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Summary 

An analytical method has been developed to determine gear
tooth surface coordinates of face-milled spiral bevel gears. The 
method uses the basic gear design parameters in conj unct ion 
with the kinematical aspects of spiral bevel gear manufacturing 
machinery. A computer program ent itl ed "SURFACE " was 
developed to calculate the surface coordinates and provide 
three-dimen ional model data that can be used for finite 
element analysis. Development of the modeling method and 
an example case are presented in this report. This method of 
analysis could also be appl ied in gear inspection and near-net-
hape gear forging die design. 

Introduction 
Spiral bevel gears are currently u ed in all hel icopter power 

transmission systems. This type of gear is required to turn the 
corner from a horizontal engine to the vertical rotor shaft. 
These gears carry large loads and operate at high rotational 
speeds. Recent research has focused on understanding many 
aspects of spiral bevel gear operation, including gea r geometry 
(refs. I to 12) , gear dynamics (refs. 13 to 15), lubrication 
(ref. 16), stress analysis and mea urement (refs. 17 to 21) , 
misalignment (refs. 22 and 23) , and coordinate measurements 
(refs. 24 and 25), as well as other areas. 

Research in gear geometry has co ncentrated on 
understand ing the meshing action of spiral bevel gears (refs. 8 
to II ). This meshing action often re ults in much vibration 
and noi se due to an inherent lack of conjugati on. Vibration 
studies (ref. 26) have hown that in the frequency spectrum 
of an entire helicopter transmission, the highest response can 
be that from the spiral bevel gear mesh. Therefore if noise 
reduction techniques are to be implemented effecti vely, the 
meshing action of spiral bevel gea rs must be understood . 

Also , investigators (refs. 18 and 19) have found that typical 
design stress indices for spiral bevel gea rs can be significantly 
different from those measured experimentally . In addition to 
making the design process one of tri al and error (forc ing one 
to rely on past experience) , thi s inconsistency makes 
extrapolating over a wide range of sizes difficult, and an overly 
conservative design can result . 

Research has been ongoing in an attempt to predict stresses 
(i.e. , bending and contact) by using the finite element method. 
A great deal of work (refs. 27 to 30) has go ne into finite 

element modeling of parallel axi gears to determine the stress 
field. Loads are typica lly applied at the point of highest single 
tooth contact, and then the stress in the fillet region is 
examined. Computer programs that perform this type of 
analys is are usually two dimensional in nature and have 
computer storage requirements that are small enough for 
personal computers. These attr ibutes make them very popular 
and attractive to designers. However , a limited number of 
researchers (refs. 16 and 21) have investigated finite element 
analysis of spira l bevel gears. 

Parallel axis components (involute tooth geometry) have 
closed-form so lutions that determine surface coordinates. 
These coordinates can be used as input to finite element 
methods and other analysis tools. Spiral bevel gears , on the 
other hand, do not have a closed-form solution to describe their 
surface coordinates. Coordinate locations must be solved 
numerica lly. This process is accomplished by modeling the 
kinematics of the cutting or grinding machinery and the 
geometry of the basic gear design. 

The objective of the research reported herein was to develop 
a method for calculating spiral bevel gear-tooth surface 
coord inates and a three-dimensional model for fi nite element 
analysi . Accomplishment of this task required a basic 
understanding of the gear manufacturing process, which is 
described herein by use of differential geometry techniques 
(ref. I). Both the manufacturing machine ettings and the basic 
gear design data were used in a numerical analysis procedure 
that yielded the tooth surface coordinates . After the tooth 
surfaces (drive and coast sides) were described , a three
dimensional model for the tooth was assembled. A computer 
program, SURFACE, was developed to automate the 
calculation of the tooth surface coordinates , and hence, the 
coordinates for the gear-tooth three-dimensional finite element 
model. The development of the ana lytical model is explained , 
and an example of the finite e lement method is presented. 

Determination of Tooth Surface 
Coordinates 

The spiral gear machining process described in this paper is 
that of the face-milled type. Spiral bevel gears manufactured in 
this way are used extensively in aerospace power transmissions 
(i.e., helicopter main/tail rotor transmissions) to transmit power 

between horizontal gas turbine engines and the vertical rotor 

__ I 

Summary 

An analytical method has been developed to determine gear
tooth surface coordinates of face-milled spiral bevel gears. The 
method uses the basic gear design parameters in conj unct ion 
with the kinematical aspects of spiral bevel gear manufacturing 
machinery. A computer program ent itl ed "SURFACE " was 
developed to calculate the surface coordinates and provide 
three-dimen ional model data that can be used for finite 
element analysis. Development of the modeling method and 
an example case are presented in this report. This method of 
analysis could also be appl ied in gear inspection and near-net-
hape gear forging die design. 

Introduction 
Spiral bevel gears are currently u ed in all hel icopter power 

transmission systems. This type of gear is required to turn the 
corner from a horizontal engine to the vertical rotor shaft. 
These gears carry large loads and operate at high rotational 
speeds. Recent research has focused on understanding many 
aspects of spiral bevel gear operation, including gea r geometry 
(refs. I to 12) , gear dynamics (refs. 13 to 15), lubrication 
(ref. 16), stress analysis and mea urement (refs. 17 to 21) , 
misalignment (refs. 22 and 23) , and coordinate measurements 
(refs. 24 and 25), as well as other areas. 

Research in gear geometry has co ncentrated on 
understand ing the meshing action of spiral bevel gears (refs. 8 
to II ). This meshing action often re ults in much vibration 
and noi se due to an inherent lack of conjugati on. Vibration 
studies (ref. 26) have hown that in the frequency spectrum 
of an entire helicopter transmission, the highest response can 
be that from the spiral bevel gear mesh. Therefore if noise 
reduction techniques are to be implemented effecti vely, the 
meshing action of spiral bevel gea rs must be understood . 

Also , investigators (refs. 18 and 19) have found that typical 
design stress indices for spiral bevel gea rs can be significantly 
different from those measured experimentally . In addition to 
making the design process one of tri al and error (forc ing one 
to rely on past experience) , thi s inconsistency makes 
extrapolating over a wide range of sizes difficult, and an overly 
conservative design can result . 

Research has been ongoing in an attempt to predict stresses 
(i.e. , bending and contact) by using the finite element method. 
A great deal of work (refs. 27 to 30) has go ne into finite 

element modeling of parallel axi gears to determine the stress 
field. Loads are typica lly applied at the point of highest single 
tooth contact, and then the stress in the fillet region is 
examined. Computer programs that perform this type of 
analys is are usually two dimensional in nature and have 
computer storage requirements that are small enough for 
personal computers. These attr ibutes make them very popular 
and attractive to designers. However , a limited number of 
researchers (refs. 16 and 21) have investigated finite element 
analysis of spira l bevel gears. 

Parallel axis components (involute tooth geometry) have 
closed-form so lutions that determine surface coordinates. 
These coordinates can be used as input to finite element 
methods and other analysis tools. Spiral bevel gears , on the 
other hand, do not have a closed-form solution to describe their 
surface coordinates. Coordinate locations must be solved 
numerica lly. This process is accomplished by modeling the 
kinematics of the cutting or grinding machinery and the 
geometry of the basic gear design. 

The objective of the research reported herein was to develop 
a method for calculating spiral bevel gear-tooth surface 
coord inates and a three-dimensional model for fi nite element 
analysi . Accomplishment of this task required a basic 
understanding of the gear manufacturing process, which is 
described herein by use of differential geometry techniques 
(ref. I). Both the manufacturing machine ettings and the basic 
gear design data were used in a numerical analysis procedure 
that yielded the tooth surface coordinates . After the tooth 
surfaces (drive and coast sides) were described , a three
dimensional model for the tooth was assembled. A computer 
program, SURFACE, was developed to automate the 
calculation of the tooth surface coordinates , and hence, the 
coordinates for the gear-tooth three-dimensional finite element 
model. The development of the ana lytical model is explained , 
and an example of the finite e lement method is presented. 

Determination of Tooth Surface 
Coordinates 

The spiral gear machining process described in this paper is 
that of the face-milled type. Spiral bevel gears manufactured in 
this way are used extensively in aerospace power transmissions 
(i.e., helicopter main/tail rotor transmissions) to transmit power 

between horizontal gas turbine engines and the vertical rotor 

__ I 



L 

shaft . Because spiral bevel gears can accommodate various shaft 
orientations, they allow greater freedom for overall a ircraft 
layout. 

In the fo llowing sections the method of determining gear-tooth 
surface coordinates will be described . The manufacturing process 
must fi rst be understood and then analytica lly described . 
Equations must be developed that relate machine and workpiece 
motions and settings with the basic gear design data. The 
simultaneous solution of these equations must be done 
numerically since no closed- fo rm solution ex ists. A description 
of th is procedure fo llows. 

Gear Manufacture 

Spiral bevel gears are manufactured on a machine like the one 
shown in figure I. This machine cuts away the material between 
the concave and convex tooth surfaces of adjacent teeth 
simultaneous ly. The machining process is better illustrated in 

Cradl e \ 

Sliding base~ 

fi gure 2 . The head cutter (holding the cutting blades or the 
grinding wheel) rotates about its own ax is at the proper cutting 
speed , independent of the cradle or workpiece rotation. The head 

cutter is connected to the cradle through an eccentric that allows 
adjustment of the ax ial distance between the cutter center and 
cradle (machine) center, and adjustment of the angular pos ition 
between the two axe to provide the desired mean spiral angle. 
Th'e cradle and workpiece are connected through a system of 
gears and shafts, which controls the ratio of rotational motion 
between the two (ratio of ro ll). For cutting , the ratio is constant , 
but for grinding, it is a variable. 

Computer numerical controlled (C C) vers ions of the cutting 
and grinding manufacturing processes are currently being 
developed. The basic kinematics , however, are till maintained 
for the generation process; this is accomplished by the C C 
machinery duplicating the generating motion through point-to
point control of the machining surface and location of the 
workpiece. 

_ - Work offset ---

Figure I. - Machine used to generate spiral bevel gear-tooth surface. 
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Coordinate Transformations 

The surface of a generated gear is an envelope to the fam ily 
of surfaces of the head cutter. In simple terms this means that 
the points on the generated tooth surface are points of tangency 
to the cutter surface during manufacture. The conditions 
necessary for envelope existence are given kinematically by the 
equation of meshing. This equation can be stated as follow : the 
normal of the generating surface must be perpend icular to the 
relati ve veloc ity between the cutter and the gear-tooth surface 
at the point in question (ref. I). 

The coordinate transformation procedure that will now be 
described is required to locate any point from the head cutter 
into a coordinate system rigidly attached to the gear being 
manufactured. Homogeneous coordinates are used to allow 
rotation and translation of vectors simply by multiplying the 
matrix transformations. The method used for the coordinate 
transformation can be found in references I, 5, and 8 to II . 

Let us begin with the head-cutter coordinate system Sc shown 
in figure 3. This report assumes thilt the cutters are straight ided 
(not curved as commonly used on the wheel for final grinding). 
Surface coordinates 1I and e detenlline the location of a current 
point on the cutter surface as well as the orientation of the current 
point with respect to coordinate system Sc. Angles 'fih and 'foh 
are the inside and outside blade angles. The inside and outside 

A 

Yc 
Inside blade (convex side); 

u = IABI 

Xc 

Outside blade (concave side) ; 
u = IABI 

Figure 3.-Head-cutler cone surfaces. 

blades cut the convex and concave sides of the gear teeth, 
respectively. A point on the cutter blade surface is detemuned 
by the following: 

r cot 'f - II cos 'f 

u sin 'f sin e 
rc ( I ) 

u sin 'f cos () 

where fixed value r is the' rad ius of the blade at Xc = 0, and 'f 
is the blade angle. Parameters u and e locate a point in system 
Sc and are unknowns whose value will be determined. 

The head-cutter coordinate system Sc is rigidly connected to 
coordinate system S, (fig. 4) . System Ss is rigidly connected to 
the cradle that rotates about the XII/ ax is of the machine 
coordinate system 511/' Coordinate system SII/ is a fixed 
coord inate system and is connected to the machine frame. 

To reference the head cutter in coordinate system $" the 
following transformation is necessary : 
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0 cos q 'f' s in q 'f' s s in q 

(2) 
0 ± sin q cos q s cos q 

0 0 0 

where q is the crad le angle and s is the distance between the 
Coordinate system Ss and S,. origins (s = OcOs). The upper 
and lower signs preceding the various telms in this matri x 
transformation (and the rest of the paper) pertain to left- and right
hand gears respectively. 

ow, to transform from Ss to the fi xed coordinate system Sm, 
the roll angle of the cradle ¢c is used . This transformation is 
given by 
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0 'f' in ¢c cos ¢c 0 

0 0 0 

Coordinate system Sill locates the machine center, and 
coordinate system Sp orients the pitch apex of the gear being 
manufactured. The transformation from coordinate system Sill 
to coordinate sy tern Sp requires the machine tool settings LIIl 
and EIIl along with dedendum angle 0 from the component 
design (see figs. 5 and 6) . Machine tool ettings LIIl and EIIl can 
be found from the summary sheet that typically accompanies a 
gear, or the methods in reference 8 can be used. Reference 8 
converts standard machine tool settings for the sliding base, the 
offset, and the machine center-to-back into settings LIIl and EIIl 
as shown in table I. The transformation matrix is given by 
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This is shown in figure 5 for a right-hand member and in figure 6 
for a left-hand member. Figure 7 is given to clarify the orientation 
of the coordinate systems and machine tool settings (LIII, EIII). 

The next transformation involve rotation of system S" to Sa. 
The common origin for coord inate y tem ~} and S" locates the 
apex of the gear under consideration with respect to coord inate 
system Sill ' This requires rotation about Ya by the pi tch angle 
/J. (see fi g. 7). This is given by 
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The fi nal transformation is fro m coord inate sy tem Sa to 
coordinate system SII" which is fixed to the component being 
manufactured . A rotation about the z,,-axis th rough an angle 4> ... 
is required. Angle 4> "" shown in figu re 8, is the workpiece 
rotation angle; it is directly related to the angle of rotation of 
the cradle 4>c (this relationship will be described in the next 
section). The Sa to SII' coordinate transformation is given by 
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Figure 7.-0 rientation of machine sett ings and generated gear coordi nate systems. 
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This transfo rmation desc ribes the location of a point in the 
gear fixed coordinate system based on machine setting (L'II' 
£11/' q. s. r, and tP) , parameters (u . () , and cp,.) , and gear 
design informati on (J.L and b) . 
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surface gene rat ion. 

Tooth Surface Coordinate Solution Procedure 

In order to solve fo r the coordinates of a spiral bevel gear
tooth surface, the following items must be used simul taneously: 
the transformation process , the equation of meshing, and the 
bas ic gear des ign information. The transformation process 
de cribed previously is used to determine the location of a point 
on the head cutter in coordinate system S",. Since there are 
three unknown quantities (u . () , and CPc), three equations 
relating them must be developed . 

Values fo r u, (), and CPc are u ed to sati sfy the equation of 
meshing given by references I and 9: 

n· V = 0 ( 10) 

where n is the normal vector to the cutter and workpiece 
surfaces at the spec ified location of interest, and V is the 
relati ve veloc ity between the cutter and workpiece surfaces 
at the spec ified location. From the reference 9 equation of 
meshing for straight-sided cutters with a constant ratio of roll 
between the cutter and workpiece, equati on (10) is defined as 
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where I' is the root angle of the component being 
manufactured, and 

T = «() =F q ± 4>c) ( 12) 

and 
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(1 3) 

where mc" is the ratio of angular veloc ity of the cradle to that 
of the workpiece. Since the ratio of roll in this report is 
assumed to be constant , equation ( 13) can be written as 

and 

therefore 

or 

w( " ' ) = d4>" .. 
dt ' 

\ 4>". dt = _ 1_ \ 4>c dt 
J n1cu, J 

4>c 4>", = -
In Ch' 

( 14) 

Equation (14) is the relationship between the cradle and 
workpiece for a constant ratio of roll and is used directly in 
equation (6). 

Gear des ign information is then used -.!O establish a~ 
allowable range of va lues of the radial (r) and axial (z) 

positions that are known to ex ist on the gear being generated . 
This is shown in fi gure 9. 

First the equation of meshing must be sati sfi ed. This was 
shown ea rl ier to be 

n · V = 0 

or 

(15 ) 
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Figure 9. - 0riemalion of gear 10 be generated . with assumed pos it ions r and ~. 

The ax ial pos ition must match the va lue fo und fro m 
transforming the cutter coo rdinates Se to workpiece 
coordinates 511" This is sati sfi ed by the following (fig . 9): 

z". - z = 0 ( 16) 

or 

(17) 

Finally the radial location from the work axis of rotation must 
be sati sfi ed. This is accomplished by using the magnitude of 
the location in question in the x".-Yw plane (see fig . 9): 

- (2 2 )0.5 _ r - Xw + Yw - 0 ( 18) 

or 

( 19) 

ow a system of three equations (eqs . ( 15), (1 7), and ( 19» 
is so lved simultaneously for the th ree parameters u, () , and 
4>0 for a given gear des ign with a set of machine tool 
settings. These are nonlinear algebraic equat ions that can be 
solved numerically with commercially available mathemati cal 
subroutines. These equations are then solved simultaneously 
for each location of interest along the tooth fla nk , as shown 
in fi gure 10. In the SURFACE program a 10 by 10 grid of 
point is used on each side of the tooth . From the surface grids, 
the active profi le (working depth) occupied by a single tooth 
is defined . 

7 

I 

I 

I 

I 

I 

I 
I 

(u - r cot if; cos if;)cos I' sin T 

+ s [(mew - sin 1') cos", si n () =F cos I' sin if; sin (q - 4>e) 1 

± EII/ (cos I' sin if; + sin I' cos if; cos T) 

- L,,, sin I' cos if; sin T = 0 ( I I ) 

where I' is the root angle of the component being 
manufactured, and 

T = «() =F q ± 4>c) ( 12) 

and 

w( c ) 

171CII' 
w( w) 

(1 3) 

where mc" is the ratio of angular veloc ity of the cradle to that 
of the workpiece. Since the ratio of roll in this report is 
assumed to be constant , equation ( 13) can be written as 

and 

therefore 

or 

w( " ' ) = d4>" .. 
dt ' 

\ 4>". dt = _ 1_ \ 4>c dt 
J n1cu, J 

4>c 4>", = -
In Ch' 

( 14) 

Equation (14) is the relationship between the cradle and 
workpiece for a constant ratio of roll and is used directly in 
equation (6). 

Gear des ign information is then used -.!O establish a~ 
allowable range of va lues of the radial (r) and axial (z) 

positions that are known to ex ist on the gear being generated . 
This is shown in fi gure 9. 

First the equation of meshing must be sati sfi ed. This was 
shown ea rl ier to be 

n · V = 0 

or 

(15 ) 

Yw 

w;..-_ ...... - ... xa 
View A 

r Point P 
I 

Za, Zw 
View A 

~ 

Figure 9. - 0riemalion of gear 10 be generated . with assumed pos it ions r and ~. 

The ax ial pos ition must match the va lue fo und fro m 
transforming the cutter coo rdinates Se to workpiece 
coordinates 511" This is sati sfi ed by the following (fig . 9): 

z". - z = 0 ( 16) 

or 

(17) 

Finally the radial location from the work axis of rotation must 
be sati sfi ed. This is accomplished by using the magnitude of 
the location in question in the x".-Yw plane (see fig . 9): 

- (2 2 )0.5 _ r - Xw + Yw - 0 ( 18) 

or 

( 19) 

ow a system of three equations (eqs . ( 15), (1 7), and ( 19» 
is so lved simultaneously for the th ree parameters u, () , and 
4>0 for a given gear des ign with a set of machine tool 
settings. These are nonlinear algebraic equat ions that can be 
solved numerically with commercially available mathemati cal 
subroutines. These equations are then solved simultaneously 
for each location of interest along the tooth fla nk , as shown 
in fi gure 10. In the SURFACE program a 10 by 10 grid of 
point is used on each side of the tooth . From the surface grids, 
the active profi le (working depth) occupied by a single tooth 
is defined . 

7 



Clearance 

Figure 10.-Calculation points ( 10 by 10 grids, i .e., 100 points each side) 
for concave and convex sides of tooth surface. 

Application of Solution Technique 
An app lication of the technique previously di cus ed wil l 

now be presen ted. The component to be modeled wa from 
the NASA Lewis Spiral Bevel Gear Te t Facility. A photo
graph of the sp iral bevel gear mesh is shown in figure 11 , and 
the de ign data for the pinio n member a re hown in table II . 

c-n-117 

Figure II. - NASA spiral bevel gea r test rig component . 
The gear des ig n data were used a long with the methods of 

reference 9 to determi ne the machine tool settings for straight
s ided cutters (see tab le II) . These va lues were then used as 
input to SURFACE. This program ca lcul ates the coo rdi nates 

of the concave and convex sides of the gea r tooth (fig. 10) , 
orients the surfaces such that the top land is of the proper 
width, and then generates the requ ired data for the three-
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TABLE II .-EXAMPLE CASE OF SURFACE COORDINATE GENERATION 
(a) Pinion design data 

Number of teeth 
pinion ... . .. ............ . .. . ............. . .. .. .. . ...... . .. ........... 12 
~r ........ . .. ~ 

Dedendum angle, deg .................. ......... .. .. .. .. . .. .. .. 1.0 
Addendum angle, deg ........ ......... . ... 3.8 3 
Pitch angle, deg ...................... . .......... . .... .............. . .... 18.433 
Shaft angle. deg .............. . ..... .. ........ . ..... ......... .............. . .... . .... 90.0 
Mean spiral angle, deg .... ....... . . . ......... ....... .. . . . ......... .. 35. 0 
Face width , 111m (in .) . . .... . . .... ... ...... .. .... .. ........ .. . 25.4 ( 1.0) 
Mean cone distance, mm (in .) ... .. . .... ........... . . ... ... . .... 81.05 (3. 19 1) 
Inside radius of gear blank. 111m (i n.) ..... . . . . .. ...... ......... .. .. .... 15 .3 (0 .6094) 
Top land thickness, 111m (in .) . ............. ... . ..... . ... . ....... 2.032 (0.080) 
Clearance. mm (i n.) ......... ..... ............... ... 0.762 (0.030) 

(b) Generation machine sellings 

Concave Convex 

Radius or CUller , r. mm (in. ) 75.222 (2.96 15) 78.1329 (3.076 1) 
Blade angle. if, deg 161 .358 24.932 
VeclOr sum, LIII • mm (in. ) 1.0363 (0. 0408) - 1.4249 (-0.056 1) 

Machine orfset. £111' mm (in .) 3.9802 (0.1567) -4.4856 (-0. 1766) 
Cradle 10 CUller di stance, S, 111m (in .) 74.839 (2.9646) 7 1.247 (2. 050) 
Crad le angle, q, deg 64.01 53.82 

Ratio of roll , 11/, .... 0.308462 0.32 1767 

Initial cUller length , LI. mm (in .) 239.5 (9.43) 181 I (7 13) 
Initial culler orientation, O. deg 120.0 120.0 

Initial cradle or ientation, <Pc' deg 0.0 0.0 
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dimensional modeling program PATRAN (ref. 31 ). The details 
of the procedure are described in the fo llowing paragraphs. 

Surface Coordinate Calculation 

Using fig ures 10 and 12 as re ferences, we will desc ribe the 
calculation procedure fo r surface coo rdinates . First, the 
concave s ide of the tooth is completely defined befo re moving 
to the convex side. These po ints are ca lculated by starting at 
the toe end and at the lowest point o f acti ve profile. ine steps 
of equal di stance are used from the beg inning of the active 
profi le to the face ang le (addendum) of the gear tooth , and 
then back to the next ax ial position (see fi g. 12). The procedure 
is repeated until the concave ide is complete ly described . Then 
the same procedu re is fo llowed fo r the convex side. 

In the di scuss ion of surface coo rdinate determination, the 
cutting blades were described as stra ight ided . The po int 
radius r (eq . ( I )) is the radius the cutter would have if it were 
projected down to the Yc- Zc plane (figs . 3, 5, and 6). Actually, 
the blade has a theoretica l po int width and corner radii that 
gene rate the po rtion of the tooth from the working depth to 
the root cone (see fig. 13) . In the ection Coordinate Transfor
mations, this part of the cutting blade wa not modeled , so 
the current analysis by SURFACE e ither assumes a full fill e t 
radius between the lowest po int of acti ve profile on adj acent 
teeth o r sets the fill et radius equal to the cl earance (fig. 14). 

Concave and Convex Orientation 

Since both sides of the gear-tooth surface are not analyzed 
simultaneously, fo r proper alignment o f the surfaces , the ir 
orientati on relative to each other must be establi shed by 
determining the amount of rotation in the fixed coordinate 

r 
\ 

Xw 

Xm 

'\ Surface coordinate 
\ calculation grid 

\ 
\ 

r- Heel 

Clearance 

Figure 12.-C ross seclio n o f ca lculalion grid : r . rOOl a ngle: O. dedendum 
angle ; ~ , adde ndum angle : rio inside radius o f gea r blank . 

system SIV' This is done by checking the tooth thickness at the 
face angle on the toe end of the gea r tooth. (Also , in the case 
of a gear, remember that a g iven cutting operation using cutters 
as shown in fig. 3 actua lly cuts adjacent teeth on the convex 
and concave s ides simultaneously.) The di tance between these 
two locations must co rrespond to the top land width. The 
convex surface is then rotated acco rding to the ang le deter
mined by the po ints at the face ang le at the toe position. This 
is shown in fig ure 15. ( ote that thi s ame procedure could 
have been done by conside ring the tooth mean c ircul ar 
thickness instead of the tooth thickness at the face angle as 
was done in this report. ) 

12 \ \/tl ''') 
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Figure 13 .- Delailed view o f slraighl-sided CUller geomelry. 
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Figure 14.-Two types of fill et and root radius regions used by SURFACE 

program; Pc, constant fillet and root radius ; PI' fi lle t rad ius equal to the 
clea rance: N, number o f teeth: ri' inside radius of gear blank . 
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Yw 

~~--------------------------------~ xw 
Figure IS .-Orientatio n o f concave and convex sides o f gear-tooth surfaces 

to atta in proper top level width by rotati on of convex side of tooth: PI ' 
concave s ide locatio n o f face angle po int at toe end o f tooth : P2 and Pl ' 
initial and final convex s ide loca ti ons, respectively. o f face .angle po int at 

toe end of tooth ; ~ , ang le through which P2 is rotated : and IV" and "'", 
des ired and initial to p level thi cknesses. respecti ve ly. 

Figure 16.-Hidden line plot o f one- tooth model generated by the S URFACE program us ing PATRAN (constant fi ll e t and root radius model). 
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Generation of Three-Dimensional Model Data 

Once the surface coordinates are desc ribed and prope rly 
o riented , then the data necessary fo r PATRA have been 
produced . Currentl y , the model in S URFACE can have two 
diffe rent fill et and root radii configurations. The fill et radius 
can be constant at the cross section between adj acent teeth o r 
be equal to the clea rance with a fl at between the fi ll et rad ii 
o f the adjacent teeth at the root ang le . Also a constant inside 
radius of the gear blank is used in this modeling method. These 
assumptions are depicted in fi gure 14. 

At this point, we have produced a one-tooth model for use 
in PATRAN . Now , the analyst must determine how complex 
the model need be for a g iven application. If a complete gea r 
i required , simply rotate the one-tooth model in PATRAN. 

Once the required number of teeth have been described , then 
the finite element mesh density and the boundary condition 
in fo rmation are generated within the PATRAN enviro nment. 

PATRAN produces the bulk data deck for MSC/ ASTRA 
and many other computer codes . The example g iven in thi s 
repo rt used MSC/ NASTRAN for the stati c anal ysis. 

x 

1724 MPa (250 ks i) 
pressure load 
normal to gear 

surface "I 

'-- Fixed surface 

Example Model and Results 

From the one-tooth model desc ribed ea rli er the analys is 
techniques can be demonstrated. The model shown in fi gure 
16 i that for a constant fill et and root radius (a lso ca lled full 
fillet ) model. The fi ll et and root radius on the convex s ide has 
been added along with the tooth ~ec tio n (without the tooth) 
to make the model symmetric about the tooth centerline. Figure 
16 shows a hidden line plot o f the fi nite e lement mesh with 
eight-noded isoparametric three-dimensional solid continuum 
e lements . This model has 765 e lements and 11 20 nodes . The 
boundary conditions are show n in figure 17. A 1724- MPa 
(250 ksi) constant pressure load was applied no rmal to the 
tooth surface of nine e lements, and the two edge surface of 
the gea r ri m had all degrees of freedom constra ined. 

The results were calculated by MSC/NASTRAN and were 
subsequentl y di splayed by PATRAN. Figure 18 shows the 
principle stresses , and fi gure 19 show the total di splacements 
for the boundary conditions shown in fi gure 17 . 

........ 
'- Fixed surface 

Figure 17.-Boundary conditions for constant fi llet and root radius model for the example application. 
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diffe rent fill et and root radii configurations. The fill et radius 
can be constant at the cross section between adj acent teeth o r 
be equal to the clea rance with a fl at between the fi ll et rad ii 
o f the adjacent teeth at the root ang le . Also a constant inside 
radius of the gear blank is used in this modeling method. These 
assumptions are depicted in fi gure 14. 

At this point, we have produced a one-tooth model for use 
in PATRAN . Now , the analyst must determine how complex 
the model need be for a g iven application. If a complete gea r 
i required , simply rotate the one-tooth model in PATRAN. 

Once the required number of teeth have been described , then 
the finite element mesh density and the boundary condition 
in fo rmation are generated within the PATRAN enviro nment. 

PATRAN produces the bulk data deck for MSC/ ASTRA 
and many other computer codes . The example g iven in thi s 
repo rt used MSC/ NASTRAN for the stati c anal ysis. 
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1724 MPa (250 ks i) 
pressure load 
normal to gear 

surface "I 

'-- Fixed surface 

Example Model and Results 

From the one-tooth model desc ribed ea rli er the analys is 
techniques can be demonstrated. The model shown in fi gure 
16 i that for a constant fill et and root radius (a lso ca lled full 
fillet ) model. The fi ll et and root radius on the convex s ide has 
been added along with the tooth ~ec tio n (without the tooth) 
to make the model symmetric about the tooth centerline. Figure 
16 shows a hidden line plot o f the fi nite e lement mesh with 
eight-noded isoparametric three-dimensional solid continuum 
e lements . This model has 765 e lements and 11 20 nodes . The 
boundary conditions are show n in figure 17. A 1724- MPa 
(250 ksi) constant pressure load was applied no rmal to the 
tooth surface of nine e lements, and the two edge surface of 
the gea r ri m had all degrees of freedom constra ined. 

The results were calculated by MSC/NASTRAN and were 
subsequentl y di splayed by PATRAN. Figure 18 shows the 
principle stresses , and fi gure 19 show the total di splacements 
for the boundary conditions shown in fi gure 17 . 

........ 
'- Fixed surface 

Figure 17.-Boundary conditions for constant fi llet and root radius model for the example application. 
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Figure IS.-Majo r principal stress fo r boundary cond itio ns speci fi ed in fi gure 17. 
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Figure 19.-Tota l di splacement fo r the boundary conditio ns specified in fi gure 17. 
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Summary of Results 

A method has been presented that uses differential geometry 
techniques to ca lcu late the urface coordinates of face-milled 
spira l bevel gear teeth. The coordinates must be so lved for 
numerically by a simultaneous solution of non linear algeb raic 
equations. These equations re late the kinematics of manu
facture to the gear des ign parameters. Coordinates fo r a grid 
of points are determined for both the concave and convex ide 
of the gear tooth. These coordinates are then combined to form 
the enclosed surface of one gea r tooth. A computer program , 
SURFACE, was developed to solve for the gear-tooth urface 
coordinates and provide input to a three-dimensional geometric 
modeling program (i.e ., PATRAN) . This enab les an analysis 
by the fi nite element method. An example of the technique 
was presented. 

Lewis Research Center 
National Aeronautics and Space Administration 
Cleveland , Ohio , December 19 , 1990 
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