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SUMMARY

Principles of "similarity and other factors ‘in the
design of médels for photoelastic testing are discussed,
Some approximate theoretical equations, useful in the anal-
vsis of results obtained from photoelastic tests, are de-
rivéd, Examples '6f “the use of photoelastic techniques and
the analyses of rdsilts as applied to uniform and tapered
beam columns, circular rings and statically indeterminate
frames, are glven il 2 concluded that this method is an
effective tool for the analysis of structures in which
column acticn is present, particularly in tapered beam
columns, and in staﬂlcallv indoterm1nate structures in which
the d1etr1bution ‘of loads in the structures’ is influenced by
bending moments due to axial ‘loads in one or more members,
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Many authors have discussed methods for determinimg the
bending moments and bu(‘kllnb loads in columns and beam col-—-
umns. Niles and Newell (reference 1) give solutions of the
problem for various loading conditions with the EI of the

beam constant for the span under consideration. Timoshenko
(reference 2, p. 128) gives the critical buckling loads for
tapered columns of sevnrdl types. ~‘b« problems discussed

in those references r presént solutions of the basic differ-—
ential equation of a beam loaded with an axial load P and
lateral loads q(x). This,differentjal equ@ﬁion is:
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When EI -i'si a constant,. this equationhyields readily to

integration and the beadlnp moments M, at any section x
are given by: il R
M <)~ Py ‘ (2)
Dhe ‘critical load P is:
er
. g'ﬁI
P = O &I (3)
() 1@

where C iis the fixity ccefficient depending on the end con—

ditions of the beam,. The value of . P is independent of
the lateral loading gq(x), enda e

In any cases, however, Bl is not constant but varies .
either . contlnuouqu or. ﬁlseoptlnuo1lv over the length of the
span under consideration., Equ%tlon(l) mnay then be integrated
by approximate numerical nethods General solutlons are

possible .only in a .few cases, .,
Atris the purpusu :0f thig i 1nvestléat10n to develop a

simpler_aCQurate, and quick method -of deternining mouents

and critical loads in members loaded as beam columns by

the use of methods of photoelastic analysis The method

will be most useful for statically indeterminate structures

containing members with nonlinear behavior,

This investigation, conducted at the Oregon State
Ccllege, was sponsored by and conducted with the financial
assistance of the National sdvisory Coumittee for Aeronautics.

DESIGN OF PHOTOELASTIC MODELS

General Considerations

In order for a model test to be useful it must be
possible to predict accurately results on the full—-scale
structure from results of the model test, To accomplish

this purpose, it is necessary to design photoelastic
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models with several fundamental. principles in mind, First,
principles of simils rity must be met betweer ‘the ‘cdel and
full-scale, "Secondly..the-model . must be constructed so that
linitations imposed by techniques of testing are considered,
Thirdly, the uodels must be of such dimensions that they can
be comstructed within:.tolerances ,required,

Pk 7

¢ Pt

similériﬁ&,?finéipies:‘

Byiuge of dlmen 1unalianalvsis i % is poss1ble to de—
termine the condltlons GER A lwrlty that must be met in’
structural models, (See referpnce 3.) AN DI L d et anaignie
external load on a structure,, Vil N P Mok 4 sare Bny
other external:loads on.the. structure ~¢11, 12, :13,‘14,..,
are pertinent llne(r dlmerslons of the structure 1 S R
modulus of elasticity, u is Poisson's ratio, then it may:
be shown that, in general,

R P N e b B bg
= f1<___.7, Y1 ¥agNagl 8ie, o=,m=ymm oos B 1)
P

& (i 4 SR g 4 -
T ¢ b fongpn
: - { AP W W i . d e
TR CaiEs S ST L B X LS T RN W T L By
PRG£S Raen YW NE B Wi 01 ¢ g e § bl i i e 0 ] (5)
e R R e h ha 11 :

where R ‘is. ﬁny reac+1on or 1nternal force lnfa'memberl and
M is g bepdlna moment in a menber, 4 :

If all the paresmeters.on the right—hand side of the
equatioh” are the same' on the-model and the: fﬁll—sccle struc—
ture,” the le eft—hand members will be the same for the model
and the full-scale structure, Values for the full-scale
structure would then be cbtainable from model test,

In certain pprticwlar cases it IS .unpecessary to have
all the nondlmeqsional paraneters the amé Jon the model
and the full-scale structure, Slnce_SOuG are not pertinent,
Severﬁl typee of structures will be briefly discussed,
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'STRJ ”UR ES IN WHICF NOM?NT : IHTERJ@L LOADS, HEAC“IONS,

AND SO FORTH, ARE LIHEAR FUNCTIOWS OF TH?’LCADS

In many .structures the forces in the members, the
stresses, deformations, and so forth, are all linear func—
tions of “the load, Then the nondimensional parameter
P/B1.21is not significant, If “tHé ratios R/P and M/Pl, are
determined for any one set of loaeds, they are then the same
for any other set of loade in const nt rdtlos tor ‘the first
c(Jt Lo

©In .most structureé'oﬁ this type Poissonfs ratio ¥ 1is

..not significant either,: *For 1n=tdncé consider the prob-

lem of bending of beams in wh1ch the GQUﬁtlon.

=]

|
!
ii

/ ’ s

: dx™

% i O s

is applicable, Sinece p does not appear in this equation,
it may be considered permissible to neglect this parameter,
If the beam is loaded so that M 1is not a function of 1y,
then both P/El°-and p may be neglected, Furthermore,
geometrical similerity j¢.not necwssnny'for the dete rmln—
ation of moments; reactions, end so forth, since the linear
dimensions of the cross sectious couwe in only as influencing
the moment of inertia, Coneeqanntlj, the sinmilerity con—
ditions to bBe met would' %c“(xPreg cd by the equations:

e
'._ - £

: ; by 1 I I i
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. 1z la I. Iz
F;~<'Y1,'YQ,’Y3 .“sA~" "‘.‘_y'—_‘ ~|n; Tl -~n> ; (7)

| )

A

These conditionsvrequire t hat the loads on the model and
the full-scale structure be in the game ratio, that the
lengths 1,, 1., ls.,. of the neutral axes of various mem-

bers of the model and the structure dbe in the ssme ratio,
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and that the moments of inertia of various parts of the
structure be in the same ratio on the model and the full-
scale structure.

COLUMNS AND BTWAM COLUMNS WITH STATICALLY DETZIRHN HATE

TIRNAL LOADS

Structures which behave nonlinearly, but which are
loaded so that the material is in the elastic range every-
where, 1nclud9 those structures classed as columns and bean
L & : ‘ ' \

The basic equation of the elastic curve for these is:

de
EI‘----z = M

dx2

DG, dink Ehis: paser M ds arfunction of boeth x and .y. For
instance, consider a beam column of length ¢ with 3ZI =
f(x). The equation of the elastic curve of this may be
written:

S ST
a =
]

where P is the axial compressive load and kW f < )

ey Lot ()

= B —— -
l / i !

the benolnc jnoment ‘due:to lateral loading W, composed of
QR YR WaP o, v Tand gosforther Y Y e

In order for this equation to be identical for both
model and full-scale structure, the condltlons th%t

(Eﬁf\ =<P‘ \
3 /m EI /s

REEON

and:

(9]
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i . X O
must be--met’'at every point defined by - . The subscript n
1 ,
ie used to denote model, and the subscript s to denote
full-scale structure. Dividing the first of these equations

b 9 t h.(:', ge ,,'On(.'. gi vess
m ¥ ! »

Here again Poisson's ratio W 1is not pertinent. The bending
moment may then be written:

M R T E
Fyiplat L f( YisTge Na. s ot ’ "’i ’ "'_'}—> (8)
Wi, LR P

It is-usually more convenient to let the moment, at some
point, due to all lateral loads be M, and write the fore-
going. equation in the-al ternate form,

TR TR T
_9. = (Yl' ‘Yg, 'Ys .'.."'3, ’f‘i, -“‘—1"\ (83')
\ 1, 1, EI / :

EfC 10 g e variable , this mugt be written:

My | Al Bk il B R iy,
—— f(ylg Yz, 'Y':S. e e e “Ev "’i’ "'——1—' "Q’> o 5 (Bb)
M {3 ¥y 81 7 :

where IO ig the moment of inertia of some selected section.

The conditions for similarity for a eolunn or beam—column
test are then: 08

1. The ratios between loads on the model and between
corresponding loads on the full-scale structure should be
the same. R [
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2. The ratios of  I,/1 .for corresponding points in
model and full—scale structure chould be the ssme

3. Ratios of lengths of neutral axes on mod l and full-

scale structure should.:be the sanme;

4, Velues of My/M then will be the same model and
full. scale 1f the. ratio. PR} /T‘IO is:the, same*model :and full
scale I sars el ke, el Biaes ol g

: r AR = 7 ! H A -x-' : 2 (‘. i v
STATI ALLY INDLTbBPINAT& STRUCTU LS IJ WHICH ONr OR MORE/:”
2 i MENBEQS IS A COLUM’\T OR A BEAN COLUN fo el

v A3 ; Mo WL TR R B I
sy § SRR o ,.‘",.' ¥ . ~{ AL

For Structures ef thls type ﬂll szrllarity cenmlvlons:

appllcnble to.teaw colunns nust . be met, ..In addition, mhow— -

ever, the dlstrlbutioq of lo s may depnnd on the cross—‘u.“
ct1onal d¥eas of the mexbers as well as thelr noments oy

1nertla ”'In °tructures in whlch 1% i's Pnuwn thqt oeform~'

ations ‘dué to dlroct tenclle ‘and co&presslv rtresqes .are

unioportant,’ it will bp dufficiént to ‘eet only ‘those. sim1— 

larity cond1t10n0 Tisted for benn cnlumns ;‘If' however il
both bﬂnﬂlng defornatlons and deformﬂtlons due to tenslle”ﬂ

and: coupreéssive ‘ctresses are important then the condltlon i

that the areas of all members must be in the same rTatio
model and full scale is 1mnortunt Equation’15)”§hen nay
be W!‘l‘tten in thﬁ‘ ‘forrl. o 2% 8 - < ) o 5

=
i .IV‘O f(’Y B X o e & -le I.O ,}») -‘?AO ]';? 15 ) (9)
e s o " Vagapn —r=y =, wbmwa S, o ey )
ollhs 198 At paBh .74, l‘EIC!‘I Thn Bee A A i;f'“” 1

Bl a  mAdaana ; :
AO/A*is the ratio of the area of ;om celected sectlon of
structural/meémber . to the' area of any other’ section, ~ If’
structurés+are of the type in which ‘shear deformdtlonﬂ‘ﬁlsc
are important, then the éonditions of gechetritg” sinllarity’
‘must be wet in addition to the foregoing, This in most
structures, hcwever, is not the case, and the mcdel need not
be ge’hetTlCully slullﬂr to full qccle Usually wmodels with
members of constant tthkﬂOS“ may be used to represent full—
scale conditions,

,x, i

f
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DESIGN OF MODELS IN WHICH ONZ OR MORE MEMBERS ARE LOADED
.AS BEAM COLUMNS BUT IN WHICH LOADS IN MEMBERS

ARE STATICALLYiINDETERMINATE

If this structure is of the type in which deformations
i due to tensile and compressive forces in the members are
negligible as compared to deformations due to bending, then
the method of design of the model and the determinstion of
test 1load conditions are the same as for the beam-column
models previously discussed. If, however, deformations due
to tensile and compressive lcads may be important, then it
is necessary to meet the additional similarity condition
that areas of various members on the model must be in the
same ratios as corresponding areas full scale. - In addition,
the ratio 'P/EA, for the model and the full-scale structure
must be the,same. To meet these conditions; 'in addition to
the other conditions of similarity, necessitates a variation
in thickness of the model material. If’'a structure is conm-
posed of several members- each of constant  EI ’and'constant
area, the model may be construoted with {Xittle difPicultv if
‘the thlckness ,of the photoelastic model is different fior,
each member.. .The model design and loading conditions then
will be determined: as followS'

K Assume_some convenient over-all dimension for the
model. Let this be Lgyp. !

2. Next designate the moment of inertia of some full-
scale member as I, . and the area.of .that member A,g.

Choose a moment of inertia which will give a reasonable model
dimension, say Iom' for the corresponding member on the

model. The dimensions of this séction of the model member
then may be.determined to meet the necessary similarity con-
ditions for area. From equation (q)

ST
(EIo’m . N\EI

0 g

§ia

and

G%ls ~;l
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Dividing the:first of these by the second gives:

A L@

iy L ey

(10)

or
Ko o g amndom
om - (OF] L1 J 1
om 0s
Tl i has been chosen, then the dimensions of a rectan-

om
gular section of the model may be determined.

15 A o Sl <

the thickness of the model and h the width of the section,

then,
Aom = Doby
I = bOhO:5
o Nl e

Substituting this in equation (10) gives:

L 8 by h. B
& B3] ( os> Yoiio
Low 1214

o’
(=g
|

=
(e}

i
77N
=

o
-
>

Then,

3 TR
g ¥z (Los Eom\ 405
I N T
on 08 08

f (11)

&1 )
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and the model diménsions are determined for ‘thdat section.

To determine other model dimensions, say at a section
denoted by the subseript 1, the conditions,

<"1h1.\ 9 Gl)
!
boho/ 8e

@ﬂ_lj\ X (I_{>

1'b9h93/f R |

must be satisfied. These give,

h, = ho/<-§-—1-> (%slz> (11a)

@ S ]
s R
e e b J/k_ﬂ\ (_l> (12a)
1 0
. ' Il/s o S :

In some ceses it may be necessary to try several dif-
ferent values of I_. before a model of convenient dimen—
sions is cbtained, For the model representing structures
compesed of meubers each of constant area and moment of
inertia, the mcdel will then have its members each of con—
stant thickness, but the thicknesses will be different for
different members,

When structures have individuanl meumbers of varying
moment of inertis and area, both the width and the thick-
ness of the members of the photoelastic model should vary
in accordance with equations (lla) and (l2a), It is not
prdctical, however, tc construct photcelastic models in
this manner, Usually, the condition that the moments of
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5 pehage B £ ithe . mnodels must vary accoralng to <——> <I )
oy gs y; o0 A 8T 055 e d 5.0k < ran
WL ;

2.8 the most important. vwood accuﬁacy usually may be obf
teineC if the thickness of a member is determined so. that,(

its average area will meot. the.condition —él> = <:é1>
3 e r

The correct variation in moment of [inertia is then obtained
bty varying the width of that member.

3. When thp d*menolops ‘of thewrmodel haye been deter-
mined, the loads to be annlled tosthe. model then are deter-

o~

mined " from the condltlon that .zu 2 e Rk

""."’ R e
8 SR

ADDTTFOK&L ”OMM NT$ ON MODEL DESIGN

Sl B
- kI O e

a1

2N 29 § ow R
(i IR

b - i 4

. 1,.The model should be large enough so“thdt Feasonable
tolqz?nces in the nstructiop 9f.the model will not cause
Jerwpus erro“s in the vailnes.pf, the moment of inertiaj;. “For
;nsuance, 1¢ the model  can: be cut xo aimension*w1thin 120,002
irech, 'tnere will be: a nos31ble error in‘mnment of inertia of
+6 percent if the width of the model is’ 03100 4ach. If-buck-
ling loads are desired, this would pre ‘4n error of 6 percent
in estlmated buckllng ldad 90t B s

bs .
'3 gually, betbar- fr&nga patterns, leés Yedge 'effect,"
and better photographs will be obtained with Bakelite of .
0,800~ 1ncﬁ thiekness or less. . If the thickdness is’‘too small
hOWQVET 00 few fringes may be obtained -for the allowable
sp;eas in the Bakelite. The accuracy of’ the test sy part;cuf
1arly ih"determining’ bending moments and axial’ loads,'is im-
proved if the model is loaded so as to produce a large number
of fringes. Thicknesses of Bakelite BT 61-893/ from 0. 126:

'inch to O 300 1hch glve.good resulfs.

e ot SR SR el el
bt In eonstructr@g models of suatically ihdaterminateu
st*urtareg T¥ivs welll to. kaep 1n m1nd that slight/%naecura»
cies in lining up supnorts, fltting members t ¢gether, -and ,s0
forth, will cause internal loads ‘in thé structurevwhenvne:ex-
ternal loads are acting. At times it is desirable to deter-

mine the effect of misalinement of the supports on the stresses.
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Thie, of course, may be done by following similarity princi-
ples outlined previously in determining the correct model
nisalinement.

PRELIMINARY TESTS

Purpose

-+The purpose of these preliminary tests was to inves«
tigate experimental procedures for determining bending
moments and critical loads in pin-ended columns and beam
columns. Models were chosen which could be analyzed by the
methods given in references 1 and 2 so that a measure of
the accuracy of the experimental results could be obtained.

Models and Tests

Models were milled from sheets of polished and anhealed
Bakelite BT €1-893., Dimensions of Models 1 to 11 are given
in figures 1 and 2.

" 'Models” weﬁeﬁloaded in the frame shown in the photograph
o figure 3. {-In:figure 4 is shown the arrangement'6f the
loads ton - ‘the’ models - The loading frame’ was designed -s¢ that
1t "wés ‘possible to: vary the end load P and the lateral
load **q “independentlys«:.

For each loading condition a fringe photographfundér
circularly nelélized light was taken K of the center portion
of the” beam. “A"monbderpmatic light pf 5461 angstrom units
was ‘used in: all testsi; Fringe photographs were numbered by
the foliowing system: - Photo No., - Model No, - Test No. -

P "in"1%'~. " Q :4n.1b, TFigure 5 shows a series of fringe
photographs ‘obtained on Model 6 with Q = 4,18 1b and P
'varying “friom O’O’to 30 0 1b In table I teste run on Models
1 to'11 are 14igted. -

Model 12, shown in figure 6 wag used as a tension test
snecimen “for the determination -of the. modulus of elasticity.
This specimen was loaded up to 3000 pai Q.Lhe "strains were
neasured bv Huggenberger tensometers. fhe modulus of elas-
”ticity was fOund t:0 be 668 ‘000 psi. il

9w aa
A i) B
o . e
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Pesults
Because of the eymmetrical load*ng on the models of
tHis preliminary -series of tests, the sections at the cen-
ters of the spans of the beams are all sections of maximum
moment. At these sections of maximum moment the vertical
shear is zero and the only stress acting is the fiber stress

M 1 e i .
. —y Wwhere 2z 18 the distance from the neutral

I A
axis of the beamn, measured in the plane of the loads, posi-

tive toward the upper edge of the beam, and Mc is the

bending moment at the center of the span. Conseguently,
the Mohr's circle of stress for any element in this cross

O = =

section is as shown in figure 7. The principa} stresses on
il Mcz P :
this cross section are then o, = - e and 02 = 0,
I A

Since the fringes determined photoelastically are loci of
points at which the prinpipal stress differences are a con-
stant, - the o0, way be determined 1mmediately from the

frlnge patterns if the fringe orders are known.

The stress-optic law may be written in,thebform:

o N ST TR N : (13)
where 0,, 0, .are principal stresSés;.’n friﬂge order, k

a constant depending on the waveiehgth of liiieht th ‘the prop-
erties of the material used, and the. thickness of the model
in the direction of propogation of the light. At

k ERl s by . Sl
p FO ikl L —M h P
c .01, = knp .= 5% -
et . 2
LR R
'o-1~B b ‘kvnB .=> —_c;—“ LT e
X e i b 21 : A

Solving these simuifanédusly.fdf Mé gives,

: a4

: St e g R ; '
'Mc=—Ehl—c(nT—-nB) (14)
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If the loading of the beam 1s such that the bending
moment is known from pringiples of statics, equation (14)
may be used to determine k.  In many tests the ratio M, ,/M,

is the desired variable, From equation (14) this is:
; Dz
M (IIT - nB/

P=

= ' - (15)
.M‘c (‘nT '- nB)P '

O

In table 1 are recorded tnfa fringe order differences
(ng -'nr) for all preliminary tests run. Also in table I

are given values of oc/dc ‘These were obtained by divid-
ing (nB - nT), for .the test with no ‘axial . .ldgdyby “‘the
values of (nB - nT) obtained on each of the other tests of

the same model witn varying valles of the a31a1 Yoadi =E2.
For Models 1.to 6 .the +heoretical .eritical loads are
Pap = mn® I/?,*‘j These were .computed and entered in table 18

For the tanereﬂ Models 7 to 11, the critical loads were com-
puted by interpolating the -tadles given by Timoshenko in
reference 2, page 128. These also are listed in table I.

"In figures 8, 9, and 10 are plotted the results of

tests on Models 1 to 11. Taired curves were drawn through
the .experimentally. determined voints and terminated at the
computed values of. - Pow. ..an inspection of these curves

shows that p01n s. do not«lie on the faired curves within' the
limits of error in the determination of moments from the
photoelastic fringe patterns. The scattering of these points
was believed to be dme to, friction in the end: supports.

An examination of these curves also shows considerable
variation from the straight=line plots that were expected
from theoretical considerations. The curvature of these
plots was believed to be due to eccentricities in the appli-
cation of the end loadg; To cheek this, the following ap-
proximate analysis of the effect of eccentricities was made.

Approximate Theoretical .-Analvsis of Zffect

of Eccentricities and End Couples

If eccentricities existed on lModels 1 to 11, it was
known that these were small, The exact amount of these
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eccentricities could not be determined accurately by measure-
ment. Therefore, the following approximate analysis was made
to attempt to evaluate these eccentricities from the test
resulte.

Timoshenko (reference 2, p. 82) has pointed out that a
Fourier series may be used to represent accurately the de-
flection curve of a beam column. He also shows that, if
only the first term of the series is used, the deflection
curve, for many types of beams, is represented within re-
quired engineering accuracy. In figure 11 the notation is
defined. Then, let

y = -a, 31n'%§_ P ' (16)

where -a; 1s the deflection at a‘point‘ﬁidway between the

points of inflection. The bending moment M, &t any point
£ g At ‘ :
5 e o =M . 2
N =21 &Y o1 ZI a, sin = (17
ax* 1 : l

In general, AL may be a function of x. Let (mI)eff

be a constant which may be substituted in (17)7 %o give the 7
same value of the ceritical load that will be obtained if
the actual variation of EI is used. ZEquation (17) then
becomes: : TR - !

2 .
we(BI) X :
N = —ee——sgzz a, sin — (17a)
1 1

The term (EI)eff _gill not be the average KEI for the beam
column. It is a value which will SatiSfy the . equation
TT (ET)eff ’ "- ¢ e

Zq“ﬁﬂ:??

Pcr =

It may be coneidered to be the stiffnesis of a hypothetical
uniform beam column haV1nv the sane b;ckling load as the
actual beam column under consideration.
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Referring to figure 11, write the bending moment at any
podmtT "% ‘

| '| i i
MaM, +|M, -~ Ply, + 51)J (E...i...i)
i i

+ M- plra s 0 | (BEE)ry e

Consider conditions at the point: midway between the points
of inflection, at x/1 = 1/2. If the bending moment at this
point is designated as Mc' and the portion of the bending
moment due only to the lateral loads gq(x) as My,, then

equating (17a) and (18) gives

s l
My, +{ RS Pl 4 01) (L ab \ +I—M;3 - P(yz + 83)]@. i

ar S )

(19)
i (wI)of; e B
12
and
f, =0 a8 £l

Mg = 5 ? 7 {Moc i [Ml - P(y, + 51)] g ol

+ [Ma & P(y2 + 63)1 &+ __>} (20)
where

B =’Ef£§El£ii (21)

12

For certain loading conditions, equation (20) may be
greatly .simplified. Consider, for instance, the following
example: Beam column with pin ends, no end couples. For
this case, l'=L, and M, = My = §; =83 =a =1b =0,
Then equation (20) becomes:

CRPNER Y [Moc - P Z;~1_2g>]
p-P - 2

or
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M - P ‘ ; . oy -
‘MOC‘___.“.* ?l_v';‘ - ( e ) = E. . (22)
c Ply, + ¥> ] [
BLitgly s B gl = = 5o
’, 2M°_° PR A
" where )
A e-=.B(y1 * ya) (23)
oy EMOC
Let o = P/B; then equation (22) becomes,
Pog 0 0 @ | (24)
Mq 1 - ae

bquatlon (”f) indicates severél igtereﬁtihg.results:

"1, If the ecéentricities Yia dnd Aé( are zero, then
€= 0. .and Moc/Mc versus P should plot as a: ~gtraight

2. The greater the value of the jmoment. . Mpgs ~due to the
lateral loading, the less the ratio £, : and tbe less Wl L be
theyeffect ol any eccentr1citv on the(resu1t® i

o LA Ssas sl : |

3. If the nlot of Mgye/Me versﬁe e 2w no* a straight
line, however, the experimental - curve’ hay be’ analvzed to'de~
termine thé amount of eccentricity presedt during the test.

+ =

zif«_iﬁ is denoted by Vav:
R 8 e

equation €22) may Ve wrltten in the form.

If the averacze eccentricity

20 i ; g T
Yoo ® ’Qg___ﬁc S NGRS, 7
oy E § o BRSNS el 10 gl
The test results give values of M., and M, for various

loads P, Consequently, the experimental results may be
substituted in equation (25) and B and computed.

For instance,

yav
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Let M
e,

2M

Mo

oe’

NACA TN No. 1002

and P, ©be the corresponding axial load

= 4M,,, and Py be the corresponding axial load

Substituting these in equation (25) and solving the result-

ing equations

and

Critical
equation (26).
faired curves
shown results
tests on Model
from equation
values.

simultaneously, gives:

2P . P
B = _i_k_i_ (26)
8P, - B,
2N
& ocC ocC
Faded 7 & + : (27)
1l

loads for Models 1 to 11 were computed from
Values of P; and Pz were taken from the

of figures 8, 9, and 10, In table II are

of these computations. With the exception of

s 1 and 2 the values of critical loads obtained

(26) are in good agreement with the theoretical

The calculated values of the eccentricities, obtained

from equation

(27), indicate that relatively small errors in

model construction will acecount for rather large variations
from straight-line plots shown in figures 8, 9, and 10.
From this analysis of the results obtained in the preliminary

tests, several

tentative conclusions were drawn in regard to

the best test procedure.

2
EI
1. The factor e = m( )eff Ya¥ ghould be as small

as possible to

done by using rather large lateral loads.which make M

oc
avoid effects of eccentricities. This may be

oc .

large, or by keeping the eccentricity y,, as small as
possible, -
2, Since any error in M will appear in all points,

ocC
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the fringe values for the loading conditions with no axial
load should te determined ta a high degree of accuracy.

Less possibility for errors w1l] exist in the determination
of My, if the fringe order difference (ap - ng) for this

copdition is in the order of 8 to 10 fringes.

3. The model should be loaded with axial loads up to an
amount producing M, = 4M,. (approximately). -This will
assure a more accurate determination- of ‘values 'Py‘-and P,

for use in equation (26), and consequently a more accurate
determination of B. :

4. At a monment M, = 4M,, the stress ¢ = ~P/A - M;h/21
in the model should not exceed the elastic limit of the model

material,
5. The pin-end connections should be in good bearings to

prevent -the effect of the formation of a friection couple at
the pins. Pin:friction will have the effect of giving an

effective incredse in the fixity coefficient.
TESTS TO CHECK CONCLUSIONS BASZD ON RESULTS
75 L OF PRELIMINARY EXPERIMENTS .

Beam Columns with E¢Centricitiesv

" Models and Tests

:Models 13,:14,-15, and 16 were coﬁstruéfed'ésﬂéhown in

'figures 1, 12, 123, and 14. During tests the effect of fric-

tion in the pin ends was eliminated as nuch as possible by
vibrat1ng theiloading frame before taking nhouosraphs of the
fringe pattern. Results of tests ‘are given 1n tabLes LT
‘and IV and.on figures~15;'186, and 17

Figure 15 indicates that experimental results on Model
13 is.ip good agreemént with the theoretical value given by
equation(22) for ‘e = 0. This shows also that the choice
of the original value of My, does not affect the plot of
Moc/Mo prdvidéd'the values of M,, are largs enough to
produce sufficient fringes for sccurate determination of

np - RB.
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Figures 16 and 17 show the comparison of. experi-
mental- values rof" OC/N for Models 14,. 15, and 16 with

valugs®'computed from ecquation (24), Values: of' e on this
curve were computed from megagured valuec of ¥, Bds Fo.
Table V givets values used for plots of solid lines on
figures 16 and: 17,

~Table VI gives' values of Pcr and  y,o . obtained by
substitution of exPerimentally Hotermined values of Noc/Mo
in equation (25), Thesse nay be. ompared to the theoretical
MRl

values of P,p =
the models, 1

and the measured eccentfic1ties on

<

. B

Conclusions

. 1, For beam columns w1th constant + BI - ‘and with pin
ends, the use of equation ,5) for extrapolating experi--
mental ‘results appear to give good accurqcy. :

2, Range of |1 C/N nluos fr o 1 0 to approximately
0,25 shonld be co vergd by the tests

& It is noct necassary to have zero eccentricity of
the end load, Results. can be annlyzed by use of equation
(26) to flnd the eccentricity present in the test, If
values of M ./Mc. are then desired for other eccentricities,
these may be obtained by use of equation (25) for any other
arbitrary eccentricity, : .

4, Eccentricities will have no effect on the critiical
load, but may he © very slargée effect ontthe bending moments
at v*lues “af ax1a1 load :legs «tHan.the ‘¢ritical-load, If .
the bendlng stresses in. the bean redch thé® yield stress at
values of P . less than the critical load the allowable value
of the ‘axial. 1oad P will be very greatly affected by small
variations in eCcentrlclty,

.5, On the model the lateral 'load should be ‘'sufficient.
to glve values of Vo which are capable of_accurate de—
termination exPerimnntally. This méaﬁs-fhaf jﬁT ~%ﬂ3

should be at lexst 6y
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TESTS OF CIRCULAR RING MODKLS

Purpose

The purpose of this series of tests was to give an ex-

le of the use of the basic similarity equations, (4) and
g and to determine whetlher continuous rings are struc-
tures in which the assumption of linsearity of bending mo-

ment with load is appiicable., The bending moment, on a ring.

loaded with a diametrlcal load P, 1is usually .taken as :

(reference 5):

M = PR <0.3183 " % sin e:> “ (28)

where 6 1is the angle measured from a loaded diameter. At

6 = £90° = Ig, this gives:

Jedinga
L3 o o aaey
PR

This formula 1ndicate no variation of moment with yva-
riation in the ratio R*/I or with variatiom in the BER®/P
ratio. However, if the deflection of the ring has any ef-
fect on the bending moment, . one or both of these ratios. may
be sigdificant. If the ratio ERE/P is aignificant g i
variation in n/z/PR would bé. expected with variations in

that parameter. If the moment of- inertia of the ring is im-
portant, a variation in 1_’/B/J:”R with- R*/I- would be ex-

pected. Tor the circular ring as loaded here, other ratios
as specified in equation (5) are satisfied with the excep-
tion of p, which is not significant in this problem.

Models, Tests, znd Computations
Three circular ring models were constructed to dimen-

sions shown in figure 18. These were cut from a sheet of
pokished and annealed Bakelite BT 61-893, 0.278 inch thick.
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In table VII are listed tests run on the circular ring :
models, The average radiug nf the ring 1is denoted by R,
Figure 19 shows a typical fringe photograph of a loaded ring,

The test covered a ‘renge of ERZ/P from O, 71x10° to
12,.60%x10° and a range of 34/1 from 2. gox10% e 82,2x10¢ ,

Bending moments in circular rings may be computed with
fair accuragy by using -the same methods as discussed for
straight beams, Since, however, the bending stress is not
dietrlbutpd linesrly in curvcd beams the maximum bending
moments ‘at the point 0 = +90° were computed, for greater
accuracy, as follows: ‘

1, The distance from the edge of the ringe to each

fringe was measured on the fringe photograph, These messure—

ments were then adjusted to model scale, Measurements were

made f or both § =+90° and —90°, Distances to fringes were
averaged et these two stations, The fringe order was'blotted .
versus the average distance from the edge of the model, A

typical plot for Model 17 under a 25-pound load is shown in

figure 20, The values are recorded in table VIII, ¢

2, By planimeter integration of the area under the plot
of n versus distance from- edge of model the aversage fringe
crder for the beam was computed, The utral axls was then
the point at which the average fringe order was equal to the
fringe order of the curve of n versus distsnce from edge
of Lodel g b REEE T

B, At various distances y from the neutral axis,
the fringe orders were ueasured, In table IX are shown
these values for Mocdel 17 under 25-pcund locad, Values of
¥y then were multiplied by fringe o6rder- un,  The product
ny then was plotted,  Figure 2] shows the plot':for’ Model 17,
load 25 pounds The area under the curve of: 'hy versus 'y
then was measured, This is designated os. S, 7%

4,-. The'ben@ing monent across the.section under con=
sideratiocn may be'written as,

h'a

'.IO - .
Mo /o =‘~-./ i e . (29)

|
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where
& normal stress on section
y distance froi: neutral axis
b thickness of ring
Fo i Adistance from ‘neutral axls to outér- edgé of ring
yi[ii_d1stance frOL neutral axis to 1nner_edge of ring
g S Ffom~equat10n (13) since o_ = 0,0, =%kn, eqidtioci’
(29) becomes . 4 , b ‘ e al
- yo 4
Vx n
d ; < Aﬂ/z = - kb‘/ ny dy 3
I
o B MR
R a PR e S K
_sPhereforej . ... o i _ 27 .
o Jl. - & " y ’ o 4 - ¢ >
Mp/ ==k b S (20)

For .morerdetailed discussion of this method of deter—
mining bending mowents, see reference 5,

Results

QIn tabierIf'fhe values of Mn/‘/PR are flven 350150 all

<
toﬁts ; An'cxam uatlon of thcse results shows that fon Nodel

i the results are very nearly those given by egquation (38)
For queré'ls_aad'lg, however, the va 1uns (AL /PR. are,

.somewhat hlghef In figure 22 sre plotted average valubs of
/PR versus . ER” /P for constant values of thp ratio
/ .

s X

: R /I it These curves show no significant varlatlon with ER /P.
The variation that is shown is within experimental limits of

accuracy, The curve of M , /PR versus R4/I, however,
™
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indicates an increase in the bending moment with an increase

in R*/I. At low values of the ratio R*/I the value of

M/ /PR checks almost exactly the value given by equation (28),
2

Conclusions

The photoelastic results show that the bending moments

on circular rings are a function of the ratio BB, 1% s
recommended that models of bulkhead rings and other similar

structures be constructed sco that the ratio,, R4/I is the

same on the model and full—scale strueture, It also would

be well to test the model at the same ratio of ER®/P on the
model as for the full—scale structure if this-is convenient,

Even though little variation with ERE/P was shown 1in tests,
it may be that at other values of the ratio, or for other
types of lcading, this would be significant,

The photoelastic tests of these rings indicate that
formulas in use for the calculation of bending moments in
edreular rings are in errgr ifer rings of large R4/I ratios,
Furthermore these errors lead to nonconservative values,

ANALYSIS'OF STATICALLY INDETERMINATE FRAME
Purpose

In stetically indeterminate structures, the loads and
bending moments in various membeérs of the.strumeture are func-—
tions of the relative stiffnesses of the members, If all
members are loaded with axial loads thet are small com—-
pared to their critical buckling loads, the analysis.of.. the
structure may be accomplished analytically by several .
commonly used meth'ode, In structures where one or morée of
the members is loaded with an axial,6 load approaching its
critical load, diffitulties in the analysis occur due to the
variation in the effeétive stiffness which takes place 1n
the axially loaded member as it approaches its critical load,
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i

The photoelastic mefhod'is useful in amalyzing such a struc-—
ture, provided the model is constructed and loaded as speci-
fied by the similarity principles previously discussged,

The information desired for the stress analysisiof the
structures is as follows: . &

1, The total load at which buckling of the cqlumﬁ;memf
ber occurs ' i

2. The bending moment at every point in the structure
w3.. v The axfai loads in all members of the structure
4, The gshesr in the members

If this information is obtained, unit stresses in the full-—
scale structure may be computed,

If it were not for the effect of variation.of effective
stiffness in the column member as its load is. increased, the
internal forces, reactions, bending noments, and so forth,
would be linear functions ¢f the external loads and these
could be obtained for any converiient value of the applied
load, say P,, The corresponding mouments, internal forces,
and 'so forth, in the various menbers could then be found at
‘any load P, . by multiplying observed values at any load
B iby Bhe ratita of PP, : :

When, however, one member of the structure is stressed
by an axial load approaching its owh critical load, the dis—
tribution of the external loads among the members changes,
The stresses in the individual mewmbers are then ncot linear
functions of the external loads, In these structures the
load on the model must be selected sc that the internal load
distribution at a desired full—scale loading condition will
be obtainable from the model results, In a structure of this
type similarity conditions as specified in 'equaticn (8b) are

applicadle, sl

Model and Tests
To illustrate the use of the photoelastic method, two

models were constructed as shown in figure 23, ‘These were
constructed of polished and annealed Bakelite BT 61-893,




26 NACA TN No, 1002 -

Tests were started on Model 20, but the model failed
before tests were completed, The results of these tests
are nct reported, Tests on Model 21 were run as follows:

1, Fringe photographs of the central portion of the
vertical leg were taken with the load P on the frame: vary—
ing from 40 to 100 pounds, Fringe photographs are shown in
figure 24, ) :

2, Fringe photographs of the entire frame were taken
at a load P = 40 pounds., These are shown on figure 25,

3., Pringe photographs of the entire frame were taken
at a loed of P = 75 pounds. These are shown on figure 26,

Computations and Results

kg The fringe patterns of figure 24 were analyzed in a
mgnner-similar to that described for the beam—column models,
Bending moments at a point 3,80 inches from-.the pin point

in . the vertical member were determined, These are given in
table X,  .These moments correspond to the moment Mg in
equation (25),.

In order to analyze the results of this test, equation
(20) is rewritten to conform to the particular loading con—
dition on this.model, If the pin end of the vertical mem—
--ber is considered to be equivalent to the right end of the
span shown in figure 11, then,

-
M & oo [M) = P15, ]] e ~ -'1-1 (31)

where P! 1g the axfal load in the vegrtical member,




{equation (31) may be wrltten
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Let P! = ¢,F
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TR functlon f(P) is not in general “determinable
analytlcally, An examlnatlen of the physics of this ‘héw—
ever 1nd1caﬁes that this function cannot ‘be zero for any
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zero ‘The value of ;P; at this conditlon is then the Yalue
of the total load on the structure which will tend it g ‘pro—
duce an infinite bending moment, in the. vertlcal LlegrBhils
may be ‘ecalled the critical value of _P for the vertical
column, The critical value of P for a structure -of “this
typp way be interpreted as the total load on the structure

at which the buckled member .will carry ng additional axial

load even if P 1is further increased

P<12~£21> SR A

in fdgure 29, . is plotted against P,
Me

The curve through experimental points was extrapolated to
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A8 N

the point ———————= 0. Thig indicates that, at a

total lcad of 122 pounds, the vertical nmenber is essenti-
ally buckled, Since the structure is redundant, this does
ncet necessarily mean that this is the ultimate load on the
structure, It indicates, however, that any additional 1load
| will have to be carried entirely on the left support of. the
horizontal mewdber, Consequently, at loads above 122 pounds
the.bending mouents in the left portion of the ‘beam will in-
crease much more rapidly than at loads less than 122 pounds,

To obtain the bending moment at every section of the
structure at given loads full-scale, the equivalenmt lcads
are computed so that P/EL® for the model and the full-
scale structure are identical, For the tests of Model 21,
assuwe that these model loads have been determined to be
40%and 75 pounds,

The first step in the analysis was to determine the
fringe orders at various sections along the boundary of the
model, These were identified by observing the formation of
the fringes as the load was increased, These fringes were
recorded .on figures 25 and 28 and ifiitables X1 and XI¥,. At.
sections of meximum moment, it is!possible to plot fringe
order agwlnst depth of bean and to,use fajired values of’
fringe orders at the boundary, At sections where bending
moments are not maximum ;thls method igs not applicable,
Good results can be obtained howevenr, by wsing "the esti-
mated values:'of fringe orders at the outer boundaries and
‘ then determining the bending moments from equation (14), ) |
‘ This was done at various sections of the horizontal and ' |
\ vertical members- of Model 21 for loads of both 40 and 75 .

pounds, These bending moments are plectted also on figures. '
25 and 26, -The shear forces in the members may be obtained
by measurement of the slopes of the moment curves,

| The axial loads in the members may be obtained by
| taking the avernge fringe order acrcss the section, The
\ axial load is then given by: , . : o

! = K 5 )
Paxial kong,th
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where t is the thicknegyg and: ~-h » the width of the cross
section, The accuracy of deternination of ngv - is poor

if the average fringe .order .is ,smgll, Usually, haowever, a
relatively large error in this ax1al load does nct affect
the combined stress, . . - ST

v

! Mh
O = Ogy 7 == S AN
il

to any great extent, If cé;,;fs %ﬁrge thén it may be
determined with preatnr accurqcy since the average fringe
order will be larger,

In the model tested, the axial locad in the column is
due to shear carried in the beam, At the 40-pound external
load the axial load in .the column obtained by considering
the shear in the right—hand pcrtion of the beam was found
to be approximately 18,0 pocunds,. At the 75-pound external
load the load carried by the column was. found to be approxi-
mately 34.0 pounds, It is seen that the four .desired items
of information for the full—sc .le structure are obtainable,

In beam—column structures, particularly when the beam—
column member is redundant, it is very difficult, by usual
methods, to determine allowable loads, In structurcs w1th
linear behavior, if a factor of safety on the ultimate unit
stress of 2,0 is desired, ‘it is necessary merely to determine
the external 1load plving a unit stress equal to one-half of
the ultimate stress for the material and to consider this
the design load,  In. beam—column structures, however, ex—
ternal loads whlch produce bendin stresses equal to one—
half the allowable stresses actuallv may be loads very near
the external load at which the structure will fail by buck—
ling, Also as axial- loads in beam—column members approach
critical values, the bending moments increase much more

rapidly than the lcad,  Hence ultinate stresses may be
resched at external loads very little greater than those
producing only onc—half the ultimate stress at the most highly
stressed section of the beam column, In the case of long
columns, of course, loads Jjust slightly less than the criti-
cal may produce stresses only a small fraction of the ulti-
mate stress, Tests of photoelastic models may be used to
indicate the stress conditicns at various loads, and an accu—
rate determination of the allowable loads for the full-scale
structure may be made, '
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CONCLUSIONS

By intelligent application of the similarity princi-
ples given, photoelastic models nay be ccn 1strugted to repre—
sent many types of- structures that cannot be. reaully analyzed’
by analytical methods, These include:

1., Beam columns of varying EI

2, Structures in which deformations are large enough
so that their effect on stress distribution is
not negligivtle (such as flexible circular rings)

3, Statically indeterminate structures in which in—
ternal forces, woments, and so forth, are not
linear functions of the external loads

Phe examples given indicate that the tnchnlqhes of test
and methuds nf anelysis used give accurate values. of éritical
loads, bending mouments, and so forth, for ths phot061° tie
r’ﬂeIS.' CorrPSpﬁndlng full-scale vnlues Lay. .be accurately
obtained if 31m11ar1ty principles hpve t:enfdfpll“ﬂ nroperly,
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Tests and Results on Models No, 1 to 11

TABIE T

31

— 9]
Photo | Model | Test P Q ngn,, Tl
No e No ° No ° Mc er
1-B ] 2 0 26,15 8456 1,000 -.{ .1200
2 5 | 3 0 52430 15,90 1,000 1200
3 3 1 75 52430 17.88 «890 1200
4 5 | :§ 150 52,30 19.60 .812 1200
5 1 q 225 52,30 21,38 24 | 1200
6 1 1 275 52,30 22,50 <207 | 1200
9 3 1 300 52,30 23,20 «685 1200
g 2 1 ) 26,15 | 10.86 1,000 835
9 2 1 75 26415 12,70 «855 835
10 2 3 150 26415 14.52 o748 835
i 2 3 225 26,15 16,70 o651 835
12 2 1 200 26,15 16,10 «674 835
13 2 1 225 26,15 16,70 <651 835
1% 3 1 0 20,92 3170 1,000 530
15 3 1 75 20,92 14.58 .803 530
16 3 1 150 20,92 16,60 .785 530
17 3 1 225 20,92 19,60 «596 530
18 3 1 275 20.92 23,38 «501 530
19 3 1 300 20.92 26,50 o442 530
20 % ;| 0 12,55 9.90 1,000 294
21 % 1 50 12,55 13,25 o TAd 294,
22 2 1 100 12,55 16.34 «606 294
23 4 i 125 12.55 18,50 «535 294
24 4 1 150 12,55 21.30 465 294,
25 L 1 175 12.55 25,48 «389 294
26 5 : | 0 732 9.30 1,000 146
27 5 i 25 7432 11,34 «820 146
28 5 1 50 7.32 14.10 «659 146
29 5 i 75 .32 19,02 488 146
30 5 1 90 7:32 24,420 «384 146
31 5 ;' 100 i 29,28 317 146
32 6 | 0 2,09 5.80 1,000 4547
33 6 1 10 2.09 7,00 o828 | 45:7
34 6 1 15 2,09 8,20 STOT 7 [t 8.T
35 6 1 20 2,09 9.80 «592 4567
36 6 i 25 2.09 11,30 «513 45.7
37 6 1 30 2.09 15,20 .381 457
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Tests and Results on Models No. 1 to 11

TABIE I (Cont'd)

NACA TN No. 1002

= y
Proto | Model | Test P Q ng- ng o - pUSEE
No. No. No. Mé cr
38 6 1 0 4,18 | 12430 1,000 45.7
39 6 1 10 e | R VI <192 45e7
40 6 1 20 4,18 | 18:50 «612 4567
43 6 3 25 4.18 | 25.80 o438 | 45.7
42 6 3 30 4618 32,90 «343 45.7
43 7 2 0 26,15 10.24 1,000 401
YA / 2 75 26,15 12,30 »832 401
45 7 2 150 26,15 16,00 «640 401
46 y 2 225 26,15 19.59 0523 401
47 7 2 275 26,15 23.00 o4h5 401
48 7 2 300 26,15 25,58 o401 401
49 8 2 0 15,70 8.88 1.000 309
50 8 2 100 15.70 12,34 720 309
51 8 2 175 15.70 16.16 550 309
52 8 2 200 15.70 18.84 o472 309
53 8 2 225 15,70 23,56 o377 309
54 8 2 250 15,70 | 33.20 .268 309
55 9 2 0 12,55 954 1,000 216
56 9 2 50 12.55 12,68 752 216
57 9 - 18 100 12.55 16,70 <570 216
58 9 2 125 12,55 20,38 468 216
59 9 2 150 12,55 26,30 +362 216
60 9 2 175 12.55 41.00 « 232 216
61 10 2 0 8,37 ] 10.65 1,000 123
62 10 2 15 8,37 | 12+25 .869 123
63 10 2 25 8.37 | 13.05 815 123
64 10 ) 50 8,37 16,15 +659 123
65 10 2 75 8637 22.45 WA/A 123
66 10 2 100 8.37 | 44440 0239 123
67 1 2 0 4,38 10, 50 1,000 45.7
68 1 2 10 4.18 14.00 750 45.7
69 11 2 20 2,38 138540 «572 45.7
70 31 2 25 418 24435 o432 4547
7K 11 2 30 4elB 31.50 0333 4567
72 11 2 35 k18 ] 43:25 0243 45.7

°By interpolation of tables in reference (2).




TABIE II

Analysis of Eccentricities and Critical Load

-
M paT| : >
o = . oc oc 4+ | % error o
Model Py P, 2P P, 3P | 3PP, |B=P . Q Mo B _Pcr - o8 P_ $
i %75 805 | 765000 | 1425 620 | 1232 | 52.30 | 78.50 | -0.1651 |0.1102 |-0.0549 | 2.9 =2
2 330 563 | 371000 990 427 875 | 26,15 39,20 | = ,1187 | .0895 |- .0292 4e8 =
3 265 400 | 212000 795 395 536 20,92 31,40 |- .1182 | 1171 |- ,0011 1.2 o
4 134 213 57100 402 189 302 | 12,55 18,80 | = 41402 | 1245 |- 0157 2,8
5 7 109 | 15920 219 110 15 7,32 | 11,00 |-.1503 | 1518 | 0011 | - .9 o
6 23 3448 1602 69 3442 46.8 4.18 6,27 | = 42720 | .2680 «0040 2.4
7 252 338 | 170200 756 418 407 26015 39,20 | = 1558 | .1922 00434 1.6
8 190 257 | 97700 570 313 312 | 15,7 23,60 | - 41240 | ,1510 | .0270 1,0
10 0 99,0 | 133280 210 111 125 8.37 12,55 | = ,1792 | ,2008 | ..0216 3%
N | 23.0 | 345 | 1585 69 305 | 4s.8 | %48 6427 | = 42730 | 42740 |- 40010 o2
om Equation 26 i §
+From Equation 27
TABLE III
Results of Tests on Model 13
- []
 Photo | Model | Test P Q n - n, Ty
No. No. No. Mc cr
73 13 3 0 3514 5450 1.000 98,2
% 13 3 30 3.14 7.92 «695 98,2
75 13 3 50 3.14 11.10 «496 98,2
76 13 3 60 3.14 13.78 «399 9862
77 13 3 70 3.1 | 18,06 305 98,2
78 13 3 75 a4 | 2202 0249 98,2
79 13 3 0 6.28 | 11,00 1.000 98,2
80 23 3 30 6028 | 15.75 .698 98,2
81 13 3 50 6428 | 22.42 «490 98,2
82 13 3 60 6,28 29,00 «379 98.2
83 13 3 70 6,28 | 38,50 +286 98.2
8l 13 3 75 6.28 | 45.50 o242 98,2
g5 13 3 0 9.41 | 16,50 1,000 98,2
86 13 B 30 9e41 23.75 694 98.2
87 13 3 50 9.41 | 33.80 .488 98.2
88 13 3 60 9.41 | 42.50 388 98,2
89 13 3 70 9.41 | 54410 +305 98,2 o
O p = “2_21.
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TABIE IV
Tests and Results on Models 14, 15, 16
M
Photo Model P Q np- 0, i <A 1170 P ‘
e Per caig
yav= - 0.100", 8 = = 3021
90 14 0 15,69 9.29 1.000 0
91 14 125 15,69 16.95 « 548 <167
92 1; 225 15.69 26,00 s 5l «301
93 14 345 15.69 38,95 «239 o435
ya = 0.100", e = 3,21
94 14 0 15.69 8440 1.000 0
95 14 125 15,69 540 1.556 167
96 14 225 15,69 1.70 4e941 «301
97 14 450 15069 "'15.20 e 0553 0602
Yai™ 2 0.046%, e = = 1,29
98 15 0 10.46 8.85 1,000 0
99 15 100 10.46 1ie55 .608 0225
100 15 175 10,46 ‘21.70 «£408 394
101 15 275 10,46 38,80 0228 o
yav= 0.046", e = 1029
102 15 0 Hosie. | Bust 1.000 0
103 15 100 10.46 7.78 1,102 «225
104 15 200 10,46 7646 1.148 o451
105 15 300 10.46 5.95 1.440 675
yav= o 00005", e = = 0,11
106 16 0 Fe 32 8.97 1.000 0
107 16 60 732 12.04 o745 o251
108 16 100 732 15.42 «582 0418
109 16 160 732 27453 00326 <669
Vo™ 0,005%, e = 0,11
110 16 0 7.32 G.28 1.000 0
111 16 75 732 14,05 660 «313
112 16 125 7032 18,92 490 522
113 16 175 732 32,08 289 o732
°p pcale S



NACA TN No. 1003 TABLE V 35
M
,ooe 1 =d
Values from; Mc iids E T
L M:‘O C/MC MOc/Mt': MOC/MC MO C/Hc MO c/Mc MO c/Mc
e = -3.21 e = 3.21 e = "1.29 e = 1.29 e = "Ooll e = 001.1
00 1,000 1.00 1.000 1,000 1.000 1.000
.05 0820 1.13 «892 1.015 0945 «955
1O «682 132 797 1.032 »889 910
15 «575 1.63 0712 1.053 «836 <864
20 «488 ReR2 «637 1.078 «782 .818
025 o416 3.75 «565 1.123 «730 8o -
«30 e 3511 17,50 <505 1,142 678 o724
035 0307 ) 5041 04-4.’7 1.185 0627 0675
«40 «263 - 2,14 «396 1.241 o574 628
045 0225 - 1025 .347 10312 0523 0578
° 50 0192 b 83 0304 10408 0473 ° 529
° 55 0163 e 59 0263 1'0 543 04-23 04%
060 0137 s 043 0225 10771 0375 0428
065 om - .32 0191 20160 .326 .377
070 .093 - 024 0157 3.090 0279 0325
075 1073 bz 018 0127 7- 590 0231 0273
.80 0056 - .13 0098 ‘6.140 .183 0219
085 .040 - .09 .072 "10 550 .137 0165
290 .026 - 05 L 046 - 620 091 11l
95 016 - L,02 «023 - 220 «045 «056
1.00 000 .00 000 .000 »000 .000
TABLE VI
Values of Pcr and A0 Obtained from Tests
on Models 14, 15, and 16
Model| Measured Experimental| Load P °P i 4 P
cr av cr
e Eccen?ricity Mbc/mé 40 1b ine Theoretical
Yo inches
14 = 0,100 0,357 225 770 ~ 0,102 748
A - 0,100 «239 325
14, 0,100 44941 225 L
3/ 0.100 - .553 450 45 0.090 748
15 - 0,046 0,408 175
e R .228 275 w0 Oy0 0 445
Al 0,046 1.148 200
15 0.046 1.440 300 468 QsEs0 445
16 - 0,005 0.582 100
B % 0,005 .326 160 236 = 239
16 0,005 0,490 425
16 0.005 .289 175 247 - 0,001 239

®Obtained by substitution of load P and experimental Mbc/ME in Equation 25.




26 TABLE VII NACA TN No. 1002
Circular Ring Tests
Photo | Model Test | Toad | o | pp | M s M | g 4
No. Noe No. PR P B
14 | 17 | 7 [12.5] 2.30 | 28.8 |- 5.24 |0.182 | 2.82%10° | 2.99=10%
115 | 17 | 7 | 25.0 | 2.30 | 57.5 |-10.62 |- .18 | 1.41%10° | 2.99x 10%
16 | 17 | 7 |37.5{ 2.30 | 26.3 |-15.79 |- .183 | .94%10° | 2.99%10%
117 | 17 | 7 | 50.0| 2.30 | 115.0 |-20.58 |- 180 | .7%10° | 2.99%x10%
118 | 18 | 7 | 5.0 2.35 | 11.8 |=2.33 |- .198 | 7.36x10° | 7.93%10%
199 | 18 7 120,00 | 235 | 23¢5 |= 4035 |- .185 | 3.68%10° | 7.93%x10%
120 | 18 | 7 13,0 | 2.35 | 3046 |- 5.86 |- 192 | 2.84%10° | 7.93% 10%
121 | 18 | 7 |16.0| 2.35 | 37.6 |- 7.21 |- .192 | 2.30%10° | 7.93%10%
122 | 18 7 118.0 | 235 | 42.3 |= 7.90 |- 187 | 2.05%10° | 7.93% 10*
123 | 18 | 7 | 20,0 | 2.35 | 47.0 |- 8.8 |- .188 | 1.84%10° | 7.93%x10%
124 | 18 | 7 | 23.0| 2.35 | 540 |<10.10 |- 0127 | 1.60%10° | 7.93%10%
125 | 18 7 1 25,0 | 2.35 | 58,7 |<10.91 |- +186 | 1.47%10° | 7.93%10%
126 | 19 | 7 | 3.0 2.38 | 7.15|- 1.485|- .208 |12.60%10° |22,20% 10%
127 | 19 | 7| 6.0 2.38 | 14.30|- 2.880|- 202 | 6.30X%10° |22.20%10%
128 | 19 | 7 | 9.0 2.38 | 21.40|- 4.350|= 4203 | 4.20%10° |22.20x10%
129 | 19 | 7 |10.5| 2.38 | 25.00|= 4.974 |- +199 | 3.60%10° |22.20%10%
130 | 19 7 1 12,0 | 2.38 | 28.55|- 5.700|~ +200 | 3.15%10° |22.20%10%
TABLE VITT
Fringe Measurements for Model 17, P = 25.0 1b
Fringe order Distance from outer Distance from outer
n edge of photograph edge of model. (Model
in inches scale). inches
© ==90° | @ =90° Average

4 0.035 0,025 0,030 0.041

3 .053 .055 .054 073

2 078 .083 080 ,108

1 104 107 .105 2142

0 127 132 129 17
- 1 0149 0155 0152 .205
ot 2 .170 .175 .173 0232
-3 .193 197 .195 263
o 4 .213 0216 .214. 0289
o 5 0231 0234 0232 .313
-6 248 252 +250 .338

In-ner Edge 0259 .259 0259 0350
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TABLE IX
Calculations for Model 17, lLoad = 25.0 1b
(Values of y and n from Figure 20)

Distance from Fringe Order
neutral axis n ny
y
0,183 5041 0990
.143 4.30 .615
0103 3.16 0326
«063 2,08 Skl
.023 75 «017
000 00 000
- 0037 ot 1025 .046
- 077 - 2,70 208
s 0117 -~ 4-15 0485
- 0157 = 5078 0908
reg 0167 o 6.20 10035
TABLE X

Bending Moments in Section 3,80 in. from Pin Joint
in Vertical Member of Model 21

(-]
Photo Model Test Load P(L,- h—:I-'-)
Noe. No. Noe. P uc _'_'2"_2"'
BBl
151 21 8 40 6.875 347
152 21 8 50 1.30% 291
153 21 8 €0 1.750 260
154 21 8 65 2,136 231
155 21 8 70 26410 220
156 21 8 75 26940 194
157 21 8 80 3.580 170
158 21 8 85 4e240 152
159 21 8 90 56440 126
160 21 8 95 6660 108
161 21 8 100 8,200 93

°p, £ 29 hl defined in Figure 23,
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TABIE XI

Bending Moments on Model 21, P = 40.0 1b

TN No.

1002

Horizontal Beam

Section Distance from e Bending
left support moment
a 0.00 ———— ——
b .30 11.2 - 20.80
c 62 7.5 - 13,95
d «93 3.5 - 6650
e 1.26 0.0 0.00
f lo 56 - 301 5.76
g 1.87 - 7.0 13.00
h 2,20 = 104 19.30
i 250 - 13.6 25,30
3 2.82 - 16.9 31,40
k 3,13 - 20,0 3720
9 3.46 - 16.0 29.80
m 3.75 - 1300 24.20
n 4407 - 9.9 18,40
(o] 4.38 - 6.6 12.30
P 4'69 = 306 6.%
a 5,28 e —
H
Vertical Colwumn
Section Distance from Np= Dp Bending
pin joint moment
qy 7487 — e
2 o 6. 55 002 - 00069
8 5.91 1.1 - 03'77
t 5030 2.0 - .685
u 4. 65 2.2 - 0755
v 4.05 109 - 0651
w 3641 1.6 -  +549
x 2.1 1.3 - o44b
- 2.15 1.0 - o343
14 1.54 09 - 00308
aa 090 06 - .206
bb «28 o e
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TABLE XII
Bending Moment on Model 21, P = 75.0 1lb

Horizontal Beam

Section Distance from n,- np Bending

left support moment

a 0,00 | 8 A e
b S 2362 = 43420
C 063 16.0 - 29.80
d «93 8.5 - 15,80
e 1.26 . 1‘0 o d 1086
f 1.56 - 502 9063
g 1.88 -12,5 23,20
h 2019 - 19.0 35040
i 2051 e 25.3 § 47000
j 2082 - 3307 62060
k 3.4 T ‘e
2 3:44 = 33.3 61.90
m 3075 - 2707 51050
n 4.06 ] 22.1 41.20
(o] 4.38 - 1509 29.60
P 4.70 - 10.0 18060
Ay 5028 e e

Vertical Column
Section Distance from Np= np Bending

pin joint moment

qv 7.86 - S ———
r 6e55 14 - 0448
s 5.9, 345 - 1.20
t 5631 569 - 2602
u 4068 704 - 2054
v 405 8e2 - 2,81
w 3643 8¢3 - 2.84
x 2.80 8.0 - 2.7
y 2.18 5.4 e 1085
z 1.55 be3 = lo47
aa 092 2.3 - 080
bb 029 e has .
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NACA TN No. 1002 ' Figs. 1,2

882"
0.33+ 8.00" -0.49"
PO SRy S GO R S
= 7]
—0173' D 0173' 0~ 0.278'{ |
MODEL NO. h BAKELITE BT 61-893
| 0796 USED FOR ALL MODELS
P 0705
3 0605
4 0498
5 0.396
6 0.268
13 0.346

Figure |.~ Dimensions of models |, 2, 3, 4,5, 6 and |3.

0.173' D 0.173" D~
i S e . G 2 L
— A e
35" 1.0" 3.5"
" r 1] LO ‘ L!
0.33"1 80 a9 Ll
MODEL NO. h a BAKELITE BT 61-893
7 0706" | 0290" USED FOR ALL MODELS
8 0618 | 0.285
9 0506 | 0.280
10 0403 | 0.280
I 0.268 | 0.268

Figure 2.- Dimensions of models 7,8,9,10 and |I.



R off ;
R St e P Vet
o i T i e -
¥ SR o e g

§1.4
AL

g um;‘x.'c}{ 3% I‘,’é 't«_gjg:w"{ﬁ‘ i._;4
6 - p

<

Wl
e

e




"ON NI VOVN

38-6-1-0-4.8

{00} 1

Figure 3.- Photograph of model 3 set up for test.

Figure 5.- Fringe photographs
for model 63 P = 0
t0 30 1b, @ =.4.18 Ib.
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NACA TN No. 1002 Figs. 4,6,7

Q Q
2 2
3.0" 20" 30"
e N
PIN JOINT ! PIN JOINT
80
Q Q
2 2
Figure 4.— Positions of load applications, models | fo I,

13 to I6.
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Figure 6.- Dimensions of tension test specimen, model
12,

Figure 7.— Mohr's circle of stress at section of maximum moment
in beam-column.
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Figs. 8,9

N
N + MODEL NO. I, Q=52.30
al . a9 © MODEL NO. 2,Q=26.15
e i a MODEL NO. 3,Q=20.92
ENE TN, 8 MODEL NO. 4,Q= 2 55
X e
06 N N
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Moc B
Me N N
04 ¥ ‘\
N u
\ \\ ]
a2 \ < il
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0 N\ N
0] 200 400 600 800 1000 1200
P
Figure 8.- Plots of Moc/Mc against P for models |, 2,3 aond 4.
1.0
AN
+ MODEL NO. 5, Q =7.32
MELY RN o MODEL NO. 6, Q =209
P8 s MODEL NO. 6, Q=4.18
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Figure ©.- Plots of M, /M. against P for models 5,6 and Il.
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Figs. 10,1 |

\\ P v MODEL

g

N =g
\‘\ i ad + MODEL NO. 7,Q=2615
08 \ £ \\ © MODEL NO. 8,Q=1570
i 4 s MODEL NO. 9,Q=1255
P o MODEL NO. 10,Q= 8.37

NO. 11,Q= 4.18

0.6\
k
|

i NEE N R
i
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\ \l N\ \
0 50 100 150 200 P 250 300 350 400
Figure 10.- Plot Moc/Mc against P for models 7, 8,9,10 and II.
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Ftgure 11.- Notation for beam-column span.
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Figs. 12,13,14

MODEL 14
/-o.|73“ D 173" D—\ i
N
v esmemmmaERE S g
=! T i lﬂ i ; 1
S ! 800" | S _{ l-osgz
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Figure 12.- Dimensions of model 14.
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Figure 13.- Dimensions of model 5.
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Figure 14.- Dimensions of model 16,
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Figure 15.- Plot of M,./M_ against P for model I3.

Figs.

(5,16

+ MODEL 14, e=-3.21
o MODEL 15, e=-1.29
Ao MODEL 16, €=-0.11
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Figure 16.- Plots of M,./M. against a for models 14,15 and 16 with negative eccentricities.
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Figure 17.- Plots of M, /M. against o for models 14,
15 and 16 with positive eccentricities.
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Figure 18.- Dimensions of circular ring models 17, 18

and I9.
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Figure 19.- Fringe photograph for model 17; P = @5 1b.
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Figure 20.- Plot of fringe order against distance from outer edge

of model at ©=*90° for model 17, P=25 Ib.
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Figure 2I.- Plot of ny against y for model 17, P =25 Ib.
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Figure 22.- Plots of

%4 x 1074

M/o/PR for circular ring models against
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Figure 23.- Dimensions of models 20 and 2I.

200l ON N1 VOWN

¢2'22 sbiy



= =
Voo i




NACA

TN No.

1002

151-21-8-40

e —

=50

~ 153-21-8-60

154-21+8-65

1I585-21=8=T70

T (BB g

161-21-8-100

Figure 24.- Fringe photographs of mid-section of

vertical member of model 21.
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Figure 25.- Fringe pattern and bending moment diagrams for model 2I,

P=40 Ib.
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Figure 26.- Fringe pattern and bending moment diagrams
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500
M = BENDING MOMENT IN VERTICAL
LEG OF MODEL 2! AT 380 FROM
PIN JOINT
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Figure 27.- Variation in bending moment, in vertical member of model 21, with load.
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