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PREFACE

This report describes the status of work being performed on a Novel
Approach in Formulation of Special Ttanéition Elements research, (Grant NAG 3-
790). The research is being monitored by Dr. C.C. Chamis of the NASA Lewis
Research Center. The graduate research assistants for this term were Mr. O:
Odabas and Mr. M. Yahiaoui. Mr. Odabas and Mr. Yahiaoui, for whom I am the
dissertation advisor,-are both Ph.D. éegree students in the Aeronautical and

Astronautical Engineering Department,

Nesrin Sarigul



I. INTRODUCTION

The objective of this research program is in the development of more
accurate and efficient advanced methods for solution of singular problems encoun-
tered in various branches of mechanics. The research program can be categorized
under three levels. First two levels involve with the formulation of new class
of elements called "Mesh Interface Elements" (MIE) to connect meshes of tradi-
tional elements either in three dimensions or in three and two dimensio?s. The
finite element formulations are based on the boolean sum and bleﬁding operators.
This report describes the results obtained from the first two levels of the pro-
gram. It may be noted that, at present, the second level of the program is
being conducted under NAG 3-790.

In today'’s advanced aircraft and space structure appiications, steep tém-
perature and/or stress gradients are commonly encountered. The analysis methods
need to incorporate these steep gradients into the solution efficiently and
accurately. Mesh Interface Elements are being formulated and tested in this
research to account for the steep gradient effects. At présent, the heat trans-
fer and structural analysis problems are being formulated from uncoupled theory
point of view.

The status report, first, summarizes the general formulation for heat
transfer and structural analysis by including the newly introduced varying
material properties at material nodal points of the elements concept. Then the
formulation of mesh interface elements are detailed. On the computational
efficiency side, a hidden-symbolic computation concept developed by the author

is given. Verification examples are incluéed from heat transfer and structural



analysis problems. Appendix includes listings of the computer modules that are

developed for this purpose.



1I. FINITE ELEMENT FORMULATION FOR HEAT TRANSFER AND STRUCTURAL ANALYSIS

Thermal effects induced by aerodynamic heatiné on advanced aircraft and
spacecraft systems of current technology requires special analysis procedures
in order to design these structural components to fulfill the specific mission
requirements. The steep temperature and/or stress gradients and unusual advanced
geometry and material coﬁcepts are being major items to deal with. In this
research, the steep gradients problems are tackled by utilizing the Mesh Inter-

face Elements and variable material properties at material nodal points elements

concept.

I11.a. Heat Transfer Analysis

The heat conduction equation in three dimension is

pcp 9T = 3 [kg IT + ky §_+ku +§_[k,,_a_+ls,yé_+ls,z§_]
at ax ax az dy : ax

+ 3 [k, 8T + k,, JT + ky QT ] + f
dz ax dy daz

where p is the mass density of the material, ¢, is the heat capacity, T is the

P
absolute temperature, K., ...k, are the heat conduction coefficients and f is the
heat source term.

The equation will be solved subjected to the boundary conditions in terms

of prescribed either the temperature and/or temperature gradients.

For homogeneous anisotropic solids the equation becomes

pCy ﬁ_-kné_+19,,il'+kzz§_l+(kq k) 2T+ (ky, + k) 92T
ax? axady dydz

+ (key + Ky 3T ) + £
dzdx



in case of isotropic material we have

pep T =k (2T + 2T + Q%) + £
ax?  ay? az?

for the steady-state conditions, we obtain the Poisson’s equation as

k 2T+ f=0
where

V- 2+ 2
ax? ay? az?

By utilizing the method of weighted residual on the heat conduction equation,

we obtain

- Joew aT av + me( . T) AV + LWde -0
v aT -

where W is the weighting function and T is the approximated temperature field
and V is the volume of the structure. By utilizing the Green-Gauss theorem on

the first term of the equation above, we obtain
[k. w. T av = [w.fav + [n.k. Tds
v v ]

where S is the surface of the domain.

The discretized equations for NE number of subdomains may be given as

NE NE M
T [k.w. TV, -%F [Wfav,+ I [n. Tds
. . Se

=1 o=l =1

where V, and S, are the element volume and surface mean, respectively.
By utilizing the shape functions used in approximating the temperature
field to be the weighting functions, we achieve Galerlin type formulation. At

an element level the equations are



[KJ®(TY® = (Q)}* + {Q,}°

where [K.]* is the finite element conduction matrix, {Q)* is the finite element
load vector and (Q,}* is the heat source vector.

It may be noted that material properties are assumed known at material
nodal points within an element as it is detailed in the following section.

The present numerical applications deal with the steady state equations

and isotropic material behavior for the time being.

IT1.b. Structural Analysis

The principle of virtual work will be employed,
N

[(5e)Toav = [(s8)Tbav + [(s8)Tsds + = (58)7P,

v ] i=1

where (§€)? is the virtual strain vector, (64)T is the virtual displacemené
vector, b is the body force vector and s is the prescribed surface tractions
vector and P, indicate the point loads.

For an anisotropic material by utilizing the generalized Hooke’s law the

equation above can be written as
[(se)T.a.€ aV = [(5€)T.A.€. 0, dV - [(6€)70n5,dV +£(5A)T.bdv + [(88).s.4as
v v v ]

N
+ T (8a)TP,
i=]l

However, by discretizing the region to be analyzed into an NE number of
finite elements, we obtain for one element (e)

T T T T T
j&se) .A.€dV = -[5.66) A, €,,,,dV - ISfe) 0yniedV + J“(,.SA) .b.dV + j'ng) .s.dS

N
+ (T (68)TP))*
i=1



where V, and S, denote the volume and the boundary surface of the element.

The field variable A, displacement field, will be approximated in terms
of the nodal displacements times the shape functions. In addition, the material
properties are assumed to be known at "material nodal points,™ NM as introduced

in this research, hence, we have

™

im1
where NMAT, are the "material shape functions." It may be noted that it is
possible to use material shape functions to be the same as the field variable
shape functions. This approach, newly introduced here, will increase solution
efficiency for problems involving large gralients.

A summary of the equations takes the form of
M.A + K.A = P

It may be noted that unlike the traditional formulations, in calculation of the
stiffness and mass matrix material properties are considered to be known at
material nodal points. Therefore, the stiffness matrix, for example, will be

calculated as

NM
K* = [ BT (T NMAT,.A,).B 4V

ve {i=1

Application problems include three-dimensional mesh interface elements
under different loading conditions. The results obtained from test examples

ar: reported in numerical examples section.



II1I. FORMULATION OF MESH INTERFACE ELEMENTS

I11.a. General Concepts on Element Formulation

Formulation of the "Mesh Interface Elements" (MIE) are based on the boolean
sum. In dealing with analysis aspects in three dimensions, it is known that the
higher order elements are too costly to use throughout the domain. It may be
noted that, we need these higher order elements only at certain local areas of
the domain. The rest of the domain can be modeled by ut%lizing lowir order
elements. In this research, a series of Mesh Interface Elements are being
developed to connect meshes of different types of elements.

The boolean summation in three dimensions is given as
P[F] = P ®(P,8P,) [F]

where P, P, and P, are the projector operators, and F is the field variable.
The boolean summation yields with an approximation on the field variable F so
that along the boundaries of the domain the continuity requirements are met in

an exact manner.

I11.b. Three-Dimensional Mesh Interface Elements

In order to demonstrate the power of new Mesh Interface Elements, the most
commonly used three-dimensional element meshes are considered. ‘These are the
meshes of 8-noded and 20-noded elements. A three-dimensional Mesh Interface
Element then is formulated by utilizing the boolean sum and the proiector

operators.
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Figure 1. Three-Dimensional 12-noded Mesh Interface Element
(12-MIE)

The formulation domain is [0,1] x [0,1] x [0,1]. This element will connect
to aﬁ 8-noded solid element from (r,o,t) surface and to a 20-noded solid element
from (r,1,t) surface. In addition, the field variable for this research, either
the temperature field or the displacement field, is required to be continuous
on the boundary surfaces of the element.

In order to construct the element to meet the constraints above, the
projector operators become,

P.[F] = rF(1,s,t) + (1-r)F(o,s,t)

P,[F] = sF(r,1,t) + (1-s)F(r,o,t)

P.[F] = tF(r,s,1) + (1-t)F(r,s,0)



The boolean sum then takes the form of

P(F} = (P, + P, + P, - P.P, - P,P, - PP, + P.P,P)[F]

Now, by selecting the surface interpolation functions, F(1,s,t)... F(r,s,0)

to satisfy the continuity requirements we obtain the approximation function as

F = F = P[F]
or
F = (r-rs)(l-t)F; + (2rst-:2 - 2r?st + 2r%s - rst - rs)F,
+ (-2rst? - 2rist + 2r%s + 2st? + S5rst - 3st - 3rs + s)F,
+ (l-s-r+rs)(1-t)F, + (rt-rst)Fs + (2rst? + 2sr’t - 3rst)F

.(2rzst - 2rst? + 2st? - rst - st)F, + (t-rt)(1l-s)Fy

+

+

(4rs-4sr?) (1-t)Fg + (4rst-4rst?)Fyg + (s-rs)(4+-4t%)Fy,

(4rst-41%st)F,

-+

where F,,...F;, are the nodal values of the field variable.
The material properties are considered to be known at nodal points of the

element and
M
[A] = £ NMAT,A,
i=1

whére NMAT, are the material shape functions.

The stiffness matrix is obtained and computer modules are included in the
Appendix.

This element is tested for both heat transfer and structural analysis

applications and performs well as a Mesh Interface Element.



II1.b.2 Three-Two Dimensional Mesh Interface Elements

These elements are at present being tested and the results, together with

the detailed formulation, will be reported at the end of the second level

research.

10



IV. COMPUTER MODULES

Mesh Interface Elements are coded to solve heat transfer and structural

/

analysis problems. Listing of these computer modules are included in the

Appendix.

IV.a. Description of Computer Modules

Constructs the element stiffness matrix for 8-, 12- and 20-noded

ELEM
three-dimensional elements.
ELEMO8 Calculates the derivatives of the shape functions of the 8-noded
element.
ELEM12 Calculates the derivatives of the shape functions of the 12-noded
mesh interface element.
ELLM20 Calculates the derivatives of the shape functions of the 20-noded
three-dimensional element.
SHAPO8 Calculates the shape functions of the 8-noded element.
SHAP12 Calculates the shape functions of the 12-noded mesh interface
element.
SHAP20 Calcglates the shape functions of the 20-noded element.
A
Tt 4!* t
8 7 g 7 g8 s 5
W2 16 -
ho
5 4 S (4 4“‘ S 2 P 6 A
4 3 . 2 4 | w 3
< ‘oo s l'l' 2 179 s'
9 10
[ 2 ) 2 -
- r r . * 2

Figure 2. Element Numbering Scheme For Three-Dimensional Elements
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In addition to the modules given on the previous page, a general purpose
assembly module is structured in order to include two- and three-dimensional
elements together with the mesh interface elements. Further, a "hidden symbolic
computation” scheme is developed in order to compute the integrals, resulting

from the element formulations, exactly. A library of these modules are:

POLDIF Differentiates a given polynomial
POLMLT Muifiplies two polynomials

POLADD Adds two polynomials

POLINT Integrates a given polynomial

POLIEV Evaluates an integral at its upper and lower limits

It may be noted that the hidden symbolic computation scheme works well
except that it is a bit time consuming at this stage to convert everything in
this form.

At present, due to the time limitations, and also due to the major
objectives of the research being rather different from the hidden-symbolic

computation concept, this approach is set aside for the time being.

IV.b. List of Input Variables

NNODES: Number of nodes
NELEM: Number of elements
NBOUND: Number of boundary surfaces

COOR (I,J): x,y,z coordinates of the Ith node
NCONE(I,1l): Element type for the Ith element

(NCONEC(I,J), J=2, NCONEC(I,1)+1l): Nodal connectivities

12



FORCE (I): Element forces

NBKIND(I,1), NBKIND(I,2), NBKIND(I,3): Surface number, number of nodes,
element number for the Ith boundary surface

@7/ /] \3\————’5
/@/ fg)

-

Figure 3. Surface Number for Three-Dimensional Elements

CBOUN (I,1), CBOUN:(I,Z), CBOUN (I,3): Prescribed heat flux convection
coefficient outside temperature

COEF: Conduction coefficient
NTEMP: Number of nodes with prescribed temperatures

ITEMP, TEMP(1TEMP): Node number, corresponding temperature

IV.c. Computational Considerations

The computations are being performed on a VAX 11/780 computer. Larger
scale applications will be solved at NASA Lewis Cray-XMP. It may be noted that
since Cray uses the VAX 11/780 type computers as a front end, Cray runs will be

performed readily.

13



V. Numerical Verifications and Concluding Remarks

Mesh Interface Elements are being tested and the results obtained from
three-dimensional mesh interface elements are included in this section.
Numerical examples include heat transfer and structural analysis problems by
using different mesh sizes and different element types. It may be noted that
very good results are obtained when a mesh interface element is used to connect
different element meshes together.

In concluding, the research will continue as it is given in the proposal.

On the computational side, at this time, we need to utilize the Cray computer

at NASA Lewis Research Center.

14



V.a. Heat Transfer Applications
STEADY STATE HEAT CONDUCTION 3 ELEMENT SOLUTION

k% 3.0 J

X

32T+ 92T + 92T = 0

ax*  ay? az?

Boundary Conditions

Tleo = ¥° - 32% ar| =4
axlx-l

T|ymo = 2x% - 327 aT| -6
3Y|y-3

Tlemo = 2%* + ¥° aT| - -6
azlz-l

15
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FINITE ELEMENT MESHES 2
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FINITE ELEMENT MESHES (Cont.)
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Mesh IV. 8-noded/8-noded/8-noded

Results from each mesh types given in terms of temperature distributions
and also % error as compared to the analytical values. Mesh interface element
performs well as it is seen from the nodal temperatures.
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** TEMFERATURE DISTRIBUTION »

NODE PMUMBER

r -

SETRVIN N, NN ST AT RS R

£

TEMPERATURES

0.20000350000D+01
0.7210119546D-28
=. 1000C00000D+01
=+ 3000¢:00000D+01
0. 3000C00000D+01
0. 1000G00000D+01
0.6489107391D-01
=+ 2000000000D+01
0.5983739838D+01
0.4300C¢00000D+01
0. 4000G00000D+01
0.3378099078D+01
0.3250600000D+01
0.2907929283D0+01
0.13085231156D+01
0. 10000000000+01
0.8250C00000D+01
0. 6250C00000D+01
0.52248356795D+01
0.3250G00000D+01
0. 1100C00000D+02
0. 9300G00000D+01
0. 9000000000D+01
0.1018167175D+02
0.8250C00000D+01
0.8010500106D+01
0.63564661842D+01
0. 60000:00000D+01

18
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#NUMERICAL VALUES

2. 2000000000+01
0.721011955D-28
~21. 100000090D+01
-3, 300000000D+01
. 300000000D+01
$1. 100000000D+01
&.6489107590-01
-1 2000000000+01
¢.5983739840+01
2. 450000000D+01
. 400000000D+01
¢. 5378099080+01
2.325000000D+01
&, 2907929280+01
¢.1308523123+01
<. 100000000D+01
<. 8250000000+01
& 62500000030+01
¢.522483679D+01
2. 3250000000+01
$. 110000000D+02
. 9500000000+01
£1. 900000000D+01
¢.101816718D+02
¢. 825000000D+01
&.801050011D+01
¢. 6556661840+01
. 5000000000+01
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ANALYTICAL VALUES

0.2000000Q0D+01
0.0000000Q0OD+00
-0, 100000000D+01
~0.3000Q00000D+01
0.300000000D+01
0.100000000D+01
0.000000000D+00
-0.200000000D+01
0.600000000D+01
0.450000000D+01
0.400000000D+01
0.3525000000D+01
0.325000000D+01
0. 300000000D+01
0. 150000000D+01
0.100000000D+01
‘0. 825000000D+01
0. 625000000D+01
0.5250000Q0D+01
0. 325000000D+01
0.110000000D+02

© 0.950000000D+01

0.900000QQ000+01
0.1023000000+02
0.825000000D+01
0.80000QQQ0D+01
0.56300Q00000+01
0.600000000D+01

(g /12/20)

0.0000
0.0000
0.0000
0.0000
0.0000
0. 0000
0.0649
0.0000
-0.2710
0.0000
0.0000
2.4400
« 0.0000
~3.0690
-12.7631
0. 0000
0.0000
0. 0000
=0.4793
0.0000
0.0000
0. 0000
0. 0000
~0.46656
0.0000
0.1313
0.8717
0.00Q0
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*% TEMFERATURE DISTRIBUTION %=

NODE NUMBER

™)
TOADNCABUN

TEMPERATURES

0.20003200000D+01
0. 3000000000D+00
0.0000CO0000D+00
0. 1250C00000D+01
=+ 7300C00000D+00
=+ 1000C00000D+01
=« 23500C00000D+01
=« 3000CO0000D+01
0. 2250000000D+01
0. 2500000000D+00
=« 7300000000D+00
=+ 27350000000D+01
0.3000C00000D+01
0.1500C00000D+01
0. 1000000000D+01
0.2230C00000D+01
0.2300000000D+00
0.38667854646D-143
=« 1500000000D+01
=+ 2000000000D+01
0.4250000000D+01
0. 2250000000D+01
0.1250C00000D+01
=« 7300C00000D+00
0.6000C00000D+01
0.4500C00000D+01
0.4000C00000D+01
0.3250C00000D+01
0.3250C00000D+01
0.3000C00000D+01
0. 1500C00000D+01
0. 1000630000D+01
0.8250C00000D+01
0.6250C00000D+01
0.3250C00000D+01
0.3250000000D+01
0.1100C00000D+02
0.93500000000D+01
0.9000CO0000D+01
0.1025C20000D+02
0.8250000000D+01
0.8000300000D+01
0.63500C00000D+01
0. &6000CIOC0O00D+01

20
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NUMERICAL YALUES

. 2000000000+01
e S000QOOJCD+Q0
¢ 00000C000D+00
€. 1250000000+01
-3 e 7350000GO0GT+00
={1. 1000000000 +01
=Je 250000000T+01
=. 300000000D+01
{1 2250000000+01
e 250000CG0CD+00
=30, 73Q000000D+00
=0 2750000000+01
0. 3000000000+01
e 1500QQ0000+01
<. 1000000JGD+01
0. 225000000D+01
(. 250000000D+0Q0
0. 5864678547014
=0.1300000020D+01
=3, 2000000000+01
0. 42500000GD+01
. 2250000000+01

- e 125000000 0+01

= 750Q00000DB+00
2. 600QQCGO00D+01L
0. 450000000D+01
<. 40000Q0UGE+OL
$.52500000CD+01
<e 3250000000 +01
3. 3000QUOO0D+01
e 1500000000+01
<. 10000QOJ0D0+01
0. 8250000000 +01
0. 625000000T+01
0. 52500Q000D+01
0o 3250QQOQ00+01L
<e 110Q0Q0OQCD+02
0. 230000000 D+01

ANALYTICAL VALUES

0.200000000D+01
0.500000000D+00
0.000000Q00D+00
0.1250000000+01
=0.750000000D+00
=0. 100000Q00D+01
=0.250000000D+01
=0.300000000D+01
0.225000000D+01
0.250000000D+Q0
=0.730000000D+00
~0.2750000Q00D+01
0.300000000D+01
0. 150000000D+01
0.100000000D+01
0.2250000Q00+01
0.250000000D+00
0. 000000000D+Q0
-C. 130000000D+01
=0.200000000D+01
0.425000000D+01
0.225000Q00D+01
0.125000000D0+01
=0, 750000000D+0Q
0.4600000QQ0D+01
0.4500000QQD+01
0.40000C000D+01
0.325000000D+0C1
0.325000000D0+01
0.3000000Q0D+01
0.130000000D+01
0.100000000D+01
0.825000000D+01
0.425000000D+01
0.3250000000+01
0.325000QCG00+01
0.1100000Q0D+02
0.92500Q000QQD+01

<. 9000000000 +01 0.9000Q0Q00D+01
<. 1025000Q000+02 0.102500000D+02
o 82300Q0000D+01 0.825000QQ0D+01
<. BOQOOGOQ0L+01 0.80Q000QQ0D+01
. 63000000GD+01 0. 463500000000+ 01
¢ . 6000000200 +01 0.60Q0Q00Q0D+01
Mesy T (19/20/:9\

21

¢. 0000
0.0000
0.0000
0. 0000
0.0000
0.0000
0.0000
0.0000
0.0000
0. 0000
0.0000
0.0000
0.0000
0.0000
0. 0000
0. 0000
0.0000
0. 0000
0.0000
0. 0000
0. 0000
0. 0000
0. 0000
0.0000
0.0000
0. 0000
0. 0000
0. 0000
0. 0000
0. 0000
0.0000
0. 0000
0.0000
0. 0000
0.0000
0. 0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

A
7%
"ok

ok o ke



ex TEMPERATURE DISTRIBUTION ## MmESKH 1T Qzl|tlvz)

NODE NUMEZR TEMPERATURES

0.2000C00000D+01
0.4672171752D-28
-.1000000000D+01
~.3000000000D+01
0. 3000C00000D+01
0. 1500000000D+01
0. 1000000000D+01
0.2497546431D+01
0. 2500000000D+00
~. 1704934577D+00
-.1849798702D+01
=.2000000000D+01
0. 6000C00000D+01
0. 4000C00000D+01
0.3137206428D+01
0. 1000C00000D+01
0, 1100000000D+02

s A e s )
MBI DO0MNCUHGN -

»a
\_l

i 0.9300000000D+01
19 0.9000C00000D+01
20 0. 1049921 136D+02
=1 0.8250000000D+01
22 0.78228440346D+01
<3 0.61318466425D+01
24 0. 6000000000D+01

22
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)]

)

L I R e e O T P W A Y
4 D0 SO (Y e G P e

)
)

Py
Gl

MmESH TT

NUMERICAL YALUES

3. 20000000C-D+01
.4672171750-28
<o 10000Q00CD+01
o IN0000COCD+01
e 30000Q00OC:D+01
<. 13000000C-D+01
<. 10000000CD+01
<. 249734643D+01
e 25000000CD+00
=0.1704934580+00
{.184979870D+01
<. 20000000CD+01
. 600000000D+01
¢« 400000QQ0GD+01
0.3137206430+01
0. 10000000CGD+01
0. 11000000C-J+02
CG. 9S5000000GD+01
0. 90000000CGD+01
0.1049921160+02
<. 82500000CD+01
O.7822844040+01
$.615186£43D+01
. 60000000C:D+01

G2 /2 1)

23

ANALYTICAL VALUES

0.200000000D+01
0.0Q00QQQQAD+C0
=0. 1000000000+01
=0.3000000Q00+01
0.3000C0000D+01
0. 1300000000+01
0. 100000000D+01
0.225000000D+01
0. 250000000D+Q0
0.000000000D+00
=0. 1500000000+01
-0, 200000000D+01
0. 600000000D+01
0. 400000000D+01
0. 300000000D+01
0.100000QCG0D+01
0.110000000D+02
0.9350000Q00D+01
0.7000000Q0D+01
0.102500000D+02
0.825000000D+01
0.800000000D+01
0. 6300000Q0D+01
0.600000000D0+01

ERRCR

0. 0000
0. 0000
0. 0000
0.0Q00
C. 0000
0. 0000
0.0000
11.0021
0.0000
=0.1705
23.3199
0. 0000
0. 0000
0. 0000
4.5735
0.0000
0. 0000
0.0000
0. 0000
2.4313
0. 0000
-2.2144
~5. 35359
0.0000

o ok ke
%
%
%
7%
%
%
%
ok
%
“%
%
“%
%
A
%
%
%
7
%
%
%
7%



+* TEMPERATURE DISTRIBUTION ¢=»

NODE hUMBER

TEMPERATURES

0.2000600000D+01
0.2104797818D~34
-. 1000000000D+01
-.3000600000D+01
0.3000600000D+01
0. 1000600000D+01
0.7559057%47D~14
~.2000G00000D+01
0. 6000000000D+01
0. 4000000000D+01
0.3000C00000D+01
0. 1000G00000D+01
0. 1100000000D+02
0.9000600000D+01
0.8000000000D+01
0. 6000CC0000D+01

24

meswn UL
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NODE NUMBER

NUMERICAL NUMBER

WO WN

0.2000000000D+01
0.2104797818D-34
-.1000000000D+01
-.3000000000D+01
0.3000000000D+01
0.1000000000D+01
0.7559057547D-14
-.2000000000D+01
0.6000000000D+01
0.4000000000D+01
0.3000000000D+01
0.1000000000D+01
0.1100000000D+02
0.9000000000D+01
0.8000000000D+01
0.6000000000D+01

25

TEMPERATURE DISTRIBUTION - MESH IV (8/8/8)

ANALYTICAL VALUES

0.200000000D+01
0.000000000D+00
-0.100000000D+01
-0.300000000D+01
0.300000000D+01
0.100000000D+01
0.000000000D+00
-0.200000000D+01
.600000000D+01
.400000000D+01
.300000000D+01
.100000000D+01
.110000000D+02
0.900000000D+01
0.800000000D+01
0.600000000D+01

[oNoNeNeoNe)

ERROR

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0649
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

O OC 0 IO I N I N N * O 00 0 I ¥ d°

*
*

*
*



ERROR Y
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FINITE ELEMENT MESHES FOR ERROR ANALYSES I.

Mesh I. 1 12-noded element (max error = -0.1554)

Mesh II. 8 12-noded elements (max error = -0.0475)

Mesh III. 64 12-noded elements (max error = -0.0119)

27



[y
OVDMNCUBUN -

. pa
N =

NUMERICAL

-0.10000D+01
0.23%907D-33
~0.100900+01
0.23907D-33
-0.15544D+00
0.73316D+00
0.10000D+01
-0. 15544D+00
0. 10000D+01
-0.15544D+00
0.73316D+00
0.10990D+01

MESH T

ANALYTICAL

=0. 10000D+01
0.00000D+00
=0. 10000D+01
0. 00000D+00
0. 00000D+00
0. 75000D+00
0. 10000D+01
0.00000D+00
0.10000D+01
0. 00000D+00
0. 75000D+00
0. 10000D+01

ERROR

0.0000
0.0000
0.0000
0. 0000
-0.1534
-0.0148
0.0000
-0. 15354
0. 0000
-0. 1354
-0.0168
0.0000

1 i1Z neded c‘emcﬂ‘-\

Max error

28

= -0.1557-

L2 1
0.0000
She
0.0000
Sk
0.0000

N

N

NN R NN



R I 1L O T S S T

A b A A s pa
U 4 L3P e D N

O~ 0
L

R OERENENEAENESENED RSN N N
RSN A ORI L Y

Y]

SMALVTICAL

e =

D10 0COD+0: ~-Q. 106C0D+01 o alely) 20000 %
o ZRQCOL+CE -3 250C0L~+G0 oL GOGG 0500 W
O TosIsL-28 2. 00GC00D+0C 0. COCG %
PRI Tua oL Juh 2. 10C000~+01 0. 000D ZQU0 W
COE2TOCOD+00 G. 250000+00 O, 006D C.00C0 %
< £10570-Z3 . QOCO0D+00 G. GCO5 L)
<O 1I0COD+01 Z. 100000+01 Q. CCCT 2. 0000 %
Qo 23000D+0T . 250000+00 0. COCd C. Q000 %
3. 36528D-34 . Q0000D+00 O. COCGC 3 %
O TRT747D+00 . 75000D+00 -0. 0475 -£. 3274 %
G 33249D+00 . 312500+Q0 -0. 02C3 -£. 3781 %
¢ 432S0L-01 G. COCO0L+00 -0. 0432 * %
G, tE3260+00 0. 18750C+00 -3, 004z -2. 2618 %
Q. 25Co00D+00 Q. 25000L+00 0. CO00 G. 0200 %
. 797470400 -5, 75000D+00 -0.0475 -&. 3294 %
<. 422500-01 0. 00000D+00 ~-0. 0432 3t
0. 250C0D+GO 0. 25000D+00 0. 00C0O C. 0000 %«
Q. 797470+090 ~0. 75000D+00 -0. 0475 -6. 3294 %
O. 322459D+00 -0. 31250D+00 -0. C200C -&. 3921 %
& 43280D-01 Q. 00C00D+00 -0. 0432 3%
Q. 1Z23260+0C 0. 18750D+00 =0. 0042 -2. 2418 %
G ZS000D+0C ¢. 25C00D+00 0. Q00O 2.0000 %
2 797470+00 -Q. 75000D+0¢ -0 C47 3 -&. 323594 %
2 4Z2300-01 ¢. 000COD+00 -0. 0432 &%+
C. 23Q00L+00 ¢. 250060+00 0. 000G C. 0000 %
& 79747D+0C -G, 75000D+00 ~-0. 0475 -£. 3294 %
¢ 32249D+090 -G. 31250D+00 -0. 0200 -4, 3981 %
C 42230D-01 0. GO000D+00 -0. 04352 46 At
C 1E324D+0G 0. 18750D+00 -0. 004z -2.251B %
C.O220000D+C C. 25600D+00 O.COo0 0. 0000 %
C 13737D~01 Z. 00000D+00C . 157 LR
C.77123L+00C 0. 750C0D+00 o.C21:2 2. B30t “«
C.100Con+01 G 10CC0OD+01 Q. 0000 ¢, 0000 %
¢ 15747D0-01 C. 00000D+00 G. 0187 #-4
C T71E30+C0 Q. 75000D+00 0 C212 <. 8301 %
Z 1CCCOn+0t C. 10C00D+01 o. COGCO €. 0000 %
3 137470-0t C. CQ000D+00 0. G137 ot #
o, 771230+00 0. 75C00D+00 0.0212 2.8301 %
1C0C00D+01 C. 16000D+01 C. QOGO C. 0000 %
mes i+ IO 3 12.nocded elementt (max error = -o.oq.?S)

ORIGINAL PAGE IS
OF POOR QUALITY
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CHO e e o

(RS E R RV R O B KT B Y I SRR Y I O 0 B U (N I B I R W LN R VIR TR LT I i S S WP
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no

== DAL ANALYT LA EAROR . TREZF
-1 ZTOCRT+CO =0, 23C00D+00 & Q000 2. 0000
-0 & D=0 -2 &28C0D-G1 IR sl Tuln Q000
oL iD-22 <. OOCOOL+00 0. 000G kot
- ZIOCOD 0 -G 230000+00 5. 0000 G QOO
-2 =23500-01 -0, 6250005-01 . Q00D C. 0000
D T&3ZID-35 C. OOCCOD+00 $. 0000 L2 R
-2 RTOCAT+03 -0 29C00D+00C 200090 & 00CO
-0 =25000-01 -2, &2%00D~-01 G. 0003 O COoCo
0. 351&10-35 <. COC00D+00 Q. 0000 *
~G 199370+00 -0. 18750D+00C -0. 0119 -4£. 3294
-C.B3Z1230-01 -0. 78125D-01 -0. G050 -4, 39681
-2 108120 -0t 0. COCO0D+00 -0.01C3 it
2.478135-01 <. 446875D-01 -2. 0011 -=. 2513
S 82300001 Q. &2500D-01 G. 0000 &. 0000
-2 19Q37D+CO -Q. 18750D+0¢ -0.011¢% -4. 3294
-C 10812001 C. 00000D+00 -0. 0108 *2
¢ &2500D-01 0. 62500D-01 0. 0000 C. 0000
-0 19937D+00 -0.18750D+00 -0.0119 -4, 3294
-0 B821223D0-01 -0. 78125001 -0.00%0 -4, 3981
-3 108120-01 G, 0Q000D+00 -5, 0108 *% %
¢ 438150-01 Q. 446B75D-01 -2. 0011 -2. 2618
TOA23C05-01 C. 4£2800D-01 G COCo 2, 0000
-0 139370+ 00 -3, 18750D+00 . —0. Ci19 -¢&. 3254
-2 108120-01 @. COCOOD+00 -5.0108 #3%5t
¢ A2300D-01 C. 62500001 0. COCO G. 60OCO
-2 199370+GD ~G. 187500+00 -J.0119 -5 3294
-0 875123001 -3.781250-01 -0. 0050 -4, 3751
-2 16e120-01 C. 000Q0D+00 -Q. 0108 #x%
O, 258130-01 Q. 446875D-01 -0, 0011¢ -2. 2418 7
O AZSCOD-01 0. 628C0D-01 G O0CY 3. GOCO
c,3¢358:~02 Q. CO000D+00 C. 0032 3%
G 19281D+00 0. 18750D+00 0. 0053 =. 8301
¢ :=OOOD+O: 0. 25000D+00 0. 0000 3. 0000
GC. 3°934ED- O“ C. 00000D+00 G. GO39 *3w
o 1°221D+C 0. 187S00D+00 2. 0083 = 820t
Q.QSOUOD+DJ C. 250C0D+00 Q. 00Co G. 0060
C 2°23480-0Z Q. 00Q0OD+0Q0 . 00539 * 5 <¢
C.19281L+00 C. 187505+00 0.00sS3 2. 8301
25000 +00 0. 25000D+00C C. QOCT G. 0000
MESK O G 4 12 -.noded glements ( Mox Ereor g-o.o\l33
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ERROR ANALYSES II. (1 element, 8 element solutions)

Boundary Conditions

T)mo = 3y° + 42°
Tl = 2x% + 42°

T|pmo = 2x% + 3y?

T

———,v

-

31

S

aT| -4

axlx-l

aT| -6
a}'ly-l

4Tl - 8

azlz-l

V?T-18 = 0




FINITE ELEMENT MESHES FOR ERROR ANALYSES I1I.

Mesh I. 1 12-noded element (max error = 0.983)

t= 19
L
1t

14 Ly
{

Mesh II. 8 12-noded elements (max error = 0.2733)

32



NODE

CSONCTODWON -

clcNeoNoNoRoNoNoNoNoNoNo]

NUMERICAL

. 20000D+01
. 20692D-32
. 60000D+01
. 40000D+01
. 50000D+01
. 35000D+01
. 30000D+01
. $1973D+01
. 40000D+01
. 99830D+01
. 79362D+01
. 70000D+01

ANALYTICAL

O0OO00O000OO0O00CO

CReon

Mesh I

. 20000D+01
. 000G00D+00
. 60000D+01
. 40000D+01
. 50000D+01

35000D+01

. 30000D+01

40000D+01

. 40000D+01
. 90000D+01
. 75000D+01
. 70000D+01

AN ALYSES

33

I

C MAX CvYroy >‘— °'gtﬂ

ERROR

OC000CO0O0O0O0O000O0

. 0000
. 0000
. 0000
. 0000
. 0000
. 0000
. 0000
. 1973
. 0000
. 9830
. 4362
. 0000

%4

ERROR

[ )
OCUOOWOOOOO

0. 0000
¥* % 3%
. 0000
. 0000
. 0000
0000
. 0000
2880
0000
9223
. 8162
. 0000

-

%

%
A
A
4
“
%
%
%
%
%



NUMERICAL

ANALYTICAL

0.20QC0D+01
0.50000D+00
=0.234546D-33

« 2GI00D+01
0.15200D+01
0. 12300D+01

« £CGOOO0D+01
0. 45200D0+01
0. 4520:00+01
0.273500D+01
0.18750D+01
0. 12500D+01

. 37SGOD+00

0.75¢00D+00
0.307566D+01
0. 15£32D+01
0. 10000D+01
0. 42072D+01
0.307490+01
0.25183D+01
0.19937D+01
0. 175000+01
0.5145380+01
0.36437D+01

. J03000+01
0.70112D+01
0. £0G736D+01
0.S5%:330+01

. S0OL420401
0. 475000+01
0.50300D+01
0.35200D+01
0.30200D+01
0.%38431D+01
0.43490D+01
0. 43000D+01
0.=33380+01
0.73743D+01
0.70200D+01

eNNo

0.20000D0+01
0, S0000D+00
0.00000D+00
0., 30000D+01
0.15000D+01
0.10000D+01
0.60000D+01
0.45000D+01
0.40000D+01
0.27500D+01
0.18750D+01
0. 12500D+01
0.87300D+00
0. 75000D0+00
0.30000D+01
0. 15000D+01
0.10000D+01
0.37500D+01
0.28750D+01
0.22500D+01
0.18750D+01
0. 17500D+01
0.50000D+01
0.35000D+01
0.30000D+01
0.4673500D+01
0.58750D+01
0.52500D+01
0.48750D+01
0.47300D0+01
0.30000D+01
G, 35000D+01
0.30000D+01
0. 60000D+01
0.45000D+01
0. 40000D+01
0.%0000D+01
0.75000D+01
0.70000D+01

MEswe IO

ERROR

0. 0000
0. 0000
0. 0000
0. 0000
0. 0000
0. 0000
0. 0000
0.0000
0. 0000
0. 0000
0.0000
0. 0000
0. 0000
0. 0000
0.0766
0. 0632
0. 0000
0.2572
0.1999
0.2683
0.1187
0. 0000
0. 14688
0.1437
0.0000
0.2612
0. 2236
0.2733
0. 1292
0. 0000
0. 0000
0.0000
0.0000
-0,1319
-0.1510
0.0000
-0,1112
-0.1257
0. 0000

analrses T

7% ERROR

0.0000
0.0000
sk
0.,0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
2.5547
4,21356
0. 0000
6.8592
6.9525
"11.9239
6.3326
0.0000
3.3758
4.1055
0.0000
3.8692
3.8064
TU.2049
2.6502
0. C0GC0
0,0000
0.0000
0.0000
~2.1991
-3.3546
0.0000
-1.,2385
-1.67356
0.0000

(Mmmax eveor = °'171;3

R  VZaocled elcments
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4
%
%
%
4
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4
%
%
4
%
%
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%
A
%
“
%
A
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7%
%
%
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Z
%
%
%
%
Z
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V.b. Structural Analysis Applications

DISPLACEMENT ANALYSIS (END LOADING)

i WY

K// 400 Ipg

l.oI
2 F \2.0 I
71

E=-2.9 x 107 v = 0.3

Boundary Conditions
at x=0 built-in end

at all points w is prescribed

The problem is solved by using different finite element mesh types.
Results obtained demonstrate the power of the mesh interface elements.

35



FINITE ELEMENT MESHES FOR END LOADING PROBLEM

Mesh I.

3 12-noded elements

i

-t ‘/z -3"\

(LY

’
t
1
¢
» -a

-

Mesh 1I.

L
iy S R I—.‘ - e—%- %7
') .
- .

>9

3 20-noded elements

e

Mesh III.

3 8-noded elements

Mesh 1V.

! il "‘ |

8-noded/12-noded/20-noded elements

36



TEST CASE:BEAM 3 /12 /20 -ELEM (Mésu w

1 0 °
28 28 3 3 3 2B 1 4 B8 6 1 3 0 O O
8 .
1 1 14 1 S -] 4 2 6 7 3
12
2 1 15 3 ? 13 8 6 11 13 7
16 10 14 12
20

3 1 6 9 1 27 1S5 11 23 25 13

17 < 20 16 10 22 26 14

18 4 19 12
1 Te 0.0 0.0
2 Ta 0.0 1.0
3 {. 1.0 1.0
4 T 1.0 0.0
S 1. 0.0 0.0
3 1. 0.0 1.0
7 1. 1.0 1.0
8 1. 1.0 0.0
? <. 0.0 0.0
10 <. 0.0 0.5
11 <. 0.0 1.0
12 <. 0.5 1.0
13 <. 1.0 1.0
14 <. 1.9 0.5
15 <. 1.0 0.0
16 <. 0.5 0.0
17 I. 0.0 0.0
18 I. 0.0 1.0
19 3. 1.0 1.0
20 3. 1.0 0.0 -
21 3. 0.0 0.0
22 3. 0.0 0.5
23 I. 0.0 1.0
24 3. 0.5 1.0
25 3. 1.0 1.0
2% 3. 1.0 0.3
27 2. 1.0 0.0
28 3. 0.5 0.0
1 2.9%E+07 0.3 1. 0.0

1t 7. 1 0. 1t O.

1 . 1 0. 1 O,

1 <. 1 0. 1 0.

t . 1 0. 1 O,

o . ¢ 0. 1 0.

o = ¢ 0. 1 0.

o . ¢ 0. 1 O.

o 7. ¢ 0. 1 0.

o <. ¢ 0. 1 O.
100 . ¢ 0. 1 O.
110 &, ©¢ O, 1 O.
120 . ¢ 0. 1 O.
130 <. ¢ 0. 1 0.
i40 4, ¢ 0. 1 O.
130 &, ¢ 0. 1 O.
160 o, ¢ 0. 1 O.
i70 . ¢ 0. 1 O,

18 0 . ¢ 0. 1 O.
190 . ¢ 0. 1 O,
200 c. 9 0. 1 O.
210 S. 9 0. 1 0.
220 . 0 0. 1 oO.
230 ¢, 9 0. 1 O,
240 . 9 0., 1 O.
230 <. 2 0Oo. 1 o
260 2. 9 0. 1 0O,
27 0 <. 9 0. 1 O,
280 <. O 0. 1 O.
21 DN 502, oO.
22 DN J03>. O.
23 e -S03. O,
24 2 302. oO.
23 N So0:. 0.
26 DN 30, O.
27 . 30>, 0.
28 T 30. 0.

37



ues!; Igpg

Mesh 1
Mesh II
Mesh 111

Mesh 1V

DEFLECTIONS AT THE TIP (END LOADING)
(x=12, y=1, z=0)

u 4
-0.002388 0.010315
-0.00323 0.01373
-0.00211 0.00928
-0.00236 0.00983

38
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DISPLACEMENT ANALYSIS (AXIAL LOAD)

5 000
\
1008
. leso© ‘ .
—_—— e —m 7
A / oo ©
‘ —
/ H
7 loock
/ -_>
A
1 \oe®
, / —
[o]
A 3 \ooo ~
4 ! 7X . /77
f o= ’/,/
A . 2.0
12
— / —3
- loe®
z
2.0
ey

E = 2.95 x 10’

v =0.3

Boundary Conditions

Built-in at x=0

39



Node
Number

19
20
21
22
23
24
25
26
27

DISPLACEMENT ANALYSIS (AXIAL LOAD)
Mesh I (8 12-noded elements)

Tip Deflectiong
u - v

0.2347 x 107 0.4313 x 107
0.1242 x 1073 0.2760 x 107*
0.2347 x 1073 0.4313 x 10°*
0.1242 x 1073 0.0
0.9639 x 107* 0.0
0.12417 x 1073 0.0
0.2347 x 107? -0.4313 x 107
0.1242 x 107° -0.2760 x 10°*
0.2347 x 1072 -0.4313 x 107

40

W

0.4313 x 107
0.0
-0.4313 x 107
0.2760 x 107*
0.0
-0.2760 x 107*
0.4313 x 10°*
0.0
-0.4313 x 10°*



Node
Number

19
20
21
22
23
24
25
26
27

DISPLACEMENT ANALYSIS (AXIAL LOAD)

Mesh II (8 20-noded elements)
)
: P
! ¢I /‘7 -‘ 1y
L)
1 ! |'— '"} —b1°r:
[ P g' ¢
,L . .L' l 2
IR VAN 20
N PR
¢ L: y ! :;b 1r‘ x
7 —;’k‘ T 2
< 21
Tip Deflections
u v W
0.5233 x 10°° 0.1393 x 107° 0.1393 x 1073
0.2191 x 107 0.505 x 107* 0.0
0.5233 x 1072 0.1393 x 1073 -0.1393 x 1073
0.2191 x 1073 0.0 0.505 x 10°*
0.9122 x 10°* 0.0 0.0
0.2191 x 1073 0.0 -0.505 x 107*
0.5233 x 107° -0.1393 x 1073 0.1393 x 1073
0.2191 x 1073 -0.505 x 107" 0.0
0.5233 x 1073 -0.1393 x 1073 -0.1393 x 1073
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Node
Number

19
20
21
22
23
24
25
26
27

DISPLACEMENT ANALYSIS (AXIAL LOAD)
Mesh IIl (8 8-noded elements)

Tip Deflections
u v W
0.2265 x 1073 0.4194 x 107* 0.4194 x 1074
0.1252 x 1073 0.2727 x 10°* 0.0
0.2265 x 1073 0.4194 x 10°* -0.4194 x 107
0.1252 x 10°? 0.0 0.2727 x 10°*
0.9994 x 107* 0.0 0.0
0.1252 x 1072 0.0 -0.2727 x 107*
0.2265 x 1073 -0.4194 x 107* 0.4194 x 10°*
0.1252 x 1073 -0.2727 x 107" 0.0
0.2265 x 1073 -0.4194 x 107" -0.4194 x 107

42



DISPLACEMENT ANALYSIS (AXIAL LOAD)

Mesh IV (4 8-noded/4 12-noded elements)
13 15
l//ri ‘;;T—*itc;
AR '
T ) 1 ‘
t 4= oA
+,’| |~ | D
ALt w]
/,L— L —” . W x
Rl -1 M
’ Ve
[]
2
2
Node Tip Deflections
Number - u v w
19 0.4129 x 1073 0.722 x 10™* 0.722 x 107
20 0.2142 x 107 0.3731 x 107 0.0
21 0.4129 x 107 0.722 x 10™* -0.722 x 10°*
22 0.2142 x 1073 0.0 0.3731 x 107
23 0.1089 x 107? 0.0 - 0.0
24 0.2142 x 1073 0.0 -0.3731 x 10°*
25 0.4129 x 1073 -0.722 x 10°* 0.722 x 107
26 0.2141 x 1073 -0.3731 x 107 0.0
27 0.4129 x 1073 -0.7221 x 107 -0.722 x 107
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APPENDIX

IMPLICIT REAL*#8(A-H,0-2)
REAL#8 LU

DIMENSION COOR (200, 3), NCONEC(20, 21 ), NBOUN( 100, 8), NBKIND(100, 3)
DIMENSION CBOUN(100,3),eSTIF(200, 200), GLOAD(200), GTEMP (200)
DIMENSION STIF (20, 20), ELOAD(8),ESTIF(8, 8), TEMP (200)

DIMENSION INDEXR(200), LU(200, 200), W(&), Z(6), SHAP{200)
DIMENSION TEMPAN(200), C(200), FORCE (20), BLOAD(20)

Ni= Max number of nodes
N2= Max aumber of boundary surfaces
N3= Max number of nodes in any element ’‘in this case N3=20’

N4= Max number of elements

DATA N1,N2, N3, N4/200: 100, 20, 20/

DATA (W{(M),M=1,3)/. 866886808868888%, . 35555555555556, . 3555555555555&/
DATA (Z(M),M=1,3)/.0,. 7745966469241 483, ~. 7745966469241483/

DATA (W(M),M=1,6)/. 467913934572691, . 467913934572691,

> . 360761573048139, . 360761573048139,

> . 171324492379170., . 171324492379170/
DATA (Z(M),M=1,6)/.238619186083197, -. 2384619186083197,
> . 661209386466265, ~. $61209386466265,
> . 9324469514203152, - 9324695142031 52/

10

DATA PENALT/100000000000000000000000000000000. /

OPEN (UNIT=1, FILE=‘ONUR. DAT’, STATUS='0LD‘, READUNLY)
OPEN (UNIT=2, FILE='ONUR. DUT’, STATUS="NEW’)

READ NUMBER OF NODES, ELEMENTS, BOUNDARIES

READ(1., #) NNODES
READ(1, #) NELEM
READ(1, #) NBOUND

READ COORDINATES

DO 10 I=1, NNODES
READ(1, #) COOR(I,1),COOR(I, 2),COOR(I,3)

CONTINUE

READ CONNECTIVITIES

DO 20 I=1, NELEM

# NCONEC(I, 1) defines the type of the element °8,12 or 20’
READ(1, 21) NCONEC(I. 1)

READ(1, 21) (NCONEC(I,J),J=2,NCONEC(I,1)+1)
READ(1, #) FORCE(I)
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20 CONTINUE
21 FORMAT (2013)

READ BOUNDARY PARAMETERS

Surface number.node number, element number
DO 25 I=1, NBOUND
READ (i, #) NBKIND(I, 1), NBKIND(I, 2), NBKIND(I, 3)

25 CONTINUE
READ BOUNDARY CONNECTIVITIES

DO 30 I=1, NBOUND

' READ(1, 31)  (NBOUN(I,J), J=1, NBKIND(1,2))
30 CONTINUE
31 FORMAT(8I3)

READ BOUNDARY CONSTANTS

Conduction coe#f..,convection coef.
DO 40 I=1, NBOUND
READ (1,#) CBOUN(I, 1),CBOUN(I,2),CBOUN(I,3)

40 CONTINUE

READ THE CONDUCTION COEFFICIENT OF THE DOMAIN

READ(1, #) COEF
PRESPECIFIED NODAL TEMPERATURES

DO 43 I=1, Nl
TEMP(I)=0. DO
43 CONTINUE

# NTEMP= Number of nodes where temperature is axreadg specified
# ITEMP= Node number

DO 44 I=1, Nl
GLOAD(I)=0. DO
CTEMP(I)=0. DO

DO 44 I1=1,Nl
GSTIF(I, 11)=0.DO

44 CONTINUE

READ(1, #) NTEMP
DO 45 I=1, NTEMP
READ(1, #) ITEMP, TEMP(ITEMP)
GSTIF(ITEMP, ITEMP)‘PENALT
45 CONTINUE
45



C

c
C
READ(1,#) C1,C2,C3,C4,C5,Ch,C7
R N S N R RN RN
C
DO 446 I=1i, NNODES
TEMPAN(I1)=C1+ COOR(I, 1)#{(C2+C5#CULOR(I,1))
> + COOR(I,2)#(C3+C6#CO0OR(I, 2))
> + COOR(1,3)#(C4+C7#C0O0OR(I.3))
446 CONTINUE
o N R R R R R R R R R DR R R
C
DO 50 I=1, Ni
GCLCAD(I Y=PENALT*TEMP (1)
¢TEMP(I1)=0. DO
50 CONTINUE
C
C
C
C
o CALCULATE THE GLOBAL STIFFNESS MATRIX
C
C
C
DO 100 I=1,NELEM
C
CALL ELEM(COOR., NCONEC, STIF, COEF. I, N1, N2, N3, N4: W, Z, BLOAD,
> FORCE, SHAP)
Cc
C
C
C
C
DO 60 J=1, NCONECI(I., 1)
IY=NCONEC(I,J+1)
GLOAD(IY)=GLOAD(IY)+BLOAD(J)
C
DO 59 K=1. NCONEC(I., 1)
c .
IX=NCONEC(I,K+1)
C
GSTIF ( 1Y,IX ) = GSTIF ( 1IY,IX ) + STIF ( J K ,
C
C

59 CONTINUE
60 CONTINUE
100 CONTINUE

c
c CALCULATE THE GLOBAL LOAD VECTOR
C
DO 110 I=1, NBOUND
N=NBKIND(I. 1)
INODE=NBKIND(I, 2)
IELEM=NBKIND(I, 3)
C
C
c

IF(N. EQ. 1) CALL BOUNDR (0. DO, COOR, NBOUN, NCONEC, ELOAD, IELEM, INODE, I,
> W, Z, N1, N2, N3, N4, SHAP,ESTIF)

46



IF(N. EG. 2) CALL BOUNDR (1. DO, COOR, NBOUN, NCONEC, ELOAD, IELEM, INODE, I,
W, Z, N1, N2, N3, N4, SHAP, ESTIF)

IF (N. EQ. 3) CALL BOUNDS (0. DO, COOR, NBOUN, NCONEC, ELOAD, IELEM, INODE, I,
W, Z, N1, N2, N3, N4, SHAP, ESTIF)

IF(N. EG. 4) CALL BOUNDS (1. DO, COOR, NBOUN, NCONEC, ELOAD, IELEM, INODE. 1.
W. Z, N1, N2, N3, N4, SHAP, ESTIF)

IF(N. EQ. 5) CALL BOUNDT (0. DO, COOR, NBOUN, NCONEC. ELOAD, IELEM, INODE, I,
W, Z, Ni, N2, N3, N4, SHAP, ESTIF)

IF (N. EG. &) CALL BOUNDT (1. DO, COOR, NBOUN, NCONEC, ELOAD, IELEM, INODE. I,
W, Z, N1, N2, N3, N4, SHAP, ESTIF)

vV vV VYV

s Bele

DO 105 J=1, INODE
LL=NBOUN(I, J)
CLOAD (LL ) =GLOAD(LL)+(CBOUN(I, 1)+CBOUN (I, 2)#CBOUN( I, 3) )#ELOAD(J)
DO 105 K=1, INODE '
LK=NBOUN(I, K)
GSTIF (LL, LK)=GSTIF(LL, LK)+CBOUN(I, 2)#ESTIF(J, K)
105 CONTINUE
110 CONTINUE

OO0

CALL DECOMP (NNODES, GSTIF, LU, INDEXR. N1)
CALL SOLVE (NNODES, LU, GLOAD, GTEMP, INDEXR, N1)

..................

AOOOOO0

WRITE(2, 999)
DO 998 K=1,NNODES
C(K)=(GTEMP(K)-TEMPAN(K))
IF(DABS{TEMPAN(K)).LT. 0. 00000000000001) THEN
WRITE(2, 1000) K, GTEMP(K), TEMPAN(K), C(K)
ELSE
CK=C (K) #100/DABS (TEMPAN(K))
WRITE(2, 1001) K, GTEMP(K), TEMPAN(K), C(K), CK
ENDIF
998 CONTINUE
C .
999 FORMAT(’1’,//.,2X, * NODE ’, 5X, * NUMERICAL ‘., 35X,
>’ ANALYTICAL ’,SX, * ERROR ‘% 5X.,’ % ERROR ’,/,2X,
> tmm =, OXs ! 45X,
>!=- 4, 5%, ! mm—mmee !, §Xy V= [ /)
1000 FORMAT (3X, I3, 6X,D12. 5, 5X, D12. 5, 4X, F9. 4,8X, * ##x’)
1001 FORMAT (3X, 13, 6X,D12. 5, 5%, D12. 5, 4X,F9. 4,5X,F9. 4, ' 4L’)

C
SRR R R RN R RN N R R RN RN N N N R R R R R R R R R R R R R R R R R R
c
c
C

STOP
END
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o
SUBROUTINE ELEM(COOR, NCONEC, STIF, COEF, 1K, N1, N2,N3, N4, W, Z,
> BLOAD, FORCE, SHAP)

THIS PROGRAM CALCULATES THE STIFFNES MATRIX FOR 8/12/20
NODED FINITE ELEMENTS

OO0O0O

IMPLICIT REAL*#8(A-H,0-2)
DIMENSION COOR (N1, 3), W(&), Z(6), BTIFIN3, N3), SHAPE(3, 20)
DIMENSION SJ(3, 3). DJ(3,3), ST{3, 20), NCONEC (N4, N3+1)
DIMENSION BLOAD(20),FORCE(N4), SHAP (N1) ’
CHHHBHAHBHHS HHB B BHBA BNV RN B 40
DIMENSION TRAN(3, 3)
CHHR RBHAHIR G HHE KRB B HHH B BHHAND

C
R=0.DO
§=0. DO
T=0.D0
o
DO 20 I=1, NCONEC(IJK, 1)
BLOAD(I)=0. DO
DO 20 J=1, NCONEC(IUK, 1)
STIF(I,J)=0. DO
20 CONTINUE
C

CHHA# AR BB R M R BHHH BHBH HEHE SRR B H A DI S 40
CALL TRANS (IJK, N1, N3, N4, COOR, NCONEC, TRAN)
CHHR HHHH HHA L HEH S HEB S BHAS HBRE HHHA RHD AU U B0

C
C
DO 1000 I=1,6
R=0. 5DO*(1. DO+2Z(I)) .
DO 900 J=1,6
S=0. 5DO*(1. DO+Z(J))
DD 800 K=1,6
T=0. 5DO#(1. DO+Z(K))
Cc
IF (NCONEC(TUK, 1). EQ.B) CALL ELEMOB(R, S, T, SHAPE)
IF (NCONEC(IJK, 1). EQ. 12) CALL ELEM12(R, S, T, SHAPE)
IF (NCONEC(IJK, 1). EG. 20) CALL ELEM20O(R, S, T, SHAPE)
c
Cc
IF(FORCE(IJK). EQ. 0. DO) GOTO 29
NC=NCONEC ( IJK, 1)
IF(NC. EQ. 8) CALL SHAPO8(R, S, T. NCONEC, SHAP, N1, N3, N4, IJK)
IF (NC. EQ. 12) CALL SHAP12(R., S, T, NCONEC. SHAP, N1, N3, N4, IJK)
IF (NC. EQG. 20) CALL SHAP20(R.,S: T, NCONEC, SHAP. N1, N3, N4, IJK)
c ) .
c
Cc
29 DO 30 1I1=1,3
DO 30 JJ=1,3
SJ(I1,JJ)=0. DO
DO 30 KK=1,NCONEC(IW, 1)
IA=NCONEC (IJK, KK+1)
c
SJU(II,JV)=SJ(II, JJ)+SHAPE(II, KK)*#COOR(IA, wJ)
30 CONTINUE
C
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C H#43 H34 S5 # HHH HHBH HHIH BES S HH0E I BRI
CALL MULTIP(TRAN. SJ)
C#########################################
C
DET=5J(1, 1)#(5J(2, 2)#5J(3, 3)-8J(3, 2)#5J(2. 3))
DET=DET+5J (1, 3)#(5J(2, 1)#5J(3, 2)-5J(3, 11#5J(2, 2))
DET=DET-SJ (1, 2)#(SJ(2, 1)#5J(3, 3)-5J(3: 1)#5J(2, 3))

DJ(1, 1)=(SJ(2, 2)#SJ(3, 3)-SJ(3, 2)#8J(2, 3)) /DET
DJ(2:2)=(SJ(1,1)*SJ(3.3)—SJ(3.l)*SJ(1;3))/DET
DJ(3, 3)=(SJ(1, 1)*#5J(2, 2)-SJ(1, 2)#5J(2, 1)) /DET
DJ(1,2)=(SJ(3, 2)*5J(1, 3)-SJ(1, 2)#8J(3, 3)) /DET
DJ(1, 3)=(SJ(1, 2)*5J(2, 3)-SH2, 2)#85J(1, 3))/DET
DJ(2, 1)=(5J(3, 1)#5J(2, 3)-5J(2, 1)#SJ(3, 3))/DET
DJ (2, 3)=(5J(2, 1)#8J{1, 3)-8J(1, 1)#5J(2, 3))/DET
DJ(3, 1)=(5J(2, 1)#5J(3, 2)-SJ(3, 1)#8J(2, 2))/DET
DJ(3, 2)=(5J(3, 1)%8J(1, 2)-8J(1, 1)#8J(3, 2))/DET

DO 40 III=1,3
DO 40 JJJ=1,NCONEC(IJK, 1)
ST(III, JJJ)=0.D0
DO 40 KKK=1,3
ST(IIL, JUN=ST(IIIL, JUJI+DJI(III, KKK) #SHAPE (KKK, JJJ)

40 CONTINUE

DO 50 I1=1,NCONEC(IJK, 1)

IRZ=NCONEC (IJK, 11+1)
BLOAD(I1)=BLOAD(I1)+W( I)#W (J)#W(K)#FORCE(IJK) #SHAP (IRZ)*

> DET/8. DO
DO S50 Ji=1,NCONEC(IJK, 1)
ALPHA=0. DO
DO 60 Ki1=1,3
ALPHA=ALPHA+ST(K1, I1)#5T (K1, J1)
60 CONTINUE

ALPHA=ALPHA#COEF+DET /8. DO
STIF(I1, J1)=STIF(I1, J1)+W{I)#UW(J)#W(K)*ALPHA

50 CONTINUE
800 CONTINUE
900 CONTINUE
1000 CONTINUE

Cc
C
RETURN
C
END
C
C
CZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZZ%Z%ZZZZZZZZZ%ZZZZZZZZZZZZZ%ZZ
C
SUBROUTINE BOUNDR (R, COOR, NBOUN, NCONEC, ELOAD. IJK, INODE. IB.
> W, Z, N1, N2, N3, N4, SHAP, ESTIF)
C

IMPLICIT REAL#8(A-H,0-2)
DIMENSION COOR (N1, 3), W(&), Z(4), SHAPE(3, 20)

49



DIMENSION SJ(3, 3), SHAP (N1), NBOUN(N2, 8) , NCONEC (N4, N3+1)
DIMENSION ELOAD(8),ESTIF(8,8)
CHEH HHNH B BHB B0 SR B D S0
DIMENSION TRAN(3, 3)
CHHUBHHBEBERHRER B RRH HHEE S SRR B

M1=NCONEC(IJK, 1)

I=1,8

11=1,8

ESTIF(I.,11)=0.D0

C
DO 10
ELOAD(I)=0.DO
DO 10
10 CONTINUE
c

CHHHHUBH B G HUEHS S HBE BHBDHEES SRR D HRE B R0R HNN S Bk
CALL TRANS (IJK, N1, N3, N4, COOR, NCONEC, TRAN)
CHEH BRI AR S B0 S SRR N SN SRS B4

(o
c
DO S50
DO 40
c
Cc
IF (M1.
IF (M1.
C
IF (M1,
IF(M1.
C
IF (M1
IF (M1,
C
DO 20
DO 20
b0 20
IA=

J= 1,6
S=0. 5DO#(1. DO+2(J))
1,6

T=0. 5DO*#(1. DO+Z(K))

K=

EQ. 8)CALL SHAPOB(R.S, T. NCONEC, SHAP, N1, N3, N4, 1K)
EQ. 8)CALL ELEMOB(R., S, T, SHAPE)

EQ. 12)CALL SHAP12(R, S, T, NCONEC, SHAP, N1, N3, N4, IJK)
EG. 12)CALL ELEM12(R, 8, T, SHAPE)

EG. 20)CALL SHAP20(R, S, T, NCONEC, SHAP, N1, N3, N4, IJK)
EQ. 20)CALL ELEM20(R., S, T, SHAPE)

11=1.3

Ju=1,3

SJ(II,JJ)=0. DO

KK=1, M{

NCONEC (I JK, KK+1)

SJU(IL, JUI=SJI(II, JU)+SHAPE(II, KK) #COOR(IA, W)

20 CONTINUE
CHHHBHNH BRRH H S HH R B B RS
CALL MULTIP(TRAN, SJ)
CHHHEHBHA B S HHBH R H B HEH DEHEN SRS

DET=(8J(2, 2)#8J(3, 3)-SJ(3, 2)#8J(2, 3))

I=1, INODE

NIJ=NBOUN(IB, I)

ELOAD(I)=ELOAD(I)+SHAP (NIJ)#DET#W(J)#W(K)/4. DO

L=1, INODE

NIK=NBOUN(IB,L)

ESTIF(I,L)=ESTIF(I, L)+SHAP (NIJ)#SHAP (NIK)®*DET#*

W(J) #W(K) /4. DO

C
c
C
C

DO 30
C

DO 30
C

>

30 CONTINUE

c

40 CONTINUE
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50 CONTINUE

o
C

RETURN

END
UL LLL L LA LS LA L L LA AL AL LAl LAl T NASL LIS AL LIS SASL LIS LTI LTI L LLLLLLLTe
c

SUBROUT INE BOUNDS (S, COOR, NBOUN. NCONEC, ELOAD. IJK, INODE, IB,

> W, Z, N1, N2, N3, N4, SHAP, ESTIF)

C .

IMPLICIT REAL#B8(A-H.0-2)
DIMENSION COOR (N1, 3),W(6), Z(4), SHAPE(3, 20)
DIMENSION SJ(3, 3), SHAP (N1), NBOUN(N2, 8), NCONEC (N4, N3+1)
DIMENSION ELOAD(8),ESTIF(8.8)
C 43 4 41 S 40 LR HER B HHHE HRNS BN S S
DIMENSION TRAN(3, 3)
CHH#H S HHH N FHAS R R B RER BRRH HHH R HIN
C
M1=NCONEC(IJK, 1)
DO 10 I=1,8 y .
ELOAD(I)=0. DO ~ '
DO 10 I1=1.,8
ESTIF(I1,11)=0. DO
10 CONTINUE
C .
CH4H S5 HEE 0 H 3 5 S0 B I HRHHHEH SRR
CALL TRANS (IJUK, N1, N3, N4, COOR, NCONEC, TRAN)
C H4H 48 4L B 4 S B A B RS BB S REA R

C
c
c .
C
DO, S0 J= 1,6 .
R=0. 5DO#(1. DO+Z(J))
DO 40 K= 1,6 :
T=0. 5DO*(1. DO+Z(K))
c
C
IF (M1. EQ. 8)CALL SHAPO8 (R, S, T, NCONEC, SHAP, N1, N3: N4, IJK)
IF (M1. EQ. 8)CALL ELEMO8B(R, S, T, SHAPE)
C
IF (M1. EQ. 12)CALL SHAP12(R, S, T, NCONEC, SHAP, N1, N3, N4, IJK)
IF (M1. EQ. 12)CALL ELEM12(R, S, T, SHAPE)
C
IF (M1. EQ. 20)CALL SHAP20(R, S, T, NCONEC, SHAP, N1, N3: N4, IJR)
IF (Mi. EQ. 20)CALL ELEM20(R, S, T, SHAPE)
C
DO 20 II=1,3
DO 20 JJ=1.,3
SJ(I1I,JJ)=0. DO
DO 20 KK=1, M}
IA=NCONEC(IJK. KK+1)
SJ(I1,JJ)=SJ(I1, JJ)+SHAPE(II, KK)#COOR(IA, W)
20 CONTINUE
c

CHUSHHBH HHNEBRIHHBNHHHISHBERRRERRHHNS
CALL MULTIP(TRAN, SJ)

CHARRBBHAHUUHEFH AR HRBRHERBRERH HANRY

c

C
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DET=-5J(1, 3)#5J(3, 1)+5J(1, 1)#8J(3, 3)

c
C
DO 30 I=1, INODE
NIJ=NBOUN(IB. I)
C
ELOAD(I)=ELOAD(I)+SHAP (NIJ)#DET#W(J)#J(K)/4. DO
DO 30 L=1, INODE
NIK=NBOUN(IB,L)
c
ESTIF(I,L)=ESTIF (I, L)+SHAP(NIJ) #SHAP (NIK)®#DET»
> W(J)#W(K)/4. DO
30 CONTINUE
c
40 CONTINUE
50 CONTINUE
C
C
Cc
RETURN
END
CUL R LI LI LSS LTl LS L LAA T LT LTRSS LRSI LS L LA ALY ALK KRS L VLS YKL L VKoo,
C
SUBROUTINE BDUNDT(T.CDDR.NBUUN.NCDNEC.ELOAD.IJK.INODE:IB.
> W, Z, N1, N2, N3, N4, SHAP, ESTIF)
Cc .

IMPLICIT REAL#8(A-H,D0-2)
DIMENSION COOR (N1, 3), W(&). Z(6)., SHAPE(3, 20)
DIMENSION SJ(3, 3). SHAP (N1), NBOUN(NZ, 8) , NCONEC (N4, N3+1)
DIMENSION ELOAD(8),ESTIF(8,8)
CHANHENHHESHH B HRRS BHBD BHHH HAHDH
DIMENSION TRAN(3, 3)
CHAHHHHA HEREHEHH B H B HAR B RIS BRAE S
c
M1=NCONEC(IUK, 1)
DO 10 I=1,8
ELOAD(1)=0. DO
DO 10 I1=1,8
ESTIF(I, I11)=0. DO
10 CONTINUE
C
CHEH BHIR HHHE SRS RIS 000 R0 R RN RRSE R NS SR
CALL TRANS (IJK, N1, N3, N4, COOR, NCONEC, TRAN)
CHRHRHAHHURHE R HERHEREBHBUBHRB BRER AN B BUB B ERRR RS

c
C
Cc
DO 50 U= 1,6
R=0. SDO#(1. DO+Z(J))
DO 40 K= 1,6
S=0. 5DO#(1. DO+Z(K))
c
(o
IF(M1. EQ. 8)CALL SHAPOB(R. S, T, NCONEC, SHAP, N1, N3, N3, IUK)
IF (M1. EQ. 8)CALL ELEMOB(R. S, T, SHAPE)
c
IF(M1.EG. 12)CALL SHAP12(R, S, T, NCONEC, SHAP, N1, N3, N4, TJK)
IF (M1. EQ. 12)CALL ELEM12(R. S, T, SHAPE)
of
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IF (M1. EQ. 20)CALL SHAP20(R. S, T, NCONEC, SHAP, N1, N3. N4, IJK)
IF (M1. EQ. 20)CALL ELEM20(R. S, T, SHAPE)

Do 20 II=1,3
DO 20 JJ=1,3
SJ(I1,JJ)=0. DO
DO 20 KK=1,Mi
IA=NCONEC(IJK, KK+1)
SJ(II, JJ)I=SJ(II, JU)+SHAPE (11, KK} #COOR(IA, W)
20 CONTINUE
C
C #4046 4100 40 S B0 3 LS00 S 413 HAH SR B BN R R BN
CALL MULTIP(TRAN, SJ)
C######################*##########*############

C
DET=SJ(1, 1)#5J(2, 2)-8J(1, 2)%8J(2, 1)
c :
C
DO 30 I=1, INODE
NIJ=NBOUN(1B, I)
c
ELOAD(I)=ELOAD(1)+SHAP (NIJ) *DET#W(J)#W(K)/4. DO
DO 30 L=1, INODE
NIK=NBOUN(IB, L)
Cc
ESTIF(I,L)=ESTIF (I, L)+SHAP (NIJ)#SHAP (NIK)#DET*
> W) #W(K) /4. DO
30 CONTINUE
C
40 CONTINUE
50 CONTINUE
Cc
Cc
c
RETURN
END
C
UL LAAL Lt L VLT h Ll KLt Ll SR VALY NL A LS IV A R LAS A LA A L LLL LKL LA L LA LT
C
SUBROUTINE DECOMP (N, A, LU, INDEXR, NN)
c
C This routine implements the Gaussian forward elimination
C algorithm to find the LU decomposition of the N by N matrix
C A. Partial pivoting is used along with scaling for rTow
C equilibration
C
C
IMPLICIT REAL*#8 (A-H, 0-2Z)
REAL#*8 LU
DIMENSION A(NN, NN), LU(NN, NN), SCALEF(200), INDEXR(NN)
C
PTOL=. 00000000000000000000000000001
C

DO S I=1,N
INDEXR(I)=1
SCALEF(I)=A(I., 1)
DO 4 J=1.,N
LUCI, J)=AI, J)
IF( DABS(LU(I.J)) .GT. SCALEF(I)) SCALEF (I)=DABS(LU(I,J))
4 CONTINUE
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C
IF (SCALEF(I).NE.O.DO) €0 TO S
WRITE (2.%) ‘ALL ZERO ROW’
RETURN
5 CONTINUE
c
Cc
NM1i=N-1
DO S50 K=1, NMi
BIG=DABS(LU (K, K)/SCALEF (K))
IBIG=K
KP1=K+1
DO 10 IR=KP1,N
IF(DABS(LU(IR, K) /SCALEF{IR)).LE. BIC) GOTU 10
BIG=DABS (LU(IR, K)/SCALEF (IR))
IBIG=IR
10 CONTINUE
Cc
c
IF(BIG. CT. PTOL) €OTO 12
WRITE(2, #) ‘SMALL PIVOT’
RETURN
12 IF(IBIG. EG. K) €0TO 16
C
C
ISAVE=INDEXR (K)
INDEXR(K)=INDEXR(IBIG)
INDEXR(IBIG)=ISAVE
SAVE=GCALEF (K)
SCALEF (K)=SCALEF(IBIG)
SCALEF(IBIG)=SAVE
C .
C
DO 15 J=1,N
SAVE=LU(IBIG, J)
LUCIBIG, J)=LULK, J)
LUK, J)=SAVE
15 CONTINVE
C
c
16 DO 30 I=KPi,N
c
IF(LUCI, K).EQ. 0. DO) €0 TO 30
LUCT, K)=LU{T, K) /LUK, K)
DO 20 J=KP1. N
LUCT, J)=LUCI, J)=-LU(L, KI#LUK, J)
20 CONT INUE
30 CONTINUE
50 CONTINUE
C
C
IF (DABS(LU(N, N)/SCALEF (N)). @T. PTOL) G0 TU 60
WRITE(2, %) ‘SMALL PIVOT’
60 RETURN
END
C
C
ClLLI LA LIS LA ALL S LA LAY LAV A R L LU L L LS L US Y o hL S h Vel Y YV e
C
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SUBROUTINE SOLVE(N, LU, B, X, INDEXR, NN)

This routine solves the linear equations with right-hand
side vector B using the LU decomposition matrices already
computed by routine decomp. The final solution is stored

in X array.

IMPLICIT REAL#*B (A-H,0-2)
REAL%*8 LU
DIMENSION LU(NN,NN), B(NN), X{NN), INDEXR (NN)

DO 1 I=1,N
X(1)=B(INDEXR(I))
CONTINUE , .

NM1=N-1
DO 3 I=2,N
IMi=I-1
DO 2 J=1,IM}
X(I)=X(I)-LU(I, J)#X{J)
CONTINUE
CONTINUE

X{N)=X(N)/LU(N, N)
DO S II=1,NM!
I=N-11
IP1=I+1
DO 4 J=IP1,N
X(I)=X(T)=LU(I, J)#X(J)
CONTINUE
X(1)=X(I)/LU(I, I}
CONTINUE
RETURN
END

Rl LIS L AL AL IS LSS LA LLRLL S LLS IS LRL AL RS ILL L LSS L DL AL LA L LT

SUBROUTINE ELEMO8(R.S. T, SHAPE)
IMPLICIT REAL#8 (A-H,0-2)
DIMENSION SHAPE(3, 20)

SHAPE(1,1)=(1. DO-8)#(1. DO-T)
SHAPE(1,2)=5#(1. DO-T)
SHAPE(1,3)=8#(T-1. DO)
SHAPE(1,4)=(5-1.D0)#(1.LCO-T)
SHAPE(1,5)=(1. DO-5)#T
SHAPE (1, &) =5#T
SHAPE(1,7)=-1. DO#S#T
SHAPE(1,8)=(5-1.D0)»T

SHAPE(2, 1)=R#(T-1. DO)
SHAPE(2, 2)=R%*(1. DO-T)
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SHAPE (2, 3)=(1. DO-R)#(1. DO-T)
SHAPE(2,4)=(R-1.D0)%*(1. DO-T)
SHAPE (2, 5)=~1. DO*R#T
SHAPE(2, 6)=R%T
SHAPE(2,7)=(1. DO-R)*T
SHAPE(2,8)=(R-1. DO)*T

SHAPE (3, 1) =R#(5-1. DO)

SHAPE (3, 2)=~1. DO*R %S
SHAPE(3,3)=(R-1.D0) %8

SHAPE (3, 4)=(R-1. DO)#(1. DO-8)
SHAPE(3, S5)=R#(1. D0-S)
SHAPE (3, &) =R*S

SHAPE(3, 7)=(1. DO-R)#*5

SHAPE (3, 8)=(1. DO~-R)#*(1. DO-8)

RETURN
END

B L ALS SIS LA LLL LIRS R LTSRS R LAY L VIS L LA L LLL L LAY BV K LYK Y

SUBROUTINE ELEM12(R.S, T, SHAPE)
IMPLICIT REAL%*8 (A-H,0-2)
DIMENSION SHAPE(3, 20)

SHAPE(1, 1)=(1. DO-S)#{!. DO~-T)
SHAPE(1,2)=5#(2. DO#T#T-4. DO#R#T+4. DO*R-T-1. DO)
SHAPE (1, 3)=S# (-2 DO#T*T-4, DO#R*T+4. DO*#R+5. DO*T-3. DO)
SHAPE(1,4)=(S5-1.D0)*{(1. DO-T)

SHAPE(1,5)=(1. DO-S)+T
SHAPE(1,6)=5#(2. DO*T#T+4. DO#R*T-3. DO*T)

SHAPE (1, 7)=S#{(4. DO*R#T-2. DO#T#T-T)
SHAPE(1,8)=(5-1. DO)*T
SHAPE(1,9)=(4. DO-8. DO#R)*#S%(1. DO-T)
SHAFE(1,10)=5#4 DO#T#(1. DO-T)

SEHAPE(1,11)=S#4 DO*T#{T~1. DO)
SHAPE(1, 12)=(4. DO-8. DO#R) #S»T

SHAPE (2, 1 )=R#(T~1. DO)

SHAPE (2, 2)=2. DO*R#T#T~2. DO®R*R*%T+2. DO#R#R—-R#T-R
SHAPE(2,3)=2. DO#(R#R+T#T-R#T#T~R#¥R#T)+9S, DO*R#T
> =3. DO*T-3. DO#R+1. D0
SHAPE(2,4)=(R-1.D0)»{L. DO-T)

SHAPE(2, 5)=—1. DO#*R#*T

SHAPE (2, 6)=2. DO#R*#T#T+2. DO#R*R#T—=3. DO#R*T
SHAPE(2, 7)=2. DO#R#R#T—-2. DO#R#T#T+2. DO# T#T—R*T-T
SHAPE(2,8)=(R-1.D0)»T

SHAPE (2, ?)=4. DO#R#{(1. DO-R)#(1. DO-T)

SHAPE (2, 10)=R#4  DO#T»(1. DO-T)
SHAPE(2,11)=(1. DO-R)»*4, DO#T%(1. DO~-T)
SHAPE(2, 12)=4. DOx*R#(i. DO—-R)*T

SHAPE (3, 1)=R%(S-1. DO)

SHAPE (3, 2)=5%(4. DO*#R#T-2. DO*R*#R-R)

SHAPE (3, 3)=8#(-4. DO#R*#T-2. DO*R#R+4, DO#*T+5. DO#R-3. DO)
SHAPE(3,4)=(R-1.D0)#(1. DO-S)
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SHAPE (3, 5)=R%(1.D0-8)

SHAPE (3, &4)=5% (4, DO#R#T+2. DO*R#R-3. DO*R )

SHAPE (3, 7)=5#(2. DO#R*R—4. DO*R#T+4. DO*#T-R-1. DO)
SHAPE(3,8)=(1. DO-R)#(1. DO-5)

SHAPE (3, 9)=4. DO*R#(R-1.DO)#S

SHAPE (3, 10)=R#S%(4. DO—8. DO*T)

SHAPE (3, 11)=(1. DO-R)*S%(4. DO-8. DO#*T)

SHAPE( 3, 12)=4. DO#R#(1. DO-R)#S

RETURN

END
LA LAl AL LS LA ST LS LIS AT LSS AL L L LTS LTI LTSS L LSS LLL AL LT T Lo e

SUBROUTINE ELEM20(R.,S, T, SHAPE)
IMPLICIT REAL%8 (A-H,0-2)
DIMENSION SHAPE(3, 20)

SHAPE(1,1)=(1-S)#(1-T) #(4#R-2#5-2#T~1)
SHAPE(1,2)=5#(1-T) #(4#R+2#5-2#T-3)
SHAPE(1,3)=S#(1~T) #{4#R-2%5+2%#T-1) . .
SHAPE(1,4)=(1-8)#(1-T) #(4#R+2%#5+2#T-3)
SHAPE(1,5)=(1-8)#T#(4#R-2#5+2%#T-3)
SHAPE( 1, 6)=S%T# (4*R+2%#5+2#T-5)

SHAPE (1,7 )=S#T# (4#R-2#5-2#T+1)
SHAPE(1,8)=(1-S)#T#({4%#R+2#S5-2%#T-1)
SHAPE(1,9)=4#S#(1-S)*#(1-T)
SHAPE(1,10)=(4-B#R ) #5%# (1-T)
SHAPE(1,11)=4%#S#(5-1)#{1-T)

SHAPE(1, 12)=(4-B#R)#(1-S)#(1-T)
SHAPE(1, 13)=4#8#(1-S)#T

SHAPE(1, 14)=(4-B#R) #S*T

SHAPE (1, 15)=4#S#(5-1)#T

SHAPE(1, 16)=(4-B#R)#(1-S)*T
SHAPE(1,17)=(1-S)#4xT%#(1-T)

SHAPE (1, 18)=5#4#T# {(1-T)
SHAPE(1,19)=S#4#T*#(T-1)
SHAPE(1,20)=(S—1)#4%T#(1-T)

SHAPE(2, 1)=R#(1-T) #(-2#R+4#5+2%T-1)
SHAPE (2, 2)=R#(1-T) #(2#R+4#5-2#T-3)
SHAPE(2,3)=(1-R)#{1-T) #(-2#R+4#5-2%T-1)
SHAPE(2, 4)=(1-R)#(1-T) % (2#R+485+2%T-3)
SHAPE(2, 5) =R#T#{-2#R+4#5-2#T+1)

SHAPE (2, ) =R%#T#(2#R+44#5+2#T-5)
SHAPE(2,7)=(1~R)#T#{(~2#R+4 #5+2%#T-3)
SHAPE(2,8)=(1-R)#TR(2#R+4#5-2#T-1)
SHAPE(2, 2)=R#(4-8#S)#{1-T)

SHAPE(2, 10)=4#R#(1-R)#(1-T)

SHAPE(2, 11)=(1-R)#(4-8%S)#(1-T)
SHAPE(2, 12)=4#R#(R—-1)#(1-T)

SHAPE (2, 13)=R# (4-B#S)*T
SHAPE(2, 14 )=48R#(1-R)#T

SHAPE(2, 15)=(1-R)#(4-8%#5)*T

SHAPE(2, 16)=48R#(R-1)#T
SHAPE(2, 17 )=R#4x#T#(T-1)

SHAPE(2, 18)=R%#4#T#(1-T)
SHAPE(2,19)=(1-R)#4%#T#(1-T)

SHAPE (2, 20)=(R-=1)#4aT»(1-T)
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SHAPE (3, 1)=R#( 1-5) #(-2#R+2#5+4%#T~1)
SHAPE (3, 2) =R#S#(-2#R-2%#5+45#T+1)
SHAPE(3: 3)=(1-R)#S# (2%R-2#S+4#T~-1)
SHAPE(3,4)=(1-R)#(1-8) # (2#R+2#5+4#T=3)
SHAPE (3, 5)=R#(1-5) #(2#R-2#S+4#T-3)
SHAPE (3, &) =R#S# (2#R+2#S5+4%#T~-5)
SHAPE(3, 7)=(1-R)#5# (-2 #R+2#5+4#T-3)
SHAPE(3,8)=(1-R)#(1-58) #(-2#R-2#5+4%#T-~1)
SHAPE(3, 9)=R#4#S5#(5-1)

SHAPE (3, 10)=4#R#(R~1)#5

SHAPE (3, 11)=(R-1)%4#5%(1-5)

SHAPE(3, 12)=4#R#(R-1)#(1-5)

SHAPE (3, 13)=R#4#5#(1-S)

SHAPE(3, 14)=4#R%(1-R)*#S

SHAPE (3, 153)=(1-R)#4%8#(1~-8)

SHAPE (3, 16)=4#R#(1-R)#(1-8)

SHAPE(3, 17)=R#(1-5)%(4-8%T)

SHAPE(3, 18)=R#S5S#(4-B8+T)

SHAPE (3, 12)=(1-R)#5#(4-8%T)
SHAPE(3,20)=(1-R)#(1-5)#(4-8%T)

RETURN
END

L LA LA IAALL AL AL LSS L L AS T LS T AT LTS Ao K ST oA h ST L Lot he Lo

SUBROUTINE SHAPOB(R, S, T, NCONEC, SHAP, N1, N3, N4, T JK)

IMPLICIT REAL*#8 (A-H,0-2)
DIMENSION NCONEC(N4,N3+1), SHAP (N1)

SHAP(NCONEC(IJK, 2) )=R#(1-S)#(1-T)
SHAP(NCONEC(IJK, 3) )=R#S#(1-T)

SHAP (NCONEC(IJK, 4))=(1-R)*S#(1-T)
SHAP(NCONEC(IJUK, S))=(1-R)#(1-5)#(1-T)
SHAP(NCINEC(IJK, &6) )=R#(1-S)#T
SHAP(NCONEC(IJK, 7) )=R#S*T
SHAP(NCONEC(IJK, 8) )=(1-R)#S»T
SHAP(NCONEC(IJUK, 2))=(1-R)# (1-S)*T

RETURN
END

Ll L LI LI LLL LSS LSS L LA AL AL LSS SRS A LAL A LA LS VBB LV VS KV Ll K%Y,
SUBROUTINE SHAP12(R.S, T, NCONEC, SHAP, N1, N3, N4, I JK)

IMPLICIT REAL#8 (A-H,0-2)
DIMENSION NCONEC(N4,N3+1), SHAP (N1)

SHAP (NCONEC(IJK, 2) )=R#(1-S)#(1-T)
SHAP (NCONEC(IJK, 3) )=S# (2#R#TaT-2#R#R*T+2#R#R-R#T-R)
SHAP(NCONEC(IJK, 8) )=S# (-2#R#T#T-24R#R# T+2#R#R+2#T#T+5#R#T

> -3#T-3#R+1)

SHAP(NCONEC(IJK, 3))={1~-R)#{(1-S)#(1-T)
SHAP(NCONEC(IJK, &) )=R# ({-S)*T
SHAP (NCONEC(IJK, 7) )=S# (2#R #T#T+2#R#R#T-3#R&#T)
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SHAP (NCONEC (IJK, 8) )=5# (2#R#R#T-2#R#T#T+2#T#T—-R#T-T)
SHAP (NCONEC(IJK, 9) )=(1-R)#(1-5)*T

SHAP (NCONEC(IJK, 10))=4#R%*( 1-R) #5#(1-T)
SHAP(NCONEC{IJK, 11))=R#5#4#T#(1-T)
SHAP(NCONEC(IJK, 12))=(1-R) #S#4%T%(1-T)

SHAP (NCONEC(IJK, 13))=4%R#{ 1-R) #S»T

O

RETURN
END

%ZZZZZZZZZ%ZZZZZZZZZZZ%%ZZ%ZZZZZZZZZZZZZZZZ%Z%Z%%Z%ZZZZ%ZZ%Z

SUBROUTINE SHAP20(R, S, T, NCONEC, SHAP, N1, N3, N4, I JK)

0o OO0

IMPLICIT REAL*#8 (A-H,0-2Z)
DIMENSION NCONEC(N4,N3+1), SHAP (N1)

aon

SHAP (NCONEC(IJK, 2) )=R#(1-S)#{1-T)# (2#R-2%S-2#T~1)
SHAP (NCONEC (IJK, 3) )=R#S#(1-T) # (2#R+2#5-2%T-3)
SHAP (NCONEC(IJK, 4) )=(1-R) #S#(1-T)# (-2#R+24#5-2#T~-1)
SHAP (NCONEC(IJK, 5) )=(1-R)#(1-8)#(1-T)# (1-2#R-2#5~-2#T)
SHAP (NCONEC (IJK, &) )=R# (1-8) #T# (2#R~-2#5+2#T-3)
SHAP (NCONEC(IJK, 7) )=R#S#T#* (2#R+2#5+2#T-5)
SHAP (NCONEC(IJK, 8) )=(1-R) #S#T# (-2#R+2#5+2%#T-3)
SHAP (NCONEC(IJK, @) )=(1-R)}# (1-5) #T# (-2#R-2#5+2#T~1)
SHAP (NCONEC (IJUK, 10))=R#4#5#(1-8)%(1-T)
SHAP(NCONEC(IJUK, 11))=4%R*(1-R)#S#(1-T)
SHAP (NCONEC(IJUK, 12))=(1-R) #4#S#(1-8)*(1-T)
SHAP (NCONEC (IJK, 13))=4#R#(1-R) #(1-8)#(1-T)
SHAP (NCONEC(IJK, 14))=R#4#5#(1-8)*T
SHAP (NCONEC(IJK, 15))=4#R#(1-R) #S#T
SHAP (NCONEC (IJK, 16))=(1-R) #4#S%#(1-8)»T
SHAP (NCONEC(IJK, 17))=4#R#(1-R)#(1-5)#T
SHAP(NCONEC({IJK, 18))=R#(1-S)#4#T%(1-T)
SHAP(NCONEC(IJK, 19))=R#S#3#T#(1-T)
SHAP(NCONEC(IJK, 20))=(1-R) #S#4#T#(1-T)
SHAP (NCONEC(IJK, 21))=(1-R) #(1-S)%#4%T#(1-T)
C
RETURN
END
CUA ALl LA AL AT LSS L LTSI AAAL L ILL LA LT TS L L LLL A LLR L TALLLLL L LT
C
SUBROUTINE MULTIP(TRAN, SJ)
C
IMPLICIT REAL#8(A~-H,0-2)
DIMENSION TRAN(3,3),85J(3,3),CH(3, 3)

PO 10 I=1,3
DO 10 J=1,3
CH(I.J)=0.DO
DO 10 K=1,3
CH(I,J)=CH(I,J)+TRAN(I, K)#SJ(K, J)
10 CONTINUE

DO 20 1

DO 20 J
SJ(I

20 CONTINUE

. 0~

1,3
1.3
Jr=CH(I.,J)

’
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RETURN
END

BT VUL LTSN NIRRT L RN R RAL L N RL L LS AL VAL KA LKLY LAAL K AL %Y
SUBROUTINE TRANS(I,N1, N3, N4, COOR, NCONEC, TRAN)
IMPLICIT REAL*B8(A-H,0-2)
DIMENSION COOR (N1, 3), NCONEC (N4, N3+1), TRAN(3, 3)

OO0 0O O 0000

XO0=COOR(NCONEC(I,5).1)
YO=COOR (NCONEC(I,5),2)
Z0=COOR(NCONEC (I, 5),3)

X1=COOR(NCONEC(I,2),1)-X0
Y1=COOR(NCONEC(I.2),2)-Y0
Z1=COOR(NCONEC(I.2),3)-20

X2=COOR(NCONEC(I,4),1)-X0
Y2=COOR(NCONEC(I,4),2)-Y0
Z22=COOR(NCONEC(I.4),3)-20

X3=COOR(NCONEC(I,%9),1)-X0
Y3=COOR(NCONEC(I,9),2)-Y0
23=COOR(NCONEC(I,9),3)-20

A1=DSQART(X1#X1+Y1#Y1+Z1#Z21)
A2=DSQRT(X2#X2+Y2#Y2+Z2412)
A3=DSQRT(X3#X3+Y3#Y3+Z34Z3)

TRAN(1, 1)=X1/A1
TRAN(1, 2)=X2/A2
TRAN(1, 3)=X3/A3

TRAN(2, 1)=Y1/A1
TRAN(2, 2)=Y2/A2
TRAN(2, 3)=Y3/A3

TRAN(3, 1)=21/A1
TRAN(3, 2)=22/A2
TRAN(3, 3)=23/A3

RETURN
END

C

Cc
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