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ABSTRACT

An approach to compute three dimensional flows using two stream functions is pre-
sented. The method generates a boundary fitted grid as part of its sqlution. Commonly
used two steps for computing the flow fields: (1) boundary fitted grid generation, and
(2) solution of Navier-Stokes equations on the generated grid, are combined into a single
step in the present approach. The method presented can be used to compute directly 3-D
viscous flows, or the potential flow approximation of this method can be used to generate
grid for other algorithms to compute 3-D viscous flows.

The independent variables used are x, a spatial coordinate, and £ and 1, values of
stream functions along two sets of suitably chosen intersecting stream surfaces. The de-
pendent variables used are the streamwise velocity, and two functions that describe the
stream surfaces. Since for a three dimensional flow there is no unique way to define two
sets of intersecting stream surfaces to cover the given flow, in the present study three dif-
ferent types of two sets of intersecting stream surfaces are considered. First is presented
the metric of the (x, {,n) curvilinear coordinate system associated with each type. Next
equations for the steady' state transport of mass, momentum, and energy are presented in
terms of the metric of the (x, €,n) coordinate system. Also included are the inviscid and

the parabolized approximations to the general transport equations.



I. INTRODUCTION

Since the introduction of stream function by Lagrange (1) for two dimensional plane
flows and by Stokes (2) for axisymmetric flows, the use of a stream function to study two
dimensional flows has been extensive. Computation of two-dimensional incompressible po-
tential flows using the stream function as the dependent variable and the space coordinates
as the independent variables is well known and can be found in almost any introductory
fluid mechanics book. The stream function has also been used in the computation of vis-
cous flows. In the recent past, the stream function, along with the vorticity, has been
used extensively to compute two-dimensional incompressible viscous flows. Patankar and
Spalding (3) have used the stream function to construct the cross-stream coordinate for
the computation of two-dimensional compressible ‘parabolic’ (boundary layer) type flows.
Kwon and Pletcher (4) have used the stream function and the axial velocity as the depen-
dent variables to compute two-dimensional incompressible separated channel flow. These
are a few examples of the use of the stream function for the computation of viscous flows.
More recently, streamlines of the incompressible potential flow corresponding to a given
geometry have been used to construct boundary-fitted grid systems for the computation
of viscous flows. The streamlines needed for the grid generation have been calculated by
various methods. For example, Ghia et al. (5) generated the grid by the use of conformal
mapping; Meyder (6), and Ferrel and Adamczyk (7), by solving the potential equation. A
survey of the use of streamlines to generate a grid is included in the review article on grid
generation by Thompson et al. (8).

The corresponding development for three dimensional flows, that is the use of two
stream functions to study three dimensional flows, so far has been limited. Several au-
thors in the past have introduced two stream function to describe three dimensional flows.
Among the pioneering works are the works of Clebsch (9), Prasil (10), Maeder and Wood
(11), and Yih (12). For the two dimensional plane flows it follows from the continuity

equation ‘
dul  Ou?

5x—l+a—z2'=0 (1.1)

that uldz? — u2dz! is an exact differential of a function of z! and z?2, calling this function
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¥, we have

ov ov
T 9zx?’ and u ozl

This is the approach Lagrange (1) used to introduce the stream function for two dimen-

u (1.2)

sional plane flows; and, later, by a similar approach Stokes (2) introduced the stream
function for axisymmetric flows. One can also introduce the stream function for two di-
mensional flows by the following, slightly different, approach. A general solution of the
continuity equation (1.1) is given by an arbitrary, as yet undetermined, function ¥ such
that u! and u? are related to ¥ by (1.2). This approach to introduce the stream function
for two dimensional flows can be immediatly extended to three dimensional flows. The
extension is based on a theorem by Jacobi (quoted in Clebsch),which for our purposes can

be stated as follows: The equation,

dul! Au? ou™
ﬁ+&;§+“.+ax"—o (1.3)

has a general solution given by (n-1) arbitrary, as yet undetermined, functions
vl(z!,2%,...,2"%), ¥¥(z,2%,...,2"), .-, U 1(2), 22,...,2") (1.4)

with u® given by its cofactor in the matrix

ul u? e, u®

aw! aw? av!

dz] dz2 ce azn

aw? ow? oyl

dzT 9z7 v dzn (1-5)
8wn—l 8wn—l 8wn—l

9z? dz2 s dzn

Following this line of approach Clebsch (9) introduced stream functions for three dimen-
sional flows. We denote the two arbitrary functions for the case of three dimensional flows

by £ and H (instead of ¥! and ¥?) and obtain from (1.5) for the velocity vector v
v =gradE x gradH (1.6)

From (1.6) we note that v is normal to grad g, thus the surface defined by E equal to a

constant contains streamlines and E is appropriately called a stream function. We will

3



denote by £ the value of the function E along a given stream surface. With a similar

discussion of H, we write our stream function equations as,

§=E(z,4,2); n=H(z,y,2) A (1.7a,b)

In Egs.(1.7) the space coordinates are denoted by (z,y,z) to establish continuity with
what follows latter. Another approach to introduce stream functions for three dimensional

flows, is presented by Yih (12). Following Yih we integrate the equations of a stream line

=2 = (1.8)

and obtain (1.7) as the integral surfaces of (1.8). Relation (1.6) is then obtained from the
argument that since & and H describe stream surfaces, their gradients are normal to the
velocity vector. The preceding discussion, for the sake of simplicity, is given for the case
of incompressible flows. The case of compressible flows follows similarly with u’ in the
preceding discussion replaced by pu.

The preéent work takes as its starting point the existence of two stream functions that
will describe three dimensional steady flows. From that point on we develop techniques
for computing three dimensional flows using two stream functions. The stream surfaces in

the present work are defined parametrically by equations such as

z =X, y=Y(x,&n), and z=2Z(x,§,n), (1.9a,b,¢)

For a given value of £ Eqs. (1.7a,b) and Egs. (1.9b,c) are inverse relations of each other. In
the present work, an important compliment to the use of two stream functions to describe
three dimensional flows is the choice of the independent and the dependent variables used to
describe the flow. As discussed in detail in the next section, the independent variables used
to describe the flow are x, £, and n; and the the dependent variables, U, the streamwise
velocity, and Y, and Z. With these variables we studied in Ref. 13 two dimensional (plane
and axisymmetric) parabolized viscous flows, and in Ref. 14 parabolized three dimensional
flows through straight rectangular ducts. For such simple flows equations for U and Y,

for two dimensional flows, and for U, Y and Z for three dimensional flows, can be easily
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obtained by partitioning the flow into a number of appropriately defined stream tubes, and
then applying conservation principles directly to the flow through the individual stream
tubes. In Refs. 15 and 16 we studied two and three dimensional potential flows in term
of these variables. In these studies equations for Y and Z were obtained by projecting the
streamline motion on to the z-y and z-z planes. In Ref. 16 equations for Y and Z were also
derived for the three dimensional potential flows by setting, with the help of differential
geometry, the vorticity around a closed contour drawn on a stream surface equal to zero.

In the present paper we present, with the help of tensor calculus, a general theory for
studying three dimensional viscous flows using the aforementioned variables. The present

work is restricted to steady flows.



II. INDEPENDENT AND DEPENDENT VARIABLES

In this section we introduce the independent and the dependent variables. The inde-
pendent variables are x, £, and 5. Variable x is a spatial coordinate along the main flow
direction. Variables £ and 7 are the values of stream functions along sﬁitably chosen two
sets of intersecting stream surfaces. A stream surface along which the stream function
€ is constant is referred to as a £=const. surface or as a x-n surface. Similar nomen-
clature is used for stream surfaces along which 5 is constant.- As discussed in the earlier
studies (as, for example, in Maeder and Wood (11), and Yih (12)), in general, for three
dimensional flows there is no unique way to define two sets of interacting stream surfaces.
For a given flow there are numerous choices for the E and H stream surfaces that will
cover the given flow. However, to take advantage of the (x, é,7n) choice of the independent
variables the general shapes of the E and H stream surfaces are to be selected to facilitate
the imposition of the required boundary conditions. In the present. paper we present three
different combinations of two basic types of £ and H stream surfaces that should cover
many flows of practical interest. The two basic types of stream surfaces considered are:
plane stream surfaces and cylinderical stream surfaces. The plane stream surfaces are not
necéssarily flat. The boundaries of plane stream surfaces intersect the flow boundaries.
The cylinderical stream surfaces are not necessarily straight circular cylinders. The cylin-
derical stream surfaces are nested within each other. From these two basic types of stream
surfaces we form three different combinations, each consisting of two sets of intersecting
stream surfaces, to model three different types of flows. These three different types of flows
are named: (i) Plane Flows, (ii) Axial Flows, and (iii) Circulating Flows. ‘Plane’ flows are
modeled with one set of {=constant plane stream surfaces and one set of n=constant plane
stream surfaces as shown in Fig.1a. This type of modeling is proposed for studying flows
that are bounded by flat boundaries. ‘Axial’ flows are modeled with one set of {=constant
cylinderical stream surfaces and one set of n=constant plane stream surfaces such that
one edge of all the n=constant stream surfaces meet in the axis of the flow as shown in
Fig.1b. This type of modeling is proposed for studying flows that are bounded by curved

boundaries. ‘Circulating’ flows are modeled with one set of {=constant cylinderical
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Fig. 1a. General shape of a £=const. stream surface

Plane Flows.



const. stream surface for

Fig. 1b. General shape of a {=const. stream surface intersecting a n

Axial Flows.



stream surfaces and one set of n=constant plane stream surfaces as shown in Fig.1c. The
intersection of the £=constant stream surfaces and n=constant stream surfaces are closed
curves. This type of modeling is proposed for the study of circulating flows.

The stream surfaces are defined parametrically by the following equations:

Plane Flows: z =¥, y=Y(x,¢n), and z=2Z(x,¢&,n), (2.1a)
Axial Flows: z =y, r=R(x,&,n), and 0=0(x,¢,n), (2.1d)
Circulating Flows: z = X(x, &,n), r=R(x,&n), and 0=x (2.1¢)

In Egs.(2.1) z, y, and z are the rectangular Cartesian coordinates, and z, r, and 8 are polar
cylinderical coordinates. For a given value of n Eqgs.(2.1) define x-¢ stream surfaces with
x and ¢ as the parameters. Similarly, for a given value of £ these equations parametrically
define x-n stream surfaces with x and n as the parameters.

Let U(x, &,n) represeﬂt the streamwise velocity. The dependent variables used to

describe the flow are:

Plane Flows: u Y, Z (2.2a)
Axial Flows: U, R, © - (2.2b)
Circulating Flows: U, X, R (2.2¢)

Let g, and g; represent the coordinate vectors of the x-£ stream surfaces, and g,
and g, the coordinate vectors of the x-n stream surfaces (these vectors are calculated in
the next section). Since the coordinate vector g, is common to both the x-{ and the x-n
stream surfaces, it is tangent to the stream line defined by the intersection of the x-¢ and
the x-n stream surfaces. Since U is the streamwise velocity, we note, for later use, that U

is along g,.



Fig. 1c. General shape of a {=const. stream surface intersecting a n=const. stream surface for
Circulating Flows.
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III. METRICS OF THE STREAMWISE COORDINATE SYSTEMS

The independent variables x, £, and n form a streamwise curvilinear coordinate system.
" It is called streamwise, since, by virtue of the x coordinate lines it is aligned with the
streamlines. In this section we present the metric of the streamwise curvilinear coordinate
system associated with each of the three different types of flows introduced in the previous
section.

We start with a brief summary of the summation and the tensor notation used in this
paper. Latin letters i, j, k, and m are used for free and dummy indices. Whenever the
same Latin letter i, j, k, or m appears in a product, once as a subscript and once as a

superscript, it is understood that this means a sum over all terms; thus, for example,

3
u'gij = Z u'gij = uXgyj + ulgej + u"gy;. (3.1)

1=1
Indices x, &, and n represent definite directions; summation is never intended on index ¥,
&, or n no matter how they appear. A subscript or a superscript proceeded by a comma

denotes ordinary partial derivative. Thus, for example,

ayY ag,'j

Y §nd gij .k = 3k .

&= 3¢ (3.2)

We now return to the calculation of metrics of the streamwise curvilinear coordinate

systems. Covariant base vectors g; of the (x, §,n) coordinate system are calculated from
the transformation formula, .

oz |

g = 58 (3.3)

where z* represent the coordinate lines of the (x, £,n) system and #7 are the coordinate

lines of the (z,y,z2) system for the Plane Flows, and the coordinate lines of the (z,r,0)

coordinate system for the Axial and the Circulating Flows. In Eq.(3.3) &; are the base

vectors of the ' system and are for the (z,y, 2) system
g.=(1,0,0); &, =(0,1,0); &.=/(0,0,1) (3.4)
and for the (z,r,0) system
g: = (1,0,0); & = (0,c080,5in@); &= (0, —Rsin®, RcosO) (3.5)

11



Carrying out the transformation (3.3), as shown in Appendix A.1l, we obtain for the co-

variant base vectors of the Plane Flow (x, £,7) coordinate system
8x = (LYx,Z5); 2e=(0,¥,2,¢); 8n=(0.¥n,Zp) (3.6)
All these three covariant base vectors are expressed by the single equation,
8 = (6ix,Yi,2,) (3.7)

where the Kronecker delta, §;,, is equal to one if 1 = x or zero otherwise. The covariant
components of the metric tensor, g;;, defined by g;; = g;.g; (where the dot between the

vectors indicates scaler product) are given by:

9i; = 8i.85 = bixbix +YiY; + Z:Z; (3.8)

(Another derivation of g;; is given in Appendix A.3)

The determinant, g, of the matrix of the metric coefficients is

9 = (gx-8¢ X gn)2 =YeZ,-Y, Z,f)z- (3.9)

where x denotes the cross product. Since ,/g appears often later in the transport equations,

we denote /g by D, thus

D=(Y¢Z,—YyZe). (3.10)

To facilitate the representation of the contravariant components of the metric tensor
we introduce Y*, the contravariant components of the gradient of Y, (also shown in the

equation are Y;, the covariant components of the gradient of Y'),

gradY =Yg, =Ygy +Y%g¢ + Yy,
=Yg = Yyg¥ +Y,e* + Y,p0" (3.11)

Gradient of Z is expressed similarly. Relations between Y, Y, Z * and Z ; are given in

Appendix A.2. The contravariant base vectors defined by,

k_ 8iX§8;
£="D

12



are expressed in terms of Y and Z** and are,
g’ = (6%, Y*,2%)  where

9; = 5; - Y,xY’i - 2Zx z*

(3.12)

(3.13)

The Kronecker delta, 6;'(, is equal to one if ¢+ = x or zero otherwise. The contravariant

components of the metric tensor, g%/, are

gij = g"ngx +Y’6Y’j + Z’iZ'j

(3.14)

Expressions for the contravariant base vectors and the contravariant components of the

metric tensor in terms of Y; and Z; are given in Appendix A.2.

Corresponding results for the Axial and Circulating flows are:

AXIAL FLOWS:

gi = (6ix, R icos® — © ;Rsin®, R ;3in® + O ;RcosO)

gi; = 6ix6ix + RiR; + R*© ;0 ;

D= R(R1€ O)" - Rvﬂ 9’6)

g = (g;c , R"cosO — ©*Rsin®, R'*sin® + " RcosO) where

gy =8, — Ry R* — R?0 , 0+

g‘.j = g'xg; + R"-R’j + Rzeyieﬂ.

CIRCULATING FLOWS:

gi = (X, Ricos® — 6;xRsin® , R ;sin® + b;, RcosO)

gij = X:X,; + RiR; + 6;x ;5 R?

D= R(X,E R,n - Xm R,E)

g' = (X**, R*cos® — gchsinG , R'sin® + g;RcosG)) where
o = (B — Xx X' = Ry RY)[R?

13

(3.15)

(3.16)
(3.17)
(3.18)
(3.19)

(3.20)

(3.21)

(3.22)
(3.23)
(3.24)

(3.25)



¢ = X*X7 + RR7 + Rqlg (3.26)

Definitions of the Christoffel symbols I‘fj and T';;x, used in this study are,

T = ¢*"Tijm, | (3.27a)
2Tijk = Gik,j + Gk — Gijks (3.27b)

and, in particular
2T yxi = 29xi,x — Ixx,is  and 2D = Gyx,i (3.27¢,d)

14




IV. TRANSPORT EQUATIONS

Equations for the transport of mass, momentum, and energy in a general curvilinear
coordinate system have been derived previously and are given in books and review articles,
among others, by Aris(17), Flugge(18), and Serrin(19). In this section we adapt these
equations to the streamwise curvilinear coordinate system. The transport equations are
presented in terms of the metric of a streamwise curvilinear coordinate system; and, thus,
are equally valid for all the three curvilinear coordinate systems introduced in the last
section.

As discussed in section II, the velocity vector at any point is directed along g,. Thus,
the contravariant velocity components u¢ and u" are zero everywhere. To calculate uX we
use the relation

U? =u'uf g;j = uXuX Ixx * (4.1)

Thus, u, the contravariant velocity components are:

WX =U/\/Gxx; u'=0; u"=0. (4.2)

The covariant velocity components, u;, are calculated from
u;p = gij u = gy uX, . (4.3a)

and are:

= Ixx U; ug= Ix¢ U; u,= Ixn_y. (4.3b)

ux = n =
\/gxx : \/axx \/gxx

The contravariant velocity components, 4’, in the 2’ coordinate system can now be calcu-

lated from ‘ '
oz . 0%

. Vo X 4.4a
oz T ax (4.4a)

and the physical velocity components, &(5), in the 2/ coordinate system from

Aj=

a(j) = V4j; &7 (no sum over j) , (4.4b)

where §;;, the covariant components of the metric tensor of the £’ coordinate system, are

for the (z,y, z) system
Gzz = 1; éyy =1 Gzz=1 (4'46)

15



“and for the (z,r,0) system

Gzz=1; Grr=1; Gps =r? = R?

(4.4d)
From (4.4a,b,c,d) we obtain the physical velocity components for the (see Appendix B.1):
U UY, vz
Plane Flows: (z) = ;o d(y) = —=X; and d(2) = X (4.4e
VIxx VIxx VIxx _ )
U UR RUO©
Axial Flows: i(z) = 3 afr) = X. and 4(6) = X 44f
VIxx V' 9Ixx ) V9xx ( )
Circulating Flows: i(z) = -—-—UX’X; i(r) = UR’X; and 4(4) = RU
Ixx V9xx

N (4.49)

The expressions for the covariant derivatives u’|; and u;|; in terms of the Christoffel
symbols used latter are (see Appendix B.2):

Wl =l +ufTf = ol + X T, (4.5a)
uily = u'lfj gki + uF Tgjs = u’f,- Ixi + uXTyji (4.5b)
uilj = wij — uF Ty = uy j — u¥ Tyjy (4.5¢)

In Egs.(4.5) we have evaluated the sums over k using the fact that uX is the only nonzero
contravariant velocity component.

We next introduce expressions for the vorticity w,

k — iky, .
w® = €7 u i

(4.6)
where €/¥, the permutation tensor, is equal to +1/D , —1/D , or 0 depending on whether

t,7,k is a cyclic, an anticyclic, or an acyclic sequence. From (4.6) we obtain for the
individual components (see Appendix B.3),

wX = (un,e —ug,n)/D (4.7a)
w* = (uy,n = unx)/D (4.75)
w" = (ug,x — uy,e)/D (4.7¢)

16



We are now ready to develop the transport equations for a streamwise curvilinear
coordinate system

CONTINUITY EQUATION:

dp .
3¢t div(pv) =0, - (4.8)

where p is density. In streamwise computation of flow fields, uX is the only non-zero

contravariant velocity component and the preceding equation becomes,

dp 1 0 X\ _
a‘i‘Dax(Dpu )=0. (4.9)

For steady flow p; = 0, and we obtain on integrating the remaining part of (4.9),

DpuX = a constant along x . (4.10)

We select the numerical values of our stream functions such that the constant of integration

is unity. The steady state continuity equation thus becomes,

uX = piD , (4.11a)
and with the help of (4.2),
U= Vs . (4.115)

Relationship of Egs.(4.11b) and (4.4e) of this section with Eq.(1.6) of the introduction
section is discussed in Appendix C.

MOMENTUM EQUATION:

Dv ov .
= T 4 putv;=F, 4.12
th p6t+puv’ ( )

where F is the force (surface and body) per unit volume. Once again, since uX is the only
non-zero contravariant velocity component, the covariant and the contravariant momentum

equations become, respectively,
2 T X T t 3
po; (wig') + puX uilxg® = Fig". (4.13a)
0 X X off 11 . b
P5 (uXgy) + puX u'lyg; = F'g; . (4.138)

17




For steady flow Eqs.(4.13) become,
Covariant:  puX ui|y, = F; (4.14a)

Contravariant:  puXu'|, = F* ' (4.140)

Development of the covariant components of the momentum equation:

With the help of (4.5b) we rewrite Eq.(4.14a) as
puX(uX, gyi + uX Tyyi) = F. (4.15)
With the help of continuity equation (4.11a), (4.15) becomes

18 /(1 1 ’
B-a—x (p—D-) 9xi + p—Dz-I‘xx.' = F;. (4.16)

Expressing I'yy; via (3.27c) we obtain after some algebra,

1

2/’D9xx.t’ = p?’D3F; (4.17)

pDgyi x — 9xi(pD),x —

Another variation of momentum equation (4-14a) is obtained by using the expression for
u;|; given in (4.5c),

puX(u; x — uXTiyy) = F*. (4.18)
Using (3.27d) to express I';y, and that
uxi = (VBxV)s = VIUs + 3Usil ik = VTl + 500 (4.19)
we obtain from (4.18),
puX(uix — uy,i +v4,,Us) = Fi. | (4.20)
With the help of the continuity equation and some rearrangement we obtain from (4.20)

1
pUU,'- = F‘- — B(ui'x - ‘ll,x,i) . (4210,)

Writing out the individual components, and using the expressions for w given in (4.7), we

have,

pUUy = Fy, pUU¢=F¢—w", pUUgq=Fy+uwt. (4.21b, ¢, d)

18



Development of the contravariant components of the momentum equation:

With the help of (4.5a) we rewrite Eq.(4.14b) as
pux(u‘;x + uX I‘;x) =F". . (4.22)

With the help of continuity equation (4.22) becomes

)
&(;15 =DFX, T{ =pD?F¢, T =pD?F". (4.23a, b,¢c)

ENERGY EQUATION:

a : . .
_g;_e) + div(pev) = ~divq + div(T.v) + pv.b, (4.24)

where e is the energy (sum of internal, kinetic, and potential) per unit mass, q the heat
flux, T the stress tensor, and b the body force per unit mass. Once again using the fact

that uX is the only non-zero velocity component, we obtain from (4.24) for steady flow,

—l-—ax-(Dpeu") =10 Dq') + 1 i. (DT u;) + puXb, . (4.25)

Do D 3zt

CALCULATION OF F;:

We separate the pressure, the viscous, and the body force contributions to F; and write
Fi=-pi+ fi+pbi (4.26)

where b; is the body force, and the viscous contribution,

fr=grff =grit|j =gni %-3—2—1 (D7) + rf'"I‘j-m] (4.27)
with the viscous stress tensor 7*/ given by
P = =2 g™l g + (g7 |+ ¢ 07 |m) (.28)
The stress tensor T* is given by
T = —pg" + 7% (4.29)

19



V. POTENTIAL FLOW

In this section we discuss the inviscid approximation to the transport equations pre-
sented in the preceding section. The main purpose of this discussion is to illustrate the
procedure for obtaining transport equations for a particular type of flow (for example,
Plane, Axial, or Circulating) from the general transport equations.

For inviscid flow and neglecting body forces,
Fi=-p:, (5.1)
and the momentum equation (4.21b) becomes,
pPUUx = —px. ‘ (5.2)
We further assume that the flow is isentropic, and thus (see Appendix D.1),

@ _g (L 3) (5.3)

where 7 is the ratio of specific heats. With the help of (5.3) we integrate (5.2) and obtain,

U2
—2— :7%15 = const. (5.4)

With the help of the continuity equation (4.11b), we rewrite (5.4) as,

2;];;‘)2 7 Z 1% = const. (5.5)
From (5.3) and (5.5) we obtain,
P = —p(9xx/20*D?) ; ' (5.6)

From here on subscript i stands only for § and 5. From Egs.(4.17), (5.1), and (5.6) we

obtain,

1
PDgyi,x — gxi(PD).x - EPDgxx g = PaDs(gxx/ZPzDz).i (5.7)

With a little algebra (5.7) can be rewritten as (see Appendix D.2),

(9xi/pD),x — (9xx/pD),i = 0. (5.8)
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Equation (5.8) can also be obtained by setting the vorticity w* (see Egs. 4.7b and 4.7c)
equal to zero and using the continuity equation (4.11a) along with Eq (4.3a) to express u;,
the covariant components of the velocity.

To separate the effects of compressibility we rewrite (5.7) as,

D
IxixD = 9xiDx = GxxiD + 9xxD,i = 7(9xil’.x ~ 9xxPi) (5.9)
For incompressible flows the right hand side of equation (5.9) vanishes and we have,
IxixD = 9xiDx = Ixx,iD + 9xxDi = 0 (5.10)

Equation (5.8) is our basic equation to describe isentropic flows. Upon substitution of
appropriate expressions for gy, gy, and D from section III for a given type of flow, Eq.
(5.8) will yield the streamwise isentropic flow equations for that particular flow. In the
following we illustrate the procedure for obtaining isentropic flow equations for a particular
type of flow from the general equation (5.8).

Incompressible Plane Flows: Upon substituting derivatives of gij and D from Egs.(3.9)

and (3.10) into (5.10) we get the following equation for the x-{ stream surfaces,

D(Y,xxy,f + Z,xe,f - Yxéy,x - Z,xfz,x) - gxf(Yx€Zm + Y,EZ,xn - Y,xn Z.€ + Y,nZ,xf)

+0xx(YeeZm +Y,eZeq —YenZe +YnZ ¢e) =0, (5.11a)

and the following equation for the x-n stream surfaces,
D(Y,xme + ZxxZn — YnYx = Zxn Z,x) — 9xn (Y,xézm +YeZ yn— YnZ¢— Y,nz,xf)

+9xx(YenZn +YeZian —YinZy¢ — YnZen) =0, (5.11b)

where D, gy¢, and gy, are given by Eqgs.(3.9) and (3.10). We have two equations for two
unknowns Y and Z. These equations were solved numerically in Ref. 16 for (i) flow through
a rectangular diffuser with an offset and a change in the aspect ratio, and (ii) flow through
a duct whose cross-section changes from a square to a rhombus. For a two-dimensional
flow in the x-§ plane

Yo=2,x=2¢=0, and Z,=1
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and Eq.(5.11a) reduces to,
YeYxx —2YxY,e¥xe + (1+Y})Y,e¢ =0 (5.12)

This equation was solved for flow past an infinite cylinder placed symmetrically between
two parallel plates in Ref. 15.

Equations for axial and circulating flows are obtained in a similar fashion. Solution
of the axial flow equations for flow through superelliptic tra.qsitiona.l ducts is given in a

forthcoming article. We next present one special case each of axial and circulating flow.

AXIAL FLOW SPECIAL CASE: For axisymmetric flow in x-§,
0;=0,=R,=0, and 0,=1 (5.13a)
and we have from Eqs.(3.14_) and (3.15)
gxx =1+R%, gye=RyRe, and D=RR_ (5.13b)
With the help of Egs.(5.13), Eq.(5.9) becomes,

RfeR,xx —2RyRe¢R xe+(1+ R,Z’X)R.& + R?e/R = (R¢/p)[RxRep,x— (1+ R,zx)l’el (5.14)

Equation (5.14) can be used to study isentropic flow through nozzles.
CIRCULATING FLOW SPECIAL CASE: For two-dimensional circulating flows in
x-R
Xx=X¢=R,=0, and X, =1 (5.15a)

and we have from Egs.(3.22) and (3.23)

gxx =R*+R%, gy¢e=RyRg¢, and D=-RR; (5.15b)
With the help of Egs.(5.15), Eq.(5.10) becomes,

R%Ryx — 2R xR¢Ry¢+ (R*+ R3)R ¢ — RR% =0 (5.16)
We note that the free line vortex given by

R = const. et ' (5.17)
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_is a solution of Eq.(5.16). To see the relation between (6.17) and the more familiar form

of the line vortex equation, we obtain from Eqs.(4.4g) for the solution given in (5.17)
i(z) =0, d(r)=0, and 4(0)=U ' (5.18)

For compressible flows £ and 7 are related to the mass flow rate with the SI units of \/kg/s.

For flows with constant density we rewrite pD for the circulating flow as

pD = R(X (¢//5) R,(n/p) — X,(n/ /) Bo(e//p)) (5.19)

For such flows we absorb ,/p into the definitins of £ and 5, which now become related to
the volume flow rate with the SI units of \/m3/s. Thus, for flows with constant density

the continuity equation (4.11) becomes in terms of the newly defined £ and 7,

_ VOxx
U= 1;‘ (5.20)

By the use of (5-15b) and (5-17) we obtain from (5.20)

gxx R 1
_V _ - 5.21
v D RR const.R (5.21)

From (5.18) and (5.21) we obtain the familiar form of the line vortex equation.
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VI. PARABOLIZED FLOWS

In this section we present an approximation to the viscous forces which for two dimen-
sional flows reduces to the well known boundary layer approximation. For lack of a better
name we have called it parabolized flow approximation. \

We assume that all contributions to the viscous forces that arise from the field variation
of the curvature of the coordinate system (that is, from the terms involving Christoffel

symbols) are negligible. Thus, (a)

. . 1 9 .
f1=1"li = pgg (Pr), (©1)

and, (b) u'|; are equal to u’; which have only one non zero component u*. Approximation
] ’J !J

(b) leads to that
XX = (=2/3)ugXuX + g "X, X =X = pugtmuX

X = 771X = pg"™Mu X, ¢ = (—2/3)ug€€uf§c , M =(-2/3)ug"uX,, (6.2)

and that 77 is negligible. We also assume that the contributions of the cross-stream
velocity derivative terms uf‘e and uX, to the stress dominate over the contribution of the

uX, terms. Thus, the only non-negligible terms of the stress tensor we are left with are,

XX = u(gxeufce + gX"uX) (6.3a)
x€ — 7€x — “(g““fe +g8TuX ) (6.3d)
X1 — X — ”(gfnu,f% +g"MuX ) (6.3¢)

We further assume that in Eq.(6.1) the contribution of the term involving the derivative

with respect to x is negligible, thus

- ii i{ li i 6.4
From (6.3) and (6.4) we have that
_129 €yX 4 g¢ 19 EuX + gMuX
= bae [MD (g vty ”ufi,)] * Doy [uD (g" uX +9"u )] (6-5)



and that f¢ and f" are negligible. For the covariant component of the viscous force we

now have
fi=gi; 17 = gi 1%, (6.6a)
which leads to

fngxxfx’ f€=g€xfxa fnzgnxfx- (6-6b’cad)

We conclude this section by deriving the viscous force term used in the boundary layer
approximation for two dimensional flows from the viscous force approximation given by
Eq. (6.5). From equation (6.5) we obtain for two dimensional plane flows in (z,y) with

Xx=1z, £E=y,g¥Y =1, D=1, and the physical velocity along z, u = \/gzz u* = u*,

:_ O du
=g (5) (o)

and for axisymmetric flows in (z,r) with x =z, { = r, ¢'" = 1, D = r, and the physical

velocity along z, u = /gzz u* = u®,

190 du
T _ - =1. 7b
f r Or (ur 6r> ‘ (6.76)
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VII. CONCLUDING REMARKS

A theory to compute three-dimensional flows using two stream functions is presented.
The values of two stream functions along with a spatial coordinate are used as independent
variables. Since the value of a stream function is constant along the solid boundaries,
this choice of variables makes it easy to satisfy the boundary conditions. The dependent
variables employed are the streamwise velocity and two functions that define the stream
surfaces. Thus, the method generates a boundary fitted grid thét is aligned with the flow
streamlines as part of its solution.

For three-dimensional flows so far there is no general theory to define two sets of
intersecting stream surfaces to cover a given flow. In the present work we have presented
three different combinations, each consisting of two sets of intersecting stream surfaces,
which should cover many flows of practical interest. However, a general theory regarding
the selection of two sets of intersecting stream surfaces that will cover a given flow for the

most efficient computation of the flow is needed.
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APPENDIX A

A.1 In this appendix we derive the covariant base vectors of the streamwise curvilinear
coordinate system, z*, for the three different types of flows introduced in section II.

PLANE FLOWS:

Base vectors, §;, of the cartesian coordinate system £* = (z,y, 2)

gz = (1’0’ 0); gy = (07110) ; 8z = (0, o, 1) (A.l.l)
are transformed by '
o0z
8= 558 (A.1.2)

to obtain the base vectors, g;, of the z* = (x, £,7) coordinate system. From Egs. (A.1.1)
and (A.1.2) we obtain,

dz Oy 9z
oz*’ oz’ ozt

oz dy dz
g = E(lao’o) + %(0,1,0) + ﬁ(o’o’ 1) - ( ) (A'1'3)

Now using the transformation equations

=X, y=Y(x,&n), and z=2Z(x,§,n), (A.1.4)

we obtain Egs.(3.6) from Egs.(A.1.3).
AXIAL FLOWS:

Base vectors, g;, of the polar cylindrical coordinate system z* = (z,r,0)
gz = (1,0,0); &, = (0,cos0,sinb); &¢ = (0,—rsind,rcosb) (A.1.5)

are transformed by Eq.(A.1.2) to obtain the base vectors, g;, of the z' = (x, £,n) coordinate

system,

g = %(1,0, 0) + %(O,cos&sinﬂ) + %(0, —r sinf, r cosf)

or Or ae . or . a9
=(—, — - — — —— . Al6
( = Bt cosf prid sinf, 3 sinf i cosb) ( )

Now using the transformation equations
T =X, r=R(x,¢n), and 0=0(x,§,n), (A.1.7)
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we obtain Egs.(3.15) from Eqs.(A.1.6).

CIRCULATING FLOWS:

Base vectors, &;, of the polar cylindrical coordinate system z* = (z, r, §) given in (A.1.5)
are transformed by Eq.(A.1.2) to obtain the base vectors, g;, of the z* = (¥, £, 1) coordinate

system, once again, given by Eq.(A.1.6). Now using the transformation equations

z=X(x,§&n), r=R(x,&n), and 0=y (A.1.8)

we obtain Egs.(3.21) from Eqs.(A.1.6).

A.2 In this appendix we present the contravariant base vectors and the contravariant

components of the the metric tensor in terms Y; and Z;.

PLANE FLOWS:

e X &y
X == 27 — (1
g .D ( ,050)
gé = En ;gx _ (YnZ,x — Y,x%n 2y —Yn) - (A.2.1a,b,c)
gy, — gx X ge — (Y:XZ,f - Y,QZ,X ? *le 3 Y;f)
D D

The contravariant components of the metric tensor, g/, defined by ¢/ = g'.g7, are:

gxX=1 ' (A.2.24)

QX€ = géx = (Y,n Z,x - Y,x Z,n)/D (A'2'2b)

" =g" = (YxZ¢—YeZy)/D (4.2.2¢)

gt = (gx€)2 + (y,fl + Z,":,)/Dz (A.2.2d)

gén = g"¢ = gX€gX" _ (Y. Y + Z¢ Z.y)/ D? . (A.2.2¢)
¢" = (¢*") + (Vi + 2%)/D* (42.2f)

Relations between the covariant and the contravariant components of gradY and gradZ

are obtained from
Y,‘. — gin,J" Z’i = gijZ’J" (A22g)
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with g% given in (A2.2), and are,

YX=0, Y¢=2,/D, Y"=-2,/D (A.2.2R)
z2X=0, 2¢=-Y,/D, Z"= Ye/D (A.2.21)
Y'Y = 2"Z;=1 and Y*Z; = Z2°Y; =0 (A.2.25)
AXIAL FLOWS:
gx = (1’0’0)
1
gt = B[R(Rme,x —RBx0O,), (R,sinb + 6, Rcosh) (—R ,cos8 + 0,y RsinO)]
1
g" = B[R(R,xe,f —R0y), —(R¢sind + 0 ¢ Reosh) (R,¢cosf — © ¢Rsin®)]
(A.2.3a,b,¢)
gxXX =1 (A.2.4a)
9" =g =R(RxO,¢—R;0,)/D (A.2.4¢)
g% = (¢%4)* + (R% + R?0%)/D? (A.2.4d)
gt = gé = gxégxn _ (Re¢R,+ R*0 0 ,)/D? (A.2.4¢)
g™ = (gX")? 4+ (R:z{ + 329’26)/])2 (A.2.4f)
RX=0, R¢=RO,/D R"=-RO/D (A.2.49)
©X=0, RO*=-R,/D, RO"=R,./D (A.2.4R)
R'R; = R?0"0;=1 and R'RO; = RO*R; =0 (A.2.41)
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CIRCULATING FLOWS:

gX = (0,—sinO,cos®)/R

1 _ |

gt = E[RRM’ (RnX x — RxX,n)sin® — X , Rcos®, (X o Ry — X xR n)cos® — RX , 5in0@]
1 .

g" = E[RR,& (RxX,e— ReX,x)stn® + X ¢Reos®, (X yR ¢ — X ¢ R ,)cosO + X ¢ RsinO)]

(A.2.5a,b,c)

¢* =1/R? (A.2.6a)

¢ =g = (X, Ry~ XxR,)/RD (A.2.6b)

gxn = g',x = (X,X R»E - X:f R’X)/R‘D (A.2.60)

g%¢ = R?((g%¢)? + (X% + R%)/D?] (A.2.6d)

gt = g"¢ = R?[(gX¢gX" — (X¢ X, + R R,,)/D? (A.2.6¢)

g" = R*[(¢X")? + (X% + R%)/D?] (A2.6f)

XX=0, X*=RR,/D, X"=-RR./D (A.2.69)

RX=0, R*=-RX,/D, R"=RX;/D (A.2.6h)

X*X;=R'R;=1 and X*R; = R*X;=0 (A.2.61)

A.3 In this appendix we calculate g;; from the transformation formula,
oz™ 9z™
9ii = 3 3g7 dmn (A.3.1)

where §mn are the covariant coefficients of the metric tensor of the (z,y,2) coordinate

system for the Plane flows, and of the (z,r,8) cordinate system for the Axial and the
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Circulating flows. For all three flows (Plane, Axial, and Circulating), §mn = 0if m # n

and (A.3.1) reduces to,

dz! 9! % 912, 922 013 |

~

9 = G am N T G 5922 1 557 557 9%

PLANE FLOWS:

By the use of following transformation equations and §;;
=X, y=Y(X,f,ﬂ),' 2=Z(X,f,ﬂ),

Gzz = 1; .ayy =1 §zz=1

we obtain from (A.3.2),
9ij = b6ixbix +YY; + Z;2Z;

AXIAL FLOWS:

By the use of following transformation equations and §;;

=X, "=R(X, fan)’ 0=®(x, 6,7]),
zz =1, Ger =1, Goo = r? = R?

we obtain from (A.3.2),
gi; = 6’.X6jx + R:‘.R’j + R2®’ie,]’

CIRCULATING FLOWS:

By the use of following transformation equations and §;;
$=X(X,f,'7), r=R(Xs€"’)a 9=X
ézz =1 grr =1 .‘300 =r?= R2

we obtain from (A.3.2),
gi; = XiX,; + RiR,j + bix 85 R*
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(2.1a)

(4.4¢)

(3.8)

(2.1b)

(4.4d)

(3.16)

(2.1¢)

(4.4d)

(3.22)



APPENDIX B

B.1 Equations (4.4e)-(4.4g) are obtained from Eqgs. (2.1), (4.4a), {(4.4b) and (4.4c).
Recall

4(5) = V35 &7 = V355 %u‘. = \/E.f—jaa—f'“x (no sum over j) (4.4a,b)
and |
Gzz=1; Gyy=1 §2z=1 (4.4¢)
§zz =1 §rr=1; §go=r>=R? (4.4d)
The details are:
PLANE FLOWS:
dz uX U

ﬁ'(z) gzzax = \/_gx_x
- — Oy Y, U
i(y) = ngy_ux o —

Ixx
ngz—ux = ZxY (B.1.1a,b,¢)
Ixx
AXIAL FLOWS:
oz U
17. ) = g '-—ux =
( ) gzzx ax \/?];;
or R.U
i(r) = Virr—uX = 2X
( ) g "ax ,———gxx
= v/§oe —ux = BOXY (B.1.2a,b,¢)
Ixx

CIRCULATING FLOWS:

— 0z X,U
ﬁ’(x) =V g:l:zg;(‘ux =X

Ixx

— Jr R, U

&(r) = grr&’ux = _’;;;
a(f) = ﬁeeg%u" = j;_j_ (B.1.3a,b,¢)

: v Ixx
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B.2 In this appendix we derive the expressions for the covariant derivatives given in
section IV. We start with the expression for u‘l,- , the i-contravariant component of the
j-derivative of v (see Ref. 18 Eq.(5.11)),

uf|; = u';j + u* I‘;—k ‘ (B.2.1)
This is Ed.(4.5a). On multiplying (B.2.1) with g,,, and using
| igim = (W' gim)lj = tmlj,
ufjg,-m = uﬁ-gkm and
F;kgim =Tjkm = Ckjm | (B.2.2a,b,¢)
we obtain
Um|; = u’fj Gkm + u* Cijm (B.2.3)
Equation (B.2.3) is Eq.(4.5b) with the free index ¢ replaced by m. To obtain Eq.(4.5c) we
start with Eq.(5.13) of Ref.18,
uil; = ui,; —uk I‘fj {B.2.3)
On multiplying the last term on the right hand side of (B.2.4) with grkig® =1, and then

using ¢g*' to raise the index on uj; and using gix; to lower the index on I‘:-‘J- we obtain

Eq.(4.5¢c).

B.3 From
w* = eTku;l; (4.6)
we obtain for w”,
w" = €9 Mujli = X Mugly + eXTuyle = (uely — uxle)/D (B.3.1a)
Similarily we obtain, |
w® = (uxln — uqlx)/D (B.3.1b)
wX = (ugl¢ — ugly)/D {B.3.1¢)
Now,
uil; — ujli = wij — uFTije — u?* + w¥Tj = iy — uj (B.3.2)

where we have used T;jx = I'jik. Equations (B.3.1) and (B.3.2) lead to Egs. (4.7)
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APPENDIX C

From Eqs.(4.11b) and (4.4e) we obtain

1 Y Z

pule) = 5, puly) =5, pu(z) = (C.1)

For a fixed value of ¢, say &g, equations

=X, y=Y(x,€o,ﬂ), z=Z(Xa £07’7)3 (0'2)

describe the stream surface E. The gradient of E is given by the cross product of the base

vectors of E, g, and gy, thus,
gradE = (1,Y, Zx) x (1,Y,y, Z,) (C.3)

Similarly we have,

gradH = (1,Y¢,Z;) x (1,Y,5, Zy) (C.4)

From(C.1),(C.3), and(C.4) we obtain,
pv = gradE x gradH (C.5)

Equation(C.5) is the compressible version of (1.6).
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APPENDIX D
D.1 We start with the well known thermodynamic relation
Tds = dh — dp/p | ' (D.1.1) |
where s is entropy and h is enthalpy. For isentropic flow of an ideal gas,

p 7P
ds =0, d dh=d(cT)=d(cp—5)=d|——==]. D.1.2
an (CP ) (chR) (,7_1,)) ( )

Upon substituting relations from (D.1.2) into (D.1.1) we obtain (5.3).

D.2 Upon dividing (5.7) by p2D? we obtain, respectively, for the first, second, and
third term on the L.H.S. and for the term on the R.H.S.,

g_;ib& ) (D.2.1)
9xi _ 1
T p2D? (D) ,x = 9xi (p_D> L (D.2.2)
—%% ) )D.2.3)
p_:ﬁ(g)zx/ p*D?),; = ﬁlﬁgxx i+ Oxx (p_lb') . (D.2.4)

Upon combining (D.2.1) with (D.2.2) we obtain the first term on L.H.S. of (5.8}, and upon
combining (D.2.3) and (D.2.4) we obtain the second term on the L.H.S. of (5.8).
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