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TECHNICAL XNOTE' NO. 828

METHODS OF ANALYZING WIND-TUNNEL DATA
FOR DYNAMIC FLIGET CONDITIONS

-By C. J. Donlan and I. G. Recant
SUMMARY

The effects of power on the stability and the control
characteristics of an airplane are discussed and methods
of analysis are given for evaluating certain dynamic char-
acteristics of the airplane that are not directly discern-
ible from wind-tunnel tests alone. Data are rresented to
show how the characteristics of a model tested in & wind
tunnel are affected by power. .-

The response of an airplane to a rolling and a yawing
disturbance is discussed, particularly in regard to changes
in wing dihedral and fin area. Solutions of the lateral
equations of motion are given in a form suitable for direct
computations. An approximate formula is developed that
permits the rapid estimation of the accelerations produced
during pull-up maneuvers involving abrupt elevator deflec-
tions.

INTRODUCTION

Somé time ago, the NACA undertook an investigation to
determine the flying qualities of a ‘low-wing, pursuit mon-
oplane. "-This -airplane (fig. 1), like many of its type,
was found to possess several undesirabvle-flying character-
istics. Accordingly, & number of modifications to the
~airplane were recommended.” In order to study the effects
of the proposed modifications-and in order to investigate
the reliability of wind-tunnel:data for estimating the
behavior of the full-scale @irplane, a scale model of the
airplane, with and without the proposed modifications,
wvas tested in a2 wind tunnel.’ Tests were made with and
without the propeller operating :in order to study the ef- .
fect of power on the characteristics of the model.
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During the course of these wind-tunnel tests, several
interesting results were obtained concerning the effect's of
power on the cnaracteristics exhibited by the model. In
the evaluation of the data, certain methods of analysis
were employed that were found useful in estimating the
dynamic behavior of the airplane, particularly as regards
the effects of the proposed modifications. These subjects
are treated in the present paper. It is felt that this
.paper will serve as an aid to other wind-tunnel investiga-
tors seeking to evaluate the flight characteristics of an
airplane from wind-tunnel results.

The first portion of the paper is concerned with the
effect of power on certain of the wind-tunnel character-
istics exhibited by a model. Graphs are presented that
emphasize the importance of obtaining wind-tunnel data
with powered models. The second portion of the paper dis-
cusses the lateral motions of the airplane. Concrete ap-
plications are included showing how the’ solutlons to the
lateral equations of motion were used to estimate the
- change in dynamic flight characteristics likely to result
from the use of the recommended modifications to the air-
plane. Finally, the longitudinal motion of the airplane
is considered. An approximate formula is developed that
was found useful in estimating the accelerations and the
stick forces likely to develop in an alrplane during an
abrupt pull—up maneuver.

THE IMPORTANCE OF POWERED MODELS IN WIND-TUNNEL TESTS

Although the influence of the slipstream on the char-
. acteristics of an airplane has been appreciated for many
years, wind-tunnel tests with propellers operating have
~not. been the usual procedure.. The freguency with which
undesirable flying characteristics appear in modern air-
planes has led to some apprehension concerning the relia-
bility of wind-tunnel data obtained without powered models.
The particular testing technique employed in the present
investigation will be reserved for detailed discussion in
a future paper. It will suffice to say here that the
-power-on test -procedure should de such that data may be
obtained for thrust conditions of the model corresponding
to those of the full~s¢ale airplane at the 1lift coefficient
and the flight attitude under consideration.:

!
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~ Figure 2 is a plot of ‘the .elevator angle required for

“.- trim against the indicated air speed at which trim occurs.

These curves were evaluated from data sécéured from (1)

. wind-tunnel tests with no propeller on the model, (2) ac-
tual flight tests with the full-scale airplane, and (3)
wind-tunnel tests with a powered modsel. The shapes of
the curves are indices of the static stabdility (see later
discussion of longitudinal motion) displayed by the air-

" plan€e in flight and by the models in the wind tunnel. The

agreement between the flight results and ‘the results ob-
tained with a powered model is good,particularly for the
flap-up condition. The larger discrepancy existing for
the flap-down condition is- partly attributadble to the
"rather large tab deflection (11 nose up) used on the
full-scale airplane for this test. The related variation
of the elevator stick force required for trim with indi-
cated air speed is not presented here because the model
data and the flight data were not directly comparable,
owing to the absence of a trim tab on the model. '‘In the
‘evaluation of the information obtained from wind-tunnel
tests, certain methods of presenting the data have been

- found to facilitate the analysis. The resulting pitching
-moment acting on an alrplane trimmed for. steady equilib-
rium flight is zero. This condition is true whether or
not the airplane is flying yaweéd. As far as the pilot is
concerned, the dinedral effect of the wing manifests it-
self as a pure rolling moment about an sxis lying in the
plane of symmetry of the airplane. In wind-tunnel in-
vestigations, on the other hand, the -rolling moment is
usually measured about an axis coincident ‘with the tunnel -
"axis. Consequently, when the model is yawed relative to
the tunnel axis, - the measured rolling moment about this
axis will contain a component of the pitching moment act-
ing on the model unless the model is trimmed for zero
“pitching moment. In the comparison of the slopes of
"different rolling-moment curves obtained in yaw tests, it
is therefore neéessary to know whether the measurements
"were made with the model trlmmed in pltch.

If the system of axes d1scussed in the subsequent
section on lateral motion is employed for the presentation
of wind-tunnel data, the necessity for contlnually check-
ing the trim of the model during yaw tests is avoided.

In addition, the data in this form can be used directly
in the evaluation of the stadility derivatives necessary
for the solutioﬁs of the equatlons of’ motion. )
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In figure 3 are plotted :for various power conditions

- the rates of change with angle of yaw of :the yawing-moment

coefficient ’dcn/dw.~ the rolling-moment coefficient
dCl/dv, and the lateral- force coeff101ent ’dCY/dW ‘The
decrease in d1nedra1 effect dCL/dW with the app11catlon

of power should be. ooserved. In the condition presented
~(flap up), the decrease in dihedral effect with the applica-
tion of power is not great, but, in the flap-down condition
and at hlgh lift coeffic1ents, the effect of power may be
critical., - : : : iy -

An insPection of figure 4 will suffice to illustrate
the effect of the slipstream on the characteristics of a
control:surface placed within its boundaries. The nega-
tive yawing moment that exists with neutral rudder when
the propeller is operating should be observed. The moment
is apparently caused by the rotation of the slipstream.
It is, however, recognized that the slipstream rotational
characteristics exhibited by the model in this test are
probably not identical with the slipstream rotational
characteristics that would be obtained in flight with the
full-scale airplane, even under similar thrust conditions.
The results do indicate, nevertheless, that with the pres-

. ent trend toward greater .and greater:power, the effect of

'A_thls slipstream rotation may be a. cr1t1ca1 factor in tail
des1gn. : .

Figures 2, 3, and 4 have been .included to illustrate
the effects that power may have on the stability character-
istics of an airplane and on the effectiveness of the hor-
izontal and the vertical tail surfaces. -These effects are
difficult to estimate and consequently recourse must be
had to wind-tunnel tests of a model equipped with running
propellerses Wind-tunnel tests. of a powered model reguire
more care and are more expensive to perform than tests of
the conventional type of model. By a judicious choice of
tests, however, it is possible to secure the information
of greatest value with a minimum of time and expenditure.

. THE LATERAL ¥OTIONS OF THE AIRPLANE .

, Certain laterelfstability_and:control characteristics
of an airplane can be directiy determined from wind-tunnel
tests of a model. These characteristics usually include
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(1) the directional stadility (fig. 3(a)), (2) the dihe-
dral effect (fig. 3(b)), and (3) the static effectiveness
of the control surfaces (fig. 4). This information is in-
dispensable to the designer if he is to proportion his
airplane properly and is also necessary for the evaluation
of the stability derivatives from which the dynamic be-
havior.of the airplane may be predicted.

The dynamic flight characteristics that an airplane
will display are not, however, readily obtained. The be-
havior of an airplane subjected to a lateral disturbance
is complicated by the coupling of the ensuing rolling and
yawing motions. The coupling of these two motions makes
it impossible to estimate the effectiveness of the ailer-
ons and the rudder in flight from static tests of the con-
trols alone. 4 sound evaluation of these factors can be
made.only if a knowledge -of the motions produced by the
controls is available. ,

The angle of bank produced, for example, in 1 second
by the total deflection of the ailerons might be taken as
a measure of the effectiveness of the ailerons in produc-
ing a svdden roll. If, on the other hand, the airplane
is rolled slowly, a greater yawing motion being permitted
to develop, the result may be to produce a rolling motion
opposed to that generated by the ailerons and of such
magnitude that the effect of the ailerons is completely
nullified. The airplane may even roll against the ailer-
ons. ' :

. In actual flight the pilot might counteract this ad-
verse rolling tendency by coordinating the rudder with the
ailerons. In the present analysis, nowever, only the in-
herent dynamic characteristics of ‘the airplane are con-
sidered. It would be of interest, then, to know the varia-
tion of the angle of bank with time after small aileron
deflections are applied. , For similar reasons, the effec-
tiveness and the sensitivity of the rudder can be most
carefully judged if the angle of bank and the angle of yaw
produced in a definite time interval by a small rudder de-
flection are known. Information of this type is particu-
larly valuable in estimating ‘the effect of various combina-
tions of vertical fin area and wing dihedral on the dynam-
ic behavior of an airplane.
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Apart from actual flight test's, probably the best
method of estimating the dynamic qualities of an airplane
is by evaluating the dynamic -equations of motion, the data
obtained from w1nd-tunne1 tests of -a powered model belng
used., :

made in the stady of alrplane stability are made here.
The most important of these assumptions are:

. 1. The air forces and the moments resulting from
displacements of the airplane relative to its steady con-
dition of flight are proportional to the dlsplacements or
to. thelr rates of change. .

2., The components of moment due to different compon-
ents of the motion are directly additive. (For example,
the rolling moment due to combined rolling and sideslip-.
ping may be computed as though the rolling and the side-
slipping had occurred separately.)

The axes used in specifying the moments, the angular
velocities, and so forth are fixed in the airplane and
mové relative to the earth and the air.- The X axis,
passing through the center of gravity of the airplane, is
in the plane of symmetry and is so oriemted that it points
into the relative wind when the airplane is flying stead-
ily in unyawed flight., --Also, the axes form a conventional
orthogonal system intersecting at the center of gravity.
The Z axis points dlrectly downward in the plane of sym-
metry and the :Y axis points along the direction of the
right wing. The motions disciuissed are those of the moving
-axes relative to the undisturbed air with the exception of
the angle of bank, whlcn 1s measurea from the horlzontal.

: The symbols used in the ?0L10w1ng ana1y31s are de~
flned in tne append¢x. ' *

Although the exes changé their orientation in the‘
airplane with different 1ift coefficients and prodbably .
never coincide with tlie axes of the principal moments of
inertia, -the corrections in unstalled 'fiight are small .
and have been neglected, as have the products of inertia.

Equations of motion.~ If the airplane is considered
capable of motion in all degrees of lateral freedom, the
equations of motion with deflected controls (neglecting
the small side forces developed oy the deflected controls
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and by tkhe rolling and the yawing velocities) may be writ-
ten:

a )
E% = pr + rL, + ﬁLﬁ + SLS (in rolling)
dr ~ . :
T+ = PN, + rN,. + BNg + 8Ng (in yawing) (1
dt P g ) > ).
4B~ el ' 4 PYE (41 eia .

= - r 4+ == (in sideslipping)
it U G PP:

/
Also

.d_'ig.z P; d-":({: r; ﬁ: v
dt dt Uo

In order to solve for any of the variables, it is
necessary to integrate this system of linear simultaneocus
equations., For reasons that will be apparent later, it
is convenient to solve the system of equations (1) for
separate unit magnitudes of the control disturbance terms,
§Lg and 6Ng; that is, one set of solutions is obtained
by letting 8L8 = 1 and SNS = 0, and another set of
solutions is obtained by letting 8L5 = 0 and. 6N5 = 1.
The unit disturbances are assumed to be instantly aprlied
at zero time and to remain constant thereafter. 1In order
to distinguish the separate solutions, the subseript L
will be applied to the solutions obtained when 8L8 =1
and §&Ng = O; whereas the subscript N will be applied
to solutions obtained by letting 8L5 = 0 and 5N6 = 1.
Thus, Py, "represents the rolling velocity resulting from

the application of a pure rolling disturvance of unit
magnitude. ’

If the symbol D 1is substituted for d/dt and if
8Lg = 1 and 6Ng = O, equations (1) may be rewritten in
the following form: '



are of the form:

_ A
Py = Pp, *t Pp.®

where

The constants in equation (3),

yawing disturbance

equation.
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P (D'-Lp) - rLr - ﬁLﬁ =

P ( N ) + r(D—mr)

p(ﬁ-—>+Dr+D D-—?-)ﬁ

(2)

It can be shown that the solutions of egquation (2)

F(D)

t

+ pLaeABt + pLSJ‘st + py e

P ~r

-~ -

Np D-¥N

s D
UO

resultant rolling velocity due to dnit
rolling disturbance, )

roots of stability eguation

22

that is,

(3)

l .

constants that dé*eud only on values of
stability derivatives and on type of .
dlsturbance involved

togethier with the con-
stants appearing in the expressions for all the remaining
components of motion (including the solutions for the unit
8Ng = 1), have been evaluated in terms
of the stability derivatives and the roots of the stability

The solutions of eguation (2) are tabulated in
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the appendix-in a form suitadle for computation. The
stability equation is also discussed and an alternative
form of equation (3) is given for use when the solution
of F(D) = O includes conjugate complex roots of the form
a *+ ib, : '

The expressions presented in the aprendix were eval-
vated by applying the operational mathematics of Heaviside
to eguation (2). For the theory of operational methods
. the reader is referred to a standard text on the subject,
for example, reference 1. Specific appllcations of the
 Heaviside treatment ‘to other problems in airplane dynam-

ics may be found in reference 2. -

aAfter the comnlete unit solutions nave been obtained,
time histories of tne motion caused by the unit disturbd-
ances can be plotted with very little additional calcula-
tion. . Because of the. 11near1ty of the egnations of motion,
the unit solutions may be comrounded in any arbitrary man-
ner. If, for ezample, § L5 represents the rolling ac-
a

celeration created by the applied aileron rolling moment
and § N& represents the accompanying yawing accelera-

tion, tnen, at time t,

fv= 8ok, (P), * 8a¥s, (Fn),. (4)
.where |

¢t resultant angle of bank after t seconds

<¢L> angle of bank after t secdﬁ&s due to a
v uiit rolling disturbance :

<¢N> angle of banx_after "t seconds due to a
' unit yawing disturbance.

As in the case of the unit disturbance terms, the .
actual disturbances, § LB -and BwNB',"are assumed to
a .
be suddenly applied at zero time and to remain constant
thereafter. :
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Applications.- The practicability of using the solu-
tions to the lateral equations of motion.is best illus-
trated by concrete app11cat10ns.

The alrplane under consideration, as mentioned in the
introduction, exhibited certain undesirable flying charac-
teristics in flight tests: The dihedral effect was un-
desiradbly low at slow speeds with the flaps down (fig. 3(b)
indicates satisfactory dihedral characteristics with the
flaps up over the range considered), and it was impossible K
to raise a wing by vse of the rudder alone. In an effort
to improve the lateral flying qualities of the airplane,

it was proposed to increase the wing dihedral. Because

the lateral characteristics of an airplane depend not only
on the absolute amount of dihedral but also. on the relative

.amount of weathercock stability present, it was considered-

necessary to increase the vertical tail area as well as
the wing dihedral. The ailercns were uanchanged, but the
rudder was so modified as to improve its hinge-moment
characteristics. Thesé modifications are shown on figure
1. :

ind-tunnel tests were made with a model equipped for
power-on tests with and without the proposed modifications.
The data from the comparative tests indicated that con-
siderable improvement shonld result from the incorporation
of the modifications on the full-scale airplane. For all
flap and power conditions the dihedral effect dcl/dw re-

mained positive, the index of weathercock stability dcn/dw

remained negative, and the static characteristics of the
rudder appeared satisfactory. Wind- tunnel tests of a
model, however, provide no direct information pertaining
to the dynamic flight cnaracteristics of the full-scale
airplane. Instances have occurred in which the incorpora-
tion of similar modifications on a full-scale alrplane has
affected the control characteristics of the airplane in an
adverse manner, particularly at high speeds, in spite of
the favorable static characteristics indicated from wind-
tunnel tests. Accordingly, it was decided to investigate
the response of the airplane, with and without the modifi-
cations to the aileron .and the rudder controls, by evaluat-
ing the solutions to the egquations of motion.

Aileron control.- In the particular or otlem considered
here, undesirable aileron control characteristics are like-
ly to be manifested in . the form of aileren "heaviness" or
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stiffness at high speeds, The subsequent analys1s, how-
ever, is perfectly Dereral and is in no way simited to
this high-speed condition. This particular condition is
treated, merely as an example, to indicate the general
methoé of procedure. Because the ailerons are identical
on both the original and the modified airplanes, aileron
heaviness can be physically interpreted as an increase in
stick force resulting from the increased aileron deflec-
tion necessary to reproduce a given rolling maneuver with
the modified airplane. Tais interpretation of ailercn
heaviness suggested the following method of analysis:

(2a) On the assumption that the original airplane
(airplane A) was flying in steady high-speed flight, the
angle of bank generated in 5 seconds by a small aileron
deflection §, was computed.

(v) Then, the aileron deflection &, + A&a necessary

to reproduce the identical maneuver with the modified air-
plane (airplane B) was calculated.

The time for the maneuver (5 sec in this case) is
somewhat ardbitrary. It should be of sufficient duration,
however, to permit full development of the secondary roll-
ing effects introduced by the induced yawing motlon.

The magnitude,of the increment A8, 1is a‘d1rect

measure of the additional stick force required to perform
the maneuver (because the ailerons are identical) and may
be used as an index of aileron heaviness. If A8a is

large and pos1t1ve, the aileron stick forces on airplane
B may be too large to be acceptable and modlficatlon of
the aileron itself may prove des1rable.

The stability der1vat1ves of alrplanes A and B
were evaluated from.the nower-on wind~tunnel tests of the
two models and from data in references 3 and ‘4, -These de-
rivatives are tabulated in table I, together with other
information necessary to evaluate the solutions to the
equations of motion.

In accordance with equation (4), the anglé of bYank
assumed by airplane A in t seconds after the applica-
tion of an aileron deflection 8aw is
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Ju = salg, (B1), * 8a¥s, (),

In order to evaiuate the unit solutions ¢L and ¢w,

it is necessary to obtain the roots of the stability equa-
tion F(D) = 0. If the appropriate values from table I
are substituted into the exnre551on for TF(D) given in the
appendix,

F(D) = D* + 20.4555D3 + 52.7884Da + 347.8242D + 5,43760 =
With the use of the procedure outlined in the appendix

for solving gquartic eguations, the roots c¢f this equation
were determined to be:

A, = -0.01567
A, - -18.8230
ANy = -0.908424 +‘4,§1991
Ay = —05908424_5 4,3199;

Substituﬁion of the aon*opr1a+e roots and derlvatlves
in the expression for the angle .of bank ¢L’- glven in the

.~appendix;'yiélds

 =0,01567% ' ‘  —~18.623%
¢L = 3.3471 - 3.345976 ) + 0.002876e

+ (=0.46778 + 0.1631093i>e<—°-9°34 + 4.21991)t
\ 1741.79 - 2270.45i

+

(=0.48778 0.16310931> (~0.0084 ~ 4.21001)t
\ 1741.79 + 2270.45i

If the last two terms are combined in accordance with
the transformation formula in the appendix, the final ex-~
pression for ¢L can be written:

—0.01567£ —18.,623%
¢L = 3.3471 - 3,3497e T+ 0.002876e

—0. t
- 0.00034623e °*°°%*" o5 4.2199 (t + 0.1354) (5)

0
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Similarly,

-0,01567% —18,6231%

F = 11.5982 - 11.62275e + 0.00038854e
jy

+ 0.043548e °°%%%*% (05 4.2199 (t + 0.23305) (5)

Practical solutions are most conveniently obtained
by graphical additior and subtraction of the component
parts of the motion. It can be seen that a subtraction
involves the small difference of relatively large quanti-
ties. For this reason it is necessary to retain as many
absolute figures as possible in the evalvation of the
roots of the stability equation and in the evaluation of
the individual components of the motion.

Equations (5) and (8) are plotted in figure 5 (a)
for airplane A. The corresponding expressions for air-
plane B are plotted in figure 5 (Db).

From figure 5 (a) the unit solutions for ¢L and
¢N after 5 seconds are

¢L = 0.25 radian
5 8@ec

# = 0.86 radian
¥ s sec

For a 1° aileron defiection from t?blé I,

= ' 2
ﬁaLSa = 1.54 per second:.

and

8a¥g_ = O

Hence, for airplare A,

(¢)

= (1.54) (0.25) = 0.385 radian = 22,1°

5 sec

. The total aileron deflectior necessary to bark air-
plane B 22.1°% in 5 secords is given by
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34

Ba = \
L + N <
6a <¢L>t 8a ¢N/t
where dCL
. 55o) 9sv
Sa mkx2
dCp
ES——> aSb
a
N6 = g
a mkz

For airplane ?B, L = 1.54 per degree, N =0, .
o 8q “Ce 5,
and ¢L = 0.26 radian;.hence,

5. = 0,385
& (1.54). (0.26)

= 0.96°
or

ps, = -0.04°

In view of the fact that the ailerons on the two air-
planes possess the same hinge-~-moment characteristics, it
can be concluded that the aileron stick: forces .developed
during maneuvers will at least be no greater (or heavier)
on the modified airplane than on the original airplane.

Rudder control.- The sensitivity of the rudder con-
trol, particularly at high speeds, may be judged by the
angle of bank and the angle of yaw generated, after a def-
inite time interval, by the yawing moment impressed by
the rudder. Here again the time must be of sufficient
duration to permit the interaction of secondary rolling
and yawing effects. - o -

) _Airplane A was assumed to be flying level at high
speed and to be suddenly subjected to a yawing moment.
impressed by a given rudder deflection. The angle of bank
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d and the angle of yaw V,. generated after 5 seconds,
were calculated. Under similar circumstances, the angle
of bank @ + A§ and the angle of yaw V + Ay developed
by airplane B were similarly calculated. The magnitudes
of A¢ and AY were taken as a measure of the relative
sensitivity cf airplanes A and B to their respective
rudder controls. The computations follow.

From figure 5 and tabdble I,

Airplane A Airplane B

<¢L>5 sec radian' - - - - - - - - 0.25 | 0.26
<¢N>5 cep Tadiam - - oo - - - - .88 .98
2
8 L , per sec - = - e = - - 5308 0410
T 8r
§ Ng . per sec® - - - - - - - .- . 549 . 652
r

If a form similar to that of equation (4) is used,

b= (o) (o), (o) B,

and the angle of bank of airplane A, 5 seconds after the
sudden application of a 19 rudder deflection, is

(#)

¢ see = (-0.308) (0.25) + (0.549) (0.86)

AN

0.395 radian = 22.6°

For airplane B,

YO R

5 sec

(-0.410)-(0.255 j-§0.652).(0.38)

0.532 radian = 30.5°

and

| Ag = 80



.16 NACA Technical Note No. 828

‘The angles of yaw generated by the unit disturbances
were obtained in a‘similar'manner- thus,

(‘“) =0 L5 (“’L) ¥ OeNg, <\LN>

In the maneuver 1nvest1gated the unit solutions after
S5 seconds were as follows:

Airplane A Airplane B

<WL> radian - - - - - - - 0,04 0.04

5 sec .

(WN>5 radian - - - - - - - .30 .26
sec

For airplane 4,

(v) (-0.308)(0.04) + (0.549)(0.30)

& secC

0.153 radian = 8.8°

and, for airplane B,

(w)

]l

(-0.410)(0.04) + (0.652) (0.26)
5 gsec, .

= 0.154 radian = 8.8°
or

oy = 0°

It appears that, for egual rudder deflections, the
modified airplane will tend to generate more bank than
the original airplane. Thke increase in the wing dihedral
and the modified fin and rudder may result, then, in a
rudder control that will be slightly more sensitive at
high speeds than the rudder control on the original air-
plane. :

Hinge-moment measurements are, of course, necessary
to determine whether the resultant rudder-pedal forces on
the modified airplane will be greater or less than those
on the original airplane. .The hinge-moment characteristics
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can be compared on the basis of .the quantity

For airplane A, R = -0.297; for airplane B, R
= =0.150. The resultant pedal forces, on the other hand,
depend not only on the hinge-moment characteristics of
the rudder but also on its floating characteristics and
on the particular deflection required to perform a stigp-
ulated maneuver. The resultant hinge moment per degree
of rudder deflection may be expressed as follows:

gfa'é R. = (?W‘>ch =0 5r].

The quantlty <——— is theoretically a con-

=0
hr

stant for any given tail arrangement but actually it is
very critical to interference effects at the tail and
fluctuates consideradly. For small angles of yaw (£5°),

88 ‘
- wa racticall ro for both airplanes A
<a\pchr=o "as practicatly mer ~ P

and B; and the quantity R may, therefore, be taken as

a2 measure of the pedal forces for a given rudder deflesc-
tion.

THE LONGITUDINAL MOTION OF THE AIRPLANE

hen the longitudinal. stability of an airplane is
discussed, the characteristic usually referred to is the
"static" longitudinal stability. If static longitudinal.
stability exists, the dynamic stability characteristics
are of minor importance (reference 5).
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The usuwal index for static longitudinal stability is
the rate of change of pitching-umoment coefficient with
1ift coefficient de/dCL or some gquantity proportional

to it. In flight the most convenient method of evaluating
the amount of static stabdility present is to measure the
elevator angle reguired to trim the airplane at various
speeds; the slope, dse/dv or d&e/da, is an index of

the degree of static stability possessed by the airplane.
The significance of the ratio d8e/dx, methods of eval-
uating it for power-off and windmilling conditions, angd
suggestéd design values are discussed in reference &, ' The
necessity for power-on wind-tunnel tests for securing the
effect of power has already been discussed (fig. 2).

If tunnel data are available from which the floating
angle of the elevator may be caluclated for any 1ift coef-
ficient, the elevator stick force required for trim at aay
1ift coefficient can be calculated from the followiag
formula:

o / \
: dﬁe . ach o\ ‘1 2
P = (\dx '<ase° 88.°) PV S,c, (7)
A

where
P stick force for trim, pounds
X linear travel of top of control column, feet

Aéeo difference, in degrees, between elevator

: . angle required.for trim at 1ift coef-
ficient under consideration and free-
floating angle of elevator

The term A&eQ may fluctuate considerably with power.

The slope of the curve relating the var 1at1on in stick
force with forward speed d4P/4av de;ends on the speed at

‘which the airplane is trimmed for zero stick force and,

consequently, depends on the initial setting of the trim-
ming tab. In the comparison of the change in the slope of
the stick-force ¢éurve resulting from modifications to the
elevator, care should therefore de taken to orient the
elevator trimming-tat settings so that zero stick force
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always occurs at the same spesd. Otherwise, a superficial
examination of the curves of stick-force variation with
air speed may lead to incorrect conclusions concerning the
effectiveness of the tail surfeces or the stability of the
airplane. ‘

In addition to providing a means of trimming the air-
plane in steady flight, the elevator must be capable of
changing the airplane flight path, The rate at which this
change is accomplished in a gquick pull-up can, in a sense,
be interpreted as a measure of the effectiveness of the
elevator in maneuvers,

It is convenieut to take the rate of change of the
maximum normal acceleration per unit of elevator deflec-
tion as an index of elevator effectiveness in maneuvers.
Care must. be exercised, however, in interpreting this-
index. Although it is essential in a pursuit airplane to
design an elgvator sufficiently powerful to maneuver the
airplane to the maximum 1ift coefficient of the wing, it
has been found very undesirable if this condition is ful-
filled with a minimum amount of elevator deflection. A4s
discussed in.reference 6, satisfactory static stability
characteristics reguire the quantity d&/da to have a
value around O0.5. .In airplanes that required consider-
ably less stick travel to trim the airplane over the
angle-of-attack range inadvertent stalling has freguently
occurred in-accelerated maneuvers. The optimum value for
the rate of change of normal acceleration per unit of
elevator deflection is therefore conditioned by the re-
quirements of satisfactory static longitudinal stabdility.

In the foilowingnsection a simplified‘formula is
developed.that permits the rapid estimation of the normal
accelerations developed in abrupt pull-up maneuvers.

Development of a simplified formula for normal ac-
celerations produced in abrupt pulil-ups.- To a first
order of approximation, the equations of motion in the
plane of symmetry involving a disturbance in pitch may bde
written as follows:

du _ ¥ { j -- | )
o= K ¥ wEy ¥ aXg - g8 | (a)

%% = uZy + Wiy + g <ﬁo +-Zq>- g6o0 + éezge (v) % (8)
4g - uu

E% = uly + wMy + qMg + aemae (e)

J
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where © is the initial angle the X axis makes with

o)
the horizontal axis.:

The axes in which eguations (8) are expressed are
similar to. those defined in the section on lateral motion
except that the X axis is inclined at an angle 8 to the
relative wind, -

In general, this system of equations must be solved
by methods analogouvs to those used in obdtaining the solu-
. tions to the lateral equatiouns of motion. The normal ac-
- celeration is given by the exzpression dw/&t - qUq.

These equations Ha e been solved for the airplane,
the characteristics of which {evaluated, so far as PO s~
sible, from wind-tunnel t ests on a powered model) are
presented in-table II. The curve of the normal accelera-
tion resulting from a 1° upward elevator deflection is
plotted in figure 5 together with other components of the
motion,

The variation of the components of m0u10n shown in
figure 6 is typical of an abrupt pull-up maneuver at high
speed. Tne following facts are agparent from this figure:

1. Dur1ng the time the airplane takes to attain
maximum acceleration, the velocit y V remains sens;bly
constant and is equal to U,, the equilibrium velocity.
Accordingly, wuw ="du = 0, and equation (8a) can be ne-
glected.

2. In the vicinity of the maxiﬁﬁmlacceleration, tae
.time rate of changze of pitching velocity dq/dt is ap-
proximately zero, that is, q 1is approximately constant.

3. In the vicinity of the maximum acceleration, the
acceleration component dw/dt is almost zero and the ac-
celeration thereafter is g1ven almost entirely by the
produect qU,.
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If Z5e, Zq» and g8, (all of which are small) are

neglected and the substitutions A2y = W2y and why
= QMg are made, equation (8), for an abrupt pull-up ma-
neuver, can be simplified to the following form:

QU + aZg = 0 )
qu + aMy = -Mo r
J
where
U, = ‘SeM"e

The solution for qUo is
L /M, Z : | '
av, = U, (_._0_9__.) (9)

where

N
e
i
1
T
IDJ
Q
(L
S—
P
1©
n
E

=

Q

|
al P
QQ
\_g,/
AV T
©
B la
o 1
Q

Mq = .-Font <——da

In the expression for Mg, the slipstream factor F
normally has a value between 1 and 1.25 for high-speed
flight, The tail efficiency factor UM is always less

than 1 and is generally about G.9. The value of the proé-
uct - Fny is therefore always about unity.
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‘If the éirplane is assumed to be flying level before

o

the pull-up maneuver, mg =.CL% sve = CLEQSUO“. If the

substitutions Up =V, b= P , and Fn{ = 1 are made,

equation (9) can be reduced to the following simplified
form:

- ~n /ne N
Wo _ _ & | 2/ 8% o | (10)
———— = """' i _."“ N ) - \
56 CL i M _‘_Eﬂ - _7:. (C}._.]..d.\;)x i:- i

; d,C-rJ C dCL / [

k. * i

where qUo/6e rerresents the change in normsl accelera-
tion per unit of elevator deflec

Formula (10) gives a vaiune of the normal acceleration
produced during an abrupt pull-ur manszuver that closely
approximates the maximum accelerztion which would be oo~
tained Dby solving the more crmbersome equations of motiocn.
It is the acceleration tha*t will be obtained if the ele-
vator is instantly deflectsd to its final position and
held in that position until the maximum acceleration is
reached. The formuls gives less accurate results when

. . ’ as_ .
dCp/dsy is small, that s, - —-® < (.0l. Several cal-

. dCy,
culations made for smallér values of dcm/dCL, gave re-
sults, however, that were in error by less than 7 percent,
Greater accuracy is to be expected st small values of Cq,

on account of the approximetions made involviag 6. 4%
bigh values of Oy, these approximations introduvce greater
errors. .

" Maneuverability and 'stability.- Thke manner in which

the normal acceleration produced in a pull-up maneuver is
affected by de/dCL and w- is shown in figure 7. An

examination of this figure reveals that, for airplanes
with high wing loadings (large 1) and low static stabpility
(small de/dCL), the normal acceleration produced per

degree of elevator is affected by a swall change in the
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static stability. 1In accelerated maneuvers this effect,
as far as the pilot is concerned, will manifest itself in
the form of increased stick forces if it is assumed that
the pilot wants to produce a given acceleration regard-
less of the degree of statlc stability present in the air-
plane.

The index of static stability dcm/dCL for an air-

plane with the characteristics given in tabdble II is as-
sumed to be -0.022. The curve of the normal acceleration
produced in a pull-up from level flight at 448 feet per
second is given in figure 6. The maximum ckange in the
normal acceleration attained with an upward elevator de-
flection of 1° is about 84.5 feet per second.

From formula (10)

U 34.4 _-0.021 = 2.6z ner
5.0 0.10. (3-.‘) (-o. ozz, + (-2.01)/ T %°°& P
o .
degree and qU, = 83. 7 ;eet per second®, an error of less

tﬁah“l'percent.

“UUIf the static stability of the airplane is.improved
by moving the center of gravity forward 0.078c¢, the, K ex-
pression for the normal acceleration becomes

e osaa (] -0.021 - - o
QU . = - = >
o = "8 0110 \(3272) (<0.10) + (-2.07)/ °e

='c;1-s7g> se°

If it is desired to load the airplane to its former
additional load factor of 2.6g, the eievator movement re-
quired with the higher = d4C,/aC; would be

8 = _%‘_.:.Ea._.: ,-1.90

Accordingly, the pilot would have to exert nearly
twice as much stick fo‘ce to execute the identical pull-
up maneuver because of the increased static stability of
the airplane. The desirabi lity of modifying the elevator
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in order to change its hinge-moment -characteristics thus
partly depends :on the relationship between the static
stability desired and the magnltude of the stick forces.
acceptable in accelerated maneuvers.

CONCLUSIONS

Thls paper is intended to 1llustrate pr1mar11V‘how
power affects the cuaracterlstlcs of & model tested in the
wind tunnel and how wind-turnel data may be used to esti-
mate flying qualities not directly discerrnible from wind-
tunnel tests. The analyses presented in this paper permit
the following conclusions to De drawn concerning the meth-
ods employed:

(1) In the prediction of the flight characteristics
of an airplane operating with power, considerable error
may be introduced if wind-tunnel data from tests of a
model not equipped with an operatlng propeller are used,

(2) In the analyses of w1nd-tunnel rolllng~moment
data, care should be taken, in the determination of the.

.@ihedral effect, to allow for the contribution of the un-
“balanced pltching moment +o the slope of tne rolllng-

moment curvey

(2) Tne evaluation of the equations of motion permit
estimates to be made of the relative effectiveness of the
ailerons and of the rudder controls, particunlarly when
changes in wing dihedral are involved as these effects are
not readily discernible from static tests of the controls
alone. The methods used have been found reasonably ac-
curate, when wind-tunnel data are available, and are not
difficult to employ.

(4) Tne rate of cnange of normal acceleratlon per
un1t of elevator deflection affords a convenient correla-
tion between maneuverability, stability, and elevator-
stick forces. The approximate formula developed for cal-
culating the normal accelerations produced during an
abrupt pull-up maneuver is simple to evaluate and has been
found to yield reasonadbly accurate results, particularly
at high speeds.

Langley Nemorlal Aeronautlcal Laboratory.-

" National’ AdVlsory Committee for Aeronautics,
Langley Field, Va., July 22, 1941,
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AFPPENDIX

List of Symbols

velocity aiong axis in steady flight

velocity along flight path -

velocity along X axis

sideslipping ¢omponent of velocity

velocity along 2 axis

angular velocity in roll

angular velocitj in piteh

angular velocity in &aw

angle of bank

angle of yaw

angle of attack

angle of sideslip (v /Ty )

angle . X axis makes with horigzontal

contrbl setting, with appropriate subscript
(8° indicates that values are in degrees

and not in radians)

compoﬂents of force along X, Y, and Z axes,
respectively

rolling moment about X axis
pitching moment about Y axis
yawing moment about 2 axis
hinge moment

wing span

chord (of wing, unless otherwise subscripted)

25
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area (of wing, unless otherwise subscripted)

tail length (distance from center of gravity
to tail post)

mess

relative density factor __2o__ .
1/2ps1

noment of inertia about X axis:'
moment of imertia about 'Y axis’
moment of inertia about 2 " axis
time

a/at

density

gravity (32.2 ft/sec?)

rolling-moment coefficient <___;;:__
1/2p77SD
p¢tch1ng-moment coefflcient \___M_ﬂ_>
1/¢pv c
yawing-moment coefficient ,_ ¥ -
1/2pv°ao,
"hinge~-moment coefficient —
‘ 1 ZQV Se
lateral-force coefficient ———};:——>'
© \1/2pV°=s -

1ift coefficient

tail efficiency factor

empirical slipstream factor to account for con-
~tridbution of fuselage, wing, and propeller to
damping in pitch ‘
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lateral-stabiiity derivatives in terms of unit

mass or moment of irnertia of airplane. For
exanple,

Yg = OY/9B
P o

L = 9L/3p
p mkx 2
d mk A a

longitudinal-statility derivatives in terms of
unit mass or moment of inertia of airplane.
For example,

M.,

[}]
BE
3

27
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Subscripts are defined:

L solutions obtained when SLS = 1 and 8N8 = 0
¥ solutions obtained when 8L5 = 0 and 5N8 = 1.

a aileron

e elevator

r rudder

t time

0 initial vaiue

Primed symbois refer to horizontal tail.
\

SOLUTIONS OF THE LATERAL EQUATIONS OF MOTIOY WHEN
THE ROLLING DISTURBANCE IS UNITY AND TEE YAWING
DISTURBANCE IS 2ERO (8Lg = 1; &¥g = 0)

The stability equation F(D) = O is obtained from
equation (2) of the text by expanding the third-order de-
terminant formed by the coefficients of the variables.
Thus, :
D"Lp “’Lw “'LB

F(D) = -Np D-Np = -Wg

-£. D D(D -EE)
U, _ U,
I D-¥W, -Ng |
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-1, -Lg ~L, -Lg
- £
+ N | o
YB o
D p(ip - % D-N, -1g
U
\ [o}
4 ‘ EE 3
= D" - L, + N, + g |P
+ i ¥ + I )+ NoL. - L.N. + Ne |D°
T, <}r p) T ¥rlp.= LpNp B
+ - I8 <N L. - L.N >-L Ng + LeN.. - £. 1. |D
Uy \'t%p T Prp PP F%p T g5 VB
L S J

g N
+ '[7; <L5Nr - LrI\ij =0

Let Ay, Ay, Ay, and A, 'be the four roots of this

equation F(D) 0 and fbrm.the.following products:

P= 0, x3 A4 - £ (;Bﬁr - LrNB>
Q= Ay <A13="A%> <A1“~ 7‘:s> (ki - Ay )
7‘1,>'<7‘a - As) <Aa ~ A4
é = A5 <As - A1> <A$ . >\2> <Aa““ xsihi
£ G ) (- 2) (e

The solutions for any of the variébles can‘be ex-
pressed in terms of the products of the roots Just formed
and the stability derivatives. By use of the auxiliary

o

il

>
W

TN

>
[1h]

!



30 WACA Technical Note .Ho. 828

!
relations %%- = and i% = r -.solutions can be written

1)

directly for both ¢;,and? V. As it is usuvally desirabls
in this work to determine’ ¢,Aand V rather than p and
r, it is convenient to solve for 'ﬁ .and V¥ directly and
then to differentiate each of these solutions, respective-
ly, to obtain p and r if these variables are wanted.
The solutions follow:

Angle of Bank ¢L

7\lt At At %41’,
1 = + T+ e T+ e ° 4+
4 ¢Lo ¢Lle ¢u2 ¢L3 ¢L49
where
Nﬁ + IE.I.‘_E’_(
Uo
¢L -

. / 'Y5> ( N_Yp

U S - . Ng + —Z=

¢, o * ! {\ r 'UO ; ﬁ U.O
L,~ . Q

L [ Yo ¥.Yg
S VLN S & S —E) + (¥ + —3_9)
3 5 \7Y Uy P Uy |
I, = N
) T N.Ya
2 Chp o T8
7\4 - 7\4 (NI' + a;— + (IB + _;J—_)
_ B ;K 0
ds, - ol T b
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Angle of Sideslip £y

ALt Ayt At ALt
= f + e+ Pr e + e + e
Pr = Pr, * Frpe ot Pe P1., Py,
where
-Y
g, = & =r
Lo " u, 7P

B. = & gks N Nf) - MYy
LS U, S

£A4 - N >-— AN

Lo
t!
1}
ct
) {C"‘?
.

Angle of Yaw VY

L NE gt Agt . Agt
Yy, - = VLO + lee + uLae + WLse + VL4e

where
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£
v, =2
ﬂ}:’ To

v, = B
N £ LB
" g T, 1 U,
Ll - Q
Y. X
pop
Ny £ o A
Lo PUy T e Uy
Y1, R
o £ _ 5 B
P U, 3 U,
vy T s
3
T
g » Yﬁlp
¥ g7 M g~
\lf - - 0 o (o]
L, T

Yawing Velocity ry

=4d
rL-E? (WL)

The yawing velocity is most easily obtained by direct
differentiation.

Rolling Velocity Py,
= 4 :

The rolling velocity is most easily obtained by di-
rect differentiation.
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SOLUTIONS OF THE LATERAL EQUATIONS OF MOTION WHEN
THE YAWING DISTURBANCE IS UNITY AND TEE ROLLING

DISTURBANCE IS ZERO (5N8 = 1; 5L8 = 0)

Angle of Bank ¢N

%lt hat Ast A4t
¢N - ¢No + ¢Nle + ¢}€ﬂe . + ¢Nse + ¢'N e
where
. Yg
-Lg - Ly U,
S il S
Iy, = HB
g
- K—Lp - Ly Ug + ALy
N, - Q
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" “angle of Sideslip’ By

Py = Py, * Py e

where

+.6qu e + 5N3€ 3
8Ly,
~ Yo
-
gL, . a
— 4 L - <
T, kl p kl
L : 2
&2 4 ALp = A
= 0 - -
R
gL, o o
- S
éir Sy 2
P . - A
_ Yg a'p T T4
= F
‘,'Adgléioﬁ YaW:_WN
% ALt A
1 + ! 2 \ 3
WNae + \1’1\738

Y, + Y
N, “n°®

X

>\ .

t

t

N

+ ﬁNée

4
+ Uy e

A

ot

t

4
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where
£_
_ “Lg Ug
WNO =
2 Yg g g
b = B Mt T, T 6 T
N, Q
Y 4
z °f B g
=\, ==+ AL, == - Ly =-
v = - © U 2"P 1y, P Uq
¥, R
Y Y
2 P - B g
o fAS o © }3LP Up ~ Pﬁ Uo
VN = )
3
Y b4
2 P g £
—-Ny ﬁ-;+ ?\4Lp 6—; - I’ﬁ I_J';
WNé R - T

“Yawing Veloéitj Ty

The yawzng veléc*ty 1s most easily obtalned by direct
differentiation. ‘

Rolling Velocity py

Py = ap (o)

The rolling velocity is most easily obtained by
direct differentiation.
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DISCUSSION OF THE EQUATION F(D)

For most airplanes the solution of F(D) = 0 will
yield. both real and imaginary roots. In the solution of
the equation, the real roots can first be isolated
(Horner's method) and extracted from the equation. The
imaginary roots-can then-be ’oﬁnd by solving the result-
ing quadratic.. Because:- 1mag1narv roots always occur in
pairs, two of the roots will be of the form a % ib,
where &a and b are constantse.

The components of the motion containing the imaginary
roots can be combined conven;ently into a single term in-
volving only real numbers. " In the case of ° ¢L' the solvu~

tion is

Aot Aat
S+ ¢L e °
5

: A1£ . At
¢y = ¢Lo + ¢Lle o+ ¢L2e * ¢L4e

If Ks and A4 are the conjugate imaginary roots,

Ayt o A4£ i ,
¢L e + ¢L e will 2lso be imaginary.
3 4

Let Ay = a + b then ¢L3. will be imaginary and

can be reduced to the form L * iF. TFurther,

G + iE
g, =L+ iF G- i1H . BG + FH - i (HE - FG) = L+ iJ
L, G+ iE G - iH 62 + @2 K
and
ALt ALt WA I R
3 EPRCRE LY Sl A BN
¢L3e + ¢L4e | = q e cos b (t + )
where

.—1(:)

<2
o' |



NACA Technical Note ¥o. 828 37

REFEREYNCES

Bush, V: Operational Circuit Analysis. John Filey
& Sons, 1937.

Jones, Robert T.: A Simplified Application of the
Method of Operators to the Calculation of Dis-
turbed Motions of an Airplane. Rep. Fo. 560, ¥ACA,
1936,

Fearson, Henry A., and Jones, Robert T.: Theoretical
Stability and Control Characteristics of Wings with
Various Amounts of Taper and Twist. Rep. No. &35,
WacCa, 1938.

Zimmerman, Charles H.: An Analysis of Lateral Sta-
pility in Power—off rllgnt with Charts for Use in
Design. Rep.. Yo. 589, VACA 1937,

Soulé, Hartleyfa.;j*FLight,Measurements-of the Dynamic
Longitudinal Stability of Several Airplanes and a
Correlation ¢f the Measurements with Pilots! Obser-
vations of Handllng Cnaracterlstlcs. Rep. No. 578,
NACA, 1936. - '

Gilruth, R. B.. and White, : 'D.: Analysis and Pre-
diction of Longitudinal "Stability of Airplanes.
Rep. 1\100 711 NACA 1941- ~

Metcalf, Arthur G. B.: Modification to the Longi-
tudinal Stability Derivatives with the Constant-

~ Speed Propeller., Jour. Aero. Sci., vol. 4, no. 5,
March 1937, pp. 214-215,



NACA Technical Note No..

828

38

= e
OH o) ¢ 1
- e2s9” otF - 0 - %G T g
69570 80g" 0 0 ¥S' 1 ¥
(2) () - (1) - (1)
(,o8s xad) (,00s aed) (,o8s xad) ( oes 1ad) .
B¢ X By 3 €
SN'o S1t Rty %1% :
YT T 9°81~ VAR 880"~ 018 621~ €
66°0 9°8T- 6V 1~ 9400 LT L 29 v
hovm zad) (ces gomv (oes xed) .”oom xsd) (zo0s aed) (goos 18d)
I g Iy Gy Oy g7
- g81- 0209 0202 LT A% 9ge 8%y g
991~ 0209 0202 ZA g 22 9gz 8% ¥
(;998/33) | (L33-8018) | (g83-Fars) | (sSurs) | (33) | (ax Bs) | (sdp)
81 Lo o T w Q s - % suerdaty
U I @AY




39

cal Note No. 828

N
1

NACA Techn

"4 @OUBIe AL 88§

¥8 1~ 4 (A S000" 0= ¥$070-
. . . (1)
nmomm I1ad) (09s aa4q) (08s~-33 I8d) (09s-31 xod) (o8s)
®enlg Oy y 'y oy
8 21~ 2~ YE10- 0L%¥ ZAN 8°9 8T 9ge 8%%
(sdr1) (998..35d) (o9s xad) AmpMIMdev (s3uts) (33) (33) (33 bs) (s€r1)
Bz g g o R w o 1 S °n

ITI 16Vl



<

“NACA Technical Note -No." 628,

" - 7 T M —-r
o .S o LS Q._“.TP

MOVId ITMS @
"IN/ LSNYKL D
LOOUND VTS @
IVHGIHIG ©
HOLVATTY Q@
UVL TYIILITA @
» SNOLLYIAULITOW

FNYISYIY SO ONIMYYIT MTIN-TIHHL ¥

=1 390914

~F-e

NN

0 PNRAANY y -
RN A S e &=y

NWARANAN AN

~§6%



Figs. 3,3

828

NACA Technical Note No.

(e
0
]
1
~
-~ O o
o Q N andv
28 5
<3 o ~
L)
e 3
..Mm 1o.u. ! (=]
o £ y ]
- O Q0 -
- v
o £
I g6e
W
g o) a
- 2
-] K OH
6'
[ Lo\ Bl ~g
40 O M4
O e L] ]
X K a
© oo ®
“E ~ ﬁp ~
OW K -
~ L}
- o H WG
Nm s o
o [- 38 Tl °
e -] © ]
[ 2K O .w
. - b4
H od&
w.wn S5 L
add adag o
v+t Grte> ce
A AN ]
M o W [
-~ - 3
POE P ae
-0 o
XYY OO
» S e
» e
249 IR ] 8
mnm o3 D A
o o0
= o af 38
m_ ;
| |
[ o
IPRIY! ®
[ o
e dn 0 o n 0 0
<—dn 3 @ ~ 2 ° |

SUTT 36NIYS woxy Jep‘eTBuv I038A01X

Figure 2.- Variation of elevator angle required for trim with indicated airspeed.
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