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SUNMAR¥

The instability of the fabrication process of optical fibers introduces

both elllpticles and stress anisotropy. These perturbations are the causes

for blrefringence in singletode optical fibers vhich have been researched

extensively. In this research, the aode propagations in optical fibers vith

anisotropic elliptical core have been investigated.

The exact characteristic equation for anisot_opic elliptical optical

fibers can be obtained for odd and even hybrid modes in terms of infinite

determinants utilizing Mathleu and aodified Mathieu functions. The exact

characteristic equation is applicable to elliptical fibers that have any

ellipticity. A simpli£ied characteristic equation can then be obtained by

applying the veakly guiding approxiution such that the difference in the

refractive indices of the core and the cladding is small. It has been shoYn

that significant simplification can be achieved under this approximation.

The simpli£ied characteristic equation is used to compute the

propagation constants for the anisotropic elliptical fiber. The expression

for the pover carried by the fiber is also obtained and numerical results are

presented. These results may be used to approximate a number of different

shapes of fibers.
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1. INTRODUCTION

The circular optical fiber is one of the Rost studied Redia for long

distance conunicatlon, in optical fiber consists of a core of a dielectric

material in vhich the refractive index is higher than the refractive index of

the cladding. However, a cladded fiber is often times modeled as a dielectric

rod vhen the cladding radius is large enough such that the guided Rode fields

viii decay to insignificant values at the outer boundary of cladding. The

theory of optical fibers of this type is yell understood and has been

described in detail in the previously published research[l,2l.

In an effort to obtain a low-loss fiber, Monerie[3] carried out an

experiaental study of doubly clad fibers in which the refractive index of

inner cladding vas less than that of core and outer cladding. This study

shovs that the optimum doping levels in the core of doubly clad fibers are

less than those required by dispersion-free singly clad fibers. This leads to

a smaller propagation loss, since the scattering losses decreased with a

decreasing dopant concentration in fibers.

It is interesting to note, hoverer, that the instability in the

fabrication process may introduce elllptlcttles in the optical fibers. This

lack of circular symnetry is one of the causes for birefringence in single-

mode optical fibers; such a blrefringent fiber is also called a single-

polarization single-Rode fiber[4]. These birefringent fibers are important

for systems utilizing such fibers as fiber optic sensors and for predicting

the transmission bandvidth reduction caused by group-delay differences betveen

orthogonally polarized modes.

The blrefringence due to ellipticity has been studied

experimentally[5,6] and the Reasured data have been compared with those

1



equation for an unlaxlally anlsotroplc circular rod for hybrid modes of

excitation, analytic solutions for the circular fiber vhen both core and

cladding consist of uniaxlal material vas presented by Tonnlng[321. This

study indicates that the cut-off frequency for the lovest-order mo_e is not

affected by the cladding anisotropy.

When the circular cross-section of the fiber is deformed into a

noncircularly symmetric profiler a single mode in a circular fiber say split

into tvo modes vith different polarizations and propagation velocities[33].

This has been experimentally verified by employing the near-field method[34]

and the spectral polarization method[35]. Cozen and Dyott[36] obtained the

cut-off frequency of the first hiqher order mode in an elliptical fiber from

an approximate characteristic equation. Hovever_ the llnitatlon of their

results is described by Citerne[3?] and aenqara_an[3e]. The cut-off

characteristic has also been obtained by solving the exact characteristic

equation in terms of Mathleu functions and modified Mathleu functions[38t39]

and by applying the node-matching method[27] or the critical vavelength shift

foreular eethod[40]. Hoverer, there exists a disagreement in the

interpretation of their resultst especially in the region vhere the ratio

betveen minor axis and major axis is small; Saad[41] presented possible

reasons for these differences.

For most of the practical fibers used as optical communication lines,

the simplification of the characteristic equation is possible by applying the

veakly guiding approximation such that the difference in the refractive

Indices of the core and the cladding is small[26o33_42_43]. It is shown that

the error introduced by this simplification is less than 10t even vhen the

difference in the refractive indices is equal to tvo. The perturbation method
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can also be applied to study the polarization effects in nulti-noded fibers

vhen the fiber is veakly guiding and/or veakly anisotropic[44]. It is also

possible for nulti-node fibers to sinplify the characteristic equation by

applying a perturbation nethod based on the far-fron-cut-off approxlLation as

shovn by Paul and Shevgaonkar[45] in a study of circular fiber vith unlaxlal

antsotropy. This approximation is useful for the Lultltode propagation in

optical vaveguides since the lover order modes that carry Lost of the pover

could be considered in the far-from-cut-off region.

For the 1ore general case of btaxial anlsotroplc vavegulde, an analytic

solution of the field equations is not possible even for vaveguldes vlth

simple geoset:les. Hoverer, the fields and propagation constants can be

obtained by applying the nuLerlcal techniques discussed above. The

propagation constants can also be conputed by using a coupled mode theory.

This coupled mode approch has been applied for the study of Lode propagation

in rectangular guides[46] and cylindrical fibers(47].

as it has been shorn through the previous discussions the instability of

the fabrication process of optical fibers introduces both ellipticities and

stress anlsotropy, llso_ the results obtained for an elliptical optical fiber

nay be used to approxiLate a nuaber of different shapes of fibers. It can

take the shape of a circular fiber or that of a flat tape fiber depending upon

the eccentricity of the elliptical fiber. Henceo it is proposed to

investigate the Lode propagation in elliptical optical fibers containing

unlaxlal anisotropic Ledia. In this stud7_ the fiber rill be Lodeled as a

dielectric elliptical rod_ since the departure of the cladding's cross-section

f_os circular fora can be ignored in the case of large diaension of cladding

radius. The exact characteristic equation for the anisotropic elliptical
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fiber having any elliptlclty vlll be obtained using the aeries of Mathleu and

modified Mathieu functions. A sieplified characteristic equation vill then be

obtained by applying the veakly guiding approximation and the coaputed results

vii1 be presented.



2. WAVE F_U&TION IN BLLEIPTICAL COORDINITES

In solving Maxwell's equationst the wave equation in the vaveguide can

be expressed In the orthogonal curvlllnear coordinates ( _°1# _2, z) as

11/112)1 _2Ez/D_121 + 11/1221( _2Ez/_221

{2.1)

{2.2)

and

{2.3)

÷ |l/ilJZ2}{ {a(£2/£1i/_)_j.i(,)Ezlb_'1} ÷ (a(R11£2}/8_2)(,_Ezl_'2)}

+ k12 I_z • 0

R1 = £2 " q [( cosh 21 - cos 2_ )/2] I.

By substituting Eqs.(2.2) and (2.3) into Eq.(2.1)e the following equation is

obtained

(2.4) ;)2Ez/_t2 ÷ a2Ez/_2 + 2k2( cosh 2[ - cos 27 )Ez = 0

with 2k = klq. Then Eq.(2.4) is the two-dimentional wave equation in

elliptical coordinates.

If we let the solution of Eq.(2.4) be Ez(_,_ ) • _( t)_(_ ), Eq.(2.4)

beco,es

(2.5) _d2_/d[ 2 ÷ _d2_/d_ 2 + 2k2( cosh 2_ - cos 2_)_= 0

Dividing Eq.(2.5) by_ yields

(2.6) (1/_ d2W/d_ 2 + 2k2cosh 2_) + (1/q d2_/d? 2 - 2k 2 cos 2_) • 0.

Since the equations in the parenthis are independent to each other, we obtain

(2.7)

and

d2_/d_ 2 ÷ ( a - 2k2cos 2_)_= 0

where k1 is a constant and _1 and R2 are aultlplying £actors depending upon

the particular coordlnates[48]. _Yaz Is replaced by -IS. an identical

equation can be obtained for Hz.

For the elliptical coordinates shown in Figure 1,



Y

= constant

X

Figure 1. Elliptical coordinate system



(2.8) d2q_/dt 2 - ( a - 2k2cosh 21[)_= 0

vheze a Is the separation constant.

(2.9) Bz =

for k 2 > 0

Then the solutions for |q.(2.4) are

f Cen(_ k2)cea(_e k 2) (even) JSe_(_, k2)sem(_, k2) (odd)

(2.10)

foz k2 < O.

3z = f Fekn([, k2)ces(_ k2)(even) tGekn(_., k2)sen(_, k2} (odd)

Slallary, the solutions for Hz can be obtained using the aethod discussed

above.



3. CMkRACTERISTICEQUATION

The geometry shown in Figure 1 consists of an unlaxlaly anisotropic

elliptical rod with a pernittivity tensor

(3.1) E1 = t1°iI0 £1

0 0 gel

vhich is embedded in a lossless dielectric medium of permittivity _o. The

anisotropic parameter g indicates the effect of anisotroptc dielectric.

anlsotzoplc parameter is unity for isotropic case.

The

It has been shown that in order to satisfy the boundary conditions

completely both longitudinal electric and magnetic fields must be present,

thus only hybrid type modes exist in elliptical fibers[2]. Furthermore, due

to the asymmetry of the elliptical cylinder, tvo types of nodes exist and they

are designated as an even type nodes and an odd type Lodes.

3.1 _VEN MODES

kssuninq the t-z dependence of ei(vt-BZ)for all field cospornents, vhere

is the propagation constant and v Is the angular frequency, the axial

components of the field for even modes are

Ezl =._, &lmSen ( _, _le2)Sem( _ , Yle 2 )

(3.2)

Hzl =m_.oBlmCem( _, _lh2)cem( _, _lh 2)

for 0 _ t S G0

Ez2 =_.,K2mGekm ( _, Y22)sem( _, _22)
(3.3)

HZ2 =_,B2mFekm(_, _22)cem(_, _22)

10



vhere ;in and BIn, i • 1,2 are arbitrary constants, and

_le 2 • q2/4(v2pgG 1 - qB2)

(3.4) Ylh2 . q2/4(v2pQ 1 _ p2)

y22 • q2/4(v2pe o - 62)

q is the seaifocal length of the ellipse and p is the perneablllty.

The transverse field conponents are

for 0 s [ s _o

(3.5) g|l • -l/(v2pC" 1 - 02)L

[ B m_.AlnSen'([, Yle2)Sen(?, _le 2)

÷ vPw,t_oBlnCen( [, 11h2)cen'( ?, Ylh2)]

(3.6) B_l - -i/(v2pe I - _2)L

[ 8_&lnSem(t, Yle2)Ses'(?, _le 2)

- vPm_oBlmCem.(_, _lh2)cem(_, _1h2)]

(3.7) Hi1 = -i/(v2p( 1 - B2)L

[ -v/l_iAlnSen([, Yle2)Sen'(_, _le 2)

+ _.._.BlnCem'([, _lh2)cen(_, _1h2)]

H_I • -l/(w2p( 1 - B2)L

[ WEl._..llxSen'([, _le2)Sen(_, _le 2)

+ 0 _ BlnCen([ _lh2)cen'(_ _1h2)]
meo ' I

(3.8)

(3.10)

11



12

(3.11)

(3.12)

vhere

H_2 - -l/(v2pEo - _2)L
m

| -VeoEjA2nGekn(: l, ;22)sen'(_, T22)
m

÷ B_ B2nFeka'(_, _221cen(_, Y2211

H92 - -l/(v2peo - B2IL

( V(o_,,12nOekn'( [ , Y22)sen( _, _22)

+ BN,,_DB2aFekn( [' _22)cen'( _' _22)]

L - q[( cosh2_ - cos2_ )/2] I

and the derivative vlth respect to _ or _ is denoted by the p_lne.

The boundary conditions require that the tangential | and H fields be

continuous at the dielectric discontinuities. Bquatlng the tangential fields

at the boundary surface, [ • _o, gives

(3.13) _ &lnSen(_o)Sen(_) " _ A2nGekn(_o)Sent(7)
_rj m_

(3.14) _oelnCen([o)Cen(p) • ,_e2mFek,([o)Cent(_)

(3.15) 1/(v2pe I - e2) [ e_,_lmSem([o)sen'(_)

- vP_BlmCen'( Eo)Cem( ? )]

• 1/(v2pe ° _ _2) [ _m._A2nGekm( _o)sent, (?)

- vp _B2nFekm'( [o)Cemt(_)]

(3.16) 1/(v2pe 1 _ j2) ( v(l_.AlmSen, ( to)Sen (_)
N

÷ e .E.oBlnCen( _,o)Cem' ( ? ) ]

• 1/(v2pGo - 62) [ Veo_&2nGekn'( _o)seat(_ )

÷ B_B2mFekn( [o)cent'( ? ))

vhere the follovlng abbreviations have been used,

(3.17)

(3.18)

(3.19)

Sea([o) " Sem( _-o, _ie 2)

sea(_} • sen(_, Yle 2)

Cen([o) • Cen( _o, Yih 2)

(3.20) cen(_) - cen(_, Xlh 2)
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(3.21)

(3.22)

(3.23)

(3.24)

Oeka([o) " Geka( _o, _22)

Seat(_) - Sen(_, _22)

Feka(_o) " reka( [o, _22)

Cent(_) - Cea(_, Y22) .

Hultlplylng both sides of Eqs. (3.13) and (3.16) by Sen(_) and Eqs. (3.14)

and (3.15) by Cen(_), integrating vith respect to _ leon 0 to 21, and

applying the orthogonallty relations of the anqulaz Hathleu functions
ZL

(3.251 _Ceace n d_ - 0 if a _ n
@

leads to

(3.26)

(3.27)

(3.28)

llnSen " A2aOekaB,,n

BlnCe n _'• m,_ B2s Fekmassn

e3. _ AlmSes_n, s - vpBlnCe n' -

eYlh2/122 3-: A2mOek" Pn,.- VPilh2/122Z: B2mFekm'an,n

(3.29) v(iAlnSen + 0m..)' BlnCea_n,n "

, Ylh2/ 22 + ,Ylh2/Y22 : ByaFeka+n,,

The prime over the summation sign is used to Indicate that either odd or even

values of a are used accordingly as to vhether n is odd o_ even.

am0n, )m,n, )m,n and Pm,n aze given by the follovlng

_e t t_(3.30) am,n " a ()) Cen(_) d9 / _ Cen2()) d)

(3.31) em, n " _'_eat()) Sen()) d9 /_Z_en2()) el

(3.32) )m,n m_L_en '(_) Sen(_) d_ /J_en2(_) d_

tt
(3.33) Os,n * .J_Sea'(_) Cen(_) d_ /_ Cen2(_) d_.

Haking use of Eqs. (3.26) and (3.27), Eqs. (3.28) and (3.29) yields tvo

sets of infinite homogeneous equations

(3.34)
_' + _._ -0..., A2nSs,n B2ntmen

12mqm,n + ..,o_'B2mhm, n 0



vhere

(3.35)

(3.36)

(3.37)

(3.38)

For a nontrlvlal solution, the ln£tnlte determinant of Bq.(3.34) must vanish.

The pcopagatlon constant B can then be deternlned £ron the roots of this

infinite deternlnant.

The Infinite deteznlnant for odd values of n and n ts

9s,n " -(1 - TZh2/X22)OSka ( [o)_ Bm,r Pr,n

hs, n " vPaa, n/B [ Feka( _-o)Cea '( [o)/Cen([o) " Peks'(_o)Xlh2/_22)

Smen " vCm,n/¢ [ ¢lGekm ( £o)$em '( [o)/$en([o)

- CoGeks, ( {o)Ylh2/_22]

tn_ n - (1 - Ylh2/Y22)Pekm(_o) _'reO _ler _rtn

; I : ; - "

," ; _ _ - -

• 0

• 0

14

ill tll s31 t31 - -

gll hll g31 h31 - -

(3.39) s13 t13 s33 t33 - -

g13 h13 g33 h33 - -

! _ _ - -

and £o_ even values of • and n is

h00 g20 h20 q40 - -

tO2 s22 t22 s42 - -

(3.40) h02 g22 h22 942 - -

tO4 s24 t24 m44 - -



3.2

The axial components of the field for odd e_es are

Ezl =m_AlaCea( _, Yle2)Cea( T, _le 2)
(3.41)

Hzl =m_.Bln$ea( _, Ylh2)sen(_ , _lh 2)

for 0 s _ s _o

|z2 "._.12nFekn( [, _22)cen ( _, _22)
(3.42)

Hz2 "_i. B2nGekn([, _22)sea(_, _22)

for ios _ < .

vhere kin and Bin, I • 1,2 are arbitrary constants, and ;le 2, _lh 2, and _22

are given in Bq.(3.4).

The transvezse field conponents are

fox 0 s _ s _o

(3.43) g|l = "I/(v2p(1 " B2)L

[ 8m_'AlnCejn'( [, l'le2)Ce.,( '7, 1'1e 2)

IM

÷ vp_,,ez,.Se,.( f., ",'lh2)sen'( _ , Ylh2)]

(3.44) i_1 = -l/(¥2pe 1 - B2)[,

( O ._._AlnCex( [, Xle2)Cen ' ( _, Yle 2)

- vPZ.BlnSea'(_e _'lh2)sen(_, Ylh2)]

(3.45) HLt • -1/(¥2p(_1 - 02)L

( -rE 1 ,_.BJLlnCen( I[, "rle2)Cen ' ( ?, _le 2)

+ B_BlaSea'( [, l'lh2)sen(_, _'lh2)]

(3.46) H_I • -l/(v2p( 1 - B2)L

( Vel_:,_l,,Cen'( E, 11e2)Cea( '_, 'rle 2)

+ e '_ BlnSen(_ _lh2)sen'(_ "rlh2)]
mel ' de

15



for (o s ( < -

13.47) gf.2 " "l/(v2p(o - B2)L

( Bm_.+&2mPekn'(_, T22)cen(_, Y22)

+ vp_B2nOeka(_, T22)sen'(_, Y22)]

(3.48)

(3.49)

E_2 • -l/(v2p_ o - O2)L

( em_o&2nYekn( _, T22)ce n

- vp_B2aGekn, ( _ ,

HI2 - -i/(v2M( o - 02)L

(3.50)

'( _, V22)

Y22)sen(_, X22)]

( -V(o_,_&2nFekn( (, Y22)cen ' ( _, lr22)

* 13_ B2nGek n' ( ( Y22)sea ( ? lr22 ) ]ma_ I •

H_2 • -l/(v2p( o - B2)L

! veo_oJk2ureka,( _, Y22)ceu(_, ;22)

+ B _ B2nGekn(_., Y22)sem ,(_, Y2211
meg

16

(3.51)

(3.521

(3.53)

The derivative vith respect to _ or _ is denoted by the prlne.

Equating the tangential fields at the boundary surface,

_,o'lnCea( to)Cen( Q ) • _°J_2nFekn( _,o)cen'( _ )

_..BlnSea( to)Sen( _v) ._, S2nGekn( (o)Sea' ( ? )

1/(v2_e I - 02) ( B_= AlaCes( (o)cen_( J?)

(3.54)

" Eo, gives

- vP_BlnSen'( Eo)Sen( _ )1

- 1/(v2pC o - 021 ( 0_o12aFeka([o)Cent'(_)

- vP_B2nGekn'( [o)sent( _ )1

1/(v2p£ 1 - 02 ) i vel_,_znCen'(go)Cen(_)

+ em_,elnSen( [o)sen'(_))

N
- 1/(v2p_ o - 02) ( v¢on_ol2aFeka'( _o)Ceat( _ )

+ e_,,B2aGekn( _o)Seat'( _ ))
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The abbreviations

(3.55) Cen(_-o) " Can( _o, Vle 2)

(3.56) Cen( *Z) • can( '7, Vle 2)

(3.57) Sen(to) " Sen( _o, 1.1h2)

(3.58) sen(_) • sen(_, 11h 2)

(3.55) rekn(_o) " Path( [o, 1.22 )

(3.60) cent(r/) . can( ?, 1.22 )

(3.61) Oekn(f_o) " Oekn( go, 1'22)

(3.62) sent(_) - Sen(_, 1.22 )

have been used.

Hultiplylng both sides of Zqs. (3.51) and (3.54) by Cen(_) and Zqs.

(3.52) and (3.53) by Sen(_), integrating vlth respect to _ from 0 to 2x, and

applying the orthogonality relations of the angulaz Hathleu functions leads to

(3.63)

(3.64)

(3.65)

alnCen " 2; 12nFeknBn,n

SlnSe n _'• ,_, B2lGekn_n,n

AlnCen n,,- v slnsen' •

BYlh2/Y22.,_c_ &2mFekn Yn,m -

v(1AlnCen + 8_ BlnSen_n, n -(3.G6)

vP1.1h2/1.22_ B2nGekn'an, n

00!
V(o_'lh21_'22_! o J_2nFekn'Sn, n ÷ BYlh2/Y22 _, B2nGekn_n, n

The prlne over the sunnation sign Is used to indicate that either odd or even

values of n are used accordingly as to vhether n Is odd oz even.

an,n, 8n,n, _n,n and _n,n are given by the follovlng

(3.67) an, n • _5_ent(_)Sen(_) d_ /_en2(T) d_

(3.68) en,n " _a'mcent(_)Cen(_) d9 /_'_Cen2(t) d_

(3.69) _m,n •J_em'(_)cen(_) d't /_Cen2(_) d_
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Kaklnq use of gqs. (3.63) and (3.G4), 2qs. (3.G5) and (3.6G) yields tvo

sets of infinite honogeneous equations

(3.71)

vhere

(3.72)

(3.73)

mP_' 12sSn,n + _' B2ntn, n - 0

(3.74)

(3.75)

hn,n = vP_n,n/B ( Oekn( [o)Sea '( _o)/Ben ([o)

- Geks,((o) Vlh2/¥22]

Sate • vBn, n/B ( EiFekn( (o)Cen'( _o)/Cen((o)

- (oFekn,((o) YIh2/Y22]

tn, n = (1 - _lh2/V22)Oeka(go) _' °s,r_r,n

For a nontrivial solution, the infinite determinant of Bq. (3.71) eust

vanish. The propagation constant 8 can then be deteralned from the roots of

this infinite determinant.

The infinite detexlnant £or odd values o£ a and n is

(3.76)

sll tll s31 t31 - -

911 hl1 g31 h31 - -

s13 t13 s33 t33 - -

q13 h13 q33 h33 - -

Z Z _ ! - -

: : : : - -

• 0



and for even values of • 8nd n is

s00 s20 t20 s40 - -

s02 s22 t22 s42 - -

(3.77) q02 q22 h22 g42 - -

sO4 s24 t24 s44 - -

I I Z ! - -

I ! : Z - -

0
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4. WEAKLY GUIDI_O JLPPROXIHkTION

The exact characteristic equations obtained in Chapter 3 are valid for

an anisotropic elliptical fiber with any eccentricities. These equations are

also applicable to the fiber with any refractive index differences between the

core and cladding material. However, for most of practical fibers, the

difference In the refractive indices of the core and the cladding is typically

very small. The simplified characteristic equations can be obtained under

this condition which is known as the weakly guiding approximation.

Applying the weakly guiding approximation results in the following

(4.1)

(4.2)

_22 - Tlh 2 ÷ _v2p¢ 1 (1 - £o/¢ 1) • _lh 2

1 - _1h2/_22 • O.

4 • 1 FcV.S.UJ___

• pplylng Xqs.(4.1) and (4.2) into Eqs.(3.20) and (3.30) yields the

equa t l on•

(4.3)

(4.4)

Cen( _, 122 ) s Cen( _, _lh 2)

en, n • o.j_ea( _ , _lh2)cen( _, _lh2)d_/._'em2( _, _lh2)d_

= /_m,n

(4.5)

or

(4.6) 9n,mtm,m - ha,mane a

for • = O, 1, 2, - - - •

( g•,• ta, a - ha, a an, •) - 0

-0

20

where _,n is the Kronecker delta which is zero when n _ n and is unity when

m = h.

Substituting Equations (4.1) - (4.4) ine:o Equations (3.35_ - (3.38_, the

Infinite deternlnants for even nodes becone



21

By substituting Zquations (3.35) - (3.38) into Zq.(4.5)e the £ollovinq

equation is obtained

-(l -  1h2.22)( 11 o-
(4.?) = (Cem'([oJ/Cea(_o) - (_lh21_22)Fekn'([o}lFeka(_.,o))

((el/eo)Sea'(Ko)/Sea(_) -(Ylh2/Y22)Geka'([o)/Geka(_o)].

This is the simplified characteristic equation for even nodes compared to the

infinite deterninants as given in Zqs:(3.39} and (3.40). When the elliptical

rod degenerates to a circular rod, the simplified characteristic equation

becoaes that of the anlsotropic circular fiber.

4.20pD MODES

Applying Eqs.(4.1) and (4.2) in Eqs.(3.58) and (3.67) yields the

equations

(4.e)

(4.9)

Sen(_, _22) s Sen(_, ;lh 2)

m 2
an, n s _sen(_ , _lh2)Sen(_, _lh2)d_/f_ se n (_, _lh2)d_

= Am, n

vhere _a,n is the Xronecker delta vhich is zero vhen • # n and is unity vhen

• = n.

Substltutlng Equations (4.1) - (4.2) and (4.8} - (4.9) Into Equations

(3.72) - (3.75}, the infinite deteralnants for odd •odes become

(4.10) _ ( gm,• ti,a - hm,a sa,m) " 0

or

(4.11) gm,mtm,i - ha,aSs, m : 0

for • - 0e la 2,

By substituting Bquations (3.72) - (3.75) Into Eq.(4.11), the folloving

equation is obtained
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-c_- ,lh2/,22_C_1/,o- "lh21'22_C_a,.nVn.,_.i'..n_n.,/.,.,B,.,_
(4.12) = [hm'(to)/Sea(f_o) - (Ylh2/Y22)Oekm'(fo)/Oeka(_o)]

[(el/£o)Cea,((o}/Cea(t o) - (_lh2/V22)hka'((o)/hka(_._)].

This is the slapllfiod characteristic equation for odd modes compared to the

infinite determinants given in Bqs.(3.?6) and (3.77). When the elliptical rod

degenerates to a circular rode the sl_plified characteristic equation becoRes

that of the anisotropic circular fiber.



5. _tn4ERICkL RESULTS FOR PROPAGATION CONSTANTS

5.1 ISOTROPIC ELLIPTICkL fIBERS

ghen the anisotropic parameter g in Bq.(3.1) is equal to unity, the

sinpllfied characteristic equations in Zq.(4.7) and Eq.(4.12) become that of

an lsotropic elliptic guide. In Figures 2 through 5, the normalized guide

vavelengthA/A o for the lsotropic elliptical fibers is plotted as a function

of the ,orMlized cross-section area and norulized Labor axis for el/e o = 2.5

and for the various values of _o. These results are compared vith those given

by Yeh[2] vhich are indicated by m_bols; the results are in close agreement.

For the eHEll Lode, it can be seen in Figure 2 that the normalized guide

vavelength is almost equal to unity for the very nail value of the cross-

section area. This indicates that the qeoaetry of the vavequide has no effect

on the norulized guide vavelength vhen the vavelength is much larger than the

physical dimension of the core of fibers. For a fixed value of cross-section

area, the normalized guide vavelength is smaller for larger the value of _o.

This indicates that aore energy is carried inside of the circular core than

the elliptical core. ks the norulized cross-section area becomes large,, the

difference in the normalized guide vavelengths for varying _o becomes small

again. This is since Lost of the energy is carried inside of the core and the

geometry of vaveguide has no effect on the normalized guide Yavelength.

Xovever, as obse,ved in Figure 3, the OHBll Lode is different from the

eHEll mode in that the difference in the normalized guide vavelengths for

varying to is smaller than that of eXEll vhen the value of normalized cross-

section area is fixed. This small difference is due to the fact that the

electric lines are being compressed such that the field density is Lore

23
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concentrated inside the vavegulde. For a fixed value of cross-section area,

aura energy is carried inside of the elliptical core than the circular core

since the normalized guide wavelength Is smaller for smaller the value of _o.

In Figures 4 and 5, the norMllzed guide wavelength is plotted against

the nomallzed aa_oz axis for various values of _o and for _-1/6o - 2.5. In

these figures, the difference in the normalized guide wavelengths for varying

_o Is larger than those in Figures 2 and 3 since there is more binding

dielectric material In a circular core than in a flatter rod (i.e. smaller _o)

when the value of normalized major axis is fixed.

5.2 3NISOTROPIC ELLIPTICAL FIBERS

In Figures 6 and 7, the normalized guide wavelength _/_o for an

anisotropic elliptical fiber is plotted as a function of the normalized cross-

section area for various values of antsotropy and for 61/_ - 2.5 and

_o z 0.5. These figures indicate that the geometry of the vaveguide and

anisotropy of the core have no effect when the wavelength Is much larger than

the physical dimention of the core of fibers which indicate that most of the

energy Is carried outside of the core. For a fixed value of cross-section

area, the normalized guide wavelength is smaller for larqez the value of

anlsotropy. This condition indicates that the field intensity is more

concentrated in the core, thus indicating that more energy Is carried inside

of the core. Is the normalized cross-section area becomes larger, the

difference in the normalized guide wavelengths for the varying anisotropy

becomes smaller again. This Indicates that the geometry and anisotropy of

vavequide have a smaller effect on the normalized quids wavelength.
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The nomalized quide vavelength in Figures 8 and 9 is plotted against

the nomallzed ma_or axis for the various values of anisotropy and for _1/_o _

2.5 and to = 0.5. The effect of anisotrop¥ on the normalized guide vavelenqth

is similar to those in Figures 6 and 7.



32

/

d 6 6

N
o_

E

0

9

._

U

L

0

t.
0

(.8-

r-
4J

>

3

N
°_

E
L
0

X

I.u

0
E

r

°_.,!

X
m

0
.,,._



33

c;

I I I I I

c_ d o d c_ c_ c_

r- "o

_0 0

o N• "_
• _ fO

_N _ L

0 •
Z E

d

I_ ','_
i,



6. POgER CONSIDERATIONS

The power along the z axis in the nediun i of the fiber nay be obtained

by integrating the poynting vector over the surface area,

Pi " 1/2 _ (it x _t*)" ; ds
(6.1)

vhere

• 1/2 _._ _ EllHqi t - EqiH|i t) L2 d_d_

L - q[( cash 2_ - cos 2q )/2] I

and t o • 0 and f-2 " • •

6.1

Substituting Equations (3.5) through (3.8) into Eq.(6.1) and integrating

over the core area yields

(6.2) Pcoze • (1/2w14) _o1 8VCl_Aln2! ItSen'2 + SnSen 2 }

+ Bvp_.oBl,,2 { xCea'2 ÷ CamCen2 )] d_

+( 82+v2]acX)/2w 14._ _,BlnAlnTan [ CeaSen,],L

_(a m - an)-i

ba - bn)-i

Binllary, the paver carried in the cladding is

(6.3) Pclad • (1/2w24)._[ 8VEom_:,.&2n 2( IGekn'2 _ BnntGeka 2 }

+ 0v_ _, B2a2 { xFekn 2 + CmntFekn 2 }] d_

+ (_2÷v2pCo)/2W24_.B2.A2n?nn ,[ 'eknGeknl_.

+ s2.B2n n'(F°k,'rekn
- FekmFek n,

GekmGek n

34
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In Bqs.(6.2) and (6.3), a n and bnaze the characteristic values of the even

and odd Kathieu functions of order ns respectively. The prine over the

sumnation sign is used to indicate that • - n is excluded, klso, T12 -

4_lh2/q 2 and Y22 - 4Y22/q2 are used.

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

The foil,ring abbreviations have been used,

0Cnn -_,ce• (_)Cen'(_) d_

finn -_ea'(_)Sen'(_) d_

Tan -_cea'(_)Sen(_) d_

Cnnt -_eat'(_)Cene'(_) d_

BBnnt • _eat'(_)sent'(_) d_

T•nt -._ent'(_)sent(_) d_ .

The pover distribution characteristics for the eHEI1 node Is given tn

Figure 10. The fractional pover carried by the core and cladding is plotted

against the noznallzed •aJoz axis for the various values of anisotropy and for

(1/£o - 2.5 and _o " 1.0. Most of the pover is carried In the cladding near

the cut-off and in the core far from the cut-off. For a fixed value of the

normalized aaJor axis, the sore energy is concentrated inside of the core for

larger the value of anlsotropy and far fron the cut-off.

6.2 ODD MODES

liubstltuting Equations (3.43) through (3.46) Into Eq.(6.1) and

integrating over the core area yields

(6.10) Pc,re - (1/21'14)_'_o_ I_v¢1 £ A1•2( tCe• '2 + C_Ce• 2 )

+ 13vp I: Bl•2 ( zBea'2 * lianSen 2 )] dl_

+ (132+v2,£1)/2"_'14_Bln_lnTnn [ lieaCen_ °

+ 0vp/2'l 4 !o ,_,'o BlnBlnSnn[Sen'lien - lle'Sen' •_(bn- bn)-I
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Siallar¥, the pover carried In the cladding is

(6.11) Pclad- (1/2,24)_;:[ BV£o _k2.2( thka'2 , CmmtFek. 2 )

+ 8vp E B2m2 ( 1Oaks t2 + 8ueOekn 2 )] d_

+ ( _2+v2p£o)/2V24=_.,_oB2ak2nTant( GekaFekn)_4

+ evp/2v24,,,_._ _ B2aB2nSmnt(Geka'Oekn

- OekaGek n '_;.(bm - bn)-I

+ BV(o/2Y24_ _' 12ek2nCnnt(Peka'Yekn
I&¢

0o
- rekmPekn,]_(a a - an)-1

In |qs.(6.10) and (6.11), a n and ba are the characteristic values of the even

and odd Hathleu functions of order a, respectively. The prime over the

suuation sign Is used to indicate that m • n is excluded, klso, T12 •

4_lh2/q 2 and _22 • 4Y22/q2 are used.

?he follovlng abbreviations have been used,

(6.12) CIn • ._'_em'(_)Cent(_) d_

(6.13) ann -_em'(_)Sen'(_) d_

(6.14) Tmn -._en(_)Sen'(_) d_

(6.15) Cimne -._ceat'(_)cent'(_) d_

(6.16) San e -_emt'(_)Sent'(_) d_

(6.17) Tsnt =_eat(_)Sent'(_) d_ .

?he pover distribution characteristics for the oHEI1 mode Is given In

Figure 11. The fractional Foyer carried by the core and cladding is plotted

against the normalized major axis for the various values of anlsotropy and for

(1/£ o - 2.5 and [o " 1.0. Host of the pover is carried in the cladding near

the cut-off and in the core far from cut-off. Hoverer, the dff£erence In the

pover distribution for OHgll for the varying anisotropy is emaller than that

of eHZll £or a fixed value of normalized major axis.
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7. DESCRIPTION OF COMPUTER PROORANS

In this chapter, the computer programs for the anisotropic elliptical

fiber rill be considered. These programs are written in the language of

FORTRIkN IV and in order to present the complete computer programs the

subroutines to calculate the Mathieu and modified Mathleu functions developed

by RengaraJan and Levis[49] rill be included. The theory and notations used

in the computer programs are the sane as those employed by NcLachlan[48].

The norMllzed propagation constant and povet distribution

characteristics as a function of the normalized cross section area or major

axis for the given value of and anisotropy have been deterainded by

utilizing these programs. These computer prograas consist of a aain program

and user called subroutines: CHAVAL and POWER. These subroutines CHAVAL and

POWER call nine subroutines In order to compute the Mathleu and aodified

Mathleu functions.

In subroutine CH&VALt an initial guess for the given node is chosen and

used to evaluate either gq.(4.7) or gq.(4.12}. Next_ Muller's method is used

iteratively to determine the nornalized vavelength that viii ntnimize the

function_ an error criterion has been used to terminate the iteration. In

subroutine POWER, the power distribution characteristics are calculated using

the normalized vavelength obtained in subroutine CHAVAL. The algorithm was

run on an CYBER 990 using only a single processor.

The sequence of the called subroutines is Illustrated In the following

flow chart.

39
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$. CONCLUSION

The exact characteristic equation for anisotropic elliptical optical

fibers is obtained for the odd and even hybrid •odes in terms of infinite

determinants employing Mathleu and modified Mathieu functions. The exact

characteristic equation is applicable to elliptical fibers with any

ellipticit¥. • simplified characteristic equation can then be obtained by

applying the weakly guiding approxlsation such that the difference in the

refractive indices of the core and the cladding is small. Under this

approximation, it can be shovn that significant simplification can be

achieved.

The simpli£ied characteristic equation is used to compute the normalized

vavelength for an anlsotropic elliptical fiber. When the anisotropy paraaeter

is equal to unity, the characteristic equation becomes that of isotropic

fiber. The results are compared to the previous research and they are in

close agreement. For a fixed value of the normalized cross-section area or

ma_or axis, the normalized wavelength A/A o is small for larger the value o£

anisotropy. This condition indicates that more energy is carried inside of

the fiber. However, the geometry and anisotropy of fiber have a saaller

effect when the noraalized cross-section area or major axis is very small or

very large.

an exact solution for the wave equation can not be determined when the

theraoelastic stress causes a transverse anlsotropy over the core o£ fibers.

One possibility is that the propagation characteristics in the blaxial

anisotroplc fibers could be obtained by applying the numerical or

approximation techniques given in Chapter 1 and this could be a subject for

further study.
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APPENDI X

The £olloving is a listing of the conputez prograM, _IN, CHAVkL,
POWER, CHVAL2, EXPAND, AMGMFC, FACTOR, STORE, CERAD, SERAD, FERAD AND GER_D

vzitten in FORTRAN IV language.



C
C
C
C
C
C
C
C
C
C
C
C

1l

12

13

C
C
C

C

1+
C
C
C

C
l?l

I-'+

THIS PROGRAM CALULATES THE NOMALIZEO WAVELENGTH AND
POWER DISTRIBUTION FOR ELLIPTICAL FIBER AS FUNCTION OF
NORMALIZED CROSS-SECTION AREA OR MAJOR AXIS.

PROGRAM MAIN

IMPLICIT DOUBLE PRECISION (A-HtO-Z)
DIMENSION RESIS6)t X(S6)
OPEN (6tFILEitOUTPUT,)

NEVOD : • 1 FOR ODD NODE,
= 2 FOR _VEN MODE.

KASE : • 1 FOR NORMALIZED CROSS-SECTIONAL AREA,
• 2 FOR NORMALIZED MAJOR AXIS,

ETA : INDEPENDENT VARIABLE IN HATHIEU FUNCTION
PHI : INDEPENDENT VARIABLE IN MODIFIED MATHIEU FUNCTION
MODE x WAVE MODE NUMaER
P m EPIIEPO
G : ANISOTROP¥ EPZ/EPX

NEVOD•I
KASE•2
HODE=I
P=2.SD0
G=I.SDO
PHIzI.CD)
GO TO (11,121t NEVOD
WRITE(6,1_I; MODE
GO TO 13

WRITE(6tI_5| MODE
WRITEI6,1_2} P
WRITEI6pl_3) $
WRITE(btl06| PHI

CALCULATE THE NORMALIZ_=D WAVELENGTH

CALL CHARVAL (NEVODtPtGtMO)EtPHItKASEtR_S|

00 I+ I=I.56
XIII-qESII)

CALCULATE POWER DISTRIBUTION FOR THE GIVEN WODE

CALL POWER (NEVODtP_G,MO_EtPHItKASEtX!

FORMATI'I', 'THIS IS RESULT FOR ODD MOOE_ M •'t 12)

FORMATIIX9 'RATIO OF COFLE AND CLADOING PERMITTIVITY ='.
o D12.5|

_ORMATIIXt '_NISOTROPY =', DI2._)

FORMATIIXp 'VARIABLE IN MATHIEU FUNCTION ='t DI2.51

4"/



48

IC5

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C

2Z:
C
C
C

FORHATI'let °THIS IS THE RESULT FOR EVEN ROOEe M'tt 12I
STOP
END
SUBROUTINE CHARVAL INEVODtP_GpHODE_PHltKASEtRESI

PURPOSE s C&LULATE THE NORHALIZED WAVELENGTH FOR
ELLIPTICAL GUIDE.

INPUT : NEVOO -(INTEGER) SPECIFIES • 1 FOR ODD NODE
• 2 FOR EVEN NODE

P -(DOU_LE PRECISION) IS THE RATIO BETWEEN CORE
AND CLADOING PERNEABILITYe

G -(DOUBLE PRECISION| IS THE ANISOTROPVt EZIEX.
N_DE -(INTEGERI I6 THE MODE OF CHARACTERISTIC

EQUATION.
PHI -IDOUBLE PRECISION) IS INDEPENDENT VARIABLE

IN MODIFIED MATHIEU FUNCTION,
KASE -(INTEGERI • 1 FOR NORMALIZED CROSS-SECTION

AREA)
• Z FOR NORHALIZED MAJOR AXIS,

OUTPUT | RES -(DOUBLE PRECISION) CONTAINS THE NORMALIZED
WAVELENGTH.

IMPLICIT DOU3LS PRECISION |A-H,O-Z)
DIMENSION CHVI(Z31, CHV2(23|, A8(25), QV(4it ETA(Z1),

o SEl(21),SE1DI21)tSE0121)tCE1(Z1)eCEIDIZ1)t
: CEC(ZI)tCE01(Z1),SE_I(ZlItCEDSE(Z1),SEDCE(ZI)t

SE1SQ(ZI),CE1SQ(Z1)tCEOM(ZIt,S£_M(Z1)tCE1M(ZI)t
SE1M(ZIItRESi5b)

DATA PII3.141592653589793DCI

ETA : INDEPENDENT V6RIABLE IN MATHIEU FUNCTION
X| : INDEPENDENT VARIABLE IN MODIFIED MATHIEU FUNCTION
|ORDER : MAVE MOO_ NUMBER
P : EPIIEPC
G = ANISOTROP¥ EPZ/EPX

N=2C
LAST=CO
IF(KASE,EQ,Z) LAST=_6
XI=PHI
DT=DTANHfXI)
DCOSZ:DCOSH(XI)ODCOSH(XI)
XZ=PI=DT_DCOS2
WRITE|6,ZIO) X2
FORMATIIXt OlZ,S)

SUBDIVIDE ETA FOR INTEGRATION, ALFAt _TA, GAHMA AND &NUe

H=Z.ODO_'P I 120,0 DC
ETA( 1 l"O,O DO
OO 11 I:Z,Zl



11
C
C
C

C

13
2_,Z
C

C
C
C
14

C
C
C
C

C
C
C

ETAf I )=ETA! 1 )÷( I-1 I*H

CSA - NORMALIZED CROSS SECTION AREA OR HAJOR AXIS

CSA'O,ODO
XINC'ZeSD-Z
VARXmO.9999999990C
DO 70 K'|eLAST
CSA=CSA+XINC
GO TO I12,13), KASE
WRITEI6.20I) CSA
FORNAT(1Xt'NORMALIZEO CROSS SECTION AREA - 'eD1Z.S;

XlmIP|_PleCSAII(4.0OC_DTODCOSZl
GO TO 14

MRITEI6,ZCZJ CSA
FOAMAT(lXeeNORHALIZEO MAJOR AXIS • ',012.5)

XI-IPI+PISCSAOoZ)II_.ODOoDCOS2)

FIRST GUESS OF VAR - LANDA/LAqDAO

IF(K.EO.I! VAR-VARX
NC'I
NS=O
VARZ=I.CD_/(VAROVAR)

EVALUATE _ : INDEPENDANT VARIABLE

GAqMAE = QV{ZIe GAMMAH = QV(2)e GAMMA2

QV(II-XI_(POG-G_VARZ)
QV(ZI-XI=(P-VAR2I
QV(OI=XI_(I.COO-VAR2I
QVl_l-Xl_ll.OOO-VAR2l

CALCULATE MATHIEU AND MODIFIED NATHIEU

DO 53 KQ'1.4
GO TO ¢15,16), NEVOD
IEVODsl
IF(MO)IKOt2)._O.I) IEVDD'Z
IORDEA-MOOE

IF{MOD(KO,2).EQ.I) IORDER=MODE

QmQV(KQ)
CALL CHVALZ(M,QtCHVI,CNVZ,J)

CV=CHVI(IORDER)

IF(MODIKQt21.EQ.I) CV=CHV2IIORDER+II

GO TO 17

IEVO0•I
IF(MOO(KQ,ZI.EQ.O! IEVOD-Z

IORDER•MODE

• OV(3l

FUNCTIONS
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C
1;
C
17
C
C
C
C

Z1

61

23
42

22

43

24
44
¢
C
C
45
C
¢
C

51

53

SZ

56

IFiMOD(KQt2I.EQ._) IORDERsMODE
Q-QV(KQ!
CALL CHVAL2(MtQ,CHVI,CHV2_J)
CV-CHVlflORDERI
IF(MOD(KQt2I,EQ,O) CVsCHVZIIORDER÷I|

OBTAIN EXPANDING COEFFICIENT, ABXX

CALL EXPANDiQtIEVODtIORDERtCVt3tABtN)

CALCULATE MATHIEU FUNCTIONS AND DERIVATIVES,
ORDER a MODE

KQEOaKO ""
IF(MOOiNEVOD,ZI.EQ.I! KQEO-KQ÷4
GO TO(Zle22tZ3,24t22,21_26t23)_
DO 41 1"
SEIII)'A
SEIDKII"
GO TO 45
DO _2 I-It21

KOEO
1,21
NGMFCIO,]EVOD,IORDER,ETA||),CtAStN)
ANGMFC(Qt[EVODtlORD£RtETA([ItltABtN)

SEO(1)=ANGMFC(Q,IEVODtlORDER_ETA(I),0eAB,N)
GO TO 45
DO 43 lult21
CEI(IImANGMFC(OtIEVODtIO_DERtETA(IItOtAfi,N)
CEIDII)=ANGMFCIQtIEVODtIDRD_R,ETA(I)mltABtN)
GO TO 4S
DO 44 1-1,21
CE0(|)uANGMFC(Q,IEVCO, IORDERt_TA(||,OtABtN)

NORNAL|ZATION FACTOR FOR NOOIFIEO MATHIEU FUNCTION

CALL FACTOR(IEVOD,IORDER,Q_ABtNtPS|

COMPUTE AND STORE THE VALUES OF BESSEL FUNCTIONS

CALL STORE(Q,X|tN)

CALCULATE MODIFIED NATHIEU FUNCTIONS

GO TO I_l,52,53,S_,S2,51,54,53),KQE_
SE'S£RAOiO, IORDERtOtPStABtNI
SEDmSERADIQ_IORO_RtltPS,ABtN)
GO TO 50
GEsGERADiQ_ID_D_Rt_ePStA_,N)
GEDsGERADiQtlOROERtIiPStAB,N)
GO TO 50
CEmCERAD(QtIOROERtOt_SvAStN)
CED=CERADIQtIORD_R,I,PStAB_N)
GO TO 50
FEuFERADIQtIORDEq,_P$,A_N)

5O



50

C

C

C
C

56

57

58

59

IC3

C
C

C

C

FED=FERAD( Q_ iORDER t I ,PS eAgtNI

CONTINUE

CALCULATE M TH TERM( • MODEl OF

ALFAt _ETAt GANMA AND NU.

WRITEI6tIOT!

DO 56 |=1.21

CEONIII=CEO(!

SEOM(II=SEO(!
CEXM(II'CEI¢I

SEXMIII=SEIII

CEOXIIItCEOII

SEOIlilsSEOII

SEISQIII=SEIII)
CE1SQIII-CEX(II

CEDSEIII=CE1DII

SEDCEIII-SE10(;

SI=SIMPSN(CEOlt
SZmSIMPSN(SEOXt

S3=S|HPSN(CEDSE

S4=SIMPSN(SEOCE

SS=SIMPSNISEZSQ

S6=SIMPSNiCEISQ

$5M=S5

$6M=56
GO TO 157mSSIt

ALFAM=SZ/S5

BETAM=SI/S6

GAMMAM=S61S6

ANUMuS3/S5
GO TO 59

ALFAM=SI/$6
_ETAH=S21S5

GAMMAM=S3/S5

ANUNuS61S6

SE,SEDtGE,GEDmCE,CEDtFEtFED

I

I
I

I

)oCE_III

IOSEXIII

*SEI(II
oCEIlII

I=SEI(II

lOCEl(II

20,HI

Z0tH)

tZCtHI
tZOtHI

,20tHI
tZCtH)

NEVOD

XMSQD=ALFAMOBETAM

RHC-QViZ)/QVI3)
WRIT_I6,|C3I ALFAM,BETAMmGAMMAMtANUXtRHC

FORNATIZXtSO12.Sl

CALCULATE HATHIEU FUNCTION INTEGRALS

ORDER • Nt N+Z - -

ALFA=OeODO

BETA=OeODO

GAMMAmO.ODC

ANU=O.ODO

XMSQNI•O°ODO

XMSQNZ=O°OD_
DO 90 IM=lt4
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61

6Z

63

C
C
C
6_
C
C
C

?1

81

73
9Z

7Z

83

7,,
8',
8_
C

IORDER=ZOlM-1
IF(MOO(MODE,Z),EQ,C) IORDER=ZOlN-2
|FIIORDER,NE,HODEI GO TO 61
ALFAuALFAM
BETAuBETAN
GAMMAuGAMMAM
ANUmANUM
XMSQNIuXMSQNI+SETAOANU
XMSQN2uXMSQNZ+ALFABGAMMA
XNSQuIXMSQNIBXMSQNE)IXMSQO
GO TO 92
DO 80 KQu|t6
GO TO (62t63)p NEVOD
IEVOD=!
IFiMODiKQtZI,EQ,1) IEVOO=2
QsQVIKQ)
CALL CHVALZ(M,Q,CHVItCHV2tJ)
CV=CHVt(|OROERI
IF(MOD(KQtZ).EO°I) CV=CHVZ(IORO_R÷I)
GO TO 6_
IEVOO=l
IF(MOO(KOtZ).EQ.O) IEVOD=2
Q=QV(KQ)
CALL CHVALZ(MtQoCHVItCHV2tJ)
CV=CHVIIIORDER)
IF(MODIKQtZ)eEQ,O) CV=CHVZIIORDER+II

OBTAIN EXPANDING COEFFICIENTt ABXX

CALL EXPANDIQ, IEVOD, IORDER,CVt3tABtN)

CALCULATE MATHIEU FUNCTIONS AND DERIVATIVES

KOEO=KQ
IF(MOD(NEVOD,ZI,EQ,ll KOEO=KQ+4
GO TO(Tl,TZ,T3,T4,TZ,TltT4t73)t
DO 81
SEt(1)
S£I0(I
GO TO
00 82
SEOIII
GO TO
O0 83
CEI{I)
CE1D(I
GO TO
DO 86
CEO(I
CONTI

KQEO
I=1,21
=ANGHFC(QtIEVODtlORDERpETAII)tCtAStN)
I=ANGNFC(QoIEVODtIORDERtETA(iIolpABtNI
8C
I=1,21
=ANGNFC(OtIEVODtlOROERtfiTA(I)tCtABtN)
8Q
l=l_Zl
=ANGMFC(OBIEVODtlORDERtETA(IIvOtABtN)
)=ANGNFC(QtlEVODtIORDERtETA(IlIItABtNI
80
l=lt21

|=ANGMFC(OBI_VOD, IOROER,ETAII)pO,A_,N)

NUE
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53

C
C

86

C

87

88

89

9Z
9G
C
C
C

93

94

Z_.3
C
C

CALCULATE SUM (BETA • NU) AND SUM (ALFA 8 GAMMA!

DO 86 I=1,21
CEOlilI'CEOHIIISCEI(II
SEOIIIIsSEOH(1)_S_I¢II
SEISQII)mSEI(IIOSEI¢ll
CEISQ(IIsCEI(I)OCEI(ll
CEDSE(II=CEID(IISSEIH(I!
SEDCEil)'SEID(II_CE1NII)
SI=$1MPSNICEOlt2OtH!
S2=SIMPSN(
S3=SIMPSN(
S_=SIMPSN(
SSBSIMPSN(
S6=SIMPSN(

SE01tZO_H)
CEDSE_ZOtHI
SEDCEt20tH)
SEISQ,20,H)
CE1SQtZ0_H|

GO TO (87tB$)t NEVOD
ALFAuSZ/S5
BETAuSIlS6
GAMMAzS4/SbM
ANUuS31SSM
GO TO 89
ALFA=SIlS6
_ETA=SZ/S5
GAMMAsS3/SSM
ANU=S41SGM
XMSQNI-XMSQNI_BETAOANU
XMSQNZ=XMSQNZeALFAOGAMMA
XMSQ=(XMSQNIOXMSQNZIIX_SQO
WRITEi6tl03) ALFAtBETAtGAMMAtANUtXMSQ
CONTINUE

EVALUATE CHARACT£qlSTIC EOUATION

YI--(XMSQOII.0DO-RHC)_SZI
Y2uVAROVAR
GO TO(93,941t NEVOD
Y3=iSEDISEI-iRHCSGEDIGE)
Y6=IPOC_D/CE)-(RHC_FED/FE)
MR|TE(btl01) YII YEt Y3t V4
GO TO ?S
y3mICED/CEI-(RHCOFED/FEI
Y6=(PSSEDISEI-IRHCOGEO/GE)
WR]TEi6t191) Ylt YZt Y3t Y6
YX=YZOY3OY_
YZmYX/YI
Y=YZ-I.0DO
WRITEI6t2031YXe Ylt YZt
FORMAT(IX,SD1Z.S)

Yt VAR

DESIDE ON TOLERANCES



51

C

31

C

C

C
32

33

34
35

36

47

48

3_

70

IFINC.NEel,AND, DABSIVI,LE,,2.00-3) GO TO 39

IF(NC,,EQ.I) GO TO 32

IF(NC.EO.Z) GO TO 34
IF(NSeEO,O) GO TO 36

IF(YSYSI ! 36_36,31

YSIzY

VARSI"VAR
VARs (VARSI+VARS Z )/2,.00_

NS'NS÷I

IF(NSeLE-20) GO TO 10

GO TO 47

1 ST CALCULATION OF Yt OECREMENT VAR BY 0.C1

YS1-Y

VARSIsVAR
VARmVAR-I,OD-2

NCBNC÷I
YMINsY

VARMINgVAR

IF[NC,LE,ZCI GO TO I0

GO TO 48
IF(Y_YS1) 36t36t35

]F(DA_S(Y)-OABS(YS1)) 32,33,33

YS2"Y

VARS2=VAR
VARBIVARSI+VARS2)/2.CDO

NSsNS+I

YMIN'Y

VARMINsVAR

IF(N$,LE.Z0) GO TO 10

WRITE(6tIOb)

WRITEI6eI08) YMINe VARMIN

GO TO 39
WRITE(6tl02)

VARsVARX

WRITEI6tlOg) YMINt VAR_IN

RES(KI_VAR

CONTINUE

RETURN

FORMAT(lXt_D12,5)1,_1
1C2 FORMAT(IXt'ERROR z RESULT HAS SAME SIGN FOR 10 TRIES')

IC_ FORMATI|Xee_RROR z IG TRY FAILED T_ OBTAIN RESOLUTION')

1C7 FORMATIIXt8012,5)
IC_ FORHATIIXI mOBTAINED RESOLUTION ='t 012,5t

C eMIN CALCULATED NORMALIZED WAVELENGTH =°t O12,51

END

SUBROUTINE POWER (NEVODtPtGtHOOEtBOUNDtKASEtA)

PURPOSE z CALULATE POWER DISTRIBUTION ON ELLIPTICAL



°-

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C

C
C

INPUT

OUTPUT

GUIDE.
s NEVOD -IINTEGERI SPECIFIES • I FOR ODD NODE

• 2 FOR EVEN MODE
P -(DOUBLE PRECISIONI IS THE RATIO BETWEEN CORE

AND CLADDING PERMEABILITY.
G -(DOUBLE PRECISION) IS THE ANISOTROPYt EZtEX°
NODE -(INTEGER) IS THE NODE OF CHAR&CTERISTIC

EQUATION.
PHI -(DOUBLE PRECISION) IS INDEPENDENT VARIABLE

IN MODIFIED MATHIEU FUNCTION.
A -(DOUBLE PRECISION) IS THE NORMAL|ZED

MAVELENGTH.
KASE -(INTEGER) • 1 FOR NORMALIZED CROSS-SECTION

AREAp
• 2 FOR NORMALIZED MAJOR AXIS.

z RES -(DOUBLE PRECISION) CONTAINS THE RATIO OF
POWER DISTRIBUTION.

IMPLICIT DOUBLE PRECISION (A-HtO-ZI
OIN_NSION CHVJ(Z3|t CHVZIZ3)t AB(ES)t OV(4)t A(S61p

C ETAIZlItPHII41)tSEl(ZIItSE1DIZlItS_OIZIIt
C SEOD(21)tCEl(21)eCEID(21)tCEOI21)pCE_D(21)p
C SEI21), S£0(Z1), CE(Zl)t CED(ZZ),
C FE(61), FED(61), GE(41), GED(41)t
C SliZl)t 52121), 53(21lt S4(Z1), SSiZll, S6(Zll,
C S7121I, S8lZll, S9121), SlOlZl), $11121),
C $12(211, $13(21|, S14(21),
C SZI(ZI), S22(21)t S23{21)

DATA Pl/3,1415qZ6535_97q3DO/

ETA : INDEPENDENT VARIASLE IN MATHIEU FUNCTION
Xl : INDEPENDENT VA_IASLS IN MODIFIED MATHIEU FUNCTIGN
IORDER Z WAVE MODE NUHBER
P z EPlIEPO
G z ANISOTROPY EPZ/EPX

M=20
EP=II,OD-9)/(36,0DOOPI)
XNU=4.0DOOPISZ,OD-7
CONS=DSQRT(EP/XNU)
LAST=60
IF(KASE.EQ,Z) LAST=56
PHIO•3,0DO
PHII=gOUND
PHIZ=5.GDG=_CUND
DT=DTANH(PHII)
3COSZ=DCOSH(PHI1)_DCOSH(PHI1)
XZ•PIeDTODCOS_
WRITE(6_210) XZ

SUBDIVIDE ETA AND PHI FOR INTEGRATION.
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C

11

1Z

13
C
C
C

14
2C2
C

15

202

C

C
C
C
16

C
C
C
C

C
C

HlsZ.000_Pl/20._D0
ETA(I;=0,000
00 11 1"2t21
ETA(|I=ETA(|-II.HI
H2"BOUND/20,O00
PH|(I|=0.000
OO 12 I'2_21
PH|(II=PHX¢|-I)+H2
H3-(PHI2-PH111/20oOO0
DO 13 1"22,41
PH|I||'PH|(|-II+H3

CSA - NORMALIZED CROSS 5_CTION AREA OR MAJOR AXIS

CSA-0oODO
XlNC=2,SD-2
DO 70 K=leLAST
CSA-CSA÷XINC
|F(A(KI°EQ°I°OOOI GO TO 81-
GO TO (14,15), KASE
WRITE(bt2OI) CSA
FO_MAT(IXp'NORMALIZEO CR_SS SECTION AREA = ',012.$1

Xl=IPISPIOCSAII(;._DC_DT_DCOS2)
GO TO 16
HRITE|6,202I CSA
FORMAT(IX,ONORMALIZED MAJOR AXIS = ',D12.51

XI-(PI_PIOCSA=O2II(4._D:_DCQS2)

CALCULATE CONSTANTS.

VAR2=I._D0/(A(KI_A(K))

EVALUAT5 Q : INOEPENOANT VARIABLE
GAMMAE z QVI1)e GAMMAH • QVI2)e GAMMA2 • 0V(3)

QVI1;=XI_IPsG-GSVAR2)
QV(ZIBXIOIP-VAR2)
QV(3;=XI=(1.3DO-VAR2)
QV(_)uXI=iI,OOO-VAR2)

C4mCONSIAIKI
CI•PsC4
C2-1.ODOIIA(K)_CONS)
C3aP÷VAR2
CS•I.0OO÷VAR2
C6-(QV(2IOQV(2))/iQV(3)=QV(3))

CALCULATE MATHIEU AND MOOIF|ED MATHIEU FUNCTIONS
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17

1B

C
C
C
19
C
C
C
C

21

41

23

22

63

64
C
C
C

DO 50 KQuI,_
GO TO (17o18)t NEVOD
IEVOD'I
IFIMODiKQ,2).EQ.I) EEVOD'2
IORDERmMODE
IF(MOD(KQtZ)eEQ°I! IGRDER-MOOE
Q'QVfKQ)
_R|TE(6t301i XltQ
CALL CHVAL2(M_QtCHVIoCHVZtJ!
CVsCHVIIIORDER!
|F(MOD(KQt2)eEQ.I! CViCHV2iIORDER+I|
GO TO 19
IEVOD'I
IF(MODiKQo2)eEQ._) IEVOD'2
IORDERsMODE
IF(MOD(KQoZ)._Q._I IORDER=MODE
Q=QV(KO)
WRITEI6t301) XltQ
CALL CHVALZ(MtOtCHVltCHV2tJ)
CV=CHVliIORDER)
IF(MOD(KQtZ).EO.O! CV=CHVZIIGRDER÷I|

OBTAIN EXPANDING COEFFICIENTt ABXX

CALL EXPAND|Q, IEVOD,IORDER,CV,3,AB,N)

CALCULATE MATHIEU FUNCTIONS AND DERIVATIVESt
ORDER • MODE

KQEO=KO
IF(HODiNEVOD,Z).EO.1) KOEO=KO+4
GO TO(ZltZZtZ3,Z4,22,ZltZ4tZ]l, KQEO
O0 41 I=I,21

SEI(II=ANGMFC(Q,IEVOD,IORDER,ETAIIItOtABtN)
SEIDIII=ANGMFCIQtlEVODtlORDERtETA(IItltABtNI
GO TO 45
DO 42 1=1,21
SEOD(IIzANGMFC(QtlEVODtIORDERtETA(I),lpABtNI
SEO(II=ANGMFCiO,IEVOD,IO_DERtETA(IItOtABtN)
GO TO 45
O0 43 1-1,2!
CEI(II=ANGMFC(O,IEVODtIORDER,ETAIIItO_ABtN)
CEIDIi)=ANGMFC|O, IEVOO,IORDERtETAIIItltABtN)
GO TO 65
DO _6 1=1,21
CEOD(I)•ANGMFC(O, IEVODtlORDERtETA(1)_I,A_tN)
CEO(I|=ANGMFCiO,IEVOD,IORDER_ETA(II,OtABtN)

NORMALIZATION FACTOR FOR MODIFIED MATHIEU FUNCTION

S'/



45
C
C
C

31

51

33

52

3Z

53

34

54
50
C
C
C

56
C
C

57
C
C

CALL FACTORClEVOOtIORDERtQtABtNtPS)

CALCULATE NODEF|ED NATHIEU FUNCTIONS

GO TO (31132t$3t36,32,31,36t331tKQEO
DO 51 i'1t21
CALL STOREIQ,PH|(II,N)
SE(1)mSERAD(QtIORDERtOtPStABtN|
SED(I)mSERAD(Qt/ORDERtltPStAB,N!
GO TO 50
DO 52 i=Zlo41
CALL STORE(Q,PHIII)tN)
GE(I)=GERAD(QtXORDERtOtPStAS,N)
GEDI/ImGERAD(Ot|ORDERtltPStABtN)
GO TO 5C
DO 53 I=I_21
CALL STOREIQtPHII|ItNI
CE(IIaCERADLQt|ORDERtOePStABtN)
CED(II=CERAD(QtIORDERtltPStABtNI
GO TO 50
00 54 i=Zl,41
CALL STOREiQtPHI|IIpN)
FE(II-FERAD(QtIORDEReOtPStAStN)
FED(1)=FERAD(Q_IORD£RtltPSoAB.N)
CONTINUE

CALCULATE INTEGRAND

DO 56 1"1,21
S21(I)'SEO(IISSEt(11
S2ZIII'SEI(IIOSEt(I)
5231I)'CEIOfIISSEI(;)
51111"SEIDIlIOSE;D(I)
SZ(II=CE10(II_CEID(II
S3II)'CE1DIi)OSEliI!
S4II)-SEODIII_SE_D(I!
SS(1)-CEODII)SCEOD(II
S6[[)=CEOD{I)_SEO([)

DO 57 1"1,21
S7III=SEOIIIOSEDII!
SSII).SEIIIOSEIII
SgllI=CEDIIIOCEDlll
SI_IlI=CEII)=CEll)

DO 58 I=21,41
II=1-I0
SII(III=GED(IIeGED(I)
SIZ(III=GEII)_GE(I!
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5B
C
C
C

Ol
7,"

211

S131111"FEOIIIOFEDIII
S141111mFEIlleFE(ll

PERFORM THE INTEGRATION

ST1mSINPSNIS21t20tHll
ST2"SIMPSNIS22,20tHl)
ST38SIMPSNIS23t20tHII
TIIuPlSSINPSNiS7o10tH21
T12mSINPSNISlt20tHlleSIMPSNISBt20tH2I
T218PleSIMPSN(S9t20tH2I
T228SIMPSNISZ,20tHlI_SIMPSNIS10,2CtH2I
T31-SINPSNIS3t20oHI)
T32uICEI211oSEI21I-CEIIISSEIlII
T4|'PlOSIMPSN|S|ltZ_pH3)
T42mSIMPSNIS4t20oHII_$1MPSNIStZtZ0tH31
TStsPiOSIMPSNiS13t20oH3I
T_2-SIMPSNISSt2CtHllOSIMPSNiS14o20tH3I
TbluSIMPSNIS6e2CtHll
T62=IFE(611OG_I411-FEI21IeGEI21II

CALCULATE THE ARBITRARY CONSTANTS,

Allu(1.0DO-
A12=CONSOAI
A13"IIP_FE(
A21"AI1/IA1
AlmAZlOGE(2
AluAI=A1
BI=FEIZII_F
BAltAZ1_FE(
A2"A210A21

QV(21/OVi311eF_i211_IST3/ST2)
KI_ST1/ST2
21)_CED(211I/CEI?II-OVI2)_FEDI21)/OV(3))
2OA13)
1l/SE(211

£(21)
211_GEi211/SE(Zl)

BA28A21
T1-CIBAlO(TII+TIZ)
T2-C2_BlOiT21+T22)
T3-C3OBAIeT31OT32
WRITE(6t302! TItT2pT3
PCORuTI÷T2-T3
T4tC4SA2_IT41÷T62)
TS-C2OI.0D_SIT51+T52)
T6zCSOBAZeTblOT62
WRITE(bt302| T_pTStT6
PCLAD-CbSIT6÷TS-Tb)
RCOqzPCOR/(PCO_÷PCLAD)
RCLAD_I.0DG-RCO_
WRITEI6,211) RCOA
GO TO 70
WRITE(6,212)
CONTINUE
FORMATIIXe O12._l
FORMATIllXt 401_.5)

t RCLADt PCOR, PCLAD
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ZlZ

301

3_2

C

C

C
C

C

C
C

C

C
C

C

C
C

C

C

C

C
C

FORMAT|IXteNORMALIZED WAVELENGTH • It

FORMAT(IXtZD12,5I
FORMAT(IXt3012,5!

RETURN

END
DOUBLE PRECISION FUNCTION SIMPSN|Q,N,H)

DOUBLE PRECISION :IZII,H

NO POWER

60

CALCULATI ON' )

INTEGRATION BY SIMPSONeS RULE

SIMPSNuQ(

O0 | [u6t
SIMPSNmSI

SIMPSNmSI

RETURN

END

SUBROUTINE

PURPOSE:

INPUT:

OUPUT:

I)÷6.0OOeQ(ZI*QIN÷I)

Nt2
MPSN+Z,COO=QII-I)+6.CDC=Q(I)

MPSN_H/3,0DO

CHVALZ(NtQQ,CHVItCHVZtJ)

TO COMPUTE THE CHARACTERISTIC VALUES OF ODD

AND EVEN MATHIEU'FUNCTIONS OF POSITIVE OR

NEGATIVE eQt
N-IINTEGER) SPECIFIES THAT CH. VALUES BE

OBTAINED FOR ORDERS 0 THRU N-1 FOR EVEN

FUNCTIONS AND FOR ORDERS 1 THRU N-1 FOR

00D FUNCTIONS
QQ-(DOUBLE PRECISION) THE PARAMETER *O* IN

MATHIEUtS DIFFERENTIAL EQUATION
CHVI-(DOU3LE PRECISION) AN ARRAY OF LENGTH N

CONTAINING CH. VALUES OF ODD MATHIEU FUNCTIONS

OF ORDERS I THRU N-l.
CHVI(N) IS A DUMMY VARIABLE.

CHVZ-(DOU3LE PRECISION) AN ARRAY OF LENGTH N

CONTAINING CH, VALUES OF EVEN MATHIEU FUNCTIONS

OF ORDERS 0 THRU N-1.

J-IINTEGER) MAXIMUM ORDER UPTO WHICH CH. VALUES
HAVE BEEN SUCCESSFULLY COMPUTED

DOUBLE PRECISION CVII6tZBItCVZ(6tZ$),CHVIIN),CHVZ(N)tQQ

DOUBLE PRECISION QABStDABS
FORMATI°OeoSXttNOT ALL CH. VALUES AVAILABLE .... WARNING')

IF(QQ.LT.O.DO) GO TO ZG
IFIN.GT.1) CALL MFCVAL(N-1,N-I,QQtCVItJI)

CALL MFCVAL(N,N-I,OO,CVZ,JZ)
IF(J1.LT.IN-1).OR.JZ.LT*N! WRITE(btlC1)

J-MIN_(JItJZ-I)
DO IO I=l,J

IFIN.GT°I) CHVI(I) =CVl(ltl)
CHV2(I)=CVZII,I)

CONTINUE
CHVZIJ÷II=CVZIItJ+I)

RETURN

OABS=DABSIQQ)
CALL MFCVAL(NpN-ItQABS_CVZ_JZ)



Z5

30

C

Z_
3C

4_

C

11:

L3c

15:
L6_

17:,

IFiN.NE,I) GO TO 25
CMV2iI)=CV2(ItI)
RETURN
CALL MFCVAL(N-IeN-I,QABS,CVItJII
IF(JI.NEe(N-1).OR.JZ.NE.N) WRITE(bt101)
J=MINOIJItJ2-1)
D0 30 l=ltJt2

CHV2(II=CV2(ltl)
CHVI(II=CV2iltI'II
CHV2(I+I)=CVI(I,I)
IFI(I,I).LE.J)CHVI¢I÷IIuCVI(1,I*I)

CONTINUE
IF(MODIIN-IItZ).EQ.0ICHVZ(NI=CVZiltN!
RETURN "
END
SUBROUTINE MFCVAL(NtRtQQtCVtJ)
_O_SSSSS8

INTEGER JtKeKKtLtNtNtRtTYPE

DOUBLE PRECISION AeCVtDLtDRtDTMtQtQQtTtTMtTOLpTOLA
DOUBLE PRECISION FILL(3)
DIMENSION CV(6tN)
EQUIVALENCE iDLtDRtT)
COMHON/MF1/QtTOLtTYPEtDUMMY(6)
COMMDN/NFZIFILL
TOL=I.0D-13
IF(N-R) lO,10tZO
L=I
GO TO 30
L-2
Q=QQ

DO 50C K=ltN

J=K
IF(0) 960t_9Op40
KK=MINO(KI6I

TYPE=Z_MOD(LtZI+MODiK-L÷IeZ)
FIRST APPROXIHATION
GO TO(IOOtZOOt30_e4OO)tKK

IF(Q-I,ODO)IIOtl4Otl40
GO TO(lZOtl3G)tL
A-1.0D0-Q-. 125DOOOaO
GO TO 4ZO
A=QaQ
AzAOi-eSDC,e_S66BTSDO_A)
GO TO 420

IF(Q-Z.0DO) 15C,1B0t1B_
GO TOilb0t173)_L
A=l,O33DO-l.OT_6OC=O-.GoSBOC=O=Q
GO TO _20
A=,23OO-._gSD_Q-,IqIDO=_=O
GO TO 620
A=-,Z5OO-2,000=Q÷Z,_DO_3SQRTiQ)
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2OO

22':,

Z37

32_

33C

350

4.OG

420

425

43_

445
C
45C

C

C
47_

48_,

C
49C

GO TO 420
DL-L
IFIQBDL-b.ODOI 210,350,350

GO TOI22O_23OItL
Am4.O1521DO-QSI.O66DO÷.CbbTBSTDOSQI
GO TO 420
A-I.ODO÷l.050_TDOSO-o18G143DOSQSQ
GO TO 420

|F(Q-BoODO) 310,350t350
GO TOI3ZOt330)tL
AI8.q3867OG÷o178156D_SQ-,O252132DO_OOQ
GO TO 420
Am3. 70017D0÷. q53485DOOO- .0475065D_SQBQ
GO TO 420
DRmK-I
AsCV( I t K-1)-DR÷4oODG_DSQRT (Q |
GO TO 420

AzCV(ItK-I)-CV(IIK-2!
Am3oODOSA÷CV(ltK-3) "

IF(Q.GEolo3DOI GO TO 440
IFIK.NE.1) GO TO 630
TOLA_DHAXI(DNINIiTDLtDABS(A)),1oOD-14)
GO TO 45G
TOLA=TOLODABS(A)
GO TO 450
TOLA=TOL*DMAXI(QtDABS(A))
TOLA.DMAXI(DMINl(TOLAtDABS(A)to4DO_DSQRT(Q))t|._D-16!
CRUDE UPPER AND LOWER SOUNDS
CALL BOUNDS(KpAtTOLAoCVINtM)
IF(HoNE.O) IF(M-l) 470t910tgOO
ITERATE
CALL NFITRS(TOLAtCV(10K),CV(ZeKItM)
IF(N.GToO) GO TO 920
FINAL BOUNDS AND FUNCTIONSt D
T=CV(I,KI'TOLA
CALL TNOFA(TtTNeDTHtN)
IF(NoGT.O) GO TO 940
CV(3tK)sT
CV(_tKIm-TMIDTM
TsCViltKI+TOLA
CALL TMOFAfTtTNeDTN,M)
lF(MoGToO) GO TO 950
CV(StKI'T
CV(btK|m-TN/DTM
GO TO 5GO
Q EQUALS ZERO
CVII_KItIK-L÷llO_2
CVIZtKIsO.ODO
CV(3tKI'CV(XtK)
CVi4,KI=OoODO
CV(5_KI_CV(|tK)
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5S0
C
90_
9Cl

910
911

92C
9Zl

930

9_0

950
951

96.".
961

3_

C

CVi6tK|sO.ODO
CONTINUE
RETURN
PRINT ERROR MESSAGES
WRITEI6tgozl K
FORMAT[eOIImCRUDE BOUNDS CANNOTIt t BE LOCATEDm NO OUTPUT ° ,

C • FOR KBtIIZl
GO TO 930
WR|TE(6t9111K
FORNAT(t3°tmERROR IN SUBPROGRAM TNOFA• VIA SUBPROGRAM

C BOUNDSB NO OUTPUT, FOR Km°•I2)
GO TO 930
WRITE(btq21) K
FORNAT(°Oto°ERROR IN SUBPROGRAM, TMOFAt VIA SUBPROGRAMt

C MF|TRB, NO OUTPUT• FOR K=°t|Z)
J-J-|
GO TO 550
WRITEI6,961) K
FORMAT(tOmo°ERROR IN SUBPROGRANt THOFAt NO LOWER BOUND,

C FOR K#°oI2)

CVf3mK)=OeODO
CV(6tK)'O.DO
GO TO 6S0
WRITE(6t9Stl K
FORNAT(oOOtOERROR IN SUBPROSRAM, T_OFAo NO UPPER BOUNDo

C FOR K=etl2)
CV( 5 oK I =0.00
CV(6oK I=OeDO
GO TO SCO
WRITEI6t961)
FORHAT|20HOQ GIVEN NEGATIVELYooZOH USED ABSOLUTE VALUE)
Q.-Q
GO TO 40
END
SUBROUTINE BOUNDSIKtAPPROX_TOLAoCVoNtNM|
INTEGER KoKA,MtNMmN
DOUBLE PRECISION A,APP_OXoAOoAltCV,DTMoDOmDI,0oTH,TOLA
DIMENSION CVI6oN)
COMHON/MFI/QtDUMHY(7)
CONHONtNF2/AO t A o Al
KAzO
IF(K.EQ.I) GO TO 20
IFIAPPROX-CVIltK-I)) 10o10t2_
AO-CVI1,K-I)÷I.000
GO TO 30
AOmAPPROX
CALL TMOFA|AOtTM,DTN,M)
IF(M.GTeO) GO TO 250
DO'-TM/DTM
IFIDOI 100o303oS_
LO |S LOWER BOUND,
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C
50

60

C

117

2C."

25 _.

31,0

35C

49_

5_

C

SEARCH FOR UPPER SOUND

AlaAO+OOeelO0
CALL TMOFA(AltTMtDTMtM)

IF(MeGTeO| GO TO 250

Dlw-TH/DTN

IFID|I 200t35Ot60
AOzAI

DO'D1

KAsKAel

IFIKA-4I 50t6009600

A1 |S UPPER BOUNDt SEARCH FOR LOWER BOUND

AItAO

DIIDO

AO=DMAXlIAI÷DI-,IDOt-2.0_COQ)

IF(K.EQ,1I GO TO llO

IFIAO-CVIltK-11I 150tlSOt110
CALL TMOFAIAO_TMwOTNoH)

IFIM.GT,OI GO TO 250

OC=-TM/OTM

IFIDO) 120,30C,200

KA=KA÷I
IF(KA-6I lOOt600t600

KAsKA÷I

IF(KA-6) 160t600t600

AC=At÷DMAXI(TOLAtDAB$(D!))
GO TO 3_

Az. SDCO(A3+O_+AX÷OI!
IF(AoLE.AOoOReA.GE.A1) A=.SOC_(AO+AI)

NM=_
RETURN

CVIItKI=A0

CVi2tKlsO.O0

N=-!

GO TO 250

CV( | tK)sAi
GO TO 31O

M=Z

GO TO 250
END

SUBROUTINE MF|TRS|TOLAeCVBDCV_MM!

INTEGER MtMM,N
DOUSLE PRECISION A,A_tAItAZtCV,DtDCVtDTM,T_eTOLA

LOGICAL LAST

CO_MON/MFZ/A_tA,A1

N-O

LAST=.FALSE.

N=N÷I
CALL TMOFA(AtTMtDTMeH)

IFIM.GT,OI GO TO 4_0

D--TNIOTM
IS TOLERANCE MET
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10C

C
110

C
1Z.3
Z':)0

ZS0

333

3ZC

35;

4_3

C

|F(N.EQ.40.OR,A-A_.LE.TOLA,OR.AI-A.LE,TOLA.OR.
DABSIDI.LT.TOLA)LASTI.TRUE.

IFID! 110,100,120
CV=A
DCV=O,DO
GO TO 320
REPLACE UPPER 50UND BY A
AlmA
GO TO Z00
REPLACE LOWER BOUND BY A
A0=A
A2mAeD
IFiLAST) GO TO 300
IFIAZ=GT.A0,ANDeA2.LT,A1)
A=.SDOe(A0+AI)
GO TO 5G
AIAZ
GO TO 50
IF(A2.LE.AO,OR.AZ.GE,A|)
CALL TMOFA(AZ_TMIDTMtM)
|FIM.GT.O) GO TO _0C
D=-TM/DTM
CV=AZ
DCV=O

MM=M
RETURN
CV=A
GD TO 310
CV=O,OO
DCV=O.D_
GO TO 320
END

GO TO 250

GO TO 35C

SUBROUTINE TMOFAKALFAtTM,DTMtND)
INTEGER KtKKtKTtLtMFtMGeMZtMZSeNDvTYPE
DOUBLE PRECISION ApAAtALFAtBeDGtDTMeDTYPEt

C F_FLtGtHIZO_I,HPeQe01NVe
C QleQZtTmTMmTOLtTTeV
COMMON G(2_OtZ)tDG(ZC0e)|tAAtA(3)tB(3)mDTYPEt_|NVt

C OI_OZtT_TT_K,LtKKmKT
COMMON/MFI/QtTOLtTYPEeM]vMOtMZStMF
EQUIVAL3NCE (H(1)mG(|e[))t(QltHPIt(QZtF)

DATA FL/IoGO÷30/
STATEMENT FUNCTION
V(KIt|AA-DSLE(FLOAT(KI)O_Z)/Q
NDsO
KT=O
AA=ALFA
DTYPEmTYPE
01NV=I,ODC/0
DO 10 L=ltZ

DO 5 K=It2C_
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5

ZO

3,3
4O

C

50

7_

8O

C

IC"

G(KeL)s0.D0
OG(K_LI=0oDO
CONTINUE

CONTINUE
IFiMODiTYPEt2)| 20,30tZ0
NO'3
GO TO 4O

M0=TYPE+2
K=.SDO+OSQRTIDMAXI(3.0DOOQ÷AA,O.D0))
MZS=MIN0(ZOK+M0e_m398÷MOO(MOmZI)
EVALUATION OF THE TAIL OF A CONTINUED
A(II=I.0DO
AIZI=VIM2S÷Z)
B(IImViMZS)
B(2)=A(21_SIII-IoOD0
QliAiZ)IBI2)
DO 50 K=lp200
MF=M2S÷2÷ZOK
TtViMF)
A(3I=TOA
B(3I=TOB

(2)-A(1)
(21-911)

Q2-A(3)IB(3)
IFIOABS(Q1-QZI.LT.TOL)
OI'QZ
Alll-alZ)
A(2)mA(31
Bll)-5(2)
BIZI=B(3)
CONTINUE
KT-I
T=I°00_/T
TT--T_T_Q|NV
L=MF-M2$
DO 80 K=2ttt2
Tsle_DOI(V(MF-K|-T)
TT=T_T_(TT-QINVI
CONTINUE
KKuM2SI2÷I
IF(KT.EO.I! QZuT
G(KKt2I=.SDG_|Q2÷T)
DGiKK_g)=TT
STAGE 1
GIZ,LIul.0DO
DO 140 KmMOeM2Se2
KK=KIZ÷I

GO TO 70

IF(K.LT.5) IF(K-3) l_OollCoIZ0
G(KKel)=ViK-Z)-I°GD_IG(KK-I,1)
DG(KKel)=QINV+DGIKK-I,1)/G(KK-;pl)O_2
GO TO 130
GIZtll=VlO)
DG(ZtlI=Q[NV

FRACTION
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12C

13:.'

14."

C

15::)

17G

18C

C

22_,

C

25_

26C

GO TO 130

G(Zt I t-V( 1 )÷DTYPE-g.ODO

DG(ZelImQINV
GO TO 130

G(3tl)mV(2I÷(OTYPE-2°DG)IG(2tl)

OG(3tlImQINV÷I2.D_-DTYPEIOOG(ZtlI/G(2tlloo2

IF(TYPE.EQ.2) G(2,1I=O.DO

IF(DA_SIG(KKtl)).LT.I.O0) GO TO 200
CONTINUE

BACKTRACK

TMsG(KKt2J-G(KKtI |

OTMtOG(KKt2)-DG(KKtl)
NI-_2S

KTIM2S-MO

90 IBO L-Z,KTt2
K=N2S-L

KKuK/2+|

G(KKo2)=I,O01(V(K)-G(KK÷I,2))

OG(KKtZIm-G(KKtZ)OO20(QINV-DG(KK÷lt?))

IF(K-2) 150,150,160
G(Z,2t'2.0DOOG(2,2)

DG(2,2)-2°D0ODG(2,2!

TuGiKKp2)-GiKKtl)

|F(DABS(T)-OABS(TM)I 170018:tt8C
TM=T

DTN'DG(KKIZ)-DG(KK_I)
MI=K

CONTINUE

GO TO 32O

STAGE 2

MluK

K=MZS

KKzK/2+I

IF(K.EQ.MIt IF(K-2) 3COt3_Ot31C

K=K-2

KKuKK-Z

T'ViK|-G(KK+lt2)

IF(DABSIT)-I.OO) 250,220,220

GIKK,2I=I,0DO/T

OG(KKt2I=(DG(KK+ltZ)-QINVI/T_S2
GO TO 210

STAGE 3

IF(K°EQoMI) IF(T) 220t2q0,22_

HP=OG(KKeltZ)-QINV
G(KKtZt=FL
H(KK)mT

K=K-2
KK=KK-|

F=V(KI_T-loDC

IF(K,EQ,N1) IF(F) Z8Ct2_Ot280

IF(DABS(F)-OA_S(T)) 27C_Z80,289
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27_

28_

Z9_,

C

31C

32O

C
C
C

68
HP-HP/TOeZ-QINV
T-FIT
GO TO 260
G(KKtZ)sTIF
DGIKKt2ImIHP-QINV_TaT|/FSO2
GO TO 210
ND=I
GO TO 320
CHAINING M EQUALS 2
G(2.2)u2.DOeGI2t2)
OGIZt2I=Z.D0ODG(2,2)
TMBG(KKo2)-G(KKtl)
DTM=DGIKKtZI-DG(KK,1)
RETURN ""
END
SUBROUTINE EXPAND(QDtFNCtRtCV,NORMoCDvN|
PURPOSE: TO GET EXPANDING COEFFICIENTS FROM ROUTINE

COEF. TERMINATE THE TERNS FOR REQD. ACCUTACY
AND DO THE NORMAE'iZATION

DIMENSION CD(2S)
DOUBLE PRECISION AtCVpQDtQtTOLtT,ABtERRtDABS,

C CDtSUNeTItDSQRTtSUM1
INTEGER RtFNCtTYPEtCASEtNORM
COMMON DUMIII6CO)tAtT.OUM2|bItAB|2OO)
COMMON /MF1/QtTOLtTYPEtMIIMD.NZB_MF
FORMAT('0e0'THE J OF _XPANOING COEFFICIENT REQDo IS MORE

C THAN 25'tSXt'WARNING e )
FORMATi'O',eERROR IN SU_PROGRAM°e'T_OFA VIA COEF. VERIFY

C ARGUMENTS NO OUTPUT')
TOL=I.OD-13
TO TEST THE LAST VALUE OF ARRAY CO ERR IS USED
ERR=l.0D-20
Q=QO
TYPEIZoMODIFNCoZI_MODIRtZI
FOR NEGATIVE Q AND ODD ORDERS, EXP° CDEFFS. FOR EVeN AND
ODO FUNCTIONS ARS INTERCHANGED°
IF(_.LT.O.0D0oAND.MOO(R,ZI.EQ.IITYPE_Z_NOO(IFNC-IItZI_MO3(R.Z!
M-O
ksCV
O-DABSIQ)
CALL CDEFIM)
IF(M°EQ.O) GO TO 5
WRITEI6,102)
RETURN
TYPEaZOMOD(FNC,ZI÷MOD(R,2I
CASEmTYPE+I
THE COEFFICIENTS PASSED THRU COMMON ARRAY AB IN DOUBLE
PRECISION IS GIVEN TO AN ARRAY CD OF LENGTH 25 FOR
FURTHER PROCESSION
DO 10 I=1o25
CD{I)=ABII)



lO

20
C
25

C

60

5_

60

7O

BO

9_

C
91

92

93

9_

95

96

97
IC._

C

1I;

IFIDABSICOIIII,LT.I,D-301 COlll-O.O0
CONTINUE
IF(CDIZSJ,GT,ERRI HRITE(btl01)
NIaR/Z+I
DO 20 I'Nle25
IFiCDilI.EQ.O.DOI GO TO 25
N'I
CONTINUE
NORMALISING THE CODES. PRESENTLY IN NEUTRAL NORM
SUMsO,ODO
IF(NORN,EQ,11 GO TO 14C
GETTING STRATTON NORMALISATION FACTOq
IF(QD,LT.O,DO) GO TO 91
GO TO (40t60t60tBO)tCASE
DO 50 J=ltN
SUM'SU_÷CD(J)
CONTINUE
GO TO IOO
DO 70 JsltN
SUM=SUM÷CD{JI_DBLEIFLOAT(Z_(J-I)))
CONTINUE
GO TO IOO
DO 90 J=I_N
SUM=SUM_CD(JI=DSL_{FLOAT(ZOJ-I))
CONTINUE
GO TO 100
GOT NEGATIV_ O STRATTCN NORMALISATION FACTOR
TII-I,ODO
IF(MDD(R/Zt2),EO,I)TI=-T1
GO TO192tg2te4t96},CASE
DO 93 J'ltN
TI'-TI
SUM=SUM÷TI_CD(J)
CONTINUE
GO TO 100
DO 95 JsltN
TI=-TI
SUM'SUM+CDIJ)tTlaDBL_IFLOAT(2S(J-1)II
CONTINUE
GO TO IOO
DO q7 JsltN
TI"-T1
SU_=SUM÷CD(J)_TI_DBLE(FLOAT(2OJ-1I)
CONTINUE
IF(NORM,EOoZI GO TO 12_
GETTING INCE'S N_RMALISATION FACTOR
SUMI=O,DO
DO 110 J=ltN
SUMI=SUNI+CD(J)_CD(J)
CONTINUE
IFiFNC,_Q,Z.AND,MOD(RtZ).EQ,_) SUWI-SUMI+CD(IIoCD(I)

IS DIFFERENT
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C

120

130

C
C

C

1 40

C

6C

7_

80

qO

125

110

SUNI-DSQRT¢SUNI!

IF(NORN,EQ,3) SUN-DSIGN(SUNI_SUMI

DIVIDE ALL COIFS, BY NORNALIS|NG FACTOR FOR 2 £ 3 ONLY

DO 130 ImltN

CDIIIgCOIII/SUM

CONTINUE
FOR MATHIEU FUNCTIONS OF SEZN+2 TYPE(CASEt3) COEF$,

BE B21 8_ ETC. BUT THE ROUTINE COEF RETURNS A SO'O

THIS IS TO BE DROPPED.

IFICASE.NE.3I RETURN

DO 150 I'2pN
COl I-1 )=CDI I )

CONTINUE

CD(NImO,DO

RETURN

END
SUBROUTINE COEF(q)

INTEGER KtKAtK_tKKtMtMFtMLtMMtM0tMItMZStTYPE

DOUBLE PRECISION A_ABtFLtGtHIZODItQtTwTOLtVtVZ
COMMON GIZOCt2ItDUM|IBOOItAtTtKtKAtKEtKKtHMtMLIA_(200)

COMMON /MFI/QpTOL_TYPEtMIpM:tM2SpMF

EQUIVALENCE IH(I)pGIItl))

DATA FLtV2/I.O_30tl.D'15/
STATEMENT FUNCTION

V(KI-I&-DBLE(FLOAT(KII_2I/Q

CALL TMOFA(ApTtT_M|
IFiM.N£,OI GO TO 30G

DO 60 K'ltZO0

AB(K}=O,DO

CONTINUE

KA=_I-MO+2

DO 90 K=2_KAp2
KK=IMI-K)/2+I

IFIK-Z! 70t7OtgC

AB(KKItl,DO
GO TO 90

AS(KK ) •AB(KK_I ) IG(KK+I t 1 |

C ONT l NU E

KA=O
O0 13_ K=MttM2St2

KK-KI2÷I

ML=K

IF(G(KK,2).EO. FLI GO TO 1CC
AB(KKImA](KK-1I_G(KK,2I

GO TO lIO

TmAE(KK-2|

IF(KoEQ,4oANO,M1.EQ,21TsT+T
A_(KK)_T/IV{K-ZISH(KK|-I,DO)

IFIDABS(A_tKK)),GE.I.D-I?) KA=C

IFIKA,EQ.5) GO TO 2bO

KA_KA_|

SHOULD

ALSO.
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130

150

2_C

ZSG

C

26O

29. _

30C

43_

C

C

CONTINUE
T=OLOG(DABS(A_IKK))/VZI/DLOGII.DO/DABSIG(KK,2I|)

KA=Z_IOINT(TI

MLsKA÷Z÷MZS

IFIMLeGTe39ql GO TO 4G3

KBuKA+Z÷MF
TsI.DOIVIKEI

KKsMF-MZS

30 _50 Kt2tKKt2

Tml,OO/(V(KB-K)-T)

CONTINUE
KKsMLI2+|

G(KK,2)mT
DO 200 K=Z,KAt2

KK=(ML-K)/2+I
G(KK,2I=I.D0/(V(ML-KI-G(KK÷lp2))

CONTINUE

KABM2S+2

DO 2_3 KtKAtMLB2

KKuK/2*I
AB(KKItaB(KK-11OG(KKtZ)

CONTINUE

NEUTRAL NORMALIZATION

T=AB(II
MMsMOD(TYPEt2)

KAsMM÷2
90 280 K=KAtML_2

KK=K/2+I

IF(DASS(TI-OABS(AB(KK))I 270,280,280

T=AB(KK)

MM=K
CONTINUE

DO zgc K:ltKK

AB(K)=AB(KIIT

CONTINUE

RETURN

M=-I
GO TO 300

END
DOUBLE PRECISION FUNCTION ANGMFC(QDtFNC_RtXOpDERIVtARtN!

PURPOSE= TO COMPUTE A PERIOOIC MATHIEU FUNCTION_

ODD OR EVEN TYPE OR ITS DERIVATIVE

DOUBLE PRECISION PCtPStOPCtOPS

EXTERNAL PCtPStOPCtDPS
OIHENSION ARI25),AB{25)

INTEGER FNCtRtOERIVtTYPEPCASEtP

DOUBLE PRECISION ARtABeXDeXtTltSUHtDCOStDSINoOD
COMMON/NTERM/NL|HIT

COMMON/ANGIABtXtP

NLIMITsN

QS=QD

'/1



!
C
C

ZO

3O
35

4_

5_

60
7_

8C

9C

110

13C

C

X-XD
TYPE=2eMOO(FNCt21_MOOIRt2)
CASE-TYPE+I
DO 1 I81,N
AS(II=AR(1)
CONTINUE
FOR NEGATIVE Q IN ALL SUMMATIONS ALTERNATE TERMS
A MINUS SIGN
IFlQS)20tqot35
Tlu-I,ODO
IFICASEoEQo3)TI=I,0DC
IF(MOOIR/ZtZI.EQ,11TI=-T1
00 30 l=|tN
TIu-TI
AEII)uT18AB(I)
CONTINUE
P=-I
IF(CASE,EQ.I) P--2
IF(CASE,EQ,3! P=O
IF(OERIV.EQ,II GO TO 60
GO TOi4OI_CtSOtS_ItCASE
CALL SIGMAiPCvSUMI
ANGMFCmSUM
RETURN
CALL S|GMA(PStSU_)
ANGMFCBSUM
RETURN
GO TOI70tTOtBCt83ItCASE
CALL SIGMA¢DPCtSUM)
ANGMFC=SUM
RETURN
CALL S1GNA(OPStSUM)
ANGMFCmSUM
RETURN
IF(OERIV,EQ,IIGO TO 120
GO TOIIOOplOOtllOtllC)tCASE
ANGMFC=DCOSIDBLE(FLOAT(R))_X)
RETURN
ANGMFCmOSIN(O_LE(FLOAT(RII_XI
RETURN
GO TO(130tlS0t160tlAO)tCASE
ANGMFCm-RIOSINIOSLE(FLOAT|R')I_X)
RETURN
ANGMFC=RODCOSID_LEIFLOATIR)ISXI
RETURN
END
DOUaLE PRECISION FUNCTION PC(KI
INTEGER P_K
DOUBLE PRECISION AB(ZS),X,DCOS
COMMON/ANG/AB,XpP
EVALUATES ONE TERM OF THE EVEN PERIODIC SOLUTION

HAVE

"/2



C

C

C

C

C

ICl

23

PC=AB(KlODCOSIDBLEIFLOAT(ZOK+PIIoXI
RETURN

END

DOUBLE PRECISION FUNCTION PS(KI

INTEGER PeK

DOUBLE PRECISION ABI2SItXoDSIN
CONHON/ANG/ABtXtP

EVALUATES ONE TERH OF THR ODD PERIODIC SOLUTION
PSmAB(KIOD$1NIDBLE(FLOATIZ_K+PII_X)
RETURN

END

DOUBLE PRECISION FUNCTION DPCIKI
INTEGER PoK

DOUBLE PRECISION ABIZSItXtTtDSIN
COMHONIANGIABoXoP

EVALUATES ONE TERN OF THE DERIVATIVE OF THE EVEN PERIODIC
MATHIEU FUNCTION,
T-ZOK+P

DPC=-ABIKISTODSIN(T_XI
RETURN

END

DOUBLE PRECISION FUNCTION DPS(KI
INTEGER PtK

DOUBLE PRECISION AB{2SJtXtTtDCOS
CDMMON/ANG/AB_XtP

EVALUATES ONE TERn OF THE D_RIVATIVE OF THE ODD PERIODIC
MATHIEU FUNCTION,
T=Z_K÷P

DPS=AB(KIOTBDCOS(T_X)
RETURN

END

SUBROUTINE SIGMA(OUMtSUM)

PURPOSE: TO SUM N TERNS (SPECIFIED BY THE COMMON

COMMON BLOCK N TERN) OF A FUNCTION.

DOUBLE PRECISION DUMoSUMtERRtTltTERMpDABS
COM_ON/NTERM/NLIMIT

FORNAT(°CttICONVERGENCE NOT TO SATISFACTIONttlOXtOWARNING o)
ERR=Z,0D-13

TI-DUM(1)

SUn=T1
N=NLIMIT

IF(NLIMIT,GE,ZZIN=ZZ

IMIN=5

DO 1O I=2tN
TERM=DUMII)

SUn=SUM÷TERn

TERM=DABSITERM)

IFII.LT, IMIN) GO TO IC

IF(DABSISUM),GE.ERROT_RM) RETURN

CONTINUE

IFII.EQ,ZZIWRITEI6tlOI)
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C
C
C
C

C

ZO

C
C
30

4O

C

60

RETURN
END
SUBROUTINE FACTORIFNCtRtQOt&BtNtPSI
PURPOSEz TO CONPUTE THE NORMALIZATION FACTORtPZNmPZN÷It

SZNe|tOR SZN,Z FOR NOD|FIfO MATHIEU FUNCTIONS
OF POSITIVE eQe AND P2Ne0PZNe|etSZNe|et
OR SZN+2 e FOR THOSE OF NEGATIVE eQe

D|N£NSION AS(2S|
INTEGER FNCtRtCASE
DOUBLE PRECISION ABtPStPSPtOABSIOSQRTtRQmODEVt

SUNltSUNZtTItTZtOD
RQ-OSQRT(OABS(QD)I
CASEuZ_MOD(FNCtZI_HOO(R,ZI+I
|F(QO.LT.O.OOOICASE-CASE,_.-
ODEVB1,0D0
IF(MOD(RIZtZI,EQ,1IODEVm-I,GD0
SUMlt0o0D0
SUMZtO,CDO
TIm-I°ODO
GO TO IlOt30_50tTOtlOt?Ot56t301tCASE
FOR ALL Q AND EVEN OROER .... P2N AND
O0 20 Im]tN
SUNL=SUMI+ABII)
TI=-T1
SUMZ-SUNZ÷TI=AB(I!
CONTINUE
PS-SUMI=SUMZ/A_(I|
PSP=PS=ODEV
IF(QD.LT,O,OD_IPS-PSP
RETURN
FOR POSITIVE O ANO ODD ORDERS PZN÷lt

NSG q AND ODD ORDER IF FNC=I
DO 40 I=ltN
Tlm-T!
SUHI-SUNI+AB(ll
SUMZmSUMZ÷TI=A_IIIOOBLEIFLOAT(2OI-1I)
CONTINUE
PSmSUM|sSUNZ/(RQ_AB(1))
PSP-PS_ODEV
IF(QD°LT,O,DOI PSmPSP
RETURN
FOR &LL O AND EVEN ORDER IF FNC=I
TI=I,0DO
DO 60 I'ltN
TZ=AB(II=DBLE(FL_AT(_oI))
SUHI=SUMI÷T2
Tt'-T!
SUMZmSUM2+TIBT2
CONTINUE
PS=SUMloSUMZliRQ=RQ=AB(III
PSP-PS_DDEV

PZN e .... FNC"Z

PZN+I e IF FNC=Z

.... SZN÷Z, SZN+2'

?,1



C

C
70

8O

C

C

C

P.C

IF(QD,LT.O,0D0JPSuPSp
RETURN

FOR POSITIVE Q AND ODD ORDER .... IF

FOR NEGATIVE Q AND ODD ORDERS SZN+It
DO 80 I=I,N

SUMI=SUMI+AB(IIIOBLE(FLOAT(Zml-t))
TI=-T1

SUMZ=SUMZ+TIeAB(II

CONTINUE

PS-SUMIQSUMZI(RQ_AB(I))
PSP=PSOODEV

IF(QD.LT.O.ODGIPS=PSP

RETURN

END

SUBROUTINE STDREIQDtXltNMAX)

FNC-1

SZNtl e IF FNCsZ

PURPOSE: TO COMPUTE AND STORE THE VALUES OF BESSEL

FUNCTIONS AND DERIVATIVES REQUIRED IN MATHIEU

FUNCTION CALCULATIONe

DOUBLE PRECISION QDtQABStRQtOABStOSQRTeDEXPtBSIVltBSIV2t

BS2V2eDBS1VltDBSIV2tOBSZVZtXItVItV2
COMMON/LOCAL/DUMMYII6|mVlmVZtDUMMY2(50)

COMMON/RADIAL/_SIVI(ZSItSSLV2(ZS)tBS2VZ(ZS)tDBS1VI(ZS)t
= DBSIVZ(25),O_SZVZiZS!

N-NMAX÷3

IFIN,GE,Z5)N'25
NI=N-1

OABS=DABSIQD)

RQ=DSQRT(QABS!

VI=RQODEXP(-Xl)

VZ=OABS/Vl

IFIQD,LT,O,OD_) GO TO ZO

CALL _ESSEL(ItVItBSIVItN)

CALL 6ESSELII,VZt6SIVZtN)

CALL BESSEL(ZtVZtBSZVZmN)
DBS1VI(1)=-BSIVI(Z!

DBSIV2III--BS1VZ(Z)

DBS2VZIII--BSZV2(2)
DO IO l=ZtNl

DBSIVI(I)=(BSIVIII-1)-RSIVI(I÷I)IeO.SDO
OBSIVZ(I)=(BSIVZ(I-I)-BSIVZII÷I))eO.SD_

DBSZVZIII-(BSZVZ(I-I)-BSZVZII+IIIo¢.500
CONTINUE-

RETURN

CALL _SLZIItVItBSIVImN)

CALL $SLZlltVZtBSlVZtN)
CALL 8SLZIZtVZ,BSZVZtN)

DBSIVIIII-BSIVI(Z)

DBSIV2(II'BSIVZ(ZI

DBSZVZIIIm'BSZVZ(ZI

DO 30 I=2eNl

DBSIVIIII-IBSIVIII-I)_BSIVIII+III_O.SD_
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3O

2O

3_

40

SO

C

6_

7O

80

9O

DBS1V2(IIaiBSIVZII-I)÷SStVZiI+IIIo0.SD_
DSS2V211)m-IBS2V2(I-1)÷BS2V2iI_I))80.SD0
CONTINUE
RETURN
END
SUBROUTINE BESSEL(SOL,U,BSJY,N)
INTEGER NtNNeSOL
DOUBLE PRECISION BSJY(NItU
NNmN-I
IF|U.EQ.O.DO.AND.SOL.EQ.2) GO TO BO
IFIU.GE.8.DO) GO TO 30
GO TO(IOtZOI,SOL
CALL JCJI(U,BSJY)
GO TO 40
CALL YOYIIUtBSJY)
GO TO 4_
CALL LUKE(U,SOL,BSJYI
IF(N,LT.2) GO TO lOG
GO TO(SO,bO|,SOL
CALL JNS(BSJY,U,N!
GO TO 100
RECURRENCE FORMULAR
DO 7_ Km2_NN
BSJYiKelIw2.D_ODBLE(FLOAT(K-I||aBSJY(K|/U-BSJY(K-I|
CONTINUE
GO TO 100
NN=NN÷I
OO 90 K=ltNN
BSJYIK)'-1.0+37
CONTINUE
RETURN
END
SUBROUTINE JOJI(XtBJ|
OOUaLE PRECISION BJIZItTIS),X
TIIIgX/Z.DO
BJI1)'l.00
BJ(ZI=T(I)
TiZ)s-TIltB_Z
T¢3)'I.O_
T(4I=I.DO
T(4t:T(4I=TiZI/T(OtS02
BJ(tI=BJil)÷T(4|
TIS)sT(4)BTII)/(TI3)÷I.9O)
BJ(ZIvBJ(ZI÷T(St
IF(OM&Xl(OABS(T(4)|,OABS(T(5)II.LT,!.D-15| R_TURN
T(OI=T(OI÷I.DO
GO TO IO
ENO
SUBROUTINE YCYI(X,BY|
DOUBLE PRECISION T(ICI,X,BY(2|
T(II=XIZ.DO

"/6



C

C

1':-

T(Z)--T(I)oe2

BY(I)-I.DO

_Y(2J=T¢|)
TIT)sO.DO

T(IOI'-T(1)

T(3)=O.O0

T(4I=O.DO
T(S)'I.DO

T(3)'TI3I_I.DC

T(41xTI4)÷I.DO/T(3)

T(SIBT(S)OT(2)/T(3)O_2
8Y(IIsBYIII+TI5)

T(bln-T(S)OT(4I

T(TI-TITI÷T(6I

TIBI=TIBIST(1)/(Ti31+I°DCI

BY(ZI'SYi2I+T(8)

T(9)t-T(BI_I2.DC_T(4)÷I.DG/(T(3I÷I.DGI)
T(tC)=T(IO)÷T(O)

IF(DMaXI(DABS(T(b))_D_BS(T(9))).GE.I.O-151 GO TO 1_

T(ZI=.57721566490153286DO+DLOG(T(Ill

BYIlI'.b3661977236758134DCO(BY(1IeT(ZI÷T(7)I

BY(2)=.6366197723675S13_DOO(BYI2)BTI2)-|.DC/X)÷T(IG)/
C 3,141592653559793200

RETURN
END

SUBROUTINE LUKEIUeKINDtBSJY)
INTEGER KIKINO

DOUBLE PRECISION A(19It_I19)eCS,C(19)oO(19)tG(3)PBSJY(2),

C RIZ)*S(Z),SN,T,UtX
WARNING - THE FOLLOWING DATA STATEMENTS ARE NOT IN ASA

STANDARD FORTRAN

3ATA Al,ggqBgSOb_Tb_ATZB7416OOt

-,538_Tg56139606g13D-3t

-.1317967712336157GD-3t

.151422497C48644D-Bt

.15846861792063D-6e

-o856C695539460-8,

-.295723433550-9,
.6573556254D-lOt

-,223749703D-11t

-._482114CO-lZ,

.69548270-13,
-.151340D-14,

-.qZ422D-15,

.155580-15.

-.476D-[7t

-.274D-17,
o610-18,

-,4D-|9t

-.1D-19/

8/-,77693556942053213bO-2t

s

8

x_
gw

f_

x_

8
o

o

fa

o

DATA

7"/



S

O

O

S

S

D

8

S

8

8

0

S

DATA

8

X_

X_

8

O

0

O

DATA

s

s

o

o

s

o

o

s

-.774803230q65447670O-Z,
.25365411654307960-4,
0394Z?3598399711D-5,

-.107Z]498zq91z9D-6t
-.72138979q3ZSO-8,

.73764602893D-9t

.150687811D-11,
-.574589S)TD-II,

.45996574D-12,

.ZZTO3Z3D-1),
-.$STBDOD-|4e

.74497D'15,

._84TD-lbt
-.24tOO-lbp

.Z65D-17,

.13D-18,
-.lOO-18,

.2D-19/
CIl.00067753586S91346234DO,

.qOlOO72519590Ble3D-3,

.ZZIT2434918599#54D*3,
-.196575946319104D-St

-.Z_BB953114327D-6,
,102814_35_89;0-7,
.37597C547590-9,

-.763889135BD-IO,
.Z38734670D-11t
.518Z5489D-IZt

-.7693969D-13.
,1440080-14t

,_O3Zq40-14t

-°26821D-15p
,459D-17e

.3OZD-l?t
-.bSD-IB,

.4D-19,
.1D-191

O/.Z3376529956285803280-1,
.Z3346801223545575330-1,

-.35760105qGqo138ZD-4,
-.56086_1494926ZTD-St

.1327389_8434_0-6,

,q16975845966D'8,

-,B6838BBO_T1D-Dt

-.3TBCT30_O-l_t

.6b_14558bD-l_,

-,5058439GD-1Z,

-.ZTZOTBZO-I_,

°985381D-1_,
-.793980-15,
-.67570-16,

?8



2C

4C

13

'_ .2625D-16,
,I, -.250D-17,
.I, -o150-18,
• .10D-18,
• -.2D-Iql

X-8,DOIU
G(I)=I.O0
G( 2 !=2.DOiX-I.DO
R(I )"A(II*AI2)eGI2)
SI1 1=811 l+8(Z ISG(2 I
RI2 I=CIt)_CI2IeGI2)
S (2 I'D( 11 ÷D(2 I'I'G( 2 I
DO lO K=3,19
Gi 3 I"( 4.008X-2. O0)OG(2)-G( 1 )
R ! I )=At I)÷AIKJ=I'GI 3)
S(II=S(II*S(KItG(31
RI2)-,_I2I÷CIK)BGI3I
SIZI=SI2)÷DIKleGI3I
GI1)"GI2)
GIZI=GI3I
CONTINUE
T=.79768_S6CBOZ8654DOIDSQRT(U)
SN=DS]N(U-,7853981633974483DC!
CS-DCOSIU-,7853qBI633q74483DC)
GO TOI2G.30ItKINO
BSJYIII=TOIRIZIOCS-SIII*SNI
BSJYIZ)=TO(RI2)_SN+SI2)=C$)
GO TO 40
BSJY(II=T_ISIII_CS+R(II_SN)
BSJY(2)=TOI$I2)OSN-RI2)_C$)
RETURN
END
SUBROUTINE JNS(JJpUtMt
INTEGER K,KAtKKoH
DOUBLE PRECISION AtB.DIZI.DMtGI251tJJINIt

Pl3l.Ol3ltU
DM=2=M
PIII=O.DO
OI1)=I.D_
PlZ;=1.OO
QIZt'DNIU
OIII=PIZ)IQ|2!
A=Z,DO
B=|DH+A)/U
PI3)=B=PI2)-PI1)
Q(3I=BoQ(21-O(I}
O(Zl=PI3llOl3)
IFIDABSIDIlI-DIZII,LT*l.O-151
PIII=PI2)
PIZI=Pl3|
QIII=QI21

GO TO 20
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2C

3_

C
C

20

3_

40
5C'
C

6_

7:

C
C

O(2)=Ol3)
OII)-DI2!
AmAe2,O0
GO TO 10
GIM)mDI2)
KA=H-2
00 30 K=11KA
KKuN-K
Am_KK
G(KK)=U/(A-UIGIKK÷I))
IFIG(KK|,EQ.O.O0) G(KK)-l,D-35
CONTINUE
DO 40 KuZtM
JJIK÷I|mG|K)SJJ(K) .
CONTINUE
RETURN
END
SUBROUTINE BSLZISOLtU,BSIKtN)
PURPOSE: TO COMPUTE MODIFIED BESSEL

TYPE FOR ORDERS O THRU N-1
INTEGER NtSOL
DOUBLE PRECISION BS|K(NItU

£Z(U,SOLtaS/K!
ZIRETURN
(_SIKtUtNI

O.ODOI GO TO 73
5.C00) GO TO 4_
liU,BSIKI

IF(SOL°E0.Z)GO TO 30
IFIU°GE.B.OD0) GO TO 10
CALL IO|IIU,BS|K)
GO TO 20
CALL LUK
[F(N°LT,
CALL INS
RETURN
IF(U°EQ.
IF(U.GE.
CALL KOK
GO TO 50
CALL LUKE2|UtSDLtBS[K)
IF|N°LT°ZIRETURN
RECURRENCE FORMULA
NN-N-I
00 60 KsZtNN

FUNCTIONSt 'l e OR 'K e
IN DOUSLE PRECISION.

_SIK(K+II=2eODOODBLEIFLOAT(K-1)IsBSIKiK)IU÷tSIK(K-1)
CONTINUE
RETURN
DO BO K=I_N
BSIK(K)=l°CO+75
CONTINUE
RETURN
END
SUBROUT|NE IOII(X,BI!
PURPOSE! TO EVALUATE _IC e AND 'II' _ESSEL FUNCTIONS

BY SUMMING THE SERIES°
DOUBLE PRECISION BI(2),TIEItX,DMAXltDA_S

8O



1C

C

C

1C

TI1)=X/2oODO

SlII)=I.000

BI(2)=T(I)

T(2J=T(1)ee2
T(3I=IoODO

T(k)=1.0OO

TI4I-T(_)OTIZ)ITI3Io_Z
BIIII-BIIIIeT(4)

TiS)=T(4IOT(III(T(3)÷I.000)
OIiZIeBIIZIeTISI

|FIDMAXlIDABSIT(4)ItOABS(T(S)I).LT,l.00-15IRETURN
Tf31-TI3)÷I.0DO

GO TO 10
END

SUBROUTINE KOK|(X,BK)

PURPOSE: TO EVALUATE 'KO e AND eKlm BESSEL FUNCTIONS
BY SUMMING THE SERIES.

DOUBLE PRECZSION TIIO)tXtBKIZ)mDMAX1,DABS,DLOG
T(1)=X/Z.ODO

T(ZI=TIIIB_Z

BK(I)=I.0DO

BK(ZI=T(I)
T(T)=O.CDO

T(IO)=-T(1)

T(3I=O.ODO

T(6)=O,ODO

T(5)=I°ODO
T(3I=TI3I+I.OD_

T(6)=T(4)+I.CDO/T(3)

T(5)=T(5)ST(Z)/T(3)_Z
BK(X)=BK(II÷T(5)

T[6)=T(SIOT(;)

T(7)=T(T)+T(6)

T(SI=T(SI_T(II/(T(3)+lo_O0)
BKI2)=BKIZ)+TIB)

T(e)x-T(8I=IZ.OO_OT(_I÷I._D_/IT(3)÷t.3D_))
T(IO)=T(IOI+T(q)

IFIDMAXl(DABSITI6)),DA_S(T(9)I).GE.l°_D-15) GO TO 10
T(ZI=.5772156649015329DO÷DLOG(T(lI!
BKIII=-BK(I)=T(Z)÷T(7)

BKIZI=BKIZI=TIZI÷I.OD:/X÷T(IC)/ZoODO
RETURN

END

SUBROUTINE LUKEZ(U_KINDt_SIK)

PURODSE= TO EVALUATE NOO|¢IED 8ESSEL FUNCTIONSt 10 ANO J[

OR K0 AND KI FROM SHIFTED CHEBYSHEV SERIES.

DOUBLE PRECISION A134)tB121),C134)tDlZl),Ut3SlKlZltXtG(3_),
C R(2I,S(2I,DEX?,DSQRT

DATA A/1.0082792C54587403,.Bk45122624920943D-Z,

=.1727006307775665D-3,.TZ475q139qgs896D-5,.513587726875_ZO-6,

=.56816965SO_tZD-?t.SS130912228SO-St.tZ384ZS3640-Bp
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10

15

Z_

82
_,ZgSO16723O'lOt',7895669832O-lOt-.331ZTZZ763D'lOt
s'.4497338640"Zlo,179979O3D-ltt,9657483ZD-ZZt.38606Z4D'13t
o-,I04039340-1Zo-eZ39SO_SD-|3t.95544TO-14te4643150-|4t
_-.SS864D-ISt-e70878D-ISt,B676D-|6o,|l194D-ISt°o|ZlZO-16t
_'.1813D-16t.Z49D-|To.Z99O-lTl-e6ZD-l$t'.49D'lBoeZ6D-18o
O°7D-19o°°4D-Zgt-eZD-19o,ID-19!

DATA 81,98840g17423C8258DOt-,I131OSO646469282D-|e
_,2695326127627237D-3e-e|llO668519666S3SD-4e
_,63ZSTSIO$SOO490-6p-.450673376411D-7t,379299645568D-8t
_-,364S4717921D-9e,390437SS76D-lgt-,4S7993622D'llt
s,sg381O63D'lZt-e7883236D'13e,I|$bO42D-13o
_-,17Zb97D-14_,275_SD-15p°,4589D-16t,796D-17p-,143D-17,
O.27D-18o'.SD-19o.lD'19!

DATA ¢l.9758006023262859DOt-e2446744296327638D-lo
e-.ZTT2053607638289O-3o-eg73z14672802013O-S,
o-.6297Z423863981D-6t-e659611421S424D°7_-.g61387291940-8o
o-.14011409C103O-8_-.4756316654D-1C_.8153068107D-lO_
o.35408148320-10,.51025640TO-llo-.leO4_O934D-11_
_-.IOZ3594k7D-11_-_S2677840-13_.tOTC94190-IZ_.ZbI1976D-13,
_-.956129O-14_-.471335O-14_.829240-15_.762620-15o-.8065O-16,
o-.116570-15,.110?D-Ib_.lS84D-16_-.Z330-17o-.311O-17_
_.61D-18..S1O-ISo-.160-lS_-eBD-tgo.40-tgo.lO-19_-olD-Ig/

DATA 0/1.03595_858772358D0_.35_6S291243331110-1_
o-.66847502816688860-3o.1618S_63810953430-4_
o-.84517ZO48123680-b,.57132Z18102840-?_-.46_5554606610-8_
_,_35417338S?D-9_-.45757Z97040-IO,.SZSS13ZSlO-11_
=-.66Z61293D-1Z_.890479ZD-13,-.IZ7Z6070-13_,lgZ0860-14,
_-.30450-15_.5C450-16,-.8710-17_.15b0-17.-.290-18o
=.60-19_-.10-19/

IF(KIND,EQ,Z! GO TO ZO
X=B.ODO/U
GII;=I.O00
GIZ)=Z.ODO_X-I.0DO
N=34
DO tO Kz_N
GIKI=(4,ODO=X-2,ODO)SG(K-1I-G(K-2I
CONTINUE
R(II=O,ODO
R(Z)=O,ODO
DO 15 KsI_N
I=N÷IoK
RIlI=RI1)+&IIIOG(II
R(ZI=R(ZI÷C(IIOG(I!
CONTINUE
_SIKi1I=,39_9_Z2_CI43ZTOG=RIII=DEXP(U)IOSQRT(UI
_$1K(ZI=e3989_ZZ_C401$_Z7D_=R(ZI=DEXP(UI/OSORT(UI
RETURN
X=S,OOOIU
G(I)=I,O00
G(ZI=Z.ODO_X-loCO_
N=21



Z5

30

C
C
C

I0

2,)

O0 Z5 K'3tN
G(K)s(4,0DOOX-2,0DOIOGIK-1)-GIK-2I
CONTINUE
S(I)'0.0DO
S(Zls0,OD0
DO 30 K=I pN
I=N+I"K
S( 11"5(1 I+Sl I leG( I I
SI21-SI2)÷D(I)tG(1)
CONTINUE
BSIKIII=I,2533141373155OOOS(lI_DEXP(-UI/OSQRTIU)
BSIK(Z181oZ533141373155DOeSI2)_DEXPI-U)/OSQRTIU!
RETURN
ENO
SUBROUTINE INS(IItUtM)
PURPOSE= TO EVALUATE tle BESSEL FUNCTIONS OF HIGHER

ORDERS BY A CONTINUED FRACTION EXPANSION
METHODS.

INTEGER KtKAIKKtM

DOUBLE PRECISION AtBtDIZItDMtGI251tIIINItP(3IIQ(3)tU
IFIU°EQ°0°CDOI GO TO 50
DM-Z_M

D_

DO
DO

U
)lqlZI

Pill=?.0
Qlll=l.O
PI2I=I.C
QI2I-DM/
DI1)=PIZ
A'2,000

B=IDM_A)/U

Pl3I=_Pl2l+Pll)
QI3I-B=QI2I*QI1)
DlZ)-P(3l/Ol3)
IFIDASS(OI1I-OI2)I,LT,t°00-15) GO TO 20
PI1)-P(2)
PIZI=P(3I
Q(1)=QIZI
Q(Z)-Q{3)
DIll=D|2)
A=A*2,CD0
GO TO 10
GIMIzDI2)
KAmM-2
_0 30 K=I_KA
KK:M-K
A=2_KK
G(KK)sU/IA+U*G(KK÷||)
IFIOABS(G(KK)I,LE,l.OD-351G(KK)=1.0D-35
CONTINUE
DO _0 K=2tM
IFiDABSilliKI),LT.1,CD-351 GO TO 35
II(K÷II-GIKI=II(KI
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35

50
60

C
C
C

5

C
lC

C
Z:

C
30

C
40

C

C
63

C
70

GO TO 40
IIKK÷|ItO,ODO
CONTINUE
RETURN
00 60 I-3tN
II(l)=O,ODO
RETURN
END
DOUBLE PRECISION FUNCTION CERADIQDtRtDERIVtPStARtN)
PURPOSEI TO COHPUTE A MODIFIED NATHIEU FUNCTION

(OR DERIVATIVEI OF FIRST KIND CORRESPONDING
TO EVEN HATHIEU FUNCTION (CE FUNCTIONS)

EXTERNAL C2NPtCZN|PtC2NNtCZNINtDCZNP.DCZNIPtDCZNNtDCZNIN
DOUBLE PRECISION ABIZ51tQDtPStPSPeOUTPUToAR(Z5)
INTEGER RICASEtDERIVtFNC
COMMON/NTERM/N!
COHHON/LOCAL/DUMHYI8)tAB
NI=N
PSP=PS -
00 5 l=ItN
ABIII=ARII)
CONTINUE
CASE=MOO(RtZ|el
IF(QD.LT.O.0D01CASE=CASE+Z
IFIDERIV.EQ.1) GO TO 50
GO TOII0,Z0,30t40ItCASE
THE VALUE OF CEZN(ZtQ)
CALL SIGHA(CENPtOUTPUTI
CERAD=PSOOUTPUT/ABI1)
RETURN
THE VALUE OF CE2N+IiZtQ)
CALL S|G_A(CZNIPtOUTPUT)
CERAD=PSeOUTPUT/AB(1)
RETURN
THE VALUE OF CEZN(Zt-Q)
CALL SIGHAICZNN,OUTPUT)
CERAD=PSP_OUTPUTIAB(I|
RETURN
THE VALUE OF CZ£N÷I(Zp-Q)
CALL SIGMAICZNINtOUTPUT)
CERAO=PSP_OUTPUTIAB(I|
RETURN
FOLLO_|NG ARE D_R|VATIVES OF
GO TO(6OtT_IBOtgOItCASE
THE VALUE OF CEZN'(ZtQ)
CALL SIGMA(OCZNPtOUTPUT!
CERAD=PS_OUTPUT/AS(ll
RETURN
THE VALUE OF CEZN÷ltIZtO)
CALL SIGMA(OCZNIPtOUTPUT)
CERAD=PS_OUTPUT/AB|I)

FUNCTIONS
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C

80

C

9:

C
C

85

RETURN

THE VALUE OF CEZN*(Zt-Q|

CALL SIGNAIDCENNtOUTPUT)
CERAOmPSPmOUTPUTIABIII
RETURN

THE VALUE OF CEZNe]e(Zt-QI
CALL SIGRAIDCZNIN,OUTPUT)

CERADmPSPmOUTPUT/AB(1)
RETURN

END

DOUBLE PRECISION FUNCTION C2NP(K)

PURPOSE: TO CALCULATE K TH TERM IN SUN OF SERIES

FOR CEZN(ZtQ),

DOUBLE PRECISION AS(ZS)tBSJVltBSJV2,BSYVZeDBSJVIoOBSJV2,
• DBSYVZ

COHHON/LOCAL/DUMNY(BItAB

COMHON/RAD|ALIBSJVI(_5)tBSJVZ(ZS)tBSYV2125ItDBSJVli25)t
C D_SJV2(ZSItDBSYV21251

CZNPsAB(K|O_$JVZIK|OBSJVZ(K)
IF(MODiKt2)oEQ.O)C2NP--CZNP

RETURN
END

DOUBLE PRECISION FUNCTION C2NIP(K)

PURPOSE: TO C&LCULATE _ TH T_RN IN SUH OF SERIES
FOR CEZN+I|ZtQ)°

DOUBLE PRECISION AB(25),SSJVItBSJV2tBSYVZtDBSJVItD_SJVZt
DBSYV2

COMMONILOCAL/DUqMY(B)tAB

COM_ON/RADIALIBSJVI(ZSItBSJVZI25}tBSYVZIZSI_DBSJV1(ZS)t
C DBSJV2IZSItDBSYV2(25)

C2NIP-AB(KI=(_SJVI(K)OBSJV2(K_II+BSJVI(K+I)_BSJV2(K))
IF(HOD(Kt2).EQ.0)C2NIP--C2NIP
RETURN

END

DOUBLE PRECISION FUNCTION CZN_(K)

PURPOSE: TO CALCULATE K TH TERM IN SUN OF SERIES
FOR CEZN(Z,-Q).

DOUBLE PRECISION AB(25)tBSIV1_BSIVZtBSKV2tD_SIVltO_SIVZt
o DBSKV2

COMMON/LOCAL/DUHqY(8)tAB

COMMON/PADIAL/BSIVIIZSItBSIV2(ZSImSSKVZ(2_I,_BSIVI(ZS)t
_8SIV2125IoDSSKVZI2_)

C2NN-AB(K)_BSIVI(K)_SSIV2(K)

IF(MOO(K)2)°EO°O)C2NN_-C2NN
R_TURN

END

DOUBLE PRECISION FUNCTION CZNIN(K)

PURPOSE: TO CALCULATE K TH TERN IN SUM OF SERIES FOR CEZN÷I(Zp-Q)

DOUBLE PRECISION ABI25),SSIVltBSIV2_BSKV2_DSSIVItDBSlVZtDBSKV2
COMMON/LOCAL/DUMMY(8)pAB

COMMON/RADIALIBSlVIIZSItBSIV_(251mBSKVZ(251tD_S|VI(25IvDBSIV2(25),



C

C

C

C

C
C

C

C

C DBSKV2125)

CZNIN=AB(K)81BSIV](K)SBSIV2IK_I)eBSIVIIKel)_BSIVZIK))

IF(NOOIKt2),E0.O)C2NIN=-CZN|N
RETURN

END

DOUBLE PRECISION FUNCTION DCZNP(K)

PURPOSEZ TO CALCULATE K TH TERM IN SUN OF SERIES

FOR CEZNt(ZtQ).
DOUBLE PRECISION ABIZS)tBSJVltBSJV2tBSYV2tDBSJVltDBSJV2t

D_SYV2tV1tV2

COMNON/LOCAL/DUMMY|(6|tVltV2tAB

COMNONIRADIAL/SSJVI|251,_SJV2125|08SYV2(25|tDBSJVI(25|,
DBSJV2(25)tDBSYV2(25)

DC2NPmAS(KIBI-DBSJV|IKISBSJV2(KIeVI÷_SJV1(K)SOBSJV2|K|OV2)
IFIMOOIKe2).EO,OIOC2NP=-OC2NP
RETURN

ENO

DOUBLE PRECISION FUNCTION DCZNIP(K)

PURPOSE: TO CALCULATE K TH- TERM IN SUN OF SERIES

FOR CEZN÷IeIZtQ|o

DOUBLE PRECISION ABIZSItBSJVltBSJVZtBSYVZtDBSJVItDBSJVZt

= DBSYVZtVltVZ
COMMON/LOCAL/DUMNYI(6|tV|tV2tAB

COMMON/RAOIAL/BSJVl(ES)tBSJVZ(ZS)tBSYVZ(ZS)tOBSJVl(25),

DBSJV2(ZSItDBSYVZ(25)
DCZNIP=A_(KI_I-D_SJVIIK)_BSJVZ(K+|IOVI÷

• BSJVIIK)SDBSJVE(K+I)_VZ-

OBSJVXIK+I)=BSJVZIK|_VI+BSJVZIK÷Z)=DBSJVZ(K)_V2)

IFIMD_(KtZ).EQ.C)DCENIP=-DC2NIP
RETURN

END

DOUBLE PRECISION
PURPOSE: TO CALC

FOR CEZ

DOUBLE PRECISION

COMHONILOCALIDUHM
COMMON/RADIAL/BE|

• OBS

OCZNNzA_IK|O(-OBS

IFIMOO(KtZI.EQ.0)
RETURN

END

DOU5LE PRECISION

FUNCTION DCZNN(K|
ULATE K TH TERM IN SUM OF SERIES

N'IZtO)o

A8IZS),BSIVI,BSIVZtBSKVZ,DSSIVI,DBSIV2,

DBSKVZ_VltV2

Ylf4)tVleVZtA8
VI(ZS)t_SIVZIZS|t_SKV2IZS|tOBSIVliZS)t

IVZ(ZSItOSSKVZIZSl
|VI(K)SBSIVZ(K|OVIe_SIVI(KI_D_SIVZ(KI=VZ)

DCZNNu-DC2NN

FUNCTION OCZNIN(K)

PURPOSE: TO CALCULATE K TH TERN IN SUM OF SERIES

FOR CEZN÷II(Zt-O),
DOUBLE PRECISION ABIZS)o_SIVItESIVZpBSKVZtD$SIVItD_SIVZt

o DBSKVZeV1tV2

COMMON/LOCALIDUMMYIi4|pVleVZeAB
COMMON/RADIAL/_SIVlIZS)_3SIVZIZS)_SSKVZ(ZS)_DBSIVlI25)e

• DBSIV2(ZS)eD_SKV2(25)
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C
C

C

5

C

1C

C

2O

C

3':.'

C

6C

C

5C

C
6,.."

C
'7C

DC2NINuABIK)Si-DBSIVIIKI_BSIV2iK_I)SVI_

• BSIVt(KIODBSIV2(K÷II_V2-
OBSIVIfK,II_SSIV2IKISVI_BSIVIIK+IIeDBSIV2(KISVZ)

IF(MOD(Kt2),EQ,0IDC2NINs-DCZNIN
RETURN

END

DOUBLE PRECISION FUNCTION SERAD(QDtRtDERIVtPSoARtN)
PURPOSE: TO COMPUTE A MODIFIED MATMIEU FUNCTION

(OR DERIVATIVE) OF FIRST KIND CORRESPONDING TO

ODD MATHIEU FUNCTION ! SE FUNCTIONS|

EXTERNAL SZNZPtS2NIPtS2NZNIS2N1NtOS2NZPtOSZNIPtDSZN2Nt

DSZN1N

DOUBLE PRECISION AB(ZSIeQDtPStPSPpOUTPUTtARI2S)

INTEGER RtCASEtOERIV

COMMON/NTERM/NI

COMMON/LOCALIDUMMVISIoAB

NI=N

PSP=PS

DO 5 I=ItN

ABfII-ARfl|
CONTINUE

CASEsMODIRpZI+I
IF(OD.LT,O,ODO) CASEuCASE÷2

IF(DERIV,E0,t! GO TO 50

GO TOil0tZO_30t4OItCASE

THE VALUE OF SEZN+2IZtQ)
CALL SIGMAIS2N2P,OUTPUT)

SERAO=-PS_OUTPUT/AB(I|

RETURN

THE VALUE OF SEZN÷t(Z,O)

CALL SIGMA(SZNlPtOUTPUT)

SERAD=PS=OUTPUT/AB(I|
RETURN

THE VALUE OF SEZN÷Z(Zt-O!

CALL SIGMA(SZN2N_OUTPUT)

SERAD=PSP_DUTPUTIAB(I)

RETURN

THE VALUE OF SZEN+I(Zt-Q)
CALL SIGMA(S2N1NtOUTPUT)

SERAD=PSP_OUTPUT/AB(1)
RETURN

FOLLOWING ARE OERIVATIVES

GO TO(60tT0oBCtg0|tCASE

THE VALUE OF 5EZN_2tIZtQ)
CALL SIGMAiDSZNZPpOUTPUTI

SERAO=-PS=OUTPUTIASI[|

RETURN

THE VALUE OF SEZN÷I'(ZtO)

CALL SIGMA(DS2NIPtOUTPUTI
SERADuPSSOUTPUT/AB(1)

RETURN

OF FUNCTIONS
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C

8_

C

9_

C

C

C
C

C

C

C

C

THE VALUE OF SEZN+Ze(Z,-QI

CALL SIGNAIOS2NZN,OUTPUT)

SERADmPSPSOUTPUT/AB(I)
RETURN

THE VALUE OF SE2N÷I_IZ,-O)
CALL SIGMAIDS2NINtOUTPUT!

SERAD-PSPOOUTPUT/ABCZ|
RETURN

END

DOUBLE PRECISION FUNCTION S2N2PIK)

PURPOSEt TO CALCULATE K TH TERH IN SUM OF SERGES

FOR SEZN÷2IZtQI,

DOUBLE PRECISZON ABI25)tB$JVltBSJV2,BSYVZ_DBSJV1_DBSJV2,
DBSYVZ

CONNON/LOCALtDUHHY|(B)tA_

COHHON/RADIALIBSJV1(ZSItBSJVZIZ51tBSYVZ(ZSItDBSJV!(251_

s DSSJVZ(ZS)tDSSYVZ(ZS)

S2NZPzASIK)OIBSJVJIK)eBSJV2(Ke2)-BSJVIIKe2)_BSJV2iK))

IF(_OD(KtZI.EQoOISZN2Ps-SZNZP
RETURN

END

DOUBLE PRECISION FUNCTION S2NIPIK)
PURPOSEI TO CALCULATE K TN TERN IN SUN OF SERIES

FOR SEZN÷g(ZtQI,

DOUBLE PRECISION AB(ZSItBSJVl,BSJV2t_SYVZIDESJV1eDBSJVZe
• DBSYV2

COMMON/LOCAL/_UHMYI(BI_AB

COMMON/RADIAL/BSJVl(ZSIpBSJVZ(ZS)pBSYV2125)PDBSJVl(25)_

DBSJVZ(Z5I,DBSYVZ(Z5)

SZNIP=AB(K|_(_SJVI(K)oBSJVZ(K+I)-BSJVI(K÷|)o_SJVZIK)|

IF(MDD{KeZI.EQ.O)S2NIP=-SZNIP
RETURN

END

DOU5LE PRECISION FUNCTION SZNZN(KI
PURPOSE_ TO CALCULATE K TH TERM IN SUM OF SERIES

FOR SE2N(Zt-Q).

DOUBLE PRECIS|ON AB(ZSItBSIVltBSIVZtBSKVZtDBSIVI,DBSIVZt

DBSKVZ

COMHON/LOCAL/OUHMYI(8)tA_

COMMON/RADIALI_SIVI(2S|tBSIVZ(ZS)tBSKV2(ZS)tOBSIVI|ZS)t
• DBSEVZI25)eD3SKV2(25)

SZNZN=AB(K)O(BSIVI(K|eBSIVZ(KeZ)-BSXVI(KeZIeBS|VZ(K|)

IF(MOD(KtZIoEQoO|SZN2Ns-SZNZN
RETURN

END

DOUBLE PRECISION FUNCTION SZNIN|K)

PURPOSEI TO CALCULATE K TH TERN XN SUH OF S_RIES
FOR SEZN+IIZt-O).

DOUBLE PREC|STON AB(25)t_S|VItBSIVZ_BSKV2tDBSIV1tDBSIV2p

o DBSKVZ

COMHON/LOCALIDU_HYI(B)pAB
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C

C

COMMONIRADIALIBSIVl(25)pBSIV2(ZB)tBSKVZI251tDBSIVI|ZBIt

m DSSIV2(ZSItOBSKV2(251

S2N1NsABIK)O{BS|VI(K)eBSIV2iK,II-BSIVI(K÷IIOBSIV2iK))
IFiMODiKmZI.EQ.0)SZNINu-S2NIN

RETURN

END
DOUBLE PREC|SION FUNCTION DSZNZP(K)

PURPOSEs TO CALCULATE K TH TERM IN SUM OF SERIES

FOR SEZN+211ZtQ),
DOUBLE PRECISION AB(ZS|_BSJVItBSJV2tBSYVZtDBSJVItOBSJV2t

= DBSYVZIVItV2

COMMON/LOCALIDUMqYI(kItVItV2tAB

COMMONIRADIALIBSJVIIZ51tBSJVZIZBItBSYV21251_DBSJVl|25)t

s DBSJV2(ZSItDBSYVZ(251

DS2N2P=AB(K)Oi-DBSJVI(KI_BSJVZ(K+Z)eVI÷
• BSJVI(K)SDBSJV2(K÷21oV2÷

= OBSJVI(K÷2I_BSJV2(KISV|-BSJVI(K÷2)=DBSJVZiK)BV2)

IFIMODIKt2)eEQ,O)DS2NZPt-DS2NZP

RETURN

END

DOUBLE PRECISION FUNCTION DSZN1P(K)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES

FOR SEZNeI°(Z_Q),
DOUBLE PRECISION AB(ZSItBSJVItBSJVZ,BSYVZtDBSJV1tDBSJV2t

= DBSYVZtVltVZ

COMHON/LOCALIDUHMYII_)tVItVZ_AB

COMMON/RADIAL/BSJVlIZ5),BSJV2(25)tBSYV2125ItDBSJVI(ZB).
= D_SJV2(ZSItDBSYV2(25)

OSZNZP=ABIKI=I-DBSJVIIKIOBSJV2(KeII_VI÷

= BSJVI(K)sDBSJVZ(K+I)_V2÷
= DBSJVI(K+I)_BSJVZIK)=V1-BSJVI(K÷I)=DBSJVZIK)_V2|

IF(MOD(KtZ),EQ,0IDS2N1Pu-OSZNZP

RETURN

END

DOUBLE PRECISION FUNCTION DSZNZNIK)
PURPOSE: TO CALCULATE K TM TERM IN SUM OF SERIES

FOR S_2N*Z'(Zt-Q).
DOU3LE PRECISION AB(ZS)tBSIVleBSIVZt_SKV2tDBSIV1,DBS]V2t

O DBSKV2tV|tV2

COMMON/LOCALIDUMMYI(4ItVltV2tA5

COMqONIRADIAL/BSIVI(ZBIeBSIVZ(Z_I_BSKVZiZBItDBSIVl(25)t
D_SIVZ(ZB)tDBSKV2(25)

DSZNZN=AB(K)=(-DBSIVI(K)=BSIVZ(K+Z)=VI+

BSIVtIK)=D_SIV2iK÷2)sV2÷
D_SIVX(K÷ZI_SIV2(K)=VI-BSIVI(K+2I_O_SIVZ(KI_VZ)

IF(MOOiKtZI,EO.O)DSZNZN=-DS2NZN

RETURN

END

DOUBLE PRECISION FUNCTION DSZNIN(KI
PURPOSEI TO CALCULATE K TH TERM IN SUM OF SERIES

FOR S_2N÷lt(Z_-Q).
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C
C
C

5

C

C
2C,

C
3O

C
4C,

C
SC

C

6_

DOUBLE PRECISION AB(ZS),BSIVtpBSIVZtBSKVZ,DBSIVttDBSIVZe

• OBSKV2tVItV2

COMMON/LOCALIDUMMYIi4)tVltV2_AB

COMMONIRADIALIBSIVI(25)tBSIV2(2S)tBSKV2(25)pDBSIVI(25I,
• OBSIV2(25),DBSKV2125)

DS2NINmAB(KtS(-DBSIVI(KI_BSIV2(Kel)eVIe

= BSIVI(K)oDBSIVZiK_IIOVZ÷

OBSIVI(K÷I)SBSIV2¢K)_V1-BSIVI(K÷IIIDBSIV2(KIeV2!

IFIMOO(Kp2I.EQ.O)DSZNtN=-DS2NIN
RETURN

END

DOUBLE PRECISION FUNCTION FERADiQDtR,DERIVePSeAReNI
PURPDSEz TO COMPUTE A MODIFIED MATNIEU FUNCTION

(OR DERIVATIVE| OJ: SECOND KiND CORRESPONDING TO

EVEN MATHIEU FUNCTION (CE FUNCTIONS|

EXTERNAL FYZNtFY2NItFKZN_FKZNZtOFYZNtDFYZNItDFKZNtOFKZNI
DOUBLE PRECISION AB(25),QDtPStPSPtOUTPUTtARIZSItPI

INTEGER RtCASEtDERIV
COMMON/NTERM/NI

COMHON/LOCAL/DUMMYI8).AB

DATA PlI3.1_159Zb53589793DO/

NIIN
PSP=PS

00 5 I'I.N

ABIII=ARIII

CONTINUE
CASEsMODIRt2I÷I

IFIQD.LT.O.ODO) CAS_=CASE+Z

IFIDERIV. E0.1) GO TO 50

GO TOII0tZOt30,+0),CASE

THE VALUE OF FEY2N(ZeQ)
CALL SIGHAIFYZNtOUTPUT)

FERAO=PSOOUTPUT/A_(I)

RETURN

THE VALUE OF FEY2N+I(_tQ|
CALL SIGNAIFYZNItOUTPUT|

.°

FERAOtPSOOUTPUT/AB(II
RETURN

THE VALUE OF FEKZNIZt-Q)
CALL SIGMA(FKEN_OUTPUT)

FERAO,PSPOOUTPUTI(ABIII_PI)

RETURN
THE VALUE OF FEKZN+IIZ_-Q)

CALL SIGMAIFKZNltOUTPUTI

FERAD=PSP_OUTPUTI(ABIIIOPI)
RETURN

FOLLOWING ARE DERIVATIVES OF FUNCTIONS
GO TO(bO,TOeBOe90)eCASE

THE VALUE OF FEYZN'IZ,O)

CALL $]GMA(DFYZNtDUTPUT)

FERAO=PS_OUTPUT/AB(])
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C
TO

C
BC,

C

90

C

C

RETURN

THE VALUE OF FEVZNtleIZtQI
CALL SIGNAIOFYZN1tOUTPUTI

FERADsPSeOUTPUT/ABIll

RETURN

THE VALUE OF FEK2NeIZt-QI

CALL SIGNAIOFKZNtOUTPUTI
FERAD=PSPOOUTPUT/IABIII_PII

RETURN

THE VALUE OF FEKZN+It(Zt-Q!

CALL SIGMA(DFKZNlt0UTPUT)

FERADBPSP_OUTPUT/(AB|IlePI)
RETURN

END

DOUBLE PRECISION FUNCTION FYZN(KI
PURPDSEz TO CALCULATE K TH TERM IN SUM OF SERIES

FOR FEY2N(ZtQ|,

DOUBLE PRECISION AB(25)IESJVItBSJVZtBSYVZtDBSJVItOBSJV2t

DBSYV2

COMMON/LOCALIDUMNYIIB)tA8
COMMONIRADIAL/BSJVI(251tBSJV2IZSItBSYV2(ZS)tDBSJVt(251_

s OBSJV2(25I,DBSYVZ(25)

FY2N=ABIKI_BSJVI(K)=BSYV2(K)

[F(MOD(KpZIeEQ,OIFYZNz-FY2N
RETURN

END

DOUBLE PRECISION FUNCTION FYZNI(K)

PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES

FEYZN÷I(ZtOI,

DOUBLE PRECISION ABI25)tBSJV1,BSJV2tBSYVZ,DBSJVI,DBSJVZt
= DBSYV2

COMMON/LOCAL/DUMMYI(B|tA_

COMMON/RADIAL/BSJVt(Z5ItBSJV2(ZBItBSYVZ(Z5ItDBSJVI{ZBIt

o DBSJVZI25ItDBSYV2(251

FYZNI=AB(KI=(BSJVI(KIO_SYVZ|KeII÷BSJVI(K+I|_BSYV2(K))
IFIMOD(KtZI.EO.OIFY2NI=-FYZNI

RETURN
END

DOUBLE PRECISION FUNCTION FKZN(K|

PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES

FOR FEKENIZtQ).

DOUBLE PRECISION ABIZSItBSIVItBSIVZpSSKVZtDBS|VItDBSIV2,
o DBSKV2

COHMON/LOCALtDU_MY|(B)tAB

COMMDNIRADIALI3SIVI|ZB)pBSIV2125)_BSKVZIZB)t_BSIVl(25},

DSSIVZIZBItDBSKVZ(ZB!

FKZN=AB(K|OBSIVI(_IoBSKVZ(KI
RETURN

END

DOUBLE PRECISION FUNCTION FKZNI(K|

PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES
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C

C

C

C

C

FOR FEK2N*IIZ_Q),
DOUBLE PRECISION AB(2S),BSIVI,BS/VZtBSKV2tDBSIVItOBSIVZt

• DBSKV2

CONMONILOCALIDUMMY|IB)tAB
COMMON/RAOIAL/SSIVI(ZSItBSIVZ(ZSItBSKV2(ZSItOBSIVIIZSIt

• DBSIV2125)_DBSKV2(251

FK2NZ_ABIKI_IBS/V|(K)OBSKVg(K+ZI-BSIVZIK*Z)SSSKV2(K))

RETURN

END

DOUBLE PREC|SION FUNCTION DFY2N(K|
PURPOSE| TO CALCULATE K TH TERM IN SUM OF SERIES

FOR FEY2NeiZtQ),

DOUBLE PRECISION AB(ZSItBSJVl_BSJVZtBSYV2tDBSJVltDBSJVZt

• DBSYV2_VI_2

COMMONILOCAL/DUMMYZI4I,VIty2tAB
COMMON/RAOIALIBSJV|(25It_SJV2125)tBSYVZ(2S)BDBSJV||2S)t

• DBSJVZI2S)tDBSYV2125)

OFY2N-ABiKI_(-DBSJVIIKIoBSYVZ(KIeVI+BSJVI(KIODBSYVZfKIeVZ)

JF(MODiKI2)eEQ.O)DFYZNm-DFY2N

RETURN
END

DOUBLE PRECISION FUNCTION DFY2NIIK)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES

FOR FEY2N+lliZpQ).

DOUBLE PRSCISION ABI2S)tBSJVltBSJV2t3SYV2tDBSJVltDBSJVZt

8 DBSYV2tVltV2
COM_ON/LOCAL/DUMMYI(4ItV|tV2tAB

COMMONIRADIALIBSJVl(25)tBSJV2(ZS)tBSYV2(25)tOBSJV|{2_)t

• OBSJV2(25ItDBSYVZ{25I
DFY2NlsABiK)=(-D_SJVliK)_BSYV2(K÷I)=VZ÷

= BSJVI(KI=DBSYV2(K+IIoV2-

= DBSJVI(K÷|I_BSYV2(KIOVI÷BSJVIiK÷II_DBSYV2(KI=V2)

IF(MOD(Kt2I,EQ,_IDFY2NIm-DFY2N[

RETURN
END

DOUBLE PRECISION FUNCTION DFK2N(K|

PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES

FOR FSKZNe(Z_Q),
DOU3LE PRECISION AB(25)tBSIVltBSIVZtBSKV2pOBSIVItDBSiVZ,

s DBSKV2tVI_V2

COMMON/LOCAL/DUMMY1(¢|eVItV_tAB

COqMONIRAOIALIBSIVII2SI_BSIV2(ZS)t_SKV2(25|tDBSIVI(ZS)t

D_SIV2(25),DBSKV2(251
DFKZNsASiKIoi-O_SIVIIKI=BSKVZ(K|_VI+BS|V|(KI_DBSKV2(KI=V_)

RETURN
£NO

OOUBLE PREC|S|ON FUNCTION DFK2NI(KI
PURPOSE= TO CALCULATE K TH TERM IN SUM OF SERIES

FOR F_ZN_I_iZt-QI,

DOUBLE PRECISION ABiZBI,BSIVI_BSIV2,BSKV2tDBSIVttDBSIVZ_
DBSKV2_VI_V2
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tN

(1)

NIsN

PSP=PS

DO 5 I=l

AB(1)tAR

CONTINUE

CASE=MOD(R,ZI÷I

IFIOD,LT,O,ODO) CASEsCASE+2

IFIOERIVoEQ,1I GO TO 50

GO TOIIOp20,3Ot4OItCASE

THE VALUE OF GEYZN÷2(ZtQ)
CALL SIGMA(GY2NZtOUTPUT!

GERAD=-PS*OUTPUTtABII)

RETURN

THE VALUE OF GEY2N+I(Z,Q)
CALL SIGMAIGY2NltOUTPUT)

GERAD=PS*OUTPUT/AB(ll

RETURN

THE VALUE OF GEKZN+2IZ_-Q)
CALL SIGMAIGK2NZtOUTPUT)

GERAD=PSP*OUTPUT/IABIIIOP])

RETURN

THE VALUE OF GEKZN÷IIZt-QI
CALL SIGMA(GK2NItOUTPUT)

GERAO-PSP*OUTPUT/(AB(II_PI|

RETURN

FOLLOWING ARE OER

GO TO16CtTOt80t93
THE VALUE OF GEY2

CALL SIGMA(0GYZN2

GERAD=-PS*OUTPUTI

RETURN

IVATIVES OF

))CASE
N÷Z*IZ,Q)

tOUTPUTI

A8(II

FUNCTIONS

THE VALUE OF GEYZN÷I'(ZtQ)
CALL SIGMAIDGYZN!,OUTPUT)

COMMONILOCALIDUNMYI(6IpVI_VZpAB

COMMONIRADIALIBSIVlIZS),BSIV212SItBSKV2(25)tDBSIVII25)t

* OBSlVZi251tOBSKVZi25)

DFKZNIuAB(KI*(-O$SIVIIKItBSKVZ|K÷I)uV14
* BSIVliKI*DBSKVZIKel)eV2÷

* DBSIVI(K+II*BSKVZ(KI.VI-BSIVI(KelIeDBSKVZ(KISV2)
RETURN

END

DOUBLE PRECISION FUNCTION GERADiQDtR_DERIVtPStARtN)

PURPOSE: TO COMPUTE A MODIFIED NATHIEU FUNCTION
(OR DERIVATIVE) OF SECOND KINO CORRESPONDING TO

ODD MATHIEU FUNCTION | CE FUNCTIONS)

EXTERNAL GY2N2tGYZNltGKZN2tGKZN1,DGY2N2pDGY2NIeDGK2NZeDGK2N1

DOUBLE PRECISION AB(251tOO_PStPSP_OUTPUTtAR(ZSItPI

INTEGER RtCASE_DERIV

CONMON/NTERN/N1

CORMONILOCALIDUMMY(B)eAB
DATA PII3,1415926535BqT93DO/



C
80

C
97

C
C

DOUBLE PRECIS
o

COMMON/LOCALI
COMMONIRADIAL

GYZNItAB(K|_I
IFIMODKK,Z)eE
RETURN
END

GERADaPSoOUTPUT/AB(ll
RETURN
THE VALUE OF GEKZN÷2'IZt-Q)
CALL S|GMAIDGK2NZtOUTPUT)
GERADmPSPBOUTPUT/(AE(1)BP|)
RETURN
THE VALUE OF GEKZN,ItIZt-Q)
CALL SIGNAIDGKENZtDUTPUTI
GERADmPSP_OUTPUTI(AB(IIoPI)
RETURN
ENO
DOUBLE PRECISION FUNCTION GYZNZ(KI
PURPOSES TO CALCULATE K TH TERN IN SUM OF SERIES

FOR GEYZNeE(ZtQIe
DOUBLE PRECISION AB(ZSI,BSJVltSSJVZpBSYVZtDBSJVltOBSJVZt

OBSYV2
CONMON/LOCALIDUMMYI(B|pAB
COMMON/RADIAL/BSJVI(Z51tBSJVZ(ZBIpBSYVE(ESItOBSJVl(ESIt

• DBSJVZCZS)tDBSYV212SI
GYZN2tABiK)_IBSJVI|K)_BSYVZIKeE)-BSJVIIK÷Z)=BSYVZIK))
IFINODIK,2)oEQoO)GYZNZ=-GYEN2
RETURN
END
DOUBLE PRECISION FUNCTION GYZNI(K)
PURPOSE: TO CALCULATE K TH TERM IN SUM OF SERIES

FOR GEYZNellZvQ),
ION ABIZSJ,SSJVZ,BSJVZtBSYV2tOBSJVleDBSJVZe

O_SYVZ
OUqNYl|8|tAS
/BSJVI(ZSItBSJVZIZBItBSYVZ(ZS)tDBSJVI(ZB)t

OSSJVZ(ZSI,DBSYVZ(ZSI
_SJVL(KI_BSYVZiK÷I|-BSJVI(K÷I|_BSYVZ(KI)
Q,OIGYZNIu-GYZN1

DOUBLE PRECISION FUNCTION GKZNZIKI
PURPOSE: TO CALCULATE K TH TERM IN SUH OF SERIES

FOR GEKZNeZIZpO|e
DOUBLE PRECISION ABIZBIpBSIVt,BSIV2tBSKVZ,D_SIVI,DBSIVZt

• DBSKV2
COMMON/LOCAL/DUNMYI|E)tAB
CONNONIRADIALI_SIVlIZS)tBSIVZ(ES)tBSKVZIESItDBSIVlIZS)t

: D_SIVZIES)tDBSKVZI251
GKENZuA3|KIOIBSIVIIK)_3SKVE(KeEI-BSIVI(KeE)OBSKVZiK))
RETURN
ENO
DOUBLE PRECISION FUNCTION GK2NI(K!
PURPOSES TO CALCULATE K TH TERM IN SUM OF SERIES

FOR GEKZN+IIZt-Q|,
OOUBLE PRECiSiON A_(ZSItaSIVIpBSIVZtBSKVZtOBSIVIoOBSIVZt

= OBSKV2
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C
C

C

C

C

C

COMMON/LDCALIDUNMY|IB)tAB
COMMONIRADIALIBSIV|I25)tBSIV2125)tBSKV2(Z5)tDBSIVIIZBIt

o DBSIV2(25)tDBSKVZIZSI

GK2NI-AB(KleIBS|VI(KIeBSKVZ(K+II+BSIVIIKelI_BSKV2(KI)
RETURN

END

DOUBLE PRECISION FUNCTION DGY2NZIK)

PURPOSES TO CALCULATE K TH TERM IN SUM OF SERIES

FOR GEY2N÷Zt(ZtQ)e
DOUBLE PRECISION AB(ZS)tBSJVItBSJVZ,BSYVZtDBSJVI_DBSJVZ,

• OBSYVZtVttV2

CONNONILOCALIDUHNY|I*ItVltVZ_AB

CONHONIRAD|AL/BSJVl(25),BSJV2(25)tBSYVZ(ZSI,DBSJVI(25),

• OBSJVEIZ5IeDBSYVZ(ZSI
DGYZNZ=AB(K)OI-DBSJVIIKI=SSYVZIKe2IOVZ*

= BSJVI(K)ODBSYVZ(KeZI_VZ+

= OBSJVliK+Z)oBSYVZ(KI=V1-BSJVIIK+Z)=DBSYVZ(KIsVZ)

IF(ROD(KtZI,EQ,OIDGYZNZm-DGYZN2
RETURN

END

D3U5LE PRECISION FUNCTION DGYZNI(KI

PURPOSEs TO CALCULATE K TH TERN IN SUH OF SERIES

FOR GEYZN+Ie|ZIO).

DOUBLE PRECIS|ON ABfZSItBSJVItBSJVZtBSYVZtDBSJVItDBSJV2t
= OBSYVZ,VItVZ

COMHON/LOCAL/DUMHYI(_)PVltVZtAB

CO_MDN/RADIALIBSJVII25)tBSJVZ|ZS)t_SYVZIZS)tO_SJVIIZ5)t

= OBSJVZ(Z5)tDBSYVZ(25)

DGYZNI=AS(KI=I-DBSJVI(KIoBSYVZ(KelI=VI+

= _SJVIIKIODBSYVZ(Kel)=VZ+
DBSJVI(K+IIOBSYVZIK)=V!-BSJVI(K÷I)_DBSYVZ(KI=VZI

IF(_OD(KmZI.EQ.OIDGYZNI=-DGYZNI

RETURN
END

DOUBLE PRECISION FUNCTION DGKZN2(K)

PURPOSE= TO CALCULATE K TH TERM IN SUM OF SERIES

FOR GEKZN+Z*(Zt-QI=
DOUBLE PRECISION ABIZ5ItBSIVltaSIV2pBSKVZtDBSIVI,DBSIYZt

= 3BSKVZtVItV2
COH_ONILOCALIDUHMY1(4|mVI_VZtAB

COH_ON/RADIAL/BSIVl(ZS)tBSIVZIZS)tBSKVZ(ZS)tDBSIVl(ZSIt

= D3SIVZ(ZSItDBSKVZ(25I
OGKZN2=ABIKI=I-D_SIVI(KISBSKVZIKeZI_VI÷

= _S[V1(KIODBSKVZ(K÷ZI=V2÷

= DBSIVI(KeZI=BSKVZ(KIOV1-BSIVI(KeZI=OSSKVZ(K)OVZ)

RETURN
END

DOUBLE PRECISION FUNCTION DGKZNI(KI

PURPOSE= TO CALCULATE K TH TERM IN SUM OF SERIES

FOR GEKZN+I*IZ,-QI,

DOUBLE PRECISION AB(ZBItBSIVI,SSIVZ_BSKVZtDBSIVI,DBSiVZt
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S DBSKV2tVItV2
COMMON/LOCALIDUMMYI(_ItVItV2eAB
COMMON/RADIAL/BSIVl(2SItSSIV212SItBSKVZf25)0DBSIVlt25)t

o 0851VZ(25)tDBSKV21251
DGK2NlmABiKIOi-DBS|VI(K)_BSKV2iK+IIsVI÷

m BSIVI(KISDBSKV2(KetImVZ-
Q DBSIVI(K÷It_BSKVZ(KIOVI_BSlVl(K÷llmD_SKV2(KDSV2)

RETURN
ENO
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kNISOTROPIC ELLIPTIC OPTICAL FIBERS

Soon A. Kang, Ph.D.
Departaent of Electrical Znglneerlng
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University of Illinois at Chlcage

Chicago, Illinois {1991)

The exact characteristic equation for an anisotropic elliptic optical

fiber is obtained for odd and even hybrid lodes in teres of infinite

determinants utilizing Mathieu and ,odified Mathieu functions. A si,plified

characteristic equation is obtained by applying the weakly guiding

approximation such that the difference in the refractive indices of the core

and the cladding is small.

The simplified characteristic equation is used to compute the normalized

guide wavelength for an elliptical fiber. When the anisotropic parameter is

equal to unity, the results are compared with the previous research and they

are in close agreement.

For a fixed value of normalized cross-section area or major axis, the

normalized guide wavelength _/Ao for an anisotropic elliptic fiber is small

for larger the value of anisotropy. This condition indicates that more energy

is carried inside of the fiber. However, the geoeetry and anisotropy of the

fiber have a smaller effect when the normalized cross-section area is very

small or very large.


