFI{MODIKQe2)eEQ.D) CV=CHV2(IORDER®1)

OBTAIN EXPANDING COEFFICIENT, ABXX
CALL EXPAND(QolEVODoIORDER'CVoBvABqN)

CALCULATE MATHIEU FUNCTIONS AND DERIVATIVESy
ORDER = MODE

KQEO=KQ -°
lF(HOD(NEVOD:Z’oEQ.l' KQEO=KQ+4

GO 70(21022923924122021024'23)p KQEO

00 41 I=1.21
SEI(I18ANGHFC(Oo1EVUDpIORDERvETA(l)oCoAB'N)
SEID(l)SANGHFC(QvIEVDD,IORDER'ETA(l)oloAB.N)
60 TO 45

DO 42 I=1,21
SEO(l|¢ANGNFC(°!lEVODoIORDEROETA(l’vQ'lBQN)
GO T0O 45

DO «3 I=1,21
CEl(ll'ANGHFC(OolEVOD'IORDERoETA(l)909AB'N)
CEID(I)=ANGHFC(Q.IEVOD.IORDER.ETA(I)perBvN)
GO TO 45

DO &4 I=x1e21
CEO(l,sANG"FC(Q'lEVOD'lDRDERQETA(I,OO'ABIN,

NORMALIZATION FACTOR FOR MODIFIED MATHIEV FUNCTION
CALL FACTOR(IEVOD:IORDERQQfABoN.PSl

COMPUTE AND STORE THE VALUES OF BESSEL FUNCTIONS
CALL STORE(QsXTsN)

CALCULATE MODIFIED MATHIEU FUNCTIONS

60 TO l5115205395‘052'51054'53,vKQEQ
SE’SERAD(OOIORDERQOQPSQABQN‘
SED'SERAD(QvlORDERolvPSvABON,
G0 TD 59
GE*GERAD(Q.‘ORDERQOOPSQABQN)
GED'GERAD(Q!lORDEQvIoPSvAB:N)
60 70 50
CE'CERAD(Qv‘ORDERoOvPSvABoN)
CEO*CERAD‘QQIORDERQI.PS,ABQN)
GO TO 50
FESFERAD(Q!XORDEQ'GoPSoAEQN)
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FED=FERAD(QyIORDER+1+PSeABN)
CONTINUE

CALCULATE M TH TERM( = MODE) OF
ALFAy BETAy GAMMA AND NU.

WRITE(69107) SESEDeGE9GEDICELCEDIFESIFED
D0 56 I=1,21
CEOMITI)=CEO(D)
SEOM(1)=SEO(I)
CEIM(I)=CELL])
SEIM(I)=SELL])
CEOLLIN=CEO(IISCEI(])
SEOYLEI=SEQ(II®SEL(])
SE1SQII)=SE1(1)*SEL(])
CE1SQ(I)=CEL(IDI=CEL(])
CEDSE(II=CEIDIIISSELILD)
SEDCE(1)=SE1D{IV2CEL(])
S1=SIMPSN(CEO19204H)
S2=SIMPSN(SEOL1+20¢H)
S3I=SIMPSN(CEDSE2CoH)
S4=SIMPSN{SEDCE+20+H)
S5=SIMPSNISEL1SQ+20)H)
S6=SIMPSN(CEL1SQs2CH)
S5M=S5

S6M=S56

GO TO (57,58)y NEVOD
ALFAM=S2/S55

BETAM=S1/S56
GAMMAM=E=S&4/S6

ANUM=53/55

GO T0 59

ALFAM=S1/S56

BRETAM=S2/5S
GAMMAM=S3/S55

ANUM=S4/56
XMSQD=ALFAMZBETAM
RHC=QV(21/7QV(3)
WRITE(691C3) ALFAM,BETAM,GAMMAMANUMyRHC
FORMAT(1X9501245)

CALCULATE MATHIEU FUNCTICN INTEGRALS
ORDER = Ny N+2 - -

ALFA=Q,L,CD2
BETA=0.000
GAMMA=0,0DC
ANU=0.,0D0
XMSQN1=0,000
XMSQN2=0.00C
D0 90 IM=144
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IORDER=28 [ M=-1
IF{MOO(MODE122EQeC) IORDERS=2®[M=-2
IFCIORDER«NE.MODE) GO TO &1
ALFASALFAM
BETA=BETAM
GAMMASGAMMAM
ANUSANUM
XMSQN1=XMSQN1+3ETASANU
XMSQN2=XMSQN2+ALFASGAMMA
XMSQ=( XMSQN1®XMSQN2) /XMSQD
GO TO 92
DO 80 KQ=1,4
GO TO (62¢63)y NEVOD
1EVOD=1
IF(MOD(KQs2)eEQel) IEVOD=2
Q=QV(KQ)
CALL CHVAL2(M,QsCHV],CHV2,J)
Cv=CHV1 (10RDER)
IF(MOD(KQ92)eEQel) CV=CHVZ(IORDER®Y)
GO TO 64
IEVND=1
IF(MOD(KQ92)+EQ.Q) IJEVOD=2
Q=QV(KQ)
CALL CHVAL2(M,QsCHV1,CHY2:J)
Cv=CHV1(10RDER)
IF(MODIKQe2)eEQeO) CV=CHV2{IORDER®])

ODBTAIN EXPANDING COEFFICIENT, ABXX
CALL EXPANDI(Q+IEVODs IOROERICVe2+ABIN)
CALCULATE MATHIEU FUNCTIONS AND DERIVATIVES

KQEO=KQ

IFCMODINEVOD»2)+EQel) KJIEO=KQ+4

GO TO(T1sT29739T49T29T1eT4973)y KQEO

00 81 I=1,21
SE1(TI)=ANGMFC(Q+1EVODyIORDERyTETA(I) el vABeN)
SE1D(II=ANGMFCIQyTEVND, JORDERIETALI)s1+ABsN)
G0 Y0 8¢C

00 82 I=1,21

SEO(1)=ANGMFC(QsIEVODs IORDERYETALLI DN 9CoABIN)
GO 7O &¢C

D0 83 I=1,21
CE1C(II=ANGMFC(Q¢IEVODY)IORDERSJETA(TIDI9vD1AByN)
CEI1DCT)SANGMFC(QsIEVOD, IORDERIETA(LI)19ABN)
GO TO 80

00 84 I=]1,y21
CEO(I)=ANGMFCIQ+IZVIOD,INRDERIETA(CTIDI910+A34¢N)
CONTINUE
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CALCULATE SUM (BETA % NU) AND SUM (ALFA ® GAMMA)

D0 86 I=1,21
CEOL1(1)=CEOMIII®CEL(I
SEOL(II=SEOMIII®SEL(
SELISQUII=SEL1(I)®SEL(]
CEL1SQ(I)sCEL(1ISCEL(]
CEDSE(1)=CELID(])SSE1IM
SEDCE(1)=SE1D(II=CELM
S1sSIMPSNICEO1+209H)
S2=SIMPSN(SE014204H)
S3=SIMPSNI(CEDSE 20 ¢H)
S4=sSIMPSN(SEDCE 120 oH)
S5=SIMPSN{SELS5Q+20,H)
S6sSIMPSNI{CELSQe20+H)

)

)
)
)
)
{
(1

GO TO (B7,88)y NEVID
ALFA=S2/S5

BETA=S1/56

GAMMA=S4/S6M

ANU=S3/S5M

GO TO 89

ALFA=S51/56

8ETA=52/S5

GAMMA=S3/S5M

ANU=S4/S6M
XMSQN1=XMSQN1¢+BETAZANU
XMSQNZ2=XMSQN2+ALFASGAMMA
XMSQ=( XMSQN1SXMSQN2)/XMS5QD
WRITE(6,4103) ALFA,BETA,GAMMA¢ANUsXMSQ
CONTINUE

EVALUATE CHARACTERISTIC EQUATION

Y1lz=(XMSQ%(]1,0D0=RHC)®x2)
Y2=VARSVAR

GO T0(93,941, NEVOD
Y3=(SED/SE)=-(RHC2GED/GE)
Y4=s{PSCSD/CE)-(RHCSFED/FE)
WRITE(G69101) Y1y Y29 Y3y Y&
GO T0 35
Y3=(CED/CE)=(RHCSFED/FE)
Y4=(PsSED/SE)=-(RHC*GED/GE)
WRITE(6,121) Y1,y Y2y Y3y Yé
YXEY2BY38Y4

YI=YX/Y]1

YzYl-1.0D0

WRITE(6+203) YXy Yle Y2y Yy VAR
FORMAT(1X9yS5D12.5)

DESIDE ON TOLERANCES
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lF‘NCCNE.I.AND.DABS'Y’OLE.ZOOD-s, GO TO 39

IFINC.EQ.l
IF(NC.EQ.2
IFINS.EQ.O

) GO TO 32
) 60 TO 34
) GO TO 3«

1FLYSYS1) 36936,31

YS1=Y
VARS1sVAR

VAR={VARS14VARS2)/2.,00C

NS=NS+l

IF(NS.LE.20) GO TO 19

GO TO &7

1 ST CALCULATION OF Y, OECKEHENT VAR BY 0.C1

YSl=Y
VARS1=VAR

VAR=VAR~-1.00-2

NC=NCe+l
YMIN=Y
VARMIN=VAR

IFI(NCeLEs2C) GO TO 10

GO TO 48

IF(Y3YS1) 3649364935
IF(DA3S(Y)=-DABSIYS1)) 32,33,323

YS2=Y
VARS2=VAR

VAR={VARS1+VARS2)/2.CD¢C

NS=NS+]
YMIN=Y
VARMIN=VAR

IF(NS.LE.ZO) GO TO 10
WRITE(6,1C6)

WRITE(6,1C
GO TO 39
WRITE(6,1C
VAR=VARX
WRITE(6,10
RES{K)=VAR
CONTINUE
RETURN

8) YMIN, VARMIN

2)

8) YMINy VARMIN

FORMAT(1X94D1245)
*ERROR : RESULT HAS SAME SIGN FOR 10 TRIES*)
*ZRROR 3 1C TRY FAILED TQ O3TAIN RESOLUTION®)

FORMAT(1X,
FORMATILIX,
FORMAT(1X,
FORMATIL X,y

END

801245)
SOBTAINED RESOLUTION ='y D1245
*MIN CALCULATED NGCRMALIZED WAVELENGTH =7,

SUBROUTINE POWER (NEVODyPyGoMODE»BOUNDIKASE»A)

PURPOSE @

CALULATE POWER DISTRIBUTION ON ELLIPTICAL

D12.51)

54



(s N aNalaNaXsNaNaNalaNaRaNaNaNaNaRalal

AOONOOOO

aNaNaNaNaNaNalNal

INPUT

ouUTPUT

GUIDE.
NEVOD ~-(INTEGER) SPECIFIES = 1 FOR 0ODD MOOE
= 2 FOR EVEN MOODE
P -~(DOUBLE PRECISION) IS THE RATIO BETWEEN CORE
AND CLADDING PERMEABILITY,
G -(DOUBLE PRECISION) IS THE ANISOTROPY, EZ/EX.
MODE =(INTEGER) IS THE MOOE OF CHARACTERISTIC
EQUATION.
PHI -(DOUBLE PRECISION) IS INDEPENDENT VARIASBLE
IN MODIFIED MATHIEU FUNCTION.
A -{DOUBLE PRECISION) IS THE NORMALIZED
WAVELENGTH.
KASE =(INTEGER) = 1 FOR NORMALIZED CROSS-SECTION
AREA
= 2 FOR NORMALIZED MAJOR AXIS.
RES ~-(DDUBLE PRECISION) CONTAINS THE RATIO OF
POWER DISTRIBUTION,

IMPLICIT OOUBLE PRECISION (A-H,yO-1)
DIMENSION CHV1(22)y CHV2(23)y A3(25), QVI4)y A(S6),

ETA(21)4PHI(41)9SEL1(21),SELDL21)e520(21),
SEOD(21),CELC(212,CELDI21)oCEQU21),CECD(21)y
SE(21)y SEO(21), CE(21)y CED(21)y

FE(41)y FED(41)y GE(4L1)y GED(41),

S1(210y S2(210y S3(21)y S4t21)y S5121)y S5(21)»
STt21)y SB(21),y S9UZ1)y S1D(21)y S11CC1),
S12421)y S13(21)y S14(21),

$21€21)y S22(21)y S23(21)

DATA P1/3.1415926535897930D2/

ETA ¢

INDEPENDENT VARTASLE IN MATHIEU FUNCTION

XTI ¢ INDEPENDENT VARIASLE IN MODIFIED MATHIEU FUNCTIGN
TORDER : WAVE MODE NUMBER

P s EPL1/EPO

G 3 ANISOTROPY EPL/EPX

M=220

EP=(1.00-917(36.,0D0%P})
XNU=4,00C®P1%1.00-7
CONS=DSQRT(EP/XNU)

LAST=40

IFIKASE.EQe2) LAST=256

PHIGU=J.0D0
PHI1=80UND

PH1225,0D0%3CUND
OT=DTANH(PHIL)
OC0S2=DCOSH(PHIL1)ADCOSHIPHIL)
X2=P1$DT#DCOS2

WRITE(6,210) X2

SUBDIVIDE ETA AND PHI FOR INTEGRATION.
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H122.,C00%P1/2047DC
ETA(11=0.000

00 11 I=2,21
ETACT)ISETA(I=-1)+H]
H2=30UND/20.000
PHI{1)=0.000

DO 12 I=2,21
PHICI)=PHI(I=-1)¢H2
H3s(PHI2=PHI11/720.000
DO 13 [=22,y41
PHICI)=PHI(1~1)+H3

CSA = NORMALIZED CROSS SECTION AREA OR MAJOR AXIS

CSA=0,000

XINC=2,5D0-2

DO 70 K=1yLAST

CSa=CSA+XINC

IF(A(K)+EQel.CDO) GO TO 81

GO TO (14415)y KASE

WRITE(69201) CSA

FORMAT(1X, *NORMALIZED CROSS SECTION AREA = *,D12.5)

X1=(PI®PI&CSA)/(4.COC2DT2LCOS2)

GO TO 16

WRITE(69202) CSA

FORMAT{1X, *NORMALIZED MAJOR AXIS = *,D12.5)

X1=(PIePI1oCSA®32)/(4.2022DCCS2)
CALCULATE CONSTANTS.
VAR2=142D0/(A(KI%A(K]))

EVALUATE Q t INDEPENDANT VARIABLE
GAMMAE = QVI(1), GAMMAH = QVI(2), GAMMA2 = QV(3)

QVI1)=X1%{P8G-GEVARZ)
Qv(2)=X1%{P=-VAR2)

QV(3)1=Xx12(1,200-VAR2)
QV(4)=X1%(1.0D00-VAR2)

C4=CONS/ALK)

Cl=paCé

C2=1.0DC/(AUK)ISCONS)

CasP+VAR2

C5=1.000+VAR2
Co=(QVI212QV(2)1/7(QVI3)2QV(3)])

CALCULATE MATHIEU AND MODIFILED MATH&EU FUNCTIONS



17

18

OO =000
0

21
41
23
“2
22

43

[aNaRallF
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DO 59 KQ=1l.4

GO TO (17+18)s NEVOD

1EVAD=]

IF{MODI(KQy2)EQe)l) IEVOD=2
IORDER=MODE

IFIMOD(KQ»2)+.EQ.1) IORDER=MODE
Q=QV(KQ)

WRITEL6301) X14Q

CALL CHVAL2(MsQeCHY1sCHV24J)
CV=CHV1{10RDER)
TF(MODIKQ92)eEQel) CVECHV2LIORDER®])
GO TO 19

1EV0Ds=]

IF(MODIXQ92).EQ.0) 1EVOD=2
IORDER=MODE

IF(MODIKQy2)e5Qe7) IORDER=MQODE
Q=QVIXQ)

WRITE(6,301) X1,Q

CALL CHVALZ2(MyQsCHV1sCHVZ,J)
Cv=CHV1(IORDER)
TF(MOD(KQr2)eEQeQ) CV=CHV2{ICRDER®]L)

OBTAIN EXPANDING COSFFICIENT, ABXX
CALL EXPAND(QyIEVOD,IORDER ) CVe3+ABsN)

CALCULATE MATHIEU FUNCTIONS AND DERIVATIVES,
ORDER = MODE

KQEO=KQ

IF(MODINEVYOD)»2)eEQal) KQEODO=KQ+s

GO TO(21922+23924922021924923)9 KQED

0O 41 I=1,21
SE1(I)=ANGMFCIQyIEVOD,»IORDERJETA(IDIsCrAByN)
SEID(I)sANGMFCIQyIEVOD,IORDERIETA(I)s19AByN)
GO TO &5

DO 42 I=1,21

SECOCT)=ANGMFC(QyTEVODy TORDERIETA(TI)919AByN)
SEOLI)=ANGMFCIQIEVODs10RDERIETA(IN¢D9ABeN)
GO TO 45

DO 43 [I=x]1.21

CELCII=ANGMFC(QsIEVQDy IORDERVETA(IN 0 ,43¢N)
CELO(1)=ANGMFCI(QyIEVOD+IORDERIETA{I)»1AByN)
GO TO 45

DO 44 I=1,21
CEODIIISANGMFC(O,TEVODsIORDERETA(ID)»19AB4N)
CEOCI)=ANGMFCIQsIEVODIIORDERPETA(]1)929ABsN)

NORMALIZATION FACTOR FIR MODIFIED MATHIEU FUNCTION
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CALL FACTOR(CIEVOOs»IORDER9QeABsNyPS)
CALCULATE MODIFIED MATHIEU FUNCTIONS

GO TO (31032133¢34¢32031434933),KQEO0

DO 51 I=1,21

CALL STORE(Q.PHI(I)yN)
SEC(1)=SERADIQ)IORDER sO¢PSeABN)
SED(1)=SERAD(Qy IORDER19PSABsN)
GO TO 50

DO 52 I=21441

CALL STORE(QsPHI{I)N)
GE(I1)=GERAD(QeIORDERO¢PS+AT4N)
GED(I)sGERAD(Qy IORDER 1 9PSeAByN)
GO TN 5¢C

DO 53 Isl,21

CALL STORE(Q'PHI(II,N)
CE(I)=CERAD(Q+IORDER O sPS+ABN)
CED(I)=CERAD(QyIORDER1+PSsABeN)
GO T0 50

00 54 I=21441

CALL STORE(Q.PHILI)N)
FE(I)=FERAD(QyIORDERsOyPSeABsN)
FEO(I)SFERAD(QyIORDER 1 ¢PSeAByN)
CONTINUE

CALCULATE INTEGRAND

DO 56 1=1,21

S21(1)=SEQ(1)%SEL(])
$22(1)=SELC(I)*SELLD)
S23(I1)=CE1D(1)=SEL(]
S1(1)=SE1D(1ISSEID(]
S2(1)=CE1D(T)=CEL1D(1]
S3(1)=CE1D(1)8SEL(])
S4(1)=SEOD(I)ISSESD(])
SS(1)=CEQD(IY=*CEODI(I])
S6{1)=CECD(INSSENC(])

)
)
)

00 57 I=1,21
ST(1)=SEDLIISSEDI])
S8(Iy=SE(L)SSE(])
SO(1)=CEDLI¥=CED(])
S12(1)=CELI)SCE(T)

DO 58 I=21+41

11=1-10
S11(11)=GED(I)8GED(I])
S12(119=GE(T)=GE(])



S13C1L)=FED(IVSFEDI(T)
8 S1&4(I1)=FEC(I)SFE(])

5
c
c PERFORM THE INTEGRATION
c

ST1=SIMPSN(S2145204H1)
ST2=SIMPSN{S22,20,H1)
ST3=SIMPSN(S23,20+H])
T11=PI®SIMPSNIST74y10sH2)
T12=SIMPSN{S1920¢eH1)SSTIMPSNI(SB8y20,H2)
T21=PI&SIMPSN(S9y20¢H2)
T22sSIMPSNIS29200H1ISSIMPSNISL1092CoH2)
T3lsSIMPSNIS3,200H1)
T32=(CE{21)8SE(21)=-CE(1)%SE(1D))
T41=PISSIMPSNIS11420,H3)
T42aSIMPSN{S49200H1IBSTIMPSNIS120200H3)
TS51=PIeSIMPSNIS13,200H3)
TS52=SIMPSNISS)2C s+ H1)ISSIMPSN(S14920,H3)
TOLl=SIMPSN(S692L0H1)
T62s{FEL4YIBGE(4))-FE(21)8GE(21))

c CALCULATE THE ARBITRARY CONSTANTS.

All={(1.0D0-QV(2)/0QVI3))%FE(2]1)8(ST3/ST2)
A12=CONSBA(KI®ST1/ST2
Al13s((P=FE(21)=CED(2]1))/7CEL21)=-QVI2)=FED(21)/0V(3))
A21=A11/7(A122A413)
Al=A21%GE(21)/SE(21)
Al=AlsAl
Bl=FE(21)%FE(2])
BAI=A213FE(21)8GE(2]1)/5E(21)
A2=A21%A21
BA2=A21
T1=C1#%A1%(T11+712)
T22C23819(T21+T722)
T3=C3%BA1%T318T732
WRITE(69302) T19T72,73
PCOR=T1+72-73
Te=C62A2%(T414T742)
T52C281.000%(T51+752)
T6=C5%8A20T618T62
WRITE(69302) T&,T5,76
PCLAD=C6B({T4+T5-Ts)
RCOR=PCOR/(PLOR+PCLAD)
RCLAD=1,00C=RCOR
WRITE(69211) RCORy RCLAD, PCCRy PCLAD
60 TO 70

81 WRITE(6,212)

2 CONTINUE
217 FORMAT(1Xs Dl2.%)
211 FORMAT(11Xy 4D12.5)
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FORMAT(1Xy*NORMALTZED WAVELENGTH = 19 NO POWER CALCULATION'")
FORMAT(1X,2D12.5)

FORMAT(1X,3012.5)

RETURN

END

OOUBLE PRECISION FUNCTION SIMPSNIQsNyH)

DOUBLE PRECISION Q(21)eH

INTEGRATION BY SIMPSON'S RULE

SIMPSN=Q(1)44,000%Q(2)¢Q(N+1)

D0 1 I=44Nsy2

SIMPSN=STMPSN+2.0002Q(1=10+4,C0C%Q(1)

SIMPSN=S IMPSN2H/3.000

RETURN

END

SU3ROUTINE CHVAL2(NsQQsCHV]1CHV2,J)

PURPOSE: TO COMPUTE THE CHARACTERISTIC VALUES OF 000D
AND EVEN MATHIEU-FUNCTIONS OF POSITIVE OR
NEGATIVE *Q*

INPUT: N-(INTEGER) SPECIFIES THAT CH. VALUES BE
OBTAINED FOR ORDERS 0 THRU N-1 FOR EVEN
FUNCTIONS AND FOR ORDERS 1 THRU N-1 FOR
00D FUNCTIONS
QQ-(DOUBLE PRECISION) THE PARAMETER *Q* IN
MATHIEU®S ODIFFERSNTIAL EQUATION

QUPUT: CHV1=-(DOU3LE PRECISION) AN ARRAY OF LENGTH N
CONTAINING CHe VALUES OF 00D MATHIEU FUNCTIONS
OF ORDERS 1 THRU N-1.
CHY1(N) 1S A CUMMY VARIABLE.
CHV2-(DOUSLE PRECISION) AN ARRAY OF LENGTH N
CONTAINING CHe VYALUES OF EVEN MATHIEU FUNCTIONS
OF ORDERS O THRU N-1,.
J=-(INTEGER) MAXIMUM ORDER UPTO WHICH CHe VALUES
HAVE BEEN SUCCESSFULLY COMPUTED

DOUBLE PRECISION CV1(6925)¢CV2(6925)sCHVLIINIyCHV2IN),QQ

DOUBLE PRECISION QABSyDABS

FORMAT('C®¢5X¢*NOT ALL CHe VALUES AVAILABLE~-==-WARNING')

1F(QQ.LT.0.00) GO TO 2C

IFINGTo1) CALL MFCVALIN=19)N-1,0Q¢CV1sJ1)

CALL MFCVAL(NyN=-1,00sCV2,J2)

JFUJY1elToUN=-1)o0R,J2+LTeN) WRITE(691C1)

JaMIND2(JlsJd2-1)

DO 10 I=1.J

IFINGTS1) CHVI(1) =CV1(1.1)
CHV2(I)1=sCV2(1,1)

CONTINUE

CHV2(J+l)=CV2(1+J+1)

RETURN

QAB8S=DABS(QQ)

CALL MFCVAL(N)N-1+,QABS,CV2,J2)
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IF(N.NEs1) GO TO 25
CHVY2(1)=CV2(1.,1)
RETURN
CALL MFCVAL(N=]1¢N=1,QABS,CV1,4J1)
1F(J1eNEe(N=-1)s0ReJ2sNE.N) WRITE(6,101)
JEMINO(J10J2-1)
D0 30 I=19Jy2
CHY2{11sCV2(1,1)
CHV1(1)=CV2(1+1¢1)
CHY2(1+1)=CV1(1,I)
IF(CI+1l)alEQJICHYLI(TI+1)=2CVI{1el¢])
CONTINUE
IF(MODIIN=1)+2)eEQe0)CHVZINI=CVZ2(]1¢N)
RETURN -
END
SUBRDUTINE MFCVALIN,R»QQsCVJ)
-2+ 223 E2 % ¢4
INTEGER JoKoKKoLpMyNyRyTYPE
DOUBLE PRECISION AsCVyDL9DORoDTM»QsQQeTsTMsTOL,»TOLA
DOUBLE PRECISION FILL(3)
DIMENSION CV(64N)
EQUIVALENCE (OLsDR,T)
COMMON/MFL/QeTOLs TYPEDUMMY (4)
COMMON/MF2/FILL
TOL=1.0D0-13
IFIN=-R) 10410429
Lt=1
GO TO 30
L=2
Q=QQ
DO 507 K=1N
J=K
IFLQ) 9604430440
KK=MINC(Ko4)
TYPE=ZoMOD(L»2)+MOD(K=L*]l,2)
FIRST APPROXIMATION
GO TO(10092009302940C)2yXK
IF(Q=140D0C)110+1409140
GO TO(120+13CH 0L
A21.000-Q-.125D0%0Q0%Q
GO TO 420
A=QsQ
AzZAB(=,5DC+,35468T75D0%A)
GN T0O <290
IF(Q-2.0D0) 15C,180,18D
GO TOU(160,170),L
A=1,033D00-1.07460C%0=4506800%Q%Q
GO TO 420
A242300~.495D2%Q-,19100%2%Q
G0 TO 429
Az=,2500-2.90028Q+2.200%ISQRT(Q)
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GO TO 420
DL=L
TF(QeDL=-6.0D0) 2103500350
GO T012204+230),L
A24,01521D0-Q8(+046D0+.,C66785T7D0%Q)
GO TO 420
Az]1,000¢1.0500700%Q-,180143D08Q%Q
GO 70 420
IF(Q=-8.0D0) 310,350,357
GO TO(320+330),L
A=8,938670C+178156D0%Q-.0252132D00%Q%Q
GO TOD 420
A3,T0017004.95348500%Q-,04T750650220%Q
GO TO 420 :
DR=K=1
AsCVI14K=1)=DR+4,0DCSDSQRT(Q)
GO 70 420
ACV(1l9yK=1)=CV(],K=2)
As3,0D08A+CV(1¢K=3)
IF(QsGE«12D0) GO TO 44C
IF{K«NEs1) GO TO 430
TOLA=DMAXL1(DMINL(TOLyDABS(A))s1.0D-14)
GO TO 4S5C
TOLA=TOL®DASS(A)
GO TO 459
TOLA=TOLSDMAX1(Q,sDABS(A))
TOLA=DMAXLI(OMINLC(TOLAyOABS(AYyo4DO0FDSQRTIQ))Ie1.C0~14)
CRUDE UPPER AND LOWER BOUNDS :
CALL BOUNDSI{K,A,TOLACVyNsM)
IF{MeNE.C) TF(M=1) 4T70991C»900
ITERATE
CALL MFITRBITOLAYCV(19K)yCV(2¢KI M)
1F{M,GT.2) GO TO 920
FINAL BOUNDS AND FUNCTIONSs D
T=CVI1leK)=-TOLA
CALL THMOFA(T sTM,,DTM,M)
IF(MeGToC) GO TO 940
CV(23,XK)=T
CVI44K)I==TH/DTH
TsCVI(1,K)+TOLA
CALL TMDFA(TyTM,DTMM)
IF(M.GT«C) GO TO 950
CVI54X)aT
CV(6:K)==TM/DTHM
60 70 5¢CO
Q EQUALS ZERO
CVIlyKi=(K=Le]l )82
CV(2+K)=0,0D0
CVIi3¢K)=CVI14K)
CVI4yX)=20,000
CVISeK)=CVI(14X)
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c

c

c

c

CVv(6+K)=0,000

CONTINUE

RETURN

PRINT ERROR MESSAGES

WRITE(6+901) K

FORMATI®0®y*CRUDE BOUNDS CANNOT'y* BE LOCATEDs NO OUTPUT®,
* FOR K=',12)

GO TO0 930

WRITE(6+911) X

FORMAT{*D*,*ERROR IN SUBPROGRAM TMOFA, VIA SUBPRQOGRAM
BOUNDSy» NO OUTPUT, FOR K='412)

GO TO 930

WRITE(69921) K

FORMAT(®0?y*ERROR IN SUBPROGRAM, TMOFA, VIA SUBPROGRAM,
MFITRB8y NO OQUTPUT» FOR K=',]2)

JuJ=1

GO TO 5%0

WRITE(6+941) K

FORMAT('0*y*ERROR IN SUBPROGRAM, TMOFAy, NO LOWER BOUND,
FOR K=',12)

CVI3yX)=D.0D0

CVI(44K)=0,00

GO 70 &80

WRITE(69951) K

FORMAT(*D*,*ERROR IN SUBPROGRAM, TMOFA, NO UPPER BOUND,
FOR K=*,12)

CV(S5+K)=D,.00

CV(6+K)=0.D0

GO0 TJ 5C0O

WRITE(6+961)

FORMAT(2CHOQ GIVEN NEGATIVELY»»20H USED ABSOLUTE VALUE)

Q==Q

GO TO 40

END

SUBROUTINE BOUNDS(KyAPPROXsTOLACViNsMM)

INTEGER KoKApMgMM, N

DOUBLE PRECISION A APPROX AL Al sCVDTMyDOyD1+QsTH,TILA

DIMENSION CV(44N)

COMMON/MF1/7Q,yDUMMY(T)

COMMON/MF2/7ACAyAL

KA=9)

IF(X.EQ.1) GO TO 2C

TIF(APPROX=CVI1lsK=1)) 1C,10s2°C

AO=CVI1,K=-1)+¢1.0D0

GO TO 3¢

AQC=APPROX

CALL TMOFALAD TMyDTM M)

IF{MeGT.0) GO TO 250

DO==-TM/DTM

IF(D0) 100,309,572

£) 1S LOWER BOUND,

63
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SEARCH FOR UPPER 8OUND
Al=AQ+D0+,100

CALL TMOFALAL,TM,DTM M)
IF(M.GT.0) GO TO 250
D1=s=TH/DTM

IF(D1)Y 200935G60

AD=Al

DO=D1

KAzKA®]l

IF(KA=&) 50¢400+400

Al IS UPPER BOUND, SEARCH FOR LOWER BOUND
Al=AQ

D1s=DO
AD=DMAX]1(AL1+4D1=41D009=2.00C%Q)
IF(X.EQ.l) GO TO 110
[FLAO=-CVI1sXK=11) 15G¢1539110
CALL TMOFA(AO  TM,DTMyM)
IFIM,GT.0) GO TO 250
DC==-TM/DTM

IF(DO) 12030C,200

KAsKA+]

1FIKA=4) 100,4009400C

KAzKA+]

IF(KA=-84) 14609407,400
AC=A1¢DMAXLI{(TOLA,DAB3S(D1))
G0 T0 32

Az o,SDCB(AD+DC+AL+D])
IF(ALEcAOORGALGECAL) Az ,SOCS(A0+ALl)
MMM

RETURN

CVileK)=AD

CVI2+K)sC.DD

M==1]

G0 TO 250

CVil.K)=Al

GO TO 310

M=2

GO TO 250

END

SUSROQUTINE MFITRBITOLA,CVDCVyMM)
INTEGER MoMMyN

DOUBLE PRECISINN AgA29AY1,A2,CVeDyDCVDTM,TH,TOLA
LOGICAL LASY
COMMON/MF2/7A0,A,A)

N=2

LAST=.FALSE.

N=Nel

CALL TMOFA(A,TM,DTM M)
IF(M.GT<0) GO TO 4cCC
D==TM/0THM

1S TOLERANCE MET
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110
123

230

250

32

c

c
c

c

lF‘NOEQO‘OODRQA‘ACoLEoTOLAoORoAl"oLEoTDLAoOR.
DABSID) LT TOLAILAST=,TRUE,
1F(D)Y 11041004120
Cv=A
pCv=0,00
GO TO 320
REPLACE UPPER BOUND BY A
Al=A
G0 TO 200
REPLACE LOWER BOUND BY A
AD=A
A2=A+D
IF(LAST) GO TO 300
IFIA2.GTAQANDL,A2.LTLALY GO TO 250
A=,500%(A0+Al)
G0 TO 5¢
AsA2
GO TO 50
IFLA2.LE.AOOR.A2.GEAL) GO TO 35S¢C
CALL TMOFALA2:TMyDTMyM)
IF(MsGT0) GO TQ 40C
D==TM/DTH
Cv=A2
DCvy=D
MM=M
RETURN
Cv=a
GO0 TO 310
Cv=0.00
0CV=0.DC
GO 7O 320
END
SUSROUTINE TMNDFALALFA,TMyDTMND)
INTEGER KoKKoKT oL oMF oML oMl oMZSeND,TYPE
DOUBLE PRECISION A, AA ALFA;BDG+OTHMyDTYPE,
FoFLeGoHIZ22C) s HP Qe QINV,
QleQ2+TyTMyTOLWTT,V
COMMON G(200+42)4DGL2C00209AA0A(3)sB(3)yDTYPELIINY,
019029 ToTT oKyl o KKeKT
COMMON/MFI/7QyTOLsTYPEyMY ¢ MOy M2S 9y MF
EQUIVALENCE (H(1)9sGl1lel))o(QleHP)o(Q2+F)
DATA FL/1.C0+30/
STATEMENT FUNCTION
VIKI=({AA=-DELE(FLOAT(K))S=2)/Q
ND=Q
KT=0
AA=ALFA
DTYPE=TYPE
QINV=1,0DC/Q
DO 10 L=1,2
DO 5§ K=1,2C.

65



G(XsL)=0.D0
DGIK,L)=0.DC

S CONTINUE

1 CONTINUE

IF(MODITYPEs2)) 25¢30,20

29 MG=3
60 TO 40

33 MO=TYPE+2

40N K=2.500+4DSQRTIDMAXI(3.,000%Q+AAyC,DI))
M2SEMINI(ZEK+MD 44, 398+MOD(MO,2))

c EVALUATION OF THE TAIL OF A CONTINUED FRACTION
AC(1)=1.,0D0
Al2)aV{M25+2)
Bl1r=viM2s)
B(2)=A12)%8(1)~1,0D2
Ql=A(2)/BL2)
DO 50 K=1,200
MFEaM25+2428K
TsV(MF)
Al3)=T2A(2)-A(])
B(3)=T=8(2)-8(1)
Q2=A(3)/8B(3)
T1F(OABSI(Q1-Q2),LT,.TOL) GO TO 70
Q1=Q2
All)=A(2)
A(2)=A(3)
B{l)=B8¢(2)
B(2)=8(3)

50 CONTINVE
KT=1

" T=1.,000/7
TT==T2T2QINV
L=MF-M2S
D0 BO K=2yL92
T21e3D0/(VIMF=K}-T)
TT=TeTs(TT=-QINV)

8¢ CONTINUE
KK=M25/2+]
1F(KT.EQ.1) Q2=T
G(KKe212,500%(Q2¢T)
DGIKK,2)=TT

c STAGE 1
Gt2+1)=1,00D0
DO 140 K=MO,4M2S,42
KK=sK/2+¢1
IF(KeLTeS) [F(K=3) 1C0,11C»120
GIKKyl)aV(K=2)=1,CDC/G(XKK=141)
DGIKKs1)=QINVEDGIKK=191)/GIKK=1y1l)%52
GO TO 130

10: Gl2+10=V(0)
DG(2+1)=QINYV

(4}
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G0 TO 139
110 Gl291)sV{11¢DTYPE=-2,000
DG(2+1)=QINV
60 TO 130
12¢ G341 )sV(2)+(DTYPE=2.D0)/GI(2,1)
DGU(3,y1 1=2QINVS{2.00-DTYPEI®DGL2+1)/7/G(201)882
IFITYPE.EQe2) GI291)=0,00
130 IF(DASBSIGIKK»1))eLT4leD0) GO TO 20C
162 CONTINUE
c SACKTRACK
THM=G(KKy2)=G{KK 1)
DTMsDG(KK¢2)=-DG(KKy1)
Ml=M2S
KTa=M2S=M0
D0 1890 L=2:KTe2
KsM2S-L
KK=K/2+¢1
GIKKs2)=21.00/(V(K)=-GI(KK+152))
OGIKK92)==GIKK92)5822(QINV=-DG(KK*+]1,42))
1F{K=2) 1504150,160
15) G(2+2)22.,0D008G(2,2)
DG(2+2)22.D020G(2+2)
1635 T=GIKK»2)}=-G{KKs1)
IF(DABS(T)-DABS{TM)) 17G6,18-,18"
17C TM=T
ODTM=DGIKK2)=DG(KK 1)
M]l=K
18C CONTINUE
GO TO 320
c STAGE 2
22D Ml=K
KeM2§
KK=K/2+1
212 IF(KEQeM]l) IF(K~2) 3009300s31C
K=K=-2
KK=KK=1
T=VIK)=G(KK+1,2)
IF(DABS(TI-1,00) 250,220,229
22% GIKKy2)=1.0D00/T7
DGIKKe2)=({DG(KK*#192)=QINV)/T2%?2

60 TO 21¢C
c STAGE 3
252 IF(KeEQeML) IF(T) 22042904225

HP=DG(KK+142)=QINYV
267 G(KKy2)=FL
HI(KK)=sT
K=zK=2
KK=KK=1
FeV{K)8T=1,.0C
IF(K.EQeM1) IF(F) 28C 290,280
IF(DABS(F)-DA3SI(T)) 27C+280,289
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270 HP=HP/T882-QINV
' TsF/T
GO TO 260
289 GIKK92)sT/F
DGIKKe2)s(HP=QINVETST)/F282

G0 7O 210
293 ND=1
GO TO 320
c CHAINING M EQUALS 2
302 G(2+2122.00%G12+2)
DG(2+2)=22.0020G(2+2)

31¢C THsGIKK2)=G(KK,1)
OTM=DGIKK»2)=-DG(KK,1)
320 RETURN -”
END
SUBROUTINE EXPAND(QD»FNCoR¢CVyNORM,CO N} '
PURPDOSE: TO GET EXPANDING COEFFICIENTS FROM ROUTIN
COEF. TERMINATE THE TERMS FOR REQD. ACCUTACY
AND DO THE NORMALIZATION
DIMENSION CD(25)
DOUBLE PRECISION AsCVeQDsQeTOLsToABIERRIDABS
c COySUMsT19DSQRTySUMI
INTEGER R¢FNCoTYPEsCASENORM
COMMON DUM1(1600) A, Ty0UM2(6),ABL200)
COMMON /MF17QyTOLs TYPE M1 MDD M25 4 MF
121 FORMAT('0¢ ,*THE # OF SXPANDING COEFFICIENT REQD. IS MORE
C THAN 25% ,5Xy *WARNING®)
122 FORMAT('0'y ERROR 1IN SUBPROGRAM® , *TMOFA VIA CJEF. VERIFY
C ARGUMENTS NO OUTPUT®)
TOL=1.0D-13

aNalNal

C TO TEST THE LAST VALUE OF ARRAY CD ERR 1S USED
ERR=1.2D-2C
0=Q0
TYPE=2SMODIFNC2)¢MODIR 2}
C FOR NEGATIVE Q AND ODD DRDERSy EXP. COEFFSe FOR EVIN AND
C 0DD FUNCTIONS ARE INTERCHANGED.
lF(Q.LT-O.QDO.AND.HOD(RvZ).EO.llTYPESZ#HOD((FNC-l)oZiOHOD(RoZ)
M=0
A=CVY
Q=DABS(Q)

CALL COEF(M)
1F(M.EQ.C) GO TO 5
WRITE(6,102)

RETURN
5 TYPE220MOD(FNCy»2)¢MOD(R,2)
CASE=TYPE+]
C THE COEFFICIENTS PASSED THRU CCMMON ARRAY AB IN DOUSBLE
c PRECISION IS GIVEN TO AN ARRAY CD OF LENGTH 25 FOR
C FURTHER PROCESSION

DO 10 1=1,25
cotiy=astl)
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IF(DABS(CO(IN)elToeleD~-32) CD(I)=0,00
CONTINUE

IF(CD(25)eGT.ERR) WRITE(6,101)
N1aR/2+]

D0 20 I=N1,25

IF(CD(I).EQ.0.DO) GO TO 25

N=]

CONTINUE

NORMALISING THE CODES. PRESENTLY IN NEUTRAL NORM
SUM=0,0D0

IF(NORM.EQel) GO TO 1l4c

GETTING STRATTON NORMALISATION FACTOR
IF(QD«LT40.D0) GO TO 91

GO TO (40940060980 )4CASE

DO 50 J=1,N

SUM=SUM+CD(J)

CONTINUE

GO TO 100

00 70 J=14N
SUMsSUM+CDUJ)I=DBLE(FLOAT(2%(J=~1)))
CONTINUE

GO TO 100

DO 90 J=14N
SUM=SUMeCD(JISDBLE(FLOAT(2%J-1))
CONTINUE

GO 10 150

GOT NEGATIVE Q STRATTON NORMALISATION FACTOR 1S DIFFERENT
Tl==1.000

IF(MODIR/292)eEQ.1)T1==T1

GO TO(92992994996)4CASE

DO 93 J=1,4N

T1=-T1

SUM=SUM+T12CD(J)

CONTINUE

G0 TO 100

DO 95 J=14N

Tlz-Tl
SUM=SUM+CD(J)®T1I=0BLE(FLOAT(28(J-1)))
CONTINUE

GO TO 100

00 97 J=1,4N

Tl==T1
SUM=SUM+COtJ)IST]ISDBLE(FLOAT(28J-1))
CONTINUE

IF(NORM.EQ.2) GO TO 12°

GETTING INCE®*S NIRMALISATION FACTOR
SUM1=0,00

DO 110 J=1,N

SUML=SUM1+CO(J)=CD(J)

CONTINUE
JFIFNCoEQe2¢8NDMOD(RI2)14EQaC) SUMIzSUMLISCDILIZCO(])
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SUML=DSQRT(SUML)
IF(NORM.EQ.3) SUM=DSTGN(SUM1 +SUN)
DIVIDE ALL COSFS. BY NORMALISING FACTOR FOR 2 £ 3 ONLY
00 130 I=19N
CO(TI)=CO(TI)/SUM
CONTINUE
FOR MATHIEU FUNCTIONS OF SE2N+2 TYPE(CASE=3) COEFS. SHOULD
8E B2y, B84 ETCe BUT THE ROUTINE COEF RETURNS A BOs=0 ALSO.
THIS 1S TO BE DROPPED.
IF(CASE«NE.3) RETURN
N0 150 I=24N
CO(1=-1)=CD(Y)
CONTINUE
CDI(N)=0.D0
RETURN
END
SUBROUTINE COEF (M)
INTEGER KOKviB'KK'HvﬂFoHLgHHvHOoHlQHZSOTYPE
DOUBLE PRECISION AOAB'FLOG'H‘ZQO’vaTvTOL!VvVZ
COMMON G(ZOC'Z)vDUHl(300’0AQTOK'KAOKG!KK!HH.HL.AB(ZCG’
COMMON /HFI/Q!TOL.TVPE'HI'NCvHZSOHF
EQUIVALENCE (HU(1)9G(le2 D)
DATA FLeV2/1e0¢3091.0~-15/
STATEMENT FUNCTION
V(K)'(l'DBLElFLOAT(K'"32)/Q
CALL TMOFALATyTyM)
IF(M.NE.,0) GO TO 30C
DO 60 K=1,200
AB(K)}=0,.DO
CONTINUE
KA=Ml=M0+2
DO 99 K=2yKAy2
KK={M1=-K)/2+]
1F(K=2) T0,70,9C
AB(KK)=1.DJ
GO 70 90
AB(KK)SAB(KK’I’/G‘KK*I'I’
CONTINUE
KA=z0
DO 135 XK=HM1yM25,2
KK=K/2+1
ML=k
IF(GIKKy2)eEQ.FL) G0 70 1GC
AB(KK)ZA3(KK-1)8G(KKs2)
60 T0 11¢
TsAB{KK=-2)
lF(KoEQ.‘.AND.HIQEQoZ' T=T+T
AB(KK)ITI(V(K‘Z1‘H(KK'-1.DG)
lF(DABS(ABlKK)’oGE.loD'l?’ kKA=C
IF(KA.EQ.5) GO TO 260
KA=KA+)

-
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CONTINUE
T=DLOG(DABS(AS{KK))/V2)/DLOGI1.D0O/DABS{GIKKs2)))
KA=28[DINTI(T)
ML=KA®24M2S
IF{ML.GT.399) GO TO 4C3
KB=KA+2¢MF
T=1.00/7VIK3)
KKzMF=M2$
D0 150 K=2¢KK,y2
T=2]1400/(V(K3=K)=T)
CONTINUE
KKsML/2+)
GIKKy2)=T
DD 207 K=2,4KA,2
KK={ML=K)/2+¢1
GIKKs2) =100/ (VIML=K)=G(KK+1,2))
CONTINUE
KAsM2S+2
DO 250 K=KA ML,2
KK=K/2+])
AB(KK)I=ZAB(KK=1)3G(KK42)
CONTINUE
NEUTRAL NORMALIZATION
T=A8(1)
MM=MOD(ITYPEL2)
KA=MM+2
D0 283 K=KA ML,y2
KK=K/2+1
IF(DABS(T)=-DABS(AB(KK))) 270+280,280
T=A3(KK)
MM=zK
CONTINUE
DO 29C K=1,KK
AB(K)=AB(K)/T
CONTINUE
RETURN
Mz=~]
GO0 TO 320
END
DOUBLE PRECISION FUNCTION ANGMFC(QDsFNC IR yXD)DERIV AR N
PURPOSE: TO COMPUTE A PERIODIC MATHIZEU FUNCTION,
00D DR EVEN TYPE NR TS DERIVATIVE
J0UBLE PRECISION PCyPSyDPCyDPS
EXTERNAL PCyPSsOPC4+DPS
DIMENSION AR(25),AB(25)
INTEGER FNCoRsDERIVyTYPZ,CASE,P
O0OUBLE PRECISION AR.AB.XDonTl'SUH'DCOSrDSINoOD
COMMON/NTERM/NLIMIT
COMMON/ZANG/ABX 4P
NLIMIT=N
Q5=Q0

n
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X=XD

TYPE=2#MOD(FNCe2)+MODIR2)

CASE=TYPE+]
D0 1 I=]14N
AS(1)=AR(T)
CONTINUE

FOR NEGATIVE Q IN ALL SUMMATIONS ALTERNATE TERMS HAVE

A MINUS SIGN
IF(QS)20+90935
T1=-1.000
IF(CASE.EQ.3)T1=1.00C

IF(MODIR/2+12)eEQe11T1=-T1

D0 30 Is=lN

Tl==-T1

AB(1)=T13AB(1)

CONTINUE

p=-1

JF(CASE+EQel) P=-2
lF(CASEoEQo3’ p=D
IF(DERIV.EQel) GO TO 6°C
GO TO(4D94C9SCeSC)9CASE
CALL SIGMA(PCsSUM)
ANGMFC=SUM

RETURN

CALL SIGMA(PS,SUM)
ANGMFC=SUM

RETURN

GO TO(TCs70,8Ce83)sCASE
CALL SIGMA(DPCySUM)
ANGMFC=SUM

RETURN

CALL SIGMA(OPS,ySUM)
ANGMFC=SUM

RETURN

IF(DERIV.EQ.11G0 TO 120

GO TO(120,100,110+11C),CASE

ANGMFC=DCOS(OBLE(FLOATI(R
RETURN
ANGMFC=DSIN(DSLE(FLOATIR
RETURN

Y 18X)

))=X)

GO TO(130,1309140,1400,CASE
ANGMFCI-R*DSIN(DSLE(FLDAT(R?l*X)

RETURN
ANGMFC=R&DCOS(D3LE (FLOAT
RETURN

END

DOUBLE PRECISION FUNCTIO
INTEGER Py¢K

(R)I2X)

N PCILK)

DOUBLE PRECISICON AB(25)+X+DCOS

COMMON/ANG/AByX P
EVALUATES ONE TERM OF TH

T EVEN PERINDIC SOLUTION

72



PC=ABIK)ISDCOSIDSBLE(FLOAT(28K+P))BX)
RETURN
END
ODOUBLE PRECISION FUNCTION PSILK)
INTEGER PsK
DOUBLE PRECISION AB(25)¢XsDSIN
COMMON/ANG/ABy X 4P
EVALUATES ONE TERM OF THR ODD PERIOCDIC SOLUTION
PS=AB(K)SDSINIDBLE(FLOAT(2%K+P))I%X)
RETURN
END
DOUBLE PRECISION FUNCTION DPCIK)
INTEGER PyK
DOUBLE PRECISION ABI(25),XsTyDSIN
COMMON/ANG/AByX 4P
EVALUATES ONE TERM OF THE DERIVATIVE OF THE EVEN PERIODIC
MATHIEU FUNCTION.,
Tz28KeP
DPC==-AB(K)BET2DS IN(T2X)
RETURN
END
DOUBLE PRECISION FUNCTION DPS(K)
INTEGER PoXK
DOUBLE PRECISION AB(25)¢XsT,DCOS
COMMON/ANG/AB X 4P
EVALUATES ONE TERM OF THE DERIVATIVE OF THE 0DD PERIDDIC
MATHIEU FUNCTION.
T=23%KeP
DPS=A3{K)I2T2DCOS(T%X)
RETURN
END
SUBROUTINE SIGMA(DUM,SUM)
PURPOSE: TO SUM N TERMS (SPECIFIED BY THE COMMON
COMMON BLOCK N TERM) OF A FUNCTION.
DOUBLE PRECISION DUMySUMJERR,yT1oTERM,DABS
COMMON/NTERM/NLIMIT
FORMAT(®C®*y"CONYERGENCE NOT TO SATISFACTION',10Xs*WARNING®)
ERR=]1,0D0-13
Ti=DUM(])
SumM=T1
N=NLIMIT
IF(NLIMITGES22IN=22
IMIN=S
DO 10 1=2,N
TERM=DUM(I)
SUM=SUM+TERM
TERM=DABS(TERM)
IF{T.LT.IMINY GO TO 1C
JIFIDABS{SUM) ,GE.ERR2TERM) RETURN
CONTINUE
TFlTeEQe22IWRITELS,101)
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RETURN

END

SUBROUTINE FACTOR{FNCsRoQDeABsNsPS)

PURPOSE: TO COMPUTE THE NORMALTZATION FACTORyP2N9P2N+1»
S2N+1,0R S2Ne2 FOR MODIFIED MATHIEU FUNCTIONS
OF POSITIVE *Q* AND P2N'yP2N¢1*yS2N*1"y
OR S2N+2°' FOR THOSE OF NEGATIVE 'Q°

DIMENSION AB(25)

INTEGER FNCosRyCASE

DOUBLE PRECISION AByPSsPSPyDABS¢DSQRTRQ1ODEV

SUM1oSUM29T19T2+Q0

RQ=DSQRT(DABS(QD))

CASE=28MOD(FNCs2)+MOD(R,2) 4]

IF(QDeLTeO0sODOICASE=CASE®4. -

DDEV=1.0D0

IF(MOD(R/2y2)e€EQ1)100EV==-1.0CD0

SUM1=0,000

SUM2=0.CD0

Ti==1.000 -

G0 TO l10030v50o70v10070050130|0CASE

FOR ALL Q AND EVEN CRDER ===<= P2N AND P2N! ===- FNC=2

DO 20 I=1.N

SUMl=SUML+AB(IT)

T1==-T1

SUM2sSUM2+T12ABI(I)

CONTINUE

PS=SUMLIESUM2/A8(1)

pSP=pPS=0DEY

IF(QDeLTeQ.0D0)PS=PSP

RETURN

FOR POSITIVE Q AND OOD ORDERS P2N+l, P2N+1°* IF FNC=2

NEG Q AND 0DD IJRDER IF FNC=]

DO 40 I=1.N

T1==-T}

SUM1=SUMl+ABLIT)

SUHZ'SUHZ#TI‘AB(li‘DGLE(FLOAT(Z‘I'l))

CONTINUE

PS=SUMIBSUM2/(RQ®ABI(1))

pPSP=PSS0DEY

IF(QD.LT.0.D0) PS=PSP

RETURN

FOR ALL Q AND EVEN OROER IF FNCsl ==== S2N¢2, S2N+2°*

T1=1.000

DO 60 I=1+N

TZ'AB(I"DBLE(FLQAT(Z*I’)

SUMLI=SUM] T2

Ti==T1

SUM2=SUM2¢T18T2

CONTINUE

PS'SUHI‘SUHZ/(RQ‘RQ‘AB(1,l

pSP=PSeDDEV
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IF(QD.LTe0.CD0IPS=PSP

RETURN

FOR POSITIVE Q AND 00D DRDER «==== [F FN(C=l
FOR NEGATIVE Q AND ODD ORDERS S2N+l,y S2Nel?
DO 80 I=14N
SUM1=SUML+AB(T)SDOBLE(FLOAT(2%]-1))

Ti==-T1

SUM2=SUM2+T1eAB(])

CONTINUE

PS=SUMI&SUM2/(RQ%AB(1))

PSP=PS=ODEY

IF(QDeLT0.0DC)IPS=PSP

RETURN

END

SUBROUTINE STORE(QDyXIyNMAX)

IF FNCs2

PURPOSE: TO COMPUTE AND STORE THE VALUES OF BESSEL
FUNCTIONS AND DERIVATIVES RZQUIRED IN MATHIEU

FUNCTION CALCULATI]ION.

DOUSLE PRECISION QDvQABS+RQyDABS+DSQRTDEXP,8S1V14851V2,

BS2V2¢DBS1V1408S1V2,08S2V24XIyV1,eV2

COMMON/LOCAL/DUMNY1(4),V]1,V2,yDUMMY2(59)

COMMON/RADIAL/8S1V1(25),8S1v2025),852v2(251,D8S1V1(25),

DBS1V2(25),0852v2125)
N=NMAX+3
IFIN«GEL25)IN=25
Nl=N=1
QABS=DABS(QD)
RQ=DSQRT(QABS)
V1i=RQ®DEXP(=X1)
v2=QABS/vVl
IF(QDelLT«0.00C) GO TO 20
CALL BESSEL(1,V14851V1¢N)
CALL BESSEL{1sV298S1V24N)
CALL BESSEL(29V2+8S5S2V24N)
OBS1lV1(1)==BS1V1(2)
DB8S1vV2{l)==-BS1iV2(2)
0BS2V2(1)==-8S52Vv2(2)
DO 10 I=24N1
DBS1IV1{I)=(BSIV]I(1I-1)=-8S1Vi(I+1))80,5D0
DBS1IV2(1)=(BS1V2(I=1)-BS1V2{1+1)1280,50"
D3S2V2(1)={B8S2V2{I1=-1)=-9352Y2{1+1))2C,.,5D)
CONTINUE .
RETURN
CALL 3SL2{1,V1y8B8S1V1I,N)
CALL 85L2(1+V2+8S1V2yN)
CALL BSL2(29V298S2V2,N)
0B8S1V1(l)=BS1V1(2)
DBS1V2(1l)=BS1lv2(2)
DBS2V2(1)1==-8S2V2(2)
DO 30 1=24N1
DBSIVI(II=(BS1IVI(I-1)¢BS1VI(Llel))m],500

15
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DBSIVZ(!)S(BSIVZ(I’I)#BSIVZ(l*lll‘OoSDC
DSSZVZ!I)B-(BSZVZ(l-l)*BSZVZ(lOI)"0.500
CONTINUVE

RETURN

END

SUBROUTINE BESSEL(SOLIUsBSJIYN)
INTEGER NyNN,SOL

DOUBLE PRECISION BSJY(N) U
NN=N-1
IFlUEQeO0sDCANDeSOL.EQs2) GO TO 80
I1F{U.GE+8.,D9) GO TOD 30

GO TO0(10¢29),50L

CALL JCJ1(U,BSJY)

GO TO 40

CALL YOY1(U,BSJY)

GO TO 49

CALL LUKE(U,SOL35JY)
IF(N.LT+2) GO TO 190G

GO TO(50+60),S0L

CALL JNS{BSJY UsN)

GO TO 100

RECURRENCE FORMULAR

D0 TJ K=2¢NN
BSJYlK#li=2.D:‘DBLE(FLOAT(K-1)l‘BSJY(K)/U-BSJY(K-l)
CONTINUE

GO T3 100

NN=NN+1

00 9C K=1NN

BSJY(K)==-1,0437

CONTINUE

RETURN

END

SUBROUTINE JNJ1{(X,BJ)

DOURLE PRECISION BJL2)eT(Z) X
T(1)1=X/2.00

BJ(1)=1.00

BJ(2=T(1)

T(2)==-T(1)8%2

T(3)=1.00

T{4)=1.00
T(e)=T(a)ET(2)/T(31882
BJ(11=BJ(1)eT (&)
T(S)sT(4)18T(1)/(T(3)+1.D)
BJL2)=BJ(2)¢T(5)
!F(DHAXl(DABS(T(#)!qDABS(T(S)l).LT-!.D-ISD RETURN
T(3)=T(3)+1.00

GO T0 10

END

SUSROUTINE YCYl({XsBY)

DOUBLE PRECISION T(1C ) XeBYL2)
T(1)1=x/72.00
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T(2)=2=T(1)882
8Y(1)=1,D00
8Y(21=T¢(1)
T(T)1=0.00
T(10)==T(1)
T(3)=0.00
T(4)=20,.00
T(S5)=1.00
T(3)=T(3)¢1.0C
T(&)=aT(4)¢1,D0/T(3)
T(SI=T(5)eT(2)/T(3)%%2
BY(1)=BY{(1)+T(5)
Tl6)==T{(5)8T(4)
TCTI=T{T)+T(6)
T(B)=T(5)2T(1}/(T(3)+1.02)
BY(2)=8Y(2)+T(8)
TCO)==T(B8)%(2.0C2T(4)¢1.0C/7(T(3)¢1,00))
TO12)=T(10)+T(9)
IF(DOMAX]1(DABS(T(6))yDABS{TI(9)))eGEL1eD-15) GO TO 12
T(21=.5TT2156649015328600+DL0OG(T(1))
BY{1)2.63661977236758134D0%(BY(1)8T(2)¢T(T))
BY(2)=2,63661977236753134D0%(BY(2)2T(2)=1,00/X)+T(10)/
3.141592653589793200
RETURN
END
SUBROUTINE LUKE(UKINDyBSJIY)
INTEGER K,yKIND
DOUBLE PRECISION A(19)93(19),CSeCl19)4D(19)9G(3),BSJY(2),
RE2)eSC2)2SEN»ToUS X
WARNING = THE FOLLCWING DATA STATEMENTS ARE NOT IN ASA
STANDARD FORTRAN
JATA A/+999595064T769672874160D0,
-+538579561396069130-3,
-e131796771233615745D0-3,
0151422497C48644D~5,
«15846861792963D<-6,
~e856069553946D-8,
~e295723433550-9,
«6573556254D0~10,
-2223T497030-11,
~e44682114%5D0-12
«6954827D~-13,
=e1513400-14,
~e924220-15,
e15558D=15,
'0‘0760'179
-e274D-17,
e610-18,
’040‘19'
-e¢1D-19/
DATA B8/=e7769355594275321360-2,

17



-eTT68032309654476T73D=2
025365411654307960-4,
e3942735983997110-5,

-e107234982991290-6»
-eT7213897993280-8¢
e 73764602893D0-9
e150687811D0-11+
-e574589537D~11,

e %59965T40-129

«2270323D-13,
~=e887890D=14,

e T4497D=15,

055410‘16'

-e24190-161

0265D-17,

»13D-18,
’0100’180

«2D=19/

DATA C/1.00067753586591346234D0
.901007251959081830-3
02217246349185994540-3

-el196575946319104D-5,
-e20889531143270-6
e172814435728940-T7,
e37597C547890-9,
-+76388913580~-109
«2387346720-11)
«51825489D=12y
-e7693969D-13,
e1440080-14,
0e1032940-14,
-e16821D-15,
0"590-17’
«3020~-17y
-e65D-18
e4D=19y
«10-19/
DATA D/.233768299346285803280-1»
e23246801223545575330~1»
-e35760105909013820~4,
-e5608631494926270-5
0132738940843400-6y
e9169758452660-8
-,B868388803710-9,
-e3780730250-111
e663145586D-11
-e505843900-12
-e2720782D-13
«9853310=~14,
~eT79398D=15)
=e67570-16
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026250-16,
=e280D-17,
=e150-18,
«10D0~-18,

=e2D0-19/
X=8,D0/7U
Gll)=1.00
G(Z"ZoDO‘X'l.DO
RU1V=AC1)¢AL2)0G(2)
S(11=B(1)+B(2)%G(2)
R(2)=CL1)eC(2)%G(2)
S(2)=D(1)+¢D(2)%G(2)
DO 10 K=3,19
Gl3)=(4.00%X=2.,D0)3G(2)-G(1)
RU1I=R(1)eA(K)®G(3)
S(19=S(1)+B(K)®G(3)
R{2)=R(2)1+C(KIZG(3)
S(2)=2S(2)+D(KI®G(3)
G(l)=G(2)
6(2)=G(3)
CONTINUE
T*o797584560502BGSGDO/DSQRT(U)
SN=DSIN(U~-47853981633974483DC)
C5=2DCOS(U~.T7853981633974483DC)
GO TOU2C»39)9KIND
BSJY(L)=T2(R(1)2CS~-S(1)%5N)
BSJIYL2)=T&(R(2)%SN+S(2)2CS)
GO TO 40
BSJY(I)=T‘($(1)‘CS+R(1)°SN)
BSJIY(2)=Ta(S(2)8SN=-R(2)%CS)
RETURN
END
SUBROUTINE JUNS(JJ,UeM)
INTEGER KyKAyKKyM

DOUBLE PRECISION AyByD(2)4sDMyGI25)9JJ(M),

P(3),Q(3)yu
DM=z22M
P(l)=0,DC
Qll1)=1.0C
P{2)=1,00
Q(2)=DM/u
D(1)=P(2)7Q(2)
A=2.00
B=(0DM+AY /U
P{3)=8%P(2)-P(1)
Q(3)=B2Q(2)-0(1)
D(21=P(3)/7Q(3)

IFIDABS(D(1)=-D(2)).LTuleD~15) GO TO 20

PLl)=P(2)
P(2)1=P(3)
Q(11=Q(2)
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Q(2¥=0Q(3)

D(1)=D(2)

AsA¢2.,00

G0 T0 10

G(M)=D(2)

KAsM=2

D0 30 K=1,KA

KK=M=-K

A=2%8KK

GIKK)=U/(A-USG(KK+1))

IF(G(KK)«€EQe0.00) GI(KK)=1,0-235

CONTINUE

DO 40 K=2,M

JI(Ke1)sGIKI®IIIK) .

CONTINUE :

RETURN

END

SUSROUTINE BSL2(SOLsU»BSIKIN)

PURPOSE: TO COMPUTE MODIFJED BESSEL FUNCTIONSy *1°' OR °K?
TYPE FOR ORDERS O THRU N-1 IN DOUSLE PRECISION.

INTEGER NoSOL

DOUBLE PRECISION BSIKIN)»U

IF(SOL.EQ.2)G0 TO 30

IF{UeGE.B8.000) GO ¥0 10

CALL 1011(U,BSIK)

G0 10 20

CALL LUKE2(U,SOL93SIK)

IFINLT.2IRETURN

CALL INS(8SIKsUsN)

RETURN

IF{U.EQ.0.0D2) GO TO TI

1F({UeGEeSCD0) GI TO 4C

CALL KOX1(UBSIK)

60 7O 50

CALL LUKE2(UsSOLBSIK)

IF{N.LT2IRETURN

RECURRENCE FORMULA

NNEN=-]

DO 60 K=24NN

BSIK(K*l)320000‘DBLE(FLOAT(K-1)'*ESIKlK)/UOBSIK(K'l’

CONTINUE

RETURN

DO BC K=1,N

BSIK(K)=1,50+75

CONTINUE

RETURN

tND

SUBROUTINE 1011(X,BI)

PURPDOSES TO EVALUATE *fo0¢ AND *I1°' RESSEL FUNCTIONS
BY SUMMING THS SERIES.

DOUBLE PRECISION BI(Z)QT|5'OX'DHAX100A35

80
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T(1)=X/2.000

81(1)=1,000

BI(21=T(1)

TL2)=sT(1)%22

T(3)=1,00C

T(4)=1.000

T()=T(8)ST(2)/T(3)582

BI(1)=81(1)+T(4)

TUS)sT(4)ST(1)/(T(3)¢1,000)

81(2)=B1(2)+T(5) .
TF{OMAX] (DABS(T(4))oDABSIT(5)))elToledD-15)RETURN
T(3)=T{3)+1.000

GO 70 10

END

SUBROUTINE KOKX] (X,8K)

PURPOSE: TO EVALUATE °KC* AND °*K1° BESSEL FUNCTIONS

BY SUMMING THE SERIES.

DOUBLE PRECISION T(10)¢XyBK(2))DMAX]1,DABS,DLOG
T(1)=X/2.000

TL2)1=T(]1)8%2

8K(1)=1.000

BK(2)1=T(1)

T(7)1=0.CDC

T(10)==-T(})

T(31=0.000

T(4)=0,009

T(5)1=1.0D00

T{3)=T(3)+1.0DC

T(4)=2T(4)+1.CD0/7(3)

T(S)=T{(5)2T(2)/T(3)%%2

BK(1)=BK(1)+T(5)

T(6)1=T(5)2T(4)

TI(T)I=2TLT)I+TL6)

T(8)=T(5)2T(11/(T(3)+1.,C02)

BK(2)=BK(2)+T(3)
T(9)==T(B)R(2.0008T(4)¢14CD%/(T(3)41,.3D5))
TC10)=T(10)+T(9)
IFIDMAXL(DABS(T(6))yDA3SIT(9)))aGELl.CD-15) GO TO 10
T(2)2.5772156649015329D2+4DLI3GIT(1))
BX(1)==BK(1)aT{2)¢T(7)
BKIZ)=BK(2)%T(2)+1.0D%/X+T(1C)/2.,0D0

RETURN

END

SUSROUTINE LUKE2(UsKINDy8BSIK)

PURPOSE: TO EVALUATE MNIDIFIED BESSEL FUNCTINONSy 19 AND 1

OR K2 AND K]l FROM SHIFTED CHEBYSHEV SERIES,

DOUBLE PRECISION A(34)9802109C(34)90(21)9Us3SIKI2)9XsG(34),
C R(2)+S(2)+DEXP+DSQRT

DATA A/1.0082792C545874071484451226249209430=2

81
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%e568169658098120-T7948513091222850~28¢412384253640-8
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15

82
‘oZ93O16723D°109'.78956698320'130'033127127630-100
‘-o4497338660°11oo179979030’119o965768320‘12'o38604240'130
"0104039360-120-0Z3950Q50‘13o.9556670-14904643150-1#9
‘-o858640-159'0708780~159036760'1600‘11940-150'012110'169
‘-.13130-16002490‘17002990-170-0620'139'0490'1300160'130
8,70-199=e4D=199=610-19910-19/

OATA 8/.988609175230825500.‘011310506464692820'1O
‘o26953261276272370-30'011106685196665350'69
‘.632575108500690-60'04506733764110-7003792996655680‘80
‘-.3645‘7179210'9'039063755760‘100‘04579936220'11v
‘059381063D°120-078832360-13|011360420'130
‘--1726970-150-275450-150'.45890-160o7960-17'-01430’179
$,270=189=e50-199010-19/

DATA CI.9758006023262859009-024‘67662963276380-1'
‘--27720536076382890-33-09732146728020130'5'
‘-0629724233639810-60'065961l6215#240-71’0961387291940'8o
3*.1401140901330-8v-o67563166540-lcoo81530681070'10'
‘o35408148320°10oo5102564070'110-01804609340-119
‘-.1023594470-11o-o52677840-13t0107396190-120026119760’13v
‘*-9561290-1‘v'-6713350-16'-829260'15007‘2620'150°080450-16v
3-.116570—150011070°lb'ol8840-16.-.2330-170-.3110’179
‘0610-1800510‘153'0160°180'080'199obD-l9ocID'19v-oID'l9l

DATA D/l.03595085877235800'035665291263331110'1o
*°066867502816688860'3vol6185563810053630-6v
‘-.845172048123680-69-57132218102840-70-.4645554606610-8v
$o435417338570-99-.65757297040-10'.528313251D‘110
‘-.662612930-12'o89067920-13v'o12726070-13oo1920860-140
‘--30450'15905C450-160'o8710-17901560-17'--29D°151
$,6D-199-410~-19/

IF{KIND.EQs2) GO TO 20

X=8,000/V

G(l1)=1,000

6(2)=2.0008X=1.0D0

N=34

00 10 K=34N

G(Kl’(QoODQ‘X-Z.ODO)*G(K-li-G(K-Zl

CONTINUE

R(1)=C.00D

R(2)=20.,000

DO 15 K=1¢N

f=Nel-K

R(1)sRE1)+A(]1)2G(T)

R(2)=R(2)+CLINSGLT)

CONTINUE

BSIK(1l8.3939522304014327DG*R(1l‘DEKP(U)IDSQRT(U,

3SIK(2,'o39894223C4014327DC‘R(2|3DEXP(U’/DSQRT(U’

RETURN :

X=5,000/V

G(1)=1,CDO

Gl2)=22.000%X-1.20C

N=21
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D0 25 K=3,4N

GIK)={4,0D008X~-2.0D0)3G(K~-1)=-G(K=-2)

CONTINUE

S(1)=0.,0D0

$S(21=20,000

DO 30 K=]1,N

I=N+1=-K

S(1)aS(1)+B(1)2G(]1)

S(2)=5(2¥«DC1)%G(1])

CONTINUE

BSIK(1)=1,2533141373155002S(11%DEXP(-U)/DSQRT(U)

BSIK(2)=214253314137315500%S(2)3DEXP{-U)/DSQRT(U)

RETURN

END

SUBROUTINE INS(I1sUM)

PURPODSE: TO EVALUATE *I* BESSEL FUNCTIONS OF HIGHER
ORDERS BY A CONTINUED FRACTION EXPANSION
METHODS .

INTEGER KoeKA KK M

ODOUBLE PRECISION Ao8,D(2)oDMyGE2S)91T1IMIP(3),4Q(3)4U

IF(UEQeDaCDI) GD TO 50

DM=2 oM

P(1)=2,0D2

Q({1)=1,GDO

P(2)=]1.C00

Q(2)=DM/U

DIL1Y=P(2)/7Q(2)

A=z2.000

B=({DM+A) /U

P(3)=38P(2)+P(1)

Q(3)=83Q2(2)Q(1)

D(2)=P(31)/Q(3)

IF(DASS(D(1)=-D{2)).LTale3D0-15) GO TO 20

P(1)=P(2)

Pl2)=P(13)

Q(l1)=Q(2)

Q(2)=Q(3)

D(1)=D(2)

AzA+2,C000

GO TO 10

GItM)=D(2)

KA=M=2

D0 30 K=]1,KA

KKzM=K

Ax2%KK

GIKK)=U/Z(A+URG(KKe1))

IF{OABS(G(KK) I LEC1,2D=35) G(KK)I=]1,0D-35

CONTINUE

DO 40 K=2,)M

IF(DABS(IT(K))eLTWle2D=-35) GO TO 35

I11(K«1¥=GIKIZ]IT(K)
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GO TO 49

11(K+1)=0,000

CONTINUE

RETURN

DO 60 Is3,M

11¢(1)=0,.,0D0

RETURN

END

DOUBLE PRECISION FUNCTION CERAD(QODO¢RsDERIVsPSsAR¢N)

PURPOSE: TO COMPUTE A MODIFIED MATHIEU FUNCTION
(OR DERIVATIVE) OF FIRST KIND CORRESPONDING
TO EVEN MATHIEU FUNCTION ( CE FUNCTIONS)

EXTERNAL CZNPoCZNlPoCZNNoCZNlNoDCZNPoDCZNlP'DCZNNoDCZNIN

ODOUBLE PRECISION AB(25)9QDePSsPSPIOUTPUT ARI(25)

INTEGER RoCASE,DERIVFNC

COMMON/NTERM/NIL

COMMON/LOCAL/OUMMY (8)AB

Nl=N

pSpP=pS

DO 5 I=1,N

AB(T)=AR(])

CONTINUE

CASE=MOD(Ry21)¢]

1F(QDLT+0.000) CASE=CASE+2

IFIDERIV.EQ.1Y GO TO 50

GO TO(10+20930,40)9CASE

THE VALUE OF CE2N(Z2.Q)

CALL SIGMA(CZNP,OUTPUT)

CERAD=PS®QUTPUT/ZABL])

RETURN

THE VALUE OF CE2N+1(Z.,Q)

CALL SIGMACC2NIP,OUTPUT)

CERAD=PS®0QUTPUTZABI(1)

RETURN

THE VALUE OF CE2N(Z2,-Q)

CALL SIGMA(C2NN,QUTPUT)

CERAD=PSPBOUTPUT/ABI(L)

RETURN

THE VALUE OF C2EN+1(2,-Q)

CALL SIGMAI(C2NIN,OQUTPUT)

CERAD=PSPBOUTPUT/ABI(L)

RETURN -

FOLLOWING ARE DERIVATIVES OF FUNCTIONS

GO TO(60,T72982490),CASE

THE VALUE OF CE2N'(2+Q)

CALL SIGMA(DC2NP,OUTPUT)

CERADsPS*0OUTPUT/AB(])

RETURN

THE VALUE OF CE2N+1'(Z+3)

CALL SIGMA(DC2NIP,DUTPUT)

CERAD=PS®OUTPUT/ABI(])
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RETURN
THE VALUE OF CE2N*(2,~Q)
CALL SIGMAIDC2ZNN,OUTPUT)
CERAD=PSP®OUTPUTZABIL)
RETURN
THE VALUE OF CE2N¢1°'({2,=Q)
CALL SIGMALDC2NIN,QUTPUT)
CERAD=PSPROUTPUT/AB(])
RETURN
END
DOUBLE PRECISION FUNCTION C2NP(K)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR CE2N(Z2+Q).
DOU3BLE PRECISION AB(25)4BSJUV]I8SJIV2:BSYV2eDBSJIV1IL0BSJIV2,
2 DBSYV2
COMMON/LOCAL/ZOUMMY(B) AR
COMMON/RADIAL/BSJVIC25)9BSIVZI25)¢BSYV2(25)408S4V1I(25),
c D35JVv2(25),D8SYV2(25)
C2NP=AB(K)SBSJIVI(K)ISBSJV2(K)
IFI(MOD(K12)eEQeOVC2NP==C2NP
RETURN
END
DOUSLE PRECISION FUNCTION C2NIPLK)
PURPOSE:s TO CALCULATE X TH TERM IN SUM OF SERIES
FOR CE2N+1(1,Q).
DOUBLE PRECISION AB(25)+8SJV]14BSJIV2,3SYV29DB5JV]19D8S5JV2,
% pDasSyv2
COMMON/LOCAL/DUMMY(8),AB
COMMON/RADIAL/BSJUV1I(25),BSJV2(25),25YV2(25),D8SJV1I(25),
o DBSJV2(25)+0BSYV2(25)
C2NIP=AB(K)IB(BSJIVI(KISBSIV2(K+1)+BSIVI(K+1)28SIVI(K))
IF(MOD(K92)eEQeDIC2NIP==C2NIP
RETURN
END
DOUBLE PRECISION FUNCTION C2NNI(K)
PURPOSE: TO CALCULATE K TH TERM IN SuUM OF SERIES
FOR CE2N(2,=Q).
OOUBLE PRECISION AB(25)98SIV1,B8SIV2,BSKV2,08S1V1,08SIVv2,
e DBSKVZ
COMMON/LOCAL/DUMMY(8),AB
COMMON/RADIAL/BSTIV1(25)¢8SIV2(25),35KV2(2S)4DBSIV1I(25),
% IBSIV2(25),D35KV2(2%)
C2NN=AB(K)2BSIVI(K)®8SIV2{K)
IF(MOD(K9»2)eEQsDIC2NN==C 2NN
REZTURN
END
DOUBLE PRECISION FUNCTION C2ZNINIK)

PURPOSE:

TO CALCULATE K TH TERM IN SUM OF SERIES FOR CEZN+1(2,-Q)

DOUBLE PRECISION AB(25)¢BSIV]14BSIV2y2SKV2,03SIV]+DB8SIV240BSKV2

COMMON/LOCAL/DUMMY(8)yAB
COMMON/RADTAL/BSIVI(25)4BSIVZ(25)93SKV2(25),D8SIV1C25),D8S1V2(25),
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c DBaSKY2(25)
CZNlN'AB(Kl‘(BSlVl(K)‘BSIVZ(K’ll*BSlVl(K’l)'BSlVZ(K!)
IF(MOD(K92)eEQeOIC2NINS=CININ
RETURN
END
DOUBLE PRECISION FUNCTION DC2NPI(XK)

PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR CE2N*(Z:Q).
DOUBLE PRECISION AB(Z5)oBSJVIvBSJVZvBSYVZvDBSJVltDBSJVZo

* DBSYV2:V1,yV2
COMMON/LOCAL/DUMMY1(4)sV1,yV2yAB
COHHON/RADIALIBSJVI(ZS'oﬂSJVZiZ5’oSSYVZ(Z5’QDB$JV1(Z5)O

= 08SJV2(25),DBSYV2(25)
DCZNP'AB(KD‘(-DBSJVICK"BS;VZ(K,‘VIOSSJVI(K)‘DBSJVZ(K)‘VZ)
IFI(MOD(K¢2)eEQeNIDC2NP==DC2NP
RETURN
END
DOUBLE PRECISION FUNCTION DC2NIP(K)

PURPOSE: TO CALCULATE K TH- TERM IN SUM OF SERIES
FOR CE2N+1'(Z,Q).
DOUBLE PRECISION AB(ZS)'BSJVI'BSJVZQBSYVZoDBSJVIoDBSJVZv

B DBSYV2sV1eV2
COHNDN/LOCAL/DUNHYI(Q,tVloVZQAB
COHHONIRAD[AL/BSJVI(ZS)vBSJVZ(ZSiQBSYVZ(ZS)QDBSJV1(25)v

% D3SJV2(25),0BSYV2(25)
DCZNIPSAS(K"(-D$SJV1(K"BSJVZ(K*l!‘Vl*

= BSJVI(K)IZDBSJV2IK+1IBY2=

2 DBSJVI(K*Il‘BSJVZ(K"Vl*SSJVl(K’l)‘DBSJVZ(K)#VZ)
IF(MOD(Ks2)eEQeCIDC2NIP=-DC2NIP
RETURN
END
pouUaLE PRECISION FUNCTION DCZNN(K)

PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR CEZ2N*(Z+Q)e
pouBLE PRECISION ABlzs)vBSlVl9BSlV29BSKV29035lVloDBSlVZ.

% DBSKY2,V1sV2
COHHON’LOCAL,DU""YI“’QVI!VZ"B
COHHON/RADIALISSIVI(25)9BSIVZ(Z5,935KV2(251'DBSIV1(25)'
% DBSIV2(25),085KV2(25)
DCZNNSAE(K)‘(-DBSlVl(Kl‘BSlVZ(K)‘Vl*BSlVl(K)*DBSIVZ(K)*VZ)
IF(MOD(Ks2)eEQeIIDCZNN==DCZNN
RETURN
END
DOUBLE PRECISION FUNCTION DC2NINIK)

PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERITES
FOR CE2N+1°(Z+-Q)&
DOUBLE PRECISION AB(ZS,.BSIVl'BSIV293SKVZoDSSIV1vDSSIVZv

s DRSKVZ2iV1eV2
COHHON/LDCAL/DUHHYI("vVl'VZcAB
COHHON/RADIAL/BSIVI(ZS’vSSIVZ(ZS)oSSKVZ(ZSDoDBSIV1(25’v
% DBSIV2(25)D035KV2(25)
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DC2NIN=AB(K)S(=DBSIVI(K)®3SIV2(Kel)ayle
s BSIVI(K)I®DBSIV2(K+l)sy2~
L DBSIVI(K‘Il‘SSIVZ(K"Vl’BS!Vl(K#l"OBS]VZ(K"VZ'
IF(MOD(K92)eEQeCIDC2NIN==DC2NIN
RETURN
END
OOUBLE PRECISION FUNCTION SERAD(QDsRyDERIVyPSsARyN)
PURPOSE: TO COMPUTE A MODIFIED MATHIEU FUNCTIDON
(OR DERIVATIVE) OF FIRST KIND CORRESPONDING T0
ODD MATHIEU FUNCTION ( SE FUNCTIONS) .
EXTSRNAL SZNZPvSZNIPQSZNZNvSZNIN'DSZNZPODSZNIP'DSZNZN.
L DS2N1IN
DOUBLE PRECISION AB(25)9QDePSyPSPIOUTPUTHAR(2S)
INTEGER RyCASE,DER]YV
COMMON/NTERM/N]
COMMON/LOCAL/DUMMY (8),AB
Nl=N
PSP=pPS
DO 5 I=14N
AB(I)=AR(])
CONTINUE
CASE=MOD(R,2)+]
IF(QDeLTe04000) CASESCASE+2
IF(DERIV.EQ.1) GO TO 59
GO TO(10+20+430942)4CASE
THE VALUE OF SE2N+2(2,Q)
CALL SIGMA(S2N2P,QUTPUT)
SERAD==PSSOUTPUT/AB(1)
RETURN
THE VALUE OF SE2N¢1(2,0Q)
CALL SIGMA(S2NLIP,0OUTPUT)
SERAD=PSSOUTPUT/ABI(])
RETURN
THE VALUE OF SE2N+2(12,-Q)
CALL SIGMA(S2N2N,0QUTPUT)
SERAD=PSP®OUTPUT/AB(1)
RETURN
THE VALUE OF S2EN+1(2,=Q)
CALL SIGMAUS2NIN,DUTPUT)
SERAD=PSPSDUTPUT/AB(1)
RETURN
FOLLOWING ARE OERIVATIVES OF FUNCTIONS
GO TO(60+70¢8Cs90)+CASE
THE VALUE OF SE2N+2'(2.Q)
CALL SIGMA(DS2N2P,0UTPUT)
SERAD=-PSSOUTPUT/AB(1)
RETURN
THE VALUE OF SE2N+1°'(2,0Q)
CALL SIGMA(DS2N1P,0UTPUT)
SERAD=PSSQUTPUTZAB(])
RETURN
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THE VALUE OF SE2N42°'(Z+-Q)

CALL SIGMA{DS2N2N,OUTPUT)

SERAD=PSPSOUTPUT/ABLL)

RETURN

THE VALUE OF SE2N+1°'(2,-0)

CALL SIGMA(DS2NIN,OUTPUT)

SERAD=PSPSOUTPUT/ABIL)

RETURN

END

DOUBLE PRECISION FUNCTION S2N2P(K)

PURPOSES TO CALCULATE K TH TERM IN SUM OF SERIES
FOR SE2N+2(Z1,Q).

DOUBLE PRECISION AB(ZSIvBSJVl-BSJVZ-BSYVZ;DBSJVIvDBSJVZ'

* DBSYV2

CDﬂHON/LDCALIDUMMYl(BlolB
COHHONIRADIALISSJVI(25’o8$JV2(25|vBSYVZ(Zi’oDBSJVl(ZSDo
% D8SJV2(25)+D35YV2(25)
SZNZP*AB(K)‘(BSJVIlK)‘BSJVZ(K#Z)-BSJVI(K’Z)*BSJVZ(K))
lF(HOD(KoZloEQoO)SZNZPS-SZNZP
RETURN
END
DOUBLE PRECISION FUNCTION S2N1PIK)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR SE2N+1(Z,Q).
DOUBLE PRECISION AB(ZS!vBSJVloBSJVZvBSYVZpDBSJVIcDBSJVZo
& 0B8SYV2
COHHONILOCALIDUHHYI(B)oAB
COMHONIRADIAL/BSJVl(ZS)9BSJV2(25)pBSYVZ(ZS)oDBSJVl(ZS’v
= DBSJV2(25),085YV2(25)
SZNIPSAB(K)‘(BSJVI(K)#BSJVZ(K#I)-BSJVI(K*I)‘BSJVZ(K!D
lF(HOD(KpZ)oEQ.O)SZNIPS-SZNIP
RETURN
END
DOUSLE PRECISION FUNCTION S2N2N(K)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR SE2N(Zs=Q)e
DOUBLE PRECISION AB(ZS)vBSlVI'BSlVZoBSKVZvDBSlVloDBSIVZv
* DBSKV2
COHHDN/LOCALIDUHHYI(B‘oAB
COMHON/RAD!ALIBS!VI(ZSlnBSlVZ(ZS)'BSKVZ(ZS!oDBSlV1(25)n
b DBS1IV2(25),D35KV2(25)
SZNZNSAB(K)‘(BSIV!(K"BS!VZ(K*Z)-BSIVi(K‘Zl‘BSlVZ(K)l
lF(HOD(KoZioEQ.O’SZNZNB-SZNZN
RETURN
END
DOUBLE PRECISION FUNCTION S2NIN(K)
PURPOSE:s TO CALCULATE K TH TERM IN SUM OF SERIES
FOR SE2N+1(Z+-0Q).
ODOUBLE PRECISION AB(ZS)'BSlVloBSlVZ'BSKVZoDBSlVloDBSIVZv
o DBSKV2
COMHONILOCALIDU“HYI(B)oAB
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CDHHONIRAOIAL/BSIVI(ZS)pBSlVZ(ZSIoSSKVZIZS)9OBSIV1(2539 °
b D3SIv2(25),DBSKV2(25)
SZNIN=AB(K)S(BSIVI(K)®BSIV2(Ke1)=BSIVI(K+1)BBSIV2(K))
TF(MODIK12)eEQe0)S2NIN==S2NIN
RETURN
END
DOUBLE PRECISION FUNCTION DS2N2P(K)
PURPOSEs TO CALCULATE K TH TERM IN SUM OF SERIES
FOR SE2N+2'12,Q).
DOUBLE PRECISION ABL25)9BSJV]19BSIV2,BSYV2,08SJV]1,0BSJV2,
& DBSYV2,V1yV2
COMMON/LOCAL/DUMMY1(4)yV]1,yV2,AB
COHHON/RAD[ALIBSJVI(ZS)vBSJVZlZS)vBSYVZ(ZS)vDBSJVl(ZS)v
& DBSJV2(25)40BSYV2(25)
DS2N2P=AB(K)®(-DBSJVI(K)ISBSIV2(K+2)eV]e
& BSJVI(K)ISDBSYV2(K+2)8Y2e
% OSSJVI{Ke2)1#B8SYV2(K)I®VI=BSIVIIK+2)2D3SIV2(K)IBY2)
IF(MODIK2)eEQaT)IDS2N2P==DS2N2P
RETURN
END
OOUBLE PRECISION FUNCTION DSZNIP(K)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR SE2N+1°'(2,Q).
DOUBLE PRECISION AB(25)+BSJUV1+BSJV2+BSYV2,DBSJV],DBSIV2,
% DBSYV2,V1,Vv2
COMMON/LCCAL/DUMMY1(4)yV1,V2,A8B
COHHONIRAD!ALIBSJVI(ZSI'BSJV2(25)vBSYV2(25)oDBSJV1(25)o
% DBSJV2(25),D85YV2(25)
OS2N1P=AB(K)B(-DBSJUVI(K)ISBSIV2(K+l)aY]e
% 8SJVIIKI®D3SJVZIKel)BV2e
= DBSJVI(K+1)tBSJVZ(K)*Vl-BSJVl(K*l)°DBSJV2(KD¢V2l
TF(MOD(K92)eEQe”)IDS2N1P==DS2N1P
RETURN
END
DOUBLE PRECISION FUNCTION DS2N2N(K)
PURPOSE: TO CALCULATE K TH TERM [N SUM OF SERIES
FOR SE2N+2°(2,-Q).
DOU3LE PRECISION AB(25)yBSIV1+8SIV2y3SKV2,0BSIV1+DBSIV2,
® DBSKV24V1,yv2
COMMON/LOCAL/DUMMY1(4)4V1,V2,A8
COHHONIRAD!AL/BSIVI(ZS!oBSIVZ(ZS)oBSKVZ(ZS’vDBSlVl(ZS)o
b D8SIV2{25),085KV2(25)
DS2ZN2N=ABIK)2(~08SIV1(K)SBSIV2(K+z)aV]l+
= BSIVI(K)ISDISTIV2(K+2)2y2+s
= DdSIVl(K02)¢351V2(K)¢V1-SSIV1(K*Zl*D3SlV2(KI¢V2)
IF(MOD(K92)eEQeD)IDS2N2N==DS2N2N
RETURN
END
DOUBLE PRECISION FUNCTION DS2NIN(K)
PURPOSE: TO CALCULATE X TH TERM IN SUM OF SERTES
FOR SZ2N+1'(2,-Q),
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OOUSLE PRECISION AB(25)vBS!VloBSlVZ'BSKVZoDBS!VloDBSlVZo
- DBSKV2+V1eV2
COHHON/LOCAL/DUHHYI(#’choVZoAB
COHHONIRADIALIBSIVI(25)’BSlv2(2§)vBSKv2(25)vDBSlVllzstv
& 0BSIV2(25),0BSKV2{25)
DSZNIN-AG(K)‘(-DBSlVl(KltBSIVZ(K¢1i¢v1*
% 3SIV1(K)ISDBSIV2IKelIBV2+
% DBSIV11K01)*BSIVZ(K)‘VI-BSIVI(KOIi‘OBS!VZ(K)‘VZ)
lF(HDD(KoZloEQ.O)DSZNINS-DSZNIN

RETURN

END

DOUBLE PRECISION FUNCTION FERADI(QD R¢DERIVPS AR N}
PURPOSE: TO COMPUTE A MODIFIED MATHIEU FUNCTION

(OR DERIVATIVE) OF SECOND KIND CORRESPONDING TO
EVEN MATHIEU FUNCTION ( CE FUNCTIONS)

EXTERNAL FYZN'FVZquFKZN'FKZNlpDFYZNoDFYZNl9DFKZN.DFK2N1
DOUBLE PRECISION ABL25)9QDyPSsPSPIOUTPUTIARI25)4P1
INTEGER RyCASEDERIV

COMMON/NTERM/N]

COHHONILOCALIDUHHY(B’vAB

DATA PI1/3.14159265358979300/

N1l=sN

PSP=PS

DD S I=1.N

AS(I)=AR(])

CONTINUE

CASE=MOD(Rs2)+1

IF(QD.LT0.000) CASE=CASE+2

IF(DERIV.EQ.1) GO TO 50

GO TO(1092093C9»40)sCASE

THE VALUE OF FEY2N(Z.,Q)

CALL SIGMA(FY2N,0UTPUT)

FERAD=PSSOUTPUT/ABI(])

RETURN ’

THE VALUE OF FEY2N+1(Z,Q)

CALL SIGMALFY2N1,0UTPUT)

FERAD=PS®OUTPUT/AB(])

RETURN

THE VALUE OF FEK2N(Z+=-Q)

CALL SIGMA(FK2NOUTPUT)

FERAD*PSP*OUTPUTI(AB(IlQPl)

RETURN :

THE VALUE OF FEXK2N+1(2,-Q)

CALL SIGHA(FKZNI'DUTPUTl
FEQAD'PSPGOUTPUT/(AB(l)*Pl)

RETURN

FOLLOWING ARE DERIVATIVES OF FUNCTIONS

GO0 TO(60s 70980921 CASE

THE VALUE OF FEY2N'(Z,Q)

CALL SIGHA(DFYZN.DUTPUT)

FERADSPS‘OUTPUTIAB(I)



L N al
(B

V' Nal
[ ]

o0

91

RETURN

THE VALUE OF FEY2N+1'(2,Q)

CALL SIGMA(DFY2N1,0UTPUT)

FERAD=PS®QUTPUT/AB(])

RETURN

THE YALUE OF FEK2N'(Z,-Q)

CALL SIGMA(DFK2N,yOUTPUT)

FERAD=PSPOOUTPUT/ (AB(1)®P])

RETURN

THE VALUE OF FEK2N+1°(2,-0Q)

CALL SIGMA(DFK2N1,0UTPUT)
FERAD=PSPR2OUTPUT/(AB(1)8P])

RETURN

END

DOUBLE PRECISION FUNCTION FY2ZN(K)

PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES

FOR FEY2N(Z,Q).

DOUBLE PRECISION AB(ZS)oBSJVl9BSJVZvSSYVZoDBSJvlvDBSJV?v
& DBsSYV2

COMMON/LOCAL/DUMMY1(8),A8
COHHON/RADIALIBSJVI(ZS'oBSJVZ(ZS)vBSYVZ(ZS)oDSSJVI(ZS)v

® DBSJV2(25),0BSYV2(25)

FY2N=AB(K)SBSJVI(KIRBSYV2(K)
IF{MOD(K)»2)eSQ0.0)FY2N=2=FY2N

RETURN

END

DOUBLE PRECISION FUNCTION FY2N1(X)

PURPOSE: TO CALCULATE X TH TERM IN SUM OF SERIES

FEY2N+1(Z,4Q).

DOUBLE PRECISINON AB(ZS)oBSJVlvBSJVZvSSYVZoDBSJVloDBSJVZo
b4 0BSYV2

COMMON/LOCAL/DUMMY1(8),AR
CDMHONIRADIAL/BSJVI(ZSDyBSJVZ(ZS)pBSYVZ(ZS)'DBSJVI(ZSDo
& DBSJV2(25),08S5YV2(25)
FYZNISAB(K’*(BSJVI(K)‘55YV2¢K01)OBSJVI(KOI)ﬁBSYVZ(K)l
IFUMOD(K12)eEQeO)FY2N1==FY2ZN]

RETURN

END

DOUSLE PRECISION FUNCTION FKZN(K)

PURPDSE: TO CALCULATE K TH TERM IN SUM OF SERIES

FOR FEK2N(Z,Q).

DOUBLE PRECISION 45125’yBSlVl-BSIVZpBSKVZoOBSlVlvDBSlV?o
b DBSKV2

COMMON/LOCAL/DUMMY1(B8)yAB
COHHDN/RADIALIBSIV!IZS’vBSIVZ(ZS’oBSKVZ(ZS)vDBSlVI(ZS)o

b D8S1IV2(25),08BSKV2(25)
FK2N=AB(K)BBSTIVI(K)ISBSKV2(K)

RETURN

END

DOUSLE PRECISION FUNCTION FKZN1(K)
PURPOSES TO CALCULATE K TH TERM IN SUM OF SERIES
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FOR FEK2N+1(Z+Q)e
DOUBLE PRECISION AB(ZS!vBSIVIQBSIV2985KV29DBSIV1oDBSlVZo
s pDBSKYV2
COMMON/LOCAL/DUMMY1(8)+A8
COHHON/RAD[ALISS!VI(ZS)oBSlVZ(ZSioBSKVZ(ZS’oDBSIVl(ZS)p

* D8SIV2(25)085KY2(25)
FKZNX!AB(K"(BSlVl(K)'BSKVZ(K#ll-BSIVl(KOI)‘BSKVZCKli
RETURN
END

DOUBLE PRECISION FUNCTION DFY2N(K)
PURPOSE: TO CALCULATE K TH TERM 1IN SUM OF SERIES
FOR FEY2N'(Z4Q).
DOUBLE PRECISION AB(ZS’oBSJVl'BSJVZuBSYVZoDBSJVI1DBSJV2o
% 0B8SYV2eV1¥2
COHHONILDCAL/DUHHYI14)'V1oYZoAB
COHMDN/RAD!AL/BSJVI(ZE'oBSJVZ!ZSioBSYVZIZ5)oDBSJV1(25)'
& DBSJV2125).0BSYV2(25)
DFYZN*AB(K)*!-DBSJVI(Kl‘BSYVZ(K"Vl*BSJVIlK)‘DBSYVZ(K)‘VZ’
lF(HDD(K;Z)oEQoQIDFYZNS-DFYZN
RETURN
END
DOUBLE PRECISION FUNCTION DFY2N1(K)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR FEY2N+1°(Z,Q)o
DOUBLE PRECISION AB(ZS"BSJVlvBSJVZtSSYVZvDBSJVlpDBSJVZo
% DBSYV2V1eV2
COH*ON/LOCAL/DUHHY[("vVloVZOAB
CDHHON/RAD!AL/BSJVI(ZS)1BSJV2(25)nBSYVZ(ZS)oDBSJVl(ZS)o
L 0BSJV2(25),0BSYV2(25])
DFYZNISAB(K)’(-DBSJVI(K,*BSYVZ(K*l)‘Vl*
% BSJVI(K)‘DBSYVZ(K*I"VZ-
% DBSJVI(K’I"BSYVZ(K)*VI*BSJVI(K*l’#DBSYVZ(K)#VZ)
lF(HOD(KpZ).EQ.?)DFYZNl'-DFYZNl
RETURN
END
DOUBLE PRECISION FUNCTION DFK2N(K)
PURPDSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR FEK2N*(Z24Q)e
pouaLE PRECISION AB(ZS)9BSIVIvBSIVZvBSKVZoDBSlVl9DBSIV20
% DBSKV2sV19V2
CONHONILOCALIDUHHYI(QIOVIOVZvAB
CONMON/RADIALIBS!VI(ZS'vBSlV2(25'pBSKV2(25)cOBSlVl(ZS):
& D%SIVZ(ZS)QDBSKVZCZS'
DFKZN!AB(K"(-DBSIVIIK)$BSKVZ(Ki¢VIOBSIV1(K)#DBSKVZ(K)*VZ)
RETURN
END
nouUBLE PRECISION FUNCTION DFK2N1(K)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERTES
FOR FEK2N+1°1Z,-Q).
DOUBLE PRECISION AB(ZS’oBSIVl'BSlVZpSSKVZpDBSIV1'DBSIVZo
B D8SKV2V1eV2

Cr- 2



(o N ol g

-

(W)

93
CDHHON/LOCAL/DUHHYI(#!pVIvVZpAB
COHHON/RADIALIBS!VI(ZS)oBSlVZ(ZS!oBSKV2C25’oDBSIV1(25’v
s DBSIV2(25),08S5KV2(25)
DFKZNIOAB(Ki‘(-DSSlVlIK)‘BSKVZ(K#l)‘Vl*
L BSIVI(K)I®DBSKV2({Kel)oy2e
% DBSIVl(K#l)OBSKVZ(K!3V1-BSIV1(K*I)‘DBSKVZ(K)‘VZ)
RETURN

END

DOUBLE PRECISION FUNCTION GERADIQDRIDERIVoPS,ARyN)
PURPOSE: TO COMPUTE A MODIFIED MATHIEU FUNCTION

(OR DERIVATIVE) OF SECOND KIND CORRESPONDING TO
00D MATHIEU FUNCTION ( CE FUNCTIONS)

EXTERNAL GYZNZvGYZNloGKZN29GK2N1oDGYZNZvDGYZNloDGK2N2'DGK2N1
DOUBLE PRECISION AB(ZS!9°DoPS:PSPvDUTPUT9AR(ZS)oPl
INTEGER RyCASE,DER]IYV

COMMON/NTERM/ N1

COMMON/LOCAL/DUMMY(8),A8

DATA P1/34141592653589793D0/

Nl=N

PSP=pS

DO 5 I=1,N

ABLIV=AR(])

CONTINUE

CASE=MOD(Rs2)¢1

IF(QD.LT.C.0D0) CASE=CASE+?2

IFIDERIV.EQ.1) GO TO 50

GO TO(10+20+30440),CASE

THE VALUE OF GEY2N+2(Z,Q)

CALL SIGMA(GY2N2,0UTPUT)

GERAD=-PS30UTPUT/AB(])

RETURN

THE VALUE OF GEY2N+1(2,Q)

CALL SIGMAIGY2N1,0UTPUT)

GERAD=PS®*OUTPUT/AB(1)

RETURN

THE VALUE OF GEK2N+2(2,-Q)

CALL SIGMAIGK2N2,0UTPUT)
GERAD=PSPSDUTPUT/(AB(1)eP])

RETURN

THE VALUE OF GEK2N+1(2,-Q)

CALL SIGMA(GK2N1,0UTPUT)
GERAD!PSP#DUTPUTI(AB(I)¢Pl)

RETURN

FOLLOWING ARE DERIVATIVES OF FUNCTIONS

GO TO(6C»72+809971,CASE

THE VALUE OF GEY2N+2'(2,Q)

CALL SIGMA(DGY2N2,0UTPUT)

GERAD==-PS20UTPUT/AR(])

RETURN

THE VALUE OF GEY2N+1°'(2,Q)

CALL SIGMAIDGY2N1,0UTPUT)
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GERAD'PS*OUTPUTIAB(I)
RETURN
THE VALUE OF GEK2N+2°(Z,=-Q)
CALL SlGHA(DGKZNZoDUTPUT!
GERADSPSPOOUTPUTI(AB(ll*Pll
RETURN
THE VALUE OF GEK2N+1'(Z,-Q)
CALL SIGHA(DGKZvaOUTPUT)
GERADSPSP‘OUTPUTI(AB(I“P!)
RETURN
END
pOUBLE PRECISION FUNCTION GY2N2(K)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR GEY2Ne2(Z,Q)e
DOUBLE PRECISION AB(ZS)oBSJVI'BSJV2'BSYVZoDBSJVlvDBSJVZo
s oBsSYV2
COHMON/LOCALIDUHMYIIB‘oAB
COHHON/RADIALIBSJVI(ZS!oBSJVZ(ZS).BSYVZ(ZSl'OBSJVI(ZS’v
& DSSJVZ!ZS’-DBSYVZ(ZS)
GYZNZ*AB(K)*(BSJVI(K)‘BSYVZ(KOZD-BSJVI(KOZ)‘BSYVZ(K))
IF(HOD(KoZ)-EQ-OIGYZNZt-GYZNZ
RETURN
END
DOU3LE PRECISION FUNCTION GYZN1(K)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR GEY2N+1(1+Q)e
pOUBLE PRECISION AB(ZS)vBSJVloBSJVZvBSYVZoDBSJVIoDBSJV2|
= 0asyva
COHHONILOCALIDUHHYll8)'AB
COHHON/RADIALIBSJVI(ZS)vBSJVZ(ZS)oesYVZCZS)cDBSJVl(ZS);
= DBSJVZ(ZS’vDBSYVZ(ZSi
GYZN[!AB(K!#(BSJVI(K$‘BSYV2(K01!-BSJVI!KOI’*BSYVZ(K’D
IF(HOD!KnZ)oEQ.O)GYZNlt-GYZNl
RETURN
END
pDOUBLE PRECISION FUNCTION GK2N2(K)
PURPOSE: TD CALCULATE K TH TERM IN SUM OF SERIES
FOR GEK2N+2(Z+Q).
DOUBLE PRECISION AB(ZS"BSIVIoBSlVZoBSKVZvDBSlVlvDBSlVZo
» oBSKV2
COHHONILOCAL/DUHHYI!B)vAB
COHMON/RADIAL/&S[VI(ZSIoBSlVZ(ZS)oBSKVZlZS)oDBSlVI(ZS)'
= DSSIVZ(ZS);DBSKVZ(ZSD
GKZNZ*AB(K)*(BSIVI(K)*SSKVZ(K#Z|-BSIV1(K02!¢BSKV2(K!’
RETURN
END
pOuUBLE PRECISION FUNCTION GK2N1(K)
pURPOSE: TO CALCULATE X TH TERM IN SUM OF SERIES
FOR GEK2N+1{Zy-Q)e
nouBLE PRECISION A6(25loBSlVIpBSIVZoSSKVZvDBSIVloDBSlVZo
& DBSKV2
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COMMON/LOCAL/DUMMY1(8),4A8
COMMON/RADIAL/8SIVI(25)+8S1V2(25)9BSKV2(25)4DBSIV1(25),

L DBSIV2(25)+D8SKV2(25)
GK2N1=AB(K)IS(BSIV1(K)®BSKV2(K+1)+BSIVI(K+1)ISBSKV2(K))
RETURN
END

DOUBLE PRECISION FUNCTION DGY2N2(K)
PURPOSE:s TO CALCULATE K TH TERM IN SUM OF SERIES
FOR GEY2N+2°(2,Q).
DOUBLE PRECISION AB(25)9BSJV1,BSJIV2+BSYV29DBSJIVIDBSIV2,
& DBSYV2yV1yVv2
COMMON/LOCAL/DUMMY1(4)yV14V2,A8
COMMON/RADIAL/BSJIVI(25)¢BSIV2(25),BSYV2(25),D8SJV1IL25),
% 08S5JV2(25),DBSYV2(25)
OGY2N2=AB(K)S(~DBSJVIIK)ISBSYV2(Ke2)8V] e
= BSUVII(K)ISDBSYV2(K+2)%V2+
& DBSJVI(K+2)8BSYV2(K)BV1=-3SJVIIKe2)2DASYVI(KISY2)
IF(MODIK92)eEQeCIDGY2N2==DGY2N2
RETURN
END
DJU3LE PRECISION FUNCTION DGY2N1(K)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR GEY2N+1°'(2,Q),
DOUBLE PRECISION AB(25)+85JV]19BSJUV2,35YV2,DBSJV]1,DBSIV2,
i DBSYV2,.V1sV2
COMMON/LOCAL/DUMMY1(4)yV1,yV2,AB
COMMON/RADIAL/BSJV1I(25)4BSIV2(25),35YV2(25),D35JV1(25),
¥ D3SJV2(25),D85YV2(25)
DGYZN1=A3(K)I*(-DBSJUVI(KISBSYV2(K+1)aV]+
® BSJIVI(KISDBSYV2(Kel)3V2e
= OBSJVI(K+1)83SYV2{KIZVI-BSUVI(K+1)B3DBSYV2(K)IBY2)
TFIMOO(K)2).EQeO)DGY2NL1==DGY2N1
RETURN
END
DOUBLE PRZCISION FUNCTION DGK2N2(K)
PURPOSE: TO CALCULATE K TH TERM [N SUM OF SERIES
FOR GEK2N+2°(1,-Q).
DOUBLE PRECISION AB(25)9BSIV193SIV2y8SKV2,08SIV1,0BSIV2,
® JBSKVY29V1yV2
COMMON/LOCAL/DUMMY1(4)9V1,V2,AB
COMHON/RADIAL/BSIVI(25)+BSIV2(25)985SKV2(25),08S5IV1(25),
= D3S1Iva2(25),DBSKV2(25)
DGKIN2=AB(K)S(=-D3SIVI(K)®BSKV2(K+2)%V]
» SSIVI(KISDBSKV2(K+2)2YV 2+
» DBSIVI(K¢2)SBSKV2(K)ISV1=-BSIVI(K+2)2DBSKV2(KISY])
RETURN
END
DOUBLE PRECISION FUNCTION DGK2N1(K)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
FOR GEK2N+1°'(Z,4-Q).
OOUBLE PRECISION AB(25)9BSIV1¢3SIV2¢BSKY2,0BSIV1e0DBSIV2,
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DBSKV2sV1eV2
COMMON/LOCAL/DUMMY1(4),V]1sV2+AB
COHHONIRADIAL/BSIVI(25'.85!V2(25)98$KV2(251oDBSlVl(ZSio

DBSIV2(25)DBSKV2(25)
DGKZNI!AB(K"(-OBSIVI(K)‘SSKVZ(KOI)'Vl*
BSIV1(K)SDBSKV2(Kel)aV2~
DBS!VI(K0l)#BSKVZ(K!‘VI’BSIVI(K*I)‘DBSKVZ(K}'VZ)
RETURN
END
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ANISOTROPIC ELLIPTIC OPTICAL FIBERS

Soon A. Xang, Ph. D.
Department of Electrical Engineering
and Computer Science
University of Illinois at Chicage
Chicago, Illinois (1991)

The exact characteristic equation for an anisotropic elliptic optical
fiber is obtained for odd and even hybrid modes in terms of infinite
determinants utilizing Mathieu and modified Mathieu functions. A simplified
characteristic equation is obtained by applying the veakly guiding
approximation such that the difference in the refractive indices of the core
and the cladding is small.

The simplified characteristic equation is used to compute the normalized
guide vavelength for an elliptical fiber. When the anisotropic parameter is
equal to unity, the results are compared vith the previous research and they
are in close agreement.

For a fixed value of normalized cross-section area or major axis, the
normalized quide vavelength NXo for an anisotropic elliptic fiber is small
for larger the value of anisotropy. This condition indicates that more energy
is carried inside of the fiber. Hovever, the geometry and anisotropy of the

fiber have a smaller effect wvhen the normalized cross-section area is very

small or very large.



