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A SEMI-GRAPHICAL METHOD FOR ANALYZING STRAINS MEASURED
ON THREE OR FOUR GAGE LINES INTERSECTING AT 45°

By E. N, Hill
I. INTRODUCTION

The determination of the state of stress at a polnt
in a plane, from strain measurements made on intersecting
gage lines, is not an exceptionally difficult prodlem,
the solution being based on the generally well—known bdi-
axlal relationships between stress and strain. In the
treatment of this problem, @8 in many others, there will
always be those who will employ the mathematical manipu-
lations in the reduction of the data, while others will
prefer a graphical method for accomplishing the same pur-
pose. The necessary mathematical manipulations and & sgim-
prlified tabular form for making the calculatlions have been
discussed by Professors Beggs and Timby (reference 1).
Osgood and Sturm (reference 2) have described the so-
called "dyadic circle" graphical method which they at-
tribute to Professor H. M. Westergaard, Both of these
methods have been in use at our laboratories for the past
elght years.

The method herein deseribed is essentially graphlcal,
but does require a2 small amount of arithmetical manipula-
tion. It is not, however, a combination of the two meth-
ods mentioned above, To the best of the writer's knowl-
sdge, thig treatment constitutes an entirely new procedure
for determining stresses from strains measursd on gage
lineg intersecting at 459, The method is thought to have
some advantages in simplicity and directness over both of
those previously mentloned.

The manner in whieh the method is to be used will
first bpe described, to be Ffollowed by & proof of 1%s valld-
ity. S
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II. DESCRIPTION OF THE METHOD FOR TEREE GAGE LINES

The method willl firgt be described as applicadble fo
the case of three gage lines intersecting at 45°. TFor the
purpose. of this description, a rogette will be considered
with gage lineg 1 and 3 mutually perpendicular, and gasge
line 2 bisecting the first and third quadrants, measuring
clockwige from gage line 1. The procedure to be followed
in applying the method is as follows:

1. Construect, on transgparent paper or cloth, a mas-
toer curve of the function f = cos 28, plotting values
of- £ as ordinates and © as abscissas. It is conven-
ient to have thls curve plotted for the region =-45°% < 8
< 135°, This magter curve becomes & plece of more or loss
permanent squipment, to be used each time the method is
apprlied to a set of sbrain data.

2. Divide the unit strainsg measured on the three
gage lines (e,, e,, and e,) by an adjustment factor K,

to be determined from the eguation

K = 0.707 /(e = 0,)" + (e, ~ &,)" (1)

3. Plot the adjusted strain readings, as ordinates,
preferably on cross—~section paper, .to the same scale as
used for f <valuesg on the master curve. The 8 values
(anzles between gage lines) are the abscissas. The cholce
of origin for thilg plot 1s immaterial, the important thilng
being the relative positions for the three gage lines.

4. Draw an auxiliary horizontal line representing
the average of the asdjusted strain values for gage llines
1 and 3. The ordinate, ¥y, for 'this line will be

e e
- i
K "k
4 2

5. Place the master curve over the plot, with its
horizontal axis coinciding with the auxiliary line of the
plot, and in such a location that the plotted points fall
on the magter curve.

6. The maximum and minimum pointe of the master
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curve, referred to the origin of the plot and its original
axls, indicate the directions of the principal strains,
and the magnitude of their adjusted values. To obtain the
true magnitudes of the principal strains, these wvalues
must be multliplied dy the adjustment factor, XK.

7e Having the magnitudes of the principal sitrains,
ep and eq> the principal stresses p &and q can read-
11y be determined from the biaxisl stress—strain relation-
shipsg, -

z .
P = 1o of (ep + weg) ) (2)
and
E
q = ———= (eq + hey) (3)
SEUENC IR P
where
B is modulus of elasticity, lb. per sq. in.
and

v, Poisson's ratio.

8, The maximum shearing stress (1), which occurs
on planes inclined at angles of 45° to the direction of
prrincipal stress, can readily be evaluated from the egqua-
tion,

- (@)

The varilous steps in the method can be followed in
figure 1. In this figure the master curve hasg been guper-
imposed on the plot with the proper axes coinciding and
in such a manner that the master curve pastes through the
plotted points.

It may be found more convenient to plot the strain
data on transparent paper and superimpose this plot on the
master curve. Obviously, the method would remain unchanged.
¢
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III. PROOF OF VALIDIT? OF THE METHOD

Conslder an elément in a plane subjected to the prin-
cipal stresses p and gq. Then the mutually normal
stresses corresponding to the position represented dy the
angle 6, meagured e¢lockwlise from the direction of p,
will be b C
og = P cos® 6 + g sin® § . (5)
and :

0g = p sin® 8 + g cos® 8 (6)

Making the following substitutions,

p = 1—%—;5 (ep + npegq) (2)
q.= I*%“;E (eq + ﬂep) (3)
and
og = z—%—ag (eg + pe fg) (7)
of = I—%—F (' + meg) (8)

Equations (5) and (6) become

n

eg + me'p (ep+peq) cos2 6 + (eq+pep) sin2 8 (5a)

..and

© e'g + ueg' .(ep+ueq) sin2 0 + (ed+uep) cos? 0 (6a)

Spolving these equations simultaneously for sg yields
- i n2 )
eg = ey cos® 6 + ey sin® 6 (9)
which by $trigonometric substitution can be redunced to

ey = % [(ep+eq) + (ep—eq) cos 29} {9a)
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This equation ig of- the form- '
eg = &4 +-B-cos 28 (9b)

where A and B are constants for any particular state
of stress.

' él.¥-é‘ ’ e. :¥e
P % ang B=--1"2g

The variation in eg can therefore be represen%e@ by &

curve of the form of the function £ = cos 28, the scale
depending on the constants 4 and B which are functions
of the measured strains. - =

_ The scale to which the cos 28 curve represents the
strains is involved in the adjustment factor X of equa-
tion (1). To derive this equation, consider the ordinate
of the cos 28 curve at an angle « to be & and at an
angle a + 45 to be b (see fig. 1), then :

- cos 20 = & ’ : (10)
and ' ' o o
~cos (2o + 90) = - s8in 2a =D - (11)
but _ _ e
sin® 2¢ = 1 = cos® 2a, also cos?® + sin® =1
"therefore p? =1 - a® . o (12)
but, from figure i,
: 8, _ &3 * .85 (13
a =~ 5% : (13)
and
e, + © e
= e W - 14
b 5% = (14)

Simplifying and substituting in equation (12), yields the
equation

\ ; a
(e, = 2e, + es)a =_4Ka ~ (e, =~ 93)
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which, when solved for K, ‘reduces to eguation (l):

k= L2 /7o = o P v (s, = o, (1)

IV. THE METHOD APPLIED TO POUR GAGE LINES

The advantage of the four gage line rosette (refer-
ence 2) lies largely in the automatic check provided on
the reliabillty of the strain measurements. OConsider a
fourth gage line (4) added to the three gage line rosette,
bigecting the second and fourth guadrants. The "balance"
of the rosette can be checked by the relation

91+es=ea+el4
If the rosette is in perfect balance, the state of stress
may be obtalined from any three consecutive gage lilnes
using the method as previously described. It is seldom,
however, that the readings on. a four gage line rosette
balance exactly. ZFailure %o balance by a considerabls
amount may mean thet the measurement on one of the gage
lines ig unreliable. Further study of the data may indi-
cate which of the gage lines is at fault, and this reading
can then be eliminated, leaving & three gage line rosette.

In general, however, failure of the readings on the
four gage lines to balance is by an amount consistent with
the limits of accuracy of the strain gage. In such cases,
all four readings may be used in determining the state of
stress, by applying the method as outlined above, but with
the following modifications. '

l. The adjustment factor, ¥, will be determined
from the equation

K = 0.707 J[fel - 9;) (o, = es) + (o, - es) (e1 - e4)

2. The ordinate, ¥y, for locating the auxiljary
line will %be
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3+ The master curve will be adjusted so as to best

fit the four points representing the plotted strains.

The merits of this method of reducing strain data can

best be Judged after the method has been applied Lto sev-—
ergl cases. It will be found that the form in which the
magnitudes and directlions of the principal straing are ob-
tained permitg of direct interpretation. After several
applications, the method can easily be followed from mem—

OrYe.

Aluminum Company of America,

Aluminum Repsearch Laboratories,
New Kensington, Penna., February 15, 1939.
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¥igure 1.- Semi-graphlcal method for analyzing straine on 3 gage lines intersecting at 45°
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